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LINEAR DYNAMIC EQUATIONS ON TIME SCALES 

Kirsten R. Messer, Ph.D. 

University of Nebraska, 2003 

Advisor: Allan Peterson 

The theory of time scales was introduced by Stefan Hilger in his 1988 PhD dis- 

sertation, [18]. The study of dynamic equations on time scales unifies and extends 

the fields of differential and difference equations, highlighting the similarities and 

providing insight into some of the differences. 

In his dissertation, [18], Hilger introduced the notion of the "delta-derivative" on a 

time scale. An analogous concept, the "nabla-derivative" was developed and explored 

by Ferhan Atici and Gusein Guseinov in [4]. It is interesting to look at what happens 

when these two kinds of derivatives are present in the same equation. The interaction 

between them yields some fascinating behavior, which in some cases is "cleaner" than 

the behavior found with only one type of derivative. 

In Chapter 2, we examine the second-order, self-adjoint dynamic equation which 

contains both delta- and nabla-derivatives. We develop a reduction of order theorem, 

explore oscillation and disconjugacy, and look at Riccati techniques. The material in 

Chapter 2 has been previously published in [23] and [22]. 

In Chapter 3, we look at solution techniques for linear dynamic equations which 

can be written in a factored form. We develop complete results in the case where the 

equation contains only one kind of derivative. We briefly discuss the mixed derivative 

case deferring further consideration to later work. The material in Chapter 3 has 

been previously published in [21]. 

In the final chapter, Chapter 4, we return to the self-adjoint equation.   Here, 



we consider the matrix form of the equation. As in the scalar case, we develop 

a reduction of order theorem and explore Riccati techniques, culminating with the 

proof of Jacobi's Condition. 

Throughout much of this dissertation, the interaction between the delta- and 

nabla-derivatives plays a key role. In many cases, it is rather startling to see how all 

of the pieces fit together. It is our hope that this work will inspire further exploration 

in this area. 
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Chapter 1 

Introduction 

The theory of time scales was introduced by Stefan Hilger in his 1988 PhD disser- 
tation, [18]. Scholars in the fields of differential equations and difference equations 
have long been aware of the startling similarities and intriguing differences between 
the two fields. The study of dynamic equations on time scales unifies and extends 
the fields of differential and difference equations, highlighting the similarities and 
providing insight into some of the diflFerences. 

In his dissertation, [18], Hilger introduced the notion of the "delta-derivative" (or 
A-derivative) on a time scale. This derivative is a generalization of both the usual 
derivative from differential equations and the forward difference operator from dif- 
ference equations. An analogous concept, the "nabla-derivative" (or V-derivative) 
was developed and explored by Ferhan Atici and Gusein Guseinov in [4]. The nabla- 
derivative is a generalization of the usual derivative and the backward difference oper- 
ator. Study of the nabla-derivative alone is not particularly revealing, since the results 
are usually directly analogous to results developed for the delta-derivative. What is 
interesting, however, is to look at what happens when these two kinds of derivatives 
are present in the same equation. The interaction between these two derivatives yields 
some fascinating behavior, which in some cases is "cleaner" than the behavior found 
when only one type of derivative is considered. 

In Chapter 1 of this work, we provide a brief introduction to the calculus on a 
time scale, including both the delta and nabla derivatives, for the reader who may 
be unfamiliar with the field. We also summarize some of the key results concerning 
"generalized exponential functions", which play a key role in the study of dynamic 
equations on time scales. The material in this chapter is taken from existing sources, 
primarily [6, 7, 4, 3], which, in turn, rely on previously pubhshed works by Hilger 
and others, and we refer the interested reader to those sources for a more complete 
introduction. 

In Chapter 2, we examine the second-order, self-adjoint dynamic equation 

\p{t)x'^{tr + q{t)x{t) = 0 



on a time scale. Although the similar equation, 

b(t)xT + 9(^K = 0, 

has been studied extensively, (see, for example [9, 10, 11, 5, 12, 15, 13, 17]), little 
work has been done on this equation, which combines both the delta and nabla 
derivatives. We begin by establishing several results concerning the interaction of 
these two derivatives. Also included in the first section is a theorem which shows that 
under certain conditions, the generalized exponential functions ep{t,to) and er(t,fo) 
can be related to one another. We next look at three second-order linear equations 
and demonstrate that they can be written in self-adjoint form. The first results which 
are directly related to the self-adjoint equation are contained in Section 2.3, which 
culminates with a reduction of order theorem. We turn our attention to oscillation and 
disconjugacy in Section 2.4, where we establish an analogue of the Sturm Separation 
Theorem, and, via the Polya and Trench factorizations demonstrate the existence of 
recessive and dominant solutions of the self-adjoint equation. The final section of the 
chapter. Section 2.5, discusses Riccati techniques as they relate to the self-adjoint 
equation. The material in Chapter 2 has been previously published in [23] and [22]. 

We alter our focus slightly in Chapter 3. There, we look at solution techniques 
for linear dynamic equations on time scales which can be written in a factored form. 
As special cases, we obtain solution techniques for constant coefficient dynamic equa- 
tions and for Euler-Cauchy dynamic equations. These special cases are consistent 
with results developed by Akin-Bohner and Bohner in [7, 2]. We consider equations 
containing either delta-derivatives or nabla-derivatives, and develop complete solu- 
tion techniques in these cases. We briefly discuss second-order equations containing 
both delta and nabla derivatives, and defer consideration of higher order equations 
with a mixture of the two kinds of derivatives to later work. We conclude Chapter 
3 by examining another equation which cannot itself be written in factored form, 
but is equivalent to one which can. The material in Chapter 3 has been previously 
published in [21]. 

In the final chapter. Chapter 4 we return to the self-adjoint equation with mixed 
derivatives. In this chapter, we consider the matrix form of the equation. As in the 
scalar case, the related scalar equation which contains only delta-derivatives has been 
studied extensively (see, for example [1, 14, 15,13]).Many of the results in this chapter 
are analogous to the results obtained in Chapter 2 for the scalar case. We begin by 
establishing the Lagrange Identity for this equation, which leads to the development 
of Abel's Formula and a reduction of order theorem. Prom there, we move into a 
section on Riccati techniques, where we develop the relationship between the self- 
adjoint matrix equation, and it's related Riccati equation. Chapter 4 culminates 
with the proof of Jacobi's Condition, which is much more difficult to establish in the 
matrix case than the scalar case. 

Throughout much of this dissertation, the interaction between the delta and nabla 
derivatives plays a key role. Although there are some theorems where the interaction 



does not have much impact, in most cases, it is rather startling to see how all of the 
pieces fit together. It is our hope that this work will inspire further exploration in 
this area. 

1.1    The Calculus on a Time Scale 

A time scale is simply a closed subset of R. Throughout this work, we will use 
the symbol T to represent a time scale. A given time scale is assumed to have the 
topology which it inherits as a subspace of R with the usual topology. The notation 
[a, b] is understood to mean the real interval [a, b] intersected with T. Open and half- 
open intervals are understood similarly. We begin by introducing the forward and 
backward jump operators on T. 

Definition 1. Let T be a time scale. For i G T, we define the forward jump operator, 
o-: T -^ T by 

a{t) := mi{s eT:s>t}. 

If {s e T : s > i} = 0, (i.e. if t = maxT), we take a{t) = t. 
Similarly, we define the backward jump operator, p{t) : T —> T by 

p{t) := sup{s e T : s < i}, 

and, lit = minT, we take p{t) = t. 

If / : T ^ M, then the notation fit) is understood to mean f{(j{t)), and fP{t) is 
understood to mean f{p{t)). 

Points in T are classified as follows: li a{t) > t, we say t is right-scattered. If 
t < supT and a{t) = t, we say t is right-dense. If p{t) < t, we say t is left-scattered, 
and if i > inf T and p{t) = t, we say t is left-dense. Points that are both right and left 
scattered are called isolated, and points that are both right and left dense are called 
dense. 

Definition 2. A function / : T ^- R is said to be right-dense-continuous or rd- 
continuous provided / is continuous at all right-dense points in T, and provided 
limj—t f{s) exists and is finite at all left-dense t G T. 

We say / is left-dense-continuous or Id-continuous provided / is continuous at all 
left-dense points in T, and provided lim^^t /(«) exists and is finite at all right-dense 
teT. 

Definition 3. The graininess function, p,{t), is defined by 

nit) := a{t) -t. 

The backward graininess function, u{t) is defined by 

i^{t):=t-p{t). 



Remark 4. Recently, there has been some disagreement regarding the most appro- 
priate definition of u{t). In this work, we retain the original definition, which is 
consistent with previously published literature on V-derivatives. It is inconsistent, 
however with the current work on a-derivatives. When working with a-derivatives, 
the a-graininess, Ha is defined to he Ha := a{t) — t. When a{t) = p{t), then, we 
would have Hp := p{t) —t = —v{t). This inconsistency is unfortunate, but we feel it is 
more important that we remain consistent with the way u{t) was defined in previously 
published work. To minimize confusion, we recommend the notation yUp(t) = p{t) — t 
be used in work that is to be interpreted in the more general a-derivative setting. 

Definition 5. The set T*^ is defined as follows. If T has a left-scattered maximum, 
M, then T'= := T \ {M}. Otherwise, T*" = T. Similarly, if T has a right-scattered 
minimum, m, we define the set T^ := T \ {m}. Otherwise, ¥« = T. 

Definition 6. Assume / : T -* M, and let t e V. Then we define the delta-derivative 
of f at t, denoted /^(t) to be the number (provided that it exists) with the property 
that given any £ > 0, there is a neighborhood, U oi t such that 

|[/(cr(i)) - f{s)] - fHtMt) -s]\< e\ait) - s\ 

for all seU. 

If f^(t) exists for all t e T'^, then we say / is delta-differentiable, and we call 
/^ : T*^ -> M the delta-derivative of / on T". It is straightforward to show that for 
t e T*^, /^ is well defined. Note, however that if T has a left-scattered maximum, 
M, then f^{M) is not uniquely determined. This is precisely why we eliminate this 
type of point in our set T**. 

The nabla-derivative is defined in similar fashion to the delta-derivative. 

Definition 7. Assume / : T ^ E, and let t 6 T^. Then we define the nabla-derivative 
of f at t, denoted f^{t) to be the number (provided that it exists) with the property 
that given any e > 0, there is a neighborhood, U oit such that 

, iifiPit)) - m] - fmpit) -s]\< e\pit) - s\ 

for all seU. 

If /^(i) exists for all i G ¥«;, then we say / is nabla-differentiable, and we call 
/"^ : T;, ^ R the nabla-derivative of / on T«. 

Note that in the case T = M, both the delta and nabla derivatives are simply the 
usual derivative. If T = Z, the delta derivative is the forward difference operator, 
while the nabla derivative is the backward difference operator. Both the delta and 
nabla derivatives possess many useful properties. We summarize some of them here. 

Theorem 8. Assume / : T —> E is a function and let t G T*^. Then 

(i) If f is delta-differentiable at t, then f is continuous at t. 



(a) If f is continuous at t and t is right-scattered, then f is delta-differentiable at 
t, and 

(Hi) If t is right-dense, then f is differentiable at t if and only if the limit 

s—>t        t — S 

exists as a finite number. In this case 

•'     ^ ^       s-^t t- S 

(iv) If f is delta-differentiable at t, then 

nt) = f{t)+fi{t)f^{t). 

Theorem 9. Assume g :T ^R is a function, and let t E T^. Then 

(i) If g is nabla-differentiable at t, then g is continuous att. 

(a) If g is continuous at t and t is left-scattered, then g is nabla-differentiable at t, 
and 

^  ^^"     t-p{t)    • 

(Hi) Ift is left-dense, then g is differentiable at t if and only if the limit 

s-*t        t — S 

exists as a finite number. In this case 

^    ^ ■'       s->*        t- S 

(iv) Ifg is nabla-differentiable att, then 

g''{t) = g{t)-v{t)g^{t). 

Looking at properties (ii) and (Hi) in each of the theorems above gives us a more 
intuitive understanding of these derivatives than can be gained via the definition 
alone. In the case of the delta-derivative, if t € T is right-dense, then the delta- 
derivative behaves in much the same way as the usual derivative. It can be regarded 



as the slope of the tangent hne to the function at t, although if t is both right-dense 
and left-scattered, the limit is a one-sided limit. On the other hand, if t is right- 
scattered, then the f^{t) is the slope of the line segment connecting f{t) and f{ar{t)). 
In this case, it makes no difference what the behavior of the function is like to the 
left of t, beyond the requirement that / be continuous at t. So, the delta derivative 
provides a mixture of the discrete behavior of the forward difference operator, and the 
continuous behavior of the usual derivative. The nabla derivative can be interpreted 
similarly, but in that case the focus is on what happens to the left of a given point, 
rather than the right. 

It is easy to show that both the delta and nabla derivatives are linear. There are 
also product and quotient rules for both derivatives. 

Theorem 10. Assume f,g -.T -^M are delta-differentiable att^f^. Then 

(i) The product fg is delta-differentiable at t, with 

ifgfit) = /^(i)5W + r{t)g^{t) = f^it)g'^{t) + /W/W- 

(ii) If g{t)g'^{t) 7^ 0, then ^ is delta-differentiable at t, with 

f^{t)g{t) - mg^t) f)'*) 
Theorem 11. Assume f,g -.T -^R are nabla-differentiable att E T^. Then 

(i) The product fg is nabla-differentiable at t, with 

if9)''{t) = f{t)9{t) + nt)g^{t) = r (i)/W + f{t)9''{t)- 

(ii) If g{t)gP{t) ^ 0, then I- is nabla-differentiable at t, with 

fV it)-f^^^)3{t)-f{t)g'^{t) 
9j    ^' 9{t)9''it) 

Of course, the calculus on a time scale would not be complete without a concept 
of integration to complement the derivative. It can be shown that if a function 
/ : T —»• M is rd-continuous, then it has a delta antiderivative. Similarly, if g': T —»■ IR 
is Id-continuous, then it has a nabla antiderivative. We then define the delta and 
nabla integrals of / and g in terms of these antiderivatives. 

Definition 12. Assume / : T —> E is rd-continuous, and let F be a delta antideriva- 
tive of /. That is, suppose F^{t) = f{t) for all t G T". Then the indefinite delta 
integral of / is given by 

'f{t)At = F{t) + C. 
/■ 



The delta Cauchy integral is defined by 

f{t) At = F{s) - F{r)    for all   r, s G T. 
/' Jr 

Definition 13. Assume 5-: T ^- K is Id-continuous, and let G be a nabla antideriva- 
tive of g. That is, suppose G^{t) = g{t) for all t e T^. Then the indefinite nabla 
integral of g is given by 

I g{t)m = G{t) + C. 

The nabla Cauchy integral is defined by 

/' 
g{t) Vt = G{s) - G{r)    for all   r, s G T. 

These definitions can be generalized to apply to a more broad category of functions 
called regulated functions. See, for example, [6, Section 1.4]. Since our applications 
of integration usually fall within the more restrictive definition, however, we will not 
dwell on the somewhat technical details of this more general definition. 

As with the derivatives, both integrals are linear. Additional properties are given 
in the following theorems. 

Theorem 14. If a, b, ceT, and f, g are rd-continuous, then 

(i) fjit)At^-j:mAt. 

(ii) j'jit)At=f:mAt+f^mAt. 

(in) la nt)9Ht) At = {fg){b) - {fg){a) - /„" nt)g{t) At. 

H £ mgHt) At = {fg){b) - {fg){a) - /„" nt)g'^{t) At. 

Theorem 15. If a, b, CET, and f, g are Id-continuous, then 

(i) !lf{t)vt = -s:f{t)m. 

(ii) tj{t)vt = rj{t)m + !lf{t)vt. 

(in) !lni)9'it) vi = Ugm - {fg){a) - j'f^iMt) m. 

(iv) la ma''it) vt = {fg){b) - {fg){a) - fj''{t)g''(t) Wt. 



1.2    Generalized Exponential Functions 

In the study of differential equations, the properties of the exponential function e"* 
are crucial to many of the standard results. In difference equations, there is a similar 
reUance on functions of the form a*. In this section, we look at generalized exponential 
functions on time scales, which will play this key role in the time scales context. 

Definition 16. We say that a function r : T —^ R is regressive if 

l + fi{t)rit)y^O 

for all teV. 
We further define the sets 71 and TZ^ by 

7?. := {r : T —*• R I r is rd-continuous and regressive} 

and 
7e+ := {r e 7^ I 1 + Kty{t) > O for alH € T} 

We now define the "circle plus" addition, ©, on Tl. li p, q E TZ, then 

peq:=p + q + fJ-pq, 

where /x is the graininess function.   It can be shown that TZ is an Abehan group 
under this circle plus addition. For this reason, we refer to 7^ as the regressive group. 
The family 7?.+ of positively regressive functions is a subgroup of TZ under circle plus 
addition. 

If p e 72., then the additive inverse of p under circle plus addition is denoted 0p, 
and is given by 

-p 

1 + HP 

For p, q eTZ, we write pQq to denote p© (Qq)- 
If r e 72., then the initial value problem 

y^ = r{t)y,    y(io) = 1 

has a unique solution. We denote this solution by 

er(")^o)) 

and call it the generalized (delta) exponential function. It can be shown that if 
reTZ+, then er{-,to) > 0 for all t G T. 

Some of the key properties of the generalized (delta) exponential function are 
given here. 

Theorem 17. If p, qE TZ, then 



(i) eo{t,s) = 1 and ep{t,t) = 1; 

(ii) ep{a{t), s) = {l + fx{t)p{t))ep{t, s); 

(iv) ep{t,s) = ^^ = eep{s,t); 

(v) ep{t, s)ep{s, r) = ep{t, r); 

(vi) ep{t,s)eq{t,s) = epQq{t,s); 

A generalized nabla exponential function can be developed in an analogous fashion. 
We state the relevant definitions and properties here. 

Definition 18. We say that a function r : T -^ M is u-regressive if 

1 - u{t)r{t) ^ 0 

for all teT^. 
We further define the sets 7?.^ and TZ^ by 

7?.i, := {r : T —> E I r is Id-continuous and u — regressive} 

and 
nt ■.= {ren^\l- v{t)r{t) > 0 for alH G T} 

The set %„ is an Abelian group under the operation ©^, which is defined by 

p®vq:=p + q- vpq, 

for p, g G Tlu- The family 7?.+ is a subgroup. 
lip ETZ,,, then the additive inverse of p under ©j, is denoted Q^p, and is given by 

—P 
QuP - 1 — up 

For p, q e Tlu, we write p 9^ ? to denote p ®u (Quq)- 
lir eTZu, then the initial value problem 

y'' = r{t)y,    y{to) = l 
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has a unique solution. We denote this solution by 

er(-,to), 

and call it the generalized nabla exponential function. It can be shown that if r € TZ'^, 

thene^(-,to) > 0 for alH G T. 
Some of the key properties of the generalized nabla exponential function are given 

here. 

Theorem 19. Ifp, q e1Z„, then 

(i) eoit,s) = 1 and ep{t,t) = 1; 

(ii) ep{p{t),s) = (1 - u{t)p{t))ep{t,s); 

M i;fc) =ee.p(*,5); 

(iv) ipit, s) = 1^ = ie^pis,t); 

(v) ep{t,s)ep{s,r) = ep{t,r); 

(vi) ep{t,s)eq{t,s) = epQ^q{t,s); 
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Chapter 2 

A Second-Order Self-Adjoint 
Dynamic Equation on a Time Scale 

2.1    Preliminary Results 

This chapter is concerned with the study of the second-order self-adjoint equation 
\p{t)x^]^ + q{t)x = 0 on a time scale. Since the equation we are interested in contains 
both A and V-derivatives, we will want to know how these two different derivatives 
interact. Toward this end, we will need an analog of L'Hopital's Rule. A version of 
this crucial theorem for A-derivatives, is contained in [6], although it is presented 
here in a slightly different form (Theorem 22). We then develop L'Hopital's rule for 
V-derivatives (Theorem 23). 

We may want to employ L'Hopital's Rule to evaluate a limit as i -^ icxo, so we 
make the following definitions. 

Definition 20. Let £ > 0. If T is unbounded above, we define a left neighborhood of 
oo, which we denote by Le(oo), by 

Le(oo) = |ieT:t> -I 

Similarly, if T is unbounded below, we define a right neighborhood of —oo, denoted 
Rs{-oo) by 

i?e(-oo) = |t€T:t<—I. 

We next define right and left neighborhoods for points in T. 

Definition 21. Let e > 0. For any right-dense to € T, define a right neighborhood of 
to, denoted Rs{to), by 

Re{to) ■.= {teT:0<t-to<e}. 
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Similarly, for any left-dense io G T , define a left neighborhood of to, denoted I/e(to), 
by 

Ls{to) :={tei::Q<to-t<e}. 

Theorem 22 (L'Hopital's Rule for A-derivatives). Assume f and g are A- 
differentiable on T, and let to G TU {oo}. If to G T, assume to is left-dense. Further- 
more, assume 

lim f{t) = lim g{t) = 0, 

and suppose there exists e > 0 with 

g{t)g^{t) < 0   for all   t e L,{to). 

Then we have 

lim inf Q^ < lim inf 4ir < Hm sup 4Jr < lim sup ^^. 

Theorem 23 (L'Hopital's Rule for V-derivatives). Assume f and g are V- 
differentiable on T and let to E T U {-oo}. If to G T, assume to is right-dense. 
Furthermore, assume 

lim fit) = limfl(t)=0, 

and suppose there exists e > 0 with 

g{t)g'^{t) > 0   for all   t G R,{to). 

Then „ rr, . 
f^(t) f(t) f(t) f^(t) 

lim inf 4^ < lim inf ^ < lim sup ^ < lim sup ~jj-. 
t^4   9^(t)        ^-^4   9{t)        t^t+    9{t)        t^tt    ^   (*) 

Proof Without loss of generality, assume g{t) and g'^it) are both strictly positive on 
Reito). 

