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The Algebraic Structure of Quadratic and 
Bilinear Systems 

Executive Summary 

A number of important control and estimation problems in the field of aerospace and 
avionics involve djmamical models that are quadratic and bilinear functions of system 
states and inputs. Examples of some of these problems are: target tracking, vehicle 
navigation, guidance and autopilot design. While there are a number of different ways 
of posing (modeling) the above problems, it appears that by appropriate choice of state 
and input variables, systems involving translational and rotational kinematics can be 
modeled as a set of differential equations that contain linear plus quadratic and/or 
bilinear expressions. The well-known Riccati differential equation that occurs in the 
synthesis of optimal control and estimation problems is also of this class of differential 
equations. 

In this report, formal definitions of free and forced quadratic/bilinear djniamical 
systems are given and the algebraic structure of this class of systems is explored with a 
view to setting up a systematic approach for deriving state and measurement models. 
This class of dynamical systems is characterized by a set of first order differential 
equations with the RHS that contains linear and quadratic terms in system states as 
well as bilinear terms involving state and input (or control) variables. Properties of 
quadratic and bilinear vectors are investigated and relationships between these and 
linear vectors are established. Systematic procedure for constructing quadratic state 
and bilinear state-input vectors is derived. The quadratic algebraic structure is applied 
in the formulation of a state-space model for a second order approximation of a general 
(analytic) non-linear system. 

The concept of quadratic and bilinear generator matrices is introduced that allows 
linear (state and state-input) vectors to be mapped onto quadratic and bilinear vectors. 
Properties of these generator matrices are explored and it is shown that corresponding 
inverse generator matrices may be defined that allow quadratic and bilinear vectors to 
be mapped onto linear state and linear input vectors. State-space representation of the 
system output or measurement model is also derived for the case where this contains 
linear and quadratic terms in states and bilinear terms in state-disturbance (noise) 
variables. 

The state-space structure of quadratic/bilinear dynamical systems considered in this 
report should facilitate analysis of this class of non-linear systems and possibly lead to 
general synthesis techniques or extension of linearised techniques to these problems. 
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The Algebraic Structure of Quadratic and 
Bilinear Systems 

1. Introduction 
A number of important control and estimation problems in the field of aerospace and 
avionics involve dynamical models that are quadratic and bilinear functions of system 
states and inputs. Examples of some of these problems are: target tracking, vehicle 
navigation and guidance and autopilot design [1-8]. While there are a number of 
different ways of posing (modeling) the above problems, it appears that by appropriate 
choice of state and input variables, systems involving tanslational and rotational 
kinematics can be modeled as a set of differential equations that contain linear plus 
quadratic and/or bilinear expressions. The well-known Riccati differential equation 
[9,10] that occurs in the synthesis of optimal control and estimation problems is also of 
this class of differential equations. 

Other applications of bilinear systems are in the field of industrial process control, 
economics, biological systems, and chemical process modelling and control [11-13]. In 
addition to the applications, various researchers have also reported on important 
developments in bilinear systems theory and related stabilization, observability and 
controllability issues, including the Lie-algebra approach [14-16]. The control synthesis 
problem, involving bilinear systems, has been addresses by a number of authors 
utilising the optimum control theory [17-20]. While the above research lays down a 
fundamental and, in many respects, rigorous basis, for system analysis and synthesis 
for this class of non-linear systems, there still remains a need to apply the results of 
these investigations to high dimension systems (involving large number of state and 
control variables) that arise in many practical engineering problems. Motivated by this 
need, the current report addresses issues relating to the algebraic structure of quadratic 
and bilinear dynamical systems and proposes an approach for state-space formulation 
of the dynamical models that should allow for systematic and generalized procedures 
in dealing with practical control analysis and synthesis problems. 

In this report, formal defirutions of free and forced quadratic/bilinear dynamical 
systems are given and the algebraic structure of this class of systems is explored with a 
view to setting up a systematic approach for deriving state dynamics and measurement 
models. This class of djmamical systems is characterized by a set of first order 
differential equations with the RHS that contains linear and quadratic terms in system 
states as well as bilinear terms involving state and input (or control) variables. 
Properties of quadratic and bilinear vectors are investigated and relationships between 
these and linear vectors are established. Systematic procedure for constructing 
quadratic state and bilinear state-input vectors is derived. The quadratic algebraic 
structure, developed in this report, is applied in the formulation of a state-space model 
for a second order approximation to a general (analytic) non-linear system. 
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The concept of quadratic and bilinear generator matiices is introduced that allows 
linear (state and state-input) vectors to be mapped onto quadratic and bilinear vectors. 
Properties of these generator matrices are explored and it is shown that corresponding 
inverse generator matrices may be defined that allow quadratic and bilinear vectors to 
be mapped onto linear state and linear input vectors. State-space representation of the 
system output or measurement model is also derived for the case where this contains 
linear and quadratic terms in states and bilinear terms in state-disturbance (noise) 
variables. 

The state-space structure of the quadratic/bilinear d)n-iamical systems considered in 
this report should facilitate analysis of this class of non-linear systems and possibly 
lead to general sjmthesis techniques or extension of linearised techniques for 
applications to these problems. 

The algebraic structure of free quadratic dynamical systems is considered in section 2 
of this report and includes consideration of various properties of quadratic state 
vectors and their relationships with linear state vectors. Bilinear vectors are considered 
in section 3 along with the properties of these vectors and their relationships with 
linear vectors. Sections 4 and 5 consider forced dynamical systems and measurement 
models where the latter includes linear as well as quadratic terms in state variables and 
bilinear terms involving state and disturbance variables. In section 6 general non- 
linear dynamical systems with analytic non-linearity is considered and a second order 
perturbation state-space model of the system is derived in a quadratic/bUinear vector 
form. 

2. Free Dynamical System 
In this section we formalise the definition of a class of non-linear dynamical systems 
whose time evolution of states may be expressed via a set of first order differential 
equations, the right hand side (RHS) of which contain botii linear and quadratic state 
terms. A formal definition will lead to a state vector characterisation (or a state-space 
representation) of these systems. The class of djmamical systems being considered in 
this section will be referred to as free (or uncontrolled) quadratic dynamical systems. 

2.1. Definition 

An n-state non-linear dynamical system will be defined as a "free quadratic dynamical 
system" (free-QDS) if its dynamics can be expressed by the following set of differential 
equations: 

^Mt) = tajt)xjith i tdijiMthi'l-   i = h2,...,n (2-1) 
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Where: 
d_ 
dt 

(•): is the time-derivative 

Y j{t);   j = l,2,3,...,n]: are linear system states 

[xji {t)xf (t);   k = 1,2,3,..., n;   j = k + l,k + 2,...,n\: are quadratic system states 

jo, f (t);   i = l,2,3,...,n; j = J,2,3,...,n\: are linear system state coefficients 

wi'ji^)'    i = 1,2,3,...,n;k = ],2,3,...,ti;j = k,k + l,,...,n\:     are     quadratic     system     state 

coefficients 

Alternatively, the free-QDS of equation (2-1) may also be written as: 

"' j=i k=i j=k 

(2-2) 

Where: 

l = {k-])n + j- 
k{k-l) 

2 =<*-r-7 +j 

a k,j 

1   ifk = j 

42    ifk^j 

Remarks: 

1.   The RHS of equations (2-1) and (2-2) contain linear terms {x, (t)} as well as quadratic 

terms jx^^(?)x^(/)}.   The coefficients of the quadratic terms ^l'j\ are related to the 

elements of a symmetric niatrix 

quadratic    function     < x Q W 

lg''J    that may be used to generate the scalar 

x>     from    a     "linear    state    vector"    (Isv): 

x = [xj    X2    ....   jc„f [1,2]. Here: 

^kj -Pk,j\<lkj  +^j,k 

1 

Pkj = 

ifk = j 

1   ifk^j 
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2. The RHS of equation (2-2) is identical to that of equation (2-1) except for the 
coefficients of the quadratic terms. The terms ■{^['^} have been replaced by the 

terms ^^ jbjjit)] in equation (2-2). This substitution has been made to allow for 

state differential equations to be expressed in matrix notation, as will be seen later. 
The reason for intioducing the normalisation factor jor^tj = v2 or 7] is explained 

later in this section. 

