Australian Government
Department of Defence

Defence Science and
Technology Organisation

5ef %2}

The Algebraic Structure of
Quadratic and Bilinear
Systems

Farhan A. Faruqi

DSTO-TR-1497

DISTRIBUTION STATEMENT A
Approved for Public Release
Distribution Unlimited

20040225




Australian Government
Department of Defence
Defence Science and
Technology Organisation

The Algebraic Structure of Quadratic and
Bilinear Systems

Farhan A. Faruqi

Weapons Systems Division
Systems Sciences Laboratory

DSTO-TR-1497

ABSTRACT

A number of important control and estimation problems in the field of aerospace and avionics
involve dynamical models that are quadratic and bilinear functions of system states and
inputs. In this report, formal definitions of free and forced quadratic/bilinear dynamical
systems are given and the algebraic structure of this class of systems is explored with a view
to setting up a systematic approach for deriving state and measurement models. Properties of
quadratic and bilinear vectors are investigated and relationships between these and linear
vectors established. Systematic procedure for constructing quadratic state and bilinear state-
input vectors is derived. The quadratic/bilinear vector modeling technique is applied to the
formulation of a state-space model for a second order approximation of a general non-linear
system.

RELEASE LIMITATION

Approved for public release

A0 Fod-cs- 0330



Published by

DSTO Systems Sciences Laboratory
PO Box 1500
Edinburgh South Australin 5111 Australia

Telephone: (08) 8259 5555
Fax: (08) 8259 6567

© Commonwealth of Australia 2003

AR-012-900
September 2003

APPROVED FOR PUBLIC RELEASE




The Algebraic Structure of Quadratic and
Bilinear Systems

Executive Summary

A number of important control and estimation problems in the field of aerospace and
avionics involve dynamical models that are quadratic and bilinear functions of system
states and inputs. Examples of some of these problems are: target tracking, vehicle
navigation, guidance and autopilot design. While there are a number of different ways
of posing (modeling) the above problems, it appears that by appropriate choice of state
and input variables, systems involving translational and rotational kinematics can be
modeled as a set of differential equations that contain linear plus quadratic and/or
bilinear expressions. The well-known Riccati differential equation that occurs in the
synthesis of optimal control and estimation problems is also of this class of differential
equations.

In this report, formal definitions of free and forced quadratic/bilinear dynamical
systems are given and the algebraic structure of this class of systems is explored with a
view to setting up a systematic approach for deriving state and measurement models.
This class of dynamical systems is characterized by a set of first order differential
equations with the RHS that contains linear and quadratic terms in system states as
well as bilinear terms involving state and input (or control) variables. Properties of
quadratic and bilinear vectors are investigated and relationships between these and
linear vectors are established. Systematic procedure for constructing quadratic state
and bilinear state-input vectors is derived. The quadratic algebraic structure is applied
in the formulation of a state-space model for a second order approximation of a general
(analytic) non-linear system.

The concept of quadratic and bilinear generator matrices is introduced that allows
linear (state and state-input) vectors to be mapped onto quadratic and bilinear vectors.
Properties of these generator matrices are explored and it is shown that corresponding
inverse generator matrices may be defined that allow quadratic and bilinear vectors to
be mapped onto linear state and linear input vectors. State-space representation of the
system output or measurement model is also derived for the case where this contains
linear and quadratic terms in states and bilinear terms in state-disturbance (noise)
variables.

The state-space structure of quadratic/bilinear dynamical systems considered in this
report should facilitate analysis of this class of non-linear systems and possibly lead to
general synthesis techniques or extension of linearised techniques to these problems.
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The Algebraic Structure of Quadratic and
Bilinear Systems

1. Introduction

A number of important control and estimation problems in the field of aerospace and
avionics involve dynamical models that are quadratic and bilinear functions of system
states and inputs. Examples of some of these problems are: target tracking, vehicle
navigation and guidance and autopilot design [1-8]. While there are a number of
different ways of posing (modeling) the above problems, it appears that by appropriate
choice of state and input variables, systems involving tanslational and rotational
kinematics can be modeled as a set of differential equations that contain linear plus
quadratic and/or bilinear expressions. The well-known Riccati differential equation
[9,10] that occurs in the synthesis of optimal control and estimation problems is also of
this class of differential equations.

Other applications of bilinear systems are in the field of industrial process control,
economics, biological systems, and chemical process modelling and control [11-13]. In
addition to the applications, various researchers have also reported on important
developments in bilinear systems theory and related stabilization, observability and
controllability issues, including the Lie-algebra approach [14-16]. The control synthesis
problem, involving bilinear systems, has been addresses by a number of authors
utilising the optimum control theory [17-20]. While the above research lays down a
fundamental and, in many respects, rigorous basis, for system analysis and synthesis
for this class of non-linear systems, there still remains a need to apply the results of
these investigations to high dimension systems (involving large number of state and
control variables) that arise in many practical engineering problems. Motivated by this
need, the current report addresses issues relating to the algebraic structure of quadratic
and bilinear dynamical systems and proposes an approach for state-space formulation
of the dynamical models that should allow for systematic and generalized procedures
in dealing with practical control analysis and synthesis problems.

In this report, formal definitions of free and forced quadratic/bilinear dynamical
systems are given and the algebraic structure of this class of systems is explored with a
view to setting up a systematic approach for deriving state dynamics and measurement
- models. This class of dynamical systems is characterized by a set of first order
differential equations with the RHS that contains linear and quadratic terms in system
states as well as bilinear terms involving state and input (or control) variables.
Properties of quadratic and bilinear vectors are investigated and relationships between
these and linear vectors are established. Systematic procedure for constructing
quadratic state and bilinear state-input vectors is derived. The quadratic algebraic
structure, developed in this report, is applied in the formulation of a state-space model
for a second order approximation to a general (analytic) non-linear system.
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The concept of quadratic and bilinear generator matrices is introduced that allows
linear (state and state-input) vectors to be mapped onto quadratic and bilinear vectors.
Properties of these generator matrices are explored and it is shown that corresponding
inverse generator matrices may be defined that allow quadratic and bilinear vectors to
be mapped onto linear state and linear input vectors. State-space representation of the
system output or measurement model is also derived for the case where this contains
linear and quadratic terms in states and bilinear terms in state-disturbance (noise)
variables.

The state-space structure of the quadratic/bilinear dynamical systems considered in
this report should facilitate analysis of this class of non-linear systems and possibly
lead to general synthesis techniques or extension of linearised techniques for
applications to these problems.

The algebraic structure of free quadratic dynamical systems is considered in section 2
of this report and includes consideration of various properties of quadratic state
vectors and their relationships with linear state vectors. Bilinear vectors are considered
in section 3 along with the properties of these vectors and their relationships with
linear vectors. Sections 4 and 5 consider forced dynamical systems and measurement
models where the latter includes linear as well as quadratic terms in state variables and
bilinear terms involving state and disturbance variables. In section 6 general non-
linear dynamical systems with analytic non-linearity is considered and a second order
perturbation state-space model of the system is derived in a quadratic/bilinear vector
form.

2. Free Dynamical System

In this section we formalise the definition of a class of non-linear dynamical systems
whose time evolution of states may be expressed via a set of first order differential
equations, the right hand side (RHS) of which contain both linear and quadratic state
terms. A formal definition will lead to a state vector characterisation (or a state-space
representation) of these systems. The class of dynamical systems being considered in
this section will be referred to as free (or uncontrolled) quadratic dynamical systems.

2.1. Definition

An n-state non-linear dynamical system will be defined as a “free quadratic dynamical
system” (free-QDS) if its dynamics can be expressed by the following set of differential

equations:

4 30= Sa, 050+ 330l O 0 1=12.m (1)

Jj=1 k=1j=k
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Where:
-g;() : is the time-derivative
{*" j () j=123. ,n}' are linear system states

{xk t) k=123,..n j= k+1,k+2,...,n}: are quadratic system states
{a,-,j (1‘) i=123,..n j= 1,2,3,...,n}: are linear system state coefficients

,{’]] ) i=123.nmk=123,..n j= k,k+1,,‘..,n}: are quadratic system state
coefficients
Alternatively, the free-QDS of equation (2-1) may also be written as:

non

-d_x(t)=ia,_j(t) 330 b, (O O, () i=12,m (2-2)

k=1 j=k
Where:
z=(k_1)n+j_M=(k_1)(n_£]+j
2 2
1 ifk=j
ak,j =
N2 ifk=j

al1(6)= oy ;b;,(0)
Remarks:

1. The RHS of equations (2-1) and (2-2) contain linear terms {x,(t)} as well as quadratic
terms {xk.(t)x ; ()}. The coefficients of the quadratic terms {q,[c’]J} are related to the

elements of a symmetric matrix [Q[i]*}that may be used to generate the scalar

quadratic  function {ET[Q["]*]E} from a “linear state wvector” (Isv):

§=[x, Xy e x,,]T[l,Z]. Here:

q\ = By, (q,[{],' +q” J

1

— ifk=j

3 if k=]
,Bk,j=

1 ifk#j
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2. The RHS of equation (2-2) is identical to that of equation (2-1) except for the
coefficients of the quadratic terms. The terms {q,[(’],} have been replaced by the
terms {a, ;b;,(r)} in equation (2-2). This substitution has been made to allow for
state differential equations to be expressed in matrix notation, as will be seen later.
The reason for introducing the normalisation factor {ak, J= V2 or 1 } is explained

later in this section.