Let S G (0,e], and let a := inf^gH,(to) f^> ^ ■= ^^PreRsito) f^- To complete the 
proof, it suffices to show 

a<    inf    ^<    sup   ^^<b, 
reRsito) g{T)       TGRsito) Qv) 

as we may then let 5 —>^ 0 to obtain the desired result. 
We must be careful here, as either o or 6 could possibly be infinite. Note, however, 

that since g^ij) > 0 on Rs{to), we have a < oo. Similarly, b > -oo. So our only 
concern is if a = — oo or 6 = oo. But, if a = — oo, we have immediately that 

a<    inf    44> 
T€Rs{to) g{T) 
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as desired, and if 6 = oo, we have immediately that 

sup   44<i,. 

as desired. Therefore, we may assume that both a and h are finite. Then 

ag'^{r)<f{r)<hg^{T)   for all   reRsito), 

and by a theorem of Guseinov and Kaymakgalan [16], 

/' ag^{T) Vr < f fir) VT <  I bg^ir) Vr    for all    s, t G Rsito), t < s. 
Jt Jt Jt 

Integrating, we see that 

ag{s) - ag{t) < f{s) - f{t) < bg{s) - bg{t)   for all   s, t E Rsito), t < s. 

Letting t —>• tj, we get 

agis) < f{s) < bg{s)   for all   s e Rsito), 

^""^ ^^""^ f(s) f(s) 
a<    inf    l^<    sup   4^<fe. 

seRsito) g{s)     seRsito) 9[s) 

Then, by the discussion above, the proof is complete. D 

Remark 24. Although these theorems are only stated in terms of one-sided limits, 
analogous results can be established if the hmit is taken from the other direction. To 
apply L'Hopital's rule using A-derivatives and a right-sided limit, to must be right- 
dense (or —CO if T is unbounded below), and gg^ must be strictly positive on a right 
neighborhood of io- Similarly, to apply L'Hopital's rule using V-derivatives and a 
left-sided limit, to must be left-dense (or oo if T is unbounded above), and gg"^ must 
be strictly negative on some left neighborhood of io- 

In order to determine when the two types of derivatives may be interchanged, we 
need to consider some of the points in our time scale separately, so let 

yl := {t G T I t is left-dense and right-scattered},    and   TA := T \ A. 

Similarly, let 

B := {t eT  \tis right-dense and left-scattered},    and   Tjg := T \ B. 

Lemma 25. Ift G T^, then a{p{t)) ^t. Ifte TB, then p{a{t)) = t. 
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Proof. We will only prove the first statement. The proof of the second statement is 
similar. If i G T^, then either t is left-scattered, or t is both left-dense and right-dense. 
If t is left-scattered, then p{t) is right-scattered and it is clear that (7{p{t)) = t. If t is 
both left-dense and right-dense, then a{t) = t and p{t) = t. Hence cr{p{t)) = a{t) = t. 
In either case we get the desired result. □ 

Theorem 26. // / : T —> R is A-differentiable on T'^ and f^ is rd-continuous on 
f^, then f is V-differentiahle on T^, and 

•^   ^*^ - \ lim,_t- f^{s)   t e A. 

// 5f : T —> R is V-dijferentiable on T^ and g^ is Id-continuous on ¥«, then g is 
A-differentiable on V, and 

9\t) 
g^{a{t)) t e T 
lim,^t+5^(s)   teB. 

B 

CA,...^^_/WPW))-/(P(*)) 

Proof. We will only prove the first statement. The proof of the second statement is 
similar. First, assume t ETA- Then there are two cases: Either 

(i) t is left-scattered, or 

(ii) t is both left-dense and right-dense. 

Case (i): Suppose t is left-scattered and / is A-differentiable on T'^. Then p{t) is 
right-scattered, and 

Now, as / is A-differentiable on T**, / is continuous on T. Then, since t is left- 
scattered, / is V-differentiable at t, and we see that 

^   ^P^'^^   - aip{t))-p{t) 

^ m - fjpjt)) 
t-pjt) 

= fjt)- 
Case (ii): Now, suppose t is both left-dense and right-dense, and / : T ^^ R is contin- 
uous on T and A-differentiable at t. Since t is right-dense and / is A-differentiable 
at t, we have that 

s->t t — S 

exists.  But t is left-dense as well, so this expression also defines f^jt), and we see 
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that 

•'     ^ ' s^t        t- S 

=    nt) 
=    f\p{t)). 

So, we have established the desired result in the case where t e T^. 

Now suppose te A. Then t is left-dense. Hence f^(t) exists provided 

s-»t t — S 

exists. 

As t is right-scattered, we need only consider the limit as s —*• t from the left. 
Then we apply L'Hopital's rule [6], differentiating with respect to s to get 

s^t- t — S s-*t-       —1 s->t- 

Since we have assumed that /^ is rd-continuous, this limit exists.    Hence / is 
V-differentiable, and /^(i) = lims_t_ f^{t), as desired. □ 

Corollary 27. // io ^ T, and / : T ^ R is rd-continuous on T, then J^^ /(r) Ar is 
V-differentiable on T and 

If to e T, and g : T —* R is Id-continuous on T, then J^^ g{r)'VT is A-differentiable 
on T and 

/>H .{^^^ -- (s)  teB. 

The following corollary was previously established by Atici and Guseinov in their 
work [4]. 

Corollary 28. If f : T -^ M is A-differentiable on T'^ and if f^ is continuous on 
T'^, then f is V-differentiable on T^ and 

/V(i) = /Ap(i)    forteJ.. 

If g : T —^ M is V-differentiable on T'^ and if g^ is continuous on T^, then g is 
A-differentiable on T** and 

g^{t) = g'"'it)   forteV. 
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Now, there are a couple more integral formulas that will be useful, the first two 
of which were estabhshed in [6] and [4]. 

Lemma 29. The following hold: 

(i) /;(*) f{s) As = Kt)m 

(in) j,^^'^ns)vs=(,{t)r{t) 

(iv) 4) f{s) As = v{t)nt) 

We conclude this section by exploring the relationship between the generalized 
exponential functions associated with the A and V derivatives. 

Lemmia 30. Let p : T —^ R. Then p is regressive if and only if —jf is u-regressive, 
and 1 + i^{t)p{t) > 0 for all t e T if and only if 1 + u{t)pP{t) > 0 for all t G T. 
Similarly, if q : T -^ M, then q is u-regressive if and only if —q" is regressive, and 
1 - u{t)q{t) > 0 for allteT if and only if 1 - l^{t)q''{t) > 0 for all t € T. 

Proof. We will only prove the first statement. The proof of the second statement is 
similar. 

First, assume p is regressive. We then wish to show that 1 + u{t){pP{t)) 7^ 0. 

Case 1: Fix t ETA- Then p{t) G T, and as p is regressive, we have that 

1 + Mt))p{p{t))yi0, 

so, using the definition of p,{t), 

1 + [a{p{t)) - pitMpit)) ^ 0. 

But t e TA, so a{p{t)) = t, and we get 

l + [t-p{t)]fit)y^O, 

or 
l + u{t)f{t)^0 

as desired. 

Case 2: Fix t e A. Then t is left-dense and right-scattered, so i^(t) = 0. Hence 

1 + u{t)pP{t) = 1 + OpP{t) = 1 7^ 0. 

As 1 + i'{t)pP{t) ^ 0 for any t G T, we see that —p^ is i/-regressive. 
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Conversely, suppose —p^ is i/-regressive. We then wish to show that l+p{t)fj,{t) ^ 
0. 

Case 1: Fix t G T^. Then cr(t) G T, and, as —p'' is z/-regressive, we have that 

so, using the definition of z/(t), 

1 + \a{t) - p{amv{p{pm + 0. 

But t G TB, SO p{a{t)) = t, and we get 

l + [ait)-t]p{t)^0 

or 
l + /i(i)p(t)^0 

as desired. 

Case 2: Fix t G 5. Then t is right-dense and left-scattered, so fi{t) = 0. Hence 

As 1 -f n{t)p{t) 7^ 0 for any t G T, we see that p is regressive. 

To show 1 + fi{t)p{t) > 0 for alH G T if and only if 1 -H v{t)pP{t) > 0 for all t G T, 
simply replace 'y 0" by " > 0" in the preceding proof. D 

Theorem 31 (Equivalence of delta and nabia exponential functions). Ifp is 
continuous and regressive, then 

ep{t,to) = e yp   (t,t()) = eQ^(-pP){t,to). 
i+pPif 

If q is continuous and u-regressive, then 

eg(t,io) = e_2f_(i,to) = ee(-g'')(*)*o)- 

Proof. We will only prove the first statement. The proof of the second statement 
is similar. Suppose that p : T ^^ K is continuous and regressive, then by Lemma 
30 we have that —p'' is i/-regressive. Furthermore, since p is continuous, —p'' is Id- 
continuous. Hence —p^ G TZi,- Then as 7?.i/ is an Abehan group under ®u, we see that 
OA-P'') = T^. G T^u, and therefore e pp   (t,to) exists. 

To complete the proof, then, it suffices to show that Cpit, to) solves the initial value 
problem 
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Lety{t) = ep{t,to). Then 
y{to) = ep{to,to) = 1. 

Now, e^{t,to) = p{t)ep{t,to), which is continuous. Hence by Corollary 28, eJ(t,<o) = 
e^''(*>io), and weget 

y^(t)   =   eJ(i,to) 

=   p^(t)e^(i,to) 
=   p''{t)[ep{t,to)-iy{t)e^{t,to)]. 

Rearranging this equation gives 

e^{t,to)[l + u{t)if{t)] =pP{t)ep{t,to), 

so f \ 

Putting this back in terms of y, we get 

y^(i) = e.i-pnvit), 

and the proof is complete. D 

2.2    Second-order Linear Dynamic Equations 

Recall that we are interested in the second-order self-adjoint dynamic equation 

Lx = 0 where Lx{t) = \p{t)x^it)f + q{t)x{t). (2.1) 

Here we assume that p : T —> R is continuous, g : T -^- M is Id-continuous and that 

p{t) > 0 for all t e T. 

Define the set D to be the set of all functions a; : T -> K such that x-^ : T*^ ^ R is 
continuous and such that [p{t)x^]'^ •.T'^-^Ris Id-continuous. A function a; € D is 
said to be a solution of La; = 0 on T provided Lx{t) = 0 for all t eJ'^. 

Now, consider the second-order hnear dynamic equations 

Mia; = 0 where M^x = x^^ + pi{t)x^ + P2{t)x, (2.2) 

M2X = 0 where M2X = a;^^ -f- ai{t)x^ + a2{t)x, (2.3) 
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and 
M3X = 0 where Mzx = x^^ + ri(t)a;^ + Tiifyx^, (2.4) 

where pi,ai,rj : T -> R are Id-continuous for i G {1,2}. Take D^ to be the set 
of all functions a; : T ^ M such that a; is A -differentiable on T*", a;^ : T" -^ M is 
V -differentiable on TjJ , and a;^^ : T;^ ^ M is Id-continuous. For i = 1,2,3, we say 
X is a solution of MiX = 0 on T provided x is in DM, and MiX = 0 for all t G T^. 

Theorem 32. If p2 is Id-continuous and pi G TZ'^^, then the dynamic equation (2.2) 
can be written in self-adjoint form, with 

p{t) = ep^{t,to) and q{t) = ep^{t,to)p2{t)- 

Furthermore, in this case, if x is a solution of (2.2) on T, then x is also a solution 
of the self-adjoint form of the equation. 

Proof. Suppose we have 

x^'^-{-pi{t)x^-hP2{t)x = 0. 

Assume p2 is Id-continuous and pi G 7?.+. Then ep^{t,to) is well defined and positive. 
Multiplying through by epi(t,to), we get 

ep,{t,tQ)x^^ + ep,{t,to)pi{t)x'^ + ep,{t,to)p2{t)x = 0. 

Then, since ep^ {t,to) solves the IVP 

y^=pi{t)y,   y(*o) = i, 

we have that 
[ep,{t,to)]'^ =Piit)ep^{t,to). 

So our equation becomes 

Cp, (t, to)x^^ + [ip,(i, to)]^a;^ -t- ep,{t, to)p2{t)x = 0. 

Furthermore, x^ is V-differentiable, hence continuous, so by Corollary 28, a;^ = X^P 

and we get 
ep, (i, to)x^'^ + [ip, {t, to)]'^x^P + Cp, {t, to)p2{t)x = 0. 

Then by the product rule, we see that 

[ep,{t,to)x^f + ep,{t,to)p2{t)x = 0. 

This equation is in self-adjoint form with p{t) and q{t) as desired. 

Now suppose a; is a solution of (2.2), p2 is Id-continuous and pi G 7?.+ . Based on 
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the above development, it is clear that x satisfies the dynamic equation 

%, [t, tQ)x^]^ + epi (i, tQ)p2{t)x = 0. 

Hence to show x is a solution of this dynamic equation, we need only show that x G D. 
Note that x^ is V -differentiable, and therefore continuous. Also, 

[ep,{t,to)x^r   =   el{t,to)x'' + ep,{t,to)x^'' 

=   pi{t)ep^ (t, to)x'' + gpi (i, io)^;^^, 

which is Id-continuous, and therefore, x EB. □ 

Corollary 33. Ifa2 is Id-continuous and —ai E Tt'^, then the dynamic equation (2.3) 
can he written in self-adjoint form, with 

Furthermore, if x is a solution of (2.3), then x is also a solution of the self-adjoint 
form of the equation. 

Proof. Suppose we have 

x^^ -\-ai{t)x^ + a2{t)x = {). 

Recall that if / : T -> R is V-differentiable, then fit) = fP{t) + v{t)f^{t). Thus 
x^ = x^P -\- u{t)x^^. Making this substitution, we have 

x^^ + ar{t){x^'' + u{t)x^^) + a2{t)x = 0, 

and hence 
(1 + ai{t)uit))x^"^ + ai{t)x^P + a2{t)x = 0. 

Now —aiit) e ??.;{■, so the leading coefficient is positive and we may divide through 
by it. Furthermore, as before, we have that x^ is continuous, so x^ = X^P. Thus, we 
get 

AV , Qi(^) -,v , ^2(^) X = 0 
^ {l + a,{t)u{t)f   ^(l + ai(t)Kt)) 

This is in the form (2.2). As ai and 02 are Id-continuous, so are jjf^ and (jq^^- 
Further, 

1_    (A        ^^(^)        ^       ^ + ^^(^)^(^) ~ ^l(^)^(^) 1 ^   0 
''^'l^ai{t)u{t)) l + ai{t)u{t) l + ai{t)v{t) 

so the coefficient of the x^ term is in 7^+. Hence by Theorem 32 above, the equation 
can be written in self-adjoint form, with p{t) and q{t) in the desired form, and solutions 
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of equation (2.3) are also solutions of the self-adjoint form of the equation. D 

Corollary 34. Ifr2 is Id-continuous and {ri — ur2) e 'R-t' ^^^^ ^^^ dynamic equation 
(2.4) can be written in self-adjoint form, with 

p{t) = e(^ri-ur2){t, to)    and   q{t) = r2{t)e^ri-ur2){i^ *o)- 

Furthermore, if x is a solution of (2.4), then x is also a solution of the self-adjoint 
form of the equation. 

Proof. Suppose we have 

x^'^-i-riit)x'^ + r2{t)xP = 0. 

Then 
x^^ + ri{t)x^ + r2{t){x - u{t)x^) = 0, 

x^^ + (ri(t) - iy{t)r2{t))x'' + r2{t)x = 0. 

This is in the form (2.2), and the coefficients meet the requirements of Theorem 32. 
Thus the result follows. D 

2.3    Abel's Formula and Reduction of Order 

We begin this section by looking at the Lagrange Identity for the dynamic equation 
(2.1). We establish several corollaries and related results, including Abel's Formula 
and its converse. We conclude the section with a reduction of order theorem. Some 
of the results in this section are due to Atici and Guseinov. Specifically, Theorems 35 
and 43, and Corollaries 39 and 42 were previously established in their work [4]. Our 
conditions on p and q are less restrictive than Atici and Guseinov's, and our domain 
of interest, D, is defined more broadly. In spite of this, however, many of the proofs 
contained in [4] remain valid. As this is the case, we have omitted the proofs of some 
of the following theorems, and refer the reader to Atici and Guseinov's work. 

Theorem 35. // to G T, and xo and xi are given constants, then the initial value 
problem 

Lx = 0,    x{to) = Xo,    x^{to) = xi 

has a unique solution, and this solution exists on all ofT. 

Definition 36. If x,y are A-differentiable on T**, then the Wronskian of x and y, 
denoted W{x,y){t) is defined by 

W{x,y){t) 
x{t)     vit) 
xHt)   2/^(0 

for t e T'^. 
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Definition 37. If x, y are A-differentiable on T**, then the Lagrange bracket of x and 
y is defined by 

{x-y}{t)=v{t)W{x,y){t)   for t G T^ 

Theorem 38 (Lagrange Identity). Ifx,ye B, then 

x{t)Ly{t) - y{t)Lx{t) = {x; y}''{t)   for i e T^ 

Proof. Let a;, y e D. We have 

{x-y}^   =   Wi^.vT 
=   [xpy^ - ypx^]^ 

=   xlpy^j^-ylpx^]"" 
=  x{\py''r + qy)-y{\px^r + qx) 
=   a;Ly — yLx, 

where we have made use of the fact that x^ and y^ are continuous and apphed 
Corollary 28. Q 

Corollary 39 (Abel's Formula). Ifx,y are solutions of (2.1), then 

Wix,ym = -^^    fortef^ 

where C is a constant. 

Proof. If X, y are solutions of (2.1), they belong to D. Then, by Theorem 38, we have 

xit)Ly{t)-y{t)Lx{t) = {x-yf{t)    for t € T^ 

But Lx = Ly = 0, so 
0 = {a;;y}^(t)    for t € T^ 

Integrating, we see that 

{x;y}=p{t)Wix,ym = C, 

which gives the desired result. □ 

Definition 40. Define the inner product of x and y on [a, b] by 

rb 
{x,y):= f x{t)y{t)Vt. 

Ja 
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Corollary 41 (Green's Formula). Ifx,ye D, then 

{x,Ly)-{Lx,y) = [p{t)Wix,y)t 

Proof. Integrating the expression in Theorem 38 gives the result immediately.       D 

Corollary 42. Ifx,y are solutions of (2.1), then either 

(i) W{x, y)^0 forte T" or 

(a) W{x,y)=0 forte T". 

Case (i) occurs if and only if x and y are linearly independent on T, and case (ii) 
occurs if and only if x and y are linearly dependent on T. 

In the standard way, one uses the uniqueness theorem to prove the following result. 

Theorem 43. If xi and X2 are linearly independent solutions of (2.1) on T, then a 
general solution of (2.1) is given by 

x{t) — CiXi{t) + C2X2{t). 

Theorem 44 (Converse of Abel's Formula). Assume u is a solution of (2.1) 
with u{t) T^O forteT. IfveB satisfies 

«-(«,«)(«) = I). 
then V is also a solution of (2.1). 

Proof. Suppose that « is a solution of (2.1) with u{t) ^ 0 for any t, and assume that 
u e D satisfies W{u,v){t) = ^. Then by Theorem 38, we have 

u{t)Lv{t) - v{t)Lu{t) = {u\v}^{t), 

so 

u{t)Lv{t)   =   \p{t)W{u,v){t)]'' 

= c^ 
=   0. 

As u{t) 7^ 0 for any t, we can divide through by it to get 

Li;(t) = 0    forteT;^. 

Hence u is a solution of (2.1) on T. □ 
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Theorem 45 (Reduction of Order). Let to e T'^, and assume u is a solution of 
(2.1) with u{t) 7^ 0 for any t. Then a second, linearly independent solution, v, of 
(2.1) is given by 

'("""W/.FiJwW)'"' 
forteT. 
Proof By Theorem 44, we need only show that v eB and that W{u, v){t) = ^ for 
some constant C. Consider first 

W{u,v){t)   = 
u{t)     v{t) 

u^{t)   v^{t) 

u{t)v^{t)-v{t)u^{t) 

=   u{t) 
u-{t) 

^^^^^ i„ p{sHs)u'^{s)^' + p{t)u{t)u^{t) 

^ ^     ^ Vto p{sHs)u-{s) p{t)u{t)u-{t) 

Pit) 

Here we have C = 1. It remains to show that v eB. We have that 

v^t)   =   u^{t) f\,  \    ,,As+    ./'^}^^ 
^ ^ ^ Vto p{sHs)u<^{s) p{t)u{t)u<^ 

/"* 1 1 
(t) 

Since « € D, w(t) 7^ 0 and p is continuous, we have that v^ is continuous.   Next, 
consider 

r /■*       1 
+pP(t)u^P{t)   /    ,,  ,,    ,, 

nV 

L«(t) 

As 
u{t)uP{t)' 

Now, the first and last terms are Id-continuous. It is not as clear that the center term 
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is Id-continuous. Specifically, we are concerned about whether or not the expression 

/ to P{s)u{s)u''{s) 
As 

is Id-continuous. Note that the integrand is rd-continuous. Hence Theorem 27 applies 
and yields 

a 1 
TV 

to p{s)u{s)u''{s) 
As pP{t]ui>{t)u<'P{t) 

lim, i is—>t— p{s)u{s)u''[s) 

telA 
teA. 