3. In expanded form the differential equation (2-2) may be written as: 

4-X, {t) = o,- / {t)xj {t)+o,., it)x2 {()+.... +«,,„ {t)x„ (t) + b,j{t)xf (t)+42b, 0 {t)xj {t)x2(t) 
at 

+42bi3 {t)xj it)x3(t)+.... + 42bi^ {t)x, {t)x„ {t) + b,„^j {t)x2- it) + V26,-„+3{t)x2{t)x3(0 

W2Z),. „+5{t)x2{t)x^(/)+.... + V2Z>,. ,„_; {t)x2{t)x„ {t) + .... + b^,^^^    n {t)x„J W 

+ • ̂ b r«(«+/) ^{t)x,.-2{t)x„-l{t)+^b n{n+l) {t)x„_2{t)x„{t) + b n(n+l)  ^ it)x„-/{t) 

+J2b n{n+l) {t)x„_j {t)x„ (t) + b r,^j)-^ {t)x„- (t) n(n+l) 
2 

for {? = 7,2,....,«} (2-3) 

4. Note    that,    in    the   quadratic    part   of   the    above   equations,    there   are 

I "I" + )\ coefficients    {?>,/(?)},   for   each   i,   associated   with   the   quadratic 

terms ^k W-^j (Oj • 

5. The introduction of the factor V2 in the coefficients was suggested in [3], and as 
wHl be shown later, it lends a useful property to the "metiic" for a "quadratic state 
vector" (qsv). However, before we discuss this, it will be instructive to consider an 
example of a second order free-QDS. The argument (^ is suppressed in the sequel, 
it being understood that variables and coefficients are functions of time unless 
otherwise stated. 

2.2. Example 
This example has been selected in order explore some useful properties of a qsv and 
relate these to the more familiar properties of an Isv. We consider a free-QDS for n=2; 
in this case the system differential equations may be written as: 



DSTO-TR-1497 

Xj = ajjXj + fly 2^2 + ^IJ^r + ^^1,2^1^2 + ^1,3^2' 
d_ 

dt 

—x^ =a-,,Xi +a->7X-, +bTjXj~ +^J2b-, nXjX^ +bT^X7' 
dt 

Or, in matrix notation, differential equation (2-4) may written as: 

d Xj — '^1,1 ^l/ 'xj' 
+ 

dt _X2_ 02,1 ^2,2 [^j\ 

b].i    bj2 bii 
■> 

Xj- 

^2,1     ^2 2 hA •<j2xjX2 
-> 

X," 

(2-4) 

(2-5) 

Equation (2-5) is of the form: 

dt-       ^      ^-       L      J- 

Where: 

x^^^ = [xy    x,]^: is a [2x7] linear state vector {Isv) 

xf-^ = pcf    ^[2xjX2   x," J : is a [ix/] quadratic state vector {qsv) 

Remarks: 

"].l ^1.2 

^2,1 ^2,2 

b],i bj2    bi3 

b2,l bo 2    b2 3 

is a ^Ix-l] linear state coefficient matrix 

: is a {2x3\ quadratic state coefficient matrix 

(2-6) 

2.   For this example, the quadratic state vector (qsv)  \x''^^\ may be regarded as a 

vector spanning the space R^ whose elements are the terms of a homogeneous 
quadratic polynomial in {x;,   x^} arranged in lexicographic order. 

2. The inclusion of the factor V^ imparts a desirable property to the metric of tiie qsv. 
Thus, analogous to the definition of a metric for an Isv let us define a metric for a 
qsv as the square root of the sum of squares of the quadratic elements. That is, for 
n=2: 

3.   It is interesting to note that by defining the qsv as we have done above, and by 
adhering to the familiar definition of a metric in a linear vector space, a relationship 
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between the metrics of the qsv and the Isv may be established. That is, the norm of 
the qsv is equal to the square of the norm of the associated Isv. 

4. A qsv formed by including the factor ^f2 will be referred to as a 'normalised' qsv or 

simply as a qsv. The 'non-normalised' qsv, that is x^'^ = [xf XjX2 X2' J can also 
be used in the formulation of a free-QDS. However, in this case: 

J2J (x/j" + {xjX2)' + (x,' j  [' (2-8) 

5.   We observe tihat a second order quadratic polynomial of the form: 

/>(x' ')=Xf-V 42XjX2+ X2' (2-9) 

whose terms form elements of the qsv x^'^, may be expressed as a combinations of 

scalar quadratic functions (forms) using the Isv x^ ^ as follows: 

k'''.^J''W''J\EM'W''J[i^Jk'''W''J\^2.2\k''') 

[k=lj=k J 
Where: 

K,]= 
1   0 

0   0 ' f^^-'^=vJ 
0 1 

1 0 ; [Ezsh 
0 0 

0 1 

(2-10) 

(2-11) 

6. We have selected these \E^J\ matrices to be symmetric. These matrices serve as the 

basis for the quadratic polynomial; in fact, any second order quadratic polynomial 
may be written (in terms of a linear combination of matrices such as \E^J\) as 

follows: 

{k=ij=k J 
(2-12) 

7. The basis matrices [E^J\ may also be used to construct the qsv from the Isv, which 

allows us to establish a relationship between the qsv and the associated Isv as 
follows: 
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[2] x'  ^ = 

Where: 

xf /K;]^ TTC   l1r 1 ^i      0 Xj 

42X1X7 
-> 

^2' ~- X   \E2^\'X^ 

— /K2I — 
X9         Xj 

4~2 r2 
0      X, _ 

X2_ —j=    X2   -[^ni\ rf] (2-13) 

^/j/!= 

xi      0 
X-y X j 

42   42 
0      x_, 

: is a [3x2] matrix 

= IEJJ\   [EJ2\L   [E2M (2-14) 

8. The matrix [A'/J/J, which will be referred to as the "quadratic generator matrix" 

(qgrn), maps the Isv x^^^ onto the associated qsv x!''. It will be shown later that 

provided   xf'^ ^0, there exists the "inverse quadratic generator matrix"  (iqgm): 

[xfijl^l^fijl *^t J^^PS th^ ^^^ ^'' °"*° *^^ associated Isv xf'^. (Note the 
change between the sub and super-scripts between qgm and iqgm symbols). This 
inverse relationship follows from equation (2-13): 

Now,/-^=[x///]/^^ 

(2-15) i.e:xl"=[xl^]]x'" 

Where: 

[A^I^JI^ j[x[//f [x|jy]|    [x|//f: wiU be referred to as an inverse quadratic 

generator matrix iqgm. 

In fact using equation (2-14) and after some algebraic manipulation we get: 

"',',',]'H',^^- 
->    x-> 

XJ    +—=- 

X jX -y 

2\ X;X, 

V 
f     2 

XJ 7 
-^ + X7 

(2-16) 
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and the [2 X 3] iqgm is given by: 

HiH 
|X; 

/ 7 

V 

x-> 

4~2 

f    2 
Xl~ 9 
——hx,' 

2 

\ 

V J 

X j   X ■y 

2 
Xj   Xo 

r2 
->      X-) 

7 \ 

Xf +- 
XjX2 

242 

XjXj 

t 2\ 
9      Xf 

V J 

(2-17) 

_ (x;' +X7') 
With: A = 

2 
Note: that A^0;   provided x^O. 

9. The results of this example are generalized in the sequel; however before we leave 
this example, we shall use equation (2-13) or the qgm, to give an alternative state 
space representation of the free-QDS analogous of equation (2-6). That is: 

^/^^={k^^]+k^]k/^]}/^^ 
dt 

(2-18) 

2.3. State-Space Representation of a General n-State Free-QDS: 
In vector notation a general n-state free-QDS [see equation (2-6), Example 2.2] may be 
written as: 

dt-       ^     ^-       ^     ^- 

Where: 

x^'^ =[xj    X,   Xj   ....   x„f: is an [«x/] linear state vector (Zsy) 

x^-^ = [x/    42x1X2    42x]Xj    ....   42xjX„    x,^    42x2X3    42x2X4 

xf    ....   •<j2x„_2X„    x„_j'    •sl2x„_jx„    x„ J 

'n{n + l)    ~ 
: IS an quadratic state vector {qsv) 

Note that the P' term {xf'^ } of the vector x^^^ is given by: 

x\^^ =aj^jXj^Xj;   k = ],....,n;j = k,k + l,k + 2,....,n 

l = {k-lin- +J;  %j 

1   ifk = j 

42    ifk^j 

(2-19) 

42x2X„ 
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[^'"1= 

^1.3 

a-,j    a-,-,    a 2.3 

^n.I      ^11.2      ^n.3 

a-,,, 

: is an [wxw] linear state coefficient matrix 

B PJ\^ 

bi,i    b,2    bj; 

^2,1      ^22      bjj 

b,,.!   b„^2   b„j 

br(„+2){„-i)-\    *J«(»+;) 

+/ 

b^^ (-{„+2){„-iy]      b   |-„(„+;)-| 

IS an n X 
n{n + l) 

quadratic-state 

coefficient matrix 

Utilising the concept of the qgm introduced in Example (2-2), we may write an 
alternative form of a general n-state free-QDS as: 

dt ,^'^={W^^]M'%ffj]h^'' (2-20) 

Where: 

l4^;J:isthe 

Remarks: 

n{n + l) 
xn qgm defined in equation (Bl-1), Appendix-B. 

1. We make the observation that provided x^O, none of the columns of a qgm [xjfj \ 

equation (B2-1) may be expressed as linear combinations of the other (n-1) columns; 

that is, it has a rank=n, and hence the matrix |[^/j/J i^fijl] is of full rank and 

therefore invertible. 