3. Inexpanded form the differential equation (2-2) may be written as:

—r3i0)=ay 0)x O+ a5 0 (0)+ .t (W () + 2, () (0)+ 428, 500, (1) (1)

28, 5 (05 ()3 0+t 283, (O ()5, (1) + By (0527 (04428105 (055 (0)15.0)
2B, 305 (2 () s+ V2B, 5y (O (1), () + b { (1) 5] (t)x,_,°(¢)

+"[5b,-{M_4} ()x,,_o (), () + ﬁbi{n(n+ ) ](t)xn__,(t)xn -’)‘*b,.{n(m) 2} 0,2 (0)

2 2
2

+/2b wlmsr) 1 O% O, O+ 10 1 Ox,7 )
[5-] (5]

i
2

for {i=12,...,n} (2-3)

4. Note that, in the quadratic part of the above equations, there are

{P(lz——'-—l—}} coefficients {b,.', (t)}, for each i, associated with the quadratic

terms {xk (t)x I (t)}

5. The introduction of the factor 2 in the coefficients was suggested in [3], and as
will be shown later, it lends a useful property to the “metric” for a “quadratic state
vector” (qsv). However, before we discuss this, it will be instructive to consider an
example of a second order free-QDS. The argument(r)is suppressed in the sequel,
it being understood that variables and coefficients are functions of time unless
otherwise stated.

2.2. Example

This example has been selected in order explore some useful properties of a gsv and
relate these to the more familiar properties of an Isv. We consider a free-QDS for n=2;
in this case the system differential equations may be written as:
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d 2 2
—rxl =a1‘]x] +a],2x_? +b”x] +‘\/§bl’2x1x2 +b1,3x2

a 29
Ex" =a5;x; tassx;+ bz,lxl2 + '\/Eb_’,_’xlx_? + b2,3’x22

Or, in matrix notation, differential equation (2-4) may written as:

2
dlxp|_{a | x| (b b2 bzl %
di|x;)| (azs ars|lxp) [Bay baz bas| V23 (2-5)
X_?Z
Equation (2-5) is of the form:
% £V =[Am],_c/u +[B/2]]_,£/2] (2-6)
Where:

5[ 1 =[x1 x_,]T :is a [2x1] linear state vector (Isv)

%[ = [xf’ ﬁx,x_, xg"]r: is a [3x 1] quadratic state vector (gsv)

a;; a
[A[ 1 ]= { M ]"7} :is a [2x 2] linear state coefficient matrix
dz; 422

by; by, b
[B[ & ]= t 2 1 s a [2x3) quadratic state coefficient matrix
byr bry b23

)

Remarks:

1. For this example, the quadratic state vector (gsv) {5[ 2 } may be regarded as a

vector spanning the space R’ whose elements are the terms of a homogeneous
quadratic polynomial in {x;, x,} arranged in lexicographic order.

2. The inclusion of the factory/2 imparts a desirable property to the metric of the gsv.
Thus, analogous to the definition of a metric for an Isv let us define a metric for a
gsv as the square root of the sum of squares of the quadratic elements. That is, for
n=2:

NS

= { (x12)2 + («/Ex,x_,)?+ (ng)-’}E ={x12 +x_72}= " 1[”“2 (2-7)

“ x2

e

3. It is interesting to note that by defining the gsv as we have done above, and by
adhering to the familiar definition of a metric in a linear vector space, a relationship
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between the metrics of the gsv and the Isv may be established. That is, the norm of
the gsv is equal to the square of the norm of the associated Isv.

4. A gsv formed by including the factor V2 will be referred to as a ‘normalised’ gsv or
. . T . 2] 2 2
simply as a gsv. The ‘non-normalised’ gsv, that is x'™ =|x,” x;x, x| can also
be used in the formulation of a free-QDS. However, in this case:

1

={(x12)2 +(x1x2)2+(x22)2}3 (2-8)

5. We observe that a second order quadratic polynomial of the form:

p({ﬂj)= x,2 +«/_2_x,x_,+ x_," (2-9)

2

whose terms form elements of the gsv x/?7, may be expressed as a combinations of

scalar quadratic functions (forms) using the Isv x/" as follows:

p(,_c/u x )= (,_C[IJ )T £, 1" Wl [£,,] (" )+ ({/11 )T [E_,,_,](;_c“/)
= (e )T{é é [, ]}@U) (2-10)
Where: ’

e[} o) =] o) =] 7] e

6. We have selected these [E,{. j] matrices to be symmetric. These matrices serve as the

basis for the quadratic polynomial; in fact, any second order quadratic polynomial
may be written (in terms of a linear combination of matrices such as [E," j]) as

follows:
p'()_c[1],§[1])= &[1] )T{i iﬂ, [Eklj]}(y_c“]); Ay = a scalar (2-12)
k=1j=k

l=(k—1)(n——]§-j+j

7. The basis matrices [E,(' jJ may also be used to construct the gsv from the Isv, which

allows us to establish a relationship between the gsv and the associated Isv as
follows:
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xI'7 X [E
x? = 2xx, |= ET[EL.?]
«T[E

2
X5

ET[EJ,I] [x] | * xo {xl}
|k f T’ wl=bffl e

Where:
o0 ET[EI ]
Pr=\ 22 ZL|=|4"[E 12 11 1,2 22 -
b1 B [ |l ek ek I kY @14

a [3x2] matrix

The matrix [X [ ] ]] ] which will be referred to as the “quadratic generator matrix”
(qgm), maps the Isv x/" onto the associated gsv x/*/. It will be shown later that

provided x/ %0, there exists the “inverse quadratic generator matrix” (iqgm):

[X I2 ]] [ / 7 ]] T that maps the gsv x/*/ onto the associated Isv x!" . (Note the

change between the sub and super-scripts between ggm and iqgm symbols). This
inverse relationship follows from equation (2-13):

Now, x/’ [X[V]x[”

-

{[X;,-’;] bV by 7 =5
ie: sl =[xiy ] (2-15)
Where:

(273~ [1] {1] [1]

generator matrix iggm.

[X = {[X £2] ] [X 12 ]} [X 12 ] : will be referred to as an inverse quadratic

In fact, using equation (2-14) and after some algebraic manipulation we get:

171 ¥ig (2-16)

{ [T [X[,]]} [x,? "; } (x,zx_,j
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and the [2x 3] iggm is given by:

X x12 +x,2 X2 x12 +x.2 x12x2 x1x22
iy, a2 1 B -
i) 277 22 T ) a2 2
X l=5 0 2 2 ) ; (2-17)
_Xp X2 X1 x2+fz_ R i x, x,2+x"
2 LU T2 a2 g 2
2, 2¥
i 4= 70’ )
2

Note: that 4+ 0; provided x#0.

9. The results of this example are generalized in the sequel; however before we leave
this example, we shall use equation (2-13) or the ggm, to give an alternative state
space representation of the free-QDS analogous of equation (2-6). That is:

L {4 ]+ [ [ 1} (218)

2.3. State-Space Representation of a General n-State Free-QDS:
In vector notation a general n-state free-QDS [see equation (2-6), Example 2.2] may be

written as:
_‘%Em =[] 517 + (B £ (2-19)
Where
M=%, x, x5 ... x,,]T:isan[nxl] linear state vector (Isv)
5[2]"—'["12 .\/_Z_xlxz '\/Exlx.? J-Z_Xan .X'22 \[2_x2x3 ﬁx2x4 \/Ex_ax"
x3° e N2x,0%, xot A2x,x%, xn"]I

an [_”_(172"'_1)ij quadratic state vector (gsv)

Note that the I term {x/?/ } of the vector x/*/ is given by:

xI =0y xxy; k=lenj=kk+lLk+2,...n
1 ifk=j
kY. .
l=(k—])(n——2—J+j; ;=
N2 oifk#j
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a,; 4a;, 43 A
as; Gyr 4i; Arp

[A”/]z e e e e |risan [nxn] linear state coefficient matrix
an 1 an 2 an,3 an n

n(n +1)
2

[B’ A ]z risan [n x } quadratic-state

By by by o B feszpet bnl[,,(,,”)}

coefficient matrix

Utilising the concept of the ggm introduced in Example (2-2), we may write an
alternative form of a general n-state free-QDS as:

3’;5’” {la ]+ |l ]}s 10 (2-20)

Where:

lX [[;7 J: is the {n(n; 1) Xn} ggm defined in equation (B1-1), Appendix-B.