First, suppose t G T^i. Then cr(p(i)) = *, so our expression simplifies to 

[L to P{s)u{s)u''{s) 
As 

pp{t)uP{t)u''p{t)     pP{t)uP{t)u{t)' 

Next, suppose that teA. Then t is left-dense, and therefore, 

lim a{s) = t. 
s^t- 

Then as p and « are continuous, we have 

1 
lim 

1 

s->t-p(s)u(s)li<^(s)        p{t)u'^{t)' 

Now for t e A, i is left-dense, so, if we like, we may write this expression as 

1- 1 _        1       _ 1 
s^-p{s)u{s)u''{s)     p{t)v?{t)     pp{t)uP{t)u{t)' 

This is the same expression we got for t G T^, so we have that 

/ to P{T)U{T)U''{T) 
TAT 

1 

pp{t)uP{t)u{t) 
for t G T. 

This function is Id-continuous, and so we have that v ED. Hence by Theorem 44, v 
is also a solution of (2.1). Finally, note that as W{u, v){t) = -^ ^^ 0 for any t, u and 
V are linearly independent. D 

2.4    Oscillation and Disconjugacy 

In this section, we establish results concerning generalized zeros of solutions of (2.1), 
and examine disconjugacy and oscillation of solutions. 
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Definition 46. We say that a solution, x, of (2.1) has a generalized zero at t if 

x{t) = 0 

or, if t is left-scattered and 
x{p{t))x{t) < 0. 

Definition 47. We say that (2.1) is disconjugate on an interval [a, b] if the following 
hold. 

(i) If a; is a nontrivial solution of (2.1) with x{a) = 0, then x has no generalized 
zeros in {a,b]. 

(ii) If a; is a nontrivial solution of (2.1) with x{a) ^ 0, then x has at most one 
generalized zero in (a, 6]. 

Definition 48. Let lo = supT, and if a; < oo, assume p{uj) = u). Let a € T. We say 
that (2.1) is oscillatory on [a,a;) if every nontrivial real-valued solution has infinitely 
many generalized zeros in [a,uj). We say (2.1) is nonoscillatory on [a,a;) if it is not 
oscillatory on [a,u}). 

Lemma 49. Let LJ — supT. If u < oo, then assume p{uj) = UJ. Let a G T. Then if 
(2.1) is nonoscillatory on [a, a;), there is some to ET, to> a, such that (2.1) has a 
positive solution on [to,uj). 

Proof. Assume (2.1) is nonoscillatory on [a, u), and then there is a nontrivial solution, 
u of (2.1) such that u has only finitely many generalized zeros in [a,uj). Let b = 
max{t e T : M has a generalized zero at t}. Fix io e T such that to > b. Then either 
w > 0 on [to,ci;) or —u > 0 on[to,a;). □ 

Theorem 50 (Sturm Separation Theorem). Letu andv be linearly independent 
solutions of (2.1) on T . Then u and v have no common zeros in T. // u has a 
zero at ti € T, and a generalized zero at t2>tie T, then v has a generalized zero in 
{ti, ^2] ■ If u has generalized zeros atti eT and t2> ti E T, then v has a generalized 
zero in [ii,t2]- 

Proof. If u and v have a common zero at to € T**, then 

W{u,v){to) = 
u{to)     v{to) 

n^(io)   v'^ito) 
= 0. 

Hence u and v are linearly dependent. 

Now suppose u has a zero at ti € T, and a generalized zero at ^2 > *i G T. Without 
loss of generality, we may assume t2 > cr{ti) is the first generalized zero to the right 
of ti, u{t) > 0 on (ti,t2), and 14(^2) < 0. Assume t; is a linearly independent solution 
of (2.1) with no generalized zero in (ii,t2]- Without loss of generality, v{t) > 0 on 
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Then on [^1,^2], 

/n \ A V{t)u^ (t) - u{t)v^ jt) _ C 

which is of one sign on [^1,^2)- Thus ^ is monotone on [ti,t2]. Fix ^3 € (tijta). Note 
that 

-^ = 0, and 4:^ > 0- 
v{ti) v{h) 

But ^   ^ 

which contradicts the fact that ^ is monotone on [ti,t2]. Hence v must have a gener- 
aUzed zero in (ti, i2] • 

Finally, suppose u has generahzed zeros at ii e T and ^2 > h € T. Assume 
h > o'(^i) is the first generalized zero to the right of ii. If u{ti) = 0, we are in 
the previous case, so assume u{ti) 7^ 0. Then, as u has a generalized zero at ti, we 
have that ti is left-scattered. Without loss of generality, we may assume u{t) > 0 
on [ti,t2), u{p{ti)) < 0 and u{t2) < 0. Assume z; is a finearly independent solution 
of (2.1) with no generalized zero in [ti,t2). Without loss of generality, v{t) > 0 on 
[ii,*2], and v{p{ti)) > 0. In a similar fashion to the previous case, we apply Abel's 
Formula to get that ^ is monotone on [p{ti),t2]. But 

^<0,    ^>0,    and   ^<0, 
V{p{ti)) V{ti) V{t2) 

which is a contradiction. Hence v must have a generahzed zero in [ti, ^2] • D 

Theorem 51. // (2.1) has a positive solution on an interval X C T, then (2.1) is 
disconjugate onX. Conversely, ifa,be TJJ and (2.1) is disconjugate on [p{a),cr{b)] C 
T, then (2.1) has a positive solution on [p{a),a{b)]. 

Proof. Assume (2.1) has a positive solution, u onl CT. If (2.1) is not disconjugate 
on J, then (2.1) has a nontrivial solution v with at least two generalized zeros in J. 
Then, without loss of generality, there are ti, ^2 in X such that 

v{ti) < 0,v{t2) < 0, and v{t) > 0 on (ti,t2) with {ti,t2) 7^ 0. 

Note that 

(D^" - ""\^ M   _   u{t)v^{t)-v{t)u^{t) 
u{t)u''{t) 

W{u,v){t) 
u(t)u''{t) 
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is of one sign on J**. Hence ^ is monotone on J. But 

This contradicts the fact that ^ is monotone. Hence(2.1) is disconjugate on J. 

Conversely, suppose that (2.1) is disconjugate on the compact interval [p{a),a{b)]. 
Let u,v be the solutions of (2.1) satisfying u{p{a)) = 0,u^{p{a)) = 1 and v{a{b)) = 
0^v^{b) = -1. Since (2.1) is disconjugate on [p{a),a{b)], we have that u{t) > 0 on 
{p{a),a{b)], and v{t) > 0 on [p{a),a{b)). Then 

x{t) = u{t) + v{t) 

is the desired positive solution. □ 

Theorem 52 (Polya Factorization). // (2.1) has a positive solution, u, on an 
interval I CT, then for any x eB), we get the Polya Factorization 

Lx = ai{t){a2[aixf}^it) for t G J, 

where 
«! := — > 0    on X, 

u 
and 

a2 := puu"^ > 0    onX. 

Proof Assume that u is a positive solution of (2.1) on J, and let a; € D. Then by 
the Lagrange Identity (Theorem 38), 

u{t)Lx{t) - x{t)Lu{t)   =   {u;x]^{t) 

u{t)Lx{t)   =   {u;a;}^(t) 

Lx{t)   =   -^^{u-xY'it) 

=   ai{t){a2[aix\^}^{t), 

for t G X, where ai and 0:2 are as described in the theorem. D 
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Theorem 53 (Trench Factorization). Let a G T, and let cj := supT. If u < oo, 
assume p{u)) = to. If (2.1) is nonoscillatory on [a,u)), then there is to ET such that 
for any x EB, we get the Trench Factorization 

Lx(t) = /?i(t){^2[/5ix]^}^(t) 

fort e [to,u}), where ^1,^2 > 0 on [to,uj), and 

r^     1 

/ Jtr to   P2{t) 
At = 00. 

Proof Since (2.1) is nonoscillatory on [a, a;), (2.1) has a positive solution, u on [to, w) 
for some to E T. Then by Theorem 52, Lx has a Polya factorization on [to,a;). Thus 
there are functions ai and 0:2 such that 

with 

Now, if 

Lx{t) = ai{t){a2[aix]^y{t) for t e [to,a;), 

ai = — and 0:2 = P^u" 
u 

f -At = 00, 
I to Mi) 

then take /3i(t) = ai{t), and ^2(t) = 0:2(t), and we are done. Therefore, assume that 

1 

/ JtD to    «2(t) 
At < 00. 

In this case, let 

ai(t) 
A(t) =  r'-^'?^    and ^2(t) = a2(t) T ^As T -^As 

It  ^As Jt   Ms)      Jait) Ms) 

for t € [tojo;). Note that as ai,a2 > 0, we have /3i,/32 > 0 as well. Also, 

/   TTTrAt   =     lim    / 

lim , /  -p-j 
'''o  Jt    a2( 

«2(t)r^A5/;(,)^As 

At 

At 

a2(s) 

b-»w,6eT/.    fj^ —TTAS n,v —WAS •'to   Jt    a2(s) J(T(t) 02(8) 

=      lim     / 
/; Jt   0:2(8) As 

At 



30 

lim 
6-»w,f>eT 

oo. 
L ■U)       1 

Jh   a2(s) 
As 

Now let a; e D. Then 

\^,x]\t) = 
ai{t)x{t) 

for t e [to,w). So we get 

Jt   a2(s)        J(f(*) a2(s) 

/32(t)[AW^]^ = a2{t)Mt)x{t)f r -^As + a^{t)x{t) 

for t e [to,co)- Taking the V -derivative of both sides gives 

{P2{tM{t)x{t)ff   =   {a2{t)Mt)x{t)ff J^^-^^As 

.{a,{t)[a,{t)x{trYy^^ ^^As + 
+[ai{t)x{t)f 

V 

for t G [to,(^)- We now claim that the last two terms in this expression cancel. 
Looking only at these last two terms, put the expression back in terms of our positive 
solution u. We get 

{a2{t)Mt)x{t)fYy^^ ^^As + [a^it)x{t)f 

\p{t)u{t)u'^{t)r 
x(^ 
u{t) 

Ap 

X p{s)u{s)u'^ {s) 
As + x(t) 

u{t) 

Now consider two cases: 

Case 1: t ETA- Then Theorem 26 applies, and we get 

\p{t)u{t)u'^{t)r 

pP{t)uP{t)u{t) 

[u{t) 

£(*) 
u(t) 

Ap 

i: p{s)u{s)u'^ (s) 
As + x{t) 

u{t) 
V 

pP{t)uP{t)u{t) 
+ ■x{fy_ 

u{t) 

■x(fy 

At). 
+ -x(fy 

At). 

V 

=   0. 
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Case 2: t e A. In this case we have that p{t) = t, and we get 

\p{t)u{t)u'^it)Y 
Ap 

-As + x(fl 
u{t) Jt   p{s)u{s)u''{s) 

v?{t) 

T V 

vitWit) 
+ 

u{t)x^P{t) - x{t)u^P{t)     u{t)x^{t)-x{t)vy{t) 
~   ~ v?{t) ^ v?{t) 

-u{t)x'^{t) + x{t)vy{t) + u{t)x^{t) - x{t)u^{t) 
v?{t) 

=   0. 

Here, we have made use of the fact that a;, u G D, which gives us that X^P = x^ and 

In either case, the last two terms cancel, and we have that 

{Ht)mt)x{t)]'^Y = {a2{t)[a,{t)x{t)]'^Y j'^ ^^As. 

It then follows that 

Pi{t) {m)mt)x{t)]^Y = oc.it) {a^{t)[a,{t)x{t)fY = Lx{t), 

for t e [to,u}) and the proof is complete. □ 

Theorem 54 (Recessive and Dominant Solutions). Let a e T, and let UJ := 
supT. If u) < CO, then we assume p{u) = u. If (2.1) is nonoscillatory on [a,uj), 
then there is a solution, u, called a recessive solution at u, such that u is positive on 
[to,w) for some to € T, and if v is any second, linearly independent solution, called a 
dominant solution at UJ, the following hold. 

(i) lim, f—»u;- v{t) 

p{t)u{t)u''(t) 

= 0 

Ai = oo 

(^'^^) lb p(t)vi)v-(t)^^ <(X> forb<u, sufficiently close, and 

(iyj £(!ig(!) > sShgH for t < UJ, sufficiently close. 

The recessive solution, u, is unique, up to multiplication by a nonzero constant. 

Proof. As (2.1) is nonoscillatory, by Theorem 53, there is a Trench Factorization: 

Lx{t) = A(i){^2[/3i^]^}^(i), 
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where /?i,/32 > 0 on [io,'*^), and 

r 1 
/     TTT^Ai = OO. 

Then if u{t) = jr^, M is a positive solution of (2.1). Now, let 

Then, 

=   0. 

So VQ is a solution of (2.1). Note that 

hm —r-r = hm  ^   ^        = 0, 

VF(u,^;o)(i) C 
Uy   '^''       u(i)u<^(t)       p{t)u{t)u'^it) 

where C is a constant by Theorem 39. Note that C ^ 0, since u and UQ are linearly 
independent. Integrating both sides of this last equation from to to t, we get 

-/to ^^(*)      Vto p{s)u{s)u''{s) 

Taking the limit as t —>^ w, we get 

hm -—TT" =  /      , ,   , .—TT^^i 
t^u u{t)      Jt^ p{s)u{s)u''{s) 
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and we see that 

as desired. 

Now let V be any solution of (2.1) such that u and v are hnearly independent. 
Then 

v{t) — ciu{t) + C2Vo{t),    where C2 7^ 0, 

and 

Ita m   =    lim "W     - 
t^u- v{t) t-^u- Ciu{t) + C2Vo{t) 

=    hm        ""(*) 

=   0. 

Now, let u be a fixed solution of (2.1) such that u and v are linearly independent. 
Choose ti e [to,uj) such that v{t)v''{t) > 0 on [ti,uj). Then for t e[ti,uj), 

\v)   ^^"V      ^^"      J v{t)v-{t)       p{t)v{t)v-{ty 

where C\ ^ 0. Integrating, 

w(^_«(ti)^  f Cx ^^ 
■"{t)     <ti)     Jt, p{s)v{s)v''{s) 

Letting t —> a;—, we see that 

vih)     Jt, p{s)v{s)v''{s) 

which implies that 

^(5) 

Furthermore, for t G [ti,w), 

p(t)w^(t)     p{t)u^it)     p{t)Wiu,v){t) _     C2 

r     1 
/      / \  f s—T-TAS < 00. 

7ti p(s)v(s)?;'^ 

v(t) u{t) u[t)v{t) u{t)v{t) 

It remains to show that C2 > 0. We have 

hm —7T = 00, 
t^^ u{t) 

,    where C2 7^ 0. 



34 

\u)    ^^      u{t)u'^{t)       p{t)u{t)u'^{ty 

which impUes that C2 > 0, as desired. 

Finally, we need to establish uniqueness, up to multiplication by a nonzero con- 
stant. Let ui be a recessive solution of (2.1), and suppose U2 is another recessive 
solution. If 1*1 and «2 were linearly independent, «2 would be a dominant solution. 
Hence ui and M2 must be linearly dependent, and we see that U2 = ku2 for some 
nonzero constant k. Q 

2.5    The Riccati Equation 

Usually, linear dynamic equations are considerably easier to solve than nonlinear 
ones. In this section, we are going to discuss the relationship between a particular 
nonlinear equation, called the Riccati equation, and our self-adjoint equation. We 
will see that there is a correspondence between solutions of these two equations. The 
Riccati equation is defined by 

Rz = 0,    .l.ereRz{t):=z-it)+m + ^,^,^\'J^^^,^,^ (2-5) 

for t e T^. Here we assume that p : T -^ R is continuous, g : T ^ R is Id-continuous 
and that 

p{t) > 0 for all t e T. 

Define the set DR to be the set of all functions 2; : T" -^ R such that 2;^ : T;^ ^ R is 
Id-continuous and such that pP{t) + u{t)zP{t) > 0 for any teT'^. A function z EBR 

is said to be a solution oi Rz = 0 on T'^ provided Rz{t) = 0 for all i G T^. 
Then we have the following theorem: 

Theorem 55. Assume a; G D has no generalized zeros in T, and z is defined by the 
Riccati substitution 

for teV. Then z EDR, and 

Lx{t) = x{t)Rz{t) 

for tell. 

Proof. We first wish to show that z e Dj?. We have by the quotient rule 

'p{t)x'^[t)Y     x{tMt)x^{t)]'^ -p{t)x^{t)x^{t) 
z'^it) = 

x{t) x{t)xP{t) 
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which is Id-continuous on T^, since x eB. Next, note that 

pp{t){xP{t) + u{t)x^{t)) 

V'{t)x{t) 
xP{t) 

XP{t) 

>0 

for all t e T^, since x has no generalized zeros in T.   It remains to show that 
x{t)Rz{t) = Lx{t) for t e T;J. Suppressing the arguments, we get 

xRz X 

X 

z^ + q + 

px 

(zP) p\2 

pP + UZP 

X 
+ q + 

p^+K^y 
px A\P 

=     X 
x{px^) A\V px^x"^ 

XXP 
+ q + 

A\V (px^) 
X 

XP 

px^x^ 
xP 

•\-qx + 

- (-^)'(^-^^)- 
px^x^ 

XP 

xP {ppfjx^pf 
pp{xp + ux^p)   {xpy 

xpPjx^f 
xP{xP -\- vx^) 

xpP{x^f 
+ qx + 

(jpx^Yux^     px A^V 

+ 

xPx 

pp{x^Y 
(px^)'^ + qx+ . „ ^^     ^     ' '^ xP xP XP 

{px^Yvx^^ -px^x"^ + pP{x^){x^P) 
= Lx + 

= Lx + 

= Lx + 

= Lx. 

xP 

x^ipPx^P + v{px^y^) - px^x A^V 

xP 
A^V x^{px^) —px^x 

xP 

n Again, we have made use of the fact that a; e D and applied Corollary 28. 

Theorem 56. The self-adjoint equation (2.1) has a positive solution on T if and only 
if the Riccati equation (2.5) has a solution z onV. 

Proof. First, assume that a; is a positive solution of (2.1), and let z be defined by the 
Riccati substitution (2.6). Then by Theorem 55, z G BR, and Lx = xRz. Since x is 
a solution of Lx = 0 and has no generalized zeros, it follows that Rz = 0, as desired. 

Conversely, assume that ^; is a solution of the Riccati equation, (2.5) on T**. Then 
z e BR, SO pP{t) + u{t)zP{t) > 0 for all t G T;^, and z is continuous on T**. This gives 
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us that - (A   e 71+, and thus, by Lemma 30, f e 7^+. Now, let to e T, and let x 

be the solution of the initial value problem 

x^ = ^x,    x{to) = l. 
Pit) 

Note that although - is only defined on T**, x is defined on T.   Furthermore, as 
x{t) — e2.{t,to), X is continuous and positive on T. Next, consider 

[p{t)x'^{t)f   =   [zit)x{t)f 

=   z'^{t)x''{t) + z{t)x'^{t) 

=   z^{t)xP{t) + z{t)x^Pit), 

which is Id-continuous on TJJ. Hence x eB. Moreover, we see that 

p{t)x^it) 

so by Theorem 55 Lx = xRz = 0. Hence x is the desired positive solution of (2.1).    D 

Now, define A to be the set of functions 

A:={ue C'^i,i[p{a),cr{b)],R) : u{p{a)) = u{a{b)) = 0}. 

Here, Ci^ denotes the set of all continuous functions whose V-derivatives are piece- 
wise Id-continuous. Then we define the quadratic functional T on A, by 

r(6) 

/p{a 
T{u):= /       [Tf{t){u''{t)f-q{t)u\t)]m. 

Jp(a) 

Definition 57. We say J^ is positive definite on A provided J^{u) > 0 for all u e A, 
and J^{u) = 0 if and only if « = 0. 

Lemma 58 (Completing the Square). Assume z is a solution of the Riccati 
equation (2.5) on [p{a), b]. Let u e A. Then for all t € [a, b], we have 

{zu^it)   =   pP{t){u^{t)f-q{ty{t) 

zP{t)u(t) 

y/pP{t) + u{t)zP{t) 
yJpp{t) + p{t)zP{t)u^{t) 

Proof. Let 2; be a solution of the Riccati equation (2.5) on [p(a),6], and let « G A. 
Then for i e [a, 6], 

{z{t)u\t)f   =   z^{t){u\t)) + z''{t){u\t)r' 
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=   z{tfiu\t)) + zP{t){uP{t)u'^{t) + u{t)v7{t)) 

{At)? -q{t) - u'{t) 
pp{t) + u{t)zP{t)_ 

+zP{t)uP{t)v7{t) + z''{t)u{t)vy{t) 

.m„2m   iAt)y^'it) 
-^(')^ (*) - pP{t) + u{t)zP{t) 

+z''{t)u{t)v7it)+z''{t)vy{t){u{t) - u{t)vy{t)) 
{At)?u'{t) 

=   -q{t)u\t) 
pp{t) + u{t)zP{t) 

+2zP{t)u{t)v7{t) - zP{t)u{t){u^{t)f 
{zP{t)fu\t) 

=   f{t){v:'{t)f-q{t)u\t) 
pp{t) + u{t)zP{t) 

+2zP{t)u{t)u''{t) - (fit) + zP{t)v{t)){v:^[t)f 

f{t){u''{t)f-q{t)u\t) 

zP{t)u{t) 

y/pP{t)+u{t)zPit) 
yJpP{t) + v{t)zP{t)v:^ {t) 

n 
Theorem 59. Let x he a solution of (2.1) on [p(a),cr(6)], and let c, d E [p{a),a{b)] 
with p{a) <c< a{c) <d< u{h). If c = p{a), assume x{c) = 0. Now, let 

0       p{a) <t < c 
u{t) = {  x{t)   c<t<d 

0       d<t< a{b). 