2. The qgm for a general n-state system may be constructed using the basis matrices 
introduced earlier [see equations (2-10) to (2-14)]. It follows from equation (2-13) 
that: 

kf^l=k,;k [Euh kik •■•■ [Ej,h k,,k kvk k.k •••• 
K,h k,5k ■■•• k-.v,k k.-,,-,k k_;,„k KM 

(2-21) 
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Where: 

-ui 

1 0 0 

0 0 0 

0    0    0 

0     0     0 

£,, = 

0 0 0 

0 1 0 

0 0 0 

0 0 0 

0 1 0 

1 0 0 

0 0 0 

0 0 0 

''—'AEI^,\--T= 
■J2 

0 0 0 .. r 
0 0 0 ..    0 

0 0 0 ..    0 

1 0 0 
■■  ^_ 

..    0' '0 0 0 ..    0' '0 0 0    . .    0' 

..    0 0 0 1 ..    0 0 0 0    . .    0 

..    0 ■F       -    ^ 0 1 0 ..    0 ',..., [Ji,,,,] — 0 0 0    . .    0 

■■  0. 0 0 0 ■■   0 0 0 0    . .   1 

Note that tlie basis matrices \E^J J have elements given by: 

K/l.=- 
for   j = k 

for    j:^k 

[7   for   r = s 

[ 0   otherwise 

—=r   for   r = k,s = j and r = j,s = k 

0   otherwise 

2.4. Properties of the General n-State Quadratic Generator Matrix 
(qgm): 
It can easily be verified that for the n-state qsv and the corresponding qgm, the 
following properties hold (the proof can be arrived at in a manner similar to that of the 
2-state case, and is left to the reader): 

2.4.1.   Metric Property: 

J2J 

(n[r,+l) \- 

1=1 

[2] 

f \ 
n 

k=l 

J^l 

2.4.2.  Mapping of Isvx''' onto qsv x!'' through qgm V^[i]\: 

(2-22) 

(2-23) 

10 
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2.4.3.   Inverse mapping of qsv x^'^ onto Isv x}'' the iqgm [Xl!,^\: 

^" =[x',2',]x!" (2-24) 

Where:  k/ijl^j k/Z/f k;//]|"kf//r 

2.4.4.   The Bilinear Property: 

Given any two "linear vectors" x^^^,u^'^ e R", the quadratic generator matrix (qgm) 

[Xpjl \eR   - defined as in equation (B2-1) will be called the "bilinear generator 

matrix"   (bgm)  when  it  operates  on   u^'^ e R"   to  yield   the   "bilinear  vector"(bv) 

7r'^\}C^\-i£^^). Similarly, the quadratic generator matrix (qgm) [f/[/y Je R - defined 

as in equation (B2-1), (with x, replaced by w,) will also be called the "bilinear generator 

nmfn'x" (&g7H) when it operates on x^'^ e R" to yield the bilinear vector ^^^^\^^^\x} '): 

Where: 

XjUj     —={x]U2+X2Uj)    —j={x]U^+X3Uj)    ....    —={x]U„+X„Uj)    X2U2     —j={x2Uj+XjU2) 
■\J2 ■\J2 V-2 ^12 

....    -={X2U„+X„U2)    ....    -J-{x„-2'^„+X„U„_2)    X„_]U„_]     -j^{x„_]U„ + X„U„_j)    X„U„ 

(2-25) 

The vector ^'^^ (...) as defined above in (2-25), includes terms in sum of products of the 
elements {x4,M^;^ = 7,2,....,« and 7 = A:,A:+ 7,....,«} taken in lexicographic order. This 

vector wiU be referred to as the bilinear vector (bv) of the corresponding linear vectors 

^^'\iJ'^\. Note: that the order of the arguments in nj'^^{.,) is unimportant; i.e. 

^^'^,iJ'^\ are interchangeable.     Also, since both ^^^•',M^^^| are n-order vectors, we 

shall classify this bv as having the dimension \——-xl \. Clearly: 

^^-'^ y'j,ut'} )= [xffj y^j=[uffj y^=K'^J y^^ j^^) (2-26) 

Remarks: 

11 
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1.   In view of tlie properties (2.4.2) and (2.4.3) above, we shall formally recognize the 

bgms [xifj I pl^j \e R   -        as transformation matrices that define the mappings: 

a.    \xj^j\:uf'J ^^f'Jy'J,ur'J)^n!'^\^'Kx!'^) 

c. \x%\:xi'^ ^n!'^{^'KxJ'^]^xJ'^ 

d. It can easily be verified that the norm of the bilinear vector satisfies the 
relationship: 

/^^\W     + J^J .['] 

= — \\x 
2ll- 

Where: y is the angular separation between the vectors ^ ^ and M'  . 

2. It will be instructive at this stage to consider a bilinear vector where the dimensions 
of the two linear vectors involved are different. Accordingly, given any two linear 

vectors xf'^ e R",tJ^^ e R"';m<n, the corresponding bilinear generator matrices 

(bgms) are given by: 

X 
[2] 
[1] 

eR Ix m 

Ixm 
u [2] 

[1] 

j^ixn.j^m{2n-m + l) 

Ixn 

These matrices are defined in equations (Bl-2) and (Bl-3), Appendbc B. 

This result along with the others given in this section will be used for developing 
the concept of a "bilinear state-input vector" (bsiv) and of forced (or controlled)- 
quadratic/bUinear djmamical systems (Forced-Q^DS). 

2.4.4.1. Example 

For n=3, m=2, the bgms are given by the following relationships: 

12 
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\x,      0] 
X^         XJ 

^  VI 

5x2 r    « V2 » 
5:»-3 

0      X, 

0     '^ 

l2_ 2!JL    0 
42    42 
0       0     ^ 

42 
0 U-y 0 

0       0 
4~2 

and 

X m uf']^ 
2x5 

U 
[2] 

[1] 
3x5 

:nj=^f2jyu^^fu) 

(2-27) 

CjUj     —j={x2Vi+XjU2)    —j={x^U])    X2U2     —^{X3U2) 

Remarks 

1.   The "bilinear n-state, m-infut vector" (bsiv) is given by: 

XjUj      —i=(x,U-,+XoU])     —={xjUj +XjUj)     ...     —pr(x„M;)     XjUo 
■yj2 '        ' yl2 yl2 

—=\X2U^+X^U2)     ...     —=[X„U2)     ...     —=\X„U„j_i)    X„,U„j      ...     —j=[X„ll„j) 

2. Finally, we end this section by giving a block diagram for a free-QDS as reflected 
by the state vector equation (2-19). This is given in Figures 2.1. 

3. For sake of convenience the sub-scripts outside the square brackets of the hgms 
have been dropped, that is: 

(2-28) 

X f2J 
m 

- Ixm 
X [2] 

[1] 
and 

—[2] 
U[i] 

Ixm 

—[2] 

Figure 2.1 Block Diagram of tlie free-QDS of equation (2-19) 
13 
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3. Bilinear State-Input Vector 
Before we consider forced-QBDS, we shall formalize the stiucture and definition of a 
"bilinear state-input vector" (bsiv) generated from two linear vectors, namely, the n- 
dimensional state vector x^'^ e R" and the m-dimensional input vector i^'' e R'". In 
order to develop this concept we shall utilize the familiar scalar bilinear forms and its 
various properties. Accordingly, we consider the following scalar bilinear form: 

A- k^'\ii^'^)= t t4h^<J = I i4i-y«A- (3-1) 
k=lj=l     ' k=lj=J ' 

In a more familiar matrix notation equation (3-1) may be written as: 

Where: 
[S'''^'\= |sf ^^-; k = l,2,...,m;j = 1,2,...,n; with m < n|: is an [« x m] matrb< 

^f'J := ^W . j ^ 7,2,...,«}: is an [w x/] Isv 

w^^^ = (yf/^ .• j = l,2,...,m]: is an [w? x/] "linear input (or control) vector" (liv) 

By expanding the double summation in equation (3-2) and rearranging the terms, it is 
easily verified that: 

i t^^j^k - t t^kj Rl^*",- + 4i^.«.) (3-3) 
k=],H k=lj=k 

Where: 

^k.j 

—    for   j = k 
2 

1   otherwise 

Since Uj = 0   for   j>m,wemay w.Lo.gassume s^jj -0   for   j>m. 

Equation (3-3) may be written as: 

I i«A,./ Wj^'kUj + ^xju^ ] = X f^a^j yj.(x^uj + Xju^)+ 41- (xkfj - XjUk)) 
k=IJ=k k=lj=k 

m   n n / ^     m   n 

= Z Z«*j/'i'i y^kUj + >:^W/t j+ Z Z«tj^ij l^A"7 - ^j"A i (3-*) 

14 
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Where: 

Pkj - 2 V *../■      /'.* r    ^*J ~ 2 ^ ^''•'     ■'•* '^ 

1. The first summation term of equation (3-4) defines a symmetric bilinear form or 
"sum bilinear form" (sbf), while the second term defines a skew-symmetric or the 
"difference bilinear form" (dbf) (also known as the oscillating bilinear form [4]). 