Remarks:

1. We make the observation that provided x#0, none of the columns of a ggm [X o

equation (B2-1) may be expressed as linear combinations of the other (n-1) columns;
that is, it has a rank=n, and hence the matrix {[X o ]T[ X7 } is of full rank and

therefore invertible.

2. The ggm for a general n-state system may be constructed using the basis matrices
introduced earlier [see equations (2-10) to (2-14)]. It follows from equation (2-13)
that:

i l=le, ke Eok Bk o [BLk Bk (B Bk ..
Bk [Esske . [,,_z,,l:_c B, ik [E,onke [E BT

(2-21)
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10

Where:
(7 0 0 .. 0] o 1 0 .. 0] 0 0 0 .. I
0 ) LS00 o } 0 0 .. 0
B l=|lo 0 o .. o ;[E,,;]:—‘/-;— 0 0 0 .. 0 ,‘...;[EL,,]=—\/—; 0 0 0 .. 0;
0 0 0 0] 0 0 0 0] 1 0 0 0
fo 0 o0 0] 0 0 0 0] 0 0 0 0
01 0 .. 0 0 0 I .. 0 0 0 0 .. 0
[E:s]=l0 0 o .. o ;[E3,3]=7’_7- 0 1 0 . 0;ilEnl=|0 0 0 . 0
0 0 0 .. 0] 0 0 0 .. 0] 00 0 .. 1

Note that the basis matrices [E ,”.J have elements given By:

( 1 for r=s
0 otherwise

for j=k {

{Ek,j},.,=< ]
for jrk :/—j Jor r=k,s=Jandr=J,s=k‘

0 otherwise

2.4. Properties of the General n-State Quadratic Generator Matrix
(qgm):
It can easily be verified that for the n-state gsv and the corresponding ggmi, the

following properties hold (the proof can be arrived at in a manner similar to that of the
2-state case, and is left to the reader):

2.4.1. Metric Property:

1 1
nin+1) 212 2] 2
[2] 2 z (|
”5_ ”= 2 X; = Zak,jxkxj =”Z " (2-22)
i=1 k=11(
J=

2.4.2. Mapping of Isv x'" onto qsv x'*' through qgm lXﬁ} J:

£ = ef3 ] )
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2.4.3. Inverse mapping of qsv 5[‘7] onto Isv 5[1 ! the iqgm IX [[_ﬂ”

£ = [X[lif x? (2-24)

Where: [X[[Z ={[X[[12]]]T[X[[12]] } [X[[;]]]

2.4.4. The Bilinear Property:

Given any two “linear vectors” x M 'l ¢ R", the quadratic generator matrix (qgm)
n(n+l)

( —_—xn
[X [’] ]e R 2~ defined as in equation (B2-1) will be called the “bilinear generator

matrix” (bgm) when it operates on y/ TeR" to yield the “bilinear wvector”(bv)
n(n+l)x
/4 2]@[1 ],1_4[1 ]). Similarly, the quadratic generator matrix (ggm) [U [[;]] eR ? defined

as in equation (B2-1), (with x; replaced by u;) will also be called the “bilinear generator

matrix” (bgm) when it operates on xI" e R" to yield the bilinear vector g["] (1_4[1 ], 5[1 ] ):

Where:
/21(_/11 ull)= g2y 51 )=
1 1 1
{x,ul x1u9+x7u,) 75'(.76'1”34”.7(.'3141) f(xlun+xnu1) XUy —J—E(xgu3+x3u2)
—(x7u + X Z«I')) cens L(x _gun-i-x Y/) _2) X __Iu,,_] L(.X' _[u +xnun_]) X, U
n n%n n n n n%n
V2 V2 V2

(2-25)

The vector 7/ (,.) as defined above in (2-25), includes terms in sum of products of the
elements {xk,uj,k=1,2,....,n and j=k,k+1,....,n} taken in lexicographic order. This
vector will be referred to as the bilinear vector (bv) of the corresponding linear vectors
Jg[ N7 } Note: that the order of the arguments in g/"] (,.) is unimportant; ie.
{g/ 1 Wl } are interchangeable. Also, since both {3[ M } are n-order vectors, we

shall classify this bv as having the dimension {l(%l) x1 } . Clearly:

E/zj()ﬁ/u’ym)z lXﬁ]]Jyﬂj _ lU[[;’]JJE[IJ - E[-’](qﬂ],lﬂ]) (2-26)

Remarks:

11
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12

1. In view of the properties (2.4.2) and (2.4.3) above, we shall formally recognize the
n n+1)\_ "
bgms [X ;,]] l [U /I;} erR ? as transformation matrices that define the mappings:
2 1 2 (.11 [l 27 (, 1 1
a lX[/U]J /N /]()_C/]’E/I)nglul],l[])
20 (11 10 )z 212 (1] 1
b. lU[[]]] P 1’111)=E/1(£/J’yu)
27 |- 11 2r,n -
. el x> 2 (0 5 a2
d. It can easily be verified that the norm of the bilinear vector satisfies the
relationship:
”Z[_/-’]@[U,E/U ]’E"zm (/1 31 M: %{( i’ /1]] ” 3}
2 , |
= (] +cos” 7)
Where: y is the angular separation between the vectors x[ V and u[l ]

2. It will be instructive at this stage to consider a bilinear vector where the dimensions
of the two linear vectors involved are different. Accordingly, given any two linear
vectors 5[ ¢ R",g[ TeR":m<n, the corresponding bilinear generator matrices
(bgmis) are given by:

P wm [7702 wn ,_ m2n-m+1I)
LRI CHRESOE s
Ixm Ixn
These matrices are defined in equations (B1-2) and (Bi-3), Appendix B.
This result along with the others given in this section will be used for developing
the concept of a “bilinear state-input vector” (bsiv) and of forced (or controlled)-
quadratic/bilinear dynamical systems (Forced-QBDS).
2.4.4.1. Example

For n=3, m=2, the bgs are given by the following relationships:
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_xl 0_ —ul 0 0_
XX LERNC/

V2 2 NS
__[3} X3 [—[2:' u;
X =l—= 0 | |U = 0 0 —=
[ M52~ | V2 [ ;5 V2
0 x2 0 Ll2 0
X Uy
0o = 0 0 —=
L V2] i V2 |

and

— 12 —/2
,,/21(,7(/1/’”/1]): YA |t MU RE) u[l],xﬂ])
N - 1 15 = P - B

(2-27)
=(x}u, —(X7HI+XIU7) —1—(x3u1) XoU»H L(x_;u?)J
V2T ) 2
Remarks
1. The “bilinear n-state, m-input vector” (bsiv) is given by:
pEY (,ﬁﬂl ul? ): £l (g/u x ):
|:x1u1 L(x1u2+x2u1) 'L(qu_g'l'x:’vul) ——!——(xnuI) x_?ug (2-28)
V2 V2 V2

1 1 1 1
-\/—E(X3U3+X3u_7) 'ﬁ(xnu.’) ﬁ(xnum—l) XU o E—(xnum)}

2. Finally, we end this section by giving a block diagram for a free-QDS as reflected
by the state vector equation (2-19). This is given in Figures 2.1.

3. For sake of convenience the sub-scripts outside the square brackets of the bgms
have been dropped, that is:

2] =[] 2] 12]
(i), =Xt |ona [0, =[O
Ixm Ixm

4.0
dt =

Figure 2.1 Block Diagram of the free-QDS of equation (2-19)

13
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3. Bilinear State-Input Vector

Before we consider forced-QBDS, we shall formalize the structure and definition of a
“bilinear state-input vector” (bsiv) generated from two linear vectors, namely, the n-

dimensional state vector x/leR” and the m-dimensional input vector aMer”. In

order to develop this concept we shall utilize the familiar scalar bilinear forms and its
various properties. Accordingly, we consider the following scalar bilinear form:

7, Ul] [1]) ZZS[’ XU = ZZS X Uy (3-1)

k=1j=1 k=1j=1

In a more familiar matrix notation equation (3-1) may be written as:

1 )T 56T ) 8- o

Where:

lS{i}J= {s,[c']J ck=12,...m j=12,..,n; withm< n}: is an [n x m] matrix

g[l] = {xy] :j= 1,2,...,n}: isan [nx1] Isv

g[] I- {u_g.’ . j= 1,2,...,m}: is an [m X 1] “linear input (or control) vector” (liv)

By expanding the double summation in equation (3-2) and rearranging the terms, it is
easily verified that:

ZZsjkx Uy = Z]Zakj{ski,]jxkuj +s£’]kx]uk} (3-3)
k=1j=1 k=1 7k .
Where:
1
— for j=k
3 Jor j
ak,j =

1 otherwise

Since u; =0 for j>m,6wemay w.l.o.g assume s[’] =0 for j>m.

