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Abstract

CLF is a new logical framework with an intrinsic notion of concurrency. It is designed as
a conservative extension of the linear logical framework LLF with the synchronous connec-
tives ®, 1, !, and 3 of intuitionistic linear logic, encapsulated in a monad. LLF is itself a
conservative extension of LF with the asynchronous connectives —o, & and T.

In this report, the second of two technical reports describing CLF, we illustrate the expres-
sive power of the framework by encoding several different concurrent languages including
both the synchronous and asynchronous n-calculus, an ML-like language with futures, lazy
evaluation and concurrency primitives in the style of CML, Petri nets and finally, the secu-
rity protocol specification language MSR. :

Throughout the report we assume the reader is already familiar with the formal definition of
CLF. For detailed explanation and development of the type theory, please see A Concurrent
Logical Framework I: Judgments and Properties [WCPWO02].
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1 Introduction

A logical framework [Pfe0lb, BMO1] is a meta-language for the specification and imple-
mentation of deductive systems, which are used pervasively in logic and the theory of pro-
gramming languages. A logical framework should be as simple and uniform as possible, yet
provide intrinsic means for representing common concepts and operations in its application
domain. _

The particular lineage of logical frameworks we are concerned with in this paper started
with the Automath languages [dB80] which originated the use of dependent types. It was
followed by LF [HHP93|, crystallizing the judgments-as-types principle. LF is based on a
minimal type theory AT with only the dependent function type constructor I1. It nonetheless
directly supports concise and elegant expression of variable renaming and capture-avoiding
substitution at the level of syntax, and parametric and hypothetical judgments in deduc-
tions. Moreover, proofs are reified as objects which allows properties of or relations between
proofs to be expressed within the framework [Pfe91]. :

Representations of systems involving state remained cumbersome until the design of the
linear logical framework LLF [CP98] and its close relative RLF [IP98]. For example, LLF
allows an elegant representation of Mini-ML with mutable references that reifies imperative

~ computations as objects. LLF is a conservative extension of LF with the linear function type

A —o B, the additive product type A & B, and the additive unit type T. This type theory
corresponds to the largest freely generated fragment of intuitionistic linear logic {HM94,
Bar96] whose proofs admit long normal forms without any commuting conversions. This
allows a relatively simple type-directed equality-checking algorithm which is critical in the
proof of decidability of type-checking for the framework [CP98, VCO00].

While LLF solved many problems associated with stateful computation, the encoding
of concurrent computations remained unsatisfactory. In this report, we demonstrate that
the limitations of LLF can be overcome by extending the framework with a monad that
incorporates the synchronous connectives ®, 1, !, and 3 of intuitionistic linear logic. We
call this new framework Concurrent LF (CLF).

Readers interested in the meta-theory of CLF should read the precursor to this re-

/' port [WCPWO02], which explains the formulation of the framework and describes its typing

judgments and properties in detail. Here, we review the syntax of CLF and state some
fundamental properties of the framework (Section 2). However, we give no explanation of
the typing rules. They are merely included as a reference (see Appendix A).

The purpose of this report is to demonstrate the expressive power of CLF through a
series of examples and, in particular, to focus on CLF’s effectiveness at encoding concurrent

‘programming paradigms. In Section 3, we present the essence of concurrent programming,

the m-calculus [Mil99]. We give encodings of both the synchronous and asynchronous -
calculus and a proof of adequacy in the synchronous case. The adequacy proof for the
asynchronous case follows similar, but simpler lines.

In Section 4, we give a novel encoding of an ML-like language with a destination-passing
style operational semantics. The encoding is highly modular and we are easily able to treat
a significant fragment of a practical programming language. More specifically, we show how
to encode functions, recursion, definitions, unit type, pair type, mutable references, lazy
evaluation, futures in the style of Multi-Lisp, and concurrency primitives in the style of



CML. Although we do not show it here, this encoding may easily be extended to include
polymorphism, unit types, sum types, union types and intersection types. :

In section 5, we demonstrate our framework’s capacity for representing truly concurrent
computations [Maz95] by giving an encoding of Petri nets and proving it adequate.  We
discuss both the operational semantics that identifies independent interleavings of transition
applications and the description of the behavior of a Petri net stemming from trace theory.

In section 6, we explore a promising application area, the specification and verification
of security protocols. In particular, we show how to encode MSR, a rich, strongly typed
framework for representing cryptographic protocols. Finally, we conclude with section 7.

2 The Concurrent Logical Framework CLF

In contrast to prior presentations of the logical framework LF, all terms are represented
" in B-normal, n-long form—what in [HPOO] are called quasi-canonical forms. The strategy
based entirely on canonical forms also simplifies adequacy proofs for representations of other
theories within CLF because such representations are always defined in terms of canonical
forms. '

This new presentation also simplifies the proof that type checking is decidable. Normally,
the proof of decidability of type checking is quite involved because the type checking algo-
rithm must compare the objects that appear in types for equality. However, in our frame-
work, where all terms are -normal, 7-long, equality checking reduces to a-convertibility and
is trivially decidable. Type checking is slightly more complex because checking dependent
functions requires that we substitute terms into other types and terms. In order to maintain
the invariant that all terms are S-normal, 7-long substitution must simultaneously normal-
ize objects. We call this new form of substitution canonical substitution and the reader is
encouraged to examine the first technical report in this series for detailsfWCPW02].

2.1 Syntax

The syntactic presentation of canonical forms is based on a distinction between normal
objects N and atomic objects R. It is convenient to make a similar distinction between
normal types A and atomic types P, and to segregate the connectives restricted to the
monad as the monadic (synchronous) types S. For kinds, there are no constants—there is
only the symbol type—so there are only normal kinds K. A normal object is a series of
introduction rules applied to atomic objects, while an atomic object is a series of natural-
deduction style elimination rules applied to a variable or constant. The only elimination
not permitted is the monad elimination rule, which is foreign to natural deduction. ,

In order to control the monad elimination rule, it is separated into a separate syntactic
class of expressions E, only permitted directly inside a monad introduction. Introductions
for the connectives restricted to the monad must occur immediately before the transition
from objects to expressions. While this is already guaranteed by the syntactic restrictions
on synchronous types, it is convenient to make the distinction at the level of the object
syntax as well, so there is a class of monadic (normal) objects M. Eliminations of the
connectives restricted to the monad are all invertible and are represented syntactically by
patterns p.




We also use the symbol kind to classify the valid kinds. Throughout the presentation,
terms that differ only in the names of their bound variables are considered to be the same.
In addition, the metavariable A always denotes an equivalence class of linear contexts up
to rearrangement.

K,L:=type|Ilu:A. K
A
N:=2Az.N | N | (N,No) | () | {E} | R

AB,C:=A—-oB|llu:AB|A&B|T| A _
Ru=c|ulz|R"N|RN|mR|mR

e E:=let{p}=RinE|M
Ll ' - M“—Mplv; lmNM IN|N
S:=598|1|uAS|A|A n=Mi @My | 1| [N,M]|!N |

. |
Fu=.|TuA pu=p1®p2|1l]|[u,p]|lulz
A=A zhA _ U= | phS,
by

u=-]5,a:K | Z,c:A

2.2 Typing Judgments

There is a typing judgement for each syntactic category, as well as well-formedness judge- '
ments for contexts I' and signatures £. Each of these judgements is defined in a completely
syntax-directed manner, so termination and decidability of typing is clear. For each of the
normal syntactic categories the operational interpretation of the type-checking judgement
is that a putative type is provided, and the judgement holds if the term can be typed with
the given type. In particular, a normal term such as Az.z may have several different types
This stands in contrast to the typical presentation of LF, where type labels are used in ab-
stractions to ensure that every term has a unique type. For the atomic syntactic categories
the situation is different: the operational meaning of the typing judgement is that it defines
a partial function from an atomic term (in a given context and signature) to its unique
type. _

In all cases the typing judgement is not taken to have any particular meaning unless
the context and signature referred to in the judgement are valid. For the normal syntactic
categories, the typing judgement is meaningless unless the type referred to in the judgement
is valid as well. For the atomic syntactic categories, it will be proved that whenever a
typing is derivable and the context and signature mentioned in the typing are valid, the
type mentioned in the judgement is valid. The judgements are as follows.

' INArs N< A
T tg K < kind = F % ok
T;AFsR= A
I'kg A < type : s I" ok
T;Abs E«— S
The P= K T kg A ok
Thp S« LA ¥Es B e T ks U ok
e (o]
z o< hp T AFs M« S ==

For the complete set of typing rules associated with each judgment form, please see Ap-
pendix A. For an explanation and motivation for this type theory, please see the companion
technical report [WCPWO02].




2.3 Definitional Equality

The notion of definitional equality (=) for CLF is based on a-equivalence and the following
schema for expressions:

Ey =¢ Ep M, = M, Ry = Ry Ey = ¢[Ey]

E,=E; My =, My (let {p} = R in El) = e[let {p} = Ryin Eg]
where, in the second rule, the concurrent context € is a prefix of let’s terminated by a hole
- (formally € := _ | let {p} = Rin ¢). This rule is subject to the following side-conditions:

1. no variable bound by p is free in the conclﬁsion;
2. no variable bound by p is bound by the context ¢;

3. no variable free in Ry is bound by the context e.

The other rules for = define congruences other all the other syntactic classes of CLF.