2. If the bilinear form, equation (3-4), is solely symmetrical then: 

And: 
"'  " r-1 / \ 

^i {■'■) = Z H^kjPkj y^k^j+^/"k) 
k=]j=k 

For notational consistency and to facilitate development of the state-space model 
utilizing the normalized form (to be considered later), we shall write equation (3-4) as: 

k=lj=k k=lj=k 
(3-5) 

Where: 

A-„ 
7   for   j^k 

1 

41 
otherwise 

^^,=^^; r^.-^^uMi 
Pk.i Pk.j 

l = {k-l\n — \ + j;   k-l,2,..,m;   j-k + l,k + 2,...,n 

15 
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Remarks: 

1. The bilinear form of equation (3-5) may be regarded as consisting of a weighted 
sum of normalized symmeti-ic elements and a weighted sum of normalized skew- 
symmetric elements. Terms \pi.j[x^Uj +XjUj^);P^A^k^j ~^i'"k)\ ^^ ^^ referred to 

as the normalized symmetric and skew-symmetiic elements, respectively, of the 

bilinear form |/7,^f^lwf^^)j, while coefficients ^,,;^*,,/| will be referred to as the 

weights on these elements. 

2. Clearly, k = m;j = « => /„„, ^^HxJLJIL 1^ that is, in equation (3-5), the number of 

terms   in   the    sbf^I„„,,   while   the   number   of   (non-zero)   terms   in   the 

„.    , m(2n-m-l)  -^ ^  j   ^ j*       ^kj^k.j    ^     .       .    , 
dbf = l„„,-m = -^ ^ . Note that c/,7 = —T—- = 0   for   j = k. 

2 Pkj 

3. The factor -pr  has been introduced in equation (3-5) in order to account for 
V2 

"normalization" of the bilinear state-input vector (defined below) similar to the 
normalization of iJie quadratic state vector considered in section 2. 

3.1. Definition 

The "sum bilinear state-input vector" (sbsiv) will be defined as the vector 7£^'^\x} \u^') 
whose elements are the (un-weighted) normalized elements of the symmetric bilinear 
form of equation (3-5), that is: 

^%[']jn)^ {./-']^W..[^])-/ = /,2,...,"^^^-"^^)} (3-6) 

Where: 

3.2. Definition 
The "difference bilinear state-input vector" (dbsiv) will be defined as the vector 

^[^r U/J yUlj whose elements are the (im-weighted) normalized elements of the skew- 

symmetric biluiear form of equation (3-5), that is: 

^ur(,[/],„[/])=i^,[^%[nj']]i. /,2,...,"^(^"-"-^)} (3-7) 

16 
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Where: 

l = {k-lin--] + j;   j^k 

3.3. Definition 
The "bilinear state-input vector function" (bsivf) (or the bilinear forcing function) will be 

defined as the vector J7}''\x'-'\te'^j whose elements are the (weighted) normalized 
elements of the bilinear form of equation (3-5), that is: 

n%^^W^^)= \nl^ix^'\ul'^}i = l,2,...,n} (3-8) 

Where: 

k=lj=k k=lj=k 

k=lj=k k=lj=k 

+ J 

Remarks: 

1.   The significance of the symmetric and skew symmetric parts wiU become clearer 
later when we consider the basis matrices that define these bsivs. 

3.4. Example 
In order to explore certain useful properties of the bilinear state-input vector (bsiv) or 

the forcing function iZ   {■,)> we consider equation (3-5) for n=3, m=2: 

17 
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/7J-1 = dj, (xjUj) + dj, -j= (xju, + x,Uj) + djj -^{x^Uj) + d,j (X_,M_, ) + d,; -^(jsr^w,) 

+ d*,2 -7= (^'z"-' ~ ^2^1) + ^1.3 -j= {- ^5";) + "^u -J= {- ^3^h) 

nl-^=d-,i{x,t/j)+d-,-,^={xjU,+x,u,)+d-,s-l={x3Uj)+d2^{x2U2)+d2,5-j={x3^2) 

/ 11 
+ flf* , -j=r(A-/W_, - X_,M; ) + dl^ -7= (- JC^M; ) + <^7,J —r= (- ^^jWj ) 

77]-1 = C?5 ; (Xy W; ) + J3 _, -j= (x/M_, + X_,M; ) +1/^ 3 -y= [xjUj ) + ds4 (xjU, ) + d^^ -j= {X;U, ) 

+ dl2-j=ixi^2 -XjU,)+dls-j=(r X3UJ)+d3j-j={-x^w,) 

These equations may be written in matrix notation as: 

n^'^Adu    d„    d,,    d,,    d„\^%,)+k,    dls    dlM'H.,.) 

M-] = k;   d2.2   d,j   d,,   d,,\r%.)+[dh   dls   dl,\r^'^\.,.) (3-10) 

^P = k;   dsj   d,,   d,,   d,,\r%-)+[dh   dls   dl,\r^'^" {.,.) 

or alternatively as: 

^wy^]«w)=[^''^k'-'%''Uf^i)+[/^t-'^^^]^f-'i*y^''«''^) (3-11) 

Where: 

[D^-^]={1J, : j = l,2,3;l = 1,2,...,5}: is a [3x5] sum bilinear state-input (sbsi) coefficient 

matrix 

D^-^\={i'j,:j = l,2,3;l = 2,3,5]:   is   a    [3x3]    difference   bilinear   state-input   (dbsi) 

coefficient matrix. 

Remarks: 

1.   Note that^f^'(x^^^,M'^^f is a [5 x7] sbsiv. 

18 
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^'''(x'' ,M''')=    (XJU,)     —j={x,U2+X2Uj)     —i={xjU,)     (x_,M_,)     -^(XjW,) 

And that TT^'^'{x^^\J'^J is a [5x7] dbsiv: 

Abo, note that matrix [D^''   includes only the non-zero terms of p*,}. 

2. In the above example, the sbsiv /r'^\x'^'\u'^'') may be regarded as a vector spanning 

the space R^ whose elements are the terms of a bilinear polynomial in •^'^ ,M'^'| 

arranged in lexicographic order. 

3. Similarly, the dbsiv 7£'^ \^^\w^) may also be regarded as a vector but spanning the 

space R^ whose elements are the terms of a bilinear poljmomial in "^^ ,M^ ^ j 
arranged in lexicographic order. However, (ignoring those terms that are always 
identically zero) there are two fewer terms involved in the case of dbsiv. 

4. The inclusion of the factor —== caters for normalization as was done for the qsv in 
V2 

tiie previous section.   The metric property of the sbsiv was considered in section 
(2.4.4) where it was shown that for n=m: 

n!'^^'Kxi'^y\nl'^^'Kul'^\ xf']\ti] I   + J'] ,W (3-12) 

For the above example n=3, m=2, it can easily be verified that: 

ind 

x"' [-i,V'] 4x'nv^\ 

(3-13) 

(3-14) 

Where: 

nj'^k'^,xj^^\= i^^fy^'-f^i 

19 
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n"^V",M= ilnfy^^.x"'] 3 
I 

[/;] = 
/ 0 

0 1 

0   0 

5.   We observe that a bilinear polynomial (the "sum" bilinear polynomial) of the form: 

;5^'^',W'^')= (XyM;) + -7=(X;W_, +A-_,W;) + --^(XjW;)+ (X2M_,) + -^(X5M_,) 
^2 r2 r2 

may also be written as: 

p(si'i„i'i)4'''rh.fei'|)4'''rK.fei'iKy''rK.fe''')-y''rK.fe''') 

.(£"ifk.y')4"'rsih.iy") 
(3-15) 

Where: 

FiA= 
'1 0 
0 0 
0 0 

; [Fi.2\= 
1 

r2 

'0 f 
1 0 

0 0 
; [Fi.s\= 

1 
'0   0 0 0 
0   0 ; [^2,2]= 0 1 

1   0 0 0 
^2 

'0 0 
0 0 
0 1 

It will be noted that if both n, m=3 tiien the matrices [FJJ^ \ are symmetrical as in the 

case of the quadratic polynomial considered in section 2. Also, these matrices are 
similar to the basis matrices considered for the case of quadratic scalar functions 
and serve the same purpose.  That is, they enable us to form a general symmetric 

bilinear scalar function p\)C^\il'^) in systematic way, as follows: 

(3-16) 

6.   Similarly,   if  we   consider   a   bilinear   polynomial   (the   "difference"   bilinear 
poljmomial) of the form: 

/?* y^',/^ )= -^ (X;M,  - X^M; ) +-J= (- X^M; ) +-JJ (- X^M, ) 

20 
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then, this may also be written as: 

/y",»"')=fe"Tfefc"'Kfe"'rkfe"')4"'7fefe"') 
^''Tztteip) 

. j=l k=j 

Where: 
' 0 f 
-1 0 

0 0 
■.k,hj, 

' 0 0 

0 0 

-1 0 
^fel=i 

'0 0' 

0 0 

0 -1 

(3-17) 

;fel=M 

It will be noted that if n, m=3 then the matrices [F'j^ J would be skew-symmetrical. 