Equation (3-3) may be written as:

Ziak, Lxgu +s[] } ZZ(ZU (xku +x uk)+q,[(]j(xku xjuk)}

k=1j=k k=1j=k

m n i
=2 Zak,jpl[c’,]j (xkuj + xjuk) Z Zak jqk]J (xku -X "k) (3-4)
k=1j=k k=1j=k
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Where:

i _ I i 1 _ (i i
1’1[:}/' - E(SH +Sj,]k ) q;[f,]j - E(SH “SH)
Remarks:

1. The first summation term of equation (3-4) defines a symmetric bilinear form or
“sum bilinear form” (sbf), while the second term defines a skew-symmetric or the
“difference bilinear form” (dbf) (also known as the oscillating bilinear form [4]).

2. If the bilinear form, equation (3-4), is solely symmetrical then:

=l =l =l ofh =0
And:
n n [I]
g (): kzlzkak’jpk'j (xkuj + xjuk)
=1j=

For notational consistency and to facilitate development of the state-space model
utilizing the normalized form (to be considered later), we shall write equation (3-4) as:

Hi()_c[l],ym)= Zﬁk,jd“(xkuj + X Uy )+ > Z,Bk,jd*k,z(xkuj —xjuk) (3-5)
k=1j=k k=1j=k
Where:
1 for j=k
ﬂk,j=

1 .
— otherwise

NE}

[/ li]

i
Ak, jPrj d%r = %k, ik, j
s [
ﬂk.j ﬂk,j

I=(k —1)(;1 —%} +j; k=12..m; j=k+Lk+2..n

di,l =

15
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Remarks:

1. The bilinear form of equation (3-5) may be regarded as consisting of a weighted
sum of normalized symmetric elements and a weighted sum of normalized skew-
symmetric elements. Terms {ﬂ,‘.,j (xku X Uy ). Br,j kau =X Uy )} will be referred to
as the normalized symmetric and skew-symmetric elements, respectively, of the
bilinear form {17 i(,g[l ],gm)}, while coefficients {d,-J ;d *,-,1} will be referred to as the
weights on these elements.

m(2n —m+ 1)

2. Clearly, k=m;j=n=1,, = , that is, in equation (3-5), the number of

2
terms in the sbf=1,,, while the number of (non-zero) terms in the
[i]
—m— a; g
dbf’:[n'm.—}n:ﬂ(Z_nZ_’_’l_i).Notetl]at d*”]:_.%:o for j:k_
k.

3. The factor —\7]_5- has been introduced in equation (3-5) in order to account for
“normalization” of the bilinear state-input vector (defined below) similar to the
normalization of the quadratic state vector considered in section 2.

-3.1. Definition

The “sum bilinear state-input vector” (sbsiv) will be defined as the vector g["](gg[l],ym)
whose elements are the (un-weighted) normalized elements of the symmetric bilinear
form of equation (3-5), that is:

2Pl 1) {,,][2]()_([1],2[1]). 1= 12, m2n r + 1)} (3-6)

Where:
”1[2](’-‘[1]"—‘[1])= B Gegat; + 31y )

(k—]{n—§]+j

3.2. Definition
The “difference bilinear state-input vector” (dbsiv) will be defined as the vector

l

1t

z r (5[1 ], 1_4[1 ]) whose elements are the (un-weighted) normalized elements of the skew-
symmetric bilinear form of equation (3-5), that is:

£ (5 1) {,,,[z]*({[d,y[z]). 1=12. M2 = 1)} 37)
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Where:
7[][2]* (K[I],E[I]): Bi.j (xkuj - x.,‘“k)

l=(k-—1)(n———§-)+j; jzk

3.3. Definition

The “bilinear state-input vector function” (bsivf) (or the bilinear forcing function) will be
defined as the vector 7 [2](1[]],2[]]) whose elements are the (weighted) normalized
elements of the bilinear form of equation (3-5), that is:

A )=z )= 12, (3-8)

Where:
m n n n
H,- (,1[1],1_4.[1]>: z Z,Bk’jdk’,(xkuj + xjuk )+ kZI Zkﬂk.jd*k’](xkuj - xjuk)
= j:

k=1j=k

_$ S, AP ), $ 3 d*k,m'l[z]*()ﬁp],y_u])

k=1j=k k=1j=k

1=(k—1)(n-fJ+j

Remarks:

N

1. The significance of the symmetric and skew symmetric parts will become clearer
later when we consider the basis matrices that define these bsivs.

3.4. Example

In order to explore certain useful properties of the bilinear state-input vector (bsiv) or
the forcing function /7 g (...), we consider equation (3-5) for n=3, m=2:

17
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) 1 1 1
]71[_] =d1'1(x,u,)+d,'3 :/‘—2‘(3"1”2 "'le’l)"‘dz.s 'J_E(x3”1)+ d1‘4(x3u3)+d,.5 ﬁ(xﬂ’:)

| P | |
"‘d],z'ﬁ(xﬂ’z‘x2”1)+d1,37-2—'(—x3”1)+d1,5ﬁ(—xﬂ‘z)

3 1 1 1
HL‘]=d, XU, )+ dy o, —=(x 1, +x.u, ) +d, , —=xu, )+d, \xu,)+d, s —(x;u,
2 _,I( 1 1) 22 (1 2 2 1) _,3J’2'( 3 ]) -,4( 2 -) _,5‘\/5( 3 -)

V2

3-9
+d;_7——‘/1—§—(x,u_,-—x_,u,)+d_i"3—j—?(—x3u1)+d;’5—j—3—(—x3u3) >
1733] =dj, (x,u,)+d3’_,7%(x,u_, +x_,u,)+d3,3 —!E(xju,)+d3v4 (x_,u‘,)+d3,5-—\/%(x3u3)
+dj, %(x,u_, —x,u)+d;; _\%‘2—(- Xgu; )+d; s %(— X31)
These equations may be written in matrix notation as:
171[2] = [du dy, dig diy ds kl-’] ()+ [d;7 drs dis ]EW ()

1 _Lg] = [dz,z dyy dys dyy dys }Zm (o) + [d 52 daz das ]’1[2]* () (3-10)

m=la,, dsy dyy dsy dyskPS, a3 disETC)
or alternatively as:

A 4= [p (1 un [ plar }E[zl* (&1, 411) (3-11)

Where:

[D["]]={d T =123;1 =1,2,...,5}: is a [3 x5] sum bilinear state-input (sbsi) coefficient

matrix

[D[.’]*J: {d;, cj=123;1 =2,3,5}: is a [3x3] difference bilinear state-input (dbsi)

coefficient matrix.

Remarks:

1. Note thatg["](gm,y[l])r is a [5x1] sbsiv:
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T
7](,_[1] [l]) [(x u; j—E(XIllz +x2u1) %("}”/) (x_,ug) —\/%-(Agug)}
And that glz]ﬁ:(g[l],ymy isa [3x1] dbsiv:

2T (1) [ (s = 30)) f(_%u,) %—(_x,uz)]T

Also, note that matrix lDD ]J includes only the non-zero terms of {dj, }

. In the above example, the sbsiv gm(y_cm, 2[1]) may be regarded as a vector spanning

the space R’ whose elements are the terms of a bilinear polynomial in {)_r“ ] y“ ]}
arranged in lexicographic order.

. Similarly, the dbsiv _@[2]*(35[]], ym) may also be regarded as a vector but spanning the

space R’ whose elements are the terms of a bilinear polynomial in tm,ym}

arranged in lexicographic order. However, (ignoring those terms that are always
identically zero) there are two fewer terms involved in the case of dbsiv.