Definitional equality is a congruence over all syntactic classes of CLF, including =, over
expressions. In particular it is reflexive, symmetric and transitive. These properties are
shown to hold in [WCPWO02].

2.4 Properties of CLF

In this section, we state some basic properties of CLF that will be needed in the proofs of
adequacy of some of our encodings. More specifically, our encodings will often use the CLF
context to represent the state of a concurrent computation. These contexts have standard
structural properties that make this representation concise and elegant. Here, we use the
notation T' F J (and T; A + J) to denote any judgment that depends upon the context I'
(or T; A). We denote the free variables of a type using the notation FV(B).

Lemma 2.1 (Exchange).
e IfT,z:A,y:B,I'+ J and z ¢ FV(B) thenT,y:B,z:A,T'F J.
o IfT,z:A,y:B,T"; A+ J and x ¢ FV(B) then Iy:B,z:AT;AFJ.
Lemma 2.2 (Weakening). |
o IfT'+J then,z:AF J.
o IfT;AF J thenT,z:A; A J.
' Lemma 2.3 (Contraction).
o IfT,z:A,y:At J thenT,z:AF Jlz/y].
o IfT,z:A,y:A; AF J then T, z: A; A F Jlz/y].
Lemma 2.4 (Strengthening).
o IfT,x:A+J andx & FV(J) thenT'+ J.
o IfT,2:A;AF J andz ¢ FV(J)U FV(D) thenT; A+ J.
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3 The m-Calculus in CLF

The 7-calculus [Mil99] was created to capture the essence of concurrent programming just
as the A-calculus captures the essence of functional programming. Here we show how the
syntax and operational semantics of two variants of the 7-calculus can be captured in CLF.
First, we give an encoding of the asynchronous w-calculus in which all of the operators are
interpreted as logical connectives from CLF. Next, we show how to modify this encoding to
deal with Milner’s choice operator and the more complex communication primitives of the
synchronous 7-calculus. We give a proof of adequacy for the latter encoding.

Miller [Mil92] has also investigated the relationship between the m-calculus and linear
logic. He interprets m-calculus expressions directly as logical operators in classical (multiple
conclusion) linear logic as opposed to our intuitionistic logic. He gives three slightly different
translations of the synchronous 7-calculus, although none of them to correspond exactly to
Milner’s calculus. In contrast, we are able to represent Milner’s calculus exactly (as well
as a number of variants including the asynchronous m-calculus) and give a detailed proof
of adequacy. On the other hand, we only encode the syntax and operational semantics
of the w-calculus whereas Miller also investigates notions of observational equivalence in a
restricted calculus in which no values are passed on channels.

The notation in this and following sections is somewhat abbreviated for readability. In
particular, we omit outermost II-quantifiers in constant declarations in a signature. These
quantifiers can easily be reconstructed by an implementation of CLF along the lines of
Twelf [PS99]. Whenever we omit the leading II-quantifier in the type of a dependent
function, we also omit the corresponding object at any application site for that function.
Once again, these objects can be inferred by an implementation.

We also write Ao— B for B — A and A — B for B — A if we would like to emphasize
the operational reading of a declaration: “reduce the goal of proving A to the goal of proving
B” along the lines of Lolli [HM94] or LLF [CP98]. ’

3.1 The Asynchronous n-calculus
3.1.1 Syntax

The asynchronous m-calculus has a simple syntax consisting of processes (P) and channels
(u, v, w).

P,Q,R:=0|(P|Q)|newuP |!P]|u(v).P|ulv)

Channels are conduits that can be used to pass values between processes. In our simple
language, the only values are channels themselves. A process may be an instruction to do
nothing (0) or an instruction to execute two processes P and Q in parallel (P | Q). The
process newu P restricts the scope of the channel u to the process P and the process !P
acts as an unlimited number of copies of P. All communication occurs via input and output
processes. The output process, u(v), sends the message v on channel u. The corresponding
input process, u(w).P, substitutes the output v for w in the body of P.

Representation Following the standard LF representation methodology {HHP93]; we
represent the m-calculus’s two syntactic classes with two new CLF types.
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chan : type.

expr : type.

Next, we represent the processes themselves as objects with type expr. Our representa-
tion will use higher-order abstract syntax [Pfe01b] to represent the bound variable v in the
restriction new v P and in the input process u(v).P. :

0 T expr.

par : expr — expr — expr.

new : (chan — expr) — expr.

! 1 expr — expr.

out : chan — chan — expr.

in : chan — (chan — expr) — expr.

The representation function ™7 maps 7-calculus processes into CLF objects with type
expr.
f0"=0
FP|Q1=par P Q"

Tnewu P = new (Au."P7)
PIPY =rep " P
ra(v)? =outuv

Tu(v).P" =inu (Mv."P7)

3.1.2 Operational Semantics

The operational semantics of the m-calculus consists of two parts. First, a structural congru-
ence relation divides the set of processes into congruence classes. The operational semantics
does not distinguish between processes in the same class. For example, running the null
process in parallel with P is equivalent to running P by itself. Similarly, !P is equivalent
to running arbitrarily many copies of P in parallel with !P. When P is equivalent to @ we
write P = Q. The complete rules for structural congruence are presented below.

Pl@=Ql|P (PIQ)IR=P|(Q|R) 0|P=P

*

0= newu0 P|(newuQ) = newu (P | Q)

new u (new v P) = new v (new u P)

P=P|!P
P=Q P=Q Q=R
P=P Q=P P=R
P=P P=P P=P
P|Q=P|Q newu P = newu P’ IP=1P
P=P

u(v).P = u(v).P’

8



x The variable u is not free in P.

A second relation, P — @, describes how actual computation occurs. There is one
central rule that describes how input and output processes interact: '

w(w).P [(v) — [o/u|P

The other rules that govern the relation P — Q either accommodate the structural
congruence relation or allow communication to occur within the scope of a new channel
name or in parallel with an inactive process. :

PEP, P,'—)Q, Q!EQ
P—Q

P— P P— P
newuP —newuP' P|Q—P'|Q

We extend this single-step relation to a multi-step relation P —* @ through the fol-
lowing rules.

P=Q P—@Q Q—'R
P—Q P—'R

Representation At a coarse level a sequence of transitions in the 7-calculus will be
represented by a sequence of nested let-expressions in CLF, terminating in a unit element.

T;AF (let{p1} =Riinlet {po} =Ryin ...(}) « T

Here T' contains declarations for channels u:chan and replicable processes r:proc P,
while A contains z*proc Q for all other processes active in the initial state. The goal type
T allows the computation to stop at any point, modeling the multi-step reaction relation.
The computation steps consist of the atomic object R; consuming part of A and replacing
it with new variables via the pattern p;, and so on.

More precisely, the CLF expressions consist of two alternating phases. In the ﬁrst phase,
ezpression decomposition, a sequence of CLF let-expressions will decompose a 7-calculus
expression into CLF connectives. For example, the null process 0 will be interpreted as the
CLF connective 1 and the parallel composition | will be interpreted as ®. The decomposed
fragments accumulate in the contexts.

In the second phase, the CLF connectives interact according to the rules of hnear logic. -
The decomposition is such that the resulting contexts naturally obey the correct struc-
tural congruences, at least at the shallow level. For example, the implicit associativity
and commutativity of contexts mirrors the structural congruences associated with parallel
composition. :

To make these ideas precise in the framework, we begin by defining a type famlly for
undecomposed w-calculus expressions.

proc : expr — type.




Next, we specify rules for interpreting the various m-calculus instructions. For example
the exit rule interprets the null process as the multiplicative unit 1.

exit : proc 0—{1}.

The following derivation shows the action of this rule.

E .
IAFE—T
D ;A FE<~T

T; x%proc O F exitx = {1} T; A;1MFE T
I; A,x%roc O let {1} = exit’xin E — T

Notice that the pattern 1 4 1 simply disappears. Hence, the null process has no effect,
_as it should. ' E

fork : proc (par P Q) —o {proc P ® proc Q}.

The fork rule interprets parallel composition as the tensor product of the two processes.
- When the tensor pattern is eliminated, two assumptions z A proc P, y * proc Q will remain
in the context. Since CLF is insensitive to the order in which these assumptions appear in
the context, either P or Q may be interpreted next. We may, therefore, think of P and Q
as two concurrent processes waiting in parallel in the CLF" context. ‘
We interpret the process newu P using an existential type.

name : proc (new (Au. P u)) —o {Ju:chan. proc (P u)}.

The elimination rule for existentials guarantees that a fresh name u will be added to
the CLF context when it is eliminated and hence u may only appear in P, as is required

by the m-calculus scope restriction operator.
- The process rep -P acts as arbitrarily many copies of P in parallel. We model this

behavior using the exponential connective.
~ promote : proc (rep P) —o {!(proc P)}.

Finally, we come to the communication primitives. Output is straightforward: It asyn-
chronously places its message on the network using an auxiliary predicate. An input u(w).P,
_ on the other hand, is more complex. We interpret it as a linear function that consumes
network messages v on channel u and produces a new undecomposed process P with v
replacing w.

msg : chan — chan — type.

outp : proc (out UV) —o {msg U V}.
inp : proc (in U (Aw. P w)) —o {Tlv:chan. msg U v —o {proc (P v)}}.