These matrices are similar to the basis matrices considered earlier for the case of the 
"sum" bilinear polynomial and serve the same purpose. That is, they enable us to 

form a general skew-symmetric bilinear scalar function p (x' ,w' ^j in systematic 
way, as foUows: 

7. As discussed in section 2, the basis matrices may be used to establish a relationship 
between an shsiv 7t]'^\^'\i£'^) and the corresponding linear state vector x^'^ and 

linear input vector w'   asfoUows: 
Now: 

^[-'iy^i,«w)= 

{x,Uj) 

—j={xjU2+X2Ui) 

{X2U2) 

m 
(3-19) 
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' Xj 0 ' 
x-, 

^2 4~2 

4~2 
0 

0 Xo 

0 X3 

w/1 im^j] t"'] W,J y'/h.r 
= Jl;) „!'! = miruY = 

My 0 0 

0      U-,      0 

0       0 

Where: 

"^/ 0 ' 
X] 

4~2 

= X3 

4~2 
0 ;and W. = 

0 X, 

n ^5 

4~2\ 

u,       0       0 

■I2    V2 

0       0     -^ 
42 

0      U-,      0 

0       0 
^2 

U7 

T2 

Xj 

X, 

Xs 

U If J^] 

(3-20) 

8.    The above result can be generalized to the case of x^'^ e R", u^'^ e R"'. Matrices 

x\f\B R'''"' and lufjlie R'''", Ij ^Hl^IlZElll^ will be referred to as the sum 

bilinear   generator   matrices   (sbgrns)   that   map   respectively    i/'' e R'"    and 

x^'^ e R" onto n^^%^^\u^'^)e R^'; That is: 

It can be shown, that provided not all the elements of w'^^and x'^^ are identically 

zero, then there exist the inverse sbgms (isbgms)   Xr,i 

such that: 

X [/] u 
[1] 

(3-22) 

Note the changed super- and sub-scripts in the inverse generator matrices. 

Where: 

X\2] X[i\ X[i] X[i] is an  [mx/y]  inverse sum bilinear generator 

matrix for u [A 
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U[2] m m f.n^ 
U\,\ is an   [wx/;]   inverse  sum  bilinear  generator 

matrix for x   . 

9.    For our particular example, it can be shown that: 

X[i] X\i] 
X j X -) [2x,' + Xo' +xf j 

X;X, [Xj'   + 2X2'   + X{ ) 

m X\i\ 
Yx{ + X2' +Xj" j X j X -) 

Where: 

/d = [[x;' +JC,' +xf^2xi' +2X2' +xf 

And: 

^1 
I   ■>    ^    ?        o\ x->[2x-,' +x,'] xAxr +2xo' +xfj             I          2] 
[xi-+2x2-+xf} -\   -        '  '   -^^ jj ^             [-x,X2  j 

I      2    ] X][2x,-+X3-) {-X]X2X3) 
\-Xi X2I 

VI VI 

■XJXTX^J 

It" 
- l-      "> ■> ' 

2 \2xf + X2- + X3- )   ^i^—i j^ '— 

10.  Similarly it can be shown that: 
(3-23) 

U\ 
\1\ 

u 
[1] 

Uf H—=- 
V 2 

UjU2 

0 

( 2 

0 \uj' + U2' ) 
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U [/] 
—\2 u 

[1] 

f    ■> 
Ui' ■> 
—^+W9' 

2 

0 

{-II,112) 

7        M9 

'       2 
\ 

0 ?(w/+M2") 

Where: 
.     (   3 2V' 

A = \^j   + II2 ) 

And: 

2Ui 

V 

(- M;M," ) 

\       T      3 2u-, 

4~2 

2ul_ 

r2 

(- M;M," j 

2u7 

2u i\ui- +uf] 

{ 2\ 
7       U7 

M;    +—=^ 

^ 
0 

2u j(uf+uf) 

^ 

(3-24) 

11.  Consideration, analogous to those discussed in remarks 7-10 above, also apply for 
the case of dbsiv; the results are quoted below: 

^W*t[^U[^]) = 
•12 

■u-m yf 
2J 

^I'l] 

X2 X] 

■J2      V2 

4~2 

~4~2, 

0 

0 

Uj 

U7 

[1] 
\i] (3-25) 
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n/ 
* T 

1.3 

F, 2.3 

m 
Ho 

4~2 4~2 
0 0 

0        0 

0 
X, r    , ,... -\ 

Uj 

4~2 
^2 = 

^[1] 

M, UiJ 
VIJ 

(3-26) 

Where: 

X [/] 

X2_        Xj_ 

■J2      42 

42 
^3 

4~2, 
0 

;and 
—[3 u [/] 

4-2 4-2 
0 0 

0 0 

0 

Uj 

T2 
Up 

4-2. 

12. The above result can be generalized to the case of x' ^ e i?", it^e R"'. Matrices in. .in. 

X in 
yhxm e 7?'-'™' and U in e R'-^" will be referred to as the difference bilinear 

generator matrices  (dbgms)  that map  respectively   ir^' e R'"   and   x 'G R", 

/, = "^i^'^-'"-^), onto ^^'^%^^\u^'^)e R'^, That is: 

^[^]*(xW..W)= X in 
.in_ u'' m M (3-27) 

13. Unlike the previous case, the existence of an inverse generator matrix is not 

guaranteed,   hi fact, it can be shown that an inverse dbgm {idbgm) as 

defined by the relation: 

Tr     r , 

^12] 
—\2 u m u in u in 

defined. 

does not exist, since the inversion is not 

[1] However, it may be shown, that provided that none of the elements oi x    are 

identically zero, then there exist an inverse dbgm (isbgm) ^l2] such that: 

«W = ^W*(xW,«W) 
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Note the changed super- and sub-scripts in the inverse generator matrices. 

Wliere: 

X W X 
[1] 

X 
[1] 

generator matrix for w^  . 

For the current example: 

X 
[1] 

:   is   an    [mx/,]   inverse   sum   bilinear 

^ r-)i 
~ ^2^ 3 

XiX 

-Xj 

1^3 

(x;-+x/) 
"X jX7X3 

— X jX7X ^ 

■Xs [xy^ +Xs') 
(3-28) 

Where: 
2!    2 2 2\ 

A = X3 \xj   + Xo   + Xj j 

3.5. Generalised Bilinear State-Input Generator Matrices 

For a state vector x^'^ e R" and an input vector w'^^e R"', the sbgins were defined in 
section 2, equations (Bl-2),(Bl-3). The sbgms and dbgms matrices may also be 

constructed utilizing the basis matrices [FJJ,\, [FJ/\- Following the procedure given 

in equations (3-19), (3-20) of the example, an algorithm for constructing the basis 
matrices [FJJ^ J for a general case, may be defined as follows: 

K/l,.- 
for   j = k 

for   jitk 

1   for    r = s 
0   otherwise 

-j=r   for   r = k,s = jandr = j,s = k 
■\j2 
0   otherwise 

(3-29) 

j = l,2,...,m;k = j,j + l,...,n 

The basis matrices for a general n-state, m-input symmetric bilinear vector system are 
given below: 
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'i 0 0   . ..   0' 

0 0 0   . ..   0 

0 0 0    . ..   0 

1.1 i 

0 0 0   . ■■ o_ 

I V 1.2 

0 1 0   . .   0~ 

1 0 0   . .   0 

0 0 0   . .   0 

1 

r2 

0 0 0   . .   0 

''■^^-H 

0 0 1  . .   0' 

0 0 0   . .   0 

1 0 0   . .   0 

0 0 0   . 
■ ^- 

^l.'"\=^ 

0 0 0 

0 0 0 

0    0    0 

IF;, = 
^ 

0 0    0 

0 0   0 

0 0    1 

0 10 

0    0    0 

''■"^^H 

0 0 0 

0 0 0 

0    0    0 

;•••; ^,J=;^ 

; 0 0 

0 0 0 

0 0 0 

0 0 0 

'0 0 0   . ..   0 

0 1 0   . ..    0 

0 0 0   . ..   0 

' WLIV ... 
... 

0 0 0   . ■■ 0. 

