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EXECUTIVE SUMMARY 

DISTRIBUTED CONTROL OF NONLINEAR AIRCRAFT 
STRUCTURES INCLUDING AERODYNAMIC AND 

TEMPERATURE INTERACTIONS 

H. S. Tzou \ G. E. Blandford \ and V. B. Venkayya ^ 

' Department of Mechanical Engineering 
^ Department of Civil Engineering 

University of Kentucky, Lexington, KY 40506-0108 
^ Flight Dynamics Directorate, Wright Laboratory, WPAFB, Ohio 45433 

Imposed shape changes and surface control of flexible structures can offer many 
aerodynamic advantages in flight maneuverability and precision control. Largely deformed 
shapes and surfaces often involve nonlinear deformations. Studies on the control of nonlinear 
behavior related to the deformed surfaces and shape changes would provide detailed 
information for future controlled surface design and implementation. This research is 
concerned with the controlling nonlinearly deformed structures, e.g., shells and flexible 
wings, based on the smart structures technology. Piezoelectric materials are widely used as 
sensors and actuators in sensing, actuation, and control of smart structures and structronic 
(structure-electronic) systems. Investigation of the control effectiveness of nonlinear flexible 
structures composed of piezoelectric laminates subjected to aerodynamic and temperature 
excitations are proposed. It is assumed that the flexible aerospace structures encounter the 
von Karman type geometric nonlinearity. 

Distributed sensing/actuation, thermoelectromechanical equations and boundary 
conditions including elastic, temperature, and piezoelectric couplings are derived and applied 
to distributed sensing/actuation and control of various nonlinear and linear aerospace 
structures and components made of shells and plates. Analytical solutions are compared with 
experimental data and/or finite element solutions. 

A new finite element code, consisting of nonlinear/linear piezothermoelastic shell and 
hexahedral elements, is developed and applied to various nonlinear/linear aerospace structures 
with or without temperature excitations. Active control of imposed shape changes, nonlinear 
flexible deflections, thermal deformations, natural frequencies, and dynamic responses using 
distributed  piezoelectric  actuators  are  studied,  and  their  nonlinear  effects  evaluated. 
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Significant advancements and findings on tiieories, finite element formulations and results are 
respectively detailed in various chapters presented next. 

Chapter 1 discusses generic theories of piezo(electric)thermoelastic shells and 
distributed sensing and control of distributed parameter systems, such as typical shell/plate- 
type aerospace structures. A number of representative case studies of distributed sensing, 
micro-actuation, vibration control and optimal control, including beams, plates, conical shells, 
spherical shells, toroidal shells, and paraboloidal shells, etc., are respectively presented from 
Chapter 2 to Chapter 15. Chapter 16 to Chapter 19 outline new finite element formulation of 
piezothermoelastic shells, validation of codes and case studies of nonlinear/linear structures 
with or without temperature effects. Key publications are summarized in Appendix. 
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Mechano-Aerospace Engineering, Tokyo Institute of Technology) 
2. Graduate Students: John W. Moore (Ph.D., Civil Engineering); Jianghong Ding (Ph.D., 
Mechanical Engineering; Dongwei Wang, Ph.D., Mechanical Engineering); Richard M. 
Howard (M.S., Mechanical Engineering); P. Smithmaitrie (Ph.D., Mechanical Engineering) 
3. Undergraduate Students: Greg J. DeHaven (Mechanical Engineering) (Continue to Ph.D. in 
Mechanical Engineering); Jason Cullens; Brandon Crane; Chris Reeves; Shawn Stigall; Bryan 
Mueller; Scott Munich; Tara Conn; Brandon Delis 
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CHAPTER 1 

DISTRIBUTED PRECISION CONTROL OF LINEAR AND 
NONLINEAR STRUCTRONIC SHELLS - THEORY 

ABSTRACT 

The complexity of multi-field photo-thermo-electromechanical/control couplings of 
distributed parameter systems (DPSs) always poses many challenging research issues. This 
multi-field coupling completely reflects the synergistic integration of multifimctional smart 
materials, sensors, actuators, control electronics with machines or structures, enabling new 
distributed structronic (structure + electronic! systems capable of self-sensing, diagnosis, 
and control. Consequently, multi-field coupling and control of distributed structronic 
systems further inspires many new research, development, and system integration issues. 
This article is to present a generic nonlinear piezo(electric)-thermoelectromechanical shell 
theory based on a nonlinear piezoelectric double-curvature structronic shell continuum with 
permissible boundary conditions. Applications of the generic theory to distributed sensing 
and control of other standard linear and nonlinear structronic DPSs (e.g., shell and non-shell 
continua or DPSs) based on four system parameters are also demonstrated. Fundamental 
background of the distributed parameter systems is introduced, followed by definitions of 
distributed sensors and actuators and their governing equations. Application examples and 
design principles are presented afterwards. Detailed sensing and control electromechanical 
characteristics of specific structronic continua or DPSs are presented in later articles. 

INTRODUCTION 

Mass, stifl&iess, static and dynamic characteristics of elastic continua, machines, and 
structures (e.g., shells and plates) are generally "distributed" in nature, i.e., their properties or 
behaviors are functions of time and spatial coordinates. Accordingly, these systems are 
usually classified as distributed parameter systems (DPSs) and they are usually modeled by 
partial differential equations (PDEs). In practical applications, however, due to their 
complexity, discretization techniques are often employed and, for convenience, the derived 
simplified lumped (or discrete) parameter systems (LPSs) are analyzed and evaluated. 
Accordingly, simplified LPS only reveals partial system characteristics of the original DPS. 
Similarly, sensing and control of DPSs using conventional (discrete or point) sensors and 
actuators at spatially discrete locations also pose many technical deficiencies, especially they 
are placed at (or near) modal nodes or lines of DPSs. Eventually, these modes are neither 
observable nor controllable by these discrete transducers. To remedy the discrete 
sensor/actuator deficiencies and to observe and control the elastic DPSs, spatially distributed 
sensors and actuators are highly desirable. 



The complexity of multi-field photo-thermo-electromechanical/control couplings of 
multifunctional distributed parameter systems (DPSs) always poses many challenging 
research issues over the years. Recent development of smart structures and structronic 
systems emphasizing synergistic integration of controllable smart materials, e.g., 
piezoelectrics, shape memory materials, electro- and magneto-strictive materials, electro- 
and magneto-rheological fluids, photostrictives, magneto-optical materials, etc., with high- 
performance structures, precision structronic and mechatronic systems represents a 
highlight of classical multi-field coupling and interactions. In general, these smart materials 
can respond to certain stimuli, e.g., strain, force, pressure, light, etc., and also be actively 
controlled via electrical field, magnetic field, currents, high-energy lights, etc. (Tzou, 1998). 
Accordingly, structures and structronic systems incorporating these smart materials are 
capable of responding to certain stimuli in a prescribed manner based on specified 
performance or control requirements (Tzou and Bergman, 1998). Furthermore, the multi- 
field photo-piezo(electric)-magneto-thermo-elastic-control coupling and interactions of 
smart structures and structronic systems, Figure 1, have been becoming much more 
complicated and they deserve in-depth studies to establish profound database and design 
guidelines for the next-generation high-performance smart structures and structronic 
systems. 

Fig.l Multi-field coupling among elastic, electric, magnetic, 
temperature and light fields. 



Piezoelectricity is an electromechanical phenomenon coupling the elastic {dynamic 
coupling) field and the electric {static coupling) field, which was first observed by the Curie 
brothers (Jacques and Pierre) in 1880. Piezoelectric materials exhibit two distinct 
electromechanical effects: the direct piezoelectric effect and the converse piezoelectric 
effect. The former is the fundamental for sensor applications, e.g., accelerometers, 
force/pressure transducers, etc; the latter is the basis for precision actuation and control 
applications. However, temperature fiuctuation also influences the elecromechanical 
behavior and thus, the two-field coupling extends to the three-field coupling - the 
piezo(electric)-thermoelastic coupling, as illustrated in Figure 2. 

Fig.2 Piezo(electric)-thermoeIasticity - 
a piezothermoelectromechanical coupling. 

Due to its versatility in both sensor and actuator applications (Mason, 1981; 
Sesseler, 1981; Dokmeci, 1983; Tzou, 1998), piezoelectric materials are also widely used in 
modem smart structures and structronic systems. Over the years, sophisticated 
piezoelectricity theories were proposed and refined; new piezoelectric materials were 
discovered or synthesized (Mason, 1950; Cady, 1964; Mindlin, 1961&1972; Tiersten, 1969; 
Sesseler, 1981; Dokmeci, 1983; Tzou, 1993a«&b; Rogacheva, 1994). Novel piezoelectric 
devices were invented and applied to a variety of engineering applications (Mason, 1981; 
Sessler, 1981; Dokmeci, 1983; Tzou and Anderson, 1992; Tzou and Fukuda, 1992; Tzou 
and Bergman, 1998; Gabbert and Tzou, 2001). Engineering application of the piezoelectric 
materials started with a depth-sounding device, based on Rochelle salt, invented by 
Langevin in 1917. Many other sensors (e.g., accelerometers, pressure transducer, force 
transducers, microphones, etc.), actuators (precision manipulator, robot manipulator, 
ultrasonic motors, driving mechanism for scanning tunneling microscopes, etc.), smart 
structures and structronic systems (e.g., helicopter rotor blades, airplane wings, space 



structures, precision trusses, etc.) have been documented. New devices are being invented 
and patented constantly. 

In the recent development of active, adaptive (or smart) structures, 
micro-electromechanical and structronic systems, active piezoelectric and 
elastic/piezoelectric structures (elastic or composite materials integrated with piezoelectric 
transducers, control electronics, etc.) are, again, very promising in both static and dynamic 
applications. Examples include aerospace/aircraft structures (Crawley and de Luis, 1987; 
Hanagud and Obal, 1988), robot manipulators (Tzou, 1989), vibration controls and 
isolations, high-precision devices, micro-sensors/actuators, thin-film 
micro-electromechanical systems (MEMS) (Polla, 1992), micro-displacement actuation and 
control (Tzou and Fukuda, 1991 ;1992), etc. Additional applications in smart structures and 
structronic systems encompass distributed structural control (Plumb, Hubbard, and Bailey, 
1987; Baz and Poh, 1988; Tzou, 1987,1993; Tzou and Zhou, 1997), rotor dynamics control 
(Palazzolo, et al., 1989), self-sensing actuators (Dosch, Inman, Garcia, 1992; Anderson, 
Hagood, Goodliffe, 1992; Tzou and HoUkamp, 1994), orthogonal modal sensors/actuators 
(Lee and Moon, 1988; Tzou, Zhong, and Natori, 1994; Tzou, Zhong, Hollkamp, 1994), 
space truss members (Fason and Gabra, 1988; Lih, et al, 2001), noise control (Banks and 
Smith, 1998), control of flexible robots, active constrained damping (Baz and Ro, 1994) etc. 
Recalled that commercial transducer applications were thoroughly reviewed by Mason 
(1981) and Sessler (1981). Other recent practical applications include piezoelectric damped 
skis, control of aeroelastic wing flutter, optical metering truss control, helicopter blade 
control, noise reduction, active constrained layer damping, biomedical applications, 
ultrasonic motors, etc. (Lynch, 1996; Ashley, 1995; Galletti, et al., 1988; Ueha, et al., 1993; 
Sashida and Kenjo, 1993; Uchino, 1997). 

As the function requirement increases, the geometry of the piezoelectric devices also 
extends from the one-dimensional (ID) DPSs (i.e., rods and beams) to two-dimensional 
(2D) DPSs (e.g., flat rectangular and circular plates), and 2D curved DPSs (e.g., cylindrical 
shells, conical shells, spherical shells, etc.) (Tzou, 1993). Linear piezoelastic phenomena 
and theories have been studied for years (Chau, 1986; Dokmeci, 1983; Drumheller and 
Kalnins, 1970; Mindlin, 1972; Rogacheva, 1994; Senik and Kudriavtsev, 1980; Tzou and 
Gadre, 1989). An umbrella linear piezo-thermo-elastic shell theory based on a double- 
curvature generic shell was proposed and the derived governing equations can be easily 
simplified to account for many standard piezoelectric continua (Tzou and Howard, 1994). 
Linear thermo-electromechanical behavior and precision position control of distributed 
piezoelectric sensors and actuators were also investigated (Koppe, et al., 1998; Tzou and 
Ye, 1994). As the deformation goes beyond the linear elastic range, the large deformation 
geometric nonlinearity also comes into consideration. Geometrical nonlinearity of elastic 
shells was investigated over the years (Librescu, 1987; Palazotto and Dennis, 1992; 
Pietraszkiewicz, 1979; Chia, 1980). Pai, et al. (1993) proposed a nonlinear model for a 
piezoelectric plate. However, geometrical nonlinearity of anisotropic piezothermoelastic 
shells simultaneously exposed to mechanical, electric, and thermal fields have not been 
fiilly investigated (Tzou and Bao, 1997; Tzou and Zhou, 1995). This article is to present an 
advanced nonlinear piezo(electric)-thermoelastic shell theory (Tzou and Yang, 2000), 
distributed sensing and control of structronic shells, and their applications to common or 
standard distributed structronic structures and systems, e.g., isolators, reflectors, nozzles, 
mirrors, antennas, disks, wing boxes, rocket fairings, flexible robots, active struts, etc. 



PIEZO(ELECTRIC)-THERMOELASTIC CONSTITUTIVE EQUATIONS 
AND NONLINEAR PIEZO-THERMOELASTIC FLEXIBLE SHELL CONTINUA 

Mathematical model of the nonlinear piezo(electric)-thermoelastic shell continuum 
or DPS with the large-deformation geometric nonlinearity offers an umbrella approach that 
can be easily extended to nonlinear shells, (e.g., spherical, conical, cylindrical, etc.) and 
plates (e.g., rectangular, circular, etc.), linear shells and plates, and many other standard 
shapes (e.g., arches, rings, beams, etc.). Figure 3 illustrates three fundamental double- 
curvature flexible shell continua, in which Figure 3a illustrates a generic double-curvature 
flexible piezo(electric)-thermoelastic shell subjected to mechanical, electric, and 
temperature excitations; Figure 3b shows a typical structronic shell with coupled 
distributed sensor and actuator layers; Figure 3c illustrates a composite piezothermoelastic 
shell with arbitrary sensor/actuator layers. All three shells are defined in a tri-orthogonal 
curvilinear coordinate system in which ai and a2 define the in-plane axes and as defines the 
transverse direction. Thus, fundamental theories, distributed control mechanisms, and 
solution procedures, etc. derived for the generic nonlinear flexible shell DPSs can be easily 
applied to a large number of flexible shell and non-shell structural DPSs. In this section, 
fundamental piezo(electric)-thermoelectromechanical properties of a piezoelectric 
continuum are briefly reviewed. A generic theory based on a nonlinear piezo(electric)- 
thermoelastic shell DPS with the von Karman geometric nonlinearity is proposed and its 
governing equations are derived. 

Distributed 
Piezoelectric 
Sensor 

Kstnliuted 
a^    Piezoelectric 

(b) Actuator 

^    / 
(C) 

Fig.3 Three generic double-curvature shells: a) a piezothermoelastic shell, 
b) a structronic shell, and c) a structronic composite shell laminate. 

Piezo(electric)-thermoelastlc Constitutive Equations 

Piezo-thermoelectromechanical constitutive relations, Figure 2, of a generic piezo- 
thermoelastic shell continuum DPS are governed by three fundamental equations (Tzou and 
Howard, 1994): 

1) Stress equation: {T} = [c]{S} - [e]'{E} - {X}Q , 
2) Electric displacement equation: {D} = [e]{S} + [e] {E} + {p}9 , 
3) Thermal entropy equation:  T = {X}' {S} + {p}' {E} + a^0 , 

(1) 
(2) 
(3) 

where {T}, {S}, {E} and {D} are respectively the stress, strain, electric field and electric 
displacement vectors; [c], [e], and [s] denote the elastic stiffiiess coefficient, the 
piezoelectric coefficient, and the dielectric permittivity matrices, respectively; T is the 
thermal entropy density; 9 is the temperature rise (0 = 0 - 0o where 0 is the absolute 



temperature and ©othe temperature of natural state in which stresses and strains are zero); 
{X} is the stress-temperature coefficient vector; {p} is the pyroelectric coefficient vector; 
and ttv is a material constant (av = pcv/0o where p is the material density and Cy is the 
specific heat at a constant volume). [•]' and {•}' denote the matrix and vector transpose, 
respectively. The electric fields E,, E2, E3 and the electric potential (j) in the shell curvilinear 
shell coordinate system are defined by [EJ = -[f,]-{d^/da.J, i = 1,2,3,where fii(ai,a2,a3) 
= Ai(l+a3/Ri) (i= 1,2), f33(ai,a2,a3) = 1; as is a finite distance measured from the reference 
surface; Ai and A2 are the Lame parameters; Ri and R2 are the radii of curvature of the ai 
and a2 axes on the neutral surface defined by as = 0. The Lame parameters (Ai and A2) and 
two radii (Ri and R2) are the four essential parameters used in simplification and application 
of the generic shell theory to other geometries and shell/non-shell continua and DPSs (Tzou, 
1993). Nonlinear piezo-thermoelastic shells are evaluated and generic thermo- 
electromechanical equations are defined next. 

Large-deformation Geometric Nonlinearity 

Shape transformation and imposed shape control often involves large deformations - the 
geometric nonlinearity. A generic nonlinear deflection Ui in the i-th direction of the shell 
can be expressed as a summation of an (in-plane) membrane displacement Ui(ai,a2,t) and a 
higher order nonlinear shear deformation effect represented by the summation of angular 
rotations Pij(ai,a2,t): 

m 

Ui(a„a2,a3,t) = Ui(a„a„t) + ^aJp,j(a„a„t), i=l,2,3 . (4) 

Note that Pn and P21 represent the rotational angles in the positive sense of the ai and a2 
axes, respectively; and p3j = 0. This expression includes the higher order nonlinear shear 
deformation effects. However, according to the Love-Kirchhoflfthin shell assumptions and 
a linear displacement approximation (first order shear deformation theory), only the first 
term is kept in the equation, i.e., m= 1. The displacements and rotational angles are 
independent variables in thick shells. However, the rotational angles are dependent 
variables in thin shells, and they can be derived from the thin shell assumptions in which the 
transverse normal strain S3 is negligible and the shear strains S4 and S5 are zeros. Based on 
the thin shell assumptions, the rotational angles pi = pn and p2 = P21 are derived from the 
transverse shear strain equations, i.e., S4 = 0 and S5 = 0. Thus, the rotational angles are 
defined as 

o     u /      1/  5u, 

In general, since a3/Ri«l a3/R2«l, thus, the ratios of the finite distance to the radius of 
curvature are usually negligible, i.e., fn « Ai and f22« A2. 

Although it is assumed that the piezoelectric shell experiences large deformations in 
three axial directions, however, in reality, the in-plane deflections are still much smaller 
than the transverse deflection. Thus, the nonlinear effects due to the in-plane large 
deflections are usually neglected, i.e., the von Karman-type assumptions (Palazotto and 
Dennis,  1992; Chia,  1980; Tzou and Yang, 2000). The nonlinear strain-displacement 



relations of a thin shell with a large transverse deflection U3 include a linear effect, denoted 
by a superscript I, and a nonlinear effect, denoted by a superscript n, induced by the large 
deformation: 

{sj=[{srr+{srn+a3{kj,i=i,2,6, (6) 

where the subscripts 1 and 2 respectively denote two normal strains and 6 is the in-plane 
shear strain. Detailed membrane and bending strains (s° and k;) are expressed as functions 
of displacements - ui's, the Lame parameters (Ai and A2), and two radii (Ri and R2). 

Membrane strains: 

A2 da^    A, 5a,    AjAj da^    AjAj Sa, 

Bending strains: 

y^AiA2 9a, da^ j 

(7) 

(8) 

(9) 
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(10) 

(11) 

(12) 

Note that the quadratic terms (nonlinear terms) inside the brackets are contributed by the 
large deflection. The membrane force resultants Ny and the bending moments My of the 
piezothermoelastic shell, Figure 3a, are defined by the elastic, electric, and the temperature 
components. 
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Furthermore, membrane force resultants Ny and bending moments My of the 
piezothermoelastic laminated composite shell, Figure 3c, can be defined as follows (Tzou 
and Bao, 1997): 

[Nu" 
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where Ay, By and Dy are the extensional, coupling, and bending stiffiiess constants. 
Superscripts e and 6 respectively denote the electric and temperature components. The 
membrane strains and the bending strains are coupled by the coupling stif&ess coefficients 
Bij in the elastic force/moment resultants. Ny^ and Ny® are the electric and temperature 
induced forces; My' and My^ are the electric and temperature induced moments, 
respectively. Li actuator applications, these electric forces and moments are used to control 
shell's static and dynamic characteristics. These strain/displacement relations, membrane 
force resultants, bending moment resultants, etc. are used in Hamilton's equation to derive 
thermo-electromechanical equations and boundary conditions of the nonlinear 
piezothermoelastic shells. Although it is assumed that the transverse shear deflections can 
be neglected, the integrated effect of the transverse shear stress resultants Qn and Q23 are 
not neglected. Note that the effects of rotary inertias can be neglected in thin shells without 
large rotational effects. 