10
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3.1.3 Alternate Encodings

Wherever possible we have tried to encode m-calculus processes using the CLF logical op-
erators directly. This approach demonstrates the power of our framework and elucidates
the connection between the asynchronous w-calculus and linear logic. However, in sev-
eral cases there are other possible choices. For example, we might have left proc (rep P)
as an uninterpreted linear assumption and added an explicit copy rule to mirror process
replication:

copy : proc (rep P) —o {proc (rep P) ® proc P}.

We also might have chosen to leave both input and output processes uninterpreted and
to add an explicit rule for reaction.

react : proc (in U (Aw. P w)) —o proc (out U V) —o {proc (P V)}.

A Non-Encoding In our first attempt to encode the 7-calculus, the rules for interpreting
m-calculus expressions took a slightly different form. Each rule mapped computations to
computations as follows:

exit' : {proc 0} —o {1}.

fork’ : {proc (par P Q)} —o {proc P ® proc Q}.

This representation leads to too many CLF computations, some of them nonsensical. ’
For example, there are suddenly several different computations that mterpret the process
0] 0 including

x®proc (par 0 0) - let {x; ® x2} = fork’*{x} in
let {1} = exit'"{x1} in
let {1} = exit’{xo}in () = T

x®proc (par 0 0) F let {x; ® xo} = fork'*{x} in
let {1} = exit'{let {1} = exit’{xo} inx1}in () — T

In the second computation, the argument of exit’ is itself a computation, independent
of the mainline. It was unclear what such tree-like computations might mean or how they
might relate to the operational semantics of the n-calculus. Consequently, we changed our
encoding and took great care to use monadic encapsulation to control the structure of our
proofs properly.

3.2 The Synchronous 7-Calculus

The synchronous m-calculus adds two main features to the asynchronous =-calculus, syn-
chronous communication and a nondeterministic choice operator. In our next encoding, we
use the synchronous connectives of linear logic to represent parallel composition, replicated
processes and name restriction in conjunction with the asynchronous connectives of linear
logic to select and synchronize input and output processes given a series of nondeterministic
choices.

11




3.2.1 Syntax

In the syntax of the synchronous n-calculus, we replace the input and output processes from
the asynchronous calculus with a nondeterministic choice of processes M. The null process
is now defined to be the empty choice. Each element of the nondeterministic choice (also
called a sum) is an action which may be silent (7.P), an input, or an output. Notice that
outputs (%(v).P) are considered synchronous because they wait on u until they react with-
~an input and only at that point proceed to execute the process P.

Process Expressions P == (P|Q)|newuP |!P|M
Sums M u=0|c+M
Actions ¢ u=T.P|u(v).P|T(v).P

Representation We represent the four syntactic classes of the synchronous 7-calculus
with four CLF types. : '

chan : type.
expr : type.
sum : type.
act : type.

The process expressions themselves are represented as objects of type expr, sums by
objects of type sum and actions by objects of type act. As before, we represent every
channel u by a corresponding unrestricted variable u:chan of the same name.

par  : expr — expr — expr.’
new : (chan — expr) — expr.
rep : expr — expr. '
sync : sum — expr.

null  : sum.

alt : act — sum — sum.

silent : expr — act.
in : chan — (chan — expr) — act.
out : chan — chan — expr — act.

The representation function -7 maps process expressions into CLF objects with type
expr, - maps sums into CLF objects with type sum, and ™. ™ maps actions into CLF
objects with type act. As in the previous encoding, it uses higher-order abstract syntax to
represent the bound variable v in the restriction newv P and in the input process u(v).P.
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FP I Q‘l = par I"P—l FQ'I
Tnewu P = new (A\u."P7)
FIP7 =rep TP

TM7=sync™M™

™0™ = null

Te4+ MM =altMe™TMT

Tr.P™ = silent " P
Tu(v).P™ =inu (Av."P7)
Tg{v).P™=outu v "P"
3.2.2 Operational Semantics

To define the structural congruence relation P = @ for the synchronous =-calculus, we

~ adopt all the rules from the asynchronous calculus except for the rules governing input and

output (whose form has changed) and augment them with the following rules for sums and
actions: . :
c=c M=M
c+M=cd+M c+M=c+M cgt+e+M=ct+ca+M

P=P P=P _ P=P
r.P=7P  u{w).P=u@).P  uw).P=1{v).P

The additional rules ensure that our relation is a congruence relation over sums and
actions, and moreover that the order of elements in a sum is inconsequential.

With the addition of silent actions, there are now two non-trivial reaction rules. The first
rule selects the action 7.P from a sum and continues with P, throwing away the unchosen -
elements of the sum. The second rule selects an input process u(v).P from one sum and
an output process T{w).Q from another. The two processes synchronize as the value w is

* passed from output to input and the computation continues with [w/v]P | Q.

TP+M—P (u(v)P+M)|(@w).Q+N)— [w/vP|Q

As before, the rules above may be used under a channel name binder or in parallel

_ with another process. The relation P —* Q is the reflexive and transitive closure of the

one-step reaction relation.

Representation Once again, we define a type family for undecomposed 7-calculus ex-
pressions and interpret parallel composition, name restriction and replication as before.

proc 1 expr — type.
fork . proc (par P Q) —o {proc P ® proc Q}.
name : proc (new (Au. P u)) —o {3u:chan. proc (P u)}.

promote : proc (rep P) —o {!(proc P)}.
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A sum represents a non-deterministic, possibly synchronized choice. We therefore intro-
duce a new type family to represent a sum waiting to react, and a decomposition rule for

the sync coercion.
choice : sum — type.
suspend : proc (sync M) —o {choice M}.
The degenerate case of a sum is the null process. As before, it has no effect and it is
interpreted as the multiplicative unit 1.

exit : choice null —o {1}.

The more interesting reaction rules fall into two families. The first family non-deterministically
selects a particular guarded process from a sum. It does not refer to the state and therefore
is neither linear nor monadic. Intuitively, it employs don’t-know non-determinism and could
backtrack, unlike the other rules that are written with don’t-care non-determinism in mind.

select : sum — act — type.

this : select (alt CM) C.
next : select M C — select (alt ¢ M) C.

The second family selects the guarded processes to react and operates on them to per-
form the actual reaction step. For an silent action we simply select a guarded process with
prefix 7 from a suspended sum. For a communication, we select two matching guarded
processes from two different suspended sums. '

internal : choice M —o select M (silent P) — {proc P}.

external : choice M; —o choice Ma—o
select M; (in U (Aw:chan.P w)) — select Mz (out UV Q) —
- {proc (par (P V) Q)}.

Note that substitution [w/v]P in the reaction rule (u(v).P + M) | (@w).Q + N) —
[w/v]P | Q is accomplished by a corresponding substitution in the framework, which takes
place when the canonical substitution of a process expression Av.... for P: chan — expr is
carried out. This is a minor variant of a standard technique in loglcal frameworks.

3.2.3 Adequacy

The representation of the syntax of the synchronous 7-calculus uses higher-order abstract
syntax and other well-known strategies from the standard LF representation methodology
[HHP93]. Consequently, it should come as no surprise that our representation of the syntax
of m-calculus is adequate.

Theorem 1 (Adequacy of Representation of Syntax). LetT" = u: chaﬁ, ..., Un:chan.
a) T; A+ N < expr iff N =P where P may contain uj ... un
b) T; A+ N <sum iff N ="M™ where M may contain uj ... un
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¢) AFN < act iff N = ¢ ™ where ¢ may contain uj ... un
d) The representation function is a compositional bijection.

Proof. Standard techniques from LF representation methodology [Pfe01b). O

On the other hand, our representation of concurrent computations employs a number of
new techniques and the adequacy proof is somewhat more involved. Here, we sketch of the
main components of the proof. The interested reader may examine Appendix B for further
details. :

We begin by deﬁnmg the CLF contexts that may arise during a concurrent computatlon
Notice that the possibilities for contexts are really quite limited. They are limited to .
the natural representations of channels, replicated processes, unreplicated processes (which
may be further decomposed) and sums waiting to react. If it were not for the monadic
encapsulation, we would have to deal with the possibility that the context contains partial
applications of curried rules such as internal and external. In order to deal with such partial
applications, one would have to complicate the notion of adequacy (if indeed there is a
notion of adequacy.that makes sense) and consider many more possible cases during the
proof. Here, and in the rest of this section, we collapse the two parts of the context I'
and A into a single context I' for the sake of brevity. We are still able to dlstmgmsh '
unrestricted assumptions u: A from linear assumptions z”A by their syntax. Hence, there
is no fundamental change to the type theory.

Definition 2 (General Contexts I'). T’ := . | I’,u:chan | I',u:proc P | T, z proc P |
T, " choice M

Next, we define a relation P «— I between processes P (modulo the structural con-
gruence relation) and contexts I'.

Definition 3 (Representation Relation). P «— T if and only if Tu=Q and Q = P
where LT'1 is the inverse of the representation function ™.

Informally, our adequacy theorem will state that related objects step to related objects.
In other words, we will show that if P «— T then P steps to Q if and only if I" steps to
I'" and Q «— T". However, in order for this statement to make any sense we will have to
define an appropriate notion of “steps to” on contexts. Unfortunately, we cannot directly
relate one CLF computation step to one step in the m-calculus since process decomposition
steps (exit, fork, new, etc.) have no m-calculus analogue.

