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LINEAR DYNAMIC EQUATIONS ON TIME SCALES

Kirsten R. Messer, Ph.D.
University of Nebraska, 2003

Advisor: Allan Peterson

The theory of time scales was introduced by Stefan Hilger in his 1988 PhD dis-
sertation, [18]. The study of dynamic equations on time scales unifies and extends
the fields of differential and difference equations, highlighting the similarities and
providing insight into some of the differences.

In his dissertation, [18], Hilger introduced the notion of the “delta-derivative” on a
time scale. An analogous concept, the “nabla-derivative” was developed and exploréd
by Ferhan Atici and Gusein Guseinov in [4]. It is interesting to look at what happens
when these two kinds of derivatives are present in the same equation. The interaction
between them yields some fascinating behavior, which in some cases is “cleaner” than
the behavior found with only one type of derivative.

In Chapter 2, we examine the second-order, self-adjoint dynamic equation which
contains both delta- and nabla-derivatives. We develop a reduction of order theorem,
explore oscillation and disconjugacy, and look at Riccati techniques. The material in
Chapter 2 has been previously published in [23] and [22].

In Chapter 3, we look at solution techniques for linear dynamic equations which
can be written in a factored form. We develop complete results in the case where the
equation contains only one kind of derivative. We briefly discuss the mixed deriva,tivé
case deferring further consideration to later work. The material in Chapter 3 has
been previously published in [21].

In the final chapter, Chapter 4, we return to the self-adjoint equation. Here,




we consider the matrix form of the equation. As in the scalar case, we develop
a reduction of order theorem and explore Riccati techniques, culminating with the
proof of Jacobi’s Condition. |

Throughout much of this dissertation, the interaction between the delta- and
nabla-derivatives plays a key role. In many cases, it is rather startling to see how all
of the pieces fit together. It is our hope that this work will inspire further exploration

in this area.
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Chapter 1

Introduction

The theory of time scales was introduced by Stefan Hilger in his 1988 PhD disser-
tation, [18]. Scholars in the fields of differential equations and difference equations
have long been aware of the startling similarities and intriguing differences between
the two fields. The study of dynamic equations on time scales unifies and extends
the fields of differential and difference equations, highlighting the similarities and
providing insight into some of the differences.

In his dissertation, [18], Hilger introduced the notion of the “delta-derivative” (or
A-derivative) on a time scale. This derivative is a generalization of both the usual
derivative from differential equations and the forward difference operator from dif-
ference equations. An analogous concept, the “nabla-derivative” (or V-derivative)
was developed and explored by Ferhan Atici and Gusein Guseinov in [4]. The nabla-
derivative is a generalization of the usual derivative and the backward difference oper-
ator. Study of the nabla-derivative alone is not particularly revealing, since the results
are usually directly analogous to results developed for the delta-derivative. What is
interesting, however, is to look at what happens when these two kinds of derivatives
are present in the same equation. The interaction between these two derivatives yields
some fascinating behavior, which in some cases is “cleaner” than the behavior found
when only one type of derivative is considered.

In Chapter 1 of this work, we provide a brief introduction to the calculus on a
time scale, including both the delta and nabla derivatives, for the reader who may
be unfamiliar with the field. We also summarize some of the key results concerning
“generalized exponential functions”, which play a key role in the study of dynamic
equations on time scales. The material in this chapter is taken from existing sources,
primarily [6, 7, 4, 3], which, in turn, rely on previously published works by Hilger
and others, and we refer the interested reader to those sources for a more complete
introduction.

In Chapter 2, we examine the second-order, self-adjoint dynamic equation

[p()z ()] +q(t)a(t) = 0




on a time scale. Although the similar equation,
[p(t)2%]* + q(t)2” =0,

has been studied extensively, (see, for example [9, 10, 11, 5, 12, 15, 13, 17]), little
work has been done on this equation, which combines both the delta and nabla
derivatives. We begin by establishing several results concerning the interaction of
these two derivatives. Also included in the first section is a theorem which shows that
under certain conditions, the generalized exponential functions e,(t,%o) and é.(¢, o)
can be related to one another. We next look at three second-order linear equations
and demonstrate that they can be written in self-adjoint form. The first results which
are directly related to the self-adjoint equation are contained in Section 2.3, which
culminates with a reduction of order theorem. We turn our attention to oscillation and
disconjugacy in Section 2.4, where we establish an analogue of the Sturm Separation
Theorem, and, via the Pélya and Trench factorizations demonstrate the existence of
recessive and dominant solutions of the self-adjoint equation. The final section of the
chapter, Section 2.5, discusses Riccati techniques as they relate to the self-adjoint
equation. The material in Chapter 2 has been previously published in 23] and [22].

We alter our focus slightly in Chapter 3. There, we look at solution techniques
for linear dynamic equations on time scales which can be written in a factored form.
As special cases, we obtain solution techniques for constant coeflicient dynamic equa-
tions and for Euler-Cauchy dynamic equations. These special cases are consistent
with results developed by Akin-Bohner and Bohner in [7, 2]. We consider equations
containing either delta-derivatives or nabla-derivatives, and develop complete solu-
tion techniques in these cases. We briefly discuss second-order equations containing
both delta and nabla derivatives, and defer consideration of higher order equations
with a mixture of the two kinds of derivatives to later work. We conclude Chapter
3 by examining another equation which cannot itself be written in factored form,
but is equivalent to one which can. The material in Chapter 3 has been previously
published in [21].

In the final chapter, Chapter 4 we return to the self-adjoint equation with mixed
derivatives. In this chapter, we consider the matrix form of the equation. As in the
scalar case, the related scalar equation which contains only delta-derivatives has been
studied extensively (see, for example [1, 14, 15, 13}).Many of the results in this chapter
are analogous to the results obtained in Chapter 2 for the scalar case. We begin by
establishing the Lagrange Identity for this equation, which leads to the development
of Abel’s Formula and a reduction of order theorem. From there, we move into a
section on Riccati techniques, where we develop the relationship between the self-
adjoint matrix equation, and it’s related Riccati equation. Chapter 4 culminates
with the proof of Jacobi’s Condition, which is much more difficult to establish in the
matrix case than the scalar case.

Throughout much of this dissertation, the interaction between the delta and nabla
derivatives plays a key role. Although there are some theorems where the interaction
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does not have much impact, in most cases, it is rather startling to see how all of the
pieces fit together. It is our hope that this work will inspire further exploration in
this area.

1.1 The Calculus on a Time Scale

A time scale is simply a closed subset of R. Throughout this work, we will use
the symbol T to represent a time scale. A given time scale is assumed to have the
topology which it inherits as a subspace of R with the usual topology. The notation
[a, b] is understood to mean the real interval [a, b] intersected with T. Open and half-
open intervals are understood similarly. We begin by introducing the forward and
backward jump operators on T.

Definition 1. Let T be a time scale. For t € T, we define the forward jump bpemtor,
0:T—Thby '
o(t):=inf{s € T:s>t}.

If {seT:s>t}=0, (ie. if t = maxT), we take o(t) = t.
Similarly, we define the backward jump operator, p(t) : T — T by

pt) :=sup{s e T:s < t},

and, if ¢ = min T, we take p(t) = t.

If f: T — R, then the notation f°(t) is understood to mean f(o(t)), and f°(t) is
understood to mean f(p(t)). '

Points in T are classified as follows: If o(t) > t, we say t is right-scattered. If
t <supT and o(t) = t, we say t is right-dense. If p(t) < t, we say t is left-scattered,
and if ¢ > inf T and p(t) = t, we say ¢ is left-dense. Points that are both right and left
scattered are called isolated, and points that are both right and left dense are called
dense. '

Definition 2. A function f : T — R is said to be right-dense-continuous or rd-
continuous provided f is continuous at all right-dense points in T, and provided
lim,_; f(s) exists and is finite at all left-dense ¢t € T.

We say f is left-dense-continuous or ld-continuous provided f is continuous at all
left-dense points in T, and provided lim,_,; f(s) exists and is finite at all right-dense
teT.

Definition 3. The graininess function, u(t), is defined by
u(t) :==o(t) —t.

The backward graininess function, v(t) is defined by

v(t) ==t — p(t).
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Remark 4. Recently, there has been some disagreement regarding the most appro-
priate definition of v(¢). In this work, we retain the original definition, which is
consistent with previously published literature on V-derivatives. It is inconsistent,
however with the current work on a-derivatives. When working with a-derivatives,
the a-graininess, o is defined to be y, := a(t) —t. When a(t) = p(t), then, we
would have p, := p(t) —t = —v/(t). This inconsistency is unfortunate, but we feel it is
more important that we remain consistent with the way v(t) was defined in previously
published work. To minimize confusion, we recommend the notation p,(t) = p(t) —t
be used in work that is to be interpreted in the more general a-derivative setting.

Definition 5. The set T* is defined as follows. If T has a left-scattered maximum,
M, then T := T \ {M}. Otherwise, T* = T. Similarly, if T has a right-scattered
minimum, m, we define the set T, := T \ {m}. Otherwise, T, =T.

Definition 6. Assume f : T — R, and let ¢ € T*. Then we define the delta-derivative
of f att, denoted f2(t) to be the number (provided that it exists) with the property
that given any € > 0, there is a neighborhood, U of ¢ such that

[f(e()) = £()] = FAO[o(®) — sl < elo(t) - s|

forall se U.

If fA(t) exists for all £ € T*, then we say f is delta-differentiable, and we call
f2 : T* — R the delta-derivative of f on T*. It is straightforward to show that for
t € T, f2 is well defined. Note, however that if T has a left-scattered maximum,
M, then fA(M) is not uniquely determined. This is precisely why we eliminate this
type of point in our set T*.

The nabla-derivative is defined in similar fashion to the delta-derivative.

Definition 7. Assume f : T — R, and let ¢t € T,. Then we define the nabla-derivative
of f att, denoted fV(t) to be the number (provided that it exists) with the property
that given any € > 0, there is a neighborhood, U of ¢ such that

NIf (@) = F()] = Y @)p(t) = 8]l < elp(t) — |
forall s e U. |

If fV(t) exists for all t € Ty, then we say f is nabla-differentiable, and we call
fV : T.. — R the nabla-derivative of f on T,.

Note that in the case T = R, both the delta and nabla derivatives are simply the
usual derivative. If T = Z, the delta derivative is the forward difference operator,
while the nabla derivative is the backward difference operator. Both the delta and
nabla derivatives possess many useful properties. We summarize some of them here.

Theorem 8. Assume f: T — R is a function and let t € T®. Then
(i) If f is delta-differentiable at t, then f is continuous at t.




5
(ii) If f is continuous at t and t is right-scattered, then f is delta-differentiable at
t, and ®
A F7@) — f(2)
PO==m=

(iii) If t is right-dense, then f is differentiable at t if and only if the limit

i £ = £6)

s—=t t—8
exists as a finite number. In this case

£(t) = £(s)

A T
f (t)—lsl_rg t—s

() If f is delta-differentiable at t, then
Fo(8) = F(O) + ut) f2 ().

Theorem 9. Assume g: T — R is a function, and let t € T.. Then
(i) If g is nable-differentiable at t, then g is continuous at t.

(i) If g is continuous at t and t is left-scattered, then g is nabla-differentiable at t,

and
g(t) — g°(t)
t—p(t)

(iii) If t is left-dense, then g is differentiable at t if and only if the limit

NVICEre
st t—s

gv(t) =

exists as a finite number. In this case

o 9(8) —g(s)
g"(t) =lim T

(iv) If g is nabla-differentiable at t, then
g°(t) = g(t) = v(t)g" (t)-

Looking at properties (7) and (%ii) in each of the theorems above gives us a more
intuitive understanding of these derivatives than can be gained via the definition
alone. In the case of the delta-derivative, if ¢ € T is right-dense, then the delta-
derivative behaves in much the same way as the usual derivative. It can be regarded
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as the slope of the tangent line to the function at ¢, although if ¢ is both right-dense
and left-scattered, the limit is a one-sided limit. On the other hand, if ¢ is right-
scattered, then the f2(¢) is the slope of the line segment connecting f(t) and f(o(t)).
In this case, it makes no difference what the behavior of the function is like to the
left of ¢, beyond the requirement that f be continuous at £. So, the delta derivative
provides a mixture of the discrete behavior of the forward difference operator, and the
continuous behavior of the usual derivative. The nabla derivative can be interpreted
similarly, but in that case the focus is on what happens to the left of a given point,
rather than the right. '

It is easy to show that both the delta and nabla derivatives are linear. There are
also product and quotient rules for both derivatives.

Theorem 10. Assume f,g:T — R are delta-differentiable at t € T". Then
(i) The product fg is delta-differentiable at t, with

(f9)2(t) = FA®9() + £ (g (1) = fA()g" (t) + F(£)g° (2)-
(i1) If g(t)g°(t) # 0, then f;— is delta-differentiable at t, with

(z )A o = £209() ~ £g*(®)

g g(t)g° (£)

Theorem 11. Assume f,g: T — R are nabla-differentiable at t € T.. Then
(i) The product fg is nabla-differentiable at t, with

(¥ () = £ (H9®) + FPO5° @) = 7O W) + FBa°(0).

(i1) If g(t)g”(t) # 0, then =§ is nabla-differentiable at t, with

A 0 - fB°0)
(g> =000

Of course, the calculus on a time scale would not be complete without a concept
of integration to complement the derivative. It can be shown that if a function
f : T — R is rd-continuous, then it has a delta antiderivative. Similarly, if g: T — R
is 1d-continuous, then it has a nabla antiderivative. We then define the delta and
nabla integrals of f and g in terms of these antiderivatives.

Definition 12. Assume f : T — R is rd-continuous, and let F' be a delta antideriva-
tive of f. That is, suppose FA(t) = f(t) for all t € T*. Then the indefinite delta
integral of f is given by

/ f(8) At = P(t) +C.




The delta Cauchy integral is defined by

/s f@t) At=F(s)— F(r) forall r,seT.

Definition 13. Assume g : T — R is ld-continuous, and let G be a nabla antideriva-
tive of g. That is, suppose GV (t) = g(t) for all t € T,. Then the indefinite nabla
integral of g is given by

/ o(t) Vt = G(t) + C.

The nabla Cauchy integral is defined by
/ g(t) Vi=G(s) = G(r) forall r,seT.

These definitions can be generalized to apply to a more broad category of functions
called requlated functions. See, for example, [6, Section 1.4]. Since our applications
of integration usually fall within the more restrictive definition, however, we will not
dwell on the somewhat technical details of this more general definition.

As with the derivatives, both integrals are linear. Additional properties are given
in the following theorems.

Theorem 14. Ifa, b, c € T, and f, g are rd-continuous, then
() [, F(O) At=— [ f(¢) At
(i) [0 f(t) At= [ F(t) D+ [P f(t) At

(i) [2 1o (£)g2 () At = (fg)(b) - (f9)(a) — [, FA(B)g(t) A¢

(iv) [* F(5)g° () At = (Fg)(b) — 2@ () At
Theorem 15. Ifa, b, c€ T, and f, g are ld-continuous, then

(1) [, (&) Vi=~ [ f(t) Vi

(i) [P F(t) Vi= f° F&) Vt+ [0 f(t) Vit

(iii) [2 fo(£)g(t) Vt = (Fo)(b) — (f9)(a) — [ f¥()g(t) V.
(i) [} f(B)g% () Vt = (fg)(b) — (f9)(a) — J, f¥(D)g°(¢) V.




1.2 Generalized Exponential Functions

In the study of differential equations, the properties of the exponential function et
are crucial to many of the standard results. In difference equations, there is a similar
reliance on functions of the form af. In this section, we look at generalized ezponential
functions on time scales, which will play this key role in the time scales context.

Definition 16. We say that a function r : T — R is regressive if
1+ p@)r(t) #0

for all t € T*.
We further define the sets R and Rt by

R :={r: T — R | r is rd-continuous and regressive}

and

Rt :={reR|1+put)r(t)>0forallteT}
We now define the “circle plus” addition, @, on R. If p, ¢ € R, then

p®q:=p+q+upg,

where p is the graininess function. It can be shown that R is an Abelian group
under this circle plus addition. For this reason, we refer to R as the regressive group.
The family R* of positively regressive functions is a subgroup of R under circle plus
addition.

If p € R, then the additive inverse of p under circle plus addition is denoted ©p,
and is given by
_ b

14 pp’
For p, ¢ € R, we write p © ¢ to denote p @ (&¢).

If r € R, then the initial value problem

op

y* =r(t)y, ylto)=1
has a uﬁique solution. We denote this solution by

6r('at0)a

and call it the generalized (delta) exponential function. It can be shown that if
r € R*, then e.(-,t9) >0 for all t € T.

Some of the key properties of the generalized (delta) exponential function are
given here.

Theorem 17. Ifp, ¢ € R, then




(i) eo(t,s) =1 and ey(t,t) = 1;
(i6) epl(0(t),5) = (1 -+ p(t)p(®)ent, 5);
(i) iz = coplt,5);
(i) eplt,s) = kg = eenls,);
(0) eplt, Sep(s,) = exlt,7);
(55) eplt,s)ea(t, s) = epoalt, );

(vii) %:Lg—:—; = epoq(t, S);

- A
1 _ __»@
(viii) (——ep(-,s)> 00

A generalized nabla exponential function can be developed in an analogous fashion.
We state the relevant definitions and properties here.

Definition 18. We say that a function 7 : T — R is v-regressive if
1—v(t)r(t) #0

forallte T,.
We further define the sets R, and R;} by

R, := {r: T — R | r is ld-continuous and v — regressive}

and
RE={reR,|1—-v(t)r(t) >0forallteT}

The set R, is an Abelian group under the operation @,, which is defined by

pd,q:=p+4q—vpg,

for p, ¢ € R,. The family R} is a subgroup.
If p € R,, then the additive inverse of p under &, is denoted ©,p, and is given by
—P
1—vp

eup =

For p, ¢ € R, we write p ©, q to denote p &, (8,9).
If r € R,, then the initial value problem

Y =r(t)y, ylto) =1
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has a unique solution. We denote this solution by
ér('a tO);

and call it the generalized nabla exponential function. It can be shown that if r € R},
then é.(-,tp) >0 forallt € T.

Some of the key properties of the generalized nabla exponential function are given
here.

Theorem 19. Ifp, ¢ € R,, then
(i) éo(t,s) =1 and é,(t,t) = 1;
(i) &(p(t),s) = (1 —v(t)p(t))ép(t, 5);

(1) 5y = oun(t 8);

(iv) ép(t’ s) = ép(ls,t) = éeup(37t);
(v) é,(t,8)ép(s, ) = éy(t,T);
(vi) ep(t, s)eq(t,s) = ep@uq(t75);

(’U’LZ) %i—(('% = épeu‘I(t7 3);

v
Ve 1 _ (t)
(viit) (—e,,(.,s)) =~
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Chapter 2

A Second-Order Self-Adjoint
Dynamic Equation on a Time Scale

2.1 Preliminary Results

This chapter is concerned with the study of the second-order self-adjoint equation
[p(t)z2]Y +¢(t)z = 0 on a time scale. Since the equation we are interested in contains
both A and V-derivatives, we will want to know how these two different derivatives
interact. Toward this end, we will need an analog of L’Hopital’s Rule. A version of
this crucial theorem for A-derivatives, is contained in [6], although it is presented
here in a slightly different form (Theorem 22). We then develop L’Hopital’s rule for
V-derivatives (Theorem 23).

We may want to employ L’Hopital’s Rule to evaluate a limit as ¢ — o0, so we
make the following definitions.

Definition 20. Let € > 0. If T is unbounded above, we define a left neighborhood of
00, which we denote by L.(c0), by

Ls(oo)={t€’ﬂ‘:t>é}.

Similarly, if T is unbounded below, we define a right neighborhood of —oo, denoted
RE(—OO) by
RE(——oo)={t€']I‘:t<—%}.
We next define right and left neighborhoods for points in T.

Definition 21. Let € > 0. For any right-dense to € T, define a right neighborhood of
to, denoted R.(to), by

R.(to) ={teT:0<t—ty<e}
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Similarly, for any left-dense to € T , define a left neighborhood of to, denoted Lc(to),
by

L(to) = {teT:0<tp—t < e}
Theorem 22 (L’Hépital’s Rule for A-derivatives). Assume f and g are A-
differentiable on T, and let to € TU{oo}. Iftg € T, assume to is left-dense. Further-

more, assume
lim f(t) = hm g(t) =0,

t—ty to

and suppose there exists € > 0 with
g(t)g?(t) <0 for all t€ Lc(to).