. . 1 oL .
. The inclusion of the factor —= caters for normalization as was done for the gsv in

V2
the previous section. The metric property of the sbsiv was considered in section
(2.4.4) where it was shown that for n=m:

ln[-’] " 1 ]lE”ﬂf-’] (e ]'=i{(xﬂﬂum )2 +|x ? } (3-12)
T x b u SI\E ¥ x

For the above example n=3, m=2, it can easily be verified that:

||£[2] (Em x ]’ - ”E/-’l ()_C/U ul! 1| - é [( X1, j" ? ] (3-13)
and

Iﬂ[”]*(lz/'],x[]]1 - 7[/2]*(&6/11’,,[111 =i[(x/1ﬂ[_h]£mjz+”x -’} (3-14)
L4 x i u e x

Where:

k) £ 0f |
j=1

19
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o~

- { i{,,ﬁ-’]*@ﬂ]’l/l] )}7}

J

" (yﬂ] & 1

10
[7,]=|0 1
0 0

5. We observe that a bilinear polynomial (the “sum” bilinear polynomial) of the form:
(1, 11 1 1 1
x L u )= (cuy )+ —=(xu, 4+ xu; )+ —=(cu; )+ (x,u, X3U,
Pl )= Gt 4= (e o V= s )+ (o )+~ )

may also be written as:

Pl )= () [, )+ G [
o (6 [y )= G {

zkm)Jr (5[’])T[F,,3](g[’])+ Q[I])T IF, ]@[l])
231 )

J=lk=j
(3-15)

; 0 1 ; 0 0 0 0 0 0
}; [F1,2]=7—;[(1) ﬂ;[ﬂj]:‘/_j(]) Z}:[Fz,z] {z ;]/[Fu]—?[z 3]

It will be noted that if both n, m=3 then the matrices |F kJ are symmetrical as in the

case of the quadratic polynomial considered in section 2. Also, these matrices are
similar to the basis matrices considered for the case of quadratic scalar functions
and serve the same purpose. That is, they enable us to form a general symmetric

Where:

1
[F1,1]= [0
0

S O O

bilinear scalar function pUI ) in systematic way, as follows:

(_[1] [1]) (_[]])T{ZZAI[F }(Z_{U]); A = a scalar

J=lk=j

l=(k—])(n—-§]+j

6. Similarly, if we consider a bilinear polynomial (the “difference” bilinear

(3-16)

polynomial) of the form:
)= L 1 1
(eyuy = xpu; )+ —= (= x50 ) + —=(= x;u,
P )= s x4 o xn)+ ()

20
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then, this may also be written as:

p )= 6 s S ) G s ) ) [ )

B 53 ) ¢
Where:
ik Z] i ]—T{_al ﬂ [Fn]_ﬁk } et

It will be noted that if n, m=3 then the matrices [F Jk] would be skew-symmetrical.
These matrices are similar to the basis matrices considered earlier for the case of the

“sum” bilinear polynomial and serve the same purpose. That is, they enable us to
form a general skew-symmetric bilinear scalar function ) (_[I Lt ) in systematic
way, as follows:

7 RG] {324l Y1) 2 -ascar

j=lk=j

= (k- 1)("‘3)"’] [F;,)=1o]

. As discussed in section 2, the basis matrices may be used to establish a relationship

between an sbsiv 7:,.[”](1[’ ],ym) and the corresponding linear state vector gm
vl

(3-18)

and

linear input vector u"" as follows:

Now:

(xﬂ‘] ) 1

D () [, 1) Y [F, ] ]

> ’Icluz X2Uj Q])T[F Lm) ({[1])7[},1,2]

241, 1) :/?(’“"’) = Y [F 1) = G [, (3-19)
[CONNRID ST RICw
5 Xs3u3) (_[])T[F ](,[I]) _({[ll)T[Fzﬁ]_

21
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x 0 r ] u 0 0 |[x
x__: X [w} (3[1]7'[1:'1’]]7 x[1]] u_f, o, x:
V2 2|l WY [F,,Y V2 42 %5
T (S T A e 1
0 x W [T 0 u 0
0 % _(E[I]Y[sz]r_ 0 0 %
] _ ] ) (3-20)
Where
(x;, 0] (u, 0 0]
i ‘o
) V2 A2 ) V2 42
w2 X3 . —|2 _ U
0 x, 0 u, 0
X U
0 = 0
1z 1

8. The above result can be generalized to the case of gme R", y[l]e R™ . Matrices
I:';Y—E]]]e Rl,xm and [U{.}?]]}E Rl,xn, l] - m(2n—m+])
bilinear generator matrices (sbgms) that map respectively ym €R" and

gm € R"onto g[z]()_c[ll,y[l])e R ; That is:

21, )T =[5 o o2

, will be referred to as the sum

It can be shown, that provided not all the elements of gmand 5[1] are identically

, : . <7 _[=@77 07 _[5E7
zero, then there exist the inverse sbgms (isbgnis) [X [_,]J = I:X [1]} , |:U [_,]} = [U [1]}

such that:
= FH ],_[[21@11’2[11); and x) = [5{;1]]1[21(1111&[11) (3-22)

Note the changed super- and sub-scripts in the inverse generator matrices.

Where:

— — 1T 1) ™ —2177
[X{i]jlz{[X {;]]:l [X H:I} [X Hj} . is an [mxI;] inverse sum bilinear generator

matrix for ym .
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_ 1T T2 o7
[UF’]}]={[U{1H [U {;ﬂ} [UH} . is an [#x/;] inverse sum bilinear generator

matrix for 5[1].

For our particular example, it can be shown that:
— 177 F—]2 2,2, 2
HH] [t -2l et |
2 XX, (xj‘ +2x,7 +x5° )

T -1 2 2 2
— T =12 2x, —x,%,
{{Xﬂﬂ [XH]} _2[l 27 x5 J T
4 — XX, (Zx, +x,7 4 x5 )

Where:
4= Kx," +x,° +x32X2x,2 +2x,° +x32)]

And:

7

-"I(X1 1257 433 ) x_q(Zx_:/25+x3~’) xg(x]-’ +:7/;32 +x3‘7) (_x1x22> (—xi/xng)
a (—x,“’x’) x](.?xljzjxy’) (—xi/);x3) x_,(2x13+x32+x32) X3(2x12 ':/32;22 +x32)
(3-23)

(o8 2]

23
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_ , _
2[%—“+U7-] (—lllllg) 0
o1 1) 2
(O] -4 o z(z} 0
0 0 2% +u?)
Where:
A=(ll]2+1122)2
And:
_ 5 _
2”1[5‘;—“1'”22] 2;% 0 (‘—uﬂl;)z) 0
—[1n 1 2u,’ 2 u,’
[0[2]}=-Z (——ulu_,’) ,\/% 0 2“2[”]7+“:;— 0
0 0 2u1!u12+u12! 0 2u,!ui;_+u12!
NG 2

(3-24)

11. Consideration, analogous to those discussed in remarks 7-10 above, also apply for
the case of dbsiv; the results are quoted below:

- .
75 =2 (Y [, Y] (@Y [r ]
E[z]*({[I]’yll])z %(—xﬂ,) = (;[’])T[Fz,s*sz) = (E[I])T[FI,;]
7 gy | (BT 6Tl
L 2 i -
___x;’ X1 ] u
e
= ——% 0 i =|:}E]]j|g[l] (3_25)
K1

24
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WY o |[c]
= @]])T[FI;}T = =
(H[]])T[Fz.s*]r 0 0 f L¥3

> sd.s

(3-26)

L 2
Where
_x2 x| EZRT
V2 V22
<[ x . =[2F | _ u
|:X[1] }2 —735- 0 ,and |:U[1] :|— 0 0 —7—15
0o - 0o 0 -Z
i V2 i V2|

12. The above result can be generalized to the case of 5[1 le g7, y[] le R™. Matrices

|:}5]]J€ R'7™ and [U } ]]x}e R'>™ will be referred to as the difference bilinear

generator matrices (dbgms) that map respectively gme R" and Eme R",

_____(Zn 2m 1) , onto 7r[ 2y (_]]

22 ()| 3 [ }m_[u{ﬂ 1]

13. Unlike the previous case, the existence of an inverse generator matrix is not

= )e R, That is:

(3-27)

guaranteed. In fact, it can be shown that an inverse dbgm (idbgm) [5{{,]]} as
defined by the relation:
U i U ]y 5[-]Y U o : does not exist, since the inversion is not
2] Ul [l (] ’

defined.

However, it may be shown, that provided that none of the elements of x 7]

are

identically zero, then there exist an inverse dbgm (isbgni) [YE,]] } such that:

N {—[ll} e (_[1] )

25
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Note the changed super- and sub-scripts in the inverse generator matrices.

Where:

i) [T T T T
[XL,]J={[X[;]} [X[;] }} {X[;]} . is an [mxl,] inverse sum bilinear

1]

generator matrix for #".