To handle this discrepancy, we will define three relations on CLF contexts. The first,
I', E =, I'", models the structural congruence relation of the m-calculus. The computation
E is a series of process decomposition steps that will break down the structure of the
context T and produce context I'. The second relation, I', E = I", models the single-step
reduction relation. Here, E is a series of process decomposition steps followed by a single
reaction rule, either internal or external. It reflects the fact that our CLF computations are
arranged in two alternating phases. Finally, I''E =* T" is the reflexive and transitive
closure of T', E = I". It models the multi-step reduction relation. All three relations make
use of the following primitive notion of equality on CLF contexts.
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Definition 4 (Context Equivalence). Let assumptions of the form z7A be either linear
or unrestricted assumptions.

T 27A 7B U =T.97B,074,1 ¢ BV ¢4 T =T.uchanl

: ’ r=r" "=r’
Tuchan =1, “¥0T T=T T=r

We will also employ the following notation for composing cdmputations.

Definition 5 (Composition of Computations E(E')). The composition of two computa-
tions E and E' with type T, denoted E(E'), is the computation that results from substituting
E' for the terminal () in E. : :

Definition 6 (Representation of structural equivalence =;). I't,E =T} if
1. E=() and Ty =T}, or |
'2. E =let {p} = Rin () and there is a normal derivation of the following form:
ToFE T
TikFlet{p}=RinE « T

and 9, E' = Ty,
and R is one of the following atomic forms ('where’ we let © range over either linear
or unrestricted variables):

exit"z fork’z name”'z " promote”z suspend”z

Definition 7 (Representation of Single-Step Reduction =). T, E(let {p} = Rin ()) =
T} iff Do, B =5, [} and

QT
Iitlet{p}=Rin() « T

and Ty =T and R is one of the following atomic forms (where we let x, x1, T2 range over
either linear or unrestricted variables):

ex_ternal":z: N internal’z; “zo Ny Ny
and N, N1, Ny ::= this | nextN
Definition 8 (Representation of multi-step reduction =*). I}, E ==*T} iff
1. T, E=;T}
2. E = Ey(E2) and T, E1 = Ty and 'y, By ==* Ty

We are now in a position to state our adequacy results for computations.
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Theorem 9 (Adequacy of Representation 1).
1. fT,E=>sT" and P — T, then P «—T".
2 IfTVE=>T"and P«—T, then P - Q and Q «— I""
8 IfT,E—*T' and P+—T, then P —*Q and Q — I".
Theorem 10> (Adequacy of Representation 2). |

1. IfP=Q and P ——T, then Q «— T
2. If P+ T and P — Q, then there exists E andI" such thatT, E = I and Q «— I,

8. If P« T and P —* Q, then there exists E and I such that T\ E =* I and
Q—T.

The proof of Adequacy 1 is by induction on the structure of the computation E in each
case. The proof of Adequacy 2 proceeds by induction on the process relation: on P = @ in
part (1); induction on P — @ in part (2); and induction on P —* Q in part (3). Please
see Appendix B for details. ' '

4 Concurrent ML in CLF

In this section we give a representation of Mini-ML in CLF with various advanced features.
This encoding shows how the concurrency features can be used for a variety of purposes,
including specifying a sequential semantics, lazy evaluation, and synchronous process com-
munication in the style of Concurrent ML [Rep99]. It also shows how representations can
exploit features of LF (dependent types) and LLF (asynchronous linear) in CLF, which
adds synchronous linear connective to LLF.

4.1 Destination-Passing Style

Our formulation of Mini-ML distinguishes between expressions and values, which is conve-
nient particularly when we come to the description concurrently. Furthermore, the repre-
sentation is intrinsically typed in the sense that only Mini-ML expressions and values that
are well-typed in Mini-ML will be well-typed in the framework. So we have a CLF type tp

~ for Mini-ML types,' and CLF types exp T and val T for Mini-ML expressions and values of

type T, respectively. These type families are declared as follows.

Ctp : type.
exp : tp — type.
val : tp — type.

The first novelty of our representation of evaluation is the pervasive use of destination-
passing style. This is a convenient way to avoid the use of explicit continuations or evaluation
contexts which simplifies the description of concurrency. It also makes the whole description
more modular. So we have types dest T for destinations of type T. Note that initially there
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are no destinations; they are all created (as parameters) during evaluation. In that sense
they are similar to locations in Mini-ML with references [CP98], although they are not
necessarily imperative.

There are two basic type families to describe the operational semantics, eval E D which
evaluates E with destination D, and return V D which returns the value V to destination D.
The types of the expressions, values, and destinations must match. Therefore we declare:

dest : tp — type.
eval : exp T — dest T — type.
return : val T — dest T — type.

Without effects, the behavior of eval and return is as follows. If we have the linear as- -
qumptlon e”eval E D for a given expression E and destination D, then there is a computation
to rreturn V D if and only if the evaluation of E yields V. More generally, if we have some
" initial state represented as I'; A then I'; A, e” %eval E D computes to I'; A, rireturn V D,
where IV and A’ model the effects of the evaluation of E and other possibly concurrent

computations.

evaluate : exp T — val T — type.
run : evaluate EV
o—(IId:dest T.eval E d —o {returnd V® T}).

4.2 Sequential Functional Programming

We now introduce a number of concepts in a completely orthogonal manner. With few
exceptions, they are organized around the corresponding types.

Values. In surface expressions, we only need to allow variables as values. This avoids
ambiguity, since we do not need to decide if a given term should be considered a value or an
expression when writing it down. However, we do not enforce this additional restriction—
this could be accomplished by introducing a separate type var T for variables of type
T. Instead, we allow every value as an expression. The corresponding coercion is value.”
Evaluating an expressmn value V returns the value V immediately.

value : valT —exp T.
ev.value : eval (value V) D —o {return V D}.

Recursion. Recursion introduces no new types and no new values. It is executed simply
by unrolling the recursion. This means, for example, that fix(Au. u) is legal, but does not
terminate.

fix : (exp T —exp T) > exp T.
evfix : eval (fix (Au.E u)) D —o {eval (E (fix (Au.E u))) D}.
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Definitions. Computation can be explicitly staged via definitions by let. Unlike ordi- -
nary ML, we do not tie properties of polymorphism to definitions, but prefer explicit type
abstractions and applications. Inference or reconstruction is considered a property of the
concrete syntax, and not the internal operational semantics of ML we are specifying here.

let : exp T — (val T — exp S) — exp S.
evlet : eval (let E; (Ax.Ez x)) D
~ —o0{3d;:dest T.eval E; d;
® (TIV; :val T.return V; dy —o {eval (E; V1) D})}.

‘Note that we use substitution instead of an explicit environment in order to bind a
variable to a value. This does not lead to re-evaluation, since there is an explicit coercion
from values to expressions. It would be straightforward to design a lower-level encoding
where the bindings of variables to values are modeled through the use of destinations.

Also note how we use a linear assumption ' '

e ATIV;:val T.return V; d; —o {eval (E; V;) D}

in order to sequence Mini-ML computation explicitly: the evaluation of the body E2 of
the mllet expression can not continue until the the expression E; has finished computing a
value Vj.

The higher-order nature of the encoding could be avoided by introducing either a new
kind of intermediate expression or type family. In that case the signature looks more flat,
in the style of an abstract machine. :

Natural Numbers.: There is nothing particularly surprising about the representation.
We introduce both new expressions and new values. During evaluation of the case construct
we have to choose one branch or the other, but never both. This is represented naturally
by the use of an additive conjunction & in the encoding.

nat :tp.
z : exp nat.
s : exp nat — exp nat.

case : exp nat — exp T — (val nat — exp T) — exp T.
! val nat.

s’ : val nat — val nat.

ev_z : eval zD —o {return Z’ D}.

ev.s : eval (sEq) D

—o {3d; :dest nat.eval E; d;
® (ITV; :val nat. return Vq d; —o {return (s’ V;) D})}.
ev.case : eval (case E; E2 (Ax.E3x)) D
—o {3d; :dest nat.eval E; d;
® ((return z' d; —o {eval E; D})
& (IIV} :exp nat.return (s’ V}) d; —o {eval (E3 V) D}))}.
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Functions. Again, the use of higher-order abstract syntax and substitution makes this
quite simple. As before, we specify explicitly that the function has to be evaluated before
the argument in an application. Concurrency or parallelism will be introduced explicitly
later. '

arrow : tp — tp — tp.
lam . (val T — exp T1) — exp (arrow Ta T1).
app : exp (arrow Ty T1) — exp T2 — exp Ty.

lam’ (val Ty — exp T1) — val (arrow T3 Tj).

evlam : eval (lam (Ax.E; x)) D —o {return (lam’ (Ax. E; x)) D}.
ev.app : eval (app E; E2) D ’
—o {3d; :dest (arrow T2 Ty).eval E; d;
® (IIE} :val Ty — exp Ty.return (lam (Ax. E} x)) d;
—o {3dz:dest Ty.eval E d2
® (IVy:val Ta.return Vy do —o {eval (Ej Vo) DH}}.