Then u e A, and Tu = C + D, where 

C = 
—p{c)x^{c)x{c)   i'{c) = 0 

f p{d)x^{d)x{d)   u{d) = 0 

Proof. Let a;, « be as described in the statement of the theorem. We first claim 
that u e A. It is apparent from the definition that u G Cpi^{[p{a),a{b)],'R), and 
that u{a{b)) = 0. The fact that u{p{a)) = 0 is also clear from the definition unless 
p{a) = c. In this case, however, u{p{a)) = u{c) = x{c) = 0, by our assumption on x. 
So, « G A, as desired. Now consider 

rib) 
Tu= [p>'{t){u''{t)f-q{t)u\t)]  Vt. 

Jpia) 
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We have u{t) = 0 on [p{a),c) U [d, a{b)], and n^ = 0 on [p{a),c) U {d, «T(6)], SO we get 

J^u= f   [f{t){u''{t)f-q{t)u\t)\  Vt. 
Jp(c) lp(c) 

Breaking up the integral, we get 

/■p(d) 

f{t){v^{t)fVt+ I 
lp{c) 

+ 

Jp(c) Jc 

f pf>{t){u^{t)fm- f q{t)u\t)m 
Jp{d) Jp{c) 

pp{d) fd 
/       q{ty{t) Vt - /     q{ty{t) Vt. 

Jc Jp{d) lp{d) 

Now, we apply Lemma 29 to get 

Tu   =   f{c){vF{c)fu{c)+pP{d){u^{d)fu{d) 
-q{c)v?{c)v[c) - q{dy{d)u{d) 
/p{d) fp{d) 

Tf{t){u'{f)fm- j   q{ty{t)vt. 

Since u{d) = 0, the fourth term in this expression vanishes. Furthermore, u(t) = x{t) 
on [c,d), and w^(t) = x^{t) on (c, d), thus we may substitute x for u in the two 
remaining integrals. We make this substitution and then evaluate the first of the two 
remaining integrals by parts, which yields 

Tu   =   f{c){vy{c)fv{c)+f{d){v^{d)fu{d) 
-q{c)u'{c)u{c) - q{d)u^{d)u{d) 
/p{d) rp{d) 

f{t){x''{t)fVt- j      q{t)x\t)Vt 

=   p^{c){u''{c))Mc) +f{d){v^{d)fv{d) 
-q{cy{cMc)+p{p{d))x^{p{d))x{p{d)) 

rp{d) 
-p{c)x^ic)x{c) - /       [p{t)x^{t)y x{t) Vt 

fPid) 
+ J       q{t){x{t)fVt 

-q{cy{c)u{c)+p{p{d))x^{p{d))x{p{d)) 
rp{d) 

-p{c)x^{c)x{c) - /      x{t)Lx{t) Vt 
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where 

=   fic){u''{c))Mc)+f{d){u''{d))Md) 
-q{cy{cMc)+p{p{d))x'^{p{d))x{p{d)) 

—p{c)x^{c)x{c) 

=   C + D, 

C   =   v{c)f{c){u''{c)f-v{c)q{c){u{c)f 

-p{c)x^{c)x{c), 

and 
D = v{d)f{d){u^{d)f+p{p{d))x\p{d))x{p{d)). 

Note that if u{c) = 0, then C = -p{c)x^{c)x{c). If v{c) > 0, then c is left-scattered, 
so we get 

2 

C   =   v{c)f{c) 
u{c)-u{p{c)) 

p(c)a;^(c)a;(c) 

i^(c)?(c)«^(c) 

=   P'^^'Y}''^ - Hc)q{c)x''{c) - p{c)x^{c)x(c) 
u{c) 

+pP{c)x^f{c)x{c) - pP{c)x^P{c)x{c) 

=   ^!(^!M_pP(c)x^P(c)a;(c) 

—i/(c)a;(c) 

. /    -pP(c)x^(c)a;(c) 

-u{c)x{c) {q{c)x{c) + Ipx^fic)) 

u{c) 

u{c) ^ —^ V       <c) 
pp{c)x^{c)-pP{c)x^{c) +pP{c)x{c)xP{c) 

uic) 
_   pP{c)x{c)xP{c) 
-     ^)    ' 

so C is as described in the statement of the theorem. Now note that if ^{d) = 0, then 
D = p{p{d))x^{p{d))x{p{d)) = p{d)x^{d)x{d). If u{d) > 0, then d is left-scattered, 
so we get 

D   =   u{d)pP{d){u^{d)f+pP{d)x'^{d)xP{d) 
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=   i^{d)p'>id) 
u{d) — u{p{d)) 

+ jf{d)xf{d) 
x{d) - xP{d) 

u{d) 
pP{d){xP{d)f     pP{d)xP{d)x{d)     pP{d){xP{d)f 

u{d) 
pp{d)xP{d)x{d) 

u{d) 

+ 
u{d) u{d) 

Thus Z) is as desired, and the proof is complete. D 

Theorem 60 (Jacobi's Condition). The self-adjoint equation (2.1) is disconjugate 
on [p{a),a{b)] if and only if T is positive definite on A. 

Proof First, suppose (2.1) is disconjugate on [p{a),a{b)]. Then there is a positive 
solution, X, of (2.1) on [p{a),(r{b)]. Let z{t) := 2^^^- Then by Theorem 56, ^; is a 
solution oi Rz = 0 on [p{a),b]. Thus by Lemma 58, for any u e A, 

{z{ty{t)f = p'mu^{t)r-q{ty{t) 
zP{t)u{t) 

^/pp{t) + v{t)zP{t) 

n2 

- ^/pP{t) + v{t)zP{t)u^{t) 

for t e [a, b]. In fact, it can be shown that this equation holds at t = a{b) as well. As 
the equation holds on [a,a{b)], we may integrate from p{a) to a{b), and noting that 
u{p{a)) = u{a{b)) = 0, we get 

Tu 
nay 

J p{d 

cr{b) zP(t)u{t) 

yjpp{t) + v{t)zP{t) 
yJpP{t) + v{t)zP(t)u^ [t) Vt, 

so .F« > 0 for all « € A. Furthermore, it is clear that if « = 0, then J^u = 0. Now 
suppose Tu = 0. Then 

zP{t)u{t) 

^pP{t) + u{t)zP{t) 

so u solves the initial value problem 

u 
pP + vzP 

y/pP{t) + jy{t)zP{t)v7{t), 

u,    u{a{b)) = 0 

on [a, a{b)] Since -r^;^ G TZ^, the solution of this IVP is unique, and gives u{t) = 0 
on [a,a{b)]. As u{p{a)) = 0 as well, we get u{t) = 0 on [p{a),a{b)]. Hence, J^ is 
positive definite on A. 

We will prove the converse of this statement by contrapositive.   Suppose (2.1) 
is not disconjugate on [p{a),a(b)].   Then there is a nontrivial solution x of (2.1) 
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such that either x{p{a)) = 0 and x has a generahzed zero in {p{a),a{b)], or x has 
two generahzed zeros in {p{a),a{b)]. In either case, let c < d be the two smallest 
generalized zeros of a; in [p{a),a{b)]. Then, let 

{0       p{a) <t<c 
x{t)   c<t<d 
0       d<t< (7(6). 

Applying Theorem 59, we then have J^ = C + D < 0. Aswis not identically 0, this 
tells us that T is not positive definite. By contrapositive, the proof is complete.    D 

Theorem 61 (Sturm Comparison Theorem). Let 

Lix = [pi{t)x^f + qi{t)x, 

L2X = \p2{t)x^f + q2{t)x. 

Assume qi{t) > q2{t) and 0 < pi{t) < P2{t) for t e [p{a),a(b)]. If Lix{t) = 0 is 
disconjugate on [p{a),a{b)], then L2x{t) = 0 «s disconjugate on [p{a),a{b)]. 

Proof. Let 
Mb) 

Tr{u) := /       [K(i)(«^(i))' - QiitWit)] Vi, 

fa{b) 

^2(«) := /       W){u''{t)f - q2{ty{t)] m. 
Jp{a) 

Assume that Lix{t) = 0 is disconjugate on [p{a),o{b)]. Then by Theorem 60, the 
quadratic functional T\ is positive definite on A. Then, for ti € A, we have 

.a{b) 

T2U   =    /       [p'^{t){u^{t)f-q2{t)v?{t)\m 
Jp{a) 

paib) 
> /   Hmn'^{t)r-qi{ty{t)]m 

Jn(a) I p{a 

=   Tiu. 

Hence T2 is positive definite on A. Then, again by Theorem 60, L2X = 0 is disconju- 
gate on [p(a),cr(6)]. □ 

Theorem 62. Let L\x, L2X be as in the Sturm Comparison Theorem. Then if LiX = 
0 is disconjugate on [p{a), o-{b)] for i = 1,2, and if 

p{t) = Xipi{t) + X2P2{t), and 

q{t) = Xiqi{t) + \2q2{t), 

where Ai > 0, A2 > 0, then Lx = 0 is disconjugate on [p{a),a{b)]. 



42 

Proof. Suppose L,a; = 0 is disconjugate on [p{a), a{b)] for i = l,2. Then the quadratic 
functionals Ti and T2 are positive definite on A. Then for n G A, we have 

Mb) 
Tu   =     /       [if{t){u''{t)f-q{tyit)]Vt 

Jp(a) 
Mb) 

=    /       [{X^p^{t) + A2P2W)(«^W)' - (Xiqiit) + AagaW)^'^] Vt 
Jo(a) lp(a) 

Mb) 

Jp{a) 
pa{b) 

Jp{a) 

=   T\u-\- T2U. 

Therefore, T is positive definite on A, and hence La: = 0 is disconjugate on [p(a), (r{h)]. 
D 

We summarize some of the major results in the following theorem. 

Theorem 63 (Reid Roundabout Theorem). The following are equivalent: 

(i) Lx = 0 is disconjugate on [p{a),a{b)]; 

(ii) Lx = 0 has a positive solution on [p{a),a{b)]; 

(Hi) The quadratic functional T is positive definite on A; 

(iv) the Riccati differential inequality Rz <0 has a solution on [p{a),b]. 

Proof. By Theorem 51, (i) and (ii) are equivalent. By Theorem 60, (i) and (iii) are 
equivalent. By Theorem 56, (ii) implies (iv). It remains to show that (iv) implies (i). 
So, assume Rz <0 has a solution, z on [p{a), b], and let 

w (i) :=Rz{t)    for   te [a,b]. 

If p{a) < a, let w{p{a)) = 0, and if a{b) > b, let w{a{b)) = 0. Then z is a solution of 
the Riccati equation 

z^(t) + (q(t) - w{t)) +     J^''^^Jl,    ,,, = 0 
^ ^     ^^^ ^        ^ "     pP{t) + u{t)zP{t) 

on [p{a),b]. This implies that the self-adjoint dynamic equation 

ip{t)x^f + (g(i) - w{t))x = 0 
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is disconjugate on [p{a),o-{b)]. But 

q{t)-w{t)>q{t) 

on [p{a),a{b)], so by Theorem 61, Lx = 0 is disconjugate on [p{a),a{b)], and the 
proof is complete. Q 

Theorem 64 (Wintner's Theorem). Assume supT = oo, a G T, ^{t) > K > 0, 
and 0 < p{t) < M for some constants K and M. If 

I    q{t) Vt = oo, 
Ja 

then (2.1) is oscillatory. 

Proof. By way of contradiction assume the hypotheses of the theorem hold, but (2.1) 
is nonoscillatory. Then by Lemma 49 there is some to e T such that (2.1) has a 
positive solution on [to, oo). Define 2;: T —> M by 

p{t)xHt) 

Then by Theorem 56, z is a solution of the Riccati equation Rz = 0, and z G HR, SO 

pP{t) + v{t)zP{t) > 0, and therefore. 

If we integrate both sides of the Riccati equation, we see that 

poo roo (zP(f))^ 

/•oo 

<    - /     q{t) Vt. 
Jto 

This imphes that limt^oo z{t) = —00, which is a contradiction. D 

Theorem 64 is a special case of the Leighton-Wintner Theorem, which we now 
state. 

Theorem 65 (Leighton-Wintner Theorem). Assume supT = 00, o G T, and 
p{t) > 0 for all i G T. If 

POO     1 poo 

then (2.1) is oscillatory on [a, 00). 
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Proof. By way of contradiction, assume that (2.1) is nonoscillatory. Then there is 
some to e T such that (2.1) is disconjugate on [to, oo). Then by Theorem 54, there is 
a dominant solution, v{t) such that 

[ p{t)v{t)v''{t) 
At < oo 

for 6 G T, sufficiently large.   Without loss of generality, we may take v{t) > 0 on 
[6,oo). 

Define z{t) by the Riccati substitution. Then by similar reasoning to the proof of 
Theorem 64, we have 

/•CX) 

z{t)-z{h)<j    q{t)Vt, 

so limt_^oo z{t) = -oo. Then we can find ti G T such that tj > b, and z{t) < 0 on 
[ti, oo). Then as 2; = p{t)v^{t)/v{t), v is positive and decreasing on [ti, 00), so 

f°° 1 1      f°°   1 

=   00, 

which is a contradiction. D 
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Chapter 3 

Linear Dynamic Equations in 
Factored Form 

3.1    Linear Equations with Delta-Derivatives 

3.1.1    The General Case 

In this section, we look at solution techniques for linear equations containing delta- 
derivatives which can be written in factored form. Fix n EN, and for 1 < i < n let 
Cj : T —> ]R be rd-continuous. Furthermore, for 1 < z < n, assume ai{t) y^ 0 for any 
t ET. Define the operators Dai, 1 < * < »^ by 

[Li„,y](i):=a,(t)y^(t). 

For 1 < i < n, we take the domain of Da^ to be the family of all delta-differentiable 
functions. Clearly each DQ. is a hnear operator. 

Now consider the dynamic equation 

Ly = 0   where    Ly = (D„, - Ai)(D„, - As)... (£>a„ - A„)y. (3.1) 

Here Aj, 1 < i < n are (possibly complex) constants. Note that the order in which the 
factors are written down is important, as the factors do not necessarily commute with 
one another. We define the domain of the operator L, which we will denote by D, to 
be the set of all functions, y : T -> M, such that (Da^-Xi)... {Da„-\n)y ■ T'^""' ^ ^ 
is defined, and is delta-differentiable. In the case n = 1, we understand this to mean 
that our domain is just the set of all delta-differentiable functions. We say that y € D 
is a solution of (3.1) provided Ly{t) = 0 for all t G T*^". 

Definition 66. We say the dynamic equation (3.1) is regressive provided ^ G 72. for 
l<i<n. 



Theorem 67. The dynamic equation (3.1) is equivalent to the system 

x^ = A{t)x, 

where 

and 

X 

Xi 

A{t) = 

An 0 
an{t)     an{t) 

0      ^"-^        ^ 
o„_i(t)    a„_i(t) 

0 

0 

0 

0 

0 

A, 
0'2{'t)      Cl2{t) 

0      -^ 
ai(t)J 
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(3.2) 

Proof. To see that this system is actually equivalent to our original equation, suppose 
y is a solution of (3.1), and let 

xi   =   y 

X2   =   {Da„ - K)y 

x n   =   {Da^ - As)... [Da^ - A„)y. 

In other words, 

xi = y,    and   Xi+i = (/^a„+i_i - Xn+i-i)Xi,    l<i<n-l. 

Then for 1 < i < n — 1, we have 

Xi+l     —     (.Dan+i-i ~ ^n+l-ijXi 

Solving for a;f, we see that 

A _ An+l-i 1 
Xj^   — Xi ~r '^i+l* 
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Furthermore, by our dynamic equation, we have 

Ly = {Dai - ^i)^n = aix^ - XlXn = 0. 

Solving for x^, we get 
A _ :^ 

X„  —       a^ni 

and we see that a; is a solution of (3.2). 
Conversely, suppose 2; is a solution of (3.2). We claim that y := xi is a solution 

of (3.1). Note that 
A _ ;^ 

and thus 
{Da, - Ai)a;„ = 0. 

Now we also have that 

X~,^l —        Xn—l "T       Xn- 
02 ^2 

Solving this for Xn, we get 

Xn = a2{t)x^_i - X2Xn-l = {Da^ - A2)a;Ti-i, 

and therefore 
{Da, - Xl){Da, - X2)Xn-l = 0. 

Continuing in this fashion, we get 

{Da, - Xi){Da, - A2) . . . {Da„ - Xn)xi = 0, 

which is the desired result. □ 

Theorem 68. // (3.1) is regressive, to & 1, yi E R, 1 < i < n, then the initial value 
problem 

Ly = 0, 

y{to) = yi,    (£>a„-A„)y(to) = y2,    .•■,    (£>«,-Aa) ...(£>«„-A„)y(io) = yn (3.3) 

has a unique solution. 

Proof. Suppose (3.1) is regressive, and consider the equivalent system (3.2). By [6, 
Theorem 5.8], it suffices to show that the matrix-valued function A{t) is rd-continuous 
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and regressive. Recall that A{t) was defined by 

An 

A{t) := 

a„(i)   a„(i) 

an-i{t) a„_i(i) 

Ao 

/ 0 

02(0   (J'2{t) 
Ai 

Then, as each function, Oi, 1 < i < n, was assumed to be rd-continuous, we have 
that A{t) is rd-continuous as well. To show A{t) is regressive, we must show that 
det(/ + /x(t)A(i)) y^ 0 for any i € T. We get 

det(/ + n{t)A{t)) 

=   det 

0 
' Unit) '^^"■lanit) 

0        1 + M^)^ M^)drw 

0 
0 

1 + MW^ aaCt) 

0 

0 

0 

1 + MW^. 

^   0, 

\i 

(t) 

since (3.1) is regressive. Thus the IVP (3.1), (3.3) has a unique solution. D 

Now that we have established that solutions of IVPs exist and are unique, we turn 
our attention to actually finding these solutions, and examining their properties. 

Definition 69. For 1 < i < n, let yj G D. We define the Wronskian associated with 
Ly = 0, PF = W^(yi,... ,yn) : T-^""'^ K by 

W{yi,...,yn) = det 

yi 2/2 

Dan-x{Dar,yi) Da„_,iDa^y2) 

Vn 

Dan-ADanVn) 

Pa,i...{Da„yi))     Da,{...{Da^y2))     ••.     Da,{. . . {Da„yn))_ 

Adding (nonzero) multiples of one row to another row does not change the deter- 
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minant of a matrix, so we may write the Wronskian in the equivalent form 

W^ = det 
{Dar, - K)yi 

Vn 
{Da„ - Xn)yn 

{Da, - A2) . . . (Da„ - An)yi     . . .     {Da, - A2) . . . {Da„ - \n)yn_ 

We then get the following theorem. 

Theorem 70. // (3.1) is regressive, andyi, ...,yn are solutions of (3.1), then either 

(i) W{yi,...,yn) = ^, or 

(ii) W{yu....yn){t)^^foranyteT. 

The second case occurs if and only if the functions yi, 1 <i <n are linearly indepen- 
dent on T. 

Proof Suppose (3.1) is regressive and yi,...,yn are solutions of (3.1). Define the n 
vector valued functions, xi,... ,Xn by 

{Da„ - \n)yi 

{Da, - A2) . . . {Da„ - \n)yi 

Then we see that for 1 < i < n, Xj is a solution of the system (3.2). Next, define the 
column matrix, X by 

X = [xi   X2   . ■ ■   a;„] . 

Then X solves the matrix dynamic equation X^ = A{t)X. Furthermore, we see that 

W/'(yi,...,y„) = detX 

Since (3.1) is regressive, A{t) is regressive, and we may apply a theorem developed 
by Cormani in [8] to conclude that 

Xi — 

W^ = q{t)W, (3.4) 

where q eTZ. In her paper, Cormani describes the function q in detail. Here, however, 
we are only interested in the fact that q ETZ, and since the expression describing q is 
quite complicated, we choose to omit it. 

Now, since q G TZ, we can solve equation (3.4), and we see that 

W{t) = e,{t,to)W{to). 
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The exponential function eq{t,to) is never zero, and we see that if W{to) = 0, then 
W = 0, and if W{to) + 0, then W{t) ^ 0 for any t G T. 

It remains to show that W{t)i^Q for any t G T if and only if yi,..., yn are linearly 
independent. 

Suppose 
ciVi + C2V2 + ■ •. + c„y„ = 0, 

where Cj, 1 <i <n are constants. Then 

ci(D„„-A„)yi+C2(I>a„-A„)y2 + --- + Cn(I>a„-A„)yn   =   0 

Cl{Da,-\2)---{Da„-\n)yi + ... + Cn{Da,-X2)---{Dar.-K)yn    =    0, 

and we see that . 
c\ 
C2 

c := 

satisfies 
X(i)c = 0, 

n —1 
where X was defined in the first part of this proof. This holds for any t G T" , so 
we may evaluate X at an arbitrary point, ti G T*^"   , and we get 

X{ti)c = 0. 

Now recall that W{yu ...,yn) = det X. Hence if W{ti) ^ 0, then X{ti) is invertible, 
and we see that c = 0, which implies that yi,..., y„ are linearly independent. If, on 
the other hand, W = 0, then X{ti) is not invertible, and the system X{ti)c = 0 has a 
nontrivial solution. In other words, there are constants, ci,... ,c„, not all zero, such 
that 

y ■■= CiVi + C2y2 + . . . + Cnyn 

satisfies y(ti) = 0. Therefore, by the linearity of the operators Dai, 1 < ^ < '^i 

y{ti) = (Da^ - An)y(ii) = ■ ■ ■ = {Da, - A2)... {Da„ " A„)y(ii) = 0. 

Furthermore, since yi,. ..yn are solutions of (3.1), y is also a solution of (3.1). By 
Theorem 68, however, solutions of initial value problems are unique, and we see that 
this implies 

y = ciyi + C2y2 + ... + Cnyn = 0. 