Then we have

lim inf 120 < lim & < hm sup 1) < limsup im0

s gA(E) et 9(D) 9t) = 9O

Theorem 23 (L’Hopital’s Rule for V-derivatives). Assume f and g are V-
differentiable on T and let to € TU {—oc0}. Ifty € T, assume to is right-dense.

Furthermore, assume
lim f(t) = lim g(t) =0,

t—td totd

and suppose there exists € > 0 with
g(t)gv () >0 forall t€ Re(to).

Then

v V(¢
lim inf ! (t) 11m1 ff(t) < limsup —= 1) < limsup <+ / ( )
totg gV(t) T totf g ) ~ toty 9 (t) totd 9 V(t)
Proof. Without loss of generality, assume g(t) and gV (¢) are both strictly positive on
Re(to)-
Let § € (0,€], and let a := inf epy,) _vi(;l7 b := SUP, R, (to) ﬁ;} To complete the
proof, it suffices to show

0 f(r)

a < inf < sup =< <b
TE€R;(to) 9(7') TER;(to) g(T

as we may then let § — 0 to obtain the desired result.

We must be careful here, as either a or b could possibly be infinite. Note, however,
that since gV (7) > 0 on Rs(ty), we have a < oo. Similarly, b > —oo. So our only
concern is if @ = —oo or b = co. But, if a = —00, we have immediately that

a < inf f( )
TER;s(to) g(T)




as desired, and if b = oo, we have immediately that

1)

sup ——< S
TERs(to) g9(7)

as desired. Therefore, we may assume that both a and b are finite. Then
ag¥(r) < V(1) < bg¥(r) for all 7 € Rs(to),

and by a theorem of Guseinov and Kaymakgalan [16],
/ ag¥(t) V1 < / fY(r) Vr S/ bgV (1) Vr for all s,t € Rs(ty), t < s.
t t t

Integrating, we see that
ag(s) — ag(t) < f(s) — f(t) < bg(s) —bg(t) forall s,t€ Rs(to), t<s.
Letting t — tg, we get
ag(s) < f(s) <bg(s) forall s€ Rs(to),

and thus

1) o o 16 o,

a< inf —=< N =
s€Rs(to) g(S) s€R;(to) g(S)

Then, by the discussion above, the proof is complete.
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O

Remark 24. Although these theorems are only stated in terms of one-sided limits,
analogous results can be established if the limit is taken from the other direction. To
apply L'Hopital’s rule using A-derivatives and a right-sided limit, ¢y must be right-
dense (or —oo if T is unbounded below), and gg® must be strictly positive on a right
neighborhood of #y. Similarly, to apply L’Hépital’s rule using V-derivatives and a
left-sided limit, ¢, must be left-dense (or oo if T is unbounded above), and ggV must

be strictly negative on some left neighborhood of ;.

In order to determine when the two types of derivatives may be interchanged, we

need to consider some of the points in our time scale separately, so let

A:= {t € T | t is left-dense and right-scattered}, and T4 :=T\A.
Similarly, let
B:={t €T | tisright-dense and left-scattered}, and Tp:=T\ B.

Lemma 25. Ift € T4, then o(p(t)) =t. If t € Tp, then p(c(t)) =t.
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Proof. We will only prove the first statement. The proof of the second statement is
similar. If ¢ € T4, then either ¢ is left-scattered, or ¢ is both left-dense and right-dense.
If ¢ is left-scattered, then p(t) is right-scattered and it is clear that o(p(t)) =t. If tis
both left-dense and right-dense, then o(t) = t and p(t) = ¢t. Hence o(p(t)) = o(t) = t.
In either case we get the desired result. " O

Theorem 26. If f : T — R is A-differentiable on T* and f2 is rd-continuous on
T*, then f is V-differentiable on Ty, and

) = { f;i(fi(f-))fA(s) red

If g : T — R is V-differentiable on T, and g° is ld-continuous on Ty, then g is
A-differentiable on T, and

Vio(t teT
0= { Vo) 165

Proof. We will only prove the first statement. The proof of the second statement is
similar. First, assume t € T4. Then there are two cases: Either

(i) t is left-scattered, or
(i) ¢ is both left-dense and right-dense.

Case (i): Suppose ¢ is left-scattered and f is A-differentiable on T*. Then p(t) is
right-scattered, and o)) (o)

a0 < L) — flp(t

) =5ty = o

Now, as f is A-differentiable on T*, f is continuous on T. Then, since ¢ is left-
scattered, f is V-differentiable at ¢, and we see that

flo(p®))) — f(p(®))

A
o) o (o(®)) = p(0)
1= £6)
t—p(t)
= 0.

Case (ii): Now, suppose t is both left-dense and right-dense, and f : T — R is contin-
uous on T and A-differentiable at t. Since t is right-dense and f is A-differentiable

at t, we have that
oo £ = )
s—t t—s

exists. But ¢ is left-dense as well, so this expression also defines fY(t), and we see
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that
o f@) = f(s)
7@ = lim———
= fA@)
A ()

So, we have established the desired result in the case where ¢ € T4.
Now suppose t € A. Then t is left-dense. Hence fV(t) exists provided
0= £6)
s—t t—s

exists.

As t is right-scattered, we need only consider the limit as s — ¢ from the left.
Then we apply L’Hépital’s rule [6], differentiating with respect to s to get

lim f(t)—f() fA() hran()

s—t— t—s s—»t-— s—t—

Since we have assumed that f2 is rd-continuous, this limit exists. Hence f is
V-differentiable, and fV(t) = lim,;— f2(t), as desired. O

Corollary 27. Ifto € T, and f : T — R is rd-continuous on T, then fti f(r)AT is
V-differentiable on T and

[ seree] - L) ted

Ifto € T, and g : T — R is ld-continuous on T, then ft T)VT is A- dzﬁerentzable

on T and t A
[/to g(T)VT] - { 1915;‘15(21 g(s) i g gB

The following corollary was previously established by Atici and Guseinov in their
work [4].

Corollary 28. If f : T — R is A-differentiable on T* and if f® is continuous on
T=, then f is V-differentiable on T, and

Y (t) = f2°(t) fort e Ty.

If g : T — R is V-differentiable on T and if gV is continuous on Ty, then g is
A-differentiable on T* and

g2 (t) = gv°(t) forte T*.
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Now, there are a couple more integral formulas that will be useful, the first two
of which were established in [6] and [4].

Lemma 29. The following hold:
(i) 7O £(s) Ds = p()f(2)
(i) [Lo £(s) Vs =v(H)f(2)
(iii) [T £(s) Vs = p(t)f(t)
(iv) [ie F(s) s =v(H)f*(2)

We conclude this section by exploring the relationship between the generalized
exponential functions associated with the A and V derivatives.

Lemma 30. Let p: T — R. Then p is regressive if and only if —p° is v-regressive,
and 1 4 p(t)p(t) > 0 for allt € T if and only if 1 +v(t)p°(t) > 0 for allt € T.
Similarly, if ¢ : T — R, then q is v-regressive if and only if —q° is regressive, and
1—v(t)q(t) > 0 for allt € T if and only if 1 — p(t)q°(t) > 0 for allt € T.

Proof. We will only prove the first statement. The proof of the second statement is
similar.

First, assume p is regressive. We then wish to show that 1 + v(t)(p”(t)) # 0.
Case 1: Fix t € T4. Then p(t) € T, and as p is regressive, we have that

1+ u(p(t))p(p(t)) # 0,

so, using the definition of u(t),

1+ [o(p(t)) = p(t)lp(p(t)) # O.
But t € T4, so o(p(t)) =t, and we get
1+ [t — p(®)lp(2) # 0,

1+v()p’(t)#0

as desired.

Case 2: Fix t € A. Then t is left-dense and right-scattered, so v(t) = 0. Hence
1+v(@)pP(t) =14+ 0p°(t) =1 #0.

As 1+ v(t)p°(t) # 0 for any t € T, we see that —p” is v-regressive.
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Conversely, suppose —p* is v-regressive. We then wish to show that 1+p(¢)u(t) #
0.

Case 1: Fix t € Tg. Then o(t) € T, and, as —p? is v-regressive, we have that
1+v(o(t)p’(a(t)) #0,
so, using the definition of v(t),
1+ [o(t) = pla()]p(e(o(?))) # 0.
But t € Tp, so p(o(t)) =t, and we get
1+[o(t) —tlp(t) # 0

or
1+ p(t)p(t) #0
as desired.
Case 2: Fix t € B. Then t is right-dense and left-scattered, so u(t) = 0. Hence

1+ p()p®) =1+0p(t) =1+#0.

As 1+ u(t)p(t) # 0 for any t € T, we see that p is regressive.

To show 14 u(t)p(t) > 0 for all ¢t € T if and only if 1+v(¢)pP(t) > 0forallt € T,
simply replace “# 0” by ”> 0” in the preceding proof. O

Theorem 31 (Equivalence of delta and nabla exponential functions). If p is
continuous and regressive, then

ep(t’ tO) = é_l’j_H: y (ta tO) = éeu(—pf’)(t,tO)-
If q is continuous and v-regressive, then
éq(t, to) = el_g;a# (t,to) = ee(_qa)(t,to).

Proof. We will only prove the first statement. The proof of the second statement
is similar. Suppose that p : T — R is continuous and regressive, then by Lemma
30 we have that —p” is v-regressive. Furthermore, since p is continuous, —p” is ld-
continuous. Hence —p? € R,,. Then as R, is an Abelian group under @,,, we see that
E,(—p?) = £~ € R,, and therefore é e (t,to) exists.

. prv

 14pry
To complete the proof, then, it suffices to show that e, (¢, to) solves the initial value
problem '
v p°(t)

= Trpapp? Y=L

Y
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Let y(t) = ep(t, o). Then
’y(to) = ep(to,to) = 1
Now, e2(t,to) = p(t)ep(t, to), which is continuous. Hence by Corollary 28, ey (t,to) =
es*(t,1o), and we get
yv(t) = e (tt)
= eﬁp(ta tO)
= p(t)ep(t,to)
= pP(t) [ep(t, to) — v(t)ey (t,t0)] -
Rearranging this equation gives
ey (t,t0) [1 +v(8)p°(t)] = P’ (t)ep(t, to),
” ()
v _———— e
ep (t, to) = 1+ V(t)pp(t) ep(t, to).
Putting this back in terms of y, we get
y¥ (1) = &, (-p)y(1),
and the proof is complete. O
2.2 Second-order Linear Dynamic Equations
Recall that we are interested in the second-order self-adjoint dynamic equation
Lz = 0 where Lz(t) = [p(t)z®(8)]Y + q(t)z (). (2.1)

Here we assume that p : T — R is continuous, ¢ : T — R is 1d-continuous and that
p(t) >0forallteT.

Define the set I to be the set of all functions z : T — R such that z2 : T* —» R is
continuous and such that [p(t)z?]Y : T — R is ld-continuous. A function z € D is
said to be a solution of Lz = 0 on T provided Lz(t) = 0 for all t € T}.

Now, consider the second-order linear dynamic equations
Mz = 0 where Miz = 22V + pi(t)zY + pa(t)z, (2.2)

Myz = 0 where Mz = 28V + a1 (t)® + ao(t), (2.3)




19

and
M,z = 0 where Maz = 22V + 7y (t)zV + ro(t)2?, (2.4)

where p;,a;,7; : T — R are ld-continuous for i € {1,2}. Take Dy to be the set
of all functions z : T — R such that z is A -differentiable on T*, z2 : T* — R is
V -differentiable on T% , and z2Y : T% — R is ld-continuous. For i = 1,2,3, we say
z is a solution of M;z = 0 on T provided z is in Dy, and M;z =0 for all £ € T}.

Theorem 32. If py is ld-continuous and p; € R}, then the dynamic equation (2.2)
can be written in self-adjoint form, with

p(t) = épl (ta tO) and q(t) = ém (t> to)p2(t)‘

Furthermore, in this case, if x is a solution of (2.2) on T, then z is also a solution
of the self-adjoint form of the equation.

Proof. Suppose we have
2V + pi(H)zY + pa(t)z = 0.

Assume p, is 1d-continuous and p; € R}. Then &, (¢,to) is well defined and positive.
Multiplying through by é,, (¢,%0), we get

~ AV A v 3 i

€p, (t’ to)m + €p (t’ tO)pl (t):L‘ +ép, (t’ tO)p2(t)m =0.

Then, since é,, (¢, to) solves the IVP

¥y =p)y, ylo) =1,

we have that
[6p, (. t0)]Y = p1()ép, (¢, to)-
So our equation becomes
ém (t: tO)xAv + [ém (t7 tO)]VxV + épl (ta tO)p2(t)m =0.
Ap

Furthermore, z2 is V-differentiable, hence continuous, so by Corollary 28, zV = z

and we get
Epy (t,10)T2Y + [Ep, (£, 10)] V22 + &5, (2, t)p2(t)z = 0.

Then by the product rule, we see that
[0, (¢, t0)72]7 + &y, (¢, to)pa(t)z = 0.

This equation is in self-adjoint form with p(t) and ¢(t) as desired.

Now suppose z is a solution of (2.2), p is ld-continuous and p; € R}. Based on
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the above development, it is clear that  satisfies the dynamic equation
[0, (2, 20)22]" + &5, (t, to)pa(t)z = 0.

Hence to show z is a solution of this dynamic equation, we need only show that z € D.
Note that z2 is V -differentiable, and therefore continuous. Also,

6y, (8, t0)22]Y = éZ(t,to)w”+épl(t,to)xAv

= N (t)ém (ta tﬂ)mp + ém (ta tO)mAv’
which is 1d-continuous, and therefore, z € D. O

Corollary 33. If ay is ld-continuous and —ay € R}, then the dynamic equation (2.3)
can be written in self-adjoint form, with

ax(t) é_a_(t,t0).

p(t) =é_a_(t,t0) and q(t)=m“(‘{)‘ s

l:alu
Furthermore, if x is a solution of (2.3), then z is also a solution of the self-adjoint
form of the equation.

Proof. Suppose we have
22V + a1 (t)z? + az(t)z = 0.

Recall that if f : T — R is V-differentiable, then f(t) = f°(t) + v(¢)fV(t). Thus
Tt = :BA"’ + v(t)z”V. Making this substitution, we have

22V + ay(8) (@ + v(t)z?Y) + ax(t)z = 0,

and hence

(14 a1 (t)v(@)z2Y + a1 (t)2?” + az(t)z = 0.
Now —a,(t) € R}, so the leading coefficient is positive and we may divide through
by it. Furthermore, as before, we have that z® is continuous, so zV = z?. Thus, we
get
oo al) o m)

(1 +a1(t)v(t)) (1 +ax(t)v(t))

This is in the form (2.2). As a; and a, are ld-continuous, so are 77— and

Further,

x

a2
(14+a1v)"

ay(t) T4 a(t)v(t) —a(t)v(t) 1
(1 —v(t) 1+ a; (t)u(t)) - 1+ a1 (t)v(t) T 14 a(t)v(t) >0,

so the coefficient of the zV term is in R}. Hence by Theorem 32 above, the equation
can be written in self-adjoint form, with p(t) and ¢(t) in the desired form, and solutions
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of equation (2.3) are also solutions of the self-adjoint form of the equation. O

Corollary 34. Ifry is ld-continuous and (r; —vry) € R}, then the dynamic equation
(2.4) can be written in self-adjoint form, with

P(t) = é(n—Wz)(t’tO) and Q(t) = 7"2(t)é(r1—vr2)(ta tO)-

Furthermore, if © is a solution of (2.4), then z is also a solution of the self-adjoint
form of the equation.

Proof. Suppose we have
2V +r(t)zY + ro(t)z” = 0.

Then
22V + ri(t)zY +ro(t)(x — v(t)zV) =0,

> 22V + (ri(t) — v()ra(t))zY + ra(t)z = 0.

This is in the form (2.2), and the coefficients meet the requirements of Theorem 32.
Thus the result follows. O

2.3 Abel’s Formula and Reduction of Order

We begin this section by looking at the Lagrange Identity for the dynamic equation
(2.1). We establish several corollaries and related results, including Abel’s Formula
and its converse. We conclude the section with a reduction of order theorem. Some
of the results in this section are due to Atici and Guseinov. Specifically, Theorems 35
and 43, and Corollaries 39 and 42 were previously established in their work [4]. Our
conditions on p and q are less restrictive than Atici and Guseinov’s, and our domain
of interest, D, is defined more broadly. In spite of this, however, many of the proofs
contained in [4] remain valid. As this is the case, we have omitted the proofs of some
of the following theorems, and refer the reader to Atici and Guseinov’s work.

Theorem 35. Ifty € T, and zo and z; are given constants, then the initial value

problem
Lz =0, z(to) =m0, z°(to)=m

has a unique solution, and this solution exists on all of T.

Definition 36. If z,y are A-differentiable on T*, then the Wronskian of z and y,
denoted W (z,y)(t) is defined by

W(z,y)(t) =

z(t)  y(t) . for t € T".
y
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Definition 37. If z,y are A-differentiable on T*, then the Lagrange bracket of z and
vy is defined by

{z;9}(t) = p(OOW (2, 9)(t) for t € T".
Theorem 38 (Lagrange Identity). If z,y € D, then

z(t)Ly(t) — y(t) La(t) = {z;9}V(t) fort €Ty
Proof. Let z,y € D. We have

{z;9}Y = PW(z,y)]"
= [zpy® —ypz

gy + zlpy®)Y — yVp s — ylpz®]Y

aVpPyY + alpyt]Y — yVp’zY — ylpz®]Y

= z[py?]V — ylpz®]"

z([py®]Y + qy) — y([pz?]" + qx)

= zLy—ylLz,

A]V

where we have made use of the fact that z® and y® are continuous and applied

Corollary 28. O
Corollary 39 (Abel’s Formula). If z,y are solutions of (2.1), then

W(z,y)(t) = ;)% fort € T,

where C is a constant.
Proof. If z,y are solutions of (2.1), they belong to D. Then, by Theorem 38, we have
() Ly(t) — y(t)La(t) = {z;y}V(t) for t € T".

But Lz = Ly =0, so
0={z;y}V(t) forteT"

Integrating, we see that
{z9} =pO)W(z,y)(t) = C,

which gives the desired result. : O

Definition 40. Define the inner product of z and y on [a, ] by

b
(2,9) = / 2(Ey(t) V.
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Corollary 41 (Green’s Formula). If z,y € D, then

(z, Ly) — (Lz,y) = [pOW (2, 9)]e.
Proof. Integrating the expression in Theorem 38 gives the result immediately. O
Corollary 42. If z,y are solutions of (2.1), then either
(i) W(z,y) #0 fort € T® or
(i) W(z,y) =0 fort e T".

Case (i) occurs if and only if  and y are linearly independent on T, and case (i)
occurs if and only if x and y are linearly dependent on T.

In the standard way, one uses the uniqueness theorem to prove the following result.

Theorem 43. If x; and x5 are linearly independent solutions of (2.1) on T, then a
general solution of (2.1) is given by

z(t) = c121(t) + coza(t).

Theorem 44 (Converse of Abel’s Formiila). Assume u is a solution of (2.1)
with u(t) # 0 fort € T. If v € D satisfies

then v is also a solution of (2.1).

Proof. Suppose that u is a solution of (2.1) with u(t) # 0 for any ¢, and assume that
v € D satisfies W (u,v)(t) = -%. Then by Theorem 38, we have

=
u(t)Lo(t) — v(t) Lu(t) = {u;v}7 (t),

SO

ut)Lo(t) = [p(t)W (u,v)(B)]"

C
= b))
CV
0.

As u(t) # 0 for any t, we can divide through by it to get
Lv(t) =0 forteTy.

Hence v is a solution of (2.1) on T. a
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Theorem 45 (Reduction of Order). Let to € T*, and assume u is a solution of
(2.1) with u(t) # 0 for any t. Then a second, linearly independent solution, v, of
(2.1) is given by

1

'U(t) = u(t) /t;) WAS
forteT.

Proof. By Theorem 44, we need only show that v € D and that W (u,v)(t) = 17% for
some constant C. Consider first

u(t)  v(t) ‘

uB(t) vA()

= u(t)ot () - v()ut(2)

= u(t) [u? t"‘—l””_ 8 T

= u(t) [ () /to p(s)u(S)UU(S)A +P(t)“(t)u"(t)
t 1

—uA(t)u(t)/tDW(_S_)AS

= u(t)u® t 1 s u(t)u” (1)
= u(t) (t)/top(S)U(S)ua(s)A +p(t)u(t)ud(t)

p(t)
Here we have C = 1. It remains to show that v € D. We have that
t o
vA) = uB(t) -«—1——-—As +— (®)
to

p(syu(s)us(s) p(t)u(t)u’(?)