Pairs. Are included here for completeness.

cross : tp—tp — tp.

pair : exp T; — exp Ty — exp (cross T; T2).
fst : exp (cross T1 T2) — exp T;.

snd : exp (cross T1 T2) — exp Ta.

pair’ : val T; — val Tg — val (cross T; T2).

ev.pair : eval (pair E; E2) D
—o {3d; :dest Tj.eval E; d;
® (IIVy:val Ty.return V; d; .
—o {Idy:dest Ta.eval Ez d2
® (IIV3:val Ta.return Vo do
—o {return (pair’ V; V2) DH})}.
evfst : eval (fst E;) D
—o {3d; :dest (cross T1 T2).eval Eq dy
® (ITVy:val Ty.TIVy:val Ty. return (pair’ Vi Va) d;
—o {return V; D})}.
evsnd : eval (snd E;) D
—o {3dj : dest (cross T T2).eval E; dy
® (TIV; :val T;.TIVy:val Ty. return (pair’ V; V3) d;
—o {return Vo, D})}. ,

‘Unit. A unit type with one element is included here since some expressions with effects
in ML return a unit value.
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one : tp.
unit : exp one.

unit’  : val one.

evone : eval (unit) D —o {return (unit’) D}.

Polymorphism, Sum Types, Void Type, Recursive Types. All of these can be
added orthogonally and straightforwardly and are omitted here.

4.3 Suspensions with Memoization

The code below shows a technique for implementing lazy evaluation in the style of Haskell.
~ This is slightly tricky, because the first time a suspension is accessed has be behave different
from any future time it is accessed. In order to model this we make a linear assumption
that, when consumed, makes an unrestricted assumption.

susp : o tp—tp. )

delay : exp T — exp (susp T).
force : exp (susp T) — exp T.
thunk  : dest T — val (susp T).
read : dest T — dest T — type.

ev_delay : eval (delay E;) D
—o {31 :dest T.return (thunk I;) D
® (IID' : dest T.read |; D’
—o {3d; : dest T.eval E; d;
® (ITV;:val T.return Vq d;
—o {return V; D'
: ® |(TID” :dest T.read I; D” —o {return V; D"})}) D}
ev_force : eval (force E;) D
- —o {3d;:dest T.eval E; dy
® (TIL; :dest T.return (thunk L;) dy —o {read L; D})}.

4.4 State and Concurrency

So far, we have considered a wide range of pure, sequential programming language features.
We were pleasantly surprised that our destination-passing style encoding may be extended
to include mutable references and common concurrency primitives as well.

Futures. We now come to the first parallel construct: futures in the style of Multil-
isp [Hal85], adapted to ML. There is no new type, since a future can be of any type. A
destination D can now serve as a value (called promise D). If a promise is ever needed it
needs to be available from then on, which is why we have a new family deliver V. D which
delivers value V to destination D and will be an unrestricted assumption.

21




Note that evaluating future E; immediately returns a promise, while spawning a sepa-
rate thread to compute E;. This thread cannot communicate with other processes except
through the final value it might deliver.

future : exp T —expT.
promise : dest T —val T.
deliver  : val T — dest T — type.
ev_future : eval (future E;) D
* —o {3d; :dest T.return (promise d1) D
® eval E; dy ‘

® (TIV;:exp T. return V; d —o {!deliver V; di})}

ret_deliver : return VD
o— return (promise D;) D
«— deliver V Dj.

In the last clause we use the reverse notation for implication in order to emphasize the
operational reading in terms of backchaining. Previously, when we were trying to prove
return V D for some given destination D, we would only succeed if it were directly present
in the state, since there were no rules concluding return V D, only the weaker {return V D}.

With futures, we can also conclude return V D if there is a promise promise D; with the
right destination D that has delivered its answer (and therefore the unrestricted assumption
deliver V D; is available). Because futures can be iterated, delivering the results could
require a chain of such inferences. .

We find it remarkable how simple and modular the addition of futures to the prior
semantic framework turned out to be.

Mutable References. Mutable references in the style of ML are easy to add: they just
become linear hypotheses. The only novelty here is the higher-order encoding in terms
of nested assumptions; otherwise the techniques and ideas are combined from LLF and
Forum. New with respect to LLF is the destination-passing style and the representation
of eval and return as assumptions rather than goals. New with respect to Forum is the
monadic encapsulation and the presence of explicit proof terms.
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ref .1 tp—tp.

newref : exp T — exp (refT).

assign  : exp (ref T) — exp T — exp (one).
deref : exp (ref T) — exp T.

cel  : dest T — val (ref T).

contains : dest T — val T — type.

ev_newref : eval (newref E;) D
—o {3d; :dest T.eval E; d;
~ ® (ITVy:val T.return Vy dq
—o {3c:dest T.contains ¢ V; @ return (cell C) D})}.
ev_assign : eval (assign E; E2) D
—o {3d; :dest (ref T).eval E; dy
® (IIC; : dest T. return (cell Cq) d;
—o {3dy:dest T.eval E5 d
® (ITVy:val T. return V3 do
~o0 IIV;:val T.contains C; V;
—o {contains C; V2 ® return (unit’) D})})}.
ev_deref : eval (deref E;) D '
—o {3d; :dest (ref T).eval E; d;
® (IIC; : dest T. return (cell Cy) dy
—o ITV;:val T.contains C; Vi
—o {contains C; V; ® return V; D})}.

If our language contained falsehood (0) and disjunction (A & B), there would be an
alternative formulation of dereferencing that does not consume and the re-create the linear
a§sumption.

ev_deref’ : eval (deref E;) D
—o {3dj :dest (ref T).eval E; dy
® (TIC; :dest T. return (cell C1) dj
—o ITV; :val T. {(contains C; V; —o {0}) @ return V; D})}.

Concurrency. We now give an encoding of Concurrent ML as presented in {Rep99)],
omitting only negative acknowledgments. The representation can be extended to allow
‘negative acknowledgments without changing its basic structure, but it would obscure the
simplicity of representation.
We have two new type constructors, chan T for channels carrying values of type T, and
event T for events of type T.

chan : tp —tp.
event :@ tp — tp.

Processes are spawned with spawn E, where E is evaluated in the new process. spawn
always returns the unit value. We synchronize on an event with sync. The primitive events
are send and receive events for synchronous communication, as well as an event that is
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always enabled. In addition we have non-deterministic choice as in Milner’s synchronous
n-calculus, and wrappers that can be applied to event values. We avoid the usual ML
style representation where unevaluated expressions of type T are presented as functions
arrow one T. Instead, our semantics will simply not evaluate such expressions where appro-
priate. This leads to a more modular presentation of the language. :

spawn : exp T — exp (one).

sync : exp (event T) — exp T.

channel  : exp (chan T).

alwaysEvt : exp T — exp (event T). "

recvEvt  : exp (chan T) — exp (event T).

sendEvt  : exp (chan T) — exp T — exp (event (one)).

choose : exp (event T) — exp (event T) — exp (event T).

neverEvt : exp (event T). : \
wrap : exp (event T;) — (val Ty — exp T2) — exp (event T).

Among the new internals we find event values corresponding to the above events, plus
channels that have been allocated with channel.

ch : tp — type. :

chn : ch T — val (chan T).

alwaysEvt’ : val T — val (event T).

recvEvt!  : val (chan T) — val (event T).

sendEvt’  : val (chan T) — val T — val (event (one)).

choose’ : val (event T) — val (event T) — val (event T).
neverEvt’ : val (event T).

wrap’ . val (event T}) — (val Ty — exp T,) — val (event Ty).

Finally, we come to the operational semantics. There is a new type family, synch W D
which synchronizes the event value W. The expression returned by the synchronization will
eventually be evaluated and the resulting value returned to destination D.

We have chosen for processes that return to be explicitly “garbage collected” in ‘the rule
for spawn. Unlike for futures, the returned value is ignored. :

synch : val (event T) — dest T — type.

ev.spawn : eval (spawn E;) D
—o {return (unit’) D
® (3d; : dest. eval E; d;
® (IIV;. return Vq dj —o {1}))}
ev_sync : eval (sync E;) D
—o {3d; : dest (event T).eval E; d;
® (ITW; :val (event T).return Wy dy
: —o {synch W; D})}.
ev_channel : eval (channel) D
—o {3K:chT. return (chn K) D}.
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The rules for evaluating events are straightforward, since they simply evaluated the
embedded expressions as needed and return the corresponding event value.

ev_alwaysEvt : eval (alwaysEvt E;) D
—o {3d; :dest T.eval E; d;
® (IIVy :val T.return V; dy
—o {return (alwaysEvt’ V) d1})}.
ev_recvEvt  : eval (recvEvt E1) D
~o {3d;:dest (chan T).eval E; dy
® (IIK:ch T.return (chn K) d;
~ —o {return (recvEvt’ (chn K)) D})}.
evsendEvt  : eval (sendEvt E; E) D
—o {3d; :dest (chan T).eval E; d;
® (IIK:ch T.return (chn K) dy
—o {3dy:dest T.eval E; do
® (ITVy:val T. return Va da
—o {return (sendEvt’ (chn K) V3) DH}H}.
ev_choose : .eval (choose E; E2) D
—o {3d; : dest (event T).eval E; d;
® (ITW; :val (event T).return Wy d;
—o {3d,:dest (event T).eval Ep d2
® (ITW3:val (event T).return W2 ds
: —o {return (choose’ Wi W3) D})}D}.
ev_neverEvt : eval (neverEvt) D —o {return (neverEvt’) D}.
ev_wrap : eval (wrap E; (Ax.E2 x)) D
—o {3d; : dest (event Ty).eval E; dg
® (ITW; :val (event Ty).return W dy
—o {return (wrap’ W; (Ax.E2 D})}.