For the current example:

=] 21 =x,xs7 —xslx,? x5’ — XXX
|:X[_,] }Z—A{ 2 ; 3(1 3 ) 122 3 , (3-28)
XIX3 —x1x2x3 —X3 x_, +X3

Where:
2(. 2 2 2
A=x; (x, + x5 +x; )

3.5. Generalised Bilinear State-Input Generator Matrices

For a state vector 5[1] € R" and an input vector y[l le R™, the sbgms were defined in
section 2, equations (B1-2),(B1-3). The sbgms and dbgms matrices may also be
constructed utilizing the basis matrices |F ik |, [Fj,k*J. Following the procedure given

in equations (3-19), (3-20) of the example, an algorithm for constructing the basis
matrices [F; . | for a general case, may be defined as follows:

1 for r=s
0 otherwise

Jor j=k {

{Fk,j }m = (3-29)

1 ) L
Jor j#k {ﬁ Jor r=ks=jandr=js=k

0 otherwise
j=12,..mk=j,j+1..n

The basis matrices for a general n-state, m-input symmetric bilinear vector system are
given below:

26
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0 0 0 01 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 ... 0 0 0 0 0 1 00 0
2 TN T e e
e N 25— 2 =
0 0 0 0] 0 0 0 0] 0 0 0 0]
[0 0 0 1 (0 0 0 0] (0 0 o0 0
0 0 0 0 0 0 0 0 01 0 0
0 0 0 0 0 0 0 0 0 0 0 0
[Fl,m]=7—; I reses [F],nlz'_’ ;[F2,2]=
0 0 0 0] 17 0 0 .. 0] 0 0 0 0]
(0 0 0 0 (0 0 o 0 (0 0 0 .. 0]
0 0 0 0 0 0 00 0 .. 0
0 1 0 0 0 0 0 0 000 .. 0
10 0 0 .. 0] 0 1 0 .. 0] 0 0 0 .. 1]

Similarly, the dbsigm may be constructed using the basis matrices [F}ikJ, following the
procedure given in equations (3-25), (3-26) of the example, an algorithm for
constructing these basis matrices may be defined as follows: '

for r=ks=j

Jor r=j,s=k (3-30)

fris}, =
kils ™

IQ'

otherwise

-

j=12,...mk=jj+1..n and j#k

The basis matrices for a general n-state, m-input skew symmetric bilinear vector
system are given below:

27
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[0 [0
-1 0
0 -1
[Fi',’z]=-ﬁ [F”]:%
0 — 0
[0 i ro
0 0
0 0
il sl
10 0. 0 0
(0 0 0 .. 0]
0 0 0 0
000 .. 0
[Fnllm+l]=—l? 0 Jeeer [an]z
-1
000 . 0]

1

0

[

SO

0

21 P

0 ..

0o 0 0 .. 1
0 0 0 .. 0
0 06 0 ... 0
Py [F],m]="/_; _1
L0 0 0 0
(0 0 0 .. 0
0 0 0 .. 0
0 0 0 0
. } 2
'...; [F;),',]:—-;—
|0 -1 0 .. 0
0
0
0
_]—

The dbgm matrices [Yﬁ; j| {(7%} are given in Appendix-B, equations (B1-4), (B1-5).

3.6. Bilinear State-Input Vector Function

Finally before we leave this section, we give a state space representation of the state-
input vector (or a forcing) function. Using relationships developed in this section, a

bilinear n-state, m-input vector function may be written as:

psiv = 17" ul)= [DE/ () 4 11) ¢ [ DL’]*]E[—’]* (1,1

Or alternatively, in terms of the bgmis, as:

A0 ) [D{zl[ymym N [ pl2r }[}(‘5}]”}2{1] _ {[D[ 1[ 7]+

iJ+[=7]7

(2]
1)

e

P ) [t ][Ulzl} i, [D[Z] }{ H} | % M[U[’]} [D”}[EE]]T}E_[”

28
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4. Forced Quadratic-Bilinear Dynamical System

We shall now consider the algebraic structure of a forced-quadratic/bilinear system
where the RHS of the differential equations consists of linear and quadratic terms
identical to those in the free-QDS as well as additional linear input terms and bilinear
terms involving inputs (forcing functions or control inputs) and system states.

4.1 Definition

A dynamical system will be classed as a forced-quadratic/bilinear dynamical system
(forced-QBDS) if the right hand side (RHS) of the differential equations describing the
time evolution of states consists of (see sections 2 and 3):

a. a linear term in system state vector: [A L ]]5 U

b. aquadratic term in system state vector: [B g ]gm

c. alinear term in input vector: [C u ]]_u_ ul
d. a bilinear term in state-input vector:

A )= [Pl 2l ) [ plr }_r[-’l* (4

That is, the forced-QBDS may be written as:

g_ M = [40]1 4[]0 4 [l ]l 4 7 12)( 10, 11)
t

—| 411 x[I] +|g1 2] +lct u[J] pl2l| 2 x[I] u[I] 2] | [2]* x[I] {] 1)
A x + U3+ D V4 u

Where:

lA[l]J= {a,-’j;z' =12,..,nj= ],2,...,n}: is an [nxn] linear state coefficient matrix

[B["]]= {b,-’, ji=12,.m1= I,2,...,—n(nz—+])}: is an [n x l(%l)} quadratic state coefficient

matrix
lC[I]J= {c,-,k ji=12,..mk=12,..m< n}: is an [nxm) input coefficient matrix

[D[2]]={dj,l:j=1,2,3,...,n;l=1,2,3,...,"1(2—’7_2m+—])}: is an I:nx—nzﬁzn—_z@j—ll] sum

bilinear state-input (sbsi) coefficient matrix

[D["]*}={d;,/: j=1,2,3,...,n;l=2,3,5,...,———-——m(2n;m_1)}: is an [nx———"’(z”_zm"])}

difference bilinear state-input (dbsi) coefficient matrix
5[1] = {x,[l];i = 1,2,.‘.,n}: isan [n x]] linear state vector

J_C[Z] = {xi"];i = 1,2,...,2(’12—ﬂl} isan |: @xl} quadratic state vector

2[1] = ,[1];i =12,..m< n}: is an [mx]] linear input vector
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yii [2]()_c[1 ], _L_l[I ])= {17,.[2];1' =12,..., n}: is an [ x 1] bilinear state-input vector function

El-’]&lll’y[l]): {ﬂ,["];i= 12,.., ”—1(2—’1—2"7—4’1)} is an {ﬂgﬂ—z—mi{)xl} sum bilinear state-

input (sbsi) vector

[ ] L[l] [1]) { l" l=1’2’_“,_’"(i__5_'.71_:+___1_)}: is an |:L"(2_n_2_n_7._:1_)x]} d]'_fference
bilinear state-input (sbsi) vector

Alternatively, utilising the qgm and bgm defined in sections 2 and 3, the Forced-QBDS
may also be written as:

&0 L) [ 2] + {[Cm] o] x|+ [Dm }[ {;}’]}ym (4-22)

dr=

Or equivalently as:
% A= {[Al11]+[3l21][xg]-’]1]+[D[-’l][ul;’]]] [ JRE }[ gl ”5[114,[@11]2[1] (.20)

The forcing function or the input vector function u, = {u [si= 1,2,...,n} is given by:

u, =]l 4 A 1)

=[] 4 [pE ]2 (1 1) [ D[z]*’}l[zl* (1 41) (4-3a)
= { [} b ][YE]] } + [D” r }}y_[’ ] (4-3b)

et {[Dm][ -’J [Dlzr‘}[a{j}f‘}}_&[ﬂ (4-30)

Where:
[X‘[ ] X[2] U[ 2] 3(-[’] U[ I* . - .

b Ym bl Xm (] |:are the ggm and bgms defined earlier in sections 2
and 3.

4.2. Example:
For n=3 and m=2, the forcing function or the input term u; = [C ] ]y[l ] +1IT e (;c[]],y[]])

may be written as:
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1 1
Up, =cppup+epuy+dy Xy +dp ‘\/‘—5("1”2 +x5u; )+ 3 7—5("3”1)*“@,4"2”2
+d) 5 L(x3u2)+d}:°_, ‘I_(xﬂ'z ‘xﬂ‘l)‘*’d% L(‘ Xsup)+d]s “Z‘(— x3u_,)
"2 T2 "2 72
1 1
Up, =Coquiy+CooUy+dy X uy+ds, E(Xﬂlz +X5u;)+d 55 7(’53"1 )+d 5 %505

1 = ] % ] % ]
+dss f(xﬂz)"'dz,g ﬁ(xﬂlz —Xup)+d3s ‘\7—3(‘%”1 )+d s _\/_5(— X3uy)

1 1
Up, =C3 Uy +C3Uy +d3 X Uy +d 3, —ﬁ (x g1y +x50; )+ 5 5 TE (x50 )+d1,4x2"2

1

| « 1
ﬁ(xﬂ‘z—x2”1)+d3,3\—/—'2—(—3‘3”1)““13,55(—)‘3”2)

(x3uy)+d3,

1
+d3s Wil

Remarks: Compare the above result with equation (3-11).