 W(w,0)() =

ORI SV
= (t)/top@)u(s)ua(s)A T )

Since u € D, u(t) # 0 and p is continuous, we have that v® is continuous. Next,
consider

bt = vt [ ot + ]

to p(s)u(s
bSO | e
NN O N M O
P Ou ) [/to JD(S)u(S)U"(S)A ] u(t)ur(t)

Now, the first and last terms are 1d-continuous. It is not as clear that the center term
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is 1d-continuous. Specifically, we are concerned about whether or not the expression

M m/“r

is 1d-continuous. Note that the integrand is rd-continuous. Hence Theorem 27 applies
and yields

v 1
[/t '—;"—As} = ) PO uPE) . teTy
to p(S)U(S)u”(S) limg P ONOIEO] te A.

First, suppose t € T4. Then o(p(t)) = t, so our expression simplifies to

[ /t 1 AS]V B 1 B 1
to P(s)u(s)u’(s) pr(tyur(t)ucr(t)  pr(t)wr(t)u(t)
Next, suppose that t € A. Then ¢ is left-dense, and therefore,

lir?_ o(s) =t.

Then as p and u are continuous, we have
lim 1 1
1 = .
s—t- p(s)u(s)u(s)  p(t)u?(t)
Now for t € A, t is left-dense, so, if we like, we may write this expression as

lim = = . = . ‘
s—t— p(s)u(s)u"(s) B p(t)uz(t) B pl’(t)up(t)'u,(t)'

This is the same expression we got for ¢t € T 4, so we have that

[/t———l—-—AT V=——1——— vfortG']I'
to P(T)u(7)u’(7) pr(Hur(t)u(t) '

This function is 1d-continuous, and so we have that v € D. Hence by Theorem 44, v
is also a solution of (2.1). Finally, note that as W (u,v)(t) = Tlt) # 0 for any ¢, v and
v are linearly independent. O

2.4 Oscillation and Disconjugacy

In this section, we establish results concerning generalized zeros of solutions of (2.1),
and examine disconjugacy and oscillation of solutions.




26
Definition 46. We say that a solution, z, of (2.1) has a generalized zero at t if
z(t)=0

or, if ¢ is left-scattered and
2(p(t))z(t) < 0.

Definition 47. We say that (2.1) is disconjugate on an interval [a, b] if the following
hold. :

(i) If z is a nontrivial solution of (2.1) with z(a) = 0, then z has no generalized
zeros in (a, b).

(ii) If z is a nontrivial solution of (2.1) with z(a) # 0, then = has at most one
generalized zero in (a, b].

Definition 48. Let w = sup T, and if w < oo, assume p(w) = w. Let a € T. We say
that (2.1) is oscillatory on [a,w) if every nontrivial real-valued solution has infinitely
many generalized zeros in [a,w). We say (2.1) is nonoscillatory on [a,w) if it is not
oscillatory on [a,w).

Lemma 49. Let w =supT. Ifw < oo, then assume p(w) = w. Let a € T. Then if
(2.1) is nonoscillatory on [a,w), there is some to € T, to > a, such that (2.1) has a
positive solution on [to,w).

Proof. Assume (2.1) is nonoscillatory on [a,w), and then there is a nontrivial solution,
u of (2.1) such that u has only finitely many generalized zeros in [a,w). Let b =
max{t € T : u has a generalized zero at t}. Fix to € T such that ¢, > b. Then either
u > 0 on [to,w) or —u > 0 on[ty,w). O

Theorem 50 (Sturm Separation Theorem). Let u and v be linearly independent
solutions of (2.1) on T . Then u and v have no common zeros in T*. If u has a
zero at t; € T, and a generalized zero at to >ty € T, then v has a generalized zero in
(t1,t2). If u has generalized zeros at t; € T and to > t; € T, then v has a generalized
zero in [ty 9] ‘

Proof. If u and v have a common zero at ¢, € T", then

u(to)  v(to)

W(w,0)(t) = | 48 (t) vA(to)

= 0.

Hence u and v are linearly dependent.

Now suppose u has a zero at t; € T, and a generalized zero at t; > t; € T. Without
loss of generality, we may assume t; > o(t;) is the first generalized zero to the right
of t;, u(t) > 0 on (t1,t2), and u(tz) < 0. Assume v is a linearly independent solution
of (2.1) with no generalized zero in (t1,ty]. Without loss of generality, v(t) > 0 on

[t1,ta].
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Then on [t1, ta],
(E)A () = vt t) —u@t®) __ C
v v(t)v” () p(t)v(t)v7 (t)’
which is of one sign on [t1,t2). Thus % is monotone on [ty,ty]. Fix t3 € (t1,t2). Note
that
uty) = (0, and u(ts) >0
v(t) T vlts) T
But
u(tz) S 0,
v(t2)

which contradicts the fact that ¥ is monotone on [t;, ts]. Hence v must have a gener-
alized zero in (t1, o).

Finally, suppose u has generalized zeros at ¢; € T and t5 > ¢t; € T. Assume
ty > o(t;) is the first generalized zero to the right of #;. If u(t;) = 0, we are in
the previous case, so assume u(t;) # 0. Then, as u has a generalized zero at ;, we
have that ¢; is left-scattered. Without loss of generality, we may assume u(t) > 0
on [t1,t3), u(p(t1)) < 0 and u(tz) < 0. Assume v is a linearly independent solution
of (2.1) with no generalized zero in [t;,t2). Without loss of generality, v(t) > 0 on
[t1,t2], and v(p(t1)) > 0. In a similar fashion to the previous case, we apply Abel’s
Formula to get that 2 is monotone on [p(t;), ;] But .

u(p(t1)) u(t) u(ts)
<0, >0, and <0,
v(p(t1)) v(t) v(t2)
which is a contradiction. Hence v must have a generalized zero in [t;, ). O

Theorem 51. If (2.1) has a positive solution on an interval T C T, then (2.1) is
disconjugate on I. Conversely, if a,b € T% and (2.1) is disconjugate on [p(a),o(b)] C
T, then (2.1) has a positive solution on [p(a),o(b)].

Proof. Assume (2.1) has a positive solution, v on Z C T. If (2.1) is not disconjugate
on Z, then (2.1) has a nontrivial solution v with at least two generalized zeros in Z.
Then, without loss of generality, there are ¢, t; in 7 such that

v(t) < 0,v(ty) <0, and v(t) > 0 on (t1,t2) with (t1,t2) # 0.

Note that

v\A u(t)vA(t) — v(t)u(t)
(3) ® = w()a (&)

W (u,v)(?)

u(t)us (t)
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p(t)u(t)u (t)

is of one sign on Z*. Hence 2 is monotone on Z. But

(3’.) (t;) <0, (%) (t) >0, and (%) (t2) L0.

u

This contradicts the fact that £ is monotone. Hence(2.1)‘is disconjugate on Z.

Conversely, suppose that (2.1) is disconjugate on the compact interval [p(a), o(b)].
Let u,v be the solutions of (2.1) satisfying u(p(a)) = 0,u?(p(a)) = 1 and v(c (b)) =
0,v2(b) = —1. Since (2.1) is disconjugate on [p(a),o(b)], we have that u(t) > 0 on
(p(a),o(b)], and v(t) > 0 on [p(a),s(b)). Then

z(t) = u(t) + v(t)
is the desired positive solution. [

Theorem 52 (Pdlya Factorization). If (2.1) has a positive solution, u, on an
interval T C T, then for any z € D, we get the Pélya Factorization

Lz = ay (t){az[na]*} (t) for t €T,

where 1
ap:==—>0 onZ,
U

and
ag :=puu’ >0 onlZ.

Proof. Assume that u is a positive solution of (2.1) on Z, and let z € D. Then by
the Lagrange Identity (Theorem 38),

u(t)La(t) — z(t)Lu(t) {u; 2}V (t)
wlot) = {u2}70)

La(t) = ﬁ{u;x}vm

1
W{PW(U, z)}V(t)
1 s [Z72 v
- Sl [ 0
= ait){ea[ma]®}V (1),

for t € Z, where a; and as are as described in the theorem. O
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Theorem 53 (Trench Factorization). Let a € T, and let w :==supT. If w < oo,
assume p(w) = w. If (2.1) is nonoscillatory on [a,w), then there is to € T such that
for any z € D, we get the Trench Factorization

La(t) = f1(t){BelBrz]*}Y (2)

for t € [to,w), where By, P2 > 0 on [to,w), and

to Da(t )At N

Proof. Since (2.1) is nonoscillatory on [a,w), (2.1) has a positive solution, u on [to, w)
for some ¢ty € T. Then by Theorem 52, Lz has a Pélya factorization on [to,w). Thus
there are functions a; and ay such that '

Lz(t) = a;(t){afeaz]®}Y (t) for t € [to, w),

with 1
o = " and ap = puu®.

Now, if
v o1
——At = 00,
/to as(t)

then take B;(t) = a;(t), and B2(t) = aa(t), and we are done. Therefore, assume that

R |
——At < 0.
/to (1)

In this case, let

Bi(t) = IR alft)) and (a(t) = ax(t) /t‘" a_;G)_AS /Z) a_21(:g_)—As |

for t € [to,w). Note that as a1, > 0, we have (1, f2 > 0 as well. Also,

W 1 b 1
——At = lim / - At
to 52 (t) bowbel Jro Q2 (t ft &ﬁAS fa(t) a21(8) As

= lim / aZ(S) At
b—w,beT Jio ft az(s)A fa(t) 012(5)A

1 A
= lim 1| At
b—w,beT /to I:j; aZ(S)A ]
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im | -—m7———
b—w,beT fb“’ 21 As
= 00.

Now let z € D. Then

[Bual(t) = [ 2 )ell) ]A _Fam ol (D) + oa ()2(t) ok
ft J;& az(s) fo‘(t) az(s)AS

az(s)

for t € [tp,w). So we get

B0l = ax(Olar(Bo)] [ =t +aa(0e(t)
for t € [to,w). Taking the V -derivative of both sides gives
BOBOOPY = {a@EOP) [

w v
T {as®los 262} [ / a;(s) As]
Hoa W)

for t € [to,w). We now claim that the last two terms in this expression cancel.
Looking only at these last two terms, put the expression back in terms of our positive
solution u. We get

{Otz(t [a1(t) ]A}p [/ L As]v + [0 ()z()]Y

t 0‘2(3)

= [p®uu B [mﬁti]m [/t mAS]V+[Z_E%]V'

Now consider two cases:

Case 1: t € T4. Then Theorem 26 applies, and we get

[p(t)u(t)u’(t))” [%%] Ap [/t w mAs]v i [%%} V

o rewono 9] el
- e 1)

- [
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Case 2: t € A. In this case we have that p(t) = ¢, and we get

[p()u(t)u’ @) [%] Ap l/t w E(S)T(i'WAS]V " [%]V

[p(tu(t)u ()] [M2G=2@20) 0294 — ot ()
p(t)u?(t) u?(t)
u(t)z™ (t) — z(t)u () 4 u(t)z¥ (t) — z(t)u” (t)
u?(t) u?(t)
—u(t)zV(t) + z()u¥ (t) + u(t)zV () — z(t)uV (t)
u?(t)

= 0.

Here, we have made use of the fact that z,u € D, which gives us that z2? = zV and
Ap _ .,V
ubP =yv.

In either case, the last two terms cancel, and we have that
{Ba()[Bi(t) ]A} = {aa(t) e (t)x(2) ]A} /
It then follows that

1) {B0) BB )]}’ = a1(t) {ae®)laa (B)e®)]*} = La(t),

for t € [tp,w) and the proof is complete. O

az(s)

Theorem 54 (Recessive and Dominant Solutions). Let a € T, and let w =
supT. Ifw < oo, then we assume p(w) = w. If (2.1) is nonoscillatory on [a,w),
then there is a solution, u, called a recessive solution at w, such that u is positive on
[to,w) for some ty € T, and if v is any second, linearly independent solution, called a
dominant solution at w, the following hold.

(i) lim;_, %8 =0
.. w 1 :
() Jiy satmm At = o0
(113) fbw mAt < 0 for b < w, sufficiently close, and

(i) & @t  pOUQ) for t < w, sufficiently close.
u(t) u(t)

The recessive solution, u, is unique, up to multiplication by a nonzero constant.

Proof. As (2.1) is nonoscillatory, by Theorem 53, there is a Trench Factorization:

La(t) = Bi(t){Belbrzl?}Y (1),
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where 81,82 > 0 on [tp,w), and

|
——At = .
to 132 (t) >

Then if u(t) = u is a positive solution of (2.1). Now; let

_1
Ba(t)’
1 v 1

wh =55 ), RO

Then,

Luo(t)

B1(){BalBrvo]*}Y (B)
v 1

_ 101, s
— b [ 5rAdtT 0
~_AsA}(8)

= Ane to P2(s)
1

= ﬂl(t){ﬂ2(t)m}v
= Bu){1}Y
= (.

So vy is a solution of (2.1). Note that

. u(t) . 1
1 = lim 50— =0,
t—w— ’Uo(t) to—w LO 'ﬁzlﬂAs

W 1 _
as fto ﬂz—(t)At = 00. Now

(:‘_}_Q)A (t) — W(“)”O)(t) — C
u ut)u?(t)  p()u(t)u’(?)

where C is a constant by Theorem 39. Note that C 5 0, since u and vy are linearly
independent. Integrating both sides of this last equation from g to ¢, we get

’Uo(t) _ t C s
uld) = / P ONOIZON

Taking the limit as ¢t — w, we get

im () — N _......_C s
lim u(t) /to p(s)u(s)u"(s)A ’
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and we see that

w C
/to P =

as desired.

Now let v be any solution of (2.1) such that u and v are linearly independent.

Then
v(t) = c1u(t) + covo(t), where c; # 0,

and
t t
lim w = lim u(®)
t—w— v(t) t—w— c1u(t) + covo(t)
u(t)
= i vo(t)
tow— 61%(% + ¢
= 0.

Now, let v be a fixed solution of (2.1) such that u and v are linearly independent.
Choose t; € [to,w) such that v(t)v?(t) > 0 on [t1,w). Then for t € [t;,w),

U vud — i
(5>A“’=( )‘“ oo )(S) = 2R

where C; # 0. Integrating,

u(t)  u(t) _ /t C As.

o) v(t)  Ju p(s)o(s)o7(s)

Letting ¢ — w—, we see that

which implies that

Furthermore, for t € [t;,w),

PR _ p@uRE) _pOW)®) G 4o g

o(t) w()  ul)u@®) u@)(t)
It remains to show that Cy > 0. We have
lim (t) =

Sou(t)
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and

VYA W (u, v)(t) _ Cy
(3) @ WO ) pDuR)w D
which implies that Cy > 0, as desired.

Finally, we need to establish uniqueness, up to multiplication by a nonzero con-
stant. Let u; be a recessive solution of (2.1), and suppose us is another recessive
solution. If u; and us were linearly independent, us would be a dominant solution.
Hence u; and uy, must be linearly dependent, and we see that up = kuy for some
nonzero constant k. O

2.5 The Riccati Equation

Usually, linear dynamic equations are considerably easier to solve than nonlinear
ones. In this section, we are going to discuss the relationship between a particular
nonlinear equation, called the Riccati equation, and our self-adjoint equation. We
will see that there is a correspondence between solutions of these two equations. The
Riccati equation is defined by

(z(8))? o (2.5)

pP(t) + v (t)2¢(t)

for t € T%. Here we assume that p : T — R is continuous, ¢ : T — R is ld-continuous
and that

Rz =0, where Rz(t) := 2V (t) +q(t) +

p(t) >0forallteT.

Define the set D to be the set of all functions z : T — R such that 2V : T% — R is
1d-continuous and such that p?(¢) + v(t)z*(t) > 0 for any t € Tj. A function z € Dg
is said to be a solution of Rz = 0 on T* provided Rz(t) =0 for all ¢ € T}.

Then we have the following theorem:

Theorem 55. Assume ¢ € D has no generalized zeros in T, and z is defined by the

Riccati substitution © A( ) ,
p(t)x=(t
t) = ——= .
o(t) = B0, (26)

fort € T%. Then z € Dg, and
Lz(t) = z(t)Rz(t)
fort e Ty.

Proof. We first wish to show that z € Dg. We have by the quotient rule

p(t)ch(t)]V _ s@p®)z2 @)Y — pH) )2V (¢)

z(t)zP(t) ’




35

which is 1d-continuous on T%, since z € D). Next, note that

P ()z2()
PO+
P0)E ) + (07 (1)

(0
Pttt

= op 0

P(t) +v(t)2*(2)

for all ¢ € T%, since z has no generalized zeros in T. It remains to show that
z(t)Rz(t) = Lz(t) for ¢t € T;. Suppressing the arguments, we get

_(_z_”)Q_]

_ v
zRz = x-z +q+pl’+1/zp

(2(pz?)Y — palz

v

+q+

T

P

()

A\ V
T
z p”+1/(

_ a\wv T
= (%)

v
B AT VT _pzz
= (pz ) <1+ " ) =

zzP

prlzV

TP

—— +qzr+

AV

zp’(zV)?

(pz®)VvzV  priz

+qT +

p?(zP + vzAP)

zP(zf + vzV)

zp’(a¥)’
x’x

v pp(xV)2

(p”)2(-'v“”)2]

(z°)?

= (pacA)V +qz +

TP

xﬂ+

P

(pz2)Vvz¥ — prlaY¥ + p (V) (z7)
P
zV (p°z°f + v(pz?)Y) — pzta¥
P
2V (pz?) — pztz¥
P

= Lzx+

= Lz +

= Lz +
= Lz.

Again, we have made use of the fact that z € D and applied Corollary 28. O

Theorem 56. The self-adjoint equation (2.1) has a positive solution on T if and only
if the Riccati equation (2.5) has a solution z on T*.

Proof. First, assume that z is a positive solution of (2.1), and let z be defined by the
Riccati substitution (2.6). Then by Theorem 55, z € Dg, and Lz = zRz. Since z is
a solution of Lz = 0 and has no generalized zeros, it follows that Rz = 0, as desired.

Conversely, assume that 2 is a solution of the Riccati equation, (2.5) on T*. Then
z € Dg, so p°(t) + v(t)2?(t) > 0 for all t € T%, and z is continuous on T*. This gives

K
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p
us that —(2) € R}, and thus, by Lemma 30, Z € R*. Now, let to € T, and let =
be the solution of the initial value problem

820 o) =

Note that although £ is only defined on T*, z is defined on T. Furthermore, as
z(t) = ez (t,to), = is continuous and positive on T. Next, consider

)2 ®)]" = [@z@)]”
V

= 2" (t)z*(t) +2(t)e V(lt)
2¥ (82 (1) + 2(t)z (t),
which is ld-continuous on T%. Hence z € . Moreover, we see that
_ p(t)z2(®)
="

so by Theorem 55 Lz = xRz = 0. Hence z is the desired positive solution of (2.1). O

Now, define A to be the set of functions

A := {u € Cyy([p(a), o (D)}, R) : u(p(a)) = u(o (b)) = 0}.

Here, C}; denotes the set of all continuous functions whose V-derivatives are piece-
wise 1d-continuous. Then we define the quadratic functional F on A, by

o (b)
Flu) = / . [POETOP — g0 vt

Definition 57. We say F is positive deﬁm’te on A provided F(u) > 0 for all u € A,
and F(u) = 0 if and only if u = 0.

Lemma 58 (Completing the Square). Assume z is a solution of the Riccati
equation (2.5) on [p(a),b]. Let u € A. Then for all t € [a,b], we have

%) = POETOR - g
2O _ e )

\/pp(t) + v(t)2°(t)

Proof. Let z be a solution of the Riccati equation (2.5) on [p(a),b], and let u € A.
Then for ¢t € [a, b],

(=2 @)Y = 27 (@)W (t) + 2 () (w*(t)Y
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= )7 WHR) + 2O WO 0) +ueT ()
I PN €20 i O
= [ wmaem)
+2° () (t)u” (t) + 22 (B)u(t)u” (t)
e O
= OO e B
Dt
(

+2°(t)u(t)u” (t) + 2P (t)uY (t)(u(t) - v(t)uV(t))

- wV ()2 — a()u2(t) — (2 (8))*u?(2)
= pP(t)(w’ ()" - q(t)u’(?) pP(t) + v(t)z#(t)

(
(

+2z”() (&)u¥ (t) - ( P(t) + 2 ()(t)) (u” (¢))?
—q(t)u

[ zP(t)u t) _\/pp )+ v(@)2r()uY (t)| .