As the constants Q were not all zero, this proves that yi,..., y„ are linearly dependent 
onT. □ 
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The solutions of (3.1) turn out to be somewhat comphcated. To simpUfy things, 
we introduce the following notation. For l<i<n, i<j<n, define the doubly- 
indexed family of functions {yij} by 

"■i 

and for i + 1 < j < n, 

y,,{t) = e^(Mo) £ (,.(,)+ ^(,);,.) e^^(.,to)y.,_,(.) A.. 

Speaking informally, the first subscript tells you which exponential function to 
start with, then you proceed using the recursive formula described above. The second 
subscript tells you when to stop. Note also that the expression g^.^^■^l^^^•^Xi "^^^ ^^ 
rewritten as follows: 

ai{t) + n{t)\      |_i^ Ai = 0. 

Occasionally, we will make use of this simplification. 

Example 71. Suppose n = 3. Then 

2/3,3 = eAi(t,io), 

and 

Ao    V«2(T)+/i('r)A2/      ®a2 ai 

Theorem 72. Suppose (3.1) is regressive.   Then {yi,n}iLi are linearly-independent 
solutions of (3.1) are , and a general solution of (3.1) is given by 

n 

/ j Qjyi.n; 

i=l 

where cxi are constants, 1 < i <n. 

Proof. As (3.1) is regressive, e>^ is well defined for 1 < i < n, and thus the functions 

{yi,n}r=i exist.  It is relatively straightforward to demonstrate that these functions 
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are in D. We will prove the remainder of the statement by induction on n.  (Note, 
the proof is by induction on n, the order of the equation, not by induction on i.) 

Base case, n = 1: Then our dynamic equation has the form 

{Da, - Xi)y = 0. 

Since we only have one (nontrivial) function, linear independence is clear. It remains 
to show that yi^i satisfies the dynamic equation. Substitution gives 

(Dai-Ai)yi,i(t)   =   ai(i)yfiW-Am,i(t) 

=   ai(t)ef^{t,to) - AieAj^(t,to) 
"1 

Ai 
"1 

=   ai(*)—77re>a(t,to) - AieAi(i,fo) 
Cbl \tj     ai ai 

=   Xie)^{t,to) - Xie>^{t,to) 

=   0, 

and we have successfully established the base case. 
Induction step: Now, assume that {yi,n-i}^^i are linearly independent solutions 

of 
{Da, - X,){Da, - A2) . . . {Da^_, - Xn-l)y = 0, 

and consider {yi,n}f=i- We will first show that these functions are solutions of 

Ly = {Da, - X,){Da, - A2)... (Pa„ " Xn)y = 0. 

Note that 
Ly = {Da, - Ai)... {Da^_, - Xn-i) [{Da^ - A„)y]. 

Now, our functions take on different forms depending on whether i = n, or 1 < i < 
n — 1. Therefore, we must consider these cases separately. 

Case 1, i — n: Then, ignoring the argument, t, 

Lyn,n    =     {Da, - Ai) . . . (I>a„-i " A„-l) [(£>„„ - Xn)yn,n] 

=     {Da, - Ai) . . . (Dan-i - A„-l) [anyn,n " AnJ/n.n] 

=     {Da,-X,). • {Da„., — An-l) 
L           On                     "n J 

=     {Da,-X^). ■ {Da.-, -A„_i) 
An                   ^ 

=     {Da,-X^). ■ {Da.-, -A„-i)(0) 

=   0. 
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Case 2, 1 < i < n - 1: Then 2/j,„ has the form 

Jto   \'^ri{S)+H[S)An/ 

and hence 

=   JS)'S"''°>{ (a„W+^WAj 'eM(^.'«)»,-.(^) A^ 

+ (l + /i(i)—^ ) eA^(t,io) ( —7T7-—777^ ) eeAa(t,to)yi,n-i(*) V 'an{t)J     «n V«nW+A*WAn/        "" 

:yi,n{i) +    TTTA       wTTT-TTTTir   2/i,n-i(i) 

= —TxyiA^) +—-r^yi,n-i{t) 

(Anyi,n(t)+yi,n-l(*))- 
a„(t) 

Therefore, we see that 

(^a„ - A„)2/i,„(i)     =     an{t)yf;^{t) - \nyi,n{t) 

=    an(i) 77T (Anyi.nW + yi,n-l(i)) " Kyi,nif) 
an{t) 

= Kyi,n{t) + yi,n-i{t) - Kyi,n{t) 

= yi,n-i{t), 

and finally, we have 

Lyi,n    =     [Da, - Ai) . . . (Dan-i - An-l) [(-Da„ " Xn)yi,n] 

=   (Dai - Ai)... (-Dan-i - A„-i)yi,„_i 

=   0, 

and we see that the dynamic equation (3.1) is satisfied. It remains to show that the 
functions {yi,n}?=i are linearly independent.   To see this, consider the Wronskian, 
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W{yn,n,---,yi,n)- We have 

W = det 

3/n-l,n 
K^an    ^n)yn—l,n 

yi,n 
(Da„—An)j/l,n 

{Da2->^2)-CDa„-Xn)yn,n (r>a2-A2)...(Z)a„-An)?/n-l,n    -    (i5a2-A2)-(I'a„-An)yi,n . 

Now, by previous calculations, we know that {Da„—Xn)yn,n = 0, and for 1 < ? < n—1, 
{Da„ - K)yi,n = yi,n-i- Using these facts to simplify our matrix, we get 

l^ = det 

J/n,n 
0 

S/n-l,n 
2/n-l,n-l 

J/l,n 
2/l,n-l 

6      (£>a2-A2)-(^a„_i-A„-l)2/n-l,n-l    •••    (jDa2-A2)-(-Da„_i-A„-l)yi,n-l 

We now expand this determinant about the first column, to get 

W = y„,n det 

!/n-l,n-l J/l,n-l 

(Da2-A2)-(-Da„_i-A„-l)2/n-l,n-l    -    (£'a2-A2)-(-Da„_i-An-l)j/l,n-l 

Looking closer, we see that what we really have is 

W{yn,n, ■■■, yi,n) = yn,nW{yn-l,n-l, • • • , yi,n-l)- 

Now W{yn-i,n-i, • ■ • ■,yi,n-i) is uever zero, since, by our induction hypothesis, we 
have assumed these functions are linearly independent. And, as exponential func- 
tions are never zero, we have that y„,„ is also never zero. Thus we can conclude 
that W{yn,n,---,yi,n) is never zero, and hence the functions {yi,„}-Li are linearly 
independent. By induction, the proof is complete. □ 

3.1.2    Special Cases 

In this section, we will look at how this theory simplifies in the case where all of the 
functions, aj, 1 < z < n are the same. We will denote this common function simply 
by a. Formally, let a : T ^ M be rd-continuous, and assume that a{t) ^ 0 for any 
t ET. Define the operator, Da, by 

Clearly, Da is a linear operator. Now consider the dynamic equation 

Liw = 0,    where    Liw = CnD^w + Cn-iD^'^w -\ 1- ciDaW + CQW,        (3.5) 

and Ci is constant, 1 < i < n, c„ 7^ 0. As equation (3.5) can be multiplied by a nonzero 
constant without changing the solutions, we will usually take Cn = 1. Here we take 
our domain DLJ to be the set of functions it; : T -> M such that D^'^w : T*^""' -* R 
is defined and is delta-differentiable, and we say that a function w e Dz,i is a solution 
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of (3.5) provided Liw{t) = 0 for all t e V". This is consistent with the domain and 
definition of solution which we used in the general case. 

Definition 73. The characteristic polynomial associated with Liw, which we will 
denote by p, is given by 

p{\) = c„A" + c„_iA"-^ + • • • + ciA + Co. 

The equation 
p(A)=0 

is called the characteristic equation. 

Definition 74. Denote the n roots (including multiphcity) of the characteristic equa- 
tion, p{X) = 0, by At, 1 < i < n. We say the dynamic equation (3.5) is regressive 
provided ^ e 7^ for 1 < i < n. 

This definition agrees with the earher definition of regressivity of (3.1).   Note, 
then, that equation (3.5), with c„ = 1, can be written in factored form: 

Liw = l[{Da - k) 
.I- 

w = 0. (3.6) 

It is easy to show that these factors commute with one another. 
Although the results presented below are valid for any rd-continuous function, a, 

without zeros, there are two specific choices of a which merit further comment. First, 
if we choose a{t) = 1, then (3.5) is just a constant coefficient dynamic equation. 
Second, if a{t) = t, then (3.5) is an Euler-Cauchy dynamic equation. These equations 
have been studied extensively by Bohner and Akin-Bohner in [7, 2], and, although 
our notation is slightly different, the results in this section should be considered to 
be a generalization of their work. 

One of the drawbacks of our definition of regressivity is that the roots of the 
characteristic equation must be known before it can be determined whether or not 
the equation is regressive. In the following lemma, we present an equivalent condition 
for regressivity which does not require the roots of the characteristic equation to be 
determined explicitly. 

Lemma 75. Equation (3.5) is regressive if and only if 

n 

J2cMt)Y{-Kt)T~'¥^0   for all   teT. 

The proof essentially mirrors the proof presented by Bohner and Akin-Bohner for 
Euler equations [7, Theorem 2.15], and we do not include it here. 



56 

Theorem 76. Let m he the number of distinct roots of the characteristic equation 
associated with LiW — 0. Denote these roots by ri, 1 < i < m. For 1 < i < m, let 
m{ri) denote the multiplicity of the root, ri. Then, for 1 < i < m, {wi,j}^i defined 
by 

Wij{t) = er^{t,to)zij{t), 

where 

z,,{t) = l,     and   ^^^^^^ = la{s) + Ks)n'-^^"^^"   ^""   1 < i <-(n) - 1, 

are m{ri) linearly independent solutions of Liw = 0 associated with r^. 
Moreover, if aij are arbitrary constants, then a general solution of Liw = 0 is 

given by 
m   m(ri) 

Before embarking on the proof of this theorem, we will introduce some notation 
that will be needed, and we will establish a lemma, which will also be useful in the 
proof. 

Recall that our dynamic equation can be written in factored form. (See equation 
(3.6).) Although the factors commute, for the time being, we will fix the order of the 
factors, and write the equation as 

{Da - Xl){Da - A2) . . . {Da - Xn)w = 0. 

Note that although the constants Aj need not be distinct, we have that for 1 < i < n, 
\i = rj for some 1 < i < m. Now for 1 < i < m, 1 < A; < n, define the set ipk{ri) by 

'Pk{ri) = {j ■ Aj = ri,l<j < k}, 

and let 
mk{ri) = \^k{ri)l 

where | • | denotes the order of the set. In other words, mk{ri) is the number of times 
rj appears in the first k factors, and mn{ri) = m{ri). Furthermore, for 1 < A; < n, 
define 

m mk{ri) 

i=i j=i 

(If mk{ri) = 0 for some i, we understand Uj=i{"^ij'} *o t)e empty for that value of i.) 
Note that Wk contains exactly k elements, and that Wk C Wk+i for 1 < A; < n — 1. 
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Lemma 77. For l<k<n-l, ifwij G Wk, then 

belongs to the span ofWk+i, denoted by S[Wk+i]- 

Proof. Fix k with 1 <k <n-l. We must show that Uij^k, as defined in the statement 
of the theorem, is in -SfWfc+i] for all Wij e Wk- That is, we must show Uij^k € 'S'[Wfc+i] 
whenever 1 < i < m, and 1 < i < mk{ri). Not that if mk{ri) = 0 for some i, then 
the statement is vacuous. Therefore, fix i with 1 < i < m, and assume mkin) > 1. 
We now proceed by induction on j. 

Base case, j = 1: If j = 1, then 

Wij{t) = Wi^i{t) = e!i{t,to)zi^i{t) = eri{t,to). 

So, we get 

Now this expression simplifies differently, depending on whether or not A^+i = n, so 
we consider these cases separately. 

Case 1, Afc+i = rf. In this case, it is clear that mk+i{ri) > 2, and we get 

u,,k{t) = ea{t, to) £ ^(^y:^^ A. = w,,{t) e Wk^,. 

Case 2, A^+i y^ rf. Choose q with 1 < q < m such that Afc+i = r,. In this case, 
we see that mk+i{ri) > 1, and mk+i{rq} > 1. Furthermore, 

ft   I   eii(s,to)  ^ 

=    ei£(t,io) /    erier£(s,io)      As r-i - r,      " J^^la^a J 

1 r 1 ^=* 
=    er2.(t,to)  erieia(s,to) 

n — ''g" 'L»"» J s=to 

 era (i, to)  eriei2.(t,to) - 1 

.(t,io)-en(t,to)] 

n -rq 

Ti-rq 
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[Wi,l{t)   -   Wg^l{t)] 
n-Tq 

e S[Wk+i]. 

As either Case 1 or Case 2 must occur, we see that this estabhshes the base case. 
Induction step: Now suppose Uij^k & S[Wk+i], and assume Wij+i G Wk- (If 

Wij+i ^ Wk, there is nothing to show.) Then, we must show tiij+i.fc G 5[Wfc+i]. In 
this case, we have 

Wij+i{t)^e!i{t,to)zij+i{t). 

Thus, 

u. 
" Jto "■ (s) +//(s)Afc+i e-i 

e^ ^k+i js, to)e3. js, to)zij+i (s) As 

As before, this expression simphfies differently depending on whether or not Afc+i = Vi, 
so we consider these cases separately. 

Case 1, Afe+i = rf. In this case, 

u 

Now, as Wij+i e Wk, we have mk{ri) > j + I, and, since A^+i = ri, we see that 
mk+i{ri) >j + 2. Hence Wij+2 G Wk+i, which gives Mij+i,fe G 5[Wfc+i]. 

Case 2, A^+i ^ rf. In this case, 

Ui,j+i,k{'t)   =   e>j^{t,to) , .        , . —e  >j^{s,to)e3.{s,to)zij+i{s) As 

1 r 
^ri©^fc±i(*'*o) 

o a 
H,j+1 {s)As 

Now, integrating by parts, we get 

1 
Ui,j+l,k{t) 

ri — Afc+i     a 

rt 

e>Jc±l{t,to) (er,   >^k+i{s,to)zij+i{s)) 
\    a ^     a ' 

S=t 

S=to 

Jto       a^     a 

Now, note that 

Jto «(«) + Ks)ri 
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so 

iW -Zij{t). 

Additionally, we get 
Zi,j+\{to) = 0. 

Substituting the expression for zf^j+i into our expression for «ij+i,fc, and making some 
other simplifications, we get 

1 
Uij+\,k{t)    = 

pt 

eAfc±i (i, to)  e^  Afc^(i, to)zij+i{t) - Zij+i{to) 
a ^     o 

-£e|(.,to)e;^(..to)^(^)^'^^^)^^^,,(5) A. 

L    a ©"   a 

-£ ('^ ^) -?(--'°)-;^'--'°)»(.)+,(^)n^''^'^''''. 

Ti - Afc+i 

1 

ea(i,to)^ij-i-i(i) 

Ti - Afc+l 

1 

to "VS)   ©^ 

t 
f 1 

a Jto a{s) + //(s)Afc+i e^ 

n — A Vc+l 
NJ+I(*) 

-exk±i^{t,to) /   -^ 

Ti - A 'ik+1 

/to '^(^) + )"(«)'^fc+l   ®-^ 

[Wij+i{t) - Uij,k{t)] 

e^>^^is,to)wij{s) As 

By our induction hypothesis, Uij^k G 5[iyfc+i], so we see that Uij+i^k ^ •S'fWfe+i]. 
Thus, by induction, we have shown that for 1 < j < mk{ri), Uij^k G 5[Wfe+i]. Since i 
and A; were arbitrary, this completes the proof of the lemma. D 

Now, armed with this lemma, we are ready to prove Theorem 76. 

Proof of Theorem 76. By Theorem 72, we know that the n hnearly independent so- 
lutions of Liw = 0 are {yi,n}"=i, as defined in the previous section. Let Y denote this 
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set. That is, put Y = {yi.nJiLi- Then, what we are really trying to show is that 

S[Y] = S[Wni 

Where, as before, S[V] denotes the span of the set V. Note that S[Y] is finite 
dimensional. Specifically, since the elements of Y are linearly independent on T, 
S[Y] has dimension n. We also know that W„ contains n elements, and therefore 
dim(^[W„]) < n. Thus we need only show that Y C S[Wn], which will yield S[Y] = 
S[Wn], and, furthermore, will establish the linear independence of the elements of VF„ 
onT. 

Actually, we are going to show more than Y C S[Wn]- We are going to show that 
ior 1 < i < n, i < j < n, yij G S'[W„]. Fix i, with 1 < i < n. We now proceed by 
induction on j. We are going to show that for i < j <n, yij € <S'[W,]. Then, since 

WjCWj+,C...CWn, 

this will establish the desired result 
Base Case, j = i: We must show that y^ G S[Wi]. By definition, yi^i{t) = 

e>^{t,to). But Aj = rk for some 1 < /c < m, and, clearly, mj(rfe) > 1. Hence 
a 

yi,i{t) = e>^{t,to) = ea(t,to) = Wk,i{t) G Wi, 
a ^ 

so yi^i e S[Wi]. 
Induction step: Assume yij G S[Wj]. We must show that yij+i G ^fWj+i]. We 

have 
f 1 

yij+i{t) = exj^{t,to)       „f,^,„f,^^—e  A^(«.*o)yij(5) As. 
" Jto ^\^) + /^l*J^j+l   ^   " 

Now, as yij G -S'fW}], we can write it as a linear combination of elements of Wj-. 

fc=l   p=l 

where afc,p ^-re constants. Thus 

yij+i{t) = exj^{t,to) /   ^( .,,,(..—e x±i±(^^'to)Yl Yl ock,pWk,p{s) As. 

These sums are finite, so we may move them outside the integral without any trouble. 
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yielding 

m   "ij(''fc) 

=    E   E   ^k,pUk,p,j{t), 
fe=l   p=l 

where «fc_pj is as defined in Lemma 77. By Lemma 77, «A;,pj- e 5'[I^j+i], and therefore, 
Vij+i is a hnear combination of elements of S'fWj+i]. Hence yij+i € S'fWj-fi]. By 
induction, then, we have shown that for i < j < n, yij G S[Wj], which implies that 
iov i < j < n, yij G 5[W„]. Our choice of i was arbitrary, so we have established 
that for 1 < i < n, i < i < n, yij G S[Wn]. Hence Y C S[Wn], and, by our earlier 
discussion, the proof is complete. □ 

3.2    Linear Equations with Nabla-Derivatives 

In this section, we examine hnear equations containing nabla-derivatives which can 
be written in factored form. As one would expect, the results are analogous to the 
results developed above for delta-derivatives, and the proofs are essentially the same. 
Therefore, we will simply state the theorems here, and not repeat the proofs. 

Fix n G N, and for 1 < i < n let 6j : T —> M be Id-continuous. Furthermore, for 
1 < i < n, assume bi{t) 7^ 0 for any i G T. Define the operators iVfc., 1 < z < n by 

[N,,y]{t):=k{t)y''it). 

For 1 < z < n, we take the domain of A/j,. to be the family of all nabla-differentiable 
functions. Clearly each Nf,^ is a linear operator. 

Now consider the dynamic equation 

My = 0   where   My = {N,, - Xi){m, - X2) ■. .{Nb„ - Xn)y, (3.7) 

and Aj, 1 < i < n are (possibly complex) constants. We define the domain of the 
operator M, which we will denote by D^r, to be the set of all functions, y : T —> K, 
such that (A/fcj — A2)... {Nb„—Xn)y ■ T^n-i —> R is defined, and is nabla-differentiable. 
In the case n = 1, we understand this to mean that our domain is just the set of all 
nabla-differentiable functions. We say that y G BM is a solution of (3.7) provided 
My(t) = 0 for alHGT;,n. 

Definition 78. We say the dynamic equation (3.1) is regressive provided ^ e TZu 
for 1 < i < n. 
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Theorem 79. The dynamic equation (3.7) is equivalent to the system 

x'^ = B{t)x, (3.8) 

where 

X = 

Xi 

X2 

and 

B{t) 

Xr, 
0 

Kit)        bn{t) 

0      ^"-^        ^ 
bn-lit)     bn-l{t) 

0 

0 

0 
A2 1 

b2{t) 

0 

b2(t) 
Ai 

bi{t)\ 

0 

0 

Theorem 80. // (3.7) is regressive, to eT, yt eM, 1 < i <n, then the initial value 
problem 

My = 0, 

y{to) = yi,   {NK-K)y{to) = y2,   ,•••,   {Nb,-X2)...{Nb„-K)y{to) = yn {S-9) 

has a unique solution. 

Definition 81. For 1 < i < n, let y, G DM-  We define the Wronskian associated 
with My = 0,WN = Wjv(yi,..., yn) by 

WN{yi,..-,yn) = det 

yi 2/2 

Nbnyi Nb„y2 

Nbn-i{Nbnyi)       Nb^_,{Nb„y2) 

yn 

NbnVn 

Nb,.-i{Nb„yn) 

Nb,{...{Nb„yi))   Nb,{...{Nb„y2))   ...   Nb,{...{NbM) 

Adding (nonzero) multiples of one row to another row does not change the deter- 
minant of a matrix, so we may write the Wronskian in the equivalent form 

WN = det 

yi 
{Nb„ - A„)yi 

Vn 
(iVfen - A„)y„ 

{Nb,-X2)...{Nb„-Xn)yi     ...     {Nb,-X2)...{Nb^-Xn)yn 
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Theorem 82. Ifyi,...,yn are solutions of (3.7), then either 

(i) WN{yu---,Vn) = 0, or 

(ii) W;v(yi,..., y„) 7^ 0 /or any t e T. 

The second case occurs if and only if the functions yi, 1 <i <n are linearly indepen- 
dent. 

Now, introduce the following notation. For l<i<n, i<j<n, define the 
doubly-indexed family of functions {yij} by 

y^W = eAi(t,io), 

and for i + 1 < ji < n, 

y,,(t) = e^(Mo)£ (,.(,)_',(,),.) e^^^^is,to)yiJ~i{s) V^. 