Finally, we come to event matching as required for synchronization. We have a type
family action which extracts a primitive event value (send, receive, or always) from a given
complex event value (which may contain choices and wrappers). It also accumulates wrap-
pers, returning a “continuation” val S — exp T for an original event of type T.

Note that action is don’t-know non-deterministic in the manner of LLF or Lolli and is
therefore written in the style of logic programming with reverse implications. Actions does
not refer to the state.

action : val (évent T) — val (event S) — (val S — exp T) — type.

act.T : action (alwaysEvt’ V) (alwaysEvt’ V) (Ax.value x).

act.! : action (sendEvt’ (chn K) V) (sendEvt’ (chn K) V) (Ax.value x).
act.? : action (revEvt’ (chn K)) (revEvt (chn K)) (Ax. value x).

act_®; : action (choose’ W; W3) A (Ax.E x)
«— action W; A (Ax.E x).

act.d, : action (choose’ W3 W2) A (Ax.E x).
« action Wy A (Ox.E x).

act_= : action (wrap’ W (Ax2. Eg x2)) A (M. let (E1 x1) (Ax2.Eg x32))
«— action W A (Ax;.Ej x1).
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The action rules are invoked when one or two synch assumptions'are selected. Presumable
the selection of such assumptions for concurrent evaluation is subject to fair scheduling. As
further investigation of fairness and its consequences in this context is subject to further
research and beyond the scope of this paper.

synch; : synch WD

—o action W (alwaysEvt’ V) (Ax.E x)
C — {eval (E V) D}.

synch, : synch Wi D,
—o synch W3 Do
—o action W (sendEvt’ (chn K) V) (Ax1.E; x1)
—» action Wy (revEvt’ (chn K)) (Ax2. Ez x2)
— {eval (E; unit’) D1 @ eval (E2 V) D2}

Note that we use A — B instead of A —o B whenever A does not require access to the
current state. In this particular signature, A —o B would in fact be equivalent, since no
_linear assumptions could be used in the proof of A (which is of the form action W D for
some W and D.

5 Petri Nets in CLF

This sections applies CLF to encode Petri nets. We introduce preliminary multiset termi-
nology in Section 5.1 and define two popular semantics, dubbed sequential and concurrent
models, for Petri nets in Section 5.2. We give encodings for each of them in Sections 5.3
and 5.4, respectively. We conclude in Section 5.5 with some comments on how Petri nets

can be encoded in LLF.

5.1 Multisets

Given a support set S, a multiset m over S is a collection of possibly repeated elements
S. We formally define m as a function m : § — N that associates a multiplicity to every
element of S. We therefore write NS for the set of all multisets over S. -

‘Given a multiset m over S, any a € S such that m(a) > 1 is called an element of m.
We denote this fact as a « m. The empty multiset, written “” or “{§”, has no elements: it
is such that -(a) = 0 for all a € S. In analogy with the usual extensional notation for finite
sets, where we write {aj,...,an} for the set consisting of the elements ai,...,a,, we will

_denote a multiset with elements ai, ... ,a, (possibly with replications) as {aj,.--,as5. We
extend this notation to the intensional construction of multisets given by the validity of a
property:- {a : p(a) s.t. a « m§ is the multiset consisting of all elements of m for which the
property p holds.

The multiset-equivalent of the usual operations and relations on sets are inherited from
the natural numbers N. In particular, if m; and mg are two multisets with common support

.S’

e the submultiset relation, denoted m; < mg, extends the “less than or equal to” relation
over N: m; <mg if for all a € S, m1(a) < ma(a).
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o multiset equality is similarly lifted from the equality over N. As for sets and numbers,
my = my iff my; < mgy and mp < my.

e the multiset union of mi and mq is the multiset m = m; W ma such that for each
a € S, we have that m(a) = ma(a) + ma(a). :

o if my < my, then the multiset difference of m; and m; is the multiset m = m1 — m»
such that, for all @ € S, m(a) = mi(a) — ma(a).

" e the cardinality of my, denoted |my| is given as |mi] = 3 . gmi(a).

Other operations and relations are similarly defined, although we will not need them.

We will sometimes need to distinguish the different occurrences of an element a in a
multiset m. For this purpose, we define a labeled multiset as a multiset m together with a
set X and a function A : X — m that associates a unique label z € X to each occurrence of

an element of m. We will always be in the position to choose the set X of labels in such a way
that A is a multiplicity-conscious bijection between X and m, i.e., {A(z) : z € X§=m. We
will take notational advantage of this flexibility and write m to indicate some labeled version
of m. We will occasionally write m as (X:m) to make explicit the set of labels X used in
the construction of m from m. We will sometimes refer to a labeled multiset extensionally, -
writing for example (z:ay,...,2n:a,) for a multiset {ay,...,a,§ with labels {z1,... s Tn}-
Labeled multisets inherit the operations and relations of their unlabeled cousins, although
we shall be careful to preserve the multiplicity-conscious nature of the defining bijection
- (typically by renaming labels as necessary). Observe that, in the case of labeled multisets,
these operations reduce to their set-theoretic counterparts.

Finally, we will occasionally view a multiset m as a sequence induced by some ordermg
(e.g., alphabetic on the identifiers denoting the elements of its support set). We emphasize
this reading by writing m as m. We extend both concept and notation to labeled multisets
in which case a secondary ordering over labels orders different occurrences of the same
elements. ‘

5.2 Petri Nets

A Petri net N is a directed bi-partite multigraph (P, T, F) whose two types of nodes, P
and T, are called places and transitions, respectively [Pet62, Rei85, EW90]. The multi-
edges F link places to transitions and transitions to place; each edge carries a multiplicity.
It is convenient to take a transition-centric view of edges and define them as a function
E : T — NP x NP that associates each transition in ¢ € T with a pair of multisets of places
that we will denote (t,#*). The pre-condition <t of ¢ lists the origin p of every edge that -
enters t; its multiplicity is expressed by the number of occurrences of the place p in t. The
post-condition t* of t similarly represents the edges exiting ¢.

A marking M for N is alabeled multiset over P. Each element z:pin M is called a token.
Our use of labels constitutes a departure, known as the “individual token philosophy” and
analyzed in [BMMS98, BM00], from the definition of markings and Petri nets commonly
found in the literature. The implications are rather subtle: labels assign an identity to
tokens inhabiting the same place, making it p0551ble to distinguish them. Therefore, where
the more traditional “collective token approach” prescribe removing “ a” token from a place,

!
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Figure 1: A Producer/Consumer Net

we shall say which of the possibly many token populating this place we are operating on, and
each choice is accounted for as a different operation. Our more detailed formulation has the

~ advantage of simplifying subsequent definitions (in particular traces) and will constitute the
bases of our CLF encoding in Section 5.3. The drawback is that it distinguishes behaviors
that the mainstream definition would identify.

Figure 1 describes a producer-consumer system Ny by means of the traditional graphical
representation for Petri nets: places are rendered as circles and transitions as squares; edge
multiplicity is annotated on top of the edges unless it is 1 or 0 (in which case the edge is
not drawn). The left cycle represents the producer, who releases one item per cycle, puts
it in the common buffer and increments the counter by one. The consumer (on the right)
extracts two items at a time from the buffer and consumes them. Figure 1 also specifies a
marking M, by putting a bullet for each occurrence of a place in the appropriate circle.
Labels for these tokens cluster around the place where they occur.

A Petri net is a recipe for transforming a marking into another marking. More precxsely,
each transition can be seen as a description of how to modify a fragment of a marking.
If two transitions do not try to rewrite the same portion of this marking, they can be
apphed in parallel. There are several ways to formalize this basic notion into a full blown
semantics. We will examine two of them: first, the interleaving semantics expresses the
global transformation as a sequence of application of transitions, recovering concurrency
through permutations. Second, the trace semantics focuses on the dependencies (or lack
thereof) among transitions.

"5.2.1 Interleaving Semantics

Given a Petri net N = (P,T, E) and a marking M = (X:M) over P, a transition t € T is
enabled in M if ¢t < M. If t is enabled at M, then an application of t to M is defined as

the judgment
Moy M ’

~ where the marking M’ = (X':M’) satisfies
M’ = ((X:M) — (z:ot)) & (z:t°)
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Figure 2: A Later Marking in the Producer/Consumer Net

where *z is the subset of the labels X associated with « in M (note that it may not be
unique), and z* is a set of new labels that are associated with t+. The application of a
transition to a marking is also called an ezecution step or the firing of t in M. .

Observe that, given N and M, the triple (t,*z, z*) identifies the application uniquely.
We say that this triple supports the above application. We will generally annotate an
execution step with the transition instance that supports it:

M >y M/ by (8, %z, 2°).

An ezecution of a Petri net N from a marking My to a marking M, is given by the
reflexive and transitive closure of the execution step relation. It is denoted as

Mo >l M, by S

where 8 = (t1,°Z1,%1%), - - - » (tn, *Tn, ZTn*) and for i = 1..n, we have that M;_ sy M; by (i, *zi, z:).
Observe that the entire execution sequence, and in particular My, is completely determined
by M and the (possibly empty) sequence of transition applications S it is constructed from.
Whenever My % M, by S the marking M, is said to be reachable from M.