O

Theorem 59. Let = be a solution of (2.1) on [p(a),a(b)], and let ¢, d € [p(a), o(b)]
with p(a) < c < o(c) <d < ad). If c = p(a), assume z(c) = 0. Now, let

0 pla)<t<ec
u(t)={ z(t) c<t<d

0 d<t<o(b).
Then u € A, and Fu = C + D, where

o [ et v =0
— ] B ﬁ(‘é)“”p - v(c) >0,

D— p(d)z(d)s(d) ¥(d) =0
p—(d%%))i‘@ v(d) > 0.

Proof. Let z, u be as described in the statement of the theorem. We first claim
that u € A. It is apparent from the definition that u € C},([p(a),o(b)],R), and
that u(o(b)) = 0. The fact that u(p(a)) = 0 is also clear from the definition unless
p(a) = c. In this case, however, u(p(a)) = u(c) = z(c) = 0, by our assumption on z.
So, u € A, as desired. Now consider

o(b)
Fu= [ [POWTE)? - a0u®)]
pla)
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We have u(t) = 0 on [p(a),c) U[d,o(b)], and u¥ = 0 on [p(a), c) U (d, o ()], so we get

d
Fu= / PP ()@Y (®) - g(t)u()] Vt.
ple)

Breaking up the integral, we get
c p(d)
Fu = () (Y ()2 V P(E)(uY ()2 V
IECBORE [ Pt ve
d c
¥ / RCOORE / JRCECONE
p(d) d
_ / g()u2(t) Vi — / g(t)2(t) Vt.

p(d)
Now, we apply Lemma 29 to get
Fu (C)(uv( ))21/(0) P (d)(u¥ (d))*v(d)
—q(c)u*(c V(C) - q(d) *(d)v(d)
p(d) p(d)
+ / PP(t)( 2Vt - / q(t)u?(t) Vt.
Since u(d) = 0, the fourth term in this expression vanishes. Furthermore, u(t) = (%)
on [c,d), and u¥(t) = zV(t) on (c,d), thus we may substitute z for u in the two

remaining integrals. We make this substitution and then evaluate the first of the two
remaining integrals by parts, which yields

Fu = PO+ u(d)
~4(©u*(v(0) — gy d)u(d)
p(d) p(d)
+ [T roETr vi- [ e ve
= PO +P @67V

=010+ pold)s (HB)elo(d)
p(d
—p(e)z? () - / [p(®)z2(1)]" 2(t) Vi

p(d)
+/ 4()(@()? V

(
P(c)(u (0))*v(c) + P (d )(uv(d))QV(d)
(C)V(C)+p(p( )z (p(d))z(p(d))

—q(c)u
p(d)
—p(@)rA()a(c) — / 2(t) La(t) Vt

(
(
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= p()(u¥(0))’v(c) + p(d)(u” (d))*v(d)
—q(c)u?(c)v(c) + p(p(d))z* (p(d))z(p(d))
—p(c)z®(c)z(c)
= C+D,
where
C = v(@p’(c)(u’())? - v(c)a(c)(u(c))?
—p(c)z®(c)z(c),
and

D = v(d)p’(d)(u¥ (@) + p(p(d))z* (p(d))z(p(d))-
Note that if v(c) = 0, then C = —p(c)z®(c)z(c). If v(c) > 0, then c is left-scattered,
so we get

v(c)
—p(z)xA(C)x(C)
N p_%)é)ﬁ — v(c)g(c)z?(c) — p(c)z®(c)z(c)

+p#(€)a (c)z(c) — p*(c)z™ (c)z(c)

_ P2 _ P ()2 (c)z(c)

v(c)
—v(c)z(c) {q(c)z(c p(e)z? () = p(c)z(c)
()(){q()<>+ = ]

R CRCEC
~1(0)a(e) (a(e)z(e) + 17 (0)

- PR g (H20)

v(c)
_ P(07%(c) = p(0)a*(c) + p(c)z(c)z(c)
v(c)
_ P29
v(c) ’

so C is as described in the statement of the theorem. Now note that if v(d) = 0, then
D = p(p(d))z?(p(d))z(p(d)) = p(d)z®(d)z(d). If v(d) > 0, then d is left-scattered,
so we get

D = v(dp(d)(w’ (@) +p(d)z"(d)a*(d)
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z(d) — z*(d)

. .
= vaw(a [ D] e
_ PUE@)  pdf(d)x(d) p’(d)(z"(d))
v(d) v(d) v(d)
_ pAr@dad)
v(d) ' |
Thus D is as desired, and the proof is complete. O

Theorem 60 (Jacobi’s Condition). The self-adjoint equation (2.1) is disconjugate
on [p(a),a(b)] if and only if F is positive definite on A.

Proof. First, suppose (2.1) is disconjugate on [p(a),o(b)]. Then there is a positive
solution, z, of (2.1) on [p(a),o(b)]. Let 2(t) := ﬂ%%# Then by Theorem 56, z is a
solution of Rz = 0 on [p(a),b]. Thus by Lemma 58, for any u € A,

OWP®)Y = PO - dt)’ ()

L/pﬂ(ztp(-? e VP (t)uv(t)}

for t € [a,b]. In fact, it can be shown that this equation holds at ¢t = o'(b) as well. As
the equation holds on [a,o(b)], we may integrate from p(a) to o(b), and noting that

u(p(a)) = u(o (b)) = 0, we get

_ () zp(t) t . 2 '
fu-/ [\/pp —\ﬂﬂ (t)z¢ (t)u ()] Vt,

pla) v(t)z

so Fu > 0 for all w € A. Furthermore, it is clear that if u = 0, then Fu = 0. Now
suppose Fu = 0. Then

2P (t)u(t
VP (t) (+) I/((t))z/’(t) = Vp(t) +v(t)2 ()" (8),
so u solves the initial value problem
2P
v=pp+yzp u, U(O'(b))zo

on [a, 0 (b)] Since —; 2 € R}, the solution of this IVP is unique, and gives u(t) =0
on [a,a(b)]. As u(p(a)) = 0 as well, we get u(t) = 0 on [p(a),o(b)]. Hence, F is
positive definite on A.

We will prove the converse of this statement by contrapositive. Suppose (2.1)
is not disconjugate on [p(a),o(b)]. Then there is a nontrivial solution z of (2.1)
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such that either z(p(a)) = 0 and z has a generalized zero in (p(a),o(b)], or z has
two generalized zeros in (p(a),o(b)]. In either case, let ¢ < d be the two smallest
generalized zeros of = in [p(a),o(b)]. Then, let

{0 pla)y<t<e
u(t) =< z(t) c<t<d
0 d<t<o(b).

Applying Theorem 59, we then have F = C + D < 0. As u is not identically 0, this
tells us that F is not positive definite. By contrapositive, the proof is complete. [

Theorem 61 (Sturm Comparison Theorem). Let
Liz = [p(0)22]Y + q1(t)z,

Loz = [po(t)22]Y + ga(t)z.
Assume qi(t) > g2(t) and 0 < pi1(t) < pa(t) for t € [p(a),o(b)]. If Liz(t) = 0 is
disconjugate on [p(a),o(b)], then Loz(t) = 0 is disconjugate on [p(a),o(b)].

Proof. Let
o(b)

Al = [ BOGTOF —a@we] v

a(b)
A= [ OO - 0l 0] vt

Assume that Lyz(t) = 0 is disconjugate on [p(a),o(b)]. Then by Theorem 60, the
quadratic functional F; is positive definite on A. Then, for u € A, we have

fgu

o(b)
/ o OO - o] ve

o(b)
> [ HO6TR) - i) v
B }f(;)

Hence F; is positive definite on A. Then, again by Theorem 60, Loz = 0 is disconju-
gate on [p(a), o (b)]. _ ' O

Theorem 62. Let Lz, Loz be as in the Sturm Comparison Theorem. Then if Lix =
0 is disconjugate on [p(a),o(b)] for i = 1,2, and if

p(t) = Mip1(t) + Aopa(t), and

q(t) = M () + Aaga(t),
where A\; > 0, Ay > 0, then Lz = 0 is disconjugate on [p(a), o (b)].
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Proof. Suppose L;z = 0 is disconjugate on [p(a), o(b)] for i = 1,2. Then the quadratic
functionals F; and F, are positive definite on A. Then for u € A, we have

o(b)
Fu = / [0 (0¥ (1)) — q(t)u ()] Vit
s

= / “ [(A1pa(£) + Aapa () (¥ ())? — (M@ (2) + Aoga(#))u?(2)] VE

o(b)
/ [P5() (¥ ()2 — @ (D) (8)] Vit

(a)

a(b)
+ [ O 0) - aee)] ve
p(a)

= flu -+ ]'-2'(1,.

Therefore, F is positive definite on A, and hence Lz = 0 is disconjugate on [p(a), o(b)].
O

We summarize some of the major results in the following theorem.
Theorem 63 (Reid Roundabout Theorem). The following are equivalent:
(i) Lz = 0 is disconjugate on [p(a),o(b)];
(ii) Lz = 0 has a positive solution on [p(a),o(b)];
(iii) The quadratic functional F is positive definite on A;
(iv) the Riccati differential inequality Rz < 0 has a solution on [p(a),b]. -

Proof. By Theorem 51, (i) and (ii) are equivalent. By Theorem 60, (i) and (iii) are
equivalent. By Theorem 56, (ii) implies (iv). It remains to show that (iv) implies (i).
So, assume Rz < 0 has a solution, z on [p(a), b], and let

w(t) := Rz(t) for tE€ [a,b]

If p(a) < a, let w(p(a)) =0, and if o(b) > b, let w(o(b)) = 0. Then z is a solution of
the Riccati equation

(@) _
P + v ()

2V (t) + (q(t) —w(t) +
on [p(a),b]. This implies that the self-adjoint dynamic equation

(p(t)z)Y + () — w(t))z =0
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is disconjugate on [p(a), o(b)]. But
q(t) —w(t) > ¢(t)

on [p(a),o(b)], so by Theorem 61, Lz = 0 is disconjugate on [p(a),o(b)], and the
proof is complete. O

Theorem 64 (Wintner’s Theorem). Assume supT =00, a € T, v(t) > K > 0,
and 0 < p(t) < M for some constants K and M. If

/ " q(t) Vt = o,

then (2.1) is oscillatory.

Proof. By way of contradiction assume the hypotheses of the theorem hold, but (2.1)
is nonoscillatory. Then by Lemma 49 there is some ¢, € T such that (2.1) has a
positive solution on [t, 00). Define z: T — R by

Then by Theorem 56, z is a solution of the Riccati equation Rz =0, and z € Dg, so
p(t) + v(t)z?(t) > 0, and therefore,

o) =K

If we integrate both sides of the Riccati equation, we see that

o) = (o) = — / " ot) Vi — / ” pp(t)(f: ffgt);p(t) vt

0

< - [Tayve

to

This implies that lim; ., 2(¢) = —o0, which is a contradiction. O

Theorem 64 is a special case of the Leighton-Wintner Theorem, which we now
state.

Theorém 65 (Leighton-Wintner Theorem). Assume supT = oo, a€ T, and
p(t) >0 forallt € T. If

/aoo;(%s At=/:oq(t) Vit = oo,

then (2.1) is oscillatory on [a, 00).
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Proof. By way of contradiction, assume that (2.1) is nonoscillatory. Then there is
some to € T such that (2.1) is disconjugate on [¢g, 00). Then by Theorem 54, there is
a dominant solution, v(t) such that

/ Tl A<

b P(E)u(t)h” () |

for b € T, sufficiently large. Without loss of generality, we may take v(t) > 0 on
[b, 00). .

Define z(t) by the Riccati substitution. Then by similar reasoning to the proof of
Theorem 64, we have

2(t) - 2(b) < / v,

50 limy_o 2(t) = —00. Then we can find ¢; € T such that ¢; > b, and 2(t) < 0 on
[t1,00). Then as z = p(t)v2(t)/v(t), v is positive and decreasing on [t;, 00), so

o0 1 1 *® 1
/tl P 2 «ﬂ(tl)/tl PO

= 007

which is a contradiction. O
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Chapter 3

Linear Dynamic Equations in
Factored Form

3.1 Linear Equations with Delta-Derivatives

3.1.1 The General Case

In this section, we look at solution techniques for linear equations containing delta-
derivatives which can be written in factored form. Fix n € N, and for 1 < ¢ < n let
a; : T — R be rd-continuous. Furthermore, for 1 < i < n, assume a;(t) # 0 for any
t € T. Define the operators D,,, 1 <i < n by

[Day](t) = ai(t)y™ (®).

For 1 < i < n, we take the domain of D,, to be the family of all delta-differentiable
functions. Clearly each D,, is a linear operator.
Now consider the dynamic equation

Ly=0 where Ly= (Dy, — A\)(Day — A2)-..(Da, — An)y- (3.1)

Here \;, 1 < i < n are (possibly complex) constants. Note that the order in which the
factors are written down is important, as the factors do not necessarily commute with
one another. We define the domain of the operator L, which we will denote by D, to
be the set of all functions, y : T — R, such that (Da,—X2) ... (Da, = M)y : T — R
is defined, and is delta-differentiable. In the case n = 1, we understand this to mean
that our domain is just the set of all delta-differentiable functions. We say that y € D
is a solution of (3.1) provided Ly(t) =0 for all t € T*".

Definition 66. We say the dynamic equation (3.1) is regressive provided %: € R for
1<i<n.
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Theorem 67. The dynamic equation (3.1) is equivalent to the system
= A(t)z, (3.2)
where
I
T2
T =
Zn
and _ i _
w® an 0
n—1 1 0
QAn-1 (t) Anp—-1 (t)
At) = K .. 0
0 A2 1
ax(t) ax(t)
0 0 A
- o . ol

Proof. To see that this system is actually equivalent to our original equation, suppose
y is a solution of (3.1), and let

ry =Yy
Ty = (Dan—An)y

Tp = (Day—A2)...(Da, — M)y

In other words,
Iy =Y, and Ti+1 = (Dan+1—i - )\n+1—-i)wia 1 S 7 S n—1.
Then for 1 <i<n -1, we have

Tit1 = (Dappros = Ant1-i)Ti

A
= On+1-iT; — Ant1-iTi-
Solving for 2, we see that

)\n 1—i
op = 4
Ani1—i Gn41-i

ZTit+1-
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Furthermore, by our dynamic equation, we have
Ly = (Dy — M)zn = s — Mz, = 0.

Solving for 25, we get

and we see that z is a solution of (3.2).
Conversely, suppose z is a solution of (3.2). We claim that y := z; is a solution

of (3.1). Note that

and thus

Now we also have that
n—-1— ag n—1 ag n-

Solving this for z,, we get
Tp = a'2(t)$$_1 - )\2-7711—1 = (Daz - )\2)-7;11—17

and therefore
(Da.1 — Al)(Daz - )\2)1}7-,,_1 = (.

Continuing in this fashion, we get
(Da1 — )\1)(Da2 —_ )\2) e (Dan bt )\n)ml = 0,
which is the desired result. O

Theorem 68. If (3.1) is regressive, to € T, y; € R, 1 < i < n, then the initial value

problem
Ly =0,

y(to) = y1, (Da, —AM)y(to) =2, -+, (Day —A2) .- (D, —An)y(to) = yn (3.3)

has a unique solution.

Proof. Suppose (3.1) is regressive, and consider the equivalent system (3.2). By [6,
Theorem 5.8], it suffices to show that the matrix-valued function A(%) is rd-continuous
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and regressive. Recall that A(t) was defined by
C A1 . T
@ o 0
0 An-1 1 0
dn_l(t) an_l(t)
A(t) :== : 0
. A 1
ax(t) aa(t)
0 -0 M
i el

Then, as each function, a;, 1 < ¢ < n, was assumed to be rd-continuous, we have

that A(t) is rd-continuous as well. To show A(t) is regressive, we must show that
det(I + u(t)A(t)) # 0 for any t € T. We get ‘

det(I + u(t)A(?))

1+,u(t)a o) u(t )an& 0 0
e R rsto N Oerto B 0 .
0 e N u(t)az(t) m(@\
0 0 1+,u(t)a1(t)

n
= 14 plt )
-1 ( @
# 0,
since (3.1) is regressive. Thus the IVP (3.1), (3.3) has a unique solution. O

Now that we have established that solutions of IVPs exist and are unique, we turn
our attention to actually finding these solutions, and examining their properties.

Deﬁnition 69. For1 << n, let y; € D. We define the Wronskian associated with
Ly=0W=W(y,...,yn) : T*" =R by

- B -

hn Y2 o Yn
D,y D, ys . D,y
W(yl, e ,yn) - det Dan—l (Danyl) Dan——l (Dany2) s Dan—l (Danyn)

Das(.. (Dantn) Dasle-(Dan)) -+« Dagl-.- (D))

Adding (nonzero) multiples of one row to another row does not change the deter-
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minant of a matrix, so we may write the Wronskian in the equivalent form

_ (i P Yn
: D,, — A, D, — M) Yn
W = det (Do = et (Den = Au)y
(l)a2 - /\2) e (Dan — )\n)yl e (Da2 - )\2) e (Dan - )\n)yn
We then get the following theorem.

Theorem 70. If (3.1) is regressive, and y1, . .., Yn are solutions of (3.1), then either
(i) W(yi,...,yn) =0, or
(1) W(y1,...,yn)(t) #0 for anyt € T.

The second case occurs if and only if the functions y;, 1 < i < n are linearly indepen-
dent on T.

Proof. Suppose (3.1) is regressive and 1, . .., yn are solutions of (3.1). Define the n
vector valued functions, x,...,z, by

Yi
(Dan - )‘n)yi

T; = .
(Daz = A2) -+ - (Day, = An)ys
Then we see that for 1 < i < n, z; is a solution of the system (3.2). Next, define the

column matrix, X by
X=[x1 Ty ... xn]

Then X solves the matrix dynamic equation X* = A(t)X. Furthermore, we see that
Wy, ... yn) = det X.

Since (3.1) is regressive, A(t) is regressive, and we may apply a theorem developed
by Cormani in [8] to conclude that

WA = o)W, - (34)

where g € R. In her paper, Cormani describes the function g in detail. Here, however,
we are only interested in the fact that ¢ € R, and since the expression describing g is
quite complicated, we choose to omit it.

Now, since g € R, we can solve equation (3.4), and we see that

W(t) = eq(t, to)W(to)

setElmedad oo
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The exponential function e,(t,%o) is never zero, and we see that if W(tp) = 0, then
W =0, and if W(t) # 0, then W(t) # 0 for any t € T.
It remains to show that W (t) # 0 for any ¢t € T if and only if yy, ..., yn are linearly
independent.
Suppose
cyr+eyz+ ... +cayn =0,

where ¢;, 1 <1 < n are constants. Then

c1(Da, — A)y1 + 2(Da, — An)y2 + ... + (Do, — An)yn = | 0

C]_(Da2 - /\2) e (Dan - )\n)yl 4+ ...+ C.n(.Da2 — /\2) e (Dan - )\n)yn = 0,

and we see that

C1
Co
c =
Cn
satisfies
X(t)e=0,

where X was defined in the first part of this proof. This holds for any ¢ € T="", so
we may evaluate X at an arbitrary point, ¢; € ']I"“"_l, and we get

X(tl)C =0.

Now recall that W (y,...,y,) = det X. Hence if W(¢;) # 0, then X (t,) is invertible,
and we see that ¢ = 0, which implies that v, ..., y, are linearly independent. If, on
the other hand, W = 0, then X (¢;) is not invertible, and the system X (t;)c = 0 has a
nontrivial solution. In other words, there are constants, ¢, ..., é,, not all zero, such
that

y=0Cy1+ Yyt ...+ Caln

satisfies y(t;) = 0. Therefore, by the linearity of the operators D,,, 1 < i < n,

y(tl) = (‘Da.,1 - )\n)y(tl) == (Daz - )‘2) v (Dan - )\n)y(tl) = 0

Furthermore, since ¥, ...y, are solutions of (3.1), y is also a solution of (3.1). By
Theorem 68, however, solutions of initial value problems are unique, and we see that
this implies

Y=~y + Gyt ...+ Eyn =0.

As the constants & were not all zero, this proves that 3, . . ., y, are linearly dependent
onT. a
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The solutions of (3.1) turn out to be somewhat complicated. To simplify things,
we introduce the following notation. For 1 < i < n, i < j < n, define the doubly-
indexed family of functions {y;;} by

Yii(t) = ex (t, o),

and fori+1<j5 < mn,

Yii(t) = gl(t to) /t: (m) 66%(3,%)%3—1(3) As

Speaking informally, the first subscript tells you which exponential function to
start with, then you proceed using the recursive formula described above. The second
subscript tells you when to stop. Note also that the expression m may be

rewritten as follows:
1 _ = (eam)) X #0
AOETORY A =0,

Occasionally, we will make use of this simplification.