Theorem 83. Suppose (3.7) is regressive. Then {yi,n}7=i ^'^^ linearly-independent 
solutions of (3.7), and a general solution of (3.7) is given by 

n 

i=l 

where a, are constants, 1 < i <n. 

As before, we now look at the special case where all of the functions, bi, 1 <i <n 
are the same. We will denote this common function simply by b. Let 6 : T —> K be 
Id-continuous, and assume that b{t) ^ 0 for any i G T. Define the operator, Nb, by 

[iV,y](t):=6(i)y^(i). 

Clearly, Nb is a linear operator. Now consider the dynamic equation 

Miw = 0,    where   Miw = CnN^w-{-Cn-iN^~'^w-^ ■ ■ ■-\-ciNbW-\-CQW,      (3.10) 

and Cj is constant, 1 < i < n. Again we will usually take c„ = 1. Here we take our 
domain DMI to be the set of functions u; : T ^ R such that N^~^w : T^n-i -^ M is 
defined and is nabla-differentiable, and we say that a function w E D>MI is a solution 
of (3.10) provided Miw{t) = 0 for all teT^n. 

Definition 84. The characteristic polynomial associated with Miw, which we will 
denote hy q, is given by 

q{\) = c„A" + c„_iA"-^ -I- • • • -f ciA + Co. 
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The equation 
g(A) = 0 

is called the characteristic equation. 

Definition 85. Denote the n roots (including multiplicity) of the characteristic equa- 
tion, q{X) = 0, by Ai, 1 < i < n. We say the dynamic equation (3.10) is regressive 
provided ^ eTl„ for 1 < i <n. 

Note, then, that equation (3.10), with c„ = 1, can be written in factored form: 

Miw = U^N, - AO 
.1=1 

w = 0. (3.11) 

It is easy to show that these factors commute with one another. 

Lemma 86. Equation (3.10) is regressive if and only if 

n 

^Ci(Kt))^(K*)r"'^0   for all   teT. 
i=0 

Theorem 87. Let m he the number of distinct roots of the characteristic equation 
associated with MiW = 0. Denote these roots by ri. For 1 < i < m, let m{ri) denote 

the multiplicity of the root, n. Then, for 1 < i < m, {wij}'^X   defined by 

Wij{t) = e!:±{t,to)zij{t), 

where 

/* 1 
—y—-^2ij(s) Vs   for   l<j< m(ri) - 1. 

are m{ri) linearly independent solutions, of Miw = 0 associated with ri. Moreover, if 
aij are arbitrary constants, then a general solution of Miw = 0 is given by 

m   Tn{ri) 

i=l   j=l 

3.3    Equations with Both Delta and Nabla Deriva- 
tives 

Here, we turn our attention to linear equations containing both delta and nabla 
derivatives. Things become quite a bit more complicated when these two types of 
derivatives interact, so here we will only look at second-order dynamic equations. Let 
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ai : T ^- M be continuous, let 02 : T ^ E be rd-continuous, and assume that ai and 
a2 do not vanish. Now consider the dynamic equation 

{Na,-Xi){Da,-X2)y = 0. (3.12) 

Definition 88. We say (3.12) is regressive provided ^ is i/-regressive and ^ is 
regressive. 

So, suppose (3.12) is regressive. Now, if we look at the left-most factor, we notice 
that this factor annihilates the function ex^{t, to). As oi is continuous, we may apply 

"1 

Theorem 31 to see that 
e>^{t,to) = e   Ai    (t,to), 

ax a^—Aj/i 

and this second function is annihilated by (Z)aj-Ai^ - Ai). We then theorize that if 
we replace the factor {Na^ - Xi) by the factor (Z^aj-Ai^ - -^i); perhaps we will get a 
related equation which contains only delta derivatives. This new equation can then 
be solved using techniques from previous sections. We formahze this result in the 
following theorem. 

Theorem 89. Suppose (3.12) is regressive, and let 61 (i) := a^{t) - Ai//(i). If y is a 
solution of the dynamic equation 

(A,-Ai)(D„,-A2)y = 0, (3.13) 

then y is also a solution of (3.12). 

Proof Assume (3.12) is regressive, and let bi{t) := a^{t) - Xin{t). Furthermore, let 
y be a solution of (3.13). Then by Theorem 72, y has the form 

y{t) = Ciex2.{t,to) + C2ex2_{t,to) /  e i—^] e >^{s,to)e>^{s,to) As. 

Substituting this expression into (3.12), we see that 

{Na,-Xi){Da,-X2)y{t)   =   {Na,-Xt)ex^{t,to) 
H 

=   [Na^ - Xi)ex^{t,to) 

=   0, 

and the proof is complete. □ 

Note that we are not asserting that these equations are equivalent, nor do we make 
any uniqueness claims regarding the solutions of initial value problems associated with 
(3.12). These issues will require further exploration at a later date. 
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Of course, there is no particular reason the factor with the nabla derivative was 
written first. We could just as easily consider a dynamic equation of the form 

{D,,-Xi){Nb,-X2)y = 0. (3.14) 

In this case, we assume 61 is continuous, 62 is Id-continuous and neither fej nor 62 
vanish, and we say that (3.14) is regressive if ^ is regressive and ^ is z/-regressive. 
Again, we will replace the left-most factor by a related factor containing a nabla 
derivative, and obtain the following result. 

Theorem 90. Suppose (3.14) is regressive, and let ai{t) := b{{t) + Xiu{t). If y is a 
solution of the dynamic equation 

(iV„,-Ai)(iV5,-A2)y = 0, (3.15) 

then y is also a solution of (3.14). 

The proof is analogous to that of the previous theorem. 
Clearly, the results contained in this section are only a beginning. We plan to 

continue studying the mixed derivative case, and hope to include broader results in 
future publications. 

3.4    More Equations with Mixed Derivatives 

In final section of this chapter, we turn our attention to an equation which cannot 
itself be written in factored form, but which is equivalent to one which can be written 
in factored form. The second-order dynamic equation 

Lx = 0,    where   Lx = x^^ + ax^ + px,    and   a, /? G M, (3.16) 

has been studied extensively. (See, for example, [6, Section 3.2, 3.3].) Equation (3.16) 
is said to be regressive if 1 - afj,{t) -\-P^jP'{t) 7^ 0 for t G T, or in other words, if /3/i - a 
is regressive. 

In this section, we look at second-order linear dynamic equations of the form 

Mx = 0,    where   Mx = x^'^ + ax"^ + ^x"   and   a, /3 eR. (3.17) 

We take the domain of this operator to be the set of all functions a; : T —* M such that 
X is A-differentiable on T*^, x^ is V-differentiable on T^, and rc^^ is Id-continuous 
on T^. We say a function a; : T —> R is a solution of (3.17) if x is in the domain 
of M, and Mx{t) = 0 for all t e T^. Equation (3.17) is said to be regressive if 
1 — aiy{t) + /5i/^(t) 7^ 0 for t e T, or in other words, ii a — Pu is iv-regressive. It was 
demonstrated in Chapter 2 that equation (3.17) can be written in self-adjoint form, 
and hence solutions of initial value problems for this equation are unique. 
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Lemma 91. The dynamic equation (3.16) is regressive if and only if the dynamic 
equation (3.17) is regressive. 

Proof. First suppose that (3.16) is regressive.  We then wish to show that (3.17) is 
regressive. That is, we want to show that a — Pu is j/-regressive, or that 

1 - u{t){a - pu{t)) T^ 0   for   teT 

Case 1: t is left-dense. Then u{t) = 0, and we have 

1 - u(t){a - Pi^{t)) = 1 j^ 0. 

Case 2: t is left-scattered. Then cr{p{t)) = t. As (3.16) is regressive, we have that 
/3fj,-a is regressive. Thus by Lemma 30, -(/3/i - aY is i/-regressive, and hence 

l-u{t){a-Pi,{pmy^O- 

Then we have 

l-u{t){a-pu{t))   =   l-u{t){a-Pit-pm 
=   l-u{t){a-P{a{p{t))-pm 
=   l-u{t){a-pKpm 
^   0. 

Hence a — Pu is z^-regressive, and thus (3.17) is regressive. 
Conversely, suppose that (3.17) is regressive. This time, we seek to show that 

Pp. — a is regressive, or that 

l + n{t){Pp{t)-a)j^O   for   teT. 

Case 1: t is right-dense. Then p{t) = 0, and thus 

l + p{t){l3p{t)-a) = 1^0. 

Case 2: t is right-scattered. Then p{a{t)) = t. Since (3.17) is regressive, we have 
that a - /3i^ is z/-regressive, and thus by Lemma 30, -{a- j3vY is regressive. This 
give us that 

l + p{t){Pv{a{t))-a)i^{). 

Then 

l + p{t){Pp{t)-a)   = l + //(t)(/?(a(t)-t)-a) 

= l + p{t){P{a{t)-p{am-<^) 
= l + pit){(3u{a{t))-a) 

^ 0. 
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Hence /3/i — a is regressive, and thus (3.16) is regressive. D 

Theorem 92. // (3.16) is regressive and x is a solution of (3.16), then (3.17) is 
regressive and x is a solution of (3.17). 

Proof. Assume (3.16) is regressive and a; is a solution of (3.16). The fact that (3.17) 
is regressive follows immediately from Lemma 91. It remains to show that a; is a 
solution of (3.17). 

Now, as a; is a solution of Lx = 0, we know that x^ is A-differentiable, and hence 
continuous. Furthermore, since a; is a solution of Lx = 0, we have that 

In other words, x^^ is a linear combination of continuous functions and is therefore 
continuous. Thus, applying Corollary 28 we see that 

Mx   = x^"^ + ax^ + Px" 

= x^^P+ax^P+Pxf 

= {x^^ + ax^ + I3xy 

= (LxY 
= 0. 

n 

Corollary 93. The solution of (3.17) is determined by the roots of the characteristic 
equation as follows: 

(i) If a^ — 4(3 > 0, then the characteristic equation has distinct real roots, Xi and 
X2, and a general solution of (3.17) is given by 

x{t) = ciex^{t,to) + C2ex2{t,to). 

(ii) If 0:^ — 4/3 < 0, then the characteristic equation has complex conjugate roots 
p±iq, and a general solution of (3.17) is given by 

x{t) = ciep{t, to) coSg/i+^p(t, to) + C2ep{t, to) sinq/i+^p{t, to). 

(Hi) If a^ — 4/3 = 0, then the characteristic equation has a repeated real root, X, and 
a general solution of (3.17) is given by 

nt ^ 

x{t) = Ciex{t,to) + C2ex{t,to) j   ^       , .^ As. 

Corollary 94. The regressive equations (3.16) and (3.17) are equivalent. 
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Proof. As demonstrated in Chapter 2, equation (3.17) can be written in self-adjoint 
form, and therefore, solutions of IVPs for (3.17) are unique. Therefore, although 
Theorem 92 only establishes one direction of this equivalence, the converse follows 
from uniqueness of solutions. □ 
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Chapter 4 

A Self-Adjoint Matrix Equation on 
a Time Scale 

In this chapter, we are concerned with the self-adjoint matrix equation [P{t)X^Y^ + 
Q{t)X = 0. This is a generalization of the scalar equation studied in Chapter 2, and 
many of the results we obtain are analogous to results obtained in the scalar case. 
The added complexity of the matrix case, however, does provide a couple of surprises 
along the way. 

4.1    Preliminary Results 

As in the scalar case, contained in Chapter 2, we begin by establishing some results 
regarding the interaction of the A and V derivatives. We first note that differentiation 
and integration of matrices is defined in terms of differentiation and integration of 
the matrix entries, and therefore Theorem 26 and its corollaries carry through in the 
matrix case without further effort. 

The definition of regressivity (or z^-regressivity), however, changes slightly in the 
matrix case, so extending Lemma 30 and Theorem 31 to the matrix case requires 
some justification. 

Lemma 95. Let P be an n x n matrix-valued function on T. Then P is regressive 
if and only if —P^ is u-regressive. Similarly, ifQisannxn matrix-valued function 
on T, then Q is u-regressive if and only if —Q" is regressive. 

Proof. We will only prove the first statement. The proof of the second statement is 
similar. 

First, assume the nxn matrbc-valued function, P, is regressive. We then wish to 
show that I + u{t){PP{t)) is invertible. 
Case 1: Fix t G T^. Then p{t) G T, and as P is regressive, we have that 

I + ^^{p{t))P{p{t)) 
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is invertible. Using the definition of ^{t), 

I + [a{p{t))-p{t)]Pip{t)) 

is invertible. But t e T^, so a{p{t)) = t, and we get 

I + [t-p{t)]PP{t) = l + u{t)PP{t) 

is invertible, as desired. 
Case 2: Fix t e A. Then t is left-dense and right-scattered, so u{t) = 0. Hence 

I + p{t)PP{t) = 1 + OPP{t) = I, 

which is invertible. As / + u{t)Pf{t) is invertible for any t € T, we see that -P^ is 
i/-regressive. 

Conversely, suppose —P^ is ^--regressive. We then wish to show that I + p{t)P{t) 
is invertible. 
Case 1: Fix i G T^. Then a(i) G T, and, as -P^ is i/-regressive, we have that 

I + u{a{t))PP{ait)) 

is invertible. Using the definition of i^(i), 

I+[a{t) - p{ampipi<^m 

is invertible. But t G TB, so p{o{t)) = t, and we get 

I-V[a{t)-t]P{t) = I + pi{t)P{t) 

is invertible, as desired. 
Case 2: Fix teB. Then t is right-dense and left-scattered, so /i(t) = 0. Hence 

I + ix{t)P{t) = 1 + OP{t) = I, 

which is invertible.   As 1 -(- n{t)P{t) is invertible for any t G T, we see that P is 
regressive. D 

Theorem 96 (Equivalence of delta and nabla exponential functions). If the 
nx n matrix-valued function P is continuous and regressive, then 

ep{t,tQ) = ee^(_pp)(t,to)- 

If the nx n matrix-valued function Q is continuous and u-regressive, then 

eQ{t,to) = ee(-Q'^)(i,to)- 

Proof We will only prove the first statement. The proof of the second statement is 
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similar. Suppose that the n x n matrix-valued function P is continuous and regres- 
sive, then by Lemma 30 we have that —P^ is i/-regressive. Furthermore, since P is 
continuous, -PP is Id-continuous. Hence -P^ G Tlv Then as Kj, is an Abelian group 
under ©j,, we see that Qu{-P'') € 71^, and therefore ee^(-pp)(i,to) exists. 

To complete the proof, then, it suffices to show that ep(t, io) solves the initial 
value problem 

Y^ = e.{-P'')Y,    Y{to) = I. 

Note first that 
ep(to,io) = I- 

Furthermore, ep{t,to) = P{t)ep{t,to), which is continuous. Hence by Corollary 28, 
ep(t,to) = ep''{t,to), and we get 

eJ{t,to)   =   e^''{t,to) 
=   pp{t)ePp{t,to) 
=   PP{t)[ep{t,to)-u{t)eJ{t,to)]. 

Rearranging this equation gives 

[I + jy{t)pp{t)] ej{t, to) = P''{t)ep{t, to), 

so 

eJ{t,to) = [I + u{t)PP{t)]-'Pf{t)ep{t,to) 

= e,,{-pp)ep{t,to), 

and the proof is complete. □ 

4.2    Abel's Formula and Reduction of Order 

Let P and Q be Hermitian nxn matrix-valued functions on a time scale T. Further- 
more, assume that P is continuous, Q is Id-continuous, and P{t) is invertible for all 
t e T. Here we are concerned with the second-order matrix equation 

LX = 0,    where   LX = {P{t)X^]^ + Q{t)X. (4.1) 

We take the domain of L, denoted by D, to be the set of all n x n matrix-valued 
functions X defined on T such that X is delta-differentiable on T'', X^ is continuous, 
PX^ is nabla-differentiable on TJJ, and [PX^\^ is Id-continuous. We say X is a 
solution of the matrix equation (4.1) on T provided X G D and LX{t) = 0 for all 
teT%. 
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Next, put 

X 
on T*"    and    S = 

-Q 0 
onT. 

Lemma 97. The matrix-valued function X solves (4.1) if and only if Z is nabla- 
differentiable and solves 

Z^ = S{t)Z. 

Proof Suppose X solves (4.1). We first show that Z is nabla-differentiable. Since 
X is a solution of (4.1), we have X G D, and therefore PX^ is nabla-differentiable. 
Furthermore, X^ is continuous, so by Corollary 28, we have X is nabla-differentiable. 
Hence Z is nabla-differentiable. 

It remains to show Z'^ = S[t)Z. We again apply Corollary 28 which gives X^ = 
X^p. Then 

PPX^ = PPX^P = {PX^)P = PX^ - u{PX^f. 

Additionally, LX = 0, and thus we have (PX^)^ = -QX. Substituting into the 
above expression, we see that 

PPX"^ = PX^ + uQX. 

Multiplying on the left by (F^)~^ then gives 

j^v ^ (pp)-i(px^) + u{PP)-^QX. 

So 

Z^   = 
X^ 

{PP)-\PX^)+u{PP)-''QX 
-QX 

u{PP)-^Q   {PP)-^' 
-Q 0 

SZ. 

X 
PX^ 

Conversely, suppose Z is nabla-differentiable and solves 

Z^ = S{t)Z. 

Let Zi and Z2 denote the components of Z. We claim X = Zi is a solution of 
(4.1). We first show that Zi G D. As Z is nabla-differentiable, both Zi and Z2 are 
nabla-differentiable, hence continuous. Furthermore, since Z"^ = S{t)Z, we have 

Z7   =   u{PP)-^QZi + {PP)-^Z2 
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=   iPP)-\Z, - uZ^) 

which is Id-continuous. Applying Theorem 26, we see that Zi is delta-differentiable, 
and 

To simphfy this, first consider t ETB- Recall that B denoted the set of points in T 
which were both right-dense and left-scattered. Hence for t G TB, we have p{cr{t)) = t, 
and therefore, at these points, 

Zf (i) = Z^ait)) = {{Pr'Z^){a{t)) = {P-'Z,m. 

Now, at e B, then t is right-dense and left-scattered, and we get 

Zf (i) = \im ZY{s) = \\m{{Pn-'Z^){s) = {P-'Z,){t). 

Since we got the same expression in both cases, we conclude that 

Z^ = P-^Z2. 

Since both P and Z2 are continuous, Zf is continuous. Furthermore, PZ^ = Z2 
is nabla-differentiable, and [PZf]^ = Z^ = -QZ\, which is Id-continuous. Hence 
Zi € D. 

Finally, consider LZi. We get 

=   -QZi + QZi 

which completes the proof. □ 

We have already pointed out that S is Id-continuous.  In addition, it is also u- 
regressive. To see this, note that 

[/ - vS]'' = 
I-u^{pp)-^Q   -v{pp)-^ 

uQ I 
I u{PP)-^ 

-uQ   I-p''Q{PP)-^ 

Hence [/ — uS\ is invertible, and therefore S is i/-regressive. 
In [3] and [7, Section 3.9] it was shown that under these conditions, the initial 

value problem 
Z^ = S{t)Z,    Z{to) = Zo 
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has a unique solution. By the equivalence developed above, then, we have shown that 
if XQ, XQ  are any n x n matrices, then the initial value problem 

LX = 0,    X{to) = Xo,    X^{to) = X^ 

has a unique solution. 

Definition 98. The unique solution of the IVP 

LX = 0,    X{to) = 0,    X^{to) = P-\to) 

is called the principal solution of (4.1) at to- The unique solution of the IVP 

LX = 0,    X{to)^-I,    X^{to) = 0 

is called the associated solution of (4.1) at to- 

Definition 99. For X,Y eB,we define the Wronskian matrix of X and Y by 

W{X,Y){t) := X*{t)P{t)Y^{t) - [P(t)X^(t)]*y(t), 

for t e T*^. 

We now establish the Lagrange Identity. 

Theorem 100 (Lagrange Identity). IfX,Ye D, then 

X*{t)LY{t) - [LX{t)]*Yit) = [W^(X,F)]^(t) 

for tef^. 

Proof. Let X,Y eB. Then 

[W{X,Y)f   =   {X*PY^-[PX^]*Yf 

=   X*[PY^f' + {X*f{PYy - {[PX'^YfY - {[PX^YY Y^ 

= x*[PY^\^ + {^x^yppY^p - ([px^]^)* r - {{x^ypy F^ 

= x*[PF^]^ + [x^yppY^ - {[Px^YY Y - [x'^yppY^ 
= x*[py^]^-([px^n*y 
= x*[py^p + x*Qr-([PX^]^)*F-x*(5y 
=   X*([PF^r + QF)-([PX^r + QX)*F 
=   X*LY-[LX]*Y 

on T«. □ 
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Corollary 101 (Abel's Formula). If X, Y are solutions of (4.1) on f, then 

W{X,Y){t) = C, 

for t € T*^, where C is a constant matrix. 

Proof. Suppose that X and Y are solutions of (4.1) on T. Then by the Lagrange 
Identity, 

W^{X,Y){t) = Q 

for all i G T;J. Hence W{X, Y) must be a constant matrix on T*". D 

Theorem 102 (Converse of Abel's Formula). Suppose U is a solution of (4.1) 
such that U{t) is invertible for allt eT. // F G D satisfies 

W{U,V){t) = C 

on T'^, where C is a constant matrix, then V is also a solution of (4.1). 

Proof Suppose U is & solution of (4.1) such that U{t) is invertible for all t eT, and 
assume that V ED satisfies W{U, V){t) = C for all t E T*^. Then by Theorem 100, 
we have 

U*{t)LV{t) - [LU{t)]*V{t) = [WiU, V)r{t) = C^ = 0. 