'Figure 2 shows another marking M. for the producer/consumer net. It is obtained
by applying transitions t_r, t_p and t_a to the marking M. embedded in Figure 1. This
is described by the judgment:

MI D}‘V M2 by (t-r’ (Tl)’ (113, b4ap1))a (t—P7 (pl)1 (T2))= (t-aa (ala bla b2)7 (cl))

- Token py:p is produced by the first transition and consumed by the second. Observe that
transition t_a consumes buffer tokens by and bs. We could have had it consume any com-
bination of buffer tokens, including the token b4 produced by the firing of t_r {the effect
would have been to force a dependency between these two rules). This degree of discrimi-
nation does not arise in settings that keep tokens anonymous. Below, we will refer to this
execution sequence as Spc.

Transition applications are completely ordered in a transition sequence. Still, some
transitions are applied to independent portions of a given marking. We will now define
concepts to highlight this form of concurrency, and prove some results for them.
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A transition sequence S = (t1,°%1,21°), - - -, (tn, *Tn, Tn*) i8 well-labeled, if for any label
z appearing in S:

e there is at most one index i such that z € z;*;

e there is at most one index j such that z € *z;;
o whenever there exist both i and j such that z € z;* N °z;, then i < j.

It is clear that if M > M’ by S, then S is well-labeled. :

If S; and Sy are two well-labeled transition sequences, 53 is a well-labeled exchange of Sy,
written Sy ~p Sz, if §1 = &', (t,°z,z*), (t', ', 2'+), 5" and S, = S, (t',x!, x's), (t,*z, z*), S”.
In our producer/consumer example, the execution sequence Sy, = (t.r, (r1), (n3, bs,p1)),
(t.a, (a1, b1,b2), (c1)), (t-p, (71), (r2)) is a well-labeled exchange of Spc above, but the se-
quence S,‘;c = (t.p, (;), (r2)), (t-1, (r1), (n3, b4, 1)), (t-2, (a1, b1, b2), (1)) is not since p; oc-
curs in the pre-condition of the first transition and in the post-condition of the second
transition (violating the third condition). ‘

It is clear that, if S; ~o S2, then

wxNzls = sx'Nze = eNex’ = zNzs = @

since S; and Sy are well-labeled. This condition is actually sufficient for two transitions to
constitute a well-labeled exchange.

Lemma 5.1. (Checking well-labeled exchange)
Let &', (t, sz, x*), (¢, 2, '), S" be a well-labeled transition such that exNz's = ' Nze =

ez =z Na'e = @, then S, (t,z, ), (', *z',2"), 8" ~p &', (', 2!, 2"), (L, °z, 2*), s,
Proof. By induction on &' and then by verifying that the second sequence satisfies the

definition of well-labeled transition. : O

The well-labeled exchange relation is clearly symmetric. Moreover, if one of the sides
supports an execution between two markings, the other relates these same two markings,

as formalized in the following lemma.

Lemma 5.2. ( Well-labeled exchange preserves ezecution)
If M % M’ by 81 and 81 ~o Sz, then M >3y M’ by S,.

Proof. Let S; = &', (t,°z, z*), (t',':z:’,u:c’v),S” and S; = S, (t, ', '), (¢, T, 2°),S".
By definition, there are markings M, M* and M’ such that
My MbyS, MupyM*by (1), M*p>y M’ by (¢,+2',z'), M'tyM’'byS"

where M* = (M — (+z:t)) & (v=:t) and M’ = (M* — (i) & ('>:t") = (M — (oz:t)) W
(z:t0)) — (ox':ot')) W (zo:t’e).

Since S; and S, are well-labeled, z* N *z’ = &, therefore, we can rewrite M'as M' =
(M — (sz:ot) — (sx':ot')) W (zo:te) & (z':t"), or as

B = (M — (sa't)) © (a't")) — (ozt)) © (ate).
M**
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Let then M** = (M — (sz/:st')) & (2':t's). We have then that M >y M** by (t, ',z
and M** >y M’ by (', *z, z+), from which we deduce that M >} M’ by S,. 0

Two well-labeled transition sequences S; and S; are equivalent, written S ~ Sy, if 3
is a permutation of S;. We will sometimes write Sp = 7(51) where 7 is the witnessing
permutation. It is easy to show that ~ is indeed an equivalence relation. In our recur-
ring example, the transition sequence Sp, = (t-a,(a1,b1,b2),(c1)), (tr, (rl),(ng,b4, P1)),
(t-p, (p1), (r2)) is a equivalent to Spc.

Permutations can be expressed as iterated exchanges of two adjacent elements Sorting
algorithms such as bubble-sort are based on this property. It is therefore not surprising
that showing the equivalence of two transition sequences can be reduced to producing a
sequence of well-labeled exchanges. ' ’

Lemma 5.3. (Well-labeled equivalence maps to iterated well-labeled exchange)

If S ~ ', then there are transition sequences So,...,Sp such that § = S, §' = Sy,
and for i =1..n, Si—1 ~o Si.
Proof. Let S = &,...,&, with § = (t;j,°z;,z;) for j = 1.k. Then, by definition,
S" = &r(1), - - - » En(k) for some permutation 7. We define the distance between S and S’ as
the tuple d(S,S’) = (d1(S,S), . ..,dr(S,S’)) where d;(S, S’) |7 — 7(5)|, for _7 =1.k. We -
then proceed by lemcographlc 1nduct10n on d(S,8').

If d(S8,8') =0, then S =S’ and n = 0.

Otherwise, let ! be the first non-zero index in d(S, S’). Then,

S= g, {[,g and S' = S—, S,7§;r(l)—1’€;r(l)’s

Let 8" = 8,8’ f,,(l), £1r(l) 1»S**. Since S and S' are well-labeled and equivalent, £/ (l)—1 and
€ (1) TUSt be independent. Thus, we have that 8" ~p &'.
Notice that d(S, 5") < d(S, ) since di(S,5") = di(S, ) ~1 (and dy(S, 5") i sl ull

for j < I). Then, by induction hypothesis, there are transition sequences Sp, ...,Sn such
that S = Sp, 8" = Sy, and for i = 1..n, Si—1 ~p Si. Then, simply add §” ~p S' to this
sequence to obtain the desired result O

In our producer/consumer example, we observed that Sp. ~ Sp,.. This can be unfolded
as Sp(- ~o S ~0 S"

This result together with Lemma 5.4, allows for a simple proof of the fact that ~
preserves marking reachability.

Lemma 5.4. (Well-labeled equivalence preserves ezecution)
If My M'byS and S ~ §', then M >}y M’ by S

Proof. By lemma 5.3, there are transition sequences S, . . . , Sp such that S = So, S’ = S,
and for i = 1..n, S;_1 ~o S;. We now proceed by induction on n. '

If n =0, then S = &' and the desired result is trivially satisfied.

For n > 1, we have a sequence of the form Sp,...,Sn—1,8s. By induction hypothesis,
there is an execution M >} M by S,—1 for some marking M”. By Lemma 5.2, M" >
N M’ by S,.. From this the desired result follows easily. {
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Figure 3: A Trace in the Producer/Consumer Net

5.2.2 Trace Semantics

" Given a Petri net N = (P,T,E), a trace T of N is an acyclic directed bi-partite graph
(P, T,E) such that P = (X :P) is a labeled multiset over P, T = (Y:T) is a labeled
multiset over T, and E is a set of (single) edges E : T — 2P x 27, In this report, we will
assume that P, T and E are finite. Similarly to the case of Petri nets, we will denote the
two components of the image of a labeled transition (y:t) according to E as *(y:t) and (y:t)°,
respectively. E is subject to the following restrictions:

1. For any transition ¢ € T such that (y:t) € T, if «(y:t) = (X1:P1) and (y:t) = (X2:Pp)
(with Py, P, < P and X and X disjoint sets of labels), then Py = ¢t and P, = t».

9. For every (x:p) € P and (y1:t1), (wo:t2) € T,

(a) if (z:p) € *(y1:t1) and (z:p) € *(y2:t2), then (y1:t1) = (ya:t2)-
(b) if (x:p) € (y1:t1)* and (z:p) € (y2:t2)", then (y1:t1) = (v2:t2).

The first restriction forces each occurrence of a transition ¢ in the trace 7 to be consistent
with its definition in N: its incoming edges should originate from places in P of the same
type and in the same number as specified in *¢, and similarly for outgoing edges. The second

" restriction requires a place in 7 to be produced at most once and to be consumed at most
once.

. Given a trace T, the initial marking of 7, denoted *T, is the set of labeled places in P
without any incoming edge: *T = {(z:p) : there is no (y:t) € T s.t. (z,t) € *(y:t)}. The
final marking of T is similarly defined as the set of labeled places in 7" without any outgoing

edge. It is denoted 7.
' Figure 3 shows a trace Tj, for the consumer /producer example in this section. For clarity,
we have omitted the identifiers for places and transition, relying only on mnemonic label
names. The initial marking of 7 consists of the places T, = {n1,n2,71,01,¢€1,b1, b2, b3}
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while its final marking is 7, = {n1,n2,n3,b4,72,01,¢2,b3}. These two sets of tokens
correspond to the markings displayed in Figures 1 and 2, respectively. This trace consists
of three transition instances: (t.r1:t.r), (f_a1:t-a) and (¢_p1:t-p).