0    1    0   ...   0 

•■•I L m,n J 

'0 0 0   . .   0' 

0 0 0   . .    0 

0 0 0   . .   0 

; 

ri 

0 0 0   . .  1 

Similarly, the dbsigm may be constructed using the basis matrices [F*),], following the 

procedure  given  in  equations  (3-25),   (3-26)   of the  example,  an  algorithm  for 
constructing these basis matrices may be defined as foUows: 

teL- 
for   r = k,s = j 

for   r = j,s = k 

4'2 
-1 

4~2 
0   otherwise 

(3-30) 

j = l,2,...,m;k = jj + l,...,n;   andj*k 

The basis matrices for a general n-state, m-input skew symmetric bilinear vector 
system are given below: 
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n: 1 

r2 

0 1 0 

-10 0 

0     0    0 

'•"^'1? 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

■10    0   ...   0 

m,m+I i 

Fb\ = 
1 

4~2 

0 0 1 

0 0 0 

-10    0 

F;,\= I F.'.i 12 

0     0    0 

0 0 0 

0 0 1 

0-10 

0     0     0 

,...,  I'^Ill, F;.„\= 

" 0 0 0   . .  f 
0 0 0   . .   0 

0 0 0   . .   0 

1 

Vi -1 

0 0 0    . 
■ ^_ 

Fh, 

'0 0 0 ..   0' 

0 0 0 ..   0 

0 0 0 ..   0 

1 

VJ 

0 -1 0 
■■ ". 

0    0 0   . .    0' 

0    0 0   . .    0 

0    0 0   . .    0 

; 

VJ .    0 
. -1 

0    0 0   . ■    0 

^^''•"J=;^ 

0 0 0 

0 0 0 

0    0    0 

0    0    0...-] 

The dbgm matrices X pj mi] are given in Appendix-B, equations (Bl-4), (Bl-5). 

3.6. Bilinear State-Input Vector Function 
Finally before we leave this section, we give a state space representation of the state- 
input vector (or a forcing) function. Using relationships developed in this section, a 
bilinear n-state, m-input vector function may be written as: 

Or alternatively, in terms of the hgnis, as: 

(3-31) 

X 
[1] 

'—[2f 

£,Kj 

^U]= 

X 
[1] 

,w 

u 
[1] 

,w 

(3-32) 
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4. Forced Quadratic-Bilinear Dynamical System 
We shall now consider the algebraic structure of a forced-quadratic/bilinear system 
where the RHS of the differential equations consists of linear and quadratic terms 
identical to those in the free-QDS as well as additional linear input terms and bilinear 
terms involving inputs (forcing functions or control inputs) and system states. 

4.1 Definition 
A dynamical system will be classed as a forced-quadratic/bilinear djmamical system 
(forced-QBDS) if the right hand side (RHS) of the differential equations describing ilie 
time evolution of states consists of (see sections 2 and 3): 

a. a linear term in system state vector: [^''^J^''^ 

b. a quadratic term in system state vector: [B^''\r'' 

c. a linear term in input vector: [C'^J JM^'^ 

d. a bilinear term in state-input vector: 

That is, the forced-QBDS may be written as: 

Where: 
[/4'^'J= p, ,;? = l,2,...,n;j -1,2,—,n\. is an [wxn] linear state coefficient matrix 

[5[^J]={z,,,;/ = U...«;/ = 7,2,...,^}: IS an n X 
n{n + /) 

quadratic state coefficient 

matrix 
[c^^'J= {c, ^;/ = l,2,...,n;k = l,2,...,m < «}: is an [« x w] input coefficient matrix 

P^Jj= \ djj : j = l,2,3,...,n;l = 1,2,3,...,^— '- 

bilinear state-input {shsi) coefficient matrix 

D' ■■ <^djj: j = 1,2,3,...,n;l = 2,3,5,...,-^  

an 
m{2n-m + l) 

2 
sum 

is an 
m(2n- 

nx—^ ; 
2 
m-l)' 

difference bilinear state-input (dbsi) coefficient matrix 

x^'' = P; ,' = l,2,...,n\: is an [nxl] linear state vector 

^ = !^;i = l,2,.... n{n + /)!   . IS an 
nin + l)     ' 
—5^ -xl quadratic state vector 

H'^J = yy^;i = l,2,...,m < «|: is an [mxl] linear input vector 
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n}-^\x^'\J'^)= yTJ-\i = l,2,...,n\: is an [nxl] bilinear state-input vector function 

{2n - W7 + /)] _ . 
IS an 

m{2n -m + l)    , _i Lx] 
2 

sum bilinear state- 

input (sbsi) vector 

^''^y'W^= j;rF;/ = 1,2,... "<'"-"'^'^"^ ■ IS    an 
m{2n-m-l)    , —^^ '-xl 

2 
difference 

bilinear state-input [shsi) vector 

Alternatively, utilising the qgm and hgm defined in sections 2 and 3, the Forced-QBDS 
may also be written as: 

^,l'l = {[.l'lKsW]k0iy'U{[cl'lMz.W] X [/] + D^ X m ,w (4-2a) 

Or equivalently as: 

j-/^AU'WH\W^ u 
[1] 

D^ .xW+[cW].[^i (4-2b) 

Tlie forcing function or the input vector function Uj = |M/ ;i = l,2,...,n\ is given by: 

+ D^ X 

\i] 
2)i-'J 

[/] 

U 

xn 

[1] 
,w 

(4-3a) 

(4-3b) 

(4-3c) 

Where: 

and 3. 

: are the qgm and bgms defined earlier in sections 2 

4.2. Example: 

For n=3 and m=2, the forcing function or the input term Uj = [ct'ljMf^^ + n}^%^^\u^^^) 

may be written as: 
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■\l2 \2 

+dj^ -= {xsU2 )+ ^7,2 -r= {Xjtl2 - X2U] )+rfJ,5 -p (- X^U, ) +d'j^^ -j= (- X5M7 ) 

Vp^ = CTJUJ +C22H2 +d2lX]Uj +d2,2 ~~j={xjU2 + X2Uj)+d2,3 '~i= (^3^' 1)'^2J^2^'2 

+d2^5 --j=^{x^u2)+dl2 -Y^{x}ii2 -X2Vj)+d'2 3 -j={-X3Uj)^^'2^5 —j==:{-X3U2) 

^F   -^3,1^1 '^^3,2^2 '^'^3,1^1^] +<^i,2"7=(-^7"2 -^ X2U])+d ^j ^{x^Ujj+d JJX2U2 

+d35-j={x3Uo) + d37-j={xjU2-X2U])+d33-j={-X3U])+d3s-i=i-X3^2) 
'  ^}2 '   V2 V2 V2 

Remarks: Compare the above result with equation (3-11). 

5. Quadratic-Bilinear System Output Model 
Utilising the definitions given in previous sections, dynamical system output or 
measurement models may be derived. Following on from the results of previous 
sections, the system output model may be written as: 

(5-la) 

(5-lb) 

Or using qgm and hgms as: 

,l'l={[«l'lK,W][x(^]},l'!j[il'l]+[Ml-'l] X \1] MI-'J^ X 
[/] 

,U] 

^t^ujiz/wK^wl^iUMt-']] + M' .[^]+[zwy^^ 

(5-2a) 

(5-2b) 

Where: 

[//f'^J= Yij j;i = l,2,...,r;j = 1,2,...,n\. is an [rxn] linear state output coefficient matrix 

n{n + l)' V'Uu,:i^,.2...r;,^,.2 ^ is  an rx- quadratic   state  output 

coefficient matrix 

[D^^\- {/, t,/ = l,2,...,r;k = 1,2,...,s < «}: is an [r xs] output disturbance coefficient matrix 
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[MWl=k„;,- = W,...,-;, = /.2 ffelZilZll :   IS  an rx 
s{2n~s + ])' sum  bilinear 

state-disturbance (sbsd) coefficient matrix 

M'-J = <^ mj   -i = l,2,...r;p = 1,2,..., 
s{2n-s-l) 

is   an rx 
s(2n-s-l) difference 

bilinear state-disturbance {dhsd) coefficient matrix.  Note that matrices [M^ M' 

are similar to [/)   ] 

:{vf];/ = 7,2,...,5 

D 3* of the previous sections 3 and 4. 

: is the [r x /] output (measurement) vector 

: is the [s x /] output disturbance vector 

X [/] X [/] :    are    respectively 
s{2n-s + l) 

xs and 
s{2n -s-]) 

X5 bgms 

containing elements of x;^' similar to those have been defined in sections 2 and 3. 

[1] 
: are respectively 

s{2n-s + l) 
xn and 

s{2n-s-l) 
xn bgms containing 

M elements of v^ ^ similar to those defined in sections 2 and 3. 

A block diagrams for the forced-QBDS with output model is given in Figures 5.1. 
Figure 5.2 gives a block diagram where control input and disturbance vectors are 
linear. 