Hamilton's Principle and Nonlinear System Equations 

Hamilton's principle is used to derive the thermo-electromechanical shell equations 
and boundary conditions of the piezothermoelastic shell continuum. Hamilton's principle 
assumes that the energy variations over an arbitrary period of time are zero. Considering all 
energies, one can write Hamilton's equation as (Tzou and Bao, 1998; Tzou and Yang, 2000) 

Sf' {(J^  ^pUjUj)dV-[[(H(Si,E„0) + 50)dV-|(tjUj-ejCp)dS}dt = O.    (15) 

where p is the mass density; H is the electric enthalpy; tj is the surface traction in the aj 
direction; Q is the surface electric charge; ^ is the electrical potential; F and i* are the 
volume and surface of the piezothermoelastic shell continuum, respectively; and Uj and U. 
are the displacement and velocity vectors. It is assumed that only the transverse electric 
field E3 is considered in the analysis. Substituting all energy expressions into Hamilton's 
equation and carrying out all variations, one can derive the nonlinear piezothermoelastic 
shell equations and boundary conditions of the nonlinear piezothermoelastic shell 
continuum. 
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(18) 

Note that all terms inside the braces are contributed by the nonlinear effects and the 
nonlinear influence on the transverse equation U3 is significant. The 
thermo-electromechanical shell equations look similar to the standard shell equations. 
However, the force and moment expressions defined by the mechanical, thermal, and 
electric effects are much more complicated than the conventional elastic expressions, 
Eqs.(13) and (14). Substituting the expressions of Nn, N22, N12, Mu, M22, M12 into the 
above equations yields the thermo-electromechanical equations defined in the reference 
displacements ui, U2, U3. Recall that the transverse shear deformation and the rotatory 
inertia effects are not considered. The electric terms, forces and moments, can be used in 
controlling the mechanical and/or temperature induced excitations (Tzou and Ye, 1994; Ye 
and Tzou, 2000). 

Using Hamilton's equation, one can also derive all admissible mechanical and 
electric boundary conditions. Admissible mechanical boundary conditions on the boundary 
surfaces defined by a distance a2 and ai are respectively summarized in Table 1 and Table 2. 

Table 1 Boundary conditions (ai axis). 

Force/Moment Displacement 
1 N„=N:, U,=u; 
2 M„=M;, Pi=p; 
3 

N   +^12/   -V* ^^12 ^       7j^   - *!, 
u,=u; 



Table 2 Boundaty conditions (az axis). 

Force/Moment 
N,,=N;, 

M22=M;^ 

N,.+^^v/=v: R, '21 

Q. +^f^-^ 5a, 

N   I  1/ /9a, 

■N, 

2 /  "^"-2 

1/    9u,/ 
"■i ^5a 

= V,, 

1^; 

Displacement 

P2=p; 

The superscript * denotes the boundary forces, moments, displacements, and slopes. 
Usually, only either the force/moment boundary conditions or the displacement/slope 
boundary conditions are selected for a given physical boundary condition (Tzou, 1993; 
Soedel, 1993). In addition, additional transverse shear force terms Qis are nonlinear 
components induced by large deformations. These force terms do not appear in the linear 
case. The shear stress resultants are defined as 

V   = N   +1 ^12/ '' 12   ^^ 12 ^ I    y^ 

V =N  +f^2i/ 1 ^21   -^^21 ^1    y^ jj 

V:3=Q,3 + 
d  fM 

9a, 

V23=Q23+- U^2^. 
da^ V    /-^i 

(19) 

(20) 

(21) 

(22) 

where V13 and V23 are the Kirchhoff effective shear stress resultants of the first kind; V12 and 
V21 are the Kirchhoff effective shear stress resultants of the second kind (Soedel, 1993). 
Note that all elastic, electric, and thermal related terms are included in the force and 
moment expressions. These electric terms can be used, in conjunction with control 
algorithms, as control forces/moments counteracting mechanical and temperature induced 
vibrations in distributed structural control of shells (Tzou, Johnson, and Liu, 1999). 
Applications and simplifications of the nonlinear piezothermoelastic shell equations can be 
demonstrated in two ways: 1) material simplifications and 2) geometry simplifications 
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(Tzou, 1993; Tzou and Bao, 1996). In the next section, detailed distributed sensing and 
control mechanisms of distributed shell sensor/actuator layers are investigated. Generic 
sensing and actuation theories based on the double-curvature shells are defined next, follow 
by applications to other geometries using four system parameters, two Lame parameters (Ai 
and A2) and two radii of curvature (Ri and R2). 

DISTRIBUTED SENSING OF NONLINEAR STRUCTRONIC SHELLS 

Distributed piezoelectric layers laminated on the generic nonlinear structronic shell 
respond to shell strain variations and consequently generate electric signals based on the 
direct piezoelectric effect, Figure 4 - an enlarged version of Figure 3b. Assume the 
distributed sensor layer is made of hexagonal piezoelectric materials. 

Neutral 
Surface Distributed 

Piezoelectric 
Sensor 

Distributed 
Piezoelectric 
Actuator 

Fig.4 An elastic shell laminated with distributed 
piezoelectric sensor and actuator - a structronic shell DPS. 

Based on the Gauss theory V{Di}= 0, the Maxwell equation {EJ}= -V{<^}, and the 

du-ect piezoelectric effect, one can defmed an open-circuit voltage ^' in the transverse 

direction. The open-circuit signal ^' is a function of induced local strains Sy and the 
piezoelectric constants hij. 

^^=(hVS=)_[   I   [h3,SI,+h3,S^,+h3,S;j.A,A,da,da, (23) 

where h^ is the sensor thickness; S* is the effective sensor electrode area; hsi is the 
piezoelectric (displacement) constant indicating a signal generation in the transverse direction 
due to the strain in the i* direction; S-j is the strain on the i* surface in the j* direction; and Ai 
and A2 are the Lame parameters. The surface integration denotes the total charge generated 
over the effective electrode area defined by the ai and aa axes. Note that since the sensor is 
spatially distributed, the signal is averaged over the total effective electrode area (Tzou, 
Zhong, Natori, 1993). The strain can be divided into the membrane strain and the bending 
strain. Thus, the sensor signal resulting fi-om a nonlinear shell DPS can be further expressed 
as (Tzou and Yang, 2000) 
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where Ui's^are the (neutral-surface) displacements; Ri is the radius of curvature of the ith 
axis; and r' is the sensor location away from the shell neutral surface. The terms following r' 
represent the bending strain component; others are the membrane strain component. The 
membrane strain component is related to in-plane oscillations and the bending component is 
related to bending oscillation of the generic shell. Note that the large deformation effect is 
included with the membrane strains, the quadratic terms, based on the von Karman 
geometric nonlinearity theory. To demonstrate the distributed sensing concept, distributed 
sensing behavior of various shells is investigated later. 

DISTRIBUTED CONTROL OF STRUCTRONIC SHELLS 

Distributed control of linear/nonlinear structronic shell continua or DPSs requires 
different approaches, as compared with that of the discrete parameter systems. Distributed 
control effectiveness of shells suggests that the overall control effect can be divided into two 
major control actions: 1) the membrane control action and 2) the bending control action. 
Usually, the membrane control action dominates the lower-mode control of deep shells, e.g., 
cylindrical shell, and the bending control action dominates the control of higher deep-shell 
modes and all modes of zero-curvature continua, e.g., plates and beams (Tzou, Bao, and 
Venkayya, 1998). (These detailed electromechancial or piezothermoelastic coupling 
phenomena will be demonstrated in Case Studies presented later.) 

Distributed actuation and control of elastic DPSs using distributed piezoelectric layer 
is based on the converse piezoelectric effect. Strains induced by a control potential <l)^ (the 
converse piezoelectric effect) leads to stresses (i.e., strain multiplied by Young's modulus Yp), 
and then the membrane control forces N^, Figure 5. 
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K-d,YJ^ (25) 

iyiacroscopic 
Action 

Actuator Layer 

Fig.5 Distributed control induced by the distributed actuator layer. 

Since the distributed actuator is surface laminated, thus, the control forces also induce 
counteracting control moments (Ml) to the structronic shell continuum. (See enlarged 
microscopic actions in Figure 5.) 

Ml=v.^d,^J' (26) 

where r^" is the moment arm measured from the shell neutral surface to the mid-plane of the 
distributed actuator. If both sensor/actuator layers and the elastic shell are uniform thickness, 
the moment arms are equal in both directions, i.e., r," = r^ = r". Accordingly, distributed 
actuation and control can be achieved. Previous studies have revealed that the membrane 
control force is important to control of curved structures (e.g., shells and rings) and the control 
moment is effective to control of zero-curvature structures (e.g., plates and beams) Tzou, 
1993). Furthermore, control deficiencies can also occur on anti-symmetrical modes of 
symmetrical structures, due to cancellation of input control potential on the distributed 
actuator layer. Utilizing the segmentation and shaping (thickness or surface) techniques can 
alleviate the signal cancellation problem and maximize sensing/control effectiveness. (These 
two design approaches will be discussed next.) 

Following Hamilton's principle and integrating all control forces/moments into thin 
shell equations yields the (open or closed-loop) structronic shell system equations in three 
axial directions: 
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_:^(^iA)+N* ^-^^^ii2^-N ^A, 1  a(M;,A.) 
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(27) 

(28) 

(29) 

where, again, ui is the displacement in the ai direction; p is the mass density; Fi is the 
external input; Ai and A2 are the Lame parameters; and Ri and R2 are the radii of curvature. 
Note that the force and moment components consist of the original elastic component and 
the control component, i.e., N;=Ny+Nfi and M*i=Mii+M^, governed by control 
algorithms, either open-loop or closed-loop. This set generic control shell equations can be 
simplified to account for other geometries or DPSs such that distributed sensing and control 
of other standard geometries and DPSs can be mvestigated. (Note that this set of control 
equations is similar to that of the piezothermoelastic shell equations. However, their 
physical significances are totally different. The former represents inherent internal effects, 
although the electrical component can still be used to manipulate the physical properties of 
the nonlinear piezothermoelastic shells. The latter denotes the open- or closed-loop control 
equations of linear/nonlinear structronic shells or DPSs. Furthermore, N^ or My can also 

accommodate the temperature induced effect Ny or M^, i.e., Ny = N- + N^ + N? or 

My = M,i + My + My. There is only temperature induced membrane force and no moment 
when the temperature is uniformly distributed. 

Modal Separation and Independent Modal Control 

Assume the control components N,?) in the flexible shell equation can be generally 

represented by a control function: 'Nl=L]{(^,J^J^) = L]i^.),i = 1,2,3 where j^, is the 

control signal. Defme a distributed feedback function: Li((i)i) = {Ai(a„a2,t)},i = 1,2,3 
where A; can be displacement, velocity, acceleration or combination of several reference 
factors (Tzou, 1993). Expanding the distributed feedback function in the modal domain: 

CO 

mA) = XGL(«i'a2)-i1k(0>i = 12,3, one can express the distributed control force as 
k=l 
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1     r   f   ^     " 

phN j=l     k=l 

3 

where    N, = _[ | £ UJ^Cai.a^MjA^daida^;    Uj,is   the   mode    shape    function; 

Gik("pa2)is a spatial gain function; and T]* is a modal coordinate of the k-th mode. 

Assuming the distributed control force is velocity dependent and the gain factor G^ is a 
constant, one can derive the modal domain control equation as 

1        r^^ 
(31) 

Accordingly, modal responses of nonlinear flexible shell continua can be independently 
controlled. Spatial shapes of required actuators can also be represented by the spatial gain 
function such that single mode or combination of natural modes can be optimally controlled 
with limited distributed actuators (Tzou, Zhong, and Natori, 1993; Tzou, Zhong, and 
Hollkamp, 1994). 

DESIGN PRINCIPLES OF DISTRIBUTED SENSORS/ACTUATORS 

Figure 3 illustrates a typical structronic shell system - an elastic shell coupled with 
distributed sensor and actuator layers. However, in reality, the distributed layers often only 
cover critical regions or areas of the DPSs in order to address the control efficiency and cost 
issues, i.e., to control the maximal or critical mode(s) with the minimal area(s) or number of 
distributed sensors and actuators. Accordingly, placements and shapes of these 
sensor/actuator layers become critical design issues. There are, in general, two design 
principles: 1) the segmentation technique and 2) the shaping technique in the distributed 
transducer design. These two design principles are discussed in this section. 

The Segmentation Technique 

Figure 6 illustrates the segmentation technique, in which a distributed sensor/actuator 
layer is segmented into a number of regular-shape patches that can be equal or unequal sizes 
(Tzou, Bao, Venkayya, 1996; Tzou and Fu, 1994). Each segmented patch or a group of 
patches can be individually monitored or controlled. When the size of parches approaches to 
infinitesimal, these elements become distributed neurons or "muscle" elements, either 
monitoring microscopic behaviors or leading to microscopic control actions. Figure 6b 
shows four-segmented patches on a cylindrical shell panel (Tzou, Bao, Venkayya, 1996); 
Figure 6c shows four-segmented patches on a zero-curvature shell - a plate (Tzou and Fu' 
1994). 
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SegmenLed 
Sensor 

Fig.6 The segmentation technique of distributed sensor/actuator. 

The Shaping Technique 

On the other hand, the shaping technique involves either the planner shape 
variation. Figure 7a, or the thickness variation. Figure 7b. These shapes usually are 
modal sensitive and they are designed based on specific mode shape functions or modal 
strain functions (Tzou, Hollkamp, and Venkayya, 1998; Tzou, Zhong, and Natori, 1993; 
Tzou and Hollkamp, 1994). Accordingly, these shaped sensors/actuators are only effective 
to selected modal oscillations of the DPS. For example. Figure 7c illustrates designs of the 
first and second orthogonal modal sensors/actuators for a cantilever beam (Tzou, Hollkamp, 
and Venkayya, 1998); Figure 7d illustrates those of the second to fourth modes of a free- 
floating ring (Tzou, Zhong, and Natori, 1993). 
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(c) (d) 

Fig.7 The shaping technique of distributed sensor/actuator. 

Applications of the generic structronic shell equations and sensor/actuator equations to other 
standard DPSs or standard shapes (i.e., common geometries) are demonstrated next. 

APPLICATIONS 

As discussed previously, the thermoelectromechanical/control governing PDEs and 
distributed sensor/actuator equations were respectively derived based on generic double- 
curvature piezo(electric)thermoelastic and structronic shell DPSs, Figure 3, and these 
equations can be directly simplified to account for many shell and non-shell standard DPSs 
widely used in many aerospace, mechanical and structural systems. Examples of various 
simplified geometries and their relations are shovra in Figure 8. Simplification procedures 
and demonstration cases are presented in this section. 
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Fig.8 Applications of the shell theories. 

Procedures 

There are four geometric parameters, i.e., two Lame parameters (Ai and A2) and two 
radii (Ri and R2) of curvature, required to carry out tiie simplification and reduction of generic 
piezothermoelastic/control equations and shell sensing/control governing equations. 
Simplification procedures are briefly discussed below. 

1) Select a Coordinate System 
The original generic shell continuum or DPS was defined in a tri-orthogonal 
curvilinear coordinate system (ai, a2, as). Depending on the given geometry (the 
host elastic structure) and/or sensor/actuator shapes, these coordinates can be 
redefined to best represent the DPS, e.g., ai = x and a2 = y for a rectangular plate: 
ai = X and a2= p for a cylindrical shell and thin cylindrical tube shell: tti = (|) and 
g-, = 11/ for a spherical shell, etc. 

2) Determine the Radii of Curvature 
The radii of curvatures Ri and R2 of the two in-plane coordinate axes ai and a2 can be 
easily observed from the coordinate system defined in Step 1. For example, the radii 
of X and y axes in a rectangular plate are Ri = 00 and R2 = oo. In a cylindrical shell. 
Ri = coandR2 = R. hi a spherical shell, radii are Ri = Ro = R. 
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3) Derive a Fundamental Form 
A fundamental form represents an infinitesimal distance ds on the neutral surface of 
the shell continuum; the distance is the hypotenuse of a (or an approximate) 
right-angle triangle defined by the projected infinitesimal distances (dai and da2) of 
the two in-plane coordinates, see Figure 8. From XhQ fundamental form, two Lame 
parameters Ai and A2 and the two selected coordinates ai and a2 can be defined, i.e., 

(ds)' = (Ai)'(da,)2 + (A2)'(da2)' . (32) 

For example, the fundamental form for a rectangular plate (defined in a Cartesian 
coordinate system x and y) is (ds)' = (l)'(dx)' + {l)\dyf, thus, the Lame parameters 
are Ai= 1 and A2= 1. For a cylindrical shell defmed by the x and P axes, the 
fundamental form is (ds)' = (l)'(dx)' + (R)'(dp)', thus, Ai = 1 and A2= R (radius of 
the cylinder). The fundamental form defining the spherical shell is (ds)' = 
(R)'(d(j))'+(Rsin(j))'(dv|;)2 where R is the radius of the spherical shell. Thus, the Lame 
parameters are Ai = R and A2 = R sintj). Other geometries can be defmed accordingly. 

4) Simplify the Shell Sensor/Actuator Equations 
By substituting the four parameters Ai, A2, Ri, and R2 into the generic shell 
sensor/actuator and/or piezotehrmoelastic/control system equations, one can easily 
derive the governing equations for that DPS or sensor/actuator, e.g., shell (cylindrical 
shells, conical shells, spherical shells, shells of revolution, etc.) or non-shell DPSs 
(rings, arches, beams, rods, etc.). Figure 8. 

Detailed sensing/actuation and shell equations of a number of DPS cases are presented next. 
Studies and evaluations of microscopic sensing and control characteristics are presented in 
later chapters. 

Case 1: Control of Spherical Shell 

There are three equations of motion describing the electromechanical and control 
behaviors of spherical shells of revolution respectively defined in the ai = (j), a2 = v]/, and as 
directions. Figure 9, and they can be directly derived by simplifying the electromechanical 
equations of motion of a generic double-curvature shell using two Lame parameters (Ai and 
A2) and two radii of curvature (Ri and R2) defined for the spherical shell coordinate system 
where ai = (j) and a2 = v|;. The fundamental form defining the Lame parameters is derived 
based on an infinitesimal distance (ds) on the neutral surface of a thin spherical shell. 

(ds)' = (R)'(d(|))'+(Rsin(j))'(dvi;)' . (33) 

Thus, the Lame parameters Ai = R and A2 = R sm^; the radii of curvature of a spherical 
shell are Ri = R2 = R. 
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Fig.9 A spherical shell laminated with a distributed piezoelectric layer. 

Substituting Lame parameters and radii of curvatures of spherical shells into the shell 
equations and simplifying yields three equations of motion respectively defined in the ai, 
a2, and as directions (Tzou, and Smithmaitrie, 2001). 

—(N^sin(|)) +—(N^^)-N^^cos(t) + Q^3sin(j) + Rq^sin(^ = Rsin(j)ph-^, 

(N^^sin(t)) +—(N^^) + N^^cos()) + Q^3sin(t) + Rq^sin(t) = Rsin(|)ph—^ 
S(|) 

a 
9vj/ a 2     ' 

g^ (Q*3 sin (]))+—(Q^3)-(N^^ + N^^)sin(l) + Rq3 sin (t) = Rsin(|)ph^ 

(34) 

(35) 

(36) 

The transverse shear effects Qi3 are defined by moments: 

1 
Q*3 

Q>,3 

Rsincj) 

1 
Rsincj) 

—(M,,sin(|,) +—(M,,)-M^^cos<|, 

— (M,^sin4)) + —(M^^) + M,,cos<|, 

(37) 

(38) 

Ny are the membrane forces; My are the bending moments; qi is the external excitation; p is 
the mass density; h is the shell thickness, and Ui is the displacement. Membrane forces Ny 
and bending moments My are functions of membrane strains s\ and bending strains kj.. 