5.2.3 Equivalence

We now show that the two presentations of the semantics of a Petri net are equivalent from
the point of view of reachability: whenever there is an execution sequence between two
markings, they are the initial and final marking of some trace, and for every trace there is
an execution sequence between its initial and final marking. Besides of being of interesting
by itself, this fact will help us encode the notion of traces in CLF. The above intuition is
formalized in the following property.

Property 5.5. (Equivalence of interleaving and trace semantics)
Let N = (P,T,E) be a Petri net.

1. Given markings M and M’ over N such that M >}y M’ by S, then there is a trace
T over N such that T = M and T+ = M’.

2. Given a trace T over N, then there is a valid ezecution sequence S such that T >
N 7TebyS. |

Proof.

1. The proof proceeds by induction on the sequence S = (t1,°%1,Z1*), .., (tn, *Tn, Tn®)
of execution steps that define the construction of M >y M’ by S.

If S is empty, then M’ = M. Then the triple 7 = (M, @, @) satisfies the definition
of a trace, and moreover 7 =7+ = M. : . :
Assume now that S = S*,(t,*z,z*). Then, there is a marking M™ such that M >
% M* by §*, and M* >y M’ by (t,*z,z+). By induction hypothesis there is a trace
T* = (P*, T*,E*) such that *7* = M and T* = M*. By definition of execution
step, M’ = (M* — (sz:+t)) & (z*:t+). We then define 7/ = (P’, T', E') as follows:

o P'= P*U(z=:te).
o T’ = T*U{(y:t)}, for some new label y.
o B = B U{(y:t) o ((czt), @:t))).

Observe that *(y:t) = (*z:+t) and (y:t)> = (z=:t°).

We shall prove that 7 is indeed a trace. Condition (1) follows by construction.
Condition (2-a) is satisfied since *(y:t) C 7*. Finally, condition (2-b) holds since the
labels in z+ are new.

In order to conclude this case of the proof, we observe that *7’ = M since the
construction of 7" from 7* did not involve the introduction of any incoming edge to
a place, and that 7' = M’ because the set of places without an outgoing edge has
been upgraded to exclude (*z:*t) and extended with (z*t*), which is exactly how M’
has been produced
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2. Since traces are acyclic, their nodes and edges naturally define a partial order upon
which to base a proof by induction. Therefore, we will proceed by induction on the

structure of 7.

Our base case captures traces withou_t any transition nodes: Therefore T = (13, 2, 9),
for some labeled multiset of places P. Then *7 = T+ = P. Our statement is proved
by taking S to be the empty sequence of transitions.

Assume now that 7 = (P, T,E) contains at least one transition node (g:f). Then,
there is at least one node (y:t) such that (y:t)» C 7+. In order to show this, construct

the sequence o of transition nodes as follows: initialize o to (9:t). Let (y':t') be the
last element in o. ’

(a) If (y/:t')> C T, then (y':t') is the desired transition (y:t).
(b) Otherwise, there is a labeled place (z:p) and a labeled transition (y":t") such
that (¢/:t')* 3 (z:p) € *«(y":t"). In this case, extend o with (3" :t") and repeat.

Since 7 is acyclic (and finite), this procedure can make use of (b) only a finite number
of times before falling back on (a).

Let therefore (y:t) € T be one of the transition nodes in 7 such that (y:t)» C T+. We
define the trace T’ = (P’, T',E’) as follows: .

‘o P'= P\ (y:t).

o T/ = T\ {1}

o B =B\ {(y:t) ~ ((u:1), (W)}
It is a simple exercise to verify that 7’ is a trace. Moreover, T = T and 7T* =
(T \ *(y:t)) U (y:t)e. | |
By induction hypothesis, there is a transition sequence S’ such that 7" o} T o by S'.
Let then (y:t) = (*z:t) and (y:t)» = (z*:t*). Then, the desired transition sequence S
is defined as &', (t, *z, z*).

This concludes the sketch of this proof. o

~ This proof outlines a method for building a trace out of an execution sequence. It is
worth making it more explicit. The trace associated with a transition sequence S and a
marking M, denoted Tp(S), is defined as follows:

TM() = (M7z7z) _ -
Tm(S, (t, z,20)) = (P U (z:t), where Ty (S) = (P, T,E) .
T U {(yt)}, and y is a new label

EU{(y:t) = ((zt), (z:2))})

Applying this definition to the producer/consumer net, it is easy to check that Tas,., (Spe)

is a trace that differ from 7y, only by the the name of labels not occurring in M p.
Indirectly, this definition provides a constructive method for extending a trace 7" with

respect to a Petri net N: identify a transition ¢ in NV such that 7+ = (sx:°t), P’; add the
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transition node (y:t) (for some new label y) and place nodes (z:t*) for some new labels z*;
add edges from (sz:°t) to (y:t) and from (y:t) to (z*:t*).

The above proof also outlines a method for flattening a trace 7 into an execution se-
quence S: repeatedly pull out a labeled transition with only initial places in its precondition
until all transitions in 7 have been processed in this way. The following definition general-
izes this technique by describing the set of transition sequences S(7') that can be extracted
in this way from a trace 7.

() € S(P,2,2))

8, (t,z,2*) € S(T) if 7T =(Pu(yt) TU{yt) EU{(y:t) ~ ((y:1), (y:t))})

and (yit)» C7T°

and <(y:t) = (sz:et)
and (y:it) = (z:t)
and SeS(P,T,E))

S € §(7) is called a transition sequence underlying the trace 7. In the producer/consumer
example, it is easy to check that S(Tpc) = {Spes Sper Spe}-
The Equivalence Property 5.5 can then be specxahzed to these constructions. The proofs

of the following two corollaries can be excised from the proof of this property.

Corollary 5.6. (From transition sequences to traces)
If M % M’ by S, then Ty(S) is a trace. Moreover, M = «(Ty(S)) and M' =
(Tm(S))-.

Corollary 5.7. (From traces to transition sequences)
If T is a trace, then for every S € S(T) and T Dy T* by S.

It is easy to shows that the two above constructions are essentially inverse of each other.

Lemma 5.8. (S(.) and T.(.) are each other’s inverse)
Let N be a Petri net.

1. If T is a trace and S € S(T), then Tpr(S) is isomorphic to T for M = +T .
2. If M >y M’ by S, then S € S(Tu(S)).
Proof.

1. This part of the proof proceeds by induction on the structure of S. Assume first that
S =.,then T = (P,®,2) and *T = P. By definition, we have that T5(-) = (P,2,2),
Wthh is clearly isomorphic to 7.

Assume now that S = &', (¢, *z, z*). Then, it must be the case that

T = (Pu(yt)y, TU{(y)}, EU{(y:t) = (+(y:t), (y:t)")})

with (y:t) C T, o(y:t) = (z:+t), (y:t)* = (z*:t*) and S € S(7T’) where T’ = (P, T, E).

By induction hypothesis, Tps(S’) is isomorphic to 7’ where M’ = *7'. Let then
" M = +T; we have that M’ = M — («(y:t) N M). Let Tps(S') = (P', T',E').
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By construction, we have that
Ta (S) = Tu(S, (£, 2, 7)) = (P'U(at), T'U{(y' )}, BU{(y'2) = ((2:0t), (¢'=t‘))})-

We can then extend the isomorphism between Ty (S’) and 7' to Tp(S) and T by
relating the added places with identical labels, relating the added transitions labeled
y and y' respectively, and relating the added edges in E and E’ respectively.

2. The proof proceeds by induction on the structure of S. The case in which' § = - is
trivial. The inductive case, in which S = &', (¢, *z, z*) is handled similarly to the proof
of the first part of this lemma: we unfold Tz (S), deduce by induction hypothesis that
S' € S(Typp(8")) for M! = M — (+(y:t) N M), and then show that § € S(Tum(S)).

This concludes the proof of this lemma. 0

" We will now show that traces are in one-to-one correspondence with the equivalence
classes induced by the ~ relation over the set of well-labeled transition sequences. We
begin by showing that whenever a trace can be linearized into two sequences then they
are equivalent. First a technical lemma: whenever the places on the incoming edges of a
transition belong to the initial marking, this transition can shifted to the left of its current
position.

Lemma 5.9. (Left permutability of initial transitions)
Let T be a trace. If (5,€,8') € S(T) for £ = (¢,°z, z*), and °x C *T, then (£,S,8') €
S(T) and (S,£,8") ~ (§,8,8").

Proof. The proof proceeds by induction on the structure of S. The result holds trivially
fS=. IfS=8"¢" we show by induction on &' that (5",¢,£",8") € S(T), which -
allows us to appeal to the main induction hypothesis to show that (¢, S, 8" € 8(T) and
(S,ﬁ,s,) ~ (5,8, S,) . a

This property is used in the proof of the anticipated lemma linking transition sequences
underlying the same trace.

Lemma 5.10. ('Tmnsitz’on sequences underlying the same trace are equivalent)
If T is a trace and 81; Sz € S(T), then §; ~ 5.

Proof. Let 7 = (P, T,E). We proceed by induction on the size of T.If T = o, then it
must be the case that S; = Sy = -, which clearly satisfies the desired relation.

Assume then that S; = &, S} and So = £, 8. If §1 