Example 71. Suppose n = 3. Then

Y33 = ex; (t, to),
a3

t 1
Y23 = €2 (t, o) A (m) eox (s:fo)ex (S to) As, |

and

Y3 = ea(t to)/ K 8)+u )A?’)ee%(s,to)e%(s,to)
/to (m) eo (T to)en (7 to) AT] As

Theorem 72. Suppose (3.1) is regressive. Then {yin}r; are linearly-independent
solutions of (3.1) are , and a general solution of (3.1) is given by

n
_S_ AilYin,
i=1

where o; are constants, 1 <1 < n.
Proof. As (3.1) is regressive, ex is well defined for 1 < i < n, and thus the functions

{Yin}, exist. It is relatlvely stralghtforward to demonstrate that these functions
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are in D. We will prove the remainder of the statement by induction on n. (Note,
the proof is by induction on n, the order of the equation, not by induction on i.)
Base case, n = 1: Then our dynamic equation has the form

(Da1 - /\1)y =0.

Since we only have one (nontrivial) function, linear independence is clear. It remains
to show that y; 1 satisfies the dynamic equation. Substitution gives

(Do = M)y11(t) = ar(t)yry () — My ()
= ay(t)es, (¢, to) — Me (t,t0)
aj a1

At |
= a1(t)=ex (t,t0) —
a1( )al(t)e‘?f( ,t()) Ale%(t’to)
= }\163\l(t,t0) - /\1631 (t,to)
a1 aj

= 0,

and we have successfully established the base case. :
Induction step: Now, assume that {y;n—1 ?___’11 are linearly independent solutions
of
(Dal - ’\1)(Da2 - )‘2) KR (Dan—1 - /\n—l)y =0,

and consider {y;,}%,. We will first show that these functions are solutions of
Ly = (Dg; — M) (Day — A2) ... (Do, — M)y =0.
Note that
Ly = (D = A1) ... (Dapey — An-1) [(Dan = An)y] -

Now, our functions take on different forms depending on whether i = n, or 1 <1 <
n — 1. Therefore, we must consider these cases separately.
Case 1, i = n: Then, ignoring the argument, ¢,

Lynm = (Da1 - )‘l) e (Dan-1 - )‘n-l) [(Dan - /\n)yn,n]
= (Da1 - )\1) e (Dan_l - >\n—1) [anyrﬁn - )\nyn,n]
= (Dg — A1) ... (Dapy — An-1) [anei\n — )\ne%,l]

= (Do —M).-.(Dap_y — An-1) [an%eh — /\neﬁ]

(Da1 - )‘1) s (Dan-1 - )‘n—l)(o)
= 0.
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Case 2,1 <4 <n—1: Then y;, has the form

in(t) = exa t o) | t (WL—) Con (5, 10)in-1(5) A

to \0n(5) + p(s)An

and hence

A t 1
Ay = =2 ——————— ) e (5, t0)¥in1(s) A
vinl!) an<t)e%%‘t’t°)/to(an<s>+n<s»n)e@in(s’ oin-1(s) B
+

i 1
.00 (3o = —r ) fo (ol ()

= st [ (e ot oo &
+(1+ u(2) /\(t)) sn (t,t0) (m) eoa (t,to)yin1 (1)
= e (an(t)a:(g(t)kn) (an(w . u(t)An> bin-1(0)
0]

A )y@n(t) +

nl( t) Yin—1 (t)
- anl(t) (A¥in(t) + Yin-1(t)) -

Therefore, we see that
(Day, = A)¥in(t) = an(t)yién(t) = AnYin(t)
1
= Qn (t)a;"('t—) ()‘nyi,nb(t) + yi,n—l(t)) - )\nyi,n(t_)

MYin(t) + Yin-1(t) — Anyin(t)
= yi,n—l(t)a

and finally, we have

Lyim = (Day — M) .. (Dap_y — An-1) [(Da, — )‘n)yi,n]
(Dal - A1) cee (Dan_1 - )‘n—l)yi,n——l

)

and we see that the dynamic equation (3.1) is satisfied. It remains to show that the
functions {y;,}"; are linearly independent. To see this, consider the Wronskian,
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W (Ynms - - -, Y1m)- We have

Yn,n Yn-1,n Yi,n
(Dan —)\n)yn,n (Dan—)\n)yn_Ln (Dan_)\n)'yl,n
W = det . . .

(Dag—=2)---(Dan—An)ynn (Dag—=2)-(Dan—=An)yn-1n - (Day=A2)-(Dan—An)¥1,n

Now, by previous calculations, we know that (D,, —Ap)ynn = 0,and for 1 < i <n—1,
(D, — M\)¥in = Yin-1. Using these facts to simplify our matrix, we get
Yn,n Yn—-1,n Yi,n

0 Yn—-1,n—1 Yi,n—1

W =det | . : .. .
6 (Daz_A2)u~(Dun_.l_)\n—l)yn—l,n—l (Da2—AZ)-"(DGH'_I_An—l)yl,n-‘l

We now expand this determinant about the first column, to get

Yn-1,n-1 Yin-1

W = ypndet : . : ,
(Da2—A2)m(Dan-1—)\n—l)yn-—l,n—l (Daz—)‘2)"'(Dun_1_’}‘n—l)ylyﬂ‘-l

Looking closer, we see that what we really have is

W(yn,m . ayl,n) = yn,nW(yn—l,n—la ey yl,n-l)-

Now W (Yn—1,n-1,---,Y1,n—1) IS never zero, since, by our induction hypothesis, we
have assumed these functions are linearly independent. And, as exponential func-
tions are never zero, we have that y,, is also never zero. Thus we can conclude
that W (Ypnn,---,Y1,n) is never zero, and hence the functions {y;n}}; are linearly
independent. By induction, the proof is complete. O

3.1.2 Special Cases

In this section, we will look at how this theory simplifies in the case where all of the
functions, a;, 1 < i < n are the same. We will denote this common function simply
by a. Formally, let a : T — R be rd-continuous, and assume that a(t) # 0 for any
t € T. Define the operator, D,, by

[Dayl(2) = a(t)y™(2)-
Clearly, D, is a linear operator. Now consider the dynamic eqﬂation
Liw=0, where Liw= énD;‘w + cn_lDZ_lw + -+ e Dyw + cow, (3.5)

and ¢; is constant, 1 < i < n, ¢, # 0. As equation (3.5) can be multiplied by a nonzero
constant without changing the solutions, we will usually take ¢, = 1. Here we take
our domain Dy, to be the set of functions w : T — R such that D?~'w : T — R
is defined and is delta-differentiable, and we say that a function w € Dy, is a solution
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of (3.5) provided Lyw(t) = 0 for all ¢ € T*". This is consistent with the domain and
definition of solution which we used in the general case.

Definition 73. The characteristic polynomial associated with Lyw, which we will
denote by p, is given by

P(N) = A" + Cro1 A"+ -+ e + oo

The equation
p(A) =0

is called the characteristic equation.

Definition 74. Denote the n roots (including multiplicity) of the characteristic equa-
tion, p(A) = 0, by A;, 1 < i < n. We say the dynamic equation (3.5) is regressive
provided %‘ eERforl<i<n.

This definition agrees with the earlier definition of regressivity of (3.1). Note,
then, that equation (3.5), with ¢, = 1, can be written in factored form:

Lyw = [f:[(Da - )\i)] w=0. (3.6)

i=1

It is easy to show that these factors commute with one another.

Although the results presented below are valid for any rd-continuous function, a,
without zeros, there are two specific choices of @ which merit further comment. First,
if we choose a(t) = 1, then (3.5) is just a constant coefficient dynamic equation.
Second, if a(t) = t, then (3.5) is an Euler-Cauchy dynamic equation. These equations
have been studied extensively by Bohner and Akin-Bohner in [7, 2], and, although
our notation is slightly different, the results in this section should be considered to
be a generalization of their work.

One of the drawbacks of our definition of regressivity is that the roots of the
characteristic equation must be known before it can be determined whether or not
the equation is regressive. In the following lemma, we present an equivalent condition
for regressivity which does not require the roots of the characteristic equation to be
determined explicitly.

Lemma 75. Equation (3.5) is regressive if and only if
Zci(a(t))i(—y(t))"‘i #0 forall teT.
i=0

The proof essentially mirrors the proof presented by Bohner and Akin-Bohner for
Euler equations [7, Theorem 2.15], and we do not include it here.
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Theorem 76. Let m be the number of distinct roots of the characteristic equation
associated with Lyw = 0. Denote these roots by r;, 1 <i<m. Forl1<i<m, let
m(r;) denote the multiplicity of the root, r;. Then, for 1 <i < m, {wi,j};nz(?) defined
by

w;i(t) = e (¢, t0)zi,(£),

where

¢
1
za(t)=1, and 2zjn= /t zj(s) As for 1< j<m(r) -1,

, a(s) + AT,
are m(r;) linearly independent solutions of Lyw = 0 associated with r;.

Moreover, if a;; are arbitrary constants, then a general solution of Lyw = 0 is
given by :

m m(rs)

w(t) = Z Z 0 Wi 5 (t)-

i=1 j=1

Before embarking on the proof of this theorem, we will introduce some notation
that will be needed, and we will establish a lemma, which will also be useful in the
proof.

Recall that our dynamic equation can be written in factored form. (See equation
(3.6).) Although the factors commute, for the time being, we will fix the order of the
factors, and write the equation as ‘

(Do = M)(Da = A2) ... (Da — A)w = 0.

Note that although the constants ); need not be distinct, we have that for 1 <i < n,
Mi=r;forsomel1<j<m. Nowfor1<i<m,1< k < n, define the set pi(r;) by

er(ri)={j: =1, 1< <k},
and let
mi(ri) = |oe(ri)l,

where | - | denotes the order of the set. In other words, my(r;) is the number of times
r; appears in the first k factors, and m,(r;) = m(r;). Furthermore, for 1 < k < n,
define

(If my(r;) = O for some 4, we understand U?=1{wi,j} to be empty for that value of 3.)
Note that Wy, contains exactly k elements, and that Wy, C Wiy, for 1 <k <n—1.




57

Lemma 77. For 1 <k <n-—1, ifw;,; € Wy, then

€ Autt (s,to)w; j(s) As

¢ 1
Ui,j,k(t) = eAk (t,t0) /to a(s) + p(s) Me+1

belongs to the span of Wiy1, denoted by S[Wiq].

Proof. Fix k with 1 < k < n—1. We must show that u; x, as defined in the statement
of the theorem, is in S[Wy,1] for all w; ; € Wy. That is, we must show u; jx € S[Wia1)
whenever 1 < i < m, and 1 < j < mg(r;). Not that if my(r;) = 0 for some i, then
the statement is vacuous. Therefore, fix ¢ with 1 < i < m, and assume mg(r;) > 1.
We now proceed by induction on j.

Base case, j = 1: If j =1, then

w; () = wia (t) = exi (t,t0)zin(t) = ez (t, to).

So, we get

t
1
Ui & (t) = expss (¢, %0) /

e ,to)eri(s,to) As.
o G0 T AP o (0o (580

Now this expression simplifies differently, depending on whether or not Axy1 = 7y, so
we consider these cases separately.
Case 1, Ag+1 = i In this case, it is clear that mg41(rs) > 2, and we get

. t 1
wanlt) = e 60 | o

Case 2, MA41 # ri: Choose ¢ with 1 < ¢ < m such that Agy; = 4. In this case,
we see that my.1(r;) > 1, and my41(rg) > 1. Furthermore,

t 1 1 eﬂ(satﬂ)

Ui 5 t) = er tat LA ; A
) n 0)/toa(s) (1+u(s);(’;) ew(s,to)
t 1 en 8,1
— em(t,to)/ S As

e 1

o a(5) €% (s, %)

= t to / S to AS
’l"' tO
rq (t, o)

As = ’wi,z(t) € Wiy1.

o~

=t

erlem s to)]
')"-—'rq a. a a

- ro (£, 0) [e%e_}(t to) — 1]

- [e%(t to) — ez (t, )]

s=to
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1

- T; —Tq [wi1(2) — waa (2)]

€ S[Wks)-

As either Case 1 or Case 2 must occur, we see that this establishes the base case.
Induction step: Now suppose uijx € S[Wit1], and assume w; ;i1 € Wi (If
w; j4+1 ¢ Wi, there is nothing to show.) Then, we must show u;j114 € S[Wi41] In
this case, we have
w;,j+1(t) = eni(t,t0)zij+1(2).

Thus,

t
1
u,-,j+1,k(t) = €41 (t,to)/ a( ) eex,m (s,to)e%(s,to)zi,jﬂ(s) As
: a to a

s) + p(8) A1
As before, this expression simplifies differently depending on whether or not Ag1 =,
so we consider these cases separately.

Case 1, Ary1 = r;: In this case,

Zig+1(8) As = wjj40.

t
1
Ui e p(t) = eni(t,to) | —————
aJ+1,k( ) a( D)A a(s) +ﬂ(8)’f‘i

Now, as w;j+1 € Wi, we have mg(r;) > j + 1, and, since Axy1 = 7i, We see that
mk+1(ri) >J7+2 Hence Wj j4+2 € Wk+1, which gives Ui j+1,k € S[Wk+1].
Case 2, Agy1 # i In this case,

1
s) + p(s) k41

= e (b0) / [ o2 5, to]Azi,jH(s) As

T'i—

eea_kﬂ (s, to)eza,; (s,t0)zij+1(s) As

ui,j+1,k(t) = e,\k (t to)/ (

Now, integrating by parts, we get

s=t

1
1 a a a

s=tg

1
_/1t % ot (51078541 (9) As}.

0 a

Now, note that

t 1
zij+(t) = / W% (s) As,
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SO

Al = (8.
z,J+l(t) a(t)_l_”(t)ri m(t)

Additionally, we get
zij+1(to) = 0.

Substituting the expression for z{?j +1 into our expression for u; j11,k, and making some
other simplifications, we get

1
uigrr(t) = e (60) [engm (6 0)5sn(t) = sn (o)
t 1
— | (st o) —————zi.i(s) A
/t;) _az.(s 0)6 )‘ki (.S‘ O)a(s)+p(s)ri m(s) 3]
1

= () [eggun (1)) -

/to (1 + cf?;) ex(s, tg)eg%‘i(s,to)—(ﬁ— 2i(5) As]

1
= — [e% (t,t0)2ii+1(2)

Tri— /\k+1
_6_)% (t, to) \ az;;e"ei%_l (s,to)e:} (8,t0)25(s) As] ’
1
= —— wi(t

¢ 1
‘wﬁﬂ@mp/

to a(8) + p(8) et

e (8, to)eri (s,10)zi3(s) AS]

1
= — |w;41(
o o)
t 1 A
— t,t to)w;
e,\kai_l( ) o) /to a(s) +,u(s))\k+1 ee,\kail (s, o)w ,J(S) s]
1

By our induction hypothesis, u;;x € S[Wkt1], so we see that u;jr1x € S[Wis].
Thus, by induction, we have shown that for 1 < j < my(r;), uijx € S[Wi41). Since i
and k were arbitrary, this completes the proof of the lemma. O

Now, armed with this lemma, we are ready to prove Theorem 76.

Proof of Theorem 76. By Theorem 72, we know that the n linearly independent so- b
lutions of Lyw = 0 are {yi},, as defined in the previous section. Let Y denote this i
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set. That is, put Y = {y;n}7=;. Then, what we are really trying to show is that
S[Y] = S[W,),

Where, as before, S[V] denotes the span of the set V. Note that S[Y] is finite
dimensional. Specifically, since the elements of ¥ are linearly independent on T,
S[Y] has dimension n. We also know that W, contains n elements, and therefore
dim(S[W,]) < n. Thus we need only show that Y C S[W,], which will yield S[Y] =
S[W,), and, furthermore, will establish the linear independence of the elements of W,
onT.

Actually, we are going to show more than Y C S[W,]. We are going to show that
for1 <i<n,i<j<n,y,; €SW,] Fixi, with1<i<n We now proceed by
induction on j. We are going to show that for 1 < j < n, y;; € S[W;]. Then, since

WjCVVj_H Cc...CW,,
this will establish the desired result

Base Case, j = i: We must show that y;; € S[W;]. By definition, y;;(t) =
ex, (t,to). But \; = r, for some 1 < k < m, and, clearly, m;(ry) > 1. Hence

yi,'i(t) = eﬁ(ta tO) = e%‘s(t)tO) = wk,l(t) € I/V’i,
so yi; € S[W).

Induction step: Assume y;; € S[W;]. We must show that y; ;41 € S[W;41]. We
have

t
1
i i1(t) = exp (&t
i ®) = ergn (010) | e

Now, as y; ; € S[W;], we can write it as a linear combination of elements of Wj:

eeﬁ?‘.ﬂ. (81 tO)yi,j (3) As..

m m;(rk)
vig ()= D Ckptip(t),
k=1 p=1
where ay,, are constants. Thus
t 1 m mj("'k)
iv1(t) = exngyq (8, / e (8,1 Qg Wk (8) As.
wonll) =exa ) | crrrseoun (st 2, 3 akstiksls)

These sums are finite, so we may move them outside the integral without any trouble,
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yielding
m m;i(Te) + 1
vij(t) = :L; ; Qkp ew(t tO)/to e +#(S)Ajﬂeeg‘:r_,(s,to)wk,p(s) As.
m m;(rk)
= Z o ,puk,p’j(t),
k=1 p=1

where uy, , ; is as defined in Lemma 77. By Lemma 77, uyp; € S[Wj41], and therefore,
Yij+1 is a linear combination of elements of S[Wjy1]. Hence y;j+1 € S[Wjyi1]. By
induction, then, we have shown that for i < j < n, y;; € S[W;], which implies that
for i < j < mn, y; € S[Wy]. Our choice of i was arbitrary, so we have established
that for 1 <i<n,i<j<n,y, € S[W,]. Hence Y C S[W,], and, by our earlier
discussion, the proof is complete. O

3.2 Linear Equations with Nabla-Derivatives

In this section, we examine linear equations containing nabla-derivatives which can
be written in factored form. As one would expect, the results are analogous to the
results developed above for delta-derivatives, and the proofs are essentially the same.
Therefore, we will simply state the theorems here, and not repeat the proofs.

Fixn €N, and for 1 <i < nlet b : T — R be ld-continuous. Furthermore, for
1 < i < n, assume b;(t) # 0 for any t € T. Define the operators Ny, 1 <i < n by

[Nos](8) = b:i(D)y” (®).

For 1 < i < n, we take the domain of Ny, to be the family of all nabla-differentiable
functions. Clearly each N, is a linear operator.
Now consider the dynamic equation

My =0 where M’y = (Nbl - )\1)(sz - )\2) e (an - )\n)’y, (37)

and \;, 1 < i < n are (possibly complex) constants. We define the domain of the
operator M, which we will denote by Dy, to be the set of all functions, y : T — R,
such that (Ny, —X2) . .. (N, —An)y : Ten-1 — R is defined, and is nabla-differentiable.
In the case n = 1, we understand this to mean that our domain is just the set of all
nabla-differentiable functions. We say that y € Dy is a solution of (3.7) provided
My(t) =0 for all t € Tys.

Definition 78. We say the dynamic equation (3.1) is regressive provided A 'R
for1<i<n.
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Theorem 79. The dynamic equation (3.7) is equivalent to the system
zV = B(t)z, (3.8)
where
T
D)
T=|.
Tn
and - 1 _
n
. 0
ORI
o nd = 0
bo1(t) bn-1(t)
B(t) = ’ 0
0 A2 1
T b(t) (D)
0 o
_ .. - ol
Theorem 80. If (3.7) is regressive, to € T, y; € R, 1 <4 < n, then the initial value
problem
My =0, ;
y(tO) =, (an _An)y(tO) = Yo, PR (sz —AZ) v (an —An)y(tﬂ) =Yn (39)

has a unique solution.

Definition 81. For 1 < i < n, let y; € D). We define the Wronskian ‘associated
with My =0, Wy = Wx(vy1,.-.,Yn) by

Y1 Yo e Yn
Ny, 11 Ny, yo e Nb, Yn
Wy, ... yn) =det | Noai(Noy1)  Nouoy(Nouy2) - Now,(Nontn)

N (Vo)) Moo (Nou92)) o Nl - (N )

Adding (nonzero) multiples of one row to another row does not change the deter-
minant of a matrix, so we may write the Wronskian in the equivalent form

Y1 Yn

Ny, = An . Ny, — An)¥n
Wy = det (bn. 1 (N . )y

(Nb2 - /\2) .. (Nb" - )\n)yl e (sz - )\2) cen (an — )\n)yn
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Theorem 82. If y1,...,yn are solutions of (3.7), then either
(i) Wn(y1,--,yn) =0, or
(i) Wn(y1,...,yn) #0 foranyt € T.