NH=^(S;*+K,),   N^, =^(S;,+^S;^),    N^^=N^^=^^^y^s;, ;      (39-41) 

M^=Z)(k^+^k^,),   M„=Z)(k,^+^k,,),   M,,=M,,=^^^k,^;    (42-44) 
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where ^ = (Yh)/(l-)i') is the membrane stif&ess; £) = (Yh')/[12(l-|i')] is the bending 
stiffiiess; Y is the modulus of elasticity (Young's modulus); and \i is Poisson's ratio. The 
strain-displacement relations of thin spherical shells are 

'** 

'*v 

^H -' 

^^v - 

R 

l_ 
R 

]_ 

R 

J_ 
R 

^^"*^^"^ w Rsin(j) 9vj; 
(u>,)''""*'^os(t) + U3sin(t) 

1 
—(u   )-U   COt(|) + — 
d^ sin ^ ^^l 

(u,) 

d^ (P*) w R sm (j) av|/ * 

|-(P,)-P,cot(|, + -i-^(P,) 
99 ^ sm^ ^^J 

(45,46) 

(47) 

(48,49) 

(50) 

and the rotation angles are P^ = — 
R "*- 

9U3 

si" andp^ = 
R 

1   duA 
U ;  

*    sin(j) 9v|/ 
, respectively. 

Case 2: Distributed Sensing of Conical Sliells 

In this case, distributed sensing characteristic of conical shell DPS is presented. The 
Lame parameters, radii of curvature, and principle directions of conical shells are 
respectively defined by Ai = 1, A2 = xsinp*, Rj =R^ =00, R^ =R^ =xtanp*, ai = x, 

and a2 = i|;. Figure 10 illustrates a conical shell, the coordinate system, and its parameters. 

Fig.lO A conical shell of revolution. 

Assume there is a distributed piezoelectric sensor layer laminated on the conical 
shell and the sensor layer is insensitive to the in-plane twisting S'j. The signal-strain 
relation of the distributed conical shell sensor layer becomes (Tzou and Chai, 2001) 
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^•=I^JJM-. + h32S^„)«xsinp'dxdvi; (51) 

where the strain terms are S'^ =s°+ r>,,  and  S' 

displacement relations of the linear conical shell are 
:s°   +r^k The membrane strain- 

s° =—- and   s 
"     dx 

o 
W 

1      5u, 
+ - 

xsinp' ^^l      X     xtanp 
(52,53) 

According to the Donnel-Mushtari-Vlasov theory, the in-plane displacements Ux and u^ 
are usually neglected in the bending strains. Thus, the bending strains of the conical shell 
with the Donnel-Mushtari-Vlasov assumptions are 

k„.-^^"3 
5x^    '""^   '^- 

1 9^u,    1 9u, 
x^sin^P* a\|;^     x 5x 

(54,55) 

Substituting all strain-displacement relations into the sensing signal equation gives the 
signal-displacement expression of the generic distributed conical shell sensor. 

+r: - 
x^ sin^P' av|/^     X 5x 

u, J_l_^+^  
^^[xsinp' 9i|;     x     xtanp* 

'xsinp*dxdv|; 

(56) 

Note that this signal-displacement equation is only valid for linear conical shell sensors, 
since it does not involve any large deformation effect (Tzou and Chai, 2001). Detailed 
modal contributions to the signal outputs of the distributed conical shell sensor are 
discussed later. 

Case 3: Sensing and Control of Adaptive Cylindrical Shells 

One of the important applications of distributed sensors and actuators is to evaluate 
detailed electromechanical behaviors of distributed adaptive structronic systems. Adaptive 
structures and structronic systems usually involve shape transformation changing from one 
geometry to the other, in order to achieve specific flinctional advantages in practical 
applications. A zero-curvature plate can transform to a shallow shell, a deep shell, and to a 
closed cylindrical shell (i.e., tube shell) when its curvature continuously changes from 0° to 
360°, Figure 11. Usually, the bending effect dominates the plate or shallow shell dynamics; 
however, the membrane effect dominates the deep shell dynamics, especially for lower 
natural modes. (Recall that plates are defined as zero-curvature shells, i.e., radii R\ and R2 are 
infinity and Lame parameters Ai and A2 are I's.) This cylindrical shell case is to demonsfrate 
the utilities of distributed sensors and actuators and to reveal detailed electromechanics and 
fimctionalities of these devices as applied to various shell structures with different curvatures 
(Tzou, 1993; Tzou and Zhong, 1996; Tzou, Bao, Venkayya, 1996; Tzou and Yang, 2001). 
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(Distributed Sensors/Actuators Neglected) 

(Not to Scale) 

Fig.ll Shell transformation, from a shallow shell to a cylindrical. 

A composite cylindrical shell structronic system consists of elastic shell layers and 
distributed piezoelectric layers serving as distributed sensors and/or actuators, Figure 12. It is 
assumed perfect bonding between the layers. Recall that the cylindrical shell is defined by the 
X and p axes, the fundamental form is (ds)^ = (l)^(dx)^ + (R)^(dp)^ . Thus, the Lame 
parameters are Ai=l and A2 = R (radius of the cylinder), (kote that the segmented 
sensor/actuator patches laminated on the cylindrical shell can be defined by their 
corresponding x and P coordinates generically. When x=L and P=P*, it becomes a fully 
distributed sensor/actuator case. 

(P* Patch Defined by 
X and ^ Coordinates) 

1,5: Piezoelectric Layers 
2-4: Composite Layers 

Fig. 12 A cylindrical shell laminated with distributed piezoelectric layers. 

Following the procedures described previously and substituting the four parameters into the 
generic shell system equations yields the governing equations of cylindrical shells. 

aN, 
5x    R ap 

1 9N,p . SN 
+ phUi =Fi + 

ax 
(57) 
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and forces and moments are defined by Ny/Mij =N"/M"+Ny/My and N!". =N^. As 

discussed previously, injecting high voltages into the distributed piezoelectric actuators 
induces two major control actions. One is the in-plane membrane control force(s) and the 
other is the out-of-plane control (bending) moment(s). In general, the control moments are 
essential in planar structures, e.g., plates and beams; the membrane control forces are 
effective to deep shells. 

Case 4: Control of Plates 

A rectangular plate is usually defined in a Cartesian coordinate system, in which x 
and y define the two in-plane directions and z defines the transverse direction, Figure 13. 
The structronic plate system consists of an elastic plate (with thickness h and Young's 
modulus Y, mass density p) sandwiched between two piezoelectric layers (with negligible 
mass and stiffiiess). Following the procedures described previously, one can define the 
Lame parameters (Aiand A2), radii of curvature (Riand R2), and then system equations 
sensing/control equations, as well as related strain -displacement equations, force/moment - 
displacement equations, etc. (Tzou and Fu, 1994; Shih and Tzou, 2000). 

Fig.l3 Distributed structronic plate/sensor/actuator system. 

Substituting the four parameters into the generic shell thermo-electromechanical equations 
yields the nonlinear plate equations. 

-^^ + -^ + F.=phu., (60) 
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and forces and moments are defined by 

Ny/My=N^/M°-+N^/M^+N«/M^ 

(61) 

(62) 

(63) 

Circular plates are common models for computer disks, optical mirrors, etc. 
Precision control of circular plates can be evaluated using the same procedures Figure 14 
(Tzou and Zhou, 1995,1997). 

Fig.l4 Distributed structronic circular plate/sensor/actuator system. 

Case 5: Control of Structronic Rings 

Rings laminated with distributed sensors and actuators establish structronic ring 
systems and their sensing/control characteristics can be evaluated accordingly (Tzou, 
Zhong, and Natori, 1993; Tzou, Zhong, and Hollkamp, 1994; Tzou, 1993). One can also 
design orthogonal sensors and actuators based on its modal characteristics, such that modal 
dynamic sensitivities and controllabilities can be investigated. Figure 15 illustrates a ring 
and Figure 16 illustrates a ring system subjected to impacts. Control of impact-induced 
vibration can also be studied. 

Fig.15 Distributed structronic ring system. 
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U3(e = y,t) 

Fig.l6 Distributed structronic ring system subjected to impacts. 

Case 6: Control of Beams 

An elastic Euler-Bemoulli beam is among the simplest distributed systems typically 
modeled by a fourth-order PDE: 

,„9 u,       ...     , „ 
YI—^ + pAu3=bE 

9x^ 3  ' (60) 

where Y is Young's modulus; I =bhVl2 is the area moment of inertia; b is the beam width; 
h is the beam thickness; U3 denotes the transverse displacement; p is the mass density; A = 
bh is the cross-section area; and F3 is the transverse excitation. Consider a generic cantilever 
Euler-Bemoulli beam sandwiched between two thin piezoelectric layers serving as 
distributed sensor and actuator, respectively, Figure 17, i.e., a distributed structronic 
cantilever beam system. Sensing signal acquired from the distributed sensor is amplified 
and fed back to the distributed actuator counteracting the beam oscillation. System equation 
of a structronic beam system can be derived accordingly (Tzou, Johnson, and Liu, 1999). 

Piezoelectri 

Fig.l7 Distributed structronic beam/sensor/actuator system. 
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As discussed previously, there are two design principles applied to the distributed 
sensor/actuator design in practice. Figure 18 illustrates an orthogonal self-sensing actuation 
design based on the shaping technique (Tzou and Hollkamp, 1994); Figure 19 illustrates the 
segmented sensors and actuators laminated on a beam based on the segmentation technique. 

Fig.18 Distributed orthogonal self-sensing actuation system (Tzou and Hollkamp, 1994). 

(Not to scale) 

Fig.l9 Distributed segmented sensor and actuator system. 

Distributed sensors and actuates can be surface or thickness shaped using orthogonal 
functions, e.g., modal strain functions. In this case, the shaped sensor or actuator is sensitive 
only to the designated natural mode (i.e., the orthogonal modal sensor or actuator) and 
insensitive to other natural modes, based on the modal orthogonality of natural modes (Tzou 
and Hollkamp, 1994). 

REMARKS 
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The synergistic integration of smart materials, sensors, actuators, control electronics 
with machines or structures enabling new distributed structronic (structure + electronic) 
systems capable of self-sensing, diagnosis, and control reveals the classic complexity of 
multi-field opto-thermo-electromechanical/control couplings of distributed parameter 
systems (DPSs). Consequently, multi-field coupling and control of distributed structronic 
systems further raises many new research, development, and system integration issues in 
recent years. This paper presented a generic nonlinear piezo(electric)- 
thermoelectromechanical shell theory and a distributed sensor/actuator theory based on 
piezoelectric double-curvature structronic shell DPSs with permissible mechanical, 
electrical, and temperature boundary conditions. Fundamental background of the distributed 
parameter systems was introduced, followed by definitions of distributed sensors and 
actuators and their governing equations. Application examples and design principles were 
presented afterwards. Applications of the generic theory to distributed sensing and control 
and other structronic ID, 2D (flat and shell) DPSs (e.g., a spherical shell, a conical shell, an 
adaptive cylindrical shell DPSs) based on four system parameters were also demonstrated. 
Other DPSs (e.g., rectangular and circular plates, rings, beams, etc.) were also discussed. 

Detailed micro-thermo-electromechanics and sensing/control effectiveness of 
various ID (Figure 20), 2D plate DPSs (Figure 21), and advanced shell DPSs (Figure 22) 
are presented later. Again, note that the purpose to study shell and plate DPSs is to 
investigate multi-field piezothermoelastic/control characteristics and sensing/control of 
practical systems represented by standard geometries as illustrated in Figures 20-22. 

ABCQMlMia 

^^r^ 

Fig.20 Examples of ID DPSs. 
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Fig.21 Examples of2D flat (plate) DPSs 

Fig.22 Examples of2D shell DPSs. 
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CHAPTER 2 

MODAL VOLTAGES OF LINEAR AND NONLINEAR 
STRUCTURES 

USING DISTRIBUTED ARTIFICIAL NEURONS 

ABSTRACT 

Laminated or embedded distributed neurons on structural components serve as in-situ sensors 
monitoring structure's dynamic state and health status. Thin film piezoelectric patches are 
perfect candidates for this purpose. A generic piezoelectric neuron concept is introduced first, 
folloAved by definitions of neural signals generated by an arbitrary neuron laminated on a 
generic nonlinear double-curvature elastic shell. This generic neuron theory can be applied to a 
large class of linear and nonlinear common geometries, e.g., spheres, cylindrical shells, plates, 
etc. To demonstrate the neuron concept, an Euler-BemouUi beam laminated with segmented 
neurons is studied. Neural signals and modal voltages are presented. Theoretical results are 
compared with experimental data favorably. 

INTRODUCTION 

Structural health monitoring, diagnosis, and failure prevention are essential to structural 
integrity, reliability, performance, safety, etc. of high-performance structures and machines. 
Conventional sensing technologies usually utilize strain gages, eddy current proximeters, linear 
variable differential transformers (LVDT), accelerometers, potentiometers, etc. These sensing 
systems are, of course, capable of carrying out the sensing functions and fulfilling design and 
control requirements. However, these transducers are all add-on devices, i.e., devices are 
installed on the structures using off-the-shelf sensors. These add-on transducers can add 
additional weights to the structures, which often is not desirable in many applications. 

In the recent development of smart structures and structronic systems (Plubm, et al., 
1987; Crawley and de Luis, 1987; Baz and Poh, 1988; Hanagud and Obal, 1988; Tzou, 1987), 
distributed piezoelectric layers laminated on flexible structures can serve as in-situ neurons 
monitoring local strain variations of structures. Figure 1. Since the distributed piezoelectric 
layers are spatially distributed, the induced sensing signal is surface averaged over the effective 
sensor area. Accordingly, the sensitivity of piezoelectric neurons depends on not only the 
piezoelectric material properties, but also structural dynamic characteristics, such as natural 
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frequencies, mode shapes, locations, etc. (Tzou, 1992). Significant sensing deficiency can 
occur when the segmented sensors are symmetrically laminated on symmetrical structures with 
symmetrical boundary conditions (Tzou, 1993). In this paper, detailed electromechanical 
characteristics (sensor electromechanics) of spatially distributed piezoelectric neurons are 
discussed and the governing equations are derived. Demonstration examples are presented. 
Experimental results are compared with theoretical solutions. 

Fig.l Distributed structural neurons. 

DISTRIBUTED STRUCTURAL NEURONS 

It is assumed that distributed piezoelectric layers serving as distributed neurons are 
arbitrarily located on a generic nonlinear elastic shell continuum defined in a tri-orthogonal 
curvilmear coordinate system. Figure 2. A generic distributed neuron theory of segmented 
sensors is derived based on the dkect piezoelectric effect and the generic double-curvature shell 
theory. Application of the generic neuron theory to other geometries (e.g., spheres, cylinders, 
plates, etc.) depends on four geometric parameters: two Lame parameters and two radii of 
curvature (Tzou, 1993). A generic piezoelectric neuron theory is derived in this section. A case 
study based on an Euler-BemouUi elastic beam is presented in the next section. 

Fig.2 A generic nonlinear shell laminated with distributed neurons. 
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Distributed piezoelectric neurons laminated on the generic nonlinear shell respond to 
shell strain variations and consequently generate electric signals based on the direct 
piezoelectric effect. The open-circuit neural signal (|)' from an arbitrary neuron is a function of 
induced local linear or nonlinear strains Sy and the piezoelectric constants dy. 

0^^(hVs^)|   I   [d3,SI,+d3,S^,3+d3,Sj^J.A,A2da,da,, (1) 

where h' is the sensor thickness; S'' is the effective electrode area; Ai and A2 are Lame 
parameters. The surface integration denotes the total charge generated over the effective 
electrode area defined by the ai and a2 axes. Note that since the neuron is spatially distributed, 
the signal is averaged over the total effective electrode area (Tzou, Zhong, Natori, 1993). 

Since the strain, in general, can be divided into the membrane strain and the bending 
strain. The signal equation can be further expressed as 
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where ui's are the displacements; Ri is the radius of curvature of the ith axis; and r' is the 
neuron location away from the shell neutral surface. The terms following r^ represent the 
bending strain component; others are the membrane strain component. The membrane strain 
component is related to in-plane oscillations and the bending component is related to bending 
oscillation of the generic shell. Note that the large deformation effect is included with the 
membrane strains, the quadratic terms, based on the von Karman geometric nonlinearity theory 
(Tzou, Bao, and Zhou, 1997). Accordingly, each piezoelectric neuron responds to local strain 
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variations induced by all possible oscillations of the elastic shell continuum. This implies that 
the neuron can actively monitor the structural condition and provides the linear or nonlinear 
state information for further diagnosis and/or control applications. To demonstrate the concept 
and technology, an elastic beam laminated with piezoelectric neuron patches is investigated 
analytically and experimentally in the following sections. However, for simplicity and better 
comparison, only the linear theory is considered in the case study. 

CASE STUDY: EULER-BERNOULLI BEAM 

An Euler-BemouUi beam is the simplest elastic continuum that can be used to 
demonstrate the distributed neuron concept. A cantilever Euler-Bemoulli beam laminated with 
a number of distributed piezoelectric nexirons is investigated theoretically and experimentally in 
this study. It is assumed that the piezoelectric neurons are much thinner than that of the elastic 
beam and they are perfectly bonded on the beam. The effects of bonding material and the 
piezoelectric layers are not considered in the electromechanical analysis. In this section, 
theoretical derivation of the laminated beam model is presented. 

For an elastic beam. Lame parameters are Ai =1 and A2 =1; radii of curvature are Ri = 
00 and R2=oo. Also, the transverse oscillation dominates the structural dynamics and the in-plane 
oscillations, i.e., x and y, are usually neglected within the linear theory. Figure 3 illustrates the 
Euler-Bemoulli beam laminated with six thin piezoelectric neurons. 

(Not to scale) 

Fig.3 Euler-BernouUi beam laminated with thin piezoelectric neurons. 

Theoretical Modeling and Analysis 

The equation of motion of the Euler-Bemoulli beam model is 
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-^^ + Ph^3=0 (3) 

where M^=-Yl|^ (4) 

where p is the mass density; H is the beam thickness; Y is Young's modulus and; I = h V  is 

the area moment of per unit width. Substituting Eq.(4) into Eq.(3) yields the classic beam 
equation 

Yl^ + Phu3=0 (5) 

For harmonical free vibration U3(x,t) = U3(x)eJ"' at natural frequencies, Eq.(5) becomes 

^-^*U3=0 (6) 

where UaCx) is the mode shape fiinction; © is the frequency; and A, is the eigenvalue, i.e., 

' =^ (7) 

where p' is a mass density per unit length. The solution (mode shape fimction U3(x)) of Eq.(6) 
is 

>^'    dx /,      dx A,      dx 

where 

A(Xx) = - (cosh A,x + cos X,x) (9a) 

B(Xx) = - (sinh Xx + sin X,x) (9b) 

C(X,x) = — (cosh A.X - cos ?LX) (9C) 

D(A,x) = - (sinh Xx - sm Xx) (9d) 

The derivatives of mode shape function U3(x) are given as follows. 
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These derivatives are used to define the exact mode shape fiinction, frequency of beams with 
specific boundary conditions., hi this case, the boundary conditions at the clamped end (at x = 
0)are 

U3(x = 0,t) = 0   or   U3(x = 0,t) = 0 

^(x = 0,t) = 0   or ^(x = 0,t) = 0 
ox dx 

and at the fi-ee end (x = L) 

Mxx(x = L,t) = 0  and  Qx3(x = L,t) = 0 

Using the moment and shear force definitions, one can derive 

(11) 
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(16) 

Also, using the boundary conditions, one can calculate the natural fi-equencies. 