But U IS a solution of (4.1), so LU = 0. This gives 

U*{t)LV{t) = 0. 

Multiplication on the left by (f/~^)* then gives the desired result. D 

Abel's formula shows that if Z is a solution of (4.1), then W{X,X){t) = C for 
t e T*^. This leads to the following definition. 

Definition 103.     (i) If X is a solution of (4.1) such that 

W{X,X){t) = Q   for   teT", 

then we say X is a prepared solution (or conjoined solution) of (4.1). 

(ii) If X and Y are two conjoined solutions such that 

W{X,Y){t) = I   for   teV, 

then we say that X and Y are normalized conjoined bases of (4.1). 

Theorem 104. Suppose X is a solution of (4.1) on T. Then the following are 
equivalent: 

(i) X is a prepared solution; 
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(n) X*{t)P{t)X^{t) is Hermitianfor allte T'^; 

(in) X*{to)P{to)X^{to) is Hermitianfor some to G T'^. 

Proof. First, we will show that (i) =^ (ii). Assume X is a prepared solution of 
(4.1) on T. Then 

W{X,X){t) = X*{t)P(t)X^{t) - [P{t)X''{t)]*X{t) = 0, 

for teT". This gives 

x*{t)P{t)x^{t) = {x^y{t)Pit)x{t), 

for t e T'^, and therefore X*{t)P{t)X^(t) is Hermitian for all teT". 
Next, note that (ii) =4> (Hi) is trivial. Therefore, to complete the proof, we 

need only establish (Hi) =^ (i). Suppose X is a solution of (4.1) on T, and assume 
there is some to G T*^ such that X*{to)Pito)X^{to) is Hermitian. Then we have 

W{X, X)ito) = X*{to)P{to)X^{to) - [P(to)X^(io)]*X(to) = 0. 

Since Abel's formula tells us that W{X, X){t) is constant, we then have W{X, X){t) = 
0 for all i G T*^, so X is a prepared solution. □ 

Remark 105. In the previous theorem, we assumed that X was a prepared solution of 
(4.1). This assumption was necessary in order to apply Abel's formula and establish 
the implication (Hi) =^ (i). To establish (i) =^ (ii), however, we did not 
actually need to know that X was a solution of (4.1), we only needed X G D satisfies 
W{X,X){t) = 0 on T. Therefore, in the following corollary, we include only this 
weaker assumption, and do not require LX = 0 to hold. 

Corollary 106. IfXeB satisfies W{X,X){t) = 0, then the following matrices are 
Hermitian on T'^. 

(i) X*PX^, 

(ii) {xpyppx^, 

(Hi) {X^yPX, and 

(iv) X*PPXP. 

If, in addition, X[t) is invertible for all t e T'^, then the following matrices are 
Hermitian on T'^. 

(i) px^x-^ 

(ii) px{xn-\ 
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(in) PX^X-\ 

(iv) PPX{XP)-\ 

(v) PPXPX-\ and 

(vi) PPX^{XP)-K 

Proof. Suppose X e B satisfies W{X,X) = 0. Then by the same proof given in 
Theorem 104, X*{t)P{t)X^{t) is Hermitian for all t e T". Evaluating this expression 
at p{t), we see that J; 

X*{p{t))P{p{t))X^{p{t)) I 

is Hermitian. But X € D, and therefore, X^P = X^ which gives the second result. 
To get the third result, note that 

{X''ypx = {x + i^x^)*px = x*px + iJL{x^)*px, 

which is Hermitian by earlier parts of this proof. 
Similarly, to get the fourth result, note that 

x*ppxp = {xp + ux^y ppxp = (xpyppxp + u(x^yppxp, 

which is Hermitian by earlier parts of this proof. 
Now, assume that, in addition, X{t) is invertible for all t e T". Then by earher 

parts of this proof, we have that 

{XyPX = X*PX''. (4.2) 

Multiplication by (X~^)* on the left, and X"^ on the right gives 

{x-y{x''yp = px''x-\ i 

which shows that PX'^X"^ is Hermitian. Similarly, multiplying equation (4.2) on the | 
left by ((X'^)-i)*, and on the right by (X'^)-\ we get 

PX(X")-^ = ((X")-^)*X*P, 

which shows that PX{X'^)~^ is Hermitian. 
Furthermore, by Theorem 104, we have 

x*px^ = {x^ypx. 

Multiplying on the left by (X~^)*, and on the right by X"\ we get 

px^x-^ = {x-''yix^yp, 

which shows that PX^X~^ is Hermitian. 
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The remaining three results are derived similarly from the expressions 

{XPypPX"^ = {X^)*PPXP   and   X*PfXP ^ {XP)*PPX. 

a 

Lemma 107. The principal solution, X, of (4.1) at to and the associated solution 
Y, of (4.1) atto are normalized conjoined bases of (4.1). 

Proof Note that 

X*(io)P(to)X^(io) = Y*{to)P{to)Y''{to) = 0, 

which is Hermitian. Thus by Theorem 104, X and Y are both prepared solutions of 
(4.1). It remains to show that W{X,Y){t) = I. We get 

WiX, Y){to) = X*{to)Pito)Y^{to) - [P{to)X''{tQ)]*Y{to) 

= 0-[P{to)P-'{to)n-I) 
= 1. 

Then by Abel's formula we have W{X, Y){t) = /, as desired. D 

Theorem 108 (Reduction of Order). Assume that U is a prepared solution of 
(4.1) such that U{t) is invertible for all t ET, and let 

V{t) := U{t) I {WPU")-^ {s) As. 
Jto 

Then V is a second solution of (4.1). Moreover, U and V are normalized conjoined 
bases of (4.1). 

Proof. Assume C/ is a prepared solution of (4.1) such that U{t) is invertible for all 
t e T. We will first show that V as defined above is a solution of (4.1). By Theorem 
102, we need only show that V eB, and W{U, V) = C on T'^, where C is a constant 
matrix. 

In the following calculations, we will suppress the argument t to make things easier 
to read, except in the integral where we include the arguments for the sake of clarity. 
Consider 

W{U,V)   =   U*PV^-[PU^]*V 

=   U*P U''{U*PU'')-^ + U^ f {WPU")-'^ (s) As 
Jto 

-{U^yPU [ [WPU")-^ (s) As 
Jto 
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=   7 + U*PU^ I {WPVy^ (s) As 

-{u^ypu I {wpvy^s) As 
Jto 

Now U satisfies the conditions of Corollary 106, so {U^)*PU is Hermitian, and the 
last two terms therefore cancel. This gives 

W{U,V) = I, 

and we have that the Wronskian of U and y is a constant matrix, as desired. 
To show that V € D, consider 

V^   =   ViWPU")-^ + U^ f {WPVy^ {s) As 
Jto 

= u''{u^)-^p-\u*)-'^ + u^ f {wpvy^ (s) As 
Jto 

= p-\u*y^ + u^ I {wpvy^s) As, 
Jto 

which is continuous. Then 

[py^]V   =     (f/*)-i + pu^ f {WPVy^ (s) As] 

= -{u*y\u*Y{{u*yy^ + [pu^f' f {u*pu''y^{s)As 
Jto 

+[PU Alp / {WPVy^ {s) As 
Jto 

'to 
V 

The first two terms axe clearly Id-continuous, but we need to simplify the third term 
further. By Corollary 27, we have that 

f\u*pun-Us)AsY = l^^*^^''^"^p^'^K teTA 
(s)    t E A. 

Recall that A is the set of points which are left-dense and right-scattered.  Thus if 
t e TA, (^{p{t)) = t. This gives 

jT* {wpv^y' {s) As]   = u-\a[pmp-\p{mu*y\pit)) 
= u-\t){pr\muyy\t) 
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for t G T^. On the other hand, ii t e A, then t is left-dense and right-scattered, and 
we get 

/ {WPU")-^ (s) As 
Jto 

-1 =    hm {WPVy (s) 
s—»*- 

= u-\t)p-\t){u*)-\t) 
= u-\t){pn-\muy)-\t\ 

for tE A. Looking at this again, we see that in either case, we get 

/ {WPU")-^ (s) As 
Jtn 

and thus. 

[PU Aip 

= u-\t){pr\mu*y)-\t), 

I {u*pu^y^ ( 
Jto 

s) As = ppu^pu-\p'')-\{uy)-\ 

which is Id-continuous. So, F € D, and therefore by Theorem 102, V is a solution of 
(4.1). 

To show that U and V are normalized conjoined bases, we must show that V is 
a prepared solution. Earlier calculations have already estabhshed that W{U, V) = 
/. Recall that by Theorem 104, V is a prepared solution if and only if V*PV^ is 
Hermitian. Again suppressing the arguments, (except in the integral) we get 

y*py^ = U*P u''{u'')-^p-\u*)-'^ [ {WPU")-^ (s) As 

+U^ f {WPU")-^ (s) As 

[WPU")-^ (s) As 

/ {U^PU")-^ (s) As    U*PU^ I {WPVy^ (s) As. 
Jto J Jto 

Jto 

+ 

Now, since [/ is a prepared solution of (4.1), we have that U*PU^ and WPV are 
Hermitian. Therefore V*PV^ is Hermitian, and thus F is a prepared solution of 
(4.1), which completes the proof. □ 
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4.3    Riccati Techniques 

Next, we consider the matrix Riccati equation 

RZ = 0,    where   RZ = Z"^+ Q{t) + {ZP)* [PP{t) + u{t)Zf]-^ (ZP). (4.3) 

Here, as with the self-adjoint matrix equation, we assume P and Q are Hermitian 
nxn matrices, P{t) is invertible for all t eT, Pis continuous, and Q is Id-continuous. 
We will take the domain of R, denoted BR, to be the set of all functions Z :T^ ^M 
such that Z is nabla-differentiable, Z^ : T^ —> M is Id-continuous and such that 
PP{t) + v{t)ZP{t) is invertible for any t e T%. A function Z G D/j is said to be a 
solution of (4.3) on T'^ provided RZ{t) = 0 for all t ^T^. 

The following theorem shows us how the self-adjoint matrix equation, (4.1) and 
the Riccati matrix equation are related. 

Theorem 109. Assume X e D satisfies W{X, X) = 0, and that X{t) is invertible 
for allt eT. Let Z be defined by the Riccati substitution 

Z{t) = P{t)X\t)X-\t\ (4.4) 

for t EV. Then Z G 13 R is Hermitian, and 

LX{t) = [RZ{t)] X{t) 

for t e T;^. 

Proof. Suppose X is as described in the theorem, and define Z by the Riccati sub- 
stitution, (4.4). Then, by Corollary 106, Z is Hermitian. To see that Z G BR, note 
that X G D, which implies PX^ and X~^ are nabla-differentiable, so Z is nabla- 
differentiable. Furthermore, 

Z^{t)   = [PX^X-^]^(t) 
= [PX'']''{t){XP)-\t) + {PX^\{t)[X'^\'^{t) 

= [PX^f{t){XP)-\t) - P(t)X^{t)X-\t)X'^{t){X'')-\t) 
= [PX^]'^{t){XP)-\t)-P{t)X^{t)X-\t)X^P{t){XP)-\t), 

which is Id-continuous. Next, note that 

pp{t) + u{t)ZP{t)   =   PP{t) + u{t)[PX^X-^]P{t) 
=   pp{t)[I + u{t)X''P{t){XP)-'{t)] 
=   pP{t)[XP{t) + u{t)X''mXP)-\t) 
= pp{t)x{t){xp)-\t), 
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which is invertible, and hence Z G D^. Finally, to complete the proof, we need to 
show 

LX{t) = \RZ{t)\ X{t) 

for t e TJJ. Suppressing the arguments, we get 

Rz = z"^ + Q + [Zfyipp + i^ZP]-\ZP) 

= Z'^ + Q + Z^IP" + pP{uX^P){XP)-^]-\ZP) 

= Z^ + Q + ZP[PP[I + {X- XP){X'')-^]]-\ZP) 
= Z"^ + Q + ZP[I + X{XP)-^ - I]-\PP)-\ZP) 

= Z^ + Q + ZP[X{XP)-'']-\PP)-^ZP 

= Z^+ Q + ZPXPX-\PP)-^ZP 

= [PX^X'Y + Q + {Px^x-yxpx-\pp)-\px^x-y 
=   [PX^]^X-^ + [PX^]P{X-y + Q 

+ppx^p{xp)-^xpx-\pp)-^ppx^p{xp)-^ 
= [px^]^x-i - [px^]p[x-''x^{xp)-^] + g + ppx^px-^x^p{xp)-^ 
=   [PX^\"^X-'^ + QXX-^ 
=   [LX]X-\ 

Multiplying on the right by X then gives the desired result. D 

Theorem 110. The self-adjoint matrix equation, (4.1), has a prepared solution, X, 
such that X{t) is invertible for all t E T if and only if the Riccati matrix equation, 
(4.3), has a Hermitian solution Z. In this case, X and Z are related by the Riccati 
substitution (4.4). 

Proof. First, suppose that X is a prepared solution of (4.1) such that X{t) is invertible 
for all t e T, and define Z{t) by the Riccati substitution, (4.4). Then by Theorem 
109, Z EBRIS Hermitian, and 

RZ{t) = [LX]{t)X-\t) = 0. 

Conversely, suppose the Riccati matrix equation, (4.3) has a Hermitian solution 
Z. Then -{Ppy^ZP is Id-continous. Furthermore, Z e BR, so 

/+uippy^zp = {pp)-'^[pp + uzp] 

is invertible, and hence -{PP)-'^ZP G 71^. Then, by Lemma 95, P'^Z G 7^. Now, let 
X be the solution of the initial value problem 

X^ = P'\t)Z{t)X,    X{to) = I, 

or, in other words, let X = ep-iz{t,to). Note that although P~^Z is only defined on 
T'^, X is defined on all of T. We immediately see that X{t) is invertible for all t G T, 
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that X is delta-differentiable, and that X^ is continuous. Next, consider 

[p{t)x^{tr = [p{t)p-Ht)z{t)xitr 
= m)xitr 
=   Z'^{t)XPit) + Z{t)X^{t) 

=   Z'^{t)Xf{t) + Z{t)X^''{t), 

which is Id-continuous on T;^. Hence X eB. Suppressing the arguments, 

WiX,X)   =   X*PX^-[PX^]*X 
= X*P[P-'^ZX] - [pp-'^zx]*x 

= x*zx-x*zx 
=   0. 

Furthermore, Z{t) = P{t)X^{t)X-'^{t). Hence the conditions of Theorem 109 are 
met, and we have 

LX{t) = [RZ]{t)X-\t) = 0. 

Therefore X is a prepared solution of (4.1). □ 

Next, we wish to develop Jacobi's condition for the self-adjoint matrix equation 
(4.1). Toward that end, we want to establish Picone's Identity, which will be crucial. 
The calculations required to establish Picone's Identity are quite lengthy, however, so 
we break things up by first establishing a computational lemma. 

Lemma 111 (Completing the Square). LetX be a prepared solution of (4.1) such 
that X{t) is invertible for all t eT, and define Z via the Riccati substitution (4.4). 
Fix t € T**, let u be an n-dimensional vector function which is nabla-differentiable at 
t, and let D = XPX-^{PP)~^. Then at t, we have 

{u*Zu)'^ = {u'^ypPu'^ - u*Qu - [PPu^ - ZfuPyDlPPu"^ - Zfu"]. 

Proof Let X, Z, and w be as described in the lemma. Note that Theorem 110 applies 
and thus Z is Hermitian, and is a solution of (4.3). Furthermore, on T**, we have 

pp + uZ"   = PP + u[PX^X-Y 

= pp + vPPX^P^X")-^ 
= PP[l + vX^{XP)-^] 
= pp [I + {X - XP){XP)-'^] 
= pp[i + x{Xp)-'^-i] 
= ppx{Xp)-\ 
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Additionally, note that the Riccati substitution tells us that 

Z{t) = P{t)X^{t)X-\t), 

and therefore, 

ZP{t)XP{t)   =   pP{t)X^P{t){X'')-\t)XP{t) I 

= pp{t)x^{t). j 

Now fix i e T such that u is nabla-differentiable at t. Then at t, we have 

{u*Zuf + [PPv!^ - ZPuP]*XPX-^{PP)-^[PPu^ - ZPuP] 

= {u*){zu)^ + {v:'y{zu)p + {ppv:^Yxpx-\pp)-\ppv:') 
- {ppyyyxpx-'^ippy^zpup - {ZPup)*xpx-\pp)-^{ppu^) 

+ {zpupyxpx-"- {ppy^ [ZPuP) 
= u*\z^u + zpv:^\ + {u^yzpup^{v^yppxpx-^v:^ 

-{vy)*ppxpx-\pp)-^zpup-{upyzpxpx-\^ 
^{upyzpxpx-\pp)-^zpup 

= u* [-Q - ZP[PP + PZP]-^ZP] U + u*ZPu^ + {u^yZPuP 

+ {u^yppxpx-\^-{u^yppxpx-\pp)-^zpup 
-{upyzpxpx-^u^+ {upyzpxpx-\pp)-^zpup 

= -u*Qu-u*ZPXPX-\pP)-^ZPu + u*ZPy7 : 

+ {u'^yzpup + {u'^yppix - vx^]x-^v^ ^- 
- {v:^ypp[x - ux^]x-\pp)-'^zpup - (upyzpxpx- 

+ {upyzpxpx-\pp)-'^zpup 
= -u*Qu - u*ZPXPX-\PP)-^ZPu + u*ZPu^ + {u^yZPuP 

+ {v^yppyy - uiu^yppx^x-'^v^ - {v^yzpup 

^w^ 
;lii 

■«! 

+ iy{v7yppx^x-\pp)'^zpup - {upyzpxpx- 1   V u 

+ {upyzpxpx-\pp)-^zpup 
= (v^yppyy - u*Qu - u*ZPXPX-\PP)-^ZPu + vTZPy^ 

- u{vyyppx^x-\^ + v{vyyppx^x-\pp)-^zpup 
- {upyzpxpx-^u^ + {upyzpxpx-^{pp)-^zpup 

= (u^ypPyy - u*Qu - u*ZPXPX-\PP)-^ZPu + U*ZPV7 

- u{u'^yzpxpx-'^u'^ + u{v7yzpxpx-\pp)-^zpup 
- {upyzpxpx'^vy + {upyzpxpx-^ppy^zpup 

= {v7ypPv7 - u*Qu - u*ZPXPX-^{PP)-^ZPu + u*ZPu^ 
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= {v^ypPu^ - u*Qu - u*ZPXPX-^{PP)-^ZPu + u*ZPu^ 

- u*ZPXPX-^u^ + u*ZPXPX-^{pp)-^ZP\u - vv^\ 

= {v7)*PPvy - u*Qu - u*ZPXPX-^{PP)-'^ZPu + u*ZP^ 

- u*ZPXPX-^u^ + u*ZPXPX-^{PP)-^ZPu - vu*ZPXPX-\PP)-^ZPu^ 

= {v^ypPv:^ - u*Qu 

+ u* [ZP - ZPXPX-^ - uZPXPX-\PP)-^ZP] u^. 

We now claim that the last term cancels, which will complete the proof.  Looking 
only at the center expression of the last term, we have 

zp-zpxpx-^ - uzpxpx-\pp)-^zp 
= ppx^p{xp)-^ - ppx^p{xp)-^xpx-^ 

-u{ppx^p{xp)~^)xpx-\pp)-'^ppx^p{xp)-^ 
= ppx^{xp)-^ - ppx^x-^ - vppx^x-^x^{xp)-^ 
= ppx^ [{xpy^ - x-^ - v{x-^x"^{xp)-^] 
= ppx'^ [{xpy^ - x-^ - x-\x - xp\{XPY^\ 
= ppx^ [{xp)'^ - x-^ -[I- x-''xp\{xpy^] 
= ppx"^ [{xp)-^ - x-^ - [{xp)-"^ - x-']] 
= ppx^io) 
= 0. 

So, the last term does, in fact cancel, which yields the result. D 

The above lemma will be extremely useful in establishing the following result. 

Theorem 112 (Picone's Identity). Let a € C" and assume X and Y are normal- 
ized conjoined bases of (4.1) such that X{t) is invertible for all t el. Put 

Z = PX^X-^    and   D = XPX-\PP)-^    onT". 

Furthermore, fix t e T'^, and assume u is an n-dimensional vector-valued function 
such that u is nabla-differentiable at t. Then at t, we have 

{u*Zu + a*X-^u + u*{X-^)*a - a*X-^Yaf - {u'^ypPu^ + u*Qu 

= -[ppy^ - ZPuP - {{XP)-^ya]*D[PPvy - ZPuP - {{xpy^'Yai 

Proof. We will look at each of the terms individually, then put it all together to get 
the desired result. 
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First, consider 

= -X-'^X^{XP)-'^Yf + X-^Y^ 

= -X-\PP)-^PPX'^{XP)-'^YP + X-^Y^. 

Now, by Corollary 106, PPX^{XP)-'^ is Hermitian, so we see that 
■   ill 

ppx'^ixp)-^ = {{xp)-'^y{x^ypp. I 

Substitution then gives 

{x-^Yf = -x-\pp)-\{Xp)-'^y{x'^yppYp + x-^ppy^iXpy^yiXpyppY"^ 
= x-\pp)-\{xp)-^y [-{x'^yppYp + {xpyppY^] 
= x-^ppyaxpyy [x*[PY^] - [PX^]*YY 

= x-\pp)-\{Xp)-^ywp{x,Y) 
= x-\pp)-\{xp)-''y. 

Next, look at 

{a*X-'u)'^ = a*{X-yuP + a*X-\'^ 

= a*X-^X^{XP)-^uP + a*X-^«^ 

= -a*{XP)-^XPX-\pp)-^PPX^{XP)-\P 

+ a*{XP)-^XPX-\pP)-^PPu^ 

= a*{XP)-^ [DPPu^ - DPPX^{XP)-\P] 

= a*{XP)-'^ [DPPu^ - DZPXP{XP)-^uP] 

= a*{XP)-^D [PPU^ - ZPuP] . 