The second case occurs if and only if the functions y;, 1 < i < n are linearly indepen-
dent.

Now, introduce the following notation. For 1 < i < n, i < j < n, define the
doubly-indexed family of functions {y;;} by

Yisi (t) = ég\_l (ta tO):

b;

and fori+1<j<n,

, t 1 )
s =00 [ (575075, fnletoman () 95

Theorem 83. Suppose (3.7) is regressive. Then {y;n}%; are linearly-independent
solutions of (3.7), and a general solution of (3.7) is given by '

n
E QiYin,
i=1

where o; are constants, 1 <1 < n.

As before, we now look at the special case where all of the functions, b;, 1 <i < n
are the same. We will denote this common function simply by b. Let b: T — R be
ld-continuous, and assume that b(¢) ## 0 for any ¢t € T. Define the operator, IVy, by

[Ney](t) == b(t)y" (t)-
Clearly, Ny is a linear operator. Now consider the dynamic equation
Myw =0, where Mw=c,Njw+ cn_lNg‘"lw + -+ Nyw+cow,  (3.10)

and ¢; is constant, 1 < 4 < n. Again we will usually take ¢, = 1. Here we take our
domain Dy, to be the set of functions w : T — R such that Nj" 'w : Tyn-1 — R is
defined and is nabla-differentiable, and we say that a function w € Dy, is a solution
of (3.10) provided Mjw(t) =0 for all t € Tyx.

Definition 84. The characteristic polynomial associated with M;w, which we will
denote by g, is given by

g(A) = cp A" + et A L o)+ oo
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The equation
g(A) =0

is called the characteristic equation.

Definition 85. Denote the n roots (including multiplicity) of the characteristic equa-
tion, g(A\) = 0, by A;, 1 < i < n. We say the dynamic equation (3.10) is regressive
provided Abi eR, forl1<i<n.

Note, then, that equation (3.10), with ¢, = 1, can be written in factored form:

Myw = [ﬁ(zv,, - )\i)] w=0. (311)

i=1
It is easy to show that these factors commute with one another.

Lemma 86. Equation (3.10) is regressive if and only if

n

Y a@) @) #£0 foral teT.

i=0

Theorem 87. Let m be the number of distinct roots of the characteristic equation
associated with Myw = 0. Denote these roots by r;. For 1 <1 <m, let m(r;) denote

the multiplicity of the root, r;. Then, for 1 <i < m, {wi,j};nz(;") defined by
w;i(t) = €ri(t,10)2i,(t),

where

t 1 : ]
Zi,l(t) = 1, and Zij+1 = /t mzi,j(s) Vs fO’f‘ 1< 7 < m(n) -1
. 0 U .

—v(s

are m(r;) linearly independent solutions, of Myw = 0 associated with r;. Moreover, if
a;; are arbitrary constants, then a general solution of Myw = 0 is given by

m m(r;)

w(t) =Y Y aigwis(t).

i=1 j=1

3.3 Equations with Both Delta and Nabla Deriva-
tives

Here, we turn our attention to linear equations containing both delta and nabla
derivatives. Things become quite a bit more complicated when these two types of
derivatives interact, so here we will only look at second-order dynamic equations. Let
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a; : T — R be continuous, let a; : T — R be rd-continuous, and assume that a; and
as do not vanish. Now consider the dynamic equation '

(Nay — A1)(Dag — A2)y = 0. (3.12)

Definition 88. We say (3.12) is regressive provided %} is v-regressive and -2—5 is
regressive.

So, suppose (3.12) is regressive. Now, if we look at the left-most factor, we notice
that this factor annihilates the function éx, (¢, o). As a; is continuous, we may apply
ay

Theorem 31 to see that
éx (t, o) =e t,t0),
A (t,20) A (t,t0)

af -\u

and this second function is annihilated by (Dag_x,u — A1). We then theorize that if
we replace the factor (Ng, — A1) by the factor (Deg_x,u — A1), perhaps we will get a
related equation which contains only delta derivatives. This new equation can then
be solved using techniques from previous sections. We formalize this result in the
following theorem.

Theorem 89. Suppose (3.12) is regressive, and let by(t) := af(t) — Mpu(t). Ify is a
solution of the dynamic equation

(D, = A1) (Day = A2)y =0, (3.13)
then y is also a solution of (3.12).

Proof. Assume (3.12) is regressive, and let by(¢) := aJ(t) — A1p(t). Furthermore, let
y be a solution of (3.13). Then by Theorem 72, y has the form

A
(;(233) ee%(s,to)e%11 (s,t0) As.
Substituting this expression into (3.12), we see that
(Noy = 20)(Dar = 2)ylt) = (Now = M)e (o)
(Nay — A1)éx (¢, to)
a1
= 0,

t
y(t) = C1€xy (ta tO) + 6262‘2_(ta tO)/ o
ag

ag to

and the proof is complete. ]

Note that we are not asserting that these equations are equivalent, nor do we make
any uniqueness claims regarding the solutions of initial value problems associated with
(3.12). These issues will require further exploration at a later date.
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Of course, there is no particular reason the factor with the nabla derivative was
written first. We could just as easily consider a dynamic equation of the form

(Dy; = A1) (No, — A2)y = 0. (3.14)

In this case, we assume b; is continuous, by is ld-continuous and neither b; nor b,
vanish, and we say that (3.14) is regressive if %11 is regressive and %22 is v-regressive.
Again, we will replace the left-most factor by a related factor containing a nabla
derivative, and obtain the following result.

Theorem 90. Suppose (3.14) is regressive, and let a1 (t) := b (t) + Mv(t). Ify is a
solution of the dynamic equation

(Nal - /\1)(sz - )‘2)y =0, (315)
then y is also a solution of (3.14).

The proof is analogous to that of the previous theorem.

Clearly, the results contained in this section are only a beginning. We plan to
continue studying the mixed derivative case, and hope to include broader results in
future publications.

3.4 More Equations with Mixed Derivatives

In final section of this chapter, we turn our attention to an equation which cannot
itself be written in factored form, but which is equivalent to one which can be written
in factored form. The second-order dynamic equation

Lz =0, where Lz=z"*+az®+ Pz, and «, BER, (3.16)

has been studied extensively. (See, for example, [6, Section 3.2, 3.3].) Equation (3.16)
is said to be regressive if 1 —au(t) +Bu2(t) # 0 for t € T, or in other words, if fu—a
is regressive. '

In this section, we look at second-order linear dynamic equations of the form

Mz =0, where Mz=2"V+azV+pBz" and o, BER. (3.17)

We take the domain of this operator to be the set of all functions z : T — R such that
z is A-differentiable on T*, z2 is V-differentiable on T%, and z2V is ld-continuous
on T%. We say a function z : T — R is a solution of (3.17) if z is in the domain
of M, and Mz(t) = 0 for all ¢ € TX. Equation (3.17) is said to be regressive if
1— av(t) + Br2(t) # 0 for t € T, or in other words, if o — Bv is v-regressive. It was
demonstrated in Chapter 2 that equation (3.17) can be written in self-adjoint form,
and hence solutions of initial value problems for this equation are unique.

i -
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Lemma 91. The dynamic equation (3.16) is regressive if and only if the dynamic
equation (3.17) is regressive.

Proof. First suppose that (3.16) is regressive. We then wish to show that (3.17) is
regressive. That is, we want to show that a — v is v-regressive, or that

1—v(t)(a—pPr(t) #0 for teT
Case 1: t is left-dense. Then v(t) = 0, and we have
1—v(t)(a—pPr(t)) =1#0.

Case 2: t is left-scattered. Then o(p(t)) = t. As (3.16) is regressive, we have that
B — a is regressive. Thus by Lemma 30, —(8p — 0)” is v-regressive, and hence

1 —v(t)(a— Bulp(t))) # 0.
Then we have

1—v(t)(e—pr(t)) = 1-v(t)(a—pt— o)
= 1-v(t)(a—PBe(p(t) — pt))
= 1-v(t)(a—Bulp?)))
£ 0,

Hence o — fBv is v-regressive, and thus (3.17) is regressive.
Conversely, suppose that (3.17) is regressive. This time, we seek to show that

Bu — a is regressive, or that
1+ p(@®)(Bu(t) —a)#0 for teT.
Case 1: t is right-dense. Then p(t) = 0, and thus
L+ u(O)(Bu(t) — 0) = 1 £0.

Case 2: t is right-scattered. Then p(c(t)) = ¢. Since (3.17) is regressive, we have
that o — Bv is v-regressive, and thus by Lemma 30, —(a — fv)? is regressive. This

give us that
1+ u(t) (Bu(o(t) - a) # 0.
Then

1+ p@)(Bu(t) —a) = 1+p)(B(o(t) — 1) — )

1+ u(t)(Ba(t) — p(a(?))) — @)
1+ pu(@®)(Br(o(t) — )

0.

LN
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Hence Bu — a is regressive, and thus (3.16) is regressive. o

Theorem 92. If (3.16) is regressive and z is a solution of (3.16), then (3.17) is
regressive and z is a solution of (3.17).

Proof. Assume (3.16) is regressive and z is a solution of (3.16). The fact that (3.17)
is regressive follows immediately from Lemma 91. It remains to show that z is a
solution of (3.17). ’

Now, as z is a solution of Lz = 0, we know that z® is A-differentiable, and hence
continuous. Furthermore, since z is a solution of Lz = 0, we have that

b = —oz® - Bz

In other words, 22 is a linear combination of continuous functions and is therefore
continuous. Thus, applying Corollary 28 we see that

Mz = z?V +oaz¥ + Bz’
280 4 qz? + Baf
(

28 + oz + Bz)f

!
~~
~
8
L
A~

O

Corollary 93. The solution of (3.17) is determined by the roots of the characteristic
equation as follows:

(i) If a® — 43 > 0, then the characteristic equation has distinct real roots, Ay and
)Xo, and a general solution of (3.17) is given by

z(t) = crex, (¢, to) + coex, (E, to).

(ii) If a2 — 48 < 0, then the characteristic equation has complex conjugate roots
p+iq, and a general solution of (3.17) is given by

z(t) = c1ep(t, to) CoSq/14up(t, to) + caep(t, to) 8ing/14up(t, to).-

(ii3) If o — 403 = 0, then the characteristic equation has a repeated real root, A, and
a general solution of (3.17) is given by

t
1

z(t) = ciex(t, to) + caen(t, — As.

() Cy A( 0) 2A( 0)/%1_'_“(3))\ S

Corollary 94. The regressive equations (3.16) and (3.17) are equivalent.
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Proof. As demonstrated in Chapter 2, equation (3.17) can be written in self-adjoint
form, and therefore, solutions of IVPs for (3.17) are unique. Therefore, although
Theorem 92 only establishes one direction of this equivalence, the converse follows
from uniqueness of solutions. O
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Chapter 4

A Self-Adjoint Matrix Equatlon on
a Time Scale

In this chapter, we are concerned with the self-adjoint matrix equation [P(t)X2]V +
Q(t)X = 0. This is a generalization of the scalar equation studied in Chapter 2, and
many of the results we obtain are analogous to results obtained in the scalar case.
The added complexity of the matrix case, however, does provide a couple of surprises
along the way.

4.1 Preliminary Results

As in the scalar case, contained in Chapter 2, we begin by establishing some results
regarding the interaction of the A and V derivatives. We first note that differentiation
and integration of matrices is defined in terms of differentiation and integration of
the matrix entries, and therefore Theorem 26 and its corollarles carry through in the
matrix case without further effort.

The definition of regressivity (or v-regressivity), however, changes slightly in the
matrix case, so extending Lemma 30 and Theorem 31 to the matrix case requires
some justification.

Lemma 95. Let P be an n X n matriz-valued function on T. Then P is regressive
if and only if —P? is v-regressive. Similarly, if Q is an n X n matriz-valued function
on T, then Q is v-regressive if and only if —Q° is regressive.

Proof. We will only prove the first statement. The proof of the second statement is
similar.

First, assume the n X n matrix-valued function, P, is regressive. We then wish to
show that I + v(¢)(P*(t)) is invertible.
Case 1: Fix t € T4. Then p(t) € T, and as P is regressive, we have that

I+ p(p(t))P(p(t))
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is invertible. Using the definition of u(t),
I+o(p(t)) — p()]P(p(1))
is invertible. But ¢t € T4, so o(p(t)) = t, and we get
I+[t—p@))PP(t) = 1+ v(t)P(2)

is invertible, as desired.
Case 2: Fix t € A. Then t is left-dense and right-scattered, so v(t) = 0. Hence

I+ v(t)PP(t) = I +0P°(t) =1,

which is invertible. As I + v(t)P*(t) is invertible for any ¢t € T, we see that —P” is
v-regressive.

Conversely, suppose —P* is v-regressive. We then wish to show that I+ u(t)P(t)
is invertible. ' ‘
Case 1: Fix t € Tp. Then o(t) € T, and, as —P” is v-regressive, we have that

I+v(o(t))P?(o(t))
is invertible. Using the definition of v/(t),
I+[o(t) — p(a(t)IP(p(o(t)))
is invertible. But ¢ € Tp, so p(c(t)) = t, and we get
I+[o(t) —P(¢) = I + u()P(t)

is invertible, as desired.
Case 2: Fix t € B. Then t is right-dense and left-scattered, so u(t) = 0. Hence

I+u(t)P@#) =1+0P@F) =1,

which is invertible. As 1 + u(t)P(t) is invertible for any ¢ € T, we see that P is
regressive. (]

Theorem 96 (Equivalence of delta and nabla exponential functions). If the
n X n matriz-valued function P is continuous and regressive, then

eP(tv tO) = ée,,(—PP) (t)tO)'
If the n X n matriz-valued function Q is continuous and v-regressive, then
éq(t, o) = eg(-q)(t; to)-

Proof. We will only prove the first statement. The proof of the second statement is
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similar. Suppose that the n X n matrix-valued function P is continuous and regres-

sive, then by Lemma 30 we have that —P* is v-regressive. Furthermore, since P is

continuous, —P? is l1d-continuous. Hence —P” € R,.. Then as R, is an Abelian group
under @, we see that ©,(—P?) € R,, and therefore ég, (- ps)(t, to) exists.
To complete the proof, then, it suffices to show that ep(t,to) solves the initial

value problem
YV =0,(-P?)Y, Y(t) =1

Note first that
ep(to,tg) =1

Furthermore, e3(t, ) = P(t)ep(t,to), which is continuous. Hence by Corollary 28,
e¥(t, to) = e5°(t, 1), and we get

eV (t,to) = e5°(t,to)
= P?(t)eb(t, to)
PP(t) [ep(t, to) — v(t)ed(t, to)] -

Rearranging this equation gives
[I +v(t)PP(t)] ep(t, to) = PP(t)es(t, o),
so

e (t,to) = [I + v(t)PP(t)] " P*(t)ep(t, to)
= el/(_Pp)eP(t7t0)a

and the proof is complete. O

4.2 Abel’s Formula and Reduction of Order

Let P and Q be Hermitian n X n matrix-valued functions on a time scale T. Further-
more, assume that P is continuous, @ is ld-continuous, and P(t) is invertible for all
t € T. Here we are concerned with the second-order matrix equation

LX =0, where LX =[P#)X?]Y +Q()X. (4.1)

We take the domain of L, denoted by I, to be the set of all n X n matrix-valued
functions X defined on T such that X is delta-differentiable on T*, X2 is continuous,
PX? is nabla-differentiable on T%, and [PX2]V is ld-continuous. We say X is a
solution of the matrix equation (4.1) on T provided X € D and LX(t) = 0 for all
teTs.
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Next, put
v(PP)TIQ (PP)7
—Q 0

Lemma 97. The matriz-valued function X solves (4.1) if and only if Z is nabla-
differentiable and solves

Z = [P);A] onT* and S= on T.

Proof. Suppose X solves (4.1). We first show that Z is nabla-differentiable. Since
X is a solution of (4.1), we have X € I, and therefore PX A is nabla-differentiable.
Furthermore, X2 is continuous, so by Corollary 28, we have X is nabla-differentiable.
Hence Z is nabla-differentiable.
Tt remains to show ZV = S(t)Z. We again apply Corollary 28 which gives XV =
X427, Then
PPXY = PP X2 = (PXA) = PX? — y(PX2)V.

Additionally, LX = 0, and thus we have (PX2)V = —QX. Substituting into the
above expression, we see that
PPXY =PX% +vQX.

Multiplying on the left by (P?)~! then gives

XY = (PP)"Y(PX2) +v(PP)'QX.
So

- xv
v o_
7 = |y
[(P?)H(PX®) +v(PP)T'QX
-QX

:V(P_ﬂng (P’(’))‘l} [P);A]

= Sz
Conversely, suppose Z is nabla-differentiable and solves
zZV =8(t)Z.

Let Z; and Z, denote the components of Z. We claim X = Z; is a solution of
(4.1). We first show that Z; € D. As Z is nabla-differentiable, both Z; and Z, are
nabla-differentiable, hence continuous. Furthermore, since ZV = S(t)Z, we have

zy = v(P")7'QZi+ (P*)™'2,

© s R
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= V( )N =2)) + (P?)'Z,
(Z2—VZ2)
“(25),

which is 1d-continuous. Applying Theorem 26, we see that Z; is delta-differentiable,

and sag_ { Z¥®) teTs
LAY limg_+ ZY (s) t € B.

To simplify this, first consider ¢t € Tg. Recall that B denoted the set of points in T
which were both right-dense and left-scattered. Hence for t € T, we have p(a(t)) = t,
and therefore, at these points,

Z2 () = ZY (o(t) = (P/) ' 25)(0 (1)) = (PT' Z2)(1)-

Now, if t € B, then t is right-dense and left-scattered, and we get

Il
/\/‘\
¥
v

Z(t) = lim 27 (s) = lim (P)7'Z§)(s) = (P7'Z2) ().

s—tt s—tt

Since we got the same expression in both cases, we conclude that

Z8 = P17,
Since both P and Z, are continuous, ZlA is continuous. Furthermore, PZA = Z,
is nabla-differentiable, and [PZf]Y = Zy = —QZ;, which is ld-continuous. Hence
Z, €D.

Finally, consider LZ;. We get

LZ, = [PZPlY +QZ,
sz +QZ;
—-QZ1+ QZ;
= 0,

which completes the proof. O

We have already pointed out that S is ld-continuous. In addition, it is also v-
regressive. To see this, note that

-vst = [[TAETQ I I—Vu(%?;)_-l]'

Hence [I — vS] is invertible, and therefore S is v-regressive.
In [3] and [7, Section 3.9] it was shown that under these conditions, the initial

value problem
ZV =8(t)Z, Z(to) = 2o

b
i
kA




has a unique solution. By the equivalence developed above, then, we have shown that

if Xo, X& are any n X n matrices, then the initial value problem
LX =0, X(to)=Xo, X2t)=X5
has a unique solution.
Definition 98. The unique solution of the IVP
LX =0, X(t)=0, X2(o) =P (to)
is called the principal solution of (4.1) at t5. The unique solution of the IVP
LX =0, X(to)=-I, X%t)=0
is called the associated solution of (4.1) at to.
Definition 99. For X, Y € D, we define the Wronskian matriz of X and Y by
W(X,Y)(t) = X* () PE)Y2(t) - POX(OY (),
for t € T".

We now establish the Lagrange Identity.
Theorem 100 (Lagrange Identity). If X, Y € D, then
X*($)LY (8) - [LX@OPY () = [W(X, V)]V (2)
fort e Ty,
Proof. Let X,Y € D. Then

WX, Y)Y = (X*PY?-[PX2]Y)Y

= X*[PYA]Y + (X" (PY2)Y - (IPX2)7 Y — (IPX2))° YY

= X*[PYAY +(XV)*PrY® — ([PXA]V)'Y - (X4)*P) YV
= X*[PYA]Y + (XV)PrYY — ([PXAV)'Y — (XV)*PPYY

= X*[PY2)Y - ([PX*)V)'Y

= X*[PY2)V +X*QY - ([PX4V)Y - X*QY

X* ([PYA)Y +QY) — (IPX%)Y +QX)'Y

= X'LY —[LX]'Y

K
on T%.
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Corollary 101 (Abel’s Formula). If X, Y are solutions of (4.1) on T, then
W(X,Y)(t) =C,
fort € T%, where C is a constant matriz.

Proof. Suppose that X and Y are solutions of (4.1) on T. Then by the Lagrange

Tdentity,
o WY(X,Y)(t) =0

for all t € T%. Hence W(X,Y’) must be a constant matrix on T*. O

Theorem 102 (Converse of Abel’s Formula). Suppose U is a solution of (4.1)
such that U(t) is invertible for allt € T. If V € D satisfies

WU, V(i) =C
on T*, where C is a constant matriz, then V is also a solution of (4.1).