_(X„Ly   /El 
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(17) 

The natural modes (mode shapes) U3(x) are 
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where P is an amplitude constant and 
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p = 
1  d^U3„(0) 

(19) 

Distributed Neuron Signal 

Neural signal of the distributed piezoelectric neurons can be directly simplified from the 
generic neural signal equation using four geometric parameters: two Lame parameters (i.e., Ai 
=1 and A2 =1) and two radii of curvature (i.e., Ri = 00 and R2=oo) On the other hand, the neural 
signal can be directly derived based on induced strains and the converse piezoelectric effect. 
The charge equation of electrostatics is 

5a, 
= 0 (20) 

Eq.(20) implies that the electric displacement D3 = esiSxx +   S33E3 which is mdependent of 
ttj and it is a fimction of location x and time t. 

esiSxx + £33 E3 =f(x,t) 

Substituting strain-displacement relations yields the electric field E3 

E3=-i-(f(x,t)-e3,S^) = -i 

(21) 

'33 '33 

^2        A 

f(x,t) + a3e3,       ^ 
V dx' 

(22) 
J 

where function f(x,t) can be calculated based on the electric boundary conditions which are 
determined by external vohages. For free vibration, the external voltage is equal to zero so that 
the function f(x,t) is equal to zero and Eq.(22) can be rewritten as : 

E =bL^ 
S33 dx 

a. 2 "•3 (23) 

The signal output ^31 of the i' th piezoelectric neuron is 

^3.=i4]^axT3da3=^Mh±]0>a^. 
^33SiJ5x^        i e33A       2        Jax^ 

dx 

e„  h'(h.h')rau3^^,_3u,^^^__; 
S33A ax 8x 

(24) 

where A is the neuron segment length shovra in Figure 3. Substituting mode shape function 
Eq.(18) into Eq.(24) yields the generic modal neural signal equation 
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S33A       2 

siiih(A,„L) - sin(X„L) 

cosh(X„L) + cos(X„L) 

(25) 
[cosh(?.„Xi)-cosh(X„Xi_,)-cos(l„Xi) + cos(A.„Xj_,)]} 

Plotting the neural signals of the distributed neurons yields the modal voltages of the ith natural 
mode. 

PHYSICAL MODEL AND LABORATORY SETUP 

In order to demonstrate the distributed neuron concept and the neural sensing 
phenomena of segmented piezoelectric neurons, an Euler-BemouUi beam (90xl2x0.7nun) 
laminated with segmented piezoelectric neurons (15xl2x0.04mm) is fabricated, Figure 3. The 
cantilever steel beam bonded with segmented polyvinylidene fluoride (PVDF) film (40jj,m) is 
fiilly tested in the Dynamics and Structronics Laboratory. Experimental data are compared with 
analytical solutions. 

To test its fi-equency response and the modal sensitivities of the distributed neurons, 
sinusoidal waves generated firom a signal generator (Wavetek) is input to a shaker amplifier and 
then to an electromagnetic shaker where the beam is mounted on. Figure 4 illustrates the 
experimental setup and apparatus. Signal voltages fi:om the six PVDF neurons are 
simultaneously inputted to a Multi-Channel Signal Sampling/Analysis System. The six-chaimel 
data are recorded to identify the location of nodes and also for fiirther analysis and comparison 
of beam's dynamic characteristics. 

(Not to scale) 

Fig.4 Laboratory setup and apparatus. 

43 



RESULTS AND DISCUSSION 

Neural signals of the six piezoelectric neurons laminated on the cantilever beam are acquired. 
Modal information and modal voltages are then investigated. Experimental data are also 
compared v^ith analytical solutions in this section. 

Neural Signals 

m Time responses of individual piezoelectric neurons at five natural modes are presented L. 
Figures 5-9. All neural signals have the same sign indicating that all these neurons experiencing 
either compression or tension simultaneously and these is no nodes along the beam in Figure 5 
This implies that the mode shape is indeed the first bending mode. 

28.fi 40.0 60.8 88.0 <KiSee) 

Fig.5 Neural signals of the first mode. 

3- 

<2>_ 

0 3.e le.e is.e 20.0       <nsec} 

Fig.6 Neural signals of the second mode. 
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Fig.7 Neural signals of the third mode. 
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Fig.8 Neural signals of the fourth mode. 
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Fig,9 Neural signals of the fifth mode. 

In Figwe 6, however, the first channel time history has the opposite sign as compared with the 
other five neural signals. This indicates that there is a node between the 1^' and second neurons. 
Accordingly, the beam oscillates at the second natural mode. Furthermore, sign changes can be 
observed in other neural signals obtained from various piezoelectric neurons laminated on the 
beam. (Note that certain engineering judgement was employed to verify the natural modes, 
since there could be even nodes existing between two neurons when the signals exhibit the 
same signs.) Also, because there are only 6 neuron segments laminated along the beam, higher 
modes can not be identified by these neuron segments. 

Modal Voltages and Modal Identification 

Recall that the piezoelectric neurons respond to local strains and generate voltage signal 
accordingly. As discussed previously, the mode shape fimctions and neural sensing signals are 
respectively represented by 

U3„(x) = p|cosh(X„x)-cos(l„x)-^^^^[^:i^^ 
[ sinh(A,„L) + sm(X„L) J 

^3i = _ '\     \.       P^n{[sinh(X„Xi)-sinh(l„Xi,J + sin(X„Xi)-sin(X„Xi_,) 
E33A       2 

sinh(X,pL) - sin(X„L) 

cosh(A,„L) + cos(X„L) 
[cosh(X„Xi)-cosh(A,„Xi_i)-cos(X„Xi) + cos(X„Xi_,)]} 

where P is constant and A is the neuron segment length. The sensor equation indicates that the 
highest signal occurs at the highest strain location. Positive strains yield positive signals; 
negative sti-ains yield negative signals. Plotting magnitudes of neural signals yields the modal 
voltage pattern or modal voltage. Thus, modal voltages are distinct to natural modes of the 
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structure. Accordingly, one can reconstruct natural mode shapes based on the modal voltages 
measured at various piezoelectric neurons along the beam. Experimental results are compared 
with analytical solutions. Reference eddy current proximity sensors are also used to calibrate 
the experimental resuhs. Figures 10-12 show the theoretical and experimental comparisons of 
the modal voltages for the first three natural modes. 

z      e 
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Fig.lO Neural signals (modal voltage) of the first mode. 
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Fig. 11 Neural signals (modal voltage) of the second mode. 
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Fig.l2 Neural signals (modal voltage) of the third mode. 

These figures suggest that the experimental results are compared closely with the analytical 
solutions. However, errors are observed at the fixed end - the highest strain location. This 
could be caused by imperfect fabrication or bonding of the experimental model. 

CONCLUSIONS 

Artificial structural neurons can provide essential sensing information regarding 
structure's dynamic state, health condition, etc. Unlike conventional add-on transducers, these 
thin-film piezoelectric neurons can be surface laminated or embedded in structures and/or 
components, which are sensitive to local strain variations and consequently provide vital 
information of structures. 

A generic neural sensing equation was defined for a double-curvature nonlinear shell 
contmuum subject to large deformation - the von Karman geometric nonlinearity. This generic 
neural signal equation can be easily simplified and applied to a broad class of linear and 
nonlinear structures and components, e.g., spheres, cylinders, rings, arches, plates, beams, etc. 
Furthermore, for demonstration purpose, an Euler-BemouUi beam model laminated with six 
segmented thin-film piezoelectric neurons was fabricated and fully tested in laboratory. Neural 
sensing signals from the six neurons were presented and analyzed. Modal voltages of various 
natural modes were identified and experimental results were compared closely with the 
analytical solutions. 
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CHAPTER 3 

PRECISION ACTUATION OF NONLINEAR PLATES 

ABSTRACT 

Adaptive shape control is essential in many high-performance engineering systems, such as 
nozzles, airplane wings, helicopter blades, etc. Recent development of smart structures and 
structronic systems offers new alternatives to shape control with inherent and embedded actuator 
components, hnposed shape control often involves large deformations implying that the 
conventional linear theory is no longer applicable. This study is to explore a new structural control 
concept based on nonlinear theories. Nonlinear piezoelectric shell equations are derived based on 
von Karman geometric nonlinearity. Physical significance and application are discussed. As to 
compare the linear and nonlinear theories, a zero-curvature shell - plate is mvestigated. Analytical 
results suggest that the linear theory is indeed invalid when large deformation shape control is 
considered. Differences between the two theories are presented. Control effects of the plate with 
polymeric and ceramic piezoelectric actuators are compared. 

INTRODUCTION 

Adaptive shapes and surface control of structural and mechanical systems can revolutionize 
many engineering systems, such as flow control, precision manipulation and positioning, etc. 
Imposed shape change of shells and flat panels of aerospace structures offers several aerodynamic 
advantages, such as lift control, flutter control, improved maneuverability, vibration and noise 
control, etc. Active shape control often involves large deformations and thus control of large 
deformation becomes an important issue m adaptive structures and structronic systems 

Geometrical nonlinearity of elastic shells were studied over the years (Librescu, 1987; 
Palazotto and Dennis, 1992; Pietraszkiewicz, 1979; Chia, 1980). A nonlinear model for a 
piezoelectric plate was recently proposed by Pai, et al (1993). Yu (1993) reviewed recent 
advances on modeling of linear and nonlinear elastic and piezoelectric plates. Linear thermo- 
electromechanical behavior and precision position control of distributed piezoelectric sensors and 
actuators were investigated (Tzou and Ye, 1994). Tzou and Howard (1993) also studied the 
thermo-electromechanical couplings of a single layer mm2 piezothermoelastic shell. However, 
geometrical nonlinearity of anisotropic piezothermoelastic shells simultaneously exposed to 
mechanical, electric, and thermal fields has not been fiiUy investigated (Tzou and Bao, 1997; Tzou 
and Zhou, 1995). 
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This paper is concerned with a study of static and dynamic control of nonlinear flexible 
shells and plates subjected to mechanical, electric, and temperature excitations. A generic 
nonlinear thermo-piezoelectric shell is evaluated and its nonlinear thermo-electromechanical 
equations are derived based on the Hamilton's principle. Thermo-electromechanical couplings 
among the elastic, electric, and temperature fields are discussed, and nonlinear components 
identified. Application of the theory to control of wing box panels (plates) is demonstrated. 
Boundary control induced by the distributed piezoelectric actuator is investigated. Active control 
effects on nonlinear static deflections and natural frequencies imposed by the piezoelectric 
actuators are investigated. 

NONLINEAR THERMO-PIEZOELECTRIC SHELL 

Fimdamental thermo-electromechanical properties of a piezoelectric continuum are briefly 
reviewed. Since shape control naturally involves large deformation geometric nonlinearity, a 
generic nonlinear thermo-piezoelectric shell based on the von Karman nonlinear theory is 
investigated and its governing equations are derived in this section. Thermo-electromechanical 
couplings are evaluated and its structural control applications are discussed. Figure 1 illustrates a 
generic double curvature piezoelectric shell continuum. 

Fig.l A double-curvature piezoelectric shell. 

Thermopiezoelectric Constitutive Equations 

Electric fields Ei, E2, E3 and electric potential (j) in a shell curvilinear shell coordinate 
system, Figure 1, are defmed by (Tzou and Zhong, 1993) 

Fn 0 0" (d/8aA 
0 f22 0 d/da^ 
0 0 fssj [d/daJ 

(1) 

where fii(ai,a2,a3) = Ai(l+a3,/Ri) (i= 1,2), f33(ai,a2,a3) = 1; as is a fmite distance measured from 
the reference surface; Ai and A2 are Lame parameters; Ri and R2 are the radii of curvature of the 
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ai and at axes on the neutral surface defined by as = 0. Themo-electromechanical constitutive 
relations of a generic piezoelectric shell continuum are governed by three equations: 1) the stress 
equation, 2) the electric displacement equation, and 3) the thermal entropy equation (Tzou and 
Bao, 1997). 

{T} = [c]{S}-[e]'{E}-{X}e, (2) 
{D} = [e]{S} + [s]{E} + {p}0, (3) 
5={Xr{S} + {p}'{E}+ave, (4) 

where {T}, {S}, {E} and {D} are respectively the stress, strain, electric field and electric 
displacement vectors; [c], [e], and [s] denote the elastic stiffiiess coefficient, piezoelectric 
coefficient, and dielectric permittivity matrices, respectively; 5 is the thermal entropy density; 0 
is the temperature rise (8 = 0 - 0o where 0 is the absolute temperature and 0o the temperature of 
natural state in which stresses and strains are zero); {X} is the stress-temperature coefficient 
vector; {p} is the pyroelectric coefficient vector; and ay is a material constant (ay = pCy/0o where 
p is the material density and Cy is the specific heat at a constant volume). [•]' and {•}' are matrix 
and vector transpose, respectively. Nonlinear piezoelectric shells are evaluated and generic 
thermo-electromechanical equations and boundary conditions defmed next. 

Large Deformation Geometric Nonlinearity 

As discussed previously, imposed shape control often involves large deformations - the 
geometric nonlinearity. A generic nonlinear deflection Ui in the i-th direction of the shell can be 
expressed as a summation of a (in-plane) membrane displacement Ui(ai,a2,t) and a higher order 
nonlinear shear deformation effect represented by the summation of angular rotations pij(ai,a2,t): 

m 

Ui(a„a2,a3,t) = Ui(a,,a2,t) + ^aJPi.(a„a2,t), i=l,2,3 , (5) 
j=i 

where pii and p2i represent the rotational angles in the positive sense of the ai and ai axes, 
respectively; and p3j = 0. This expression includes higher order nonlinear shear deformation 
effects. However, according to the Love-Kirchhofif thin shell assumptions and a linear 
displacement approximation (first order shear deformation theory), only the fnst term is kept in 
the equation, i.e., m= 1 (Tzou, 1993). The displacements and rotational angles are independent 
variables in thick shells. However, the rotational angles are dependent variables in titun shells, and 
they can be derived fi-om the thin shell assumptions in which the transverse normal strain S3 is 
negligible and shear strains S4 and S5 are zeros (Soedel, 1993). Based on the thin shell 
assumptions, the rotational angles pi = pu and p2 = P21 are derived from the transverse shear strain 
equations, i.e., 84= 0 and S5 = 0. 

In general, a3/Ri«l a3/R2«l, thus, the ratios of the finite distance to the radius of curvature are 
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negligible, i.e., fn « Ai and £22 « A2. Although, it is assumed that the piezoelectric shell 
experiences large deformations in three axial directions, however, in reality, the in-plane 
deflections are still much smaller than the transverse deflections. Thus, the nonlinear effects due 
to the in-plane large deflections are usually neglected, i.e., the von Karman-type assumptions 
(Palazotto and Dennis, 1992; Chia, 1980). The nonlinear strain-displacement relations of a thin 
shell with a large transverse deflection U3 include a linear effect, denoted by a superscript ^, and a 
nonlinear effect, denoted by a superscript n, induced by the large deformation: 

hi k] t \sf 
n~ 

\K 
S2 .= * s^ ■ +• s° H-ttj- K •  ? 

kJ K\ s^J K 
(7) 

where the subscripts 1 and 2 respectively denote two normal strains and 6 is the in-plane shear 
strain. Detailed membrane and bending strains are functions of displacements - Ui's. 

1) Membrane strains: 

o _  1  au, ^    "2   ^A,     U3_    1 (dujda 

A, 5a,    A,A2 Sttj    R,    2 

\2 

•^1    y 
(8) 

A2 da^    AjAj 5a,     R2    2 

dujda^ 
(9) 

^o_   1   5u,  ^   1  5u,       u,    gA,       U2    dA 

Aj 8a^    A, 5a,    AjA^ da^    A,A2 5a,    1^A,A2 5a, 5a 
2_ , I     1     5u3 5U3 

^2y 
(10) 

2) Bending strains: 

k,= 1    8 

A, 5a, 
_Ui l_5u3^ 

R,    A, 5a, ^ 
1       u 1   du,) 

A1A2 {R^    A, aa 

1(.^ = J ^lib. 1   5u3 1    f u 
A^8a^{R^    A2 aa J    A,Aj (^R,    A, 5a, 

2  '^"•2^ 

1  5u, 

5A, 

5a, 

5A^ 

5a, 

(11) 

(12) 

K = 
1    5 

Aj Sttj 

_Uj l_5u3 

^R,    A, 5a,^ 

A,A2 

jij l_9u3^ 

R,    A, 5a, 

1    5 

A, 6a, 

1    fu 

U2 _  1   5u3 

5A, 

8a^    A,A2 \RJ    A2 6a 

1   5u3 6A, 

-2^ 6a, 

(13) 

Note that the quadratic terms (nonlinear terms) mside the brackets are contributed by the large 
deflection. Membrane force resultants Ny and bending moments My of the thermo-piezoelectric 
shell laminate can be derived based on the induced strains (Tzou and Bao, 1997): 

53 



N„ 

M„ 

A,; 

A 2; 

B„ 

A. 

A. 

B,< 

B„ 

B„ 

B„ 

Dn 

B,: 
B,: 
B« 

D,: 
Da: 
D„ 

B,J fs?" [N;," 
B,. s5 Ki 
B« s^ ^2 K 
D,6 k, MI, K 
D26 ka Ml, M% 

DeeJ kJ MI2J K\ 

(14) 

It is observed that there are three components, i.e., mechanical, electric, and temperature, in the 
force/moment expressions. Superscripts e and 6 respectively denote the electric and temperature 
components. The membrane strains and bending strains are coupled by the coupling stifi&iess 
coefficients By in elastic force/moment resultants. Nye and N/ are the electric and temperature 
induced forces; Mye and My® are the electric and temperature induced moments, respectively, hi 
actuator applications, these electric forces and moments are used to control shell's static and 
dynamic characteristics. Ay, By and Dy are the extensional, coupling, and bending stiffiiess 
constants. These strain/displacement relations, membrane force resultants, bending moment 
resultants, etc. are used in Hamilton's equation to derive thermo-electromechanical equations and 
boundary conditions of the nonlinear thermo-piezoelectric shells. Although it is assumed that the 
transverse shear deflections can be neglected, the integrated effect of the transverse shear stress 
resultants Q13 and Q23 are not neglected. Note that the effects of rotatory inertias can be neglected 
in thin shells without large rotational effects. 

Hamilton's Principle and Nonlinear System Equations 

Hamilton's principle is used in deriving the shell thermo-electromechanical equations and 
boundary conditions of the piezothermoelastic shell continuum. Hamilton's principle assumes 
that the energy variations over an arbitrary period of time are zero. Considering all energies, one 
can write Hamilton's equation: 

5{' {([  ^pUjU^)dV-[[(H(Si,Ei,0) + 30)dV-|(t.U^-fi.cp)dS}dt = O- (15) 

where p is the mass density; H is the electric enthalpy; tj is the surface traction in the Oj direction; 
Qj is the surface electric charge; (j) is the electrical potential; V and S are the volume and surface of 
the piezothermoelastic shell continuum, respectively; and Uj and Uj are the displacement and 

velocity vectors. It is assumed that only the transverse electric field E3 is considered in the 
analysis. Substituting all energy expressions mto Hamilton's equation and carrying out all 
variations, one can derive the nonlinear piezothermoelastic shell equations and boundary 
conditions of the piezothermoelastic shell continuum. 

g(N,.A,) , .,   dA,    5(N„A,) 
9a, 

■ + N 
9a, 9a 

_       aA^^9(M„A.)_^ 
9a, 9a, 

M,. 

2 

9A. 

9a 

9a, 

^] + A,A2phu, =A,A2F, 

(16) 
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g(N,,Ai) 

Sa, 
+ N,: 

aA,   a(N,3A,)  ^j _^ aA, 
aa. 

aA, , a(M„A,) ^ ^^ _, 
■M„—'- + 

8a. 

aa, 
aA, 

aa,     R 
1 ^a(M,,A,) 

aa. (17) 

;, - -21 „ H + AjA^phUj = A.A^F^ aa, aa. 

a  [X(^(M,iM_M,,^.M.A),M„|^)] 
aa, ""A, aa. aa, aa. aa. 

R,     R. aa^ "Aj aaj aa2      aa, ^' aa. 
-) + A,A2phu3 

,^a(N„A,/A,) ^ aN„jau3 ^ ^a(N,,A,/A,) ^ aN„jau3 
aa, aaj aa, aaj aa, aaj 

+ 2N, a Uj        A, a U3  ^^  A, au,,,   ^ . ^ 

aa,aa2 A, aa. A, aa. 

(18) 

Note that all terms inside the braces are contributed by the nonlinear effects. The nonlinear 
influence on the transverse equation U3 is significant. Also, the thermo-electromechanical 
equations are similar to standard shell equations. However, the force and moment expressions 
defmed by mechanical, thermal, and electric effects are much more complicated than the 
conventional elastic expressions. Substituting the expressions of Nn, N22, Nn, Mn, M22, M12 into 
the above equations leads to the thermo-electromechanical equations defined in the reference 
displacements ui, U2, U3. The transverse shear deformation and rotatory inertia effects are not 
considered. The electric terms, forces and moments, can be used in controlling the mechanical 
and/or temperature induced excitations (Tzou and Ye, 1994). 

Using Hamilton's equation, one can also derive all admissible mechanical and electric 
boundary conditions. Admissible mechanical boundary conditions on the boundary surfaces 
defined by a distance az and ai are respectively summarized in Table 1 and Table 2. 