5. Quadratic-Bilinear System Output Model

Utilising the definitions given in previous sections, dynamical system output or
measurement models may be derived. Following on from the results of previous
sections, the system output model may be written as:

M =[]0 2], 4 g2 ), ],  (5-la)
= [ 2] 4 a0 1), [ M[zl*}z[zl* (] ) [ (5-1b)
Or using ggm and bgms as:

_[”={[H“]]+[J[ﬂ][X{;’ﬂ]}x“’+{[L“ [+l X ][ H] [M[-’]*}FH }} U] (5-2a)
{[Hu1]+[, 2] FEINE ][V[IH {M[ ]'H;H Hlm[Lm]Em (5:2b)

Where:
leJ: {h,-,j;i =12,..rj= 1,2,...,n}: is an [rxn] linear state output coefficient matrix

[J["]]={j,-,,;i=1,2,...r;l=1,2,...,2£’z§—1—)}: is an [rxfl——(f;—l)} quadratic state output

coefficient matrix
[L[I ]J= {l,-, wi=12,..rk=12,.s< n}: isan [r Xs] output disturbance coefficient matrix
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[M[Z]]={m,-vl,;i=].2,...r;p=],2,...,M}: is an [rxw} sum bilinear

2 2

state-disturbance (sbsd) coefficient matrix
[MIZ]:FJ { m}pii=12,..r;p= 12,...,—(2’7——s_]2}: is an [rxﬁn_;—_i):l difference

2

bilinear state-disturbance (dbsd) coefficient matrix. Note that matrices [M [2]] [M 2 ]J

are similar to [Dlz ]1 [D[‘7 ]éﬁ] of the previous sections 3 and 4.

__:“ I= {:,[1 ];i = ],2,...,r}: is the [rx1] output (measurement) vector

v[]] = {v[l] i=1 2,...,s}: is the [s x 1] output disturbance vector

—2]
Xm

H

containing elements of x [ similar to those have been defined in sections 2 and 3.

i

H }: are respectively [

4l [1]

2 2

ﬂ@:ﬁﬂm}am,ﬁgtii&ﬂ bgms

} are respectively [—S—(—z—y—;sﬁxﬂ and [E—(L;——QXn} bgmis containing

elements of y[l I similar to those defined in sections 2 and 3.

A block diagrams for the forced-QBDS with output model is given in Figures 5.1.
Figure 5.2 gives a block diagram where control input and disturbance vectors are
linear.

5.1. An Example of a Second Order Matrix Riccati Differential
Equation:

We consider the matrix Riccati differential equation of the type commonly encountered
in synthesis of an optimal controller or a filter for a linear dynamical system [9,10]. The
matrix Ricatti differential equation resulting from the estimation (filtering) problem for
a second order system is as follows:

%PFPMHMFM%HMPh@] (5-3)
Wherpe:

[4]= :: a:,j is a [2x2] linear state coefficient matrix

[o]= ~Zi } a [2x2] (symmetric) system noise covariance matrix

[P]= Z J isa [2x2] (symmetric) Riccati matrix
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[s]= [s, 1512 :|: is a [2x 2] (symmetric) matrix
Expanding equation (3-33) in its elemental form gives us:

d 2 2
EPJ = 2(“1,1P1 +41,2P2)— l‘ulh +2512P1P2+ 822D ]+ q;

d 2
Epz =a;;p;+ (“1,1 +as; )Pz +az;p3— [51,2172 +8;1P1P2F8)2P1P3 +52,2P2P3]+ q>

d 2 2
—p3= 2(”2,11’2 + 02,2P3)— [Supz +2512D2P3+522D3 ]+ q3

dt
(5-4)
Equation (3-34) may be written in matrix form as:
B
P
p pi| |2a;; 2a; 5 0 Tp] [sis s12 0 s22 0 0] PPz g,
| P2 |7 G2 ("1,1+02,2) aj; {p2|+| 0 ;7 S12 S;2 S32 0 p11023 +1 9>
P3 0 2a5; 2a3, | p3 0 0 0 s;; 812 S22 & g3
7| P2P3
2
L P3|
(5-5)
which is of the form:
A o111 [ 47|10 [R5l 4 ylV (5-6)

dt
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Figure 5.1 Block diagram of the forced-QBDS of equations (4-1), (5-1b)

H' l,[1]

L[I ]

= C[]]

Figure 5.2 Block diagram of a forced-QBDS with linear input and disturbance
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6. Extension to a Second Order Approximation of
Analytical Functions

One obvious application of the quadratic/bilinear algebraic structure discussed in the
previous sections is in the second order approximation of analytical functions. Non-
linear dynamical systems with RHS that consists of analytical functions can be
conveniently set up as a set of quadratic/bilinear differential equations [5]. In order to
demonstrate this we consider the following non-linear dynamical system of the form:

%x,. =filxu) i=12..n (6-1)

with the output model given by:
zj=h; (xv) Jj=12..r (6-2)

Where:

= {x,.;i = 1,2,...,n}: isan|n x]] linear state vector

{u,- ;i=12,.m< n}: is an [mx]] linear input vector

{v,- ji= 1,2,...,s}: is an [s X 1]output disturbance vector
zp0= 1,2,...,r}: isan [r X ]] output (measurement) vector

X
u
14

Il

Assuming that functions {f;(,)} and {#(..)} satisfy the usual conditions for the
existence of the Taylor’s series, it follows that:

, : af-)
—H dx= = o,

ox|, = ;(axj 0 ’
o, d afJ

L Ou= — || ou;

dul, = ;[auj 0 ’

P} a, LI n ai non a.’ .
= Lg_,g Sx=3 ~— [_f_}&] &, = - af &, &,
X\ 0x 0 k=1 9%k  j=1\ 9%, 0 k=1 =1\ 9%k 0% )}
Wig, ) s 2 [ai)@ PR i/ Y
dx\ du . prke> A Eeard W78 , = 45\ Ox,0u; )
i?ng,_c 5E:Zi [_Bf_, ol G = if'_ & 6u,
du\ ox 0 =7 Oty | 557\ 9%, 0 1o 521\ Oy
(% | su=32 {E_]@,J Sy = [ ot Sty S,
du \ Ju 0 =1 0uy | 457 0u, . =7 551\ 0w, Ou,;
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Since:
;;[Bxkau ] ,Z’;[auld)\ ]

the second order Taylor’s expansion gives:

peastonl 5{% | 5,+5/2)

]
nom a-f ] mom azf
+ — || Olu;+— L
,E,,Z:;]( 0x;0u;; ] g 2 kz],z_,[ Ouydu ; ] .
Similarly:

s on n n( 3%h,
TR D L PR (s

k=
+’7 Oy ov; +
k= Ij_l{axka ] k 21(2_1121[8171‘8\7 ]

Furthermore since:
0’ £
o, o0, + !
K (axjauk]

n_om a_’ f nom
— || &, 0u;
;;[axkauj] kzz,zka“{Lax o, J

1
— for k=j
5 Je J

Ox ;6uy

S O

J

j—zz[aﬁ]

0 2]( 1j=1 axkax

(6-3)

5”](&(’, i=1,2,...,n

1
&3+5

&y B

‘ (6-4)

5vj; i=12,..,r

(sxj(mk}
0

1 otherwise

It follows that equations (6-3) and (6-4) may be written as:

SNE T W P S

j 0 k=1j=k axkaxj
n m azf a f m m a~f
S| = B O — |l & ;ou
i Eg“*'-'{[axkaujJ k +(ax auA] J "}+ PR "(auka
i=12,...,n

Oy Ox

Sugdu; (65

And:
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o)l o5 2| S0 3,08 S [0 s
i Bx_,- 0 j=1 k=1j=k xkax 0 ’
n m a-?h a-h S 0*h.
. L S, o d ;& — || oviov;
+k§1;§rakd{ax a‘f] ‘ j+{ax.iauk]o k}+ ‘Z“% A{av"av-"]o o

6.1. System Dynamical Model
Making the following substitutions:

ai,jz[g—fi—]; j=12,..n i=12,...n;¢; [ifl'] Jj=12,...m; i=12..n

2
b = 9°f; R 1=],2,___,n(n+1); i=12,...n; I=(k—1)(m—£)+j
T\ oxgox 2 2

2
W_| 94 | ._ )
Sy = ; =12...m k=jj+1..n
k. [axkauj J 7

d
i _{ 9/ 12 k=j,j+1
S],k (axjauk > J 9y ym _];] pevey

Using the relationships of equations (6-3), (6-1), The second order perturbation model