5.1. An Example of a Second Order Matrix Riccati Differential 
Equation: 
We consider the matrix Riccati differential equation of the type commonly encountered 
in synthesis of an optimal controller or a filter for a linear dynamical system [9,10]. The 
matrix Ricatti differential equation resulting from the estimation (filtering) problem for 
a second order system is as follows: 

dt 
[P] = [P][Ah[AY[p]-[P][s][Ph\Q] (5-3) 

Where: 

[Ah 

l8\ = 

[P] = 

^1.1     ^1,2 

'^2.1     ^2,2 

qi  12 • \ 
32     <l3_ 

Pi     P2 

P2     Ps 

is a \2x2\ linear state coefficient matrix 

: is a {2x2\ (symmetric) system noise covariance matrix 

is a \2x2\ (symmetric) Riccati matrix 
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[S] = 
^1,1     ^1.2 

^1,2     ^2,2 
is a [2x2\ (symmetiic) matrix 

Expanding equation (3-33) in its elemental form gives us: 

— Pl= 2{a],pi +aj2P2)- [Sl,lPl' +2si2PiP2 +S2,2P2'\+^] 
dt 

dt 

dt 

'2 = '^2.lPl + («/,/ + «2,2 )P2 + '^2.lP3 " \^1,2P2^ + ^l,lPlP2 + ^],2P]P3 + ^2.2P2P3 J+ ?2 

P3 - 2{a2iP2 + a2,2P3)- [^l.lP2' + 2S]2P2P3 + ^2,2P3  J+ 9i 

(5-4) 

Equation (3-34) may be written in matrix form as: 

d_ 
dt 

Pi 

P2 

P3 

2a 1.1 2^1,2 0 

^2,1      [^1,1'^'^2,2)     ^2.1 

0 2a2]        2^2.2 

Pi 

P2 

P3 

Sj 1     Sj2       0       S27       0 0 

0       Sji     Sj2     Sj2     S27        0 

0       0       0     S]j    Sj2    S22 

which is of the form: 

^X''U[A[']]X''] + [Br']\xi'Uui'J 

r ' 1 
Pi 

P1P2 
'qi' 

P1P3 
7 + ^2 

P2 
^3 

P2P3 
2 

IP3    J 

(5-5) 

(5-6) 
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Figure 5.1 Block diagram oftlieforced-QBDS of equations (4-1), (5-lb) 

Figure 5.2 Block diagram ofaforced-QBDS ivith linear input and disturbance 
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6. Extension to a Second Order Approximation of 
Analytical Functions 

One obvious application of the quadratic/bilinear algebraic structure discussed in the 
previous sections is in the second order approximation of analytical functions. Non- 
linear dynamical systems with RHS that consists of analytical functions can be 
conveniently set up as a set of quadratic/bilinear differential equations [5]. In order to 
demonstrate this we consider the following non-linear dynamical system of the form: 

at 
(6-1) 

with the output model given by: 

(6-2) 

Where: 
x = {xj;i = l,2,...,n]: isan[«x7] linear state vector 

u = \uj ;i = l,2,...,m < w}: is an [w x 7] linear input vector 
V = {v,;/ = l,2,...,s]: is an [5 X 7]output disturbance vector 
r = {zj;i = l,2,...,r]: is an [r x l\ output (measurement) vector 

Assuming that functions {/)(.,.)} arid  {//,(.,.)} satisfy the usual conditions for the 
existence of the Taylor's series, it follows that: 

9/; 
dx 

du 

^-=Z 
J=l 

'Mi' &Ci 

dx 

d_ 
dx 

du 

dx 

9/; 

Sx 

r ■ 

'^=ti- 2: fl^X;^ 

/ -^/-   \ 

dx 
Sx, 

\_j=i\^ J J     J ydXj,dXjj 

Su 

du 

ydu J 

ydx 

du 

I k=l °^k yj=l 

r -^r   \        \ 
\5uj 3/; 

v^"iy     y 
^^=u: n      ^'   (    rt-  f      ^ 

f., ( 
1L ^.=zz 

k^l j^l\^^k^uj J 

m     ^^   f    7)- f     ^ 

M   \    \Jvl 

/ -.^   \ 

\J= 

Su, 

k=,j=i\MdXjj 

'"   "' c d-fi   ^ 

k=i j=i I du^du, 
\    "    J 

Sxj^Sxj 

Sx^Suj 

dxjSu^ 

Suj^Suj 
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Since: 

IE 
*=/ ./■=/ 

^'A'^O^ZZ 
'" " ^ a-/. ^ 

*=' ./■=/ 
dii^dx 

J J 

Sx jdii^ 

the second order Taylor's expansion gives: 

K^^'JJ 

"•fdf,^ 
^dUjj 

inn r -.■>,■ \ 

SKJ^SK j 

r -.■> r  \ 

+ IZ 
k=lj=l dxj^diij 

^k^j+^HZ 
^ k=lj=l duj^duj 

Su/^Siij,-   i = l,2,...,n 

(6-3) 

Similarly: 

"fdh^ 

v^^./y 
^7 + 1 

7=/ 

^^a/.,^ 
V      7 / 

inn /     -^7, A 

*=/7=-' 

a-7?,. 

«    7 y 

Skj^Sxj 

+ 11 
k=Ij=l dxi^dvj 

1    s     s 

^ k=lj=l 

Sv^Svj,-    i = l,2,...,r 

(6-4) 

Furthermore since: 

IS r-f^ 
,^jj=,^dx,dujj k=l j=k ^dx^dUjj 

Sxj^Suj + 
ydxjdu,, J 

dxjSu^ 

^kj=< 

—    for    k = j 
2 

1   otherwise 

It follows that equations (6-3) and (6-4) may be written as: 

7=/ 
fi{x,u) = fi{x,u\^+'Z 

^fi 

K^^JJ 

-ra/;.^ 

K^^JJ 
^y + Z Z«7.t 

k=lj=k dx^dxj I 
"    J / 

Sx^Sx j 

+ Z Z«A,; 
k=lj=k ^dx^dUjj 

Sxj^Suj + 
dXjduj^ 

SxjSuA+Y,Y.(^j,k 
k=ij=k 

Suj^duj (6-5) 

i = l,2,...,n 

And: 
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'dh^ 

\^'.U 
&- + Z 

'dh' 

k=lj=k 

'  d\   ^ 

V     i^     J J 

Sxj^Sx I 

+ Z T^kj 
k=lj=k ydx^dUj 

Sxj-dVj + Skjd^i^ 
1   s    s 

dvi^Svj    (6-6) 

6.1. System Dynamical Model 
Making the following substitutions: 

;   j = l,2,...,n;   i = l,2,...,n; c^j = "ij = 
^a/;-^ 

bu = 

^k,j - 

^/•y = 

^ax^aw^^ 

'ML' ;   j = l,2,...,m;   i = l,2,...,n 

;   l = U,...^;   i = lZ...,n-,l = {k-lU-^\j 

;   j = ],2,...,m;   k = j,j + l,...,n 

;   j = l,2,...,m;   k = j,j + l,...,n 

;l = l,2,...,   ^^    ';i = l,2,...,Ti;l^{k-l) m--\ + j 

Using the relationships of equations (6-3), (6-1), The second order perturbation model 
(differential equation) for system dynamics may be written as: 

d " "' "  " "  "'       H] f 1 \ 
—&i ^J^aijSxj + Y^Cijduj + X 'L(^jj<bi,M^k^j + Z Hf^kjWj^k^j +s)\Sxjduk] 
"' j=l J=I k=lj=k k=lj=k 

m    m 

+ 'L'L^jkSi7j^k^j'    i = l2,...,n 
k=ij=k 

(6-7) 

Where: 

+ J 

The first two terms on the RHS of equation (6-7) are linear in {^} and {&i] 

respectively, while the third and fifth terms are quadratic involving ^^''\ and •p/^"^] 

respectively. The fourth term is the bilinear state-input term in \&, Sv}. Utilising the 

results of previous sections, equation (6-7) (after some algebraic manipulations) may be 
written, in state-space form, as: 
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dt 

Or alternatively as: 

+ /)' ^[-']*(^[^l^t^])+[Gt-'j]^W 

6.2. System Output (Measurement) Model 
Making tlie following substitutions: 

h 
'dh' 

ij 

JiJ = 

^^J = 

'J.k 

"iJ = 

dx, I 

[^dx^dvj 

^dXjdVk^ 

;   j = 1,2,...,n;   i = l,2,...,r; Ijj = ;   j = l,2,...,s;   i = l,2,...,r 

:   1 = 1,2 ^;   i = l,2,...,r;l = {k-lim-^A^J 

; j = l,2,...,s; k = j,j + l,...,n 

; j = },2,...,s; k = j,j + l,...,n 

;l^l,2,...,^;i = l,2,...,r;l = ik-lis-f\-,j 

(6-8) 

(6-9) 

Using the relationships established in equations (6-3) and (6-1), the second order 
perturbation model (measurement model) for the output may be written as: 

j=i ' - - - ■ ■ ■ j=i k=]J=k k=]J=k 

k==lj=k ' 

(6-10) 

Where: 