Table 1 Boundary conditions (ai axis). 

Force/Moment Displacement 
1 N„=N:, Ui=u; 

2 M„=M:, p.=p; 
3 N   +^12/  -V* U2 = u; 

4 
Q 

+ 

'    da,[   /AJ 

fN r 1/ .^3/ 1 ] 
= v- 

U3=u; 

55 



Table 2 Boundaiy conditions (a2 axis). 

Force/Moment Displacement 
1 N22=N;2 U2 = u; 

2 M22 = M;2 p2=p; 
3 N   +^21/  _v* ^^ 21 +       /R    - ^21 

u, =u; 

4 
Q 

+ 
fN   ( 1/   >3/   1 1 

-K 

U3=u; 

The superscript * denotes the boundary forces, moments, displacements, and slopes. Usually, 
only either the force/moment boundary conditions or the displacement/slope boundary conditions 
are selected for a given physical boundary condition (Tzou, 1993; Soedel, 1993). In addition, 
additional transverse shear force terms Q^ are nonlinear components induced by large 
deformations. These force terms do not appear in the linear case. The shear stress resultants are 
defined as 

V   =N   +[^i2 ^12       -^^12 ^1 /J^ 

V     = N      +1 ^2L *21       ^^21 ^1 /J^ 

V„=Q„.-^rM.'^ 
da^ ■■2 7 

^-^-^r^,)' 

(19) 

(20) 

(21) 

(22) 

where V13 and V23 are the Kirchhoff effective shear stress resultants of the first kind; V12 and V21 
are the Kirchhoff effective shear stress resultants of the second kind (Soedel, 1993). Note that all 
elastic, electric, and thermal related terms are included in the force and moment expressions. 
These electric terms can be used, m conjunction with control algorithms, as control 
forces/moments counteracting mechanical and temperature mduced vibrations m distributed 
structural control of shells. Applications and simplifications of the nonlinear piezothermoelastic 
shell equations can be demonstrated in two ways: 1) material simplifications and 2) geometry 
simplifications. In the next section, the generic thermo-electromechanical equations are 
simplified to a zero-curvature shell - plate. Detailed comparisons of the linear and nonlinear 
theories are compared and numerical simulations are presented. 
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CONTROL OF NONLINEAR PLATES 

Plates are defined as zero-curvature shells, i.e., radii Ri and R2 are infinity and Lame 
parameters Ai and A2 are 1 's. Distributed piezoelectric layers laminated (coupled or embedded) on 
elastic continua can be used as distributed sensors and/or actuators, Figure 2. 

Fig.2 A nonlinear zero-curvature shell - plate with laminated 
distributed piezoelectric layers. 

Substituting the four parameters into the generic shell thermo-electromechanical equations yields 
the nonlinear plate equations 

9(N^) ^ 5(N^) 
+ Fjj = phii 

X  ' dx dy 

+ —^ + F =phii, , 
ay 5x    "'^    """^ 

d^(M^d\M^)   d\M„) 
f^-S^^^ + - d'u d'u d'u 

dxdy dy'    ■'■'^""' ax'   '"''^axay ■^""' Sy'-"'^' 

(23) 

(24) 

] + [N„^r^ + 2N^—^ + N^-^] + F,:=phu,,   (25) 

and forces and moments are defined by 

N../M.. =N"/M"' +N'/M' +NVM? . ij      ij       ij       ij        ij'     ij ' -^^ij' ^'^ij • (26) 

Injecting high voltages into the distributed piezoelectric actuators induces two major control 
actions. One is the in-plane membrane control force(s) and the other is the out-of-plane bending 
control moment(s). In general, the control moments are essential in planar structures, e.g., plates 
and beams; the membrane control forces are effective in shells. In this study, the piezoelectric 
actuators are used to control the nonlinear large deformation of flexible plates, and their control 
effectiveness is evaluated. Numerical solutions are derived to evaluate the control effectiveness of 
nonlinear plates in the case studies presented next. 
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CASE STUDY: PRECISION PLATE CONTROL 

A simply supported nonlinear square plate (dimensions: 2ax2bxh) is considered in the 
case study. The piezoelectric laminated plate is subjected to both thermal and electric bending 
loads: ^3^ = - ^3^ = ^ and Q(z) = A0(z/h) where AG = 0t - Gb.and Gt, Gb are the temperatures on the 
top and the bottom of the plate, respectively. A nondimensional loading parameter 6 is defined 
by the piezoelectric constant, the moment arm, Young's modulus, the thermal stress coefficient, 
the plate thickness and width, and, of course, the temperature and the control vohage. The 
central deflections due to the nondimensional loading 5 calculated based on the linear and 
nonlinear theories are plotted in Figure 3. Center deflections of the simply supported nonlinear 
composite plate with control vohages and temperature loadings are analyzed and results are 
plotted in Figures 4-5. Note that the elastic plate is made of steels and the piezoelectric 
material layers are PZT materials. The plate dimensions are: steel thickness h = l.OxlO'^m, 
piezoelectric layer thickness hp = 6.0x10"^m, plate length/width 2a = 0.5m. 

c 
£ 
o a 
a. 

in 
V) 

■e o 
'v\ c o 

0 12 3 4 

NondlmeuioMl loads ft (''^t^^^C^*)* + ^{g)') 

Fig.3 Center deflection of a simply supported piezoelectric laminated plate. 

o 
e o o a 
0. « 
CO 
to 

_a> 
c 
o 
CO c o 
B 
Q 

Voltage appied ^y] 
Fig.4 Center deflection of plate versus voltage (PZT). 

58 



Temperatu-e varied 9^CJ 
rig.5 Center deflection of plate versus temperature. 

Figure 2 shows the linear and nonlinear relationships between the plate deflection and the 
control voltage. This voltage induced action can be used to counteract the deflections induced by 
the mechanical or temperature loadings, e.g., Figure 3. (Note that the PZT induced control action 
is superior to the polyvinylidene fluoride (PVDF) induced control action. (This can be easily 
inferred from the inherent piezoelectric constants: esi = 10.43 CW for PZT while esi = 9.6x10"^ 
C/m for PVDF.) For comparison of control authorities between the PZT actuator and the PVDF 
actuator, analysis between deflection and control voltage of piezoelectric polymeric PVDF 
actuator is also conducted and plotted in Figure 6. Comparing Figures 4 and 6, one can clearly 
observe the superior control authority of the PZT actuator. 
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rig.6 Center deflection versus control voltage (PVDF). 
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In the recent development of smart structures and structronic systems, piezoelectric 
materials are widely used as sensors and actuators in sensing, actuation, and control applications. 
This research is to investigate the control effectiveness of piezoelectric nonlinear flexible shells 
and plates (rectangular and square plates) subjected to mechanical and temperature excitations. It 
is assumed that the flexible shells and plates encounter the vonKarman type geometrical 
nonlinearity. Nonlinear thermo-piezoelectric shell equations and generic boundary conditions 
were derived based on the von Karman geometric nonlinearity. Physical significance and 
application were discussed. As to compare the linear and nonlinear theories, a zero-curvature 
shell - plate was investigated. 

Active control of nonlinear flexible deflections and thermal deformations using distributed 
piezoelectric actuators were studied, and their nonlinear effects were evaluated. Nonlinear static 
deflections with the influence of temperature and control voltage were studied. 
Voltage-temperature and displacement relations were investigated. The voltage imposed actuation 
can be used to compensate the nonlinear deformation and the temperature induced deformation. 
Simulation results also suggested that the voltage induced control displacement/force can be used 
to compensate the nonlinear static deflection, temperature effects, and natural frequencies of the 
piezoelectric laminated plate. 

This study clearly revealed that the geometric nonlinearity theory has to be considered in 
the active structural and shape control of smart structures and structronic systems. Neglecting the 
nonlinear effect in the design and simulation studies can lead to catastrophic errors in reliability, 
safety, performance, etc. 
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CHAPTER 4 

A NEW X-ACTUATOR DESIGN FOR 
DUAL BENDING/TWISTING CONTROL OF WINGS 

ABSTRACT 

Recent development of smart structures and structronic systems has demonstrated the 
technology in many engineering applications. Active structural control of aircraft wings or 
helicopter blades (e.g., shapes, flaps, leading and/or trailing edges) can significantly enhance 
the aerodynamic efficiency and flight maneuverability of high-performance airplanes and 
helicopters. This paper is to evaluate the dual bending and torsion vibration control effects of 
an X-actuator configuration reconfigured from a parallel configuration. Finite element (FE) 
formation of a new FE using the layenvise constant shear angle theory is reviewed and the 
derived governing equations are discussed. Bending and torsion control effects of plates are 
studied using the FE method and also demonstrated via laboratory experiments. FE and 
experimental results both suggest the X-actuator is effective to both bending and torsion 
control of plates. 

INTRODUCTION 

Smart structures and structronics technology has been increasingly explored and 
gradually applied to engineering systems in recent years [1]. This technology emphasizes a true 
synergistic integration of structures and mechatronic/structronic systems with smart materials 
serving as in-situ sensors, actuators, and/or elastic components in the design process. This 
synergistic integration can significantly simplify the system complexity and also improve the 
performance of next-generation precision machines, structures, mechatronic and structronic 
systems [2, 3]. 

Counteracting and controlling transverse bending vibration of wing or blade structures 
can reduce structural fatigue and thus enhance the reliability and service-life. Twisting airplane 
wings can effectively enhance hs turning capability and flight maneuverability. (Flying birds 
inherently adopt this capability in natural environment.) Conventional actuator configuration 
applies parallel layouts of distributed actuators which are effective to control of bending 
oscillations and ineffective to control of twisting or torsion oscillations. Thus, a new design 
configuration with diagonally arranged piezoelectric actuator patches, the X-actuator 
configuration, is proposed. Figure   1.  Vibration control effectiveness  of the X-actuator 
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configuration is studied using a newly developed finite element code and also demonstrated in 
laboratory experiments in this study. 

Figure 1. Wings with new X-actuators. 

Modem finite element (FE) technique provides the utilities and versatility in modeling, 
simulation, and analysis of various engineering designs. Thus, the finite element method is used 
in analyzing and evaluating the two different actuator configurations. Isoparametric 
piezoelectric hexahedron and tetrahedron FE's were developed for piezoceramic transducer 
designs [4, 5]. Obal [6] used a piezoelectric beam FE in distributed vibration control of 
PZT-steel laminated beams. Tzou and Tseng [7] developed a non-conforming thin 
piezoelectric hexahedron FE with three internal degree-of-freedom and applied it to distributed 
sensing and vibration control of layered plates. Ha, et al. [8] derived an eight-node composite 
brick element. Hwang and Park [9] developed a piezoelectric plate element and compared their 
results with published data. Rao and Sunar [10] proposed a thermopiezoelectric element. Tzou 
and Ye also derived a 3-D thin piezothermoelastic element [11] and a triangle shell element 
[12], and examined the piezothermoelasticity and control effects of piezoelectric systems [13]. 
This paper is concerned v^dth an application of a newly developed laminated quadratic C° 
piezoelastic triangular shell FE. FE formulation of a laminated piezoelastic shell FE based on 
the layerwise constant shear angle theory is briefly discussed. Finite element analysis of the 
new X-actuator configuration is presented. Furthermore, an experimental model is fabricated 
and its bending/torsion control effectiveness is evaluated in this study. 

FINITE ELEMENT FORMULATION 

Fundamental piezoelectric constitutive equations are reviewed and introduction of finite 
element formulation is presented in this section. The constitutive strain (Sy) and electric field 
(Ei) equations of a piezoelectric continuum can be defined in generic tensor expressions [13]: 

Ty = Cijkl Ski - Cmij Em ,     Dn = Cnkl Ski + Snm Em, (1,2) 

Sij = (ui,j + Uj,i)/2,   Ei=-(|),i, (3,4) 
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where Ty are the stresses, Cijki are the elastic moduli; Cnki are the piezoelectric coefficients; Dn is 
the electric displacement; Snm are the dielectric constants or permittivities, ui are the 
displacements; and (j) is electric potential [11-14]. The first equation denotes the induced stress 
as a function of electric field in control applications; the second equation indicates the electric 
charge as a function of induced strain in sensor applications. 

Finite element formulation is based on the electromechanical coupling of 
piezoelectricity, emphasizing distributed sensing and control of structures. The layerwise 
constant shear angle theory is used in the shell finite element formulation. A quadratic C° 
piezoelastic triangular shell finite element with twelve nodes, four degrees of freedom 
(ua,up,w,(|)) per node, is derived, Figure 2. The element is quadratic in the two in-plane axes 
and linear in the transverse direction. The i-th layer triangular element is bounded by the i-th 
and (i+l)-th interfaces; the interface triangle is characterized by six nodes, one at each 
triangular comer, and one at the center of each side in the interface plane parallel to the ai-aa 
plane. 

Figure 2. A triangle piezoelectric shell finite element. 

Thus, the displacement and electric fields U(i)(Q, \IQ){Q, W(i)(^), and (t)(i)(Q for the 
arbitrary i-th layer can be expressed as 

<(';) = n2(i-<;/ho + u^;')(q/h.), 

<(<;) = u«(l-<;/h,) + u^;>)((;/hi), 

w®((;) = w®(l-q/hi) + w('^')(c;/hi), 

(5) 

(6) 

(7) 

(8) 

or simply written as 

(0/ K'^(g)} = [N«(q)].{u»}, (9) 
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(0/ {r(q)}=[N«(<;)]*{r}, (10) 

T(')   nW   w(i)   Tr('+1)   7T('+1)   ^(i+1)- where     {u(')} = {u^;,u«,w^^<';'\<'\w^'^'^}     is     the     displacement     vector     and 

{¥'^} = {^^'\¥'^^^} is the electric potential vector of the i-th and (i+l)-th interfaces along the 

curvilinear coordinate axes; [N®((;)] and [N®((;)] are the shape functions in terms of the 

coordinate Q, and hi is the thickness of the i-th layer. Note that the coordinate C, is local to each 
layer. Furthermore, one can derive the nodal governing equations of the j-th (planar) layer 
element located in the i-th (thickness) layer in a matrix representation: 

0 
■+ 

0 
(11) 

where [MuJ is the mass matrix; [CuJ is the damping matrix; [Kuu], [K^^], [K^J, and [K^^] are 
the stiffness matrices defined for the displacement and electric potential fields; and {Fu} and 
{F,|,} are the mechanical and electric excitations, respectively. Based on the nodal equation, 
one can assemble the element matrices to yield the global system matrices. 

[M„J   0 
0      0 

[C„J   0 
0      0 

(12) 

In general, the control force is introduced in the force vector {F^} which can be setup based on 
various control algorithms, such as the proportional feedback, the Lyapunov feedback, etc. 
[15]. Distributed control and sensing of distributed systems can be formulated afterwards. 

A NEW X-ACTUATOR DESIGN 
FOR DUAL BENDING/TWISTING CONTROL OF WINGS 

In this study, the negative velocity, proportional feedback is used to evaluate the two 
actuator configurations: 1) the parallel-actuator and 2) the X-actuator laminated on wing 
structures. 

As to investigate the bending and torsion control effectiveness of wing panels, a finite 
element plate model consisting of an elastic plate and piezoelectric control patches is studied. 
Note that the plate dimensions are specifically selected such that the first mode is the bending 
mode and the second mode is the torsion mode, although the first few natural modes of most 
aircraft wings are usually tending modes. Figures 3a«&b illustrate the FE models laminated 
with a number of diagonally or parallelly aligned piezoelectric patches serving as distributed 
sensors and actuators. Note that the diagonally aligned actuator configuration has the identical 

65 



total actuator area as that of the parallel configuration. Figures 4a&b show the first plate 
bending mode and the first torsion mode (the second plate mode). 

Figure 3a«&b. Diagonal and parallel configurations of the distributed actuators. 

(a) Plate bending (1** plate mode). 
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(b) Torsion (2"'* plate mode) modes 

Figure 4a«&b. Plate bending (1'* plate mode) and torsion (2"** plate mode) modes. 

Control of Bending Mode 

Snap-back free and confroUed responses of the plate bending mode are presented in 
Figures 5-7. Note that both parallel and diagonal configurations provide identical bending 
control effects. These time histories clearly show the effectiveness of the negative proportional 
feedback control at various gains. Besides, comparing the above three snap-back responses 
suggests that both configurations are effective to bending mode control. 

4 5 

Time (sec) 

Figure 5. Free snap-back response of the plate bending mode. 
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Figure 6. Controlled snap-back response. 
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Figure 7. Controlled snap-back response (high gain). 

Control of Torsion Mode 

Furthermore, snap-back free and controlled torsion vibrations are also presented in Figures 
8-10. Recall that the parallel actuator configuration is only effective to control of bending 
oscillations (Figures 6 and 7) and ineffective to any torsion oscillations. However, the new X- 
configuration is effective to both bending and torsion vibrations, as shown in Figures 5-10. 
Finite element simulation results prove that the parallel and diagonal configurations both have 
identical bending control effectiveness. However, only the X-actuator configuration has the 
torsion control capability. Thus, redesigmng the actuator layouts to the diagonal X- 
configuration based on the identical actuator area does enhance the torsion controllability, 
without loosuig the bending controllability. Note that there is a gap between the last actuator 
patch and the fixed end in both models. Adding an extra actuator patch filling mto the gap 
would enhance the control effectiveness, especially for bending modes. Furthermore, spatially 
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shaping the distributed sensors and actuators can make them sensitive to only a single mode or 
a group of natural modes [15-17]. Accordingly, a single critical mode or a group of modes can 
be independently controlled. 

n.m -fi 

•ZJ 

3 

■Aijn -^i , . . . , 

O.y «,l 9^ *>,if itA U,5 o.« 

Figure 8. Free torsion vibration. 
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Figure 9. Controlled torsion vibration (gain=la)). 
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Figure 10. Controlled torsion vibration (gain=2(o). 

LABORATORY EXPERIMENTS 

A scaled-model (10cmx7.5cmx0.5mm) of a Plexiglas plate sandwiched between two 
layers of piezoelectric polyvinylidene fluoride (PVDF) films (40nm) is fabricated and its 
bending/torsion control characteristics are investigated. Note that one PVDF layer serves as a 
distributed sensor and the other PVDF layer serves as the distributed actuator. Signal from the 
sensor layer is amplified and fed back to the distributed actuator layer inducing counteracting 
control moments. Figure 11 shows the physical model mounted on a shaker and Figure 12 
illustrates the experimental setup and apparatus. As discussed previously, the physical model 
exhibits a bending mode and a torsion mode as its first two natural modes. Besides, to 
demonstrate the dual-mode controllability of the X-actuator, the original and controlled 
bending and torsion vibrations are evaluated. (Since the X-configuration has the same bending 
control effect as that of the parallel actuator, the parallel configuration model is neither 
fabricated nor tested.) 

Figure 11. A physical model mounted on a shaker. 
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Figure 12. Laboratory setup and apparatus. (Not to scale) 

The first plate bending mode can be easily excited using either the initial displacement (the 
snap-back response), the laminated PVDF actuator layer, or the shaker (the sinusoidal steady 
state response). However, due to technical difficulty m exciting the torsion mode via the 
electromagnetic shaker, the diagonally laminated PVDF is used to excite the torsion mode. An 
excitation signal at the torsion frequency is amplified using a high-voltage amplifier and then 
input to the diagonal PVDF actuator. Steady state responses of the controlled and uncontrolled 
plate tune histories obtained from the PVDF sensor are presented in Figure 13 (the bending 
mode) and Figure 14 (the torsion mode). (Note that the initial displacement applied to the first 
mode was 10mm and these vibration amplitudes were in the mm range.) These figxires clearly 
demonstrate the diagonally laminated actuators are capable of controlling the bending and 
torsion modes of the plate. Also, due to imperfect fabrication techniques, the time histories also 
exhibit repeated waveforms of uneven torsion oscillations. 
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Figure 13. Steady state responses of the bending mode. 
(Original and controlled responses) 
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Figure 14. Steady state responses of the torsion mode. 
(Original and controlled responses) 

CONCLUSIONS 

Distributed structural control based on the structronics technology has demonstrated its 
effectiveness in many engineering applications, i.e., airplane wings, helicopter blades, nozzles, 
satellites, aerospace systems, etc. Eariy studies of vibration control of airplane wings and 
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helicopter blades revealed that the parallel-actuator configuration is effective to control of 
bending modes and ineffective to control of torsion modes. Thus, reconfiguring the actuator 
layout, based on the same effective actuator area, capable of controlling both bending and 
torsion modes is highly desirable. Accordingly, the actuator patches were reconfigured into an 
X-actuator configuration and its bending and torsion controllability was evaluated using a 
newly developed finite element code and was also demonstrated in laboratory experiments. 