(differential equation) for system dynamics may be written as:

DSTO-TR-1497

(6-6)

4 &, —Za”&c +2c,15u +zz by, + 3 S o 61 6 + 5l o oy )

dt k=1j=k k=1j=k

m m

+Y Y8 ,0u0u;; i=12,..n
k=1j=k

Where:

u =(k—1)(n—§)+j; n=(k—1)(m—§j+j

The first two terms on the RHS of equation (6-7) are linear in {&} and {ou}

respectively, while the third and fifth terms are quadratic involving {Q[" ]} and @["]}
respectively. The fourth term is the bilinear state-input term in {&, dv}. Utilising the
results of previous sections, equation (6-7) (after some algebraic manipulations) may be

written, in state-space form, as:

(6-7)

37



DSTO-TR-1497

38

%é[ll — [A“]]gi;[’] + [BD]]_@_'[Z] + [C[I]]_Ezl[ll +_]l[2](@£[l],@[1])+ [G[—’] 514[2] (6-8)
Or alternatively as:

% &l = [0 4 B2 4 [ ) +[p?] (&1 5M)

J{ Dlzl*‘}_,zl-’]"’(é[ll’ &)+ |61 ©9)

6.2. System Output (Measurement) Model
Making the following substitutions:

h —[ahiJ,' j=12,..n; i=1,2,...,r;l,~,j=(—q£l-"—]; j=12,..s; i=12..r

M| o v,
Ji =[ ai:g;j ] I=12,.., "(”2+ D. icizr; 1=(k—1)(m—-'2‘-)+ j
t,[(ih],-= 52;5\’)—], j=12,..,s; k=j,j+1..n
tE']k = —aijTh\l),\ ; j=12..s, k=jj+1..n
nyy = 5—%% ;l=J,2,...,S(S2+]);i=1,2 ..... r; I=(k—1)(s—§]+j

Using the relationships established in equations (6-3) and (6-1), the second order
perturbation model (measurement model) for the output may be written as:

n s n n n s . R
&, =Zhi,j§xj + 2060+ > Za’j,kji,ﬂ&‘kaxj +2.2.04 l[:,]j&ka"j +t£",]k§xj5vk}
=1 j=1 k=1j=k k=1j=k

s s
+ Z Zai'knivnﬁvkﬁvj; i= 1,2,...,7" (6"10)
k=lj=k

Where:
,u=(k—1)(n—£]+j’ 77=(k—1)(s—£]+j
2) 7 2

The first two terms on the RHS of equation (6-10) are linear in {&} and {5v}
respectively, while the third and fifth terms are quadratic involving {Q[‘?]} and {ﬁ_v["]}
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respectively. The fourth term is the bilinear state-input term in {3, &}. Utilising the
results of previous sections, equation (6-10) (after some algebraic manipulations) may
be written, in state-space form, as:

&N = [g]ad 4 [Pl 4 [1]s )+ 71210 1)+ [612)] s (6-11)

Or alternatively as:

&1 2 |0 |12 2 [0 1) 12 ) ) 5 00)

+[ Mlz]*]zlzl*(@[ll, &)+ [y (6-12)

|~

M I 4, N AU
=¥ i) —oN 4l .

x_
&__)_‘

Figure 6.1 Block Diagram of the Forced-QBDS of equations (6-9), (6-12)
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7. Conclusion

In this report, formal definitions of free and forced quadratic/bilinear dynamical
systems were given and the algebraic structure of this class of systems was explored
with a view to setting up a systematic approach for deriving state dynamics and
measurement models. This class of dynamical systems is characterized by a set of first
order differential equations with the RHS that contains linear and quadratic terms in
system states as well as bilinear terms involving state and input (or control) variables.
An example of the quadratic state-space model of the airframe aerodynamics is given
in Appendix-A. Properties of the quadratic and bilinear vectors were investigated and
relationships between these and linear vectors established. Systematic procedure for
constructing quadratic state and the bilinear state-input vectors was derived. The
quadratic algebraic structure was applied to the formulation of a state-space model for
a second order approximation of a general (analytic) non-linear system.

The concept of quadratic and bilinear generator matrices was introduced that allows
linear (state and state-input) vectors to be mapped onto the quadratic and bilinear
vectors. Properties of these generator matrices were explored and it was shown that
inverse generator matrices may be defined (in all but one case) that allows quadratic
and bilinear vectors to be mapped onto linear state and linear input vectors. State-
space representation of the system output or measurement model was also derived for
the case where this contains linear and quadratic terms in states and bilinear terms in
state-disturbance (noise) variables.

The state-space structure of quadratic/bilinear dynamical systems considered in this
report should facilitate analysis of this class of non-linear systems and possibly lead to
general synthesis techniques or extension of linearised techniques for applications to

these problems.
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Appendix-A

Euler’s Equations of Motion
The six equations of motion for a body with six degrees of freedom may be written as
[Ref. 5]:

m(u+wq—-vr)=X+T+g.m

m(v+ur—wp)=Y +g.m (A1-1)
m(w—ug+vp)=7Z+g.m

Lap=(Ly =1 )qr+1.(° =g )= L (pg+7)+ I (rp—¢)=1L

Lyg=(1. =L )+ 1L (p’ —r° )1 (qr+p)+1.(pg—i)=M (A1-2)
L=y =1,)pg+14(4° -p° )~ 1,.(rp+¢)+ .(gr—p)=N

Separating the derivative terms and after some algebraic manipulation, equations (Al-
1), (A1-2) may be written in a vector form as:

0 0 0 1 0 —-1ug) |X+T| [g,

U +
%v=0 -1 0 01 0|wl+ ¥ |+g,
wl |l 0 =100 0]y Z ]
» £ (A1-3)
wp
RA
p P’ L
g; g |21 18] pg |+[ar"] M
’ g N (A1-4)
q
qr
_r2._

Note that the states (u,v,w,p,q,r) appear as quadratic terms in equations (A 1-3), (A1-4).

Where:
%=X 7=
m

Y. z.z2. 7.1
m m m
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Ixx - ].x_\‘ - I:.\'
[Al=|-1, I, -I.
1., - 1 R 1 =z
0 1.y "1.\;v ]y: (1}3'—1::) "Iy:
Bl=|-1, -1, (.-1,) 0 I, I,
Iy (1e-1,) 1. -1, L. 0

] (1):\’1 ] ) (IZZI)J' +1)‘:I:x) (] I + I\"I x)
(4! =2\ (1.1, +1, L) (ol -1.2) (1l +1.1,)
(I\ Ix) +I 1)\) (]xxlyz +1xyl:x) 1,\\‘1,\) I,\'\7

A= g 0 ~1, 0 =1 17 ~1.1,* =21 1,1,)

Combining equations (A1-3) and (Al-4), we obtain the full 6% order rigid body
dynamics state equations as:

ﬁ” o T @ T Te
L N S drmeeeees S I LI N +h- (A1-5)
Ao sl o | )] L
Where:

0o 0 0 1 0 -1
[cl=lo -1 0 0 1 o0
1 0 -100 0

[1]_[u v W]T, x[l]*[p q r]T

pl 2
A=lug w vp v wp wall; 27 [P pa pr q gqr r‘]T
Mo[g+7F 7 2[5 dl= M N g=[e, & &f

Equation (A1-5) may be written in a compact form as:

AU e W 1 L )

dat~
Where:
c] 1 [l
[F] =|em—————— E— --------- : is the 6x12 quadratic state coefficient matrix
o] {[ariz]
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[0]

|
[}
[}
1
[G]=t------ fo----- : is the 6x6 input coefficient matrix

[ar]
[} t
5[1] = [)ﬁ{/] : g_,l]]r =fu v w E p g rf :isthe 6x1 linear-state vector

|
LAY 2 g w v o owp walp? pg o @ g Pl i the
12x1 quadratic-state vector
LT e.s o o .
ymz u[l]l u =|X+T Y Z+L M N| :is 6x1 a vector function of control
1 v =] 1
inputs, forces and moments

| |
g[ll = [§ i Q]T = Ig_v g, g 010 O]T: is the 6x1 gravity (or disturbance) vector
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) x n} n-state quadratic generator matrix (qgm).

n(n+1

2
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(B1-2)

x m} n-state sum bilinear generator matrix (sbgm).
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:is the {111_(_2_11__—27n_+1_) x n] m-input sum bilinear generator matrix (sbgm).
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:is the — 5, X7 m-input difference bilinear generator matrix (dbgn).
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