Now, note that since PPX{XP)-^ is Hermitian, D = [PPX{XP)-^\-'^ is Hermitian as 
well. This gives 

{u*{X-'^yaf = [{a*x-^ufy 

= [a*{XP)-^D [PPU^ - ZPuP]]* 

= [pPyy - ZPuP]* D{{XPyya 

Now, putting this all together, and applying Lemma 111, we see that 

{u*Zu + a*X-\ + u*{X'ya - a*X-'Yaf - {vFypPu^ + u*Q u 

-[Ppv^ - ZPuP\*D[PPu^ - ZPuP] 

+ {a*X-^uf + {u\X-^yaY - a^X'^Y^a 
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= -[ppv:^ - ZPvF\*D\PPv^ - ZPuP] 

+ a*{XP)-^D [pPu"^ - ZPuP] + [P^u^ - Z^uP]* D{{XP)-^)*a 

-a*X-\pP)-\{XP)-'-)*a 

= -[Ppy^ - ZPvFXD\PPu^ - ZPvF - ((Z'')~^)*a] 

+ a*{XPY^D {Ppy^ - ZPuP\ - a\XPY^XPX-^{pp)-^{{XPYya 

^ -[pp^v _ zPuPXD\pPv^ - ZPuP - {[XPy^a] 

+ a%XP)-^D [pPu^ - ZPuP] -a\XP)-^D{{XP)-ya 

= -[ppu^ - ZPuP]*D[PPv^ - ZPuP - {{XPy^a] 

+ a*{XP)-^D[PPv^ - ZPuP - {{XP)-^)*a] 

= _[pp„v _ ZPuP - {{XP)-^)*a]*D[PPv:^ - ZPuP{{XP)-^)*a], 

which completes the proof. □ 

Remark 113. In Lemma 111 and Theorem 112, we assumed that X was a prepared 
solution of (4.1) and that X{t) was invertible for all t G T. In the work that follows, 
we are going to consider a prepared solution, X, of (4.1) on an interval [a, 6], but we 
are going to allow the possibility that X{a) is singular. Of course, if X{a) is singular, 
then the identities are no longer valid at t = a. A careful review of the proofs shows 
that there may also be problems at t = cr(a). For t € {cr{a), 6], however, the identities 
hold. Therefore, in the proofs of the next results, we will take care to apply Lemma 
111 and Theorem 112 only on {(T{a), h]. 

Definition 114. Let T be the quadratic functional defined by 

T[u] =  I  [{vFypPvF - u*Qu] (t) Vt. 
Ja 

We say J^ is positive definite provided J^[u] > 0 for all u G Cpid([a, fe],M") such that 
u{a) = u{b) = 0, and T[u] = 0 if and only if u = 0. 

Here Cpi^([a, 6]) denotes the set of continuous n-dimensional vector-valued func- 
tions whose nabla-derivatives are piecewise Id-continuous. 

Definition 115. A prepared solution, X, of (4.1) is said to have no focal points on 
(a, b] provided 

X is invertible on (a, b],    and   XPX'^Ppy^ > 0 on (a, 6]. 

We continue to work towards Jacobi's condition.   The next result establishes a 
sufficient condition for the quadratic functional J^ to be positive definite. 

Theorem 116 (Sufficient Condition for Positive Deflniteness of .F). If there 
exist normalized conjoined bases X and Y of (4.1) such that X has no focal points 
in (a, 6], then T is positive definite. 
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Proof. Let X and y be as described in the theorem, and let D = X''X~^{Pf)~^ on 
{a,b]. Fix w G C^id([a,b]) with u{a) = u{b) = 0. 

We will consider two cases, a right-scattered and a right-dense. So, first, assume 
a is right-scattered. Then, applying Lemma 111, we get 

T[u] = /   [{v7ypPu^ - u*Qu\ (t) Vi 
Ja 

= r " [iyyyP'u'^ - u*Qu] (t) Vt+ f    [{u^ypPu'^ - u*Qu] (t) m 
Ja J(T{a) 

= [{u^yPfyy -u*Qu]{a{a))u{a{a)) 
pb 

-t- /     [{u*ZuY + [PPu^ - ZPuP\*D[PPvF - Z^uP]] (t) Vt 
T{a) 

[{uu'^ypPiuu^)u-'' - uu*Qu]{a{a)) + {u*Zu){b) - {u*Zu){a{a)) 
pb 
/     [PPu^ - ZPuP]*D[PPvy - ZPuP]{t) Vi 

Recall that X has no focal points in (a, 6], and therefore D > 0 on {a{a),b]. Addi- 
tionally, u{b) = 0, so one of our terms cancels, and we get 

Hu] > {{lyvyyPPii^vy)^-^ - vu*Qu - (u*Zu)) (a(a)) 
= {[« - uP\*PP\u - uP\v-^ - vu*QXX-^u - u*Zu} ia{a)) 

= U*PPuu-' + uu* [PX^Y X-^u - u*PX^X-^u^ {a{a)) 

= {u*PPuu-^ + u*[PX^ - PPX^P]X-^u - u*PX^X-\} {<T{a)) 

= {u*PPuu-^ + u*PX^X-\ - u*PPX^X-\ - u*PX^X-''u} {a{a)) 

= {u*PPuu-'^ - u*PPX'^X-'^u} {a{a)) 

= {u*PP[uu-'' - X'^X-'u]} {(j{a)) 

= {u*PP[I - uX^X-^]uu-^} {a{a)) 

= {u*PP[I -[X- XP]X-'^]uu-^} {a{a)) 

= {u*PP[I -1 + XPX-'^]uu-^} {a{a)) 

= {u*PPXPX-'^uu-^} (a(a)) 

= {u*PPXPX-\PP)-'^PPuu-'^} {a{a)) 

= {{PPuyD{PPu)}{a{a))u-\a{a)) 

>0. 

Clearly, T[0] = 0, therefore to complete the first case, we must show that J^[u] = 
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0 => u = 0. So, assume J^[u\ = 0. By the work we did above, we have 

J^[u] = {{uu^)*pp{uu^)u-^ - vu*Qu - {u*Zu)} {a{a)) 

+ /    [Ppv7 - ZPufYDlPPu^ - ZPuP]{t) Vi, 
Ja{a) 

and 
{{i^vyypp{i^vy)u-'^-uu*Qu-{u*Zu)}{a{a))>0. 

Therefore, since J^[u] = 0, we must have 

{{uu'^ypPiiyvyy-^ - uu*Qu - {u*Zu)} {a{a)) = 0, 

and 

/    [PPv7 - ZPuf]*D[PPv7 - ZPuP](t) Vt = 0. 

Thus 
pPv7 - ZPu" = 0 

on {a{a),b]. Hence on {a{a),h], we have 

0 = ppy^ - ZPyP 

= ppu^ - ppx^pixpy^up 

Since PP is invertible, we then get 

Q = u^ - X"^{XP)-\P 

= v^ -X^{XP)-\u-vv:'] 

^v:"-X''{XP)-^u + vX'^{XP)-\'^. 

Rearranging this, we see that 

X^{XP)-^u = w'^ + vX''{XP)-\'' 

= [I + uX^{XP)-^]u^ 

= [I + [X-XP]{XP)-^]u^ 

= [I + XiXP)-"- - I]vF 

And finally, we have 
v^ = XPX-^X^{XP)-^u 
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on {a{a),b]. Now X^X-^X^(X'')-^ is Id-continuous, and 

/ - uixpx-^x'^ixp)-^] = 1- XPX-'^[X - XP]{XP)-'^ 
= 1- xpx-'^x{xp)-'^ + XPX-'^X''{XP)-^ 
= 1-1 + x^x-^ 
= xpx-\ 

which is invertible for t £ {a{a),h]. Thus XPX''^X'^[XPy^ G Tl^, and therefore the 
initial value problem 

u ̂  = XPX-^X'^{XP)-\    u{b) = 0 

has a unique solution (the trivial solution). Thus u{t) = 0 for t e {cr{a), b]. Moreover, 
u{a) = 0. So, u{t) = 0 on [a,b] except possibly at a{a). Now if a{a) is right-dense, 
then by continuity, u{a{a)) = 0. The only remaining possibility is that a{a) is right- 
scattered, and 

Jo   i#a(a) 
\c   t = (y[a). 

In this case, 
(0 t^{a{a),a'{a)} 

^"^ it) =1^4^)      ^ = ^(«) 

But o-^(a) € {a{a),b], so we have 

u'^ia^ia)) = [XPX-^X^{XP)-\a\a))u{a\a)) = 0. 
u{a^{a)) 

and thus c = u{a{a)) = 0. This gives u{t) = 0 on [a,b], and therefore ^ > 0, which 
completes the proof in the case where a is right-scattered. 

We now turn our attention to the second case. Assume a is right-dense. Select 
a decreasing sequence, {am}m=i) of points in T such that limj^^ooOm = «, and for 
m e N, let am = - {{X^)*Pu) (a™). Note that as X^, P, and u are continuous, we 
have 

lim am = -i{X^yPu){a) = 0. 
m—*oo 

Now applying Theorem 112 with a = a^n, we have 

/    [{u^yppv7 - u*Qu] (t) Vt 
Jam 

=  f {u*Zu + alX-^u + u*{X-yam - al^X'^Yamf Vi 
Jam 
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+ /  [Pfu^ - ZPu" - {{XP)-yam]*D[PPvy - Z^u" - {{XP)-'^)*am\ Vi 
•Jam. 

fb 

>  /   {u*Zu + a*^X-\ + u\X-^yam - a*^X-^Yamf Vt 

= {alX-'Yamm - {u*Zu + al,X-\ + u^X'^Ya^ - al,X-^Yam){am) 

= «X-^Fa^)(fe) 

- {u*Zu - u*PX^X-'u - u*{X-'')*{X^)*Pu - u*PX^X-^Y{X^YPu){am) 

= {alX-'Yamm 
- {u*Zu - u*ZXX-^u - u*{X'^yX*Zu - u*ZXX-^Y{X^yPu){am) 

= {al,X-'Yam){h) 

- {u*Zu - u*Zu - u*Zu - u*ZY{X^)*Pu){am) 

= {al,X-^Yam){h) + {u*Zu + u*ZY{X^yPu){am) 

Now X and Y are normalized conjoined bases of (4.1), and therefore, 

I = X*[PY^] - [PX^]*Y 

= X*[PY^] - [ZX]*Y 

= X*[PY^] - X*ZY. 

Rearranging, and multiplying on the left by (X*)~\ we get 

ZY = PY^ - {X*)-^. 

We now substitute this into the expression from above to get 

I   [{u^yppy^ - u*Qu] (t) Vt 
Jam 

> {alX-'Yamm + 
= {alX-'Yamm + 
= {a*^X-'Yamm + 
= {alX-'Yamm + 
= {a*^X-'Yamm + 
= {a*^X-'Yamm - 

{u*Zu + u*[PY^ - {X*)-\X^yPu){a^) 

{u*Zu + u*PY^{X^yPu - u*{X*)-''[PX^]*u){am) 

{u*Zu + u*PY^{X^yPu - u*{X*)-'^[ZX]*u){am) 

{u*Zu + u*PY^{X^yPu - u*Zu){am) 

{u*PY^iX'^yPu){a^) 

{u*PY''am){am) 

Then 

jry= lim  / [{v7yppv7-u*Qu]{t)Vt 
m—»oo l„ 
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>  lim  [{al.X-'Yamm - {u*PY''am){am)] 
m—>oo 

0. 

Finally, suppose J^[u] = 0. We wish to establish that this forces w := P''vF — 
ZPu<' = 0 on (a, fe]. If we do so, then by the same reasoning used in the case where a 
was right-scattered, we will have «(*) = 0, and we'll be done. 

So, let 
Wm = P'u" - ZPuf - {{XPyyam. 

Then we have 
lim Wjn = w 

m-*oo 

uniformly on [ak, b] for each k eN. Therefore, 

/•b pb rb 

lim   /   w*Dwm Vt= I    lim wl,Dwm Vt=  I   w*Dw Vt. 

Next, note that if m > A;, then 

fb pb 

/     W*^DWm m> wlDWm Vt. 
Jam Ja-k 

Letting m —> oo, we then have 

/•b rb 

lim   /   w*^Dwm Vt >  /   w*Dw Vt. 
"'^°° Jam Jak 

But J^[u] = 0, and therefore 

lim   /   w^Dwm Vi = 0, 
J an m—>oo /„ 

which gives 
fb pb 

0 = lim   /   w*^Dwm Vt>      w*Dw Vi > 0. 
'am J^k 

lim   /   wl.Dwm Vt > / 
^^°° Jam Jai 

Finally, letting fc —> oo gives 

/ w*Dw Vt = 0. 
J a 

Then we must have to = 0 on (a, 6], which completes the proof. □ 

Definition 117. We say that the self-adjoint matrix equation (4.1) is disconjugate 
on [a, b] if the principal solution of (4.1) at a, X, has no focal points in (a, b]. 

And now, finally, we are ready to prove Jacobi's condition. 
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Theorem 118 (Jacobi's Condition).  The self-adjoint matrix equation (4.1) is 
disconjugate if and only if the quadratic functional T is positive definite. 

Proof. First suppose (4.1) is disconjugate. Then the principal solution X, and the 
associated solution Y satisfy the conditions of Theorem 116, and therefore T > 0. 

Now, suppose (4.1) is not disconjugate. Then there is to ^ T such that either 

(i) toE {a,b], and X is invertible on {a,to), but X{to) is singular, or 

(ii) to E (a, b], and X is invertible on (a, b], but 

D{to) = \x^X~'^{PP)~'^   (to) is not positive definite. 

Note that exactly one of these cases occurs. Now define the vector rf e M" \ {0} as 
follows. If (i) occurs, choose d such that 

X{to)d = 0. 

If (ii) occurs, then there is a nonzero vector v such that 

v*D{to)v < 0. 

Put 
d = X-\to){P'')'\to)v. 

Then we have, at to 

d*(xpyppxd = v*{{pp)-y{x-'^)*Xp*p^xx-\pf)-\ 

= v*{{pf)-^y{x-^y{x''yv 
= v*{xpx-\pp)-'^yv 
= v*D*v 
= v*Dv 

<0. 

Next, put 
..      jX{t)d    iH<to 

uit) = < 
10 otherwise. 

Then by the way u is defined, we have 

u^{t) = 0 

for t> to, and therefore for t > to, 

{u'^ypPu^ - u*Qu = 0. 
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Now, as X is the principal solution of (4.1), we have X{a) = 0, and therefore 
u{a) = u{b) = 0. Note further that if either to is left-scattered or to is left-dense and 
(i) occurs, then u e Cpi^. We will deal with these possibilities first. If however, to is 
left-dense and (ii) occurs, u may not be continuous at to, and we leave this scenario 
for the end of the proof. 

So, assume first that to is left-dense and (i) occurs. Then 

J^[u] =  f ° {{u'^yppyy - u*Qu) (t) Vt 
J a 

(d^X^^ypPX^d - d*X*QXd) (t) vt 

{d*{X'^ypPX^d + d*X*[PX^]^d}j (t) vt 

= r (d*\{x*f {px^y + x*{px^)^\d^ (t) vt 

= r {d*[x*px^]^d^{t)'^t 

= {d*X*PX^d){to) - {d*X*PX^d){a) 

= 0, 

since X(to)c? = 0 and X{a) = 0. Next suppose to is left-scattered. Then we have 

J^[u] =  f ° [{v^yppyy - u*Qu\ (t) Vt 
Ja 

= /       [{v7ypPv:^ - u*Qu] (t) vt + /      [{v^yppy^ - u*Qu] (t) vt 
Ja Jp{to) 

The first integral simplifies in similar fashion to the case above and we get 

J^[u] = {d*X*PX^d){p{to)) - {d*X*PX^d){a) + [{v^ypPyF - u*Qu]{tQ)y{to) 

= {d*{xpyppx''d){to) + [{uvyypp{uu'^)i^-']{to) 

= {d*{xpyppx^d){to) + [{u - upypp{u - up)u-^]{to) 

= {d*{xpyppx^d){to) + \{upyppuPu-\tQ) 

= {d*{xpyppx^d+d*{xpyppxpdu-^){to) 

= {d*ixpypp[ux^ - xp]du-^){to) 

= {d*{Xpyppxdu-^){to) < 0. 

So, in either of these cases, we have T is not positive definite.  We now consider 
the remaining case, (ii) occurs and to is left-dense. Recall that we showed above that 
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when (ii) occurs, there is a nonzero vector d such that 

{d*{XPypPXd){to) < 0. 

Then, since to is left-dense, we have 

{d*X*PXd){to) < 0. 

Now put 
c = X{to)d. 

Since X{to) is invertible, c^ 0, and furthermore, c*P{to)c < 0. In fact, since P{to) 
is invertible, we have c*P{to)c < 0. We seek to show that J^ is not positive definite, 
so, by way of contradiction, assume it is. First assume to is right-scattered, and let 
{*m}m=i ^ (^> *o) be an increasing sequence of points with limm_oo tm = to- Now, for 
m G N, put 

,,,      f^^c   iHe[tm,to] 

10 otherwise. 

Then since to is right-scattered, we have to < b, so Um{a) = Um{b) = 0. Also, 
Um e C^id, and u{to) = \/to - tmC ^ 0, so « is nontrivial. Then we see that 

0 < J'M = f *" {iulyP'ul - ul,Qum] it) Vt 

=   r{iulrP'ul-U*^QUm}{t)m 

= r%'y_^Vp(,)f_^Vvt 
Jtm        \ V *0 — tmj V V ^0 — tmj 

— I    * (        '^   1 n(i-\ (        "^   1 f, v/f 

+ K(<r(t))]' P(«o) K(<7(to))] .'(<T(to)) 

We now want to look at what happens to each of these terms as m —> oo. Looking 
at the third term, we see that 

V/   fj. \\       Ujniajto)) - Umjto)        " ~ \Vt^=U^) ^ __      V^p - tm C 
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So, the third term, then, is 

which goes to 0 as m —> oo. Next, we consider the second term, the integral containing 
Q. It is easy to see that this term also goes to 0 as m —> oo. Finally, we turn our 
attention to the first term, the integral containing P''. Using L'Hopital's rule we get 

/■*o      /     1     \ r*" c*PP(t)c* Vt 
lim   /    c* ( j—V ) P^(i)c Vt = Jim/*'" 

m—>oo 

Thus, we have 

to — tmj m-»oo to — tm 

m—»oo —1 

c*P{to)c. 

0 <  lim J^[um] = c*P{to)c < 0, 

which is a contradiction. The remaining case, to right-dense, is handled similarly. Let 
{sm}m=i be a decreasing sequence with liuim^oo Sm = to, then choose an increasing 
sequence, {tm}m=i ^^^^ t^^* hm^n^oo tm = to and such that for each m € N, to -*m < 
Sm — to- Applying the same technique as above using 

t-t 
y/to—t ̂c iite[tm,to] 

Um{t) = \  ^^"■",2X^^     iite{to,Sm] 
0 otherwise 

results in a similar contradiction. □ 

Definition 119. We call a solution, X, of (4.1) a basis whenever 

rank 
X{a) 

P{a)X^{a) 
= n. 

We now get the following version of Sturm's separation theorem. 

Theorem 120 (Sturm Separation Theorem). // there is a conjoined basis of 
(4.1) with no focal points in {a,b], then equation (4.1) is disconjugate on [a,b]. 

Proof Let X be a conjoined basis of (4.1) with no focal points in (a, 6]. Since X is 
a basis, we have that the matrix 

A = X*{a)X{a) + {X^y{a)P\a)X^{a) 

is invertible. Now, let Y be the solution of the IVP 

LY = 0,    Y{a) = -P{a)X\a)A-\    Y^{a) = p-\a)X{a)A-^. 
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Then by Abel's formula, we have 

W{Y,Y){t) = W{Y,Y){a) 

= [Y*PY^ - {Y^yPY] (a) 

= -{A-'y{X^y{a)P^{a)p-\a)X{a)A-'- 

+ {A-^yX*{a)P-\a)P^{a)X^{a)A-^ 

= (A-^y [{x^ypx - X*PX^] {a)A-^ 

= 0. 

Furthermore, 

W{X,Y)it) = W{X,Y){a) 

= [X*PY^ - {X^yPY] (a) 

= X*ia)P{a)p-\a)X{a)A-' + {X^y{a)P^{a)X^ia)A-^ 

= [X*X + {X^yP^X^] {a)A-^ 

= AA-^ 

= 1. 

Therefore, we see that X and Y are normalized conjoined bases of (4.1). Then by 
Theorem 116, .F is positive definite. Applying Jacobi's condition then gives us that 
(4.1) is disconjugate, as desired. □ 

We conclude by establishing an analogue of Sturm's Comparison Theorem. Con- 
sider the equation 

PX^Y + QX = 0, (4.5) 

where P and Q satisfy the same assumptions as P and Q, respectively. 

Theorem 121. Suppose that for all t ET, we have 

P{t) < P{t)    and   Q{t) > Q{t). 

Then if (4.5) is disconjugate then (4.1) is also disconjugate. 

Proof. Suppose (4.5) is disconjugate, let u G Cpj^ with u{a) = u{b) = 0, and assume 
u is nontrivial. Then by Jacobi's condition, 

j:[u] := I \(u^yppu"^ - «*Q«] {t) m > 0. 



Therefore 

T[u] = I [{u'^ypPvy - u*Qu] {£) m 
Ja 
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= T[u\ > 0. 

Therefore J" is positive definite, and by Jacobi's condition, (4.1) is disconjugate. 
D 
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