Fundamental piezoelectric constitutive relations were briefly reviewed. Development 
of a laminated quadratic piezoelastic triangular shell FE using the layerwise constant shear 
angle theory was also presented. Governing piezoelectric matrix equation was derived and its 
distributed control applications were discussed. Finite element models of the new X-actuator 
configuration and the original parallel-actuator configuration were analyzed. Bending and 
torsion control effects of the finite element models were studied. Analysis results suggested that 
the X-actuator configuration does provide the torsion mode controllability, while maintaining 
the bending mode controllability. Laboratory experiments also demonstrated the bending and 
torsion control effects of the X-actuator configuration. Thus, effective and innovative design 
layouts of available distributed actuators can maximize the control effectiveness encompassing 
multiple vibration modes. 
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CHAPTER 5 

NEURAL POTENTIALS AND MICRO-SIGNALS OF 
NONLINEAR DEEP AND SHALLOW CONICAL SHELLS 

ABSTARCT 

Conventional sensors, such as proximeters and accelerometers, are add-on devices usually 
adding additional weights to structures and machines. Health monitoring of flexible structures 
by electroactive smart materials has been investigated over the years. Thin-film piezoelectric 
material, e.g., polyvinylidene fluoride (PVDF) polymeric material, is a lightweight and 
dynamic sensitive material appearing to be a perfect candidate in monitoring structure's 
dynamic state and health status of flexible shell structures with complex geometries. The 
complexity of shell structures has thwarted the progress in studying the distributed sensing of 
shell structures. Linear distributed sensing of various structures have been studied, e.g., beams, 
plates, cylindrical shells, conical shells, spherical shells, paraboloidal shells and toroidal shells. 
HoAvever, distributed microscopic neural signals of nonlinear shell structures has not been 
carried out rigorously. This study is to evaluate microscopic signals, modal voltages and 
distributed micro-neural signal components of truncated nonlinear conical shells laminated with 
distributed infinitesimal piezoelectric neurons. Signal generation of distributed neuron sensors 
laminated on conical shells is defined first. The dynamic neural signal of truncated nonlinear 
conical shells consists of microscopic linear and nonlinear membrane components and linear 
bending component based on the von Karman geometric nonlinearity. Micro-signals, modal 
voltages and distributed neural signal components of two difierent truncated nonlinear conical 
shells are investigated and their sensitivities discussed. 

INTRODUCTION 

Health monitoring and diagnosis is an important issue in modem high-performance 
precision structures and systems. Conventional "discrete" add-on sensors, such as proximeters, 
LVDT, and accelerometers, usually add additional weights and often influence dynamic 
responses of precision structures and machines. Thin-film piezoelectric material, e.g., 
polyvinylidene fluoride (PVDF) polymeric material, is a lightweight and dynamic sensitive 
material and it can be easily segmented and shaped to account for various in-situ distributed 
monitoring applications of flexible structures [1,2]. Unlike conventional discrete add-on 
sensors, thin piezoelectric layers can be spatially spread and distributed over the surfaces of 
precision sti^ictures. Accordingly, these distributed piezoelectric layers can serve as distiibuted 
neurons and actuators in sensing and control of advanced structures and machines [3-5]. 
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Dynamics and vibrations of conical shell structures have been investigated over the years [6- 
15]. Distributed sensing characteristics of rings, cylindrical shells, toroidal shells, paraboloidal 
shells, etc. have been evaluated [16-20]. However, distributed sensing and control of conical 
shells have not been thoroughly investigated. Dynamic sensing characteristics, micro-signal 
generations, and distributed modal voltages of truncated linear conical shell sections have been 
evaluated recently [21]. This study is to investigate microscopic signal generations and neural 
spatial distributed modal signals of nonlinear conical shells based on infinitesimal piezoelectric 
neurons. 

Signal generation of distributed neuron sensors laminated on nonlinear conical shells is 
defined first. Closed-form sensing signal generation of distributed conical shell sensors is then 
defined based on given boundary conditions and mode shape functions following the Donnel- 
Mushtari-Valsov theory. Micro-signals, modal voltages and distributed sensing components of 
two fi-ee-free truncated nonlinear conical shells are investigated and their sensitivities discussed 
in case studies. 

DISTRIBUTED SENSING OF NONLINEAR SHELLS 

The generic shell sensing signal equation is derived based on the direct piezoelectric 
effect and also the generic double curvature shell theory. In general, in-plane strains sf in the 

neural sensor layer contribute to the signal generation ^^: 

<^^ =-^ J l(h3iSi, +h3,S^2 +h3,S^2KA2daida„ (1) 

where h^ is the thickness of the sensor layer; the superscript 's' denotes the distributed sensor 
layer; S^ is the effective electrode area of the sensor layer, ai and a2 are the two principle 
directions in generic shell continuum; Ai and A2 are the Lame parameters; and ha 1, hsaand hae 
are the piezoelectric constants. The effect of transverse strains So, S23 and S33 are neglected, 
since the variation is small in the as direction, provided the shell and the sensor are thin. The 
generic sensing equation can also account for both the linear and nonlinear effects. Moreover, 
the strain terms in the sensing signal equation can be divided into the membrane strains and the 
bending strains. Thus, the signal generation of a generic shell sensor layer laminated on an 
elastic thin shell with the von-Karman geometric nonlinearity becomes 
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(2) 

where Ai is the Lame parameter; Ri is the radius of curvature of the aj axis; ui is the 

displacement in the a, direction; r,' denotes the sensor location away from the shell neutral 
surface; the terms inside the parentheses following the piezoelectric constant denote the 
membrane strain; the terms with x' are the bending strains; and the quadratic terms in the 
membrane strains are the large deformation effect based on the von Karman geometric 
nonlinearity [22]. Application of the generic sensing equation depends on two Lame parameters 
and two radii of curvatures of a given geometry. 

NONLINEAR CONICAL SHELL SENSING EQUATION 

Two Lame parameters and two radii of curvature are needed in deriving the conical shell's 
sensing equation. Figure 1 illustrates a conical shell and its parameters. The Lame parameters, 
radii of curvature, and principle directions of conical shells are respectively defined by Ai = 1^ 
A2= xsinp*, R, =R^=oo, R2 = R^ =xtan|3*, aj = x, and a2 = \[/. p* is the half-apex angle; 
X is the distance measured from the apex. Note that the Donnel-Mushtari-Vlasov theory is used 
and micro-signal generations of a free-free truncated nonlinear conical shell are investigated in 
this study. 
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Shell Neutral 
Surface 

Fig.l A conical shell of revolution and its section. 

Assume the sensor material is insensitive to the in-plane twisting S'j. Eq.(l) becomes 

^' =^n(h3iSL +h3,S;J.xsinp*dxdM/ (3) 

The strain terms can be written as the summation of the membrane strain s^ and the bending 

strain k,.: S^ =s^ +r,'k^ and S;^ =s;^ +<k^^. Since the large deformation effect takes 

place in the membrane strains only, the membrane strains of the nonlinear conical shell are 
redefined as 

s! = 
au. 
—=-+- 
ax   2 

irsuj^i 
yd\ j 

u. 1      1 ^d^y 
xsinp* 5v|/      X     xtanP*    2xsinp'l^5y 

(4a) 

(4b) 
V^Y y 
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Furthermore, in-plane displacements Ux and Uv^ are neglected in bending strains based on the 
Donnel-Mushtari-Vlasov theory. Thus, the bending strains of the conical shell are 

-^ and k^^ 
1 5 U3     1 9U3 

x^ sin^ P* 5v|/^     X 5x 
(5a,b) 

Accordingly, the sensing signal equation of a distributed neural sensor laminated on a nonlinear 
conical shell becomes 

rus\ 
f = 

+ h 

vSy 
11 Klif 4 

1 
32 

^v,^U, 
■ + - 

" ax^ 

1    1 (d\x. 
A2 

xsinP* 5xj/      x     xtanp*    2xsinp*1^5y 

1        5^u,     1 5u, 

(6) 

x^ sin^ p* d\^^     X 5x _ 
X sinp*dxd\|/ 

Boimdary   shear   forces   and   moments   are   zero   for   free-free   boundaries   conditions, 
i.e., N^ = N^ = 0 at x = x, and X2 and N^^^, = N*^|, = 0 at x = x, and Xj. Thus, 

IpS/^,   \   ^.       o,^M .      1 r ^' „. 9M*xv„-, 
-[—(xM^)-M^^-2—^cscp ] = -[xQxx-cscp ^^] 
X 5x 5\|/ X 5y 

= 0   at X = Xi and x = Xj 

M^=M*xx=0   atx = Xjandx2 

Accordingly, the assumed displacement solutions for a free-free truncated conical shell are 

(7) 

(8) 

u^ =Uj^(x)cosm\|;sincot, u^^, =U^|,nj(x)sinmv|/sincot,    U3 =U3n,(x)cosmi|/sincot, 

(9a,b,c) 

where UxmCx), Ux|;ni(x) and 'UsmCx) are the longitudinal displacement fiinctions defined as 
functions of x and they can be specified depending on accuracy requirement [10]; m is the 
(circumferential) wave number. Combining the longitudinal and circumferential functions, 
U^(x)cosmv|/ denotes the longitudinal mode shape function; U^„(x)sinm\|/ denotes the 

circumferential mode shape function; and U3^(x)cosmv(/ denotes the transverse mode shape 
function. In fi:ee vibration analysis, the longitudinal displacement function is chosen to be 

y       where p is the power of the polynomial function that can be regarded as the wave 
/^2y 

number in the longitudinal direction; X2 is the (longitudinal) length from the apex to the bottom 
perimeter. Higher-order polynomial fimction of Uxm(x), Uvj,m(x) and U3m(x), i.e., more flexible, 
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can improve the accuracy of the free vibration analysis, especially for higher natural modes at 
higher natural frequencies. The power p of the longitudinal mode shape polynomial function 
selected m this analysis is based on a free vibration analysis evaluated previously [10]. Note 
that the microscopic signal analysis is to reveal the modal signals corresponding to spatially 
distributed microscopic directional strains generated by free vibrations. Accordingly, one can 
infer that precise free-vibration analysis leads to better strain prediction resulting in accurate 
modal signal prediction and vibration diagnosis. Based on this analysis, one can easily utilize 
piezoelectric neurons placed at optimal locations and directions to diagnose shell dynamic 
states. Substituting mode shape fimctions and taking derivatives with respect to v|/, one can 
denve the sensing signal generation of a free-free truncated nonlinear conical shell. 

FII I {^3, ^U^(x)cosm\j/ 

8K 

4(^] (---)'-; ^^U3m(x)cosmv|/ 

+ h 32 
m-U\|/m(x)cosmvt/    U^(x)cosmv{/ 

xsinp* X (10) 

U3.(x)cos mv , 1       l^raU^y (^^^      y 
xtanp 2x^sinp {    dx    J ^        ^' 

+ r' m  U3^ (x) cos mv|/    \d\i^^ (x) cos mit; 
x' sin' p* 5x 

•xsinP*dxd\|/. 

Furthermore, using the generic displacement fimction x/ 
v/^2y 

with p =  1   and taking 

derivatives with respect to x yields the signal generation of the first mode group (l,m) of 
truncated nonlinear conical shells. 

^1 

f = \i  I ^- cosmi[/    1 (cosm\|/)' 
O 2 i X, X, 

+ h 32 

+ - 

m • cos m\j/    cos m\j/    cos m\|/ 

X2 sinp' X2        X2 tanp* 

1       (cos mv|/) fr^^ 

(xsinPj 
-+r. m cosmij/    1 cosmv|/ 

xxjsin'p'    X    x. 

(11) 

•xsinp'dxdv}/. 

Following the same procedures and using p=2 yields the signal generation of the second mode 
group (2,m) of truncated nonlinear conical shells.. 
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^-(0lK X X 
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(12) 

cos m\|/) cos m\|/ + r^ (—y cos m\^( . ^  « - 2)) •xsinp'dxd\|;. 

Note that the above sensing signal is defined for a distributed sensor neuron with an effective 
electrode area S^. Removing the surface integration and dropping the surface average yields a 
microscopic signal component of an infinitesimal sensor neuron. Detailed spatial distribution of 
local micro-signals (i.e., the distributed modal voltages) can be established and spatially 
distributed modal sensing characteristics can be evaluated. For higher mode groups of 
nonlinear truncated conical shells, one can assign p=n and follow^ the same procedures to define 
explicit signal generations. 

EVALUATION OF MICRO-SIGNAL GENERATION AND DISTRIBUTION 

Micro-signal generations and spatially distributed neural signals of two nonlinear truncated 
conical shells of revolution are investigated in this section. Dimensions of these two conical 
shells are summarized in Table 1 and these two shells are referred as Model-1 and Model-2 in 
later analyses, Figure 2. Note that Model-2 is wider and shorter than Model-1. Spatial signal 
distributions of two mode groups (p=l,2) and four natural modes (m=2,3,4,5) of each model are 
evaluated and detailed micro-signal contributions are compared and analyzed. (Note that the 
m=l mode is a rigid-body more. Hence, there is no signal generation.) 

Table 1 Definitions of the two conical shell models. 

Model 1 Model 2 

Conical Shell Half-Apex Angle P* 14.24° 30.24° 

Major Radius, R 6.07 in 7.95 in 

Minor Radius, r 2.72 in 3.49 in 

Length, L 13.2 in 7.65 in 

Thickness, h 0.01 in 0.01 in. 
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Fig.2 A truncated conical shell section. 

Model-1, the First Mode Group (l,m=2-5) 

Distributed micro-signal components and modal neural voltages of the first mode group 
(l,m=2-5) of Model-1 are presented in Figures 3-6. The top-left signal distribution denotes the 
signal component resulting from the longitudinal membrane strain; the top-right signal denotes 
the signal component resulting from the circumferential membrane strain; the bottom-left 
signal denotes the signal component resulting from the circumferential bending strain; and the 
bottom-right denotes the overall signal distribution - the (k,m)-th modal voltage, including all 
contributing micro-signal components. Note that the longitudinal bending strain (kxx) signal 
vanishes due to the selected displacement fimction with p=l. The shaded spatial distribution 
(with patches) illustrates the spatially distributed signals superimposed on the wire-frame 
conical shell model. 
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Fig.3 Signal components and modal voltage of (1,2) mode, Model-1. 

Fig.4 Signal components and modal voltage of (13) mode, Model-1. 
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C n,4] 

-6 -4 -2 0 

Fig.5 Signal components and modal voltage of (1,4) mode, Model-1. 

Fig.6 Signal components and modal voltage of (1,5) mode, Model-1. 

Model-1, the Second Mode Group (2,m=2-5) 

Distributed micro-signal components and modal voltages of the second mode group 
(2,m=2-5) of Model-1 are presented in Figures 7-10. The top-left signal distribution denotes 
the signal component resulting from the longitudinal membrane strain; the top-right signal 
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denotes the signal component resulting from the circumferential membrane strain; the middle- 
left signal deiiotes the signal component resulting from the longitudinal bending strain; the 
middle-right signal denotes the signal component resulting from the circvimferential bending 
strain; and the bottom-left denotes the overall signal distribution - the (k,m)-th modal voltage, 
including all contributing signal components. Note that the longitudinal bending strain exists in 
this case, with the displacement fiinction p=2. 

rTT^o 2 4 

^xt Signal 
0 

'w Signal 

^a Signal ^w Signal 
Modal 
Voltage 

Fig.7 Signal components and modal voltage of (2,2) mode, Model-1. 
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Fig.8 Signal components and modal voltage of (2,3) mode, Model-1. 
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Fig.9 Signal components and modal voltage of (2,4) mode, IModel-l. 
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Fig.lO Signal components and modal voltage of (2,5) mode, Model-1. 

Model-2, the First Mode Group (l,m=2-5) 

Distributed micro-signal components and modal voltages of the first mode group (l,m=2-5) 
of Model-2 are presented in Figures 11-14. Layouts of the signal components are the same as 
those of the l" mode group of Model-1. The final signal distribution - the (k,m)-th modal 
voltage, including all contributing signal components, is the bottom-right plot. Again, the 
longitudinal bending strain vanishes due to the selected displacement fimction with p=l. 



C [1.2] 

Fig.ll Signal components and modal voltage of (1,2) mode, Model-2. 

4 [1.3] C[1.3] 

-5 ^ -5 

Fig.l2 Signal components and modal voltage of (1,3) mode, ]VIodel-2. 
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s°   [1.4] 

Fig.l3 Signal components and modal voltage of (1,4) mode, Model-2. 

Fig.l4 Signal components and modal voltage of (1,5) mode, Model-2. 

Model-2, the Second Mode Group (2,m=2-5) 

Distributed micro-signal components and modal voltages of the second mode group (2,m=2-5) 
of Model-2 are presented in Figures 15-18. Arrangements of component plots are similar to the 
second mode group of Model-1. The bottom-left signal distribution denotes the (k,m)-th modal 
voltage, including all contributing signal components. Note that the longitudinal bending strain 
exists due to the selected displacement fimction with p=2. Note that the spatially distributed 
signal generations basically exhibit distinct modal characteristics and the spatially distributed 
signal patterns - the modal voltages - cleariy reveal the distinct modal dynamic and micro- 
strain characteristics of conical shells. (Usually, high strain regions result in high signal 
magnitudes.) Observing these micro-neural signal components (i.e., the 
longitudinal/circumferential membrane components and the longitudinal/circumferential 
bending components) and comparing these two conical shell models suggests that 1) the 
dominating micro-signal component among the four signal components is the circumferential 
membrane component, 2) the micro-signals resuhing fk-om the nonlinear membrane strain is 
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insignificant, and 3) the circumferential component dominates the signal generation for lower 
shell modes and deep shells. 

[2.2] 
0 

^w Signal 
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°w Signal 

'^xx Signal ^w Signal 
Modal 
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5 %/■ -5 

Fig.15 Signal components and modal voltage of (2,2) mode, Model-2. 
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Fig.l6 Signal components and modal voltage of (2,3) mode, Model-2. 
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Fig.l7 Signal components and modal voltage of (2,4) mode, Model-2. 
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Fig.18 Signal components and modal voltage of (2,5) mode, Model-2. 

CONCLUSIONS 

Health monitoring and diagnosis is an important issue in modem high-performance 
precision structures and systems. Although dynamics and vibration of conical shell structures 
have been investigated over the years, distributed sensing and control of precision conical 
shells have not been thoroughly investigated. Conventional "discrete" add-on sensors, such as 
proximeters, LVDT, and accelerometers, usually add additional weights and often influence 
dynamic responses of precision structiu-es and machines. However, vinlike conventional discrete 
add-on sensors, thin-film piezoelectric layers are lightweight and they can be spatially spread 
and distributed over the surfaces of precision structures. Accordingly, these distributed 
piezoelectric layers can serve as distributed neurons and actuators in sensing and control of 
advanced structures and machines. Dynamic sensing characteristics, micro-signal generations, 
and distributed modal voltages of truncated nonlinear conical shell sections with infinitesimal 
piezoelectric neurons are investigated in this study. Signal generation of distributed neuron 
sensors laminated on nonlinear conical shells was defined first. Microscopic sensing signal 
generations for free-fi-ee truncated nonlinear conical were defined based on the Donnel- 
Mushtari-Valsov theory and assumed mode shape functions with a polynomial expression 
(x/xj)"" for the longitudinal waves and trigonometric (sine or cosine) expression for the 
circumferential waves. 