The first two terms on the RHS of equation (6-10) are linear in  {^} and   {Sv} 

respectively, while the third and fifth terms are quadratic involving ^'^^| and ^   \ 
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respectively. The fourth term is the bilinear state-input term in {^,^}. Utilising the 
results of previous sections, equation (6-10) (after some algebraic manipulations) may 
be written, in state-space form, as: 

Or alternatively as: 

M [2f n^^'Y{&y\S,%[^^2]]^[2] 

(6-11) 

(6-12) 

Figure 6.1 Block Diagram oftlm Forced-QBDS of equations (6-9), (6-12) 
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7. Conclusion 
In tliis report, formal definitions of free and forced quadratic/bilinear dynamical 
systems were given and the algebraic structure of this class of systems was explored 
witlT a view to setting up a systematic approach for deriving state dynamics and 
measurement models. This class of dynamical systems is characterized by a set of first 
order differential equations with the RHS that contains linear and quadratic terms in 
system states as well as bilinear terms involving state and input (or control) variables. 
An example of the quadratic state-space model of the airframe aerodynamics is given 
in Appendix-A. Properties of the quadratic and bilinear vectors were investigated and 
relationships between these and linear vectors established. Systematic procedure for 
constructing quadratic state and the bilinear state-input vectors was derived. The 
quadratic algebraic structure was applied to the formulation of a state-space model for 
a second order approximation of a general (analytic) non-linear system. 

The concept of quadratic and bilinear generator matrices was introduced that allows 
linear (state and state-input) vectors to be mapped onto the quadratic and bilinear 
vectors. Properties of these generator matrices were explored and it was shown that 
inverse generator matrices may be defined (in all but one case) that allows quadratic 
and bilinear vectors to be mapped onto linear state and linear input vectors. State- 
space representation of the system output or measurement model was also derived for 
the case where this contains linear and quadratic terms in states and bilinear terms in 
state-disturbance (noise) variables. 

The state-space structure of quadratic/bilinear dynamical systems considered in this 
report should facilitate analysis of this class of non-linear systems and possibly lead to 
general synthesis techniques or extension of linearised techniques for applications to 
these problems. 
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Appendix-A 

Euler's Equations of Motion 
The six equations of motion for a body with six degrees of freedom may be written as 
[Ref. 5]: 

m(u + wq- vr) = X + T + g^m 
m(v + ur- wp) = 7 + gytn 

m(w-uq + vp) = Z + g^m 

hxP-(lyy -hzkr + lyz(r' -q-)-1-^(pq + r) +I^,(rp-q) = L 

lyyA-(Jzz -hx)rp + Izx(P' - f^)'^xy(qr + p) +1y,(pq-r) = M 

Jzzi- -(Jxx- iyy )P^ + I xy((l^ ' P^ ) ' h"- (^P + ^^ + ^-"^ (^^ -p) = N 

(Al-1) 

(Al-2) 

Separating the derivative terms and after some algebraic manipulation, equations (Al- 
1), (Al-2) may be written in a vector form as: 

d_ 

dt 

0    0     0    10-1 

0-10010 

10-1000 

\uq X + T gx' 

ur + Y + gy 

vp Z gz 
vr 

wp 

wq 

(Al-3) 

d_ 

dt 
=UnB]] 

P' 

PI 
pr 

-> 
(1 
qr 

■> 

r 

+ t^l-'l 
L 

M 

N (Al-4) 

Note that the states (u,v,w,p,q,r) appear as quadratic terms in equations (A 1-3), (Al-4). 

Where: 

X = -;   Y = -;   Z=-;   T =- 
m m m m 
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[Ah 
' XX •'AT 

■A. 

A.    A-- _ 

"    0 I,x -Ix,- ly-       (AV-AJ    -A.- 

[5]=-/,,       -/,„       (/,.-AJ     0 /^, /,, 
/^,    (/,,-/,,,)      /,,       -/^.      -A.        0 

M-'=^ (A.-AV + A--AJ    (A.VA.--A/')   (A.A-'+A.v/;n.) 

Combining equations (Al-3) and (Al-4), we obtain the full 6* order rigid body 
dynamics state equations as: 

d_ 
dt 

}i\ 
i/ [c] 

[0] 

[0] 

[U]-'[B]] 

[I] 

[0] 

[0] 

W] 

J'l 

«l," 

+ (Al-5) 

Where: 
'0     0     0    1    0 -f 

[C]=  0-1001 0 
1     0     -10   0 0 

^7   = [uq   ur   vp   vr   wp   wqf; ^2  - [p^    M   P''   ^'    1^   '"' I 

u^l^ = [x^f   Y    zf;«[^] = [Z   M   iVf;g = k.    g,    gj 

Equation (Al-5) may be written in a compact form as: 

dt 

Where 

[F] 
[C] 

[0] 

[0] 

U-'iBi 
: is the 6x12 quadratic state coefficient matrix 
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[Gh 
[I] 

[0] 

[0]  ' 
: is the 6x6 input coefficient matrix 

x'^^ = |x/   ! X, I = [i<   V   w\ p   q   r]^: is the 6x1 linear-state vector 

x^"^ = [x;   ' X, J     =    \iq   ur   vp   vr   wp   wq \p'    pq   pr   q'    qr   r'\  :    is    the 

12x1 quadratic-state vector 

yt^] = M[^1 I w[^^j   =[x + f   Y    Z \L   M   NJ   : is 6x1 a vector function of control 

inputs, forces and moments 

S    = t' 2j   = 1^.Y    Sy    Sz    ^ i ^   Oj : is the 6x1 gravity (or disturbance) vector 
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Appendix-B 

(r-i\- 

0 0 0 

0 0 0 0 

0 0 0 0 

Xn 0 0 0 

X,        0        0       0     0 

l2^     IJ=      0       0     0 
42      42 

r2 

V? 

VJ 
0 

0 

0 

0 

0 

0 

0 

VJ     ^/J 

^2 

0 

0     0 

0 

0       0     0 

0       0      0 

0 

0   ''•■*' 

0 

0 
X 

42     42 
X,.. 

0      0 

0      0 

0     -j=   0 
42 42 

4^2 

4^2 

0       0     0 

0        0      0 

0 0 0 

0 0 0 

0 0 0 

0 X] 

4^2 
0 

0 0 Xj 

4^2 
0 0 0 

0 0 0 

0 0 0 

0 
X-, 

4'2 
0 

0 0 
X-, 

12 

0 0 

0 0 

0 0 

X, 

4~2 
0 

0 
X, 

4~2 

0 x„-l 0 

0 
r2 

x„-i 

4-2 
0 0 ^» . 

is the 
n{n + l) 

xn n-state quadratic generator matrix [qgm). 

(Bl-1) 
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0 0 

X 
[1] - nxl 

r2 

V2 

4~2 

4~2 
0 

0 

0 

0 

'; 
^2 

0 

0 

4~2 

0 

0 0 

0 0 

X2 0 

fj- ^    0 
■sl2 42 

42 

0 
4~2 

^    "o 
42 

Xj_ 

4~2 
0 

0 

0 

0 

X-, 

4~2 
0 

is the 
m{2n-m + l) 

X m 

(Bl-2) 

4^ 

42 

n-state sum bilinear generator matrix (sbgm). 
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nxp 

II,       0 

41  42 
"3 n "/ 

0        0 

0        ... 

42 

^     0 
42 
0 

0 

0 M_, 

0 

4~2 
0 

0 

0 

42   42 
0       0 

^     0 
42 
0 

0       0 

0 

0 

0     ^    0 
42 

0     -^    0 
42 

VI 
0 

0 

0 

"/ 

41 
0 

0   u„,     0 

0^0 
41 

41 
0 

0 

0 

~41 
0 

0 

...    0    ^     0 
41 

      0     ^ 
41 

(Bl-3) 

: is the 
m{2n-m + l) 

X n m-input sum bilinear generator matrix (sbgjn). 
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~r2 

r2 

^ 0 
X 

T2 
0 

41 
0 

0 

r2 

X 
[1] 

nxl 

0 

0 

^3 ^2      Q 

42 42 

-^ 0 
42 

4~2 
0 

^      0 
42 
0 

0 0 

0 

0 

4~2 

0 

0 

0 

x-> 

4~2 
0 

0    - 
4~2 

0     - 
4~2- 

(Bl-4) 

: is the 
m{2n -m-j) 

X m n-state difference bilinear generator matrix {dbgm). 
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U 
\1] 

-imp 

111 

I'm 

4~2 
0 

0 

0 

0 
\r2 

0    ... 

..    0 
\r2 

\r2 

4~2 

\r2 
0   ... 

0   —^     0 

r2 
0 

0 

0 

0 

0 

^2 

0 

0    -^ 
4~2 

0 

\r2 

r2 

(Bl-5) 

: is the 
m{2n -m-l) 

X n m-input difference bilinear generator matrix (dbgni). 
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