Proof. Suppose U is a solution of (4.1) such that U(t) is invertible for all ¢ € T, and
assume that V € D satisfies W(U, V)(t) = C for all t € T*. Then by Theorem 100,

we have
U*(®)LV(t) — [LU@)]*V () = WU, V)]V () = CY =0.

But U is a solution of (4.1), so LU = 0. This gives
U*(t)LV(t) = 0.
Multiplication on the left by (U~?)* then gives the desired result. O

Abel’s formula shows that if X is a solution of (4.1), then W (X, X)(t) = C for
t € T*. This leads to the following definition.

Definition 103. (i) If X is a solution of (4.1) such that
W(X,X)(t)=0 for teT"r,
then we say X is a prepared solution (or conjoined solution) of (4.1).

(i) If X and Y are two conjoined solutions such that
WX, Y)t)=1 for teT",
then we say that X and Y are normalized conjoined bases of (4.1).

Theorem 104. Suppose X is a solution of (4.1) on T. Then the following are
equivalent:

(i) X is a prepared solution;
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(i) X*(t)P(t)X2(t) is Hermitian for all t € T%;
(iii) X*(to)P(to) X2 (to) is Hermitian for some to € T*.

Proof. First, we will show that (i) = (ii). Assume X is a prepared solution of
(4.1) on T. Then

2
!

W(X, X)(t) = X* (@) POXA (1) - [POXA O X () =0,
for t € T*. This gives
X*(B)PE)XA(E) = (X2) () POX (),

for t € T*, and therefore X*(t)P(t)X2(t) is Hermitian for all t € T*.

Next, note that (i) == (iii) is trivial. Therefore, to complete the proof, we
need only establish (i) = (i). Suppose X is a solution of (4.1) on T, and assume
there is some to € T* such that X*(to)P(to) X2 (to) is Hermitian. Then we have

W (X, X)(to) = X" (to) P(to) X* (to) — [P(to) X * (to)]" X (to) = 0.

Since Abel’s formula tells us that W (X, X)(t) is constant, we then have W(X,X)(t) =
0 for all ¢ € T*, so X is a prepared solution. O

Remark 105. In the previous theorem, we assumed that X was a prepared solution of
(4.1). This assumption was necessary in order to apply Abel’s formula and establish
the implication (#i) == (i). To establish (i) = (i), however, we did not
actually need to know that X was a solution of (4.1), we only needed X € D satisfies
W(X,X)(t) = 0 on T. Therefore, in the following corollary, we include only this
weaker assumption, and do not require LX = 0 to hold. -

Corollary 106. If X € D satisfies W(X, X)(t) =0, then the following matrices are

Hermitian on T*.

(i) X*PXA,

(ii) (X?)* PPXY,
(i) (X°)*PX, and
(iv) X*PPXP.

If, in addition, X (t) is invertible for all t € T", then the following matrices are
Hermitian on T*.

(i) PX°X1,
(i) PX(X°)™

B S S

= = v e F e




78
(i5i) PXAX1,
(iv) PPX(X?)~,
(v) PPXPX~, and
(vi) PPXV(XP)1.

Proof. Suppose X € D satisfies W(X,X) = 0. Then by the same proof given in
Theorem 104, X*(t) P(t) X2 (t) is Hermitian for all ¢t € T*. Evaluating this expression

at p(t), we see that
X*(p(£)P(p(t) X = (o(2))

is Hermitian. But X € D, and therefore, X*? = XV which gives the second result.
To get the third result, note that

(X°)*'PX = (X + pX*)" PX = X*PX + u(X°)*PX,

which is Hermitian by earlier parts of this proof.
Similarly, to get the fourth result, note that

X*PPX?P = (XP +vXV) PPX? = (XP)*PPX? +v(XV) P°X?,

which is Hermitian by earlier parts of this proof.
Now, assume that, in addition, X (t) is invertible for all ¢ € T*. Then by earlier
parts of this proof, we have that

(X°)'PX = X*PX°. (4.2)
Multiplication by (X~1)* on the left, and X! on the right gives
(XYW (X°)*P=PX°X7,

which shows that PX?X~1 is Hermitian. Similarly, multiplying equation (4.2) on the
left by ((X?)~1)*, and on the right by (X°)~*, we get

PX(X7)™ = (X)) X*P,

which shows that PX(X?)~! is Hermitian.
Furthermore, by Theorem 104, we have

X*PXA = (X2)*PX.
Multiplying on the left by (X~!)*, and on the right by X!, we get

PXAX—l — (X_l)*(XA)*P,

which shows that PX2X ™1 is Hermitian.
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The remaining three results are derived similarly from the expressions
(XP)*PPXY = (XV)*PPX? and X*PPX’=(X’)*PPX.
O

Lemma 107. The principal solution, X, of (4.1) at to and the associated solution
Y, of (4.1) at ty are normalized conjoined bases of (4.1).

Proof. Note that
X*(to)P(to) X2 (to) = Y*(t0) P(to) Y2 (to) = 0,

which is Hermitian. Thus by Theorem 104, X and Y are both prepared solutions of
(4.1). Tt remains to show that W(X,Y)(t) = I. We get

W (X,Y)(to) = X* (to) P(to)Y *(to) — [P(t0) X" (to)]"Y (to)
=0~ [P(to) P (to)]"(=])
=1

Then by Abel’s formula we have W (X,Y)(t) = I, as desired. O

Theorem 108 (Reduction of Order). Assume that U is a prepared solution of
(4.1) such that U(t) is invertible for allt € T, and let

V(t) := U(t) t (U*PU°) " (s) As.

Then V is a second solution of (4.1). Moreover, U and V are normalized conjoined
bases of (4.1).

Proof. Assume U is a prepared solution of (4.1) such that U(t) is invertible for all
t € T. We will first show that V as defined above is a solution of (4.1). By Theorem
102, we need only show that V € D, and W(U,V) = C on T*, where C is a constant
matrix. ‘

In the following calculations, we will suppress the argument ¢ to make things easier
to read, except in the integral where we include the arguments for the sake of clarity.
Consider

W(U,V) = U*PV2~[PUA'V
= U*P [U"(U*PU”)‘1+UA / t (U*PUY (s) As]

_(UAYPU / C(UPUC) (s) As

to
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t
= I+U*PUA / (U*PU°)™! (s) As

to

—(UAyPU / t (U*PU")‘I (s) As

Now U satisfies the conditions of Corollary 106, so (U?)*PU is Hermitian, and the
last two terms therefore cancel. This gives

WU,V) =1,

and we have that the Wronskian of U and V is a constant matrix, as desired.
To show that V' € D, consider

i
VA = U°(U*PU°)T+UA / (U*PU°) ' (s) As

to

= U'(U°)tP YU+ UA / t (U*PU°)™ (s) As

= P YU +UA / (U*PU") (s) As,
to
which is continuous. Then

[PVA])Y = [(U*)-1+PUA / t(U*PU")’l (s) As]v

to

= @@ PO [ (PO ) s

to

+[PUA) [ t: (U*PU) ™ (s) As] Y .

The first two terms are clearly ld-continuous, but we need to simplify the third term
further. By Corollary 27, we have that

[/ t U PU")™ (s) AS]V = { l(ilxi;]_jga();l(flg?))"l (s) i 2 E‘.A

to

Recall that A is the set of points which are left-dense and right-scattered. Thus if
t € Ta, o(p(t)) = t. This gives ,

t v '
[ [ wroyte As} = U (o) P (U7 M (o(8)
= TP OUY))
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for t € T4. On the other hand, if ¢ € A, then ¢ is left-dense and‘right-scattered, and
we get

[/t: (U*PU*) " (s) AS]V = lim (U*PU?)™ (s) | | ‘

= UT'(t)PTI )W)
= UT'(t)(P)T OWU)) @),

for t € A. Looking at this again, we see that in either case, we get

[/t (U*PUU)_l (s) AS]V = U”l(t)(P”)‘l(t)((U*)p)—l(t),

and thus,
t v
[PUA) [ / (U*PU?) ™ (s) As] = PPUSUH(PP)H((UM)P)

which is 1d-continuous. So, V € D, and therefore by Theorem 102, V is a solution of

(4.1).
To show that U and V are normalized conjoined bases, we must show that V is
a prepared solution. Earlier calculations have already established that W(U,V) = gs

I. Recall that by Theorem 104, V is a prepared solution if and only if V*PVA is i
Hermitian. Again suppressing the arguments, (except in the integral) we get

V'PVE = [ t: (U"PU°)™ (s) As]* U*P[U"(U")"IP—I(U*)‘1

+UA / (U*PU°) (s) As]

(
- [[orroa]
)

[ / (U*PU°)™* (s As]*U*PUA / t (U*PU°) ! (s) As.

to to

Now, since U is a prepared solution of (4.1), we have that U*PU2 and U*PU? are
Hermitian. Therefore V*PV2 is Hermitian, and thus V is a prepared solution of
(4.1), which completes the proof. O
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4.3 Riccati Techniques
Next, we consider the matrix Riccati equation
RZ =0, where RZ=2Z" +Q(t)+(Z°)*[P°(t) + v(t)Z°)"* (Z°). (4.3)

Here, as with the self-adjoint matrix equation, we assume P and @ are Hermitian
n X n matrices, P(t) is invertible for all ¢ € T, P is continuous, and @ is 1d-continuous.
We will take the domain of R, denoted Dg, to be the set of all functions Z : T* — R
such that Z is nabla—dlfferentlable ZV . T% — R is ld-continuous and such that
P?(t) + v(t)ZP(t) is invertible for any ¢t € ']I',’g. A function Z € Dp is said to be a
solution of (4.3) on T* provided RZ(t) =0 for all t € T%.

The following theorem shows us how the self-adjoint matrix equation, (4.1) and
the Riccati matrix equation are related.

Theorem 109. Assume X € D satisfies W (X, X) = 0, and that X(t) is invertible
for allt € T. Let Z be defined by the Riccati substitution

Z(t) = P(t) X2 ()X (¢t), (4.4)
fort € T*. Then Z € Dy, is Hermitian, and
LX(t) = [RZ(t)] X (t)
fort € T%.

Proof. Suppose X is as described in the theorem, and define Z by the Riccati sub-
stitution, (4.4). Then, by Corollary 106, Z is Hermitian. To see that Z € Dg, note
that X € D, which implies PX? and X! are nabla-differentiable, so Z is nabla-
differentiable. Furthermore,

zZV(t) = [PX2XNV(t)
= [PXA]V(@)(X?)7!(t) + [PXA)S)IX V()
= [PXATV(6)(X?)7H(t) - POX2 ()X ()X (X))
= [PXATV(6)(X?)7H(t) — POXA(OX B X A ()(X7)7 (1),

which is ld-continuous. Next, note that

PP() +v(t)ZP(t) = PP(t)+v(t)[PX2X1P(t)
= PP()[I +v(t) X2 (8)(X?) 7' (2)]
= PP)[X°(t) + v(H) X ())(X?) 7' ()
= PP(H)X()(X")(t),

SN .

. i,
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which is invertible, and hence Z € Dg. Finally, to complete the proof, we need to

show
LX(t)=[RZ ()] X(t)

for t € T%. Suppressing the arguments, we get

RZ = Z'+Q+(Z°)' PP +vZf|7}(2")

Z¥ + Q + Z°[P? + PP(vX2°)(X?)717(2")

= Z¥+Q+Z°[PPII + (X = X")(X")7]|7(2°)

= ZV+Q+Z°[I+ X(X?)" = 1]} (P")7}(2°)

Z¥ +Q+ Z°[X(XP) | N(PP) T 2P

Z¥ +Q+Z°XP XN (PP)Ti 2P |

[PXAXTY +Q+ (PXAX )P XP XN (PP) I (PXAXTH)P

= [PXAVXT+[PX2P(XT)Y +Q
+PPXAP(XP)TIXP X (PP) T PPX A (XP) T

= [PXA]VX7 = [PXAPIXTIXV(XP) ) 4+ Q + PPXAP XTI XA (XP) ™

[PXA)VX™1 4+ QXX

[LX]X.

I

Multiplying on the right by X then gives the desired result. O

Theorem 110. The self-adjoint matriz equation, (4.1), has a prepared solution, X,
such that X (t) is invertible for allt € T if and only if the Riccati matriz equation,
(4.3), has a Hermitian solution Z. In this case, X and Z are related by the Riccati
substitution (4.4).

Proof. First, suppose that X is a prepared solution of (4.1) such that X (t) is invertible

for all t € T, and define Z(t) by the Riccati substitution, (4.4). Then by Theorem

109, Z € Dy is Hermitian, and
RZ(t) = [LX](#) X 1(t) = 0.

Conversely, suppose the Riccati matrix equation, (4.3) has a Hermitian solution
Z. Then —(P?)~1Z* is ld-continous. Furthermore, Z € Dg, so

I +v(PP)12P = (PP) PP + vZP]

is invertible, and hence —(P?)"1Z? € R,. Then, by Lemma 95, P~'Z € R. Now, let
X be the solution of the initial value problem '

X5 = PY)Z()X, X(to)=1I,

or, in other words, let X = ep-15(t,t;). Note that although P~1Z is only defined on
T*, X is defined on all of T. We immediately see that X () is invertible for all t € T,

R e T
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that X is delta-differentiable, and that X2 is continuous. Next, consider

[POXA®)Y = [POPTHZEX @]
= [Z2(®)

= )
= ZV(@)XP(t)+ Z(t) X" (t)
= ZV(@)XP(t) + Z(t) X2 (),

which is 1d-continuous on T%. Hence X € . Suppressing the arguments,

W(X,X) = X*PX%—[PX%"X
= X*P[P'ZX]|-|PP'ZX]'X
= X*'ZX-X'ZX
= 0.

Furthermore, Z(t) = P(t)X*(t)X~1(t). Hence the conditions of Theorem 109 are
met, and we have
LX(t) = [RZ]() X !(t) = 0.

Therefore X is a prepared solution of (4.1). O

Next, we wish to develop Jacobi’s condition for the self-adjoint matrix equation
(4.1). Toward that end, we want to establish Picone’s Identity, which will be crucial.
The calculations required to establish Picone’s Identity are quite lengthy, however, so
we break things up by first establishing a computational lemma.

Lemma 111 (Completing the Square). Let X be a prepared solution of (4.1) such
that X (t) is invertible for all t € T, and define Z via the Riccati substitution (4.4).
Fiz t € T*, let u be an n-dimensional vector function which is nabla-differentiable at
t, and let D = XX~ Y(P?)"!. Then att, we have

(w* Zu)Y = (u¥)*PPuY — u*Qu — [PPuY — ZPuf}* D[PPuY — Z”u”].

Proof. Let X, Z, and u be as described in the lemma. Note that Theorem 110 applies
and thus Z is Hermitian, and is a solution of (4.3). Furthermore, on T*, we have

PP vzl = PP 4+v[PX2X7T)
= PP +upPrXtr(XxP)t
= PP[I+vXV(X?)™
PP I+ (X - X")(X*)™]
PP lI+X(XP) ' 1]
= PPX(XF)™.
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Additionally, note that the Riccati substitution tells us that
Z(t) = POX(H)X(1),
and therefore,

ZP)XP(H) = PPE)XP()(XP) 7 (X" (t)
= PP(t)XV(t).

Now fix t € T such that u is nabla-differentiable at ¢. Then at ¢, we have

(u* Zu)¥ + [PPuY — Z”u"’]"‘X”X'l(P”)_I[P”uV — ZPuP)
= (u)(Zu)Y + (uV)*(Zu)” + (PPuY)* XP X1 (PPY Y (PPuY)
— (PPuY)* XP XY (PP) T ZPuP — (ZPuf)* XP X (PP) T (PPuY)
+ (ZPuf)* XP X (PP)TH(ZPu) v
= u*[ZVu+ ZPuV] + (uV)* ZPuf + (W) PPXP Xty
— @V PPXPXH(PP) T ZPuP — (uf)* 2P XP X Y
+ (w)* Z° XP XN (PP) 1 ZPuf
= u* [——Q — ZP[P* + VZ”]'IZP] u+u*ZPuY + (uV)* ZPuf
+ @V PPXP XY — (uV) PP XPX T (PP)T 2P
— (W) ZPXP XY + (uP) 2P XPX TN (PP)T 2P
= —u*Qu — ' Z°XP X (P?)7 ZPu + u* ZPuY
+ @V) ZPuf + (u¥)* PPIX — vXV]X Y
— @V PPIX — v XY XH(PP) T ZPuf — (u)* ZPXP X T Y
+ (W) ZPXPX NPT 20w |
= —u*Qu — u* ZPXP XY (PP) 1 ZPu + u* ZPuY + (uV)* ZPuP
+ @V PPuY —v(uV)*PPXV XY — (uV)* ZPuP
+v(uV) PPXY XN (P?) 2P — (uf) 2P XP X Y
+ (u)* ZP XPXH(PP) T ZPuf
= (u¥)*PPu¥ —u*Qu — w*Z°P XP X (PP) 7' ZPu + u* ZPuY
—v(V) PPXVX Y + (V) PPXY XY (PP ZPuf
— (W) ZPXP XY + (W) ZPXPXTH(PP) T 2P
= (uV)*PPu’ —u*Qu — W ZPXPX V(PP ZPu + u*ZPuY
— () Z°XP XY + (WY ) ZPXPXTHPP)T 2P
— W) ZPXP XY + (u) 2P XPXTH(PP) T 2P
= (uY)*PPuY —u*Qu — wZPXPXY(PPY 1 ZPu + u* ZPuY

i

|
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— [P+ vu¥ 2P XP XY + [P + vV ZPXP XY (PPY T 2P
= (WY)*PPuY — u*Qu — w* ZP XP X H(PP) 1 ZPu + u* ZPuY

—w*ZPXP X WY 4w ZPXP XY (PP 2P [u — vuY)
= (uV)*PPu’ — u*Qu — w*Z°P XP XN (PP) " ZPu + u* ZPu¥

—u*ZPXP X WY + 2P XPXTY(PP) T ZPu — vur ZP XP X TN (PP) T ZPuY
= (uV)*PPuY¥ — u*Qu

+ur [Z° — ZPXPX T —vZP XPXTH(PP) T ZP) WY,

We now claim that the last term cancels, which will complete the proof. Looking
only at the center expression of the last term, we have

ZP-ZPXPX' —vZPXP XY (PP)T1 2P
= PPX2P(XP)™ — PPXA(XP)TIXPX T
— y(PPXAP(XP) ) XP XTI (PP)T PP XA (XP) T
= PPXV(XP) = PPXVX T —vPPXYXTIXY(XP)TH
= PPXV [(XP) = X7 —p(XTIXY(XP)7Y]
=PrXY (X)) = X1 = XX - X (X)) 7]
=PrXY (X)) = X7 - [T - XTI XP)(XP) ]
= PPXY (X7 = X7 - [(xX0)7 - X7
= PPXY(0)
=0.

So, the last term does, in fact cancel, which yields the result. O
The above lemma will be extremely useful in establishing the following result.

Theorem 112 (Picone’s Identity). Let « € C" and assume X and Y are normal-
ized conjoined bases of (4.1) such that X(t) is invertible for allt € T. Put

Z=PX*X' and D=XXY(P’)' onT"

Furthermore, fix t € T®, and assume u is an n-dimensional vector-valued function
such that u is nabla-differentiable at t. Then at t, we have

(W Zu + o* X tu + u (X )a— o’ XY a)Y — (u¥)* PPuY + u*Qu
= —[PPuY — ZPuf — ((X?)7V)*a]*D[PPuY — ZPuf — ((XP)™)*q).

Proof. We will look at each of the terms individually, then put it all together to get
the desired result.
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First, consider

(XYY = (X" HVy? + XYV
= -X'XV(XP)lyP + XYY
= —X"YP)PXV(XP)lYP + XYV.

Now, by Corollary 106, P?XV(X?)~! is Hermitian, so we see that
PPXY(X?)! = ((X7) ) (XY)"P?
Substitution then gives

(X71Y)Y = X1 (PP)7H((XP) 1) (XV) PPY? + XH(PP) 7 (X?) 1) (X7) PPY

=X" 1(PP) (XP)™1* [-(XV)* PPY? + (X?)*PPY Y]
= X7Y(P?)(X7)T) [X*[PYA] - [PXATY ]

= XH(PO) (X)) WX, Y)

= X1 (PO)TH((X) )"

(@* X 'u)Y = o* (X )V + o* X ¥
= a*X_lXV(X”)_lu" +ao* X WY
= —a"(XP)TI XPX N (PP)TI PP XY (XP) P
+ oz*(X”)"lX”X'l(P”)_IP”uV
= a*(X*)" [DPPuY — DPPXY (X?) ")
= o*(X?)"! [DPPuY — DZP XP(X?) /]
= o*(X?)"'D [PPu¥ — ZPuf] .