Micro-neural signals, modal voltages and distributed sensing components of two fi-ee-fi:ee 
truncated nonlinear conical shells were investigated and their sensitivities discussed in case 
studies. Two mode groups (p=l,2) and four modal signals (m=2-5) of the two conical shell 
models were calculated and plotted. Directional micro-signal components (i.e., the longitudinal 
membrane component, the circumferential membrane component, the longitudinal bending 
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component, and the circumferential bending component) and spatially distributed modal 
voltages of the two conical shell models were investigated. These microscopic signal 
generations reveal that the dominating signal component among the four contributing micro- 
signal components is the circumferential membrane component and this circumferential 
component becomes even more significant in deep shells. Both geometry and boundary 
conditions influence modal characteristics, strain distributions, as well as signal generations. 
The free-free deep truncated conical shell has smaller openings at two ends and higher strains 
occur at these ends, resulting in increased modal signals. Modal signals induced by the 
geometrical nonlinearity of the nonlinear conical shell are minimal as compared with those 
generated by the linear components of the conical shell [21]. The modal signals of the 
nonlinear component are only 2-5% of the total modal signal in these analyses. The spatially 
distributed neural signal patterns - the modal voltages - clearly represent the distinct modal 
dynamic characteristics and micro-strain variations of conical shells. 
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CHAPTER 6 

MICRO-ACTUATION CHARACTERISTICS 
OF CONICAL SHELL SECTIONS 

ABSTRACT 

Conical shell has a large load carrying capacity per unit weight due to its high-strength, high- 
rigidity and light-weight properties. Rocket fairings, load carrying structures of solid rocket 
motor case, e.g., inter-stage joint, satellite-rocket joint, etc., usually take the shape of conical 
shell sections. This paper is to evaluate spatially distributed microscopic control characteristics 
of distributed actuator patches bonded on conical shell surfaces. The converse effect of 
piezoelectric materials has been recognized as one of the best electromechanical effects for 
precision distributed control applications. The resultant control forces and micro-control actions 
induced by the distributed actuators depend on applied vohages, geometrical (e.g., spatial 
segmentation and shape) and material (i.e., various actuator materials) properties. Mathematical 
models and modal domain governing equations of the conical shell section laminated with 
distributed actuator patches are presented first, followed by formulations of distributed control 
forces and micro-control actions which can be divided into longitudinal/circumferential 
membrane and bending control components. Spatially distributed electromechanical 
microscopic actuation characteristics and control effects resulting from various 
longitudinal/circumferential actions of actuator patches are evaluated. 

INTRODUCTION 

Conical shells and components are commonly found in structures of many 
vehicular/machine applications, such as nozzles, injectors, rocket fairings, and turbine engines. 
Effective distributed control of the conical shell section can enhance its performance accuracy, 
precision and reliability. Free vibration analysis and flexural vibrations of conical shells with 
firee edges were studied by Hu, et al. [1,2]. Krause investigated natural frequencies and vibration 
characteristics of truncated conical shells with free edges [3]. Tong examined the effect of axial 
load on fi-ee vibration of orthotropic truncated conical shells [4]. Recent development of smart 
materials further advances distributed actuation technologies that can be spatially laminated 
over structures [5]. Distributed control of conical shell laminated with full and diagonal 
actuators was investigated [6]. In addition, distributed control of paraboloidal shells was also 
studied [7]. Moreover, distributed sensing of linear structures using distributed artificial neurons 
[8], and distributed sensing of linear [9] and nonlinear conical shells [10] or conical shell 
section has been investigated recently. This study focuses on dynamic distributed control and 
microscopic control actions of conical shell sections laminated with segmented piezoelectric 
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actuator patches. Mathematical models and modal domain governing equations of the conical 
shell section laminated with distributed actuator patches are presented first, followed by 
formulations of distributed control forces and micro-control actions which can be divided into 
longitudinal/circumferential membrane and bending control components. Spatially distributed 
electromechanical microscopic actuation characteristics and control effects resulting from 
various longitudinal/circumferential actions are evaluated. 

CONTROL OF CONICAL SHELLS WITH DISTRIBUTED ACTUATORS 

A conical shell structure laminated with piezoelectric actuator layers is illustrated in 
Figure 1 where x denotes the longitudinal direction, v|/ the circumferential direction, and 3 the 
transverse direction. The geometric parameters of a conical shell are: the Lame parameters 
A, = 1 and A^ = xsinp*, the radii of curvature R, = oo and R2 = xtanp*. hidependent modal 
control of conical shells with distributed piezoelectric actuators is discussed in this section. 
Micro-control actions and their directional control characteristics induced by actuator patches 
are discussed in the next section. 

Shell Neutral 
Surface 

Fig.l A Conical shell section and its coordinate system. 

The modal expansion concept implies that the total response of the conical shell is 
composed of all participating modes. Thus, independent modal control characteristic of conical 
shells can be independently defined for each natural mode, considered there is no spillover and 
modal coupling. 
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^m+2<;,co^Ti,+(o'Ti^=F„ (1) 

where Ti^(t) is the modal participation factor; q^ is the modal damping ratio; ©^ is the 
natiiral frequency; F„ is the modal force; and the subscript m denotes the m-th mode. The 
generic modal force F^ of the conical shell structure consists of two primary components: 1) 
the mechanical force induced by an external loads Fi and 2) the control force induced by the 
distributed actuators m^^) with a transversely applied electric control signal ^^ (in italic). 

Fn.=^ J jit [Fi+LK<^3)]UJAA,da,da,=t+F: (2) 
r       m a,   02     '=' 

where p is the shell mass density; h is the shell thickness; Ai and A2 are the Lame parameters; 

tti and a2 respectively denote the x and V(A directions; F^ =  f J {^ F; U; }A,A2daida2, 
P"^m a,   02      '=1 

^m =-rT7- J 1  (Z Li(^3)UiJ     -A.A.da.da,    and    N„ = j j (J^ UfJA,A^da.da^. 
^        -n a,   a2        '=1 a,   a,      i=l 

(Note that italic ^^ denotes the control signal used in control action analysis presented later). 

m^i) is Love's control operator induced by the converse piezoelectric effects and only a 
transverse applied voltage ^ is considered. The subscript i denote the coordinate directions, i.e., 
X, \|/ and 3. The generic control operators imposed to a generic double-curvature shell in three 
directions are contributed by membrane control forces N^^ and counteracting control moments 
M^. [11]. 

^3 
{^^}= ^|J-(±^(MIA)_^^)+_L(J_MIA)_M^ 

AjAjISa, A,      aa, Aj   da^      da^  A^     da^ A^ 

da/      '   ''R,     R/J 

(5) 

Substituting the Lame parameters (i.e., Aj =1 and A2 =xsinp*), radii of curvature (i.e., 

Ri = CO and Rj = xtanp*) and two principle directions ai = x, aa = \|/ of the conical shell into 
the generic control forces yields Love's control operators of conical shells. 
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LU<^3} = -{^+VL-N;,)} (6) 

1       dN' 1      dW 

xsmp      9v|/      xtanp     5v|/ 

'^'^'^       U   ax ax^       X    ax       x^sin^p'    ^^,'       xtanp''' ^^ 

The mode shape functions of the conical shell section with free boundary condition at 
both major and minor ends are based on the Donnell-Mushtari-Vlasov theory [3,9]. Thus, these 
mode shape functions are expressed as 

Uxm = U^ (x) cos (my) sin co^t (9) 

^m = U„„i(x)sin (mv|/)sinco^t (10) 

Ujm = ^3m (x) cos (m\|/) sin co^t (11) 

where m is the wave number and m=2...Qo; co^ is the natural frequency. Uxm(x), Uv|,ni(x) and 
U3m(x) are arbifrary displacement functions of x, satisfying the free-free displacement boundary 
conditions and it selected as (x/xjf where p denotes the longitudinal mode. U^(x)cos m\\i is 

the longitudinal mode shape function; U^(x)sinm\j; is the circumferential mode shape 

function; and U3„,(x)cosm\|/ is the fransverse mode shape function. Thus, the modal forces 
induced by distributed mechanical loading (i.e., external forces) and the distributed actuator 
(i.e., control forces) become 

^-"^h^J" J{Fx[U^(x)cos(mx|/)] + FJU,Jx)sin(mi|/)] 
''^       m X   \^| (12) 

+ F3 [U3^ (x) COS (mv|/)] }x sin p*d(t)d\|/ 

.,^.      •     ^,U,(x)si„(„,)-|^^.^-i^      (13) 
av|/      xtanp     a\j/       * [x   dx        dx^       X    dx 

+   2  ■ 2n*    ^7 7^ r ■ U3m (x) COS (mv|/)} • X slu p*dxd\|/ 
X sm p     ai|/        xtanp J 

and 

N„ = jl {[(—)" cosm\|/]' + [(—)P sinmy]' + [{—f cosmyf }xsinp*dxdij/ .       (14) 
X V        ■''2 Xj X2 
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Detailed distributed control forces and moments induced by distributed actuators are further 
defined next. 

DISTRIBUTED MICRO-CONTROL CHARACTERISTICS 

The control forces and moments induced by the piezoelectric actuator with an applied 
voltage f are given as [11] 

N^=dMV' (15) 

K^=^^^\f . (16) 

ML=rXYpr (17) 

ML=r.!d„Y„<*^ w ■:<i32\r (18) 

Substituting actuator induced forces and moments into the generic modal control force 

expression F° and separating them into individual contributing microscopic membrane/bending 
control actions gives 

(T„,)x,mem =-TT7^J  J {(--^-—)U™(x)cos(m\i/)}xsinp'dxdy (19) 

(t)„=^J J {-i^>''-U^(x)cos(mv,;) ^(^) 

(20) 

• U^„ (x)sin (mi|/) + —^-—Uj^ (x)cos (m\(/)}xsinp'dxd\|/ 
xtanp 

r^d  Y 0 /^/A^     ^^A^ 
(Tm)x.bend = ", !l " J  J {[ — —^JUj^(x)COS (m\i/)} xslnp'dxdx)/ (21) 

pnJNn,   ^  ^        X ox      ox 

(TJ,,^„a-^^J  J {t-^^I-r^^]U,Jx)sm(mvK) 

(22) 

Note that (t^)^,„em is the membrane force component in the x direction, (t^)^,„,ein is the 

membrane force component in the \\i direction, (t^)^,be„d is the bending force component in 

the x direction, and (T^)^,bend is the bending force component in the v|/ direction. Assume the 

piezoelectric actuator is hexagonal structure (Cev = 6mm) i.e., d^^ = ^a > 
with uniform thickness and recall that the conical shell is also constant thickness. Thus, the 
distances measured from the shell neutral surface to the actuator mid-surface are r^" = r^ = r\ 

The micro-control actions defined in Eqs.(l 9)-(22) now become 
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d„Y. 
(Tm)x,mem ~ ~fX7^ J  J ((—^ )U^(x)COS (m\(/)} Xsinp'dxd\(/ 

phN, J i 5x      X 

d„Y. 
(t)„ =-^J J {Ir •U^(x)cos(mv)—^.(^) 

P"^m X  V    ^ xsinp    5ij/ 

• U^„ (x) sin (mvi/) + ~—r Uj^ (x) cos (m\|/)} x sin p*dxdv|/ 
X t3n p 

V^m^x.bend "    ^     J  J U--—""^JUj^(x)cos (mvj/)} Xsinp dxdvj/ 

iTJ.M.--^] J {[--,-^—]U,Jx)sm(mM/) + [-^ 

2 Ja 1     ay 
x^sin^p* ai|/^ 

(23) 

(24) 

(25) 

(26) 

"]U3n,(x)cos (m\|/)} xsinp*dxd\|; 

Thus, the generic control force F^ can be explicitly defined by its four contributing micro- 
control actions, i.e., 

m~\   m/x,mem +VlmJv|/,bend "'"vJ^m)x,mem ■'"(J^m)v|/,bend' (27) 

MICRO-CONTROL ACTIONS OF PATCH ACTUATORS 

Note that F^ = F^ +F^ and the mechanical input F„ is neglected in the control action 

analysis. The transverse actuating voltages ^\x,\\j,t) applied to an actuator patch defined from 

X, to X* in the longitudinal direction and i|/* to vi/* in the circumferential direction can be 
expressed by a time dependent part and a spatial distribution part, 

r(x,v|/,t) = ^^(t)K(x-x;)-u,(x-x;)][u3(x|/-v|/;)-U3(x(;-y;)] (28) 

where Us(-) is the unit step function: u,(\|/ - \i/*)= 1 when i|/ > y*, and = 0 when v < \|/*. Thus, 
the spatial derivatives of the transverse actuating signals in Eqs.(23)-(26) are 

— ^^(x,M/,t) = ^^(t)[5(x-x;)-5(x-x;)]K(v)/-H/:)-u,(H/-vt/;)] (29) 

— jz)^(x,v|;,t) = ^^(t)K(x-x;)-U3(x-x;)][5(x|;-x|/;)-5(H/-x|/2)] (30) 

where 5( •) is a Dirac delta function: 6(\^ - V*) =1 when \|/ = vi/', and = 0 when v|/ ^v|/*. Thus, 
the micro-control actions restricted by the segmented electrode on the segmented actuator can 

101 



be further explicitly defined accordingly.   Substituting the patch definition and further 
manipulating the four micro-control actions yields 

r^ . d3,YpjZ>^(t)sinp* r 
(TJx..e™= — J {[x[5(x-x,)   -6(x-X2)] + l].U^(x)}dx 

r " ^ (31) 
• I cos (m\|/) d\|/ 

V 

(ImVmem = ^ { Smp   J  U^ (x) dx • J   COS (m\|/) di|/- J [5(\|/- V)/*) 

-6(\|/-v|/;)]sin(mi|/)dv|/-jU^(x)dx + cosp*|U3^(x)dx-| cos (m\|/) di|/} 
" X vi; 

.T- ^          rM3,Yp(z)^(t)sinp*   r , , 5 
(T.Uend '     -{\ [-2[6(x-x;)-6(x-x;)]-x—[5(x-x;) 

^    "" " ^ (33) 
- 5(x - X2 )]]U3^ (x) dx • J cos (m\)/) d\|/} 

UmJv,.bend- ^J^^;^" ^~:^^ J     ^^ ^X J   [5(VJ/" l|/, ) - 5(V|/- Vj/^)] 

• sin (mvj/) dv(/ + sin p* J 03^ (x) [6(x - x;) - 5(x - x;)] dx J cos (mi|/) di|/ (34) 

~^l ^^^""-l ^[S(v)/-y;)-6(v,/-y;)]].cos(my)dx,/} 

These four equations represent directional modal micro-control characteristics of distributed 
patch actuators laminated on a conical shell. Detailed micro-control characteristics are presented 
in case studies next. 

PARAMETRIC STUDIES OF MICRO-CONTROL ACTIONS 

To keep the generality, material parameters, e.g., dsi, dsa, Yp and p, are assumed unity 
when evaluating the micro-control actions of conical shell sections. Thus, manipulating these 
parameters (e.g., (rM3iYp)/p), one can further extrapolate analysis data and evaluate control 

characteristics of specific actuator materials and natural modes. Note that the control signal 
0'(t) is assumed unity for all cases also. Thus, the segmented actuator patches would reveal the 
true inherent actuator characteristics and micro-control actions. Dimensions of the truncated 
conical shell model are: major edge radius R=0.154m (6.07in), minor edge radius r=0.069m 
(2.72in), semi-vertex angle=14.24° (0.248535 rad), shell thickness h-0.000254m (O.Olin), 
actuator placement at r'=0.000127m (0.005in), and length L=0.33528m (13.2in). The conical 
shell has free boundary conditions at the top and bottom end edges. Figure 2. Note that the 
actuator patch is assumed thin, such that its elastic effect is neglected. Piezoelectric actuator 
patches with an area of 15° in the circumferential direction (i.e., the first patch is from 0-15°, the 
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next patch is from 15°-30° and so on in the y direction), and 0.02894m in the longitudinal 
direction are laminated throughout the conical shell section, Figure 2. Note that although all 
actuation characteristics of a full-revolution truncated conical shell are calculated, control 
actions related to a half of the revolution (i.e., \|/ = TT) are presented later. 

Piezoelectric 
Actuator Patcii 

Fig.2 A conical shell laminated with piezoelectric actuator patches. 

Recall that (T^)x,niem is the longitudinal micro-membrane control force component, (Tn,)^,n,em 

is the circumferential membrane control force component, (tn,)^,bend is the longitudinal 

bending control component, and (T„)^,be„d is the circumferential bending control component. 

These actuator induced micro-control actions of the conical shell modes, i.e., 1^* and 2"^ x-mode 
group vvrith m=2..5 are analyzed and grouped. Recall that m denotes the circumferential wave 
number. Each data point on the graph represents the micro-control action of a segmented 
actuator patch at the corresponding location of the conical shell section. 

Mode Group 1: (p=l;m=2-5) Modes 

For the first mode group (i.e., (x/x2)^ with p=l) of the conical shell section, longitudinal 
Uxm(x), U»,;m(x) and U3nj(x) is (x/x2) [9]. Detailed longitudinal and circumferential 
membrane/bending micro-control actions of actuator patches laminated at various locations are 
plotted in Figures 3-6 where m=2-5 of the 1^' mode group, i.e., (l,m=2-5). To illustrate the 
prospective view of the conical shell in micro-actuation characteristics, the half conical shell 
section remains in the original aspect ratio and both longitudinal and circumferential dimensions 
(in meter) are used in these figures. 
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0.2    4).4 

rig.3 Micro-control actions of the (1,2) conical shell mode. 
Top-left: (t„),,^^^ ; top-right: (t„)^,^,^; bottom-left:(t„)^„^„,; bottom-right: (t„)^, 

bend ' 

2 

S      0. 
E-100, 
X   0.7 

£ 
0.8   \^ 

\^ -• 
0.5   \^ 

x(m)     0 4 
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0-2    -0.4 0.2    J.4 

Fig.4 Micro-control actions of the (1,3) conical shell mode. 

0.2     ^.4 0.2    J.4 

0-2    ^).4 

Fig.5 Micro-control actions of the (1,4) conical shell mode. 
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Fig.6 Micro-control actions of the (1,5) conical shell mode. 

Mode Group 2: (p=2;m=2-5) Modes 

For the second mode group (i.e., (x/xi)" with p=2) of the conical shell section, the 
Uxm(x), Uv^ni(x) and U3m(x) is (x/x2)^ [9]. Detailed longitudinal and circumferential 
membrane/bending micro-control actions are plotted in Figures 7-10 where m=2-5 of the 2"'' 
mode group, i.e., (2,m=2-5). 

0-2    -0.4 
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0.2    ^.4 

Fig.7 Micro-control actions of the (2,2) conical shell mode. 

Top-left: (t^),,^,„; top-right: (t„)^,„,„; bottom-left: (t„)^,b,„d; bottom-right: (t^)^,be„d' 

0.2    ^.4 0.2    ^,.4 

0.2    ^A 

0.5 

x(m)      0.4 

Fig.8 Micro-control actions of the (2,3) conical shell mode. 
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0.2    ^.4 

rig.9 Micro-control actions of the (2,4) conical shell mode. 

0.2    ^.4 

108 



.--■^N 

0.2    ^j,4 

0.5 

x(m)     0.4 

0.2     ^1.4 

Fig. 10 Micro-control actions of the (2,5) conical shell mode. 

The micro-control actions of the (l,m=2-5) and (2,m=2-5) conical shell modes reveal that the 

magnitudes of micro-control actions are (t„),„._» (f),     » (t ) ,. .» (f ) •^ V   m/vi/'mem V^m/x'mem V-^m-'i|/'bend V ^m/x'bend • 

(Tm)v.mem dominatcs and (t^)^,be„d is almost negligible in the total control force. Moreover, 

the analyses show that (t„)^,„,^ and {TJ^,^^^ remain about the same order of magnitude 

when mode m changes from 2 to 5. (tj^,^,^ and (t^)^,bend actions increase at higher 

circumferential wave number. {TJ^,^^ is larger than (t^),,„,„, ranging from two to twenty 

times depending on modes. Detailed data also reveal that the micro-control action at the minor- 
end of the conical shell is relatively high as compared with that at the major-end of the shell 
section, see Eq.(34). 

CONCLUSION 

Distributed precision control of conical shell sections is a critical issue in high- 
performance structural systems, e.g., rocket fairings, turbines, load carrying structures of solid 
rocket motor cases, etc. This study is to evaluate microscopic actuation characteristics and 
control actions of segmented actuator patches laminated on flexible conical shells. 
Mathematical models and modal domain governing equations of the conical shell section 
laminated with distributed actuator patches were presented first, followed by formulation of 
distributed control forces and micro-control actions including longitudinal/circumferential 
membrane and bending control components. The mode shape frmctions of the conical shell 
section with free-free boundary conditions are based on the Doimell-Mushtari-Vlasov theory. 
These mode shape fiinctions were used in the modal control force expression and the micro- 
control action analyses. Spatially distributed electromechanical actuation characteristics 
contributed by various longitudinal/circumferential membrane and bending control actions were 
investigated. Distributed control forces and micro actions of actuator patches at various 
locations were analyzed and its modal-dependent spatial control effectives evaluated. 