Now, note that since PPX(X?)~! is Hermitian, D = [P?X(X*)~!|~! is Hermitian as
well. This gives

(u*(X—l)*a)V — ((a*X—lu)V)*
= [e*(X?)7'D [PPuY — ZPuf]]”
= [PPu¥ - Z°u]" D((XP) ")
Now, putting this all together, and applying Lemma 111, we see that
WZu+ o X u+u (X )a-a* X Ya)V — V) PruY + u*Qu
= —[PPu¥ — ZPu’|* D[P*u" — ZPuf]
+ (@ X W)Y + @(XHa)Y - (XY)Ve

R
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= —[PPuY — Z”u”]*D[P”uV — ZPuf
+a*(XP)7ID [PPuY — ZPuf] + [PPuY — ZPuP]" D((XP) ™)
— " XU PP)TH(X?) )"
= —[PPu¥ = Z°u]* D[Pu¥ — ZPuf — ((X*)™')*q]
+0*(X?)7'D [PPuY — Z°uf] — o (XP) T XPXTH(PP)TH(XP) ) e
= —[PPuY — ZPuf)* D[PPuY — ZPu’ — ((X*)™')*o]
+a*(X?)7'D [PPuY — ZPuf] — o (XP)TID((XP) )
= —[PPu¥ — Z°uP]"D[PPu¥ — ZPu* — ((X*) 7)o
+o*(X?)"'D[PPuY — ZPu* — ((X*)™)*q]
= —[PPuY — 2w — (X)) o' DIPPuY — ZPu?((X*) 7)),

which éompletes the proof. ' . O

Remark 113. In Lemma 111 and Theorem 112, we assumed that X was a prepared
solution of (4.1) and that X (t) was invertible for all t € T. In the work that follows,
we are going to consider a prepared solution, X, of (4.1) on an interval [a, b], but we
are going to allow the possibility that X (a) is singular. Of course, if X(a) is singular,
then the identities are no longer valid at t = a. A careful review of the proofs shows
that there may also be problems at t = o(a). For t € (0(a), b], however, the identities
hold. Therefore, in the proofs of the next results, we will take care to apply Lemma
111 and Theorem 112 only on (o(a), b).

Definition 114. Let F be the quadratic functional defined by
b
Flu] = / (%) PPu” — w*Qu] (£) Vt.
We say F is positive definite provided Flu] > 0 for all u € Cl4([a, b],R™) such that

u(a) = u(b) = 0, and Flu] = 0 if and only if u = 0.

Here C14([a,b]) denotes the set of continuous n-dimensional vector-valued func-
tions whose nabla-derivatives are piecewise ld-continuous.

Definition 115. A prepared solution, X, of (4.1) is said to have no focal points on
(a, b] provided

X is invertible on (a,b], and X?X~'(P?)"! >0 on (a,b].
We continue to work towards Jacobi’s condition. The next result establishes a

sufficient condition for the quadratic functional F to be positive definite.

Theorem 116 (Sufficient Condition for Positive Definiteness of F). If there
exist normalized conjoined bases X and Y of (4.1) such that X has no focal points
in (a,b], then F is positive definite. -

it T 2 T
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Proof. Let X and Y be as described in the theorem, and let D = X*X~1(P*)~! on
(a,b]. Fix u € CLjy([a,b]) with u(a) = u(b) = 0.

We will consider two cases, a right-scattered and a right-dense. So, first, assume
a is right-scattered. Then, applymg Lemma 111, we get

Flu] =/a [(wV)*PPuY — u*Qu] (t) Vi

o(a)
= / [(wV)* PPuY —u*Qul (t) Vt+ /a » [(wY)*PPuY — u*Qu] (¢) Vi
= [(w¥)*PPu¥ — w*Qul(0(a))v(o(a))

+ / i ) [(u* Zu)” + [PPu¥ — Z°u?]* D[PPuY — Z°uf]] (t) V¢
= [(u¥) PP ()t — vurQu)(o(a)) + (u* Zu)(b) — (u*Zu)(o(a))

b
+ / (PP — 2Pl DIPPuY — Z0uf)(2) Vt
o(a)

Recall that X has no focal points in (a,b], and therefore D > 0 on (o(a),b]. Addi-
tionally, u(b) = 0, so one of our terms cancels, and we get

Flu] > {(u¥)* PPou’ )™ — v Q (u*Zu )} (o(a)
= {[u— u”]*P"[u — w7t — Vu*QXX u— u*Zu} (o(a))
= {u*PPuu-l + o [PX]Y X1y - u*PXAX”lu} (0(a))
= {u*PPuv™! + w*[PX® — PPX®P)| X u — w*PX2 X} (o(a))
= {w*PPuv™! + w*PXAX ' — wPPXV Xy — w*PX2 X} (a(a))
= {u*PPuv™" — w*PPXY X u} (o(a))
= {u'PPluv™ — XV X ']} (a(a
= {u*P?[I —vX VX uv~'} (o(a))
= {u*P?[I - [X — X*|X uw '} (o(a))
= {u*PP[I = I + X?X "Juv~'} (o(a))
= {wPPX’ X 'uv'} (0(a))
= {u* PP XX} (P?) ' PPuv'} (0(a))
= {(P"u)*D(P*u)} (o(a))v" (o(a))

> 0.

Clearly, F[0] = 0, therefore to complete the first case, we must show that Flu] =




0 = u=0. So, assume F[u] = 0. By the work we did above, we have
Flu) = {(u”)*PPru’ v — vu*Qu — (u*Zu)} (o(a))
b
+ / [PPuY — ZPuf]* D[PPu” — ZPu)(t) Vi,
o(a)
and
{(V’U,V)*PP(V’U,V)I/_l —vu*Qu — (u*Zu)} (o(a)) > 0.

Therefore, since Flu] = 0, we must have

{(wu¥yPPu’ )t — vu*Qu — (u*Zu)} (o(a)) =0,

and

b
/ [PPuY — ZPuf]* D[PPuY — ZPuf|(t) Vi = 0.
o(a)
Thus

PPuY — ZPuf =0

on (o(a),b]. Hence on (o(a),b], we have

0= PruY — ZPuf
= Pru¥ — PPX2(XP) " u?
= PP[u¥ — XV(X?)~1u’].

Since P* is invertible, we then get

0=u¥ — XV(XP) tuf
=u¥ — XV(XP) u — vuV)

=u¥ — XV(X?)lu+vXV(XP) Y.
Rearranging this, we see that

XV(X”)_Iu =uY + 1/XV(X”)‘1uV
= [I+vXV(X?)u¥
= [I +[X - X?|(X*) " |u¥
= [+ X(X*)! = I|luY
= X(X7) V.

And finally, we have
uw’ = XPXTXV(XP)

90
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on (o(a),b]. Now XPX 1 XV(X?)~! is ld-continuous, and

I—y[XPXTIXV(XP) " =1 - XPX X - X*)(X*)™
=1 - XPX'X(XP) + XPXTIXP(XP)
=I-I+X°X""
= XX,

which is invertible for t € ((a),b]. Thus X? X 1XV(X*)™! € R,, and therefore the
initial value problem

w’ = XPXIXV(XP)u, u(®d)=0

has a unique solution (the trivial solution). Thus u(t) = 0 for ¢ € (o(a), b]. Moreover,
u(a) = 0. So, u(t) = 0 on [a,b] except possibly at o(a). Now if o(a) is right-dense,
then by continuity, u(c(a)) = 0. The only remaining possibility is that o(a) is right-

scattered, and
u(t) = 0 t#o(a)
c t=o(a).
In this case,
0 t ¢ {o(a),0*(a)}
uV(t) = @y T o(a)
sy t=0(a).
But 02%(a) € (o(a),b], so we have
‘ L — -1yV -19( 2 2 -0
@) (0*(a)) = [XP X7 XV (XP) " |(0%(a))u(o"(a)) = 0.
and thus ¢ = u(o(a)) = 0. This gives u(t) = 0 on [a,b], and therefore F > 0, which
completes the proof in the case where a is right-scattered.
We now turn our attention to the second case. Assume a is right-dense. Select
a decreasing sequence, {a,,}%_;, of points in T such that limp, .. am = a, and for

m € N, let a,, = — ((X2)*Pu) (am). Note that as X2, P, and u are continuous, we

have
lm o = —((X2)*Pu)(a) = 0.
m—00

Now applying Theorem 112 with o = oy, we have

b
/ [(wY)*PPuY — u*Qu) (t) Vi

b
= / W Zu+ o X u+ u (X7 am — o, X Yan)'¥ Vi
am

SEEEESR e
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+ / ’ [PPuY — ZPuf — ((XP) ™) am]*DIPPuY — ZPuf — (X)) *am] Vi

> /b (W Zu + o, X u+ u* (X ) am — o, X Y)Y Vi
= (05, X 'Y ) (b) = (w*Zu+ o, X 'u + uH( X am — ap XY am)(am)
= (o, X 'Y an,)(b)
— (u*Zu — v PXA Xty — w* (X7 (X2)* Py — v PXA XY (X2)* Pu)(am)
= (%, X Y o) (b)
— (W Zu - ZX X - w (X)X Zu — v ZX XY (X2) Pu)(an)
= (o X ™'Y am) (b)
— (u*Zu — u*Zu — u* Zu — u* ZY (X2)* Pu)(am)
= (0* XY o) (b) + («* Zu +uw* ZY (X*)*Pu)(am)

Now X and Y are normalized conjoined bases of (4.1), and therefore,
I = X*[PY2] - [PX?]'Y
= X*[PY?] - ZX]'Y
= X*[PY*"] - X*ZY.
Rearranging, and multiplying on the left by (X*)~!, we get
ZY = PY® — (X*)™".

We now substitute this into the expression from above to get

b
/ [(u¥)*PPuY — w*Qu] (t) Vit

> (5, XY ap) () + (u* Zu + w*[PY? — (X*)7(X2)* Pu)(am)

= (&, X Yan)(b) + (u* Zu + u* PY2(X2)* Pu — u* (X*) T [PX2]*u) (am)
= (&, XY ) (b) + (u*Zu + w* PYA(X2)* Pu — w*(X*) [ ZX]*u)(am)
= (0}, XY an)(b) + (v Zu + u* PY2(X?)* Pu — u*Zu)(am)

= (&, XY o) (b) + (u* PY2(X2)* Pu)(am)

= (&, X Y, )(b) — (u*PY?an)(am)

Then

b
Flu) = W%l_rgo/ [(uV)*PPuY — u*Qul(t) Vi
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> lim [(0%X 'Y an)(b) — (u* PY ) (am))]

m—0o0

= 0.

Finally, suppose F[u] = 0. We wish to establish that this forces w := PPuY —
ZPu? = 0 on (a,b]. If we do so, then by the same reasoning used in the case where a
was right-scattered, we will have u(¢) = 0, and we’ll be done.

So, let

’ Wy, = PPuY — ZPu? — ((XP) ™) *am.

Then we have

lim w, =w
m-—00

uniformly on [ag, b] for each k € N. Therefore,
b b b
lim wy, Dwp, Vt = / lim wy, Dwp, Vi = / w*Dw V.

— —
m—00 ak akm 00 ak

Next, note that if m > k, then

b ' b
/ wy, Dwy, Vt > / wy, Dwp, V.

ag

Letting m — oo, we then have

b b
lim wy, Dw, V2> / w*Dw Vt.
m—oo [, or
But F[u] = 0, and therefore
b
lim wy, Dwy, Vt =0,

which gives
b

b
0= lim wy, Dwy, VE > / w*Dw Vit > 0.
© Jam ag

Finally, letting &£ — oo gives
b
/ w*Dw Vit = 0.

Then we must have w = 0 on (a, b], which completes the proof. O

Definition 117. We say that the self-adjoint matrix equation (4.1) is disconjugate
on [a, b] if the principal solution of (4.1) at a, X, has no focal points in (a, b].

And now, finally, we are ready to prove Jacobi’s condition.

e = e -

ol
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Theorem 118 (Jacobi’s Condition). The self-adjoint matriz equation (4.1) is
disconjugate if and only if the quadratic functional F is positive definite.

Proof. First suppose (4.1) is disconjugate. Then the principal solution X, and the
associated solution Y satisfy the conditions of Theorem 116, and therefore F > 0.
Now, suppose (4.1) is not disconjugate. Then there is £, € T such that either

(i) to € (a,b], and X is invertible on (a, o), but X (t) is singular, or

(i) to € (a,b], and X is invertible on (a, ], but
D(ty) = [X' rX 'I(P”)“l] (to) is not positive definite.

Note that exactly one of these cases occurs. Now define the vector d € R \ {0} as
follows. If (i) occurs, choose d such that ,

X (to)d = 0.
If (ii) occurs, then there is a nonzero vector v such that
v*D(to)v < 0.

Put 5
d = X"(to)(P?)" (to)v.

Then we have, at ¢

(X WX PPXX-Y(PP) 1y
(X~

%() DX
=o*(XP X (P) )
=v*D*
=v*Dv
<0

Next, put
ww={f“m if ¢ < to

otherwise.

Then by the way u is defined, we have
uV(t) =0
for t > to, and therefore for ¢ > %,

(w¥)*PPuY — u*Qu = 0.

s s -
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Now, as X is the principal solution of (4.1), we have X(a) = 0, and therefore
u(a) = u(b) = 0. Note further that if either ¢, is left-scattered or #; is left-dense and
(i) occurs, then u € Cl,y. We will deal with these possibilities first. If however, ¢, is
left-dense and (ii) occurs, u may not be continuous at ¢, and we leave this scenario
for the end of the proof.

So, assume first that o is left-dense and (i) occurs. Then

Flu] = / ’

to

(uV)* PPy —u*Qu) (t) Vi

~~

d (X0 PPXVd - d*X*Qf(d) (t) Vit

o~

0

(XY PP XVd + d*X*[P)”(A]Vd) (t) Vit

0

XNV (PXAY + X*(PXA)V]d) (t) Vit

to

d* [X*PXA]Vd) (t) Vit

S T T

—

X PRAd) (to) — (&* X*PXAd)(a)

Il
o

b

since X (to)d = 0 and X (a) = 0. Next suppose  is left-scattered. Then we have

Flul= /to [(uv)*P”uV —u*Qu] (t) Vit

_ /P(to) [(uv)*P”uV _ u*Qu] (t) Vi -+ /:o) [(uV)*PpuV — u*QU] (t) Vit

The first integral simplifies in similar fashion to the case above and we get

Flu] = (d*X*PX2d)(p(to)) — (" X*PX2d)(a) + [(u”)" PPu? — u*Qu](to)v(to)
= (d"(XP) PP XYV d)(to) + [(vu?) PPru¥ )Y (to)
= (d*(X?)*P* XV d)(to) + [(u — v*)* PP(u — uw’)v™"](to)
= (d*(X?)* PP XV d)(to) + [(u*)* PPufv (ko)
= (d*(X°)*PPXVd + d*(XP)* PP XPdv~")(to)
= (d*(XP)*P”[VX'V - X”]du_l)(to)
= (d*(X?)* PP Xdv~1)(t) < 0.

So, in either of these cases, we have F is not positive definite. We now consider
the remaining case, (ii) occurs and t, is left-dense. Recall that we showed above that
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when (ii) occurs, there is a nonzero vector d such that
(d(X*)* PPXd)(to) < 0.
Then, since %, is left-dense, we have
(d*X*PXd)(to) < 0.

Now put

c= X(to)d

Since X (to) is invertible, ¢ # 0, and furthermore, ¢*P(to)c < 0. In fact, since P(to)
is invertible, we have c*P(to)c < 0. We seek to show that F is not positive definite,
so, by way of contradiction, assume it is. First assume ¢y is right-scattered, and let
{tm}3_; C (a,to) be an increasing sequence of points with lim,_.co tm = to. Now, for
m € N, put

t—t :
um(t) _ \/T;_—’?;C ifte [tm,to]
0 otherwise.

Then since ¢ is right-scattered, we have to < b, so up(a) = un(b) = 0. Also,
Um € C%,]d, and u(tp) = v/To — tme # 0, so u is nontrivial. Then we see that

) o(to)
0 < Flupm] = / {(uZ)*P"uX - u:nQum} (t) Vt

= ° {(u,vn)*P”uX - uanum} (t) Vit

tm

o(to)
+/ {(uZ)*P"uZL —uhQun } (t) Vi

to

- [« (=) o (=) ™
e () o (2 ) v
+ {(up)* PPuy, — iy, Qum } (0(to))v(o(to))
_ /t * (to_ltm) PP(t)e Vi — /t e (%O—"mef) Qt)c Vit
S )] Plto) [uo ()] (o (1)

We now want to look at what happens to each of these terms as m — oo. Looking
at the third term, we see that

uy (o(to)) = Um (0 (t0)) — um(te) _ 0~ (J—‘““&%m) ¢ Vi—tme
" p(to) p(to) uto)
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So, the third term, then, is

*tO —tm
c 1(to) P(to)c, |
which goes to 0 as m — oo. Next, we consider the second term, the integral containing
Q. It is easy to see that this term also goes to 0 as m — oo. Finally, we turn our
attention to the first term, the integral containing P?. Using L’Hopital’s rule we get

= Jise e v
C m
t

: o o
7&1_{1;0 — P?(t)e Vi nlglil)o P—
—c*PP
— lim =€ PP(ty)c
Mm—00 -1
= c*P(to)c.

Thus, we have
0 < lim Fluy) =" P(ty)c <0,

which is a contradiction. The remaining case, ¢y right-dense, is handled similarly. Let
{sm}_; be a decreasing sequence with limp,_. Sm = to, then choose an increasing
sequence, {t;,}°_; such that limy,_, tm = to and such that for each m € N, {o—t,, <
$m — to. Applying the same technique as above using

T=c if t € [tm, to]
um(t) = '(SM—?;L_’%;:EC ifte (to, -S'm]
0 otherwise
results in a similar contradiction. O

Definition 119. We call a solution, X, of (4.1) a basis whenever

e ) () =

We now get the following version of Sturm’s separation theorem.

Theorem 120 (Sturm Separation Theorem). If there is a conjoined basis of
(4.1) with no focal points in (a,b], then equation (4.1) is disconjugate on [a, b].

Proof. Let X be a conjoined basis of (4.1) with no focal points in (a,b]. Since X is
a basis, we have that the matrix

A= X*(a)X(a) + (X2)"(a)P*(a) X*(a)
is invertible. Now, let Y be the solution of the IVP

LY =0, Y(a)=-P(a)X?()A™!, Y%(a)=P ' (a)X(a)A™.

e
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Then by Abel’s formula, we have

WY Y)(t) =W({,Y)(a)
= [Y*PY? — (Y2)*PY] (a)
= —(A™)" (X" (@)P*(@)P7 (&)X (a)A™
+ (A1) X*(a) P (a) P*(a) X (a) A~
= (A [(X2)*PX — X*PX"?] (a)A™!

Furthermore,
W(X,Y)(t) = W(X,Y)(a)
= [X*PY? — (X*)*PY] (a)
= X*(a)P(a)P~Y(a) X (a)A™* + (X2)*(a) P*(a) X*(a) A"
= [XX + (X)) PPXA] (a)A7
= AA™!
=1
Therefore, we see that X and Y are normalized conjoined bases of (4.1). Then by

Theorem 116, F is positive definite. Applying Jacobi’s condition then gives us that
(4.1) is disconjugate, as desired. O

We conclude by establishing an analogue of Sturm’s Comparison Theorem. Con-
sider the equation

[PXA] V40X =0, (4.5)
where P and @ satisfy the same assumptions as P and @, respectively.
Theorem 121. Suppose that for all t € T, we have
P(t) < P(t) and Q(t) > Q(t).
Then if (4.5) is disconjugate then (4.1) is also disconjugate.

Proof. Suppose (4.5) is disconjugate, let u € C;y with u(a) = u(b) = 0, and assume
u is nontrivial. Then by Jacobi’s condition, ,

Flu] := /ab [(uv)"‘f""uV - u*()u] (t) Vit > 0.

e




99
Therefore iéil
il
b &
Flu] = / [(wV)*PPu¥ — u*Qu] (t) Vit
ab i )
> / [(uv)*P”uV - u*Qu] (t) Vit
= Flu] > 0.
Therefore F is positive definite, and by Jacobi’s condition, (4.1) is disconjugate.
O

R T T
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