Analysis data shown that, for conical shell mode (l,m=2-5) and (2,m=2-5), the 

cfrcumferential micro-control action (t^)^^,„em dominants as compared with the other modal 
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control actions and it is followed by (tJ„„,„, (tj^,be„d and (fj^„^„, control actions in 

both cases. Note that the controls signal f(t) and other material parameters (rM3iYp)/p were 

assumed unity for all cases, thus the segmented actuator patches would reveal the true inherent 
actuator characteristics and micro-control actions. Specific spatial control behavior can be 
explicitly defined once these parameters are identified. Furthermore, the magnitudes of control 
forces and micro-control actions are modal dependent. Referring to these data, one can 
effectively configure actuator placements to achieve the maximal control effectiveness at 
minimal actuator power or size requirements. 
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CHAPTER 7 

MICRO-SENSOR ELECTROMECHANICS AND 
DISTRIBUTED SIGNAL ANALYSIS OF 

PIEZO(ELECTRIC)-ELASTIC SPHERICAL SHELLS 

ABSTRACT 

Spatially distributed modal voltages and sensing signal generations of a distributed 
piezoelectric sensor layer bonded on spherical shells of revolution are investigated in this 
study. The generic sensing signal equation is derived based on the direct piezoelectric effect, 
the Gauss theory, the open-circuit assumption, the Maxwell equation, and also the generic 
double-curvature thin shell theory. Due to difficulties in analytical solution procedures, 
assumed mode shape ftmctions based on the bending approximation theory are used in the 
modal signal expressions and analyses. Spatially distributed micro-electromechanical 
characteristics resulting from various meridional and circumferential membrane/bending strain 
components of infinitesimal sensor neurons are evaluated and major signal sources are 
identified. Analytical resuhs suggest that the spatially distributed modal vohages clearly 
illustrate the distinct modal behavior, similar to mode shapes. The major signal source of a 
firee-edge hemispherical shell is the circumferential bending component. Accordingly, 
circumferential layout of distributed sensor strips would provide effective monitoring and 
diagnosis of free hemispheric shells. 

INTRODUCTION 

Recent research and development of smart structures and structronic systems has 
broadened the measurement and control techniques ftom conventional "discrete' off-the-shelf 
devices to "distributed" folly integrated devices or systems using smart materials, e.g., 
piezoelectrics, shape memory materials, electro- and magneto-strictive materials, electro- and 
magneto-rheological fluids, photostrictive materials, etc. [1-2]. Among these smart materials, 
piezoelectric materials provide both sensing sand control capability. Thus, piezoelectric layers 
can serve as distributed sensors/neurons for structural health monitoring and diagnosis, and 
distributed actuators/controllers for precision actuation and control of shells and plates [3-6]. 

Spherical shell structures and components appear in many engineering systems, such as 
radar domes, pressure vessels, storage tanks, etc. Dynamics of spherical shells have been 
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investigated over the years [7-15]. Natural frequencies of a shallow spherical shell and a thin 
hemisphere shell with free boundary condition have been experimentally verified [16-17]. 
Distributed sensing and control of shallow spherical shells have been investigated over the past 
few years [18-22]. However, distributed sensing and control of hemispherical shells have not 
been thoroughly investigated. This study is to investigate the distributed dynamic modal 
sensing characteristics, distributed modal voltages, and detailed micro-signal sources of 
spherical shells of revolution covered with distributed piezoelectric sensor layers and 
infinitesimal sensor neurons. Mathematical modeling, strain-displacement relations, 
force/moment-displacement relations of spherical shells are presented first. In order to define 
modal dependent distributed signals, assumed mode shape functions based on the bending 
approximation theory are used in the signal-displacement equations. Detailed signal sources 
and distributed modal voltages of hemispheric shell are evaluated in case studies. 

MATHEMATICAL MODELING 

Assume there is a transversely polarized hexagonal distributed thin sensor layer bonded 
on a thin spherical shell of revolution, and this sensor layer reveals the distributed modal 
sensing signal characteristics of spherical shells. Figure 1. Since the sensor layer is much 
thinner and more flexible than the elastic shell, its influence to the overall shell dynamics is 
negligible [5]. There are three equations of motion describing the dynamics of spherical shells 
of revolution respectively defined in the ai = (j), a2 = \\i, and a3 directions and they can be 
directly derived by simplifying the equations of motion of a generic double-curvature thin shell 
using two Lame parameters (Ai and A2) and two radii of curvature (Ri and R2) defined for the 
spherical shell coordinate system where ai = ([) and a2 = \\f. 

Fig.l A spherical shell laminated with a distributed sensor layer. 
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The  fundamental  form  defining the  Lame  parameters  is  derived  based  on  an 
infinitesimal distance (ds) on the neutral surface of a thin spherical shell. 

(ds)^ - (R)\d(t))V(Rsin(|))2(di|/)2 . (1) 

Thus, the Lame parameters Ai = R and A2 = R sin()); the radii of curvature of a spherical shell 
are Ri = R2 = R. Substituting Lame parameters and radii of curvatures of spherical shells into 
the system equations of a generic double-curvature thin shell yields three equations of motion 
of a thin spherical shell respectively defined in the ^, \\i, and as directions. 

—(N^^ sin(|))+—(N^^)-N^^ cos(j) + Q^3 sin(t) + Rq^ sin(|) = Rsin(j)ph-^, 

—(N^^ sin {})) +—(N^^) + N^^ cos(|) + Q^3 sin (t) + Rq^ sin (j) = Rsin(t)ph—^ 
C(p 0\\f Ql 

—(Q^3 sin (j)) +—(Q^3) - (N^^ + N^^) sin {|) + Rq3 sin (f) = R sin (t)ph 
a'u. 

^^f dt 2     ' 

(2) 

(3) 

(4) 

and Q*3  = 

Q.3 = 

1 

Rsincj) 

1 

Rsincj) 

_5_ 

'd_ 

(M^^ sin (j)) +—(M^^) - M^^ cos <|) 

9\)/ 
(M^^ sin(|)) +—(M^^) + M^^ cos(t) 

(5) 

(6) 

Nij are the membrane forces; My are the bending moments; Qxi denote the traverse shear stress 
resultants; qi is the external excitation; p is the mass density; h is the shell thickness; and ui is 
the displacement in the i-th direction. Note that qi can also be discrete or distributed control 
forces. Membrane forces Ny and bending moments My are functions of membrane strains s" 

and bending strains k.:. 

N,,=i:(s;+ns;^), N^,=ii:(s;^+ns;),   N,^=N,,=^^^: 
>¥ (7-9) 

M,,=Z)(k,,+^k„),   M^^=Z)(k^^+nk,,),   M^^=M,,=^^^l^k,^;    (10-12) 

where K = {Y\i)l{\-\i'^) is the membrane stiffness; Z) = (Yh^)/[12(l-n^)] is tiie bending 
stiffhess; Y is the modulus of elasticity (Young's modulus); and |j, is Poisson's ratio. The 
strain-displacement relations of thin spherical shells are 

^¥> ~ w Rsin(|) 
^-(u,^) + u.cos(t) + U3sin(t) (13,14) 
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^*v ~ R 
 (u,„)-U,„COt(j) + (Uj,) 

k^ -■ 
r 

R, 

k    -1 
^-^ - R 

V^^^^\ 
k -1 

sinij) av|/ * 

|-(P,)-P,cot(t, + ^A 
Of sm(|)5i|/ 

(PJ 

(15) 

(16,17) 

(18) 

and the rotation angles are p^ = — duA 
R 

THE BENDING APPROXIMATION 

andp^ = 
R %- 

_i_au^'i 

sin(j) d\\f 

Due to the complexity of the spherical-shell governing equations, assumptions and 
simpHfications are often employed. There are three approximation theories, namely, 1) the 
bending approximation (or the inextensional approximation), 2) the membrane approximation 
(or the extensional approximation), and 3) the Donnell-Mushtari-Vlasov approximation [13]. 
All membrane forces are neglected in the bending approximation, i.e., Nn = N22 = N12 = 0, and 
all bending moments are neglected in the membrane approximation, i.e., Mn = M22 = M12 = 
Qi3 = Q23 = 0. There are three assumptions in the Donnell-Mushtari-Vlasov approximation: 1) 
in-plane displacements can be neglected in the bending strain expressions, but not in the 
membrane strain expressions; 2) in-plane inertia forces can be neglected, i.e., 
phu^ s 0, k = fv);; and 3) the transverse shear effects, i.e.,Q3i/Rj and Q32/R2, in the in- 
plane equations can be neglected. Employing the bending approximation to the spherical shells, 
neglecting the membrane strains, i.e., s;^ =s;^ =s;^ =0, and using equations (7)-(9) yields 

zero membrane force resultants, i.e., N^^ =N^^ =N^^ =0. The bending strain-displacement 

relations are the same as equations (16)-(18). Accordingly, a set of spherical governing 
equations based on the bending approximation can be derived. 

Q^3sm(j) + Rq^sm(|) = Rsin{t)ph—(u^) , 

Q^3sm(t) + Rq^sin(j) = Rsin(t)ph—(u^) , 

—(Q^3 sin(|)) + —(Q^3) + Rq3 sincj) = Rsin(t)ph—(Uj) ; 

(19) 

(20) 

(21) 

The bending moment and strain relations are the same as the original spherical shell definitions 
in equations (10)-(12). Distributed micro-sensing characteristics of spherical shells are 
analyzed based on the bending approximation theory presented later. 

NATURAL FREQUENCY AND MODE SHAPE 
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Since modal voltages and spatially distributed micro-sensing signals are modal 
dependent, natural modes of spherical shells are discussed in this section. Bending 
(inextensional) mode shape funstions of an open spherical shell (0<(t)<(j)o) with free boundary 
condition at (t)=(j)o (Figure 2) are [7,14]: 

U^=-A,(tan|)''sinkii/ , 

U^ = -Bk sin(|)(tan-)'' cosk\|/ , 

U3 =CkR(k + cos{)))(tan-)''coskv|/ , 

(22) 

(23) 

(24) 

where U,j, is the meridional mode shape; \J^ is the circumferential mode shape; U3 is the radial 
(transverse) mode shape; k is the number of circumferential waves; and Ak, Bk, and Ck are the 
k-th modal amplitudes. For simplicity, Ak= A, Bk= B, and Ck =C in later derivations. 

Fig.2 An open spherical shell with free boundary condition. 

Natural frequencies associated v^th the bending mode shapes are 

f =   ^ 
■^    27rR 

X. ryV'^ 

VPJ 
, k = 2,3,4,... (25) 
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,2 _(k^-i)^kYhYg,(k,.|)j 
'       3(1 + ^1)   UJ g2(k,(t)J 

(26) 

where fk is the k-th natural frequency in Hertz. The dimensionless parameter Xk is a function of 
the meridional angle subtended by the shell segment [14]. 
And 

gi(k,(^o) = 

(tan^)^'^-^    2(tan^)^''    (tan^^''^^ 

k-1 
2' .+;    2 

k + 1 

g2(k,<|)o)= (°(tan^)''^[(k + cos(t))' + 2(sin ([))'] sin (|)d(|) 

(27) 

(28) 

For a hemisphere thin shell, ^o=n/2 and tan ((|)o/2)=l. The dimensionless parameter Xl becomes 

XI =. 1      Th^ 
12(1+ R) vRy 

(k^-k)(2k^-l) 

g2(k,(t)„=7t/2) 
,   k = 2,3,4,... (29) 

where g2(k,(t)„ =7i/2) = 1.52961 when k=2, 1.88156 when k=3, 2.29609 when k=4, ... [14]. 

Natural frequencies of a shallow shell (i.e., small <^o) and a thin hemisphere shell with a free 
boundary condition have been experimentally verified, respectively [16-17]. 

DISTRIBUTED SENSING SIGNALS 

Assume there is a distributed thin hexagonal piezoelectric sensor layer, with thickness 
h', bonded on the spherical shell. Figure 3. The sensor layer is much thinner than the spherical 
shell (h'«h) and its effect to shell dynamics is negligible. Based on the direct piezoelectric 
effect, the Gauss theory and the Maxwell equation, a transverse open-circuit signal voltage f 

is contributed by the strain variations (S'j) in the sensor layer. Accordingly, the signal over the 
sensor surface is defined by [23-24] 

^'=^ J(h3,S^i +1132822 +h3,S^,)A,A2da,da2, (30) 

where h' is the sensor thickness; hy are the piezoelectric (displacement) constant; S^ is the 
effective sensor area. 
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Fig.3 A hemispherical shell with a distributed piezoelectric sensor layer. 

Neglecting the in-plane twisting effect hse, the sensing signal equation becomes 

h^ 
<^' ="^ J(^3iSn +h32S^2)A,A2da,da2 . (31) 

Recall that the strain consists of two components: the membrane strain and the bending strain: 

S^i = s°, +r,^k„  and S^, = s^, +r|k22 , (32,33) 

where T^ is the distance from the middle of the sensor layer to the shell neutral surface, i.e., 

rj' = (h + h') / 2 s h / 2, if h » h^ That is, the shell piezoelectric sensor strains are assumed to 
be constant and equal to the outer surface strains of the shell. 

Modal Signals 

Since the mode shape functions were defined based on the bending approximation, the 
membrane strains are zero and the bending strains remain unchanged. Substituting the mode 
shape functions into the strain-displacement relationships yields modal dependent strain 
equations. With the mode shape functions of the hemispherical shell, the rotational angles are 
explicitly redefined as 
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P* =-[-A(tan^)'' sinkv)/-C^R(k + cos(t))(tan^)'^-'(sec^)' coski]/ 

+ CRsin())(tan^)'' coskvi/], 

1 /' 1 1 I 

Pv =^ -Bsin(l)(tan^)''coskv|/ + -^—CkR(k + cos(t))(tan*)''sink\|/ R siiKJ) 

And note that 

(34) 

(35) 

y^ = -[kBsin(t)(tan^)'' sinkxi/ + ^^(k + cos(|))(sin^)''-' (sec^)''^' coskv|/].     (36) 

Thus, the bending strains are defined with respect to mode shape functions. 

k,, =-Y[-A-(tan^)'-'(sec|)' sinki|/ + CRcos(|)(tan^)'' coskvj/ 
R 2        2 2 2 

+ CkRsin(|)(tan^)''-'(sec^)^ cosky 

-C^R(k + cos(t))(tan^)''(sec^)' coskv|; 

and 

- C^R(k + cos(t))(k -l)(tan^)''-^(sec^)" coskij;]; 

k33 = ^{kBCtan^)" sinkv]/ + ^^(k + cos(t))(sini)''-^ (sec^)"^^ coskv|/ 

+ cos(t)[-^(sin^)''-^(sec-^)''^'sinkv|;-C-R(k + cos(t))(sin^)''-^ 

•(sec^)''^^ coskv|/ + CR(tan^)'' coskv|/]}. 

(37) 

(38) 

Accordingly, the sensing signal can be rewritten as a function of induced strains in the sensor 
layer: 

=-^ 1(^31 (ri'k„) + h32 (r2'k22))A,A2da,da2 (39) 

In practical applications, the piezoelectric constants h3i=h32 in hexagonal piezoelectric materials 
without being mechanical stretched during the manufacturing process and r,' =r2 =h/2 for 
uniform thickness of sensor and shell layers. Separating the membrane and bending contributed 
signals as 

118 



Tmem       rbend 
h^h 31   fr_s J[r,'ki, +r2k22]-R^ sin()) d^d\\i 

h^h 

i^/t' -y[-A-(tan^)''-'(sec^)^ sinkv^ + CRcos(|)(tan^)'' coskvj/ 
R 

+ CkRsin(j)(tan^)''-'(sec^)' coskx|/-C-R(k + cos(t))(tan^)''(sec^)' coskv|/ 

- CI R(k + cos (t))(k - IXtan ^)''-'(sec ^)'cos k\|/] 

R^ 

+ CR(tan^)''cosk\|/]} 

T •       4 

■R^sin(|)d(j)d\j/. 

(40) 

^{kB(tan^)''sinkv|; + -%^(k + cos(|))(sin^)'=-^(sec-^)'=^^coskii/ 
< 2 4 2 2 

+ cos(t)[-^(sini)''-'(sec^)'^^'sinkx|/-C^R(k + cos(|))(sin^)''-2(sec^)''^^coskv|/ 

Thus, the spatially distributed k-th modal signal of the hemispherical shell can be represented 
by the summation of the distributed modal membrane and bending signal components, i.e., 
(<I^k)mem and(<D,Xe„d.as 

r. =h^h3,((DJ = h^h3,[(0,)_ +(0,),,„J, (41) 

where each component consists of the meridional and the circumferential components: 

(^k)mem =(^#)mem +(^w)mem; (^k)bend = r/[((D^^)b,„d + (O^^ )b^J. Furthermore, the signal 

generated by the membrane strain is zero, i.e., ^'^^^ = 0, since the membrane strains are 

neglected in the bending approximation theory. Thus, the primary signal generation depends on 
the bending strains in the sensor layer, i.e., 

Cnd =^%^ J(k„ +k22)-R^sin(|,d<i,dv)/ (42) 

where the subscripts "mem" and "bend" respectively denote the membrane and bending 
components. In order to illustrate spatially distributed electromechanical characteristics, the 
sensor electrode shrinks to infmitesimally small - neurons, so that local sensing phenomena of 
distributed sensing neurons can be fully illustrated. Assembling all local neural signals 
contributed by the local micro-strains constitutes spatially distributed modal voltages. The 
micro-signal component contributed by the infinitesimal sensor neurons is 

119 



f.=^%rU 
R- 

-[-A-(tan|)''-'(sec^)^ sinkv|/ + CRcos(])(tan^)'' cosky 

+ CkKsinftjCtan^)"-' (sec-^)' cos kit; - C-R(k + cos(|))(tan^)'' (sec-^)' coskv(/ 

- C^R(k + cos(|))(k - IXtan^)''-'(sec-^)'coskv|/] 

+ r 
R^ 

{kB(taii^)''sinkii/ + -^^(k + cos(|))(sin^)''-^(sec-^)'^^^coskvi/ 

(43) 

+ cos(l)[-^(sin^)''-' (seci)''"' sinky - C^R(k + cos(t))(sin^)''-' (sec^)''^' coskx|/ 

+ CR(tan^)''coskv|/]} 

Detailed micro-meridional and circumferential contributing signal components  (O^)^^^, 

(^w)mem' (^#)bend' ^nd {^^^)^^i and the global spatially distributed modal voltages are 
evaluated next. 

DISTRIBUTED MODAL VOLTAGES AND SIGNAL COMPONENTS 

A hemispheric shell w^ith a meridional angle (j) from 0 to 90 degrees and a full 
revolution in the circumferential direction (i.e., angle v|/ from 0 to 360 degrees) laminated with 
a distributed sensor layer is studied. Distributed modal voltages and micro-signal components 
generated from various components are investigated in this section. Recall that the bottom open 
perimeter of the hemispheric shell is free, Figure 3. The modal amplitudes A, B, and C and the 
radius R are assumed unity in these distributed signal calculations. The distributed modal signal 
components (O^)^,^, (<l>^^).em. (^«)bend. and (0^^),,„, for k=2,3,4,5,6 modes are 

calculated.   Figure   4   respectively   illustrate   (<D,)„,„    and   (0^^),,„,+((D^^),,„,    signal 

distributions in which modal signal components and mode numbers are respectively labeled. 
Since the membrane strains are neglected for the shell with the bending approximation, sensing 
signals resulting from the membrane strain are all zero. Figure 4 shows the zero signals (or the 
origuial hemispheric shell surface) of the k=2-6 modes. On the other hand, the bending strains 
are essential in the bending approximation. This figure also illustrates the distributed modal 
signals (k=2-6) contributed by of the bending strains. Similar to mode shapes, these modal 
voltages cleariy illustrate the distinct modal characteristics of a free-edge hemispheric shell. 
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Membrane: k=2-6 Bending: k=2 

Bending: k=3 Bending: k=4 

g: k=6 

Fig.4 Distributed membrane signal (k=2-6) and distributed bending signals (k=2-6). 

Furthermore, evaluating the distributed bendmg strain signals reveals that there are 
actually tv^^o bending strain components respectively in the meridional and circumferential 
directions contributing to the overall signal generation. Accordingly, micro-signal contributions 
of these individual components w^arrant further detailed investigation. Figures 5-9 illustrate 
these modal component (bending) signals. There are three signal plots in a set. The top one (a) 
is the meridional signal component, the second one (b) is the circumferential signal component, 
and the bottom one (c) is the total bending signal. Note that the meridional angle varies from 0 
to 7i/2 radians; the circumferential angle varies from 0 to 2n radians in these plots. The signal at 
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the center pole is zero, and the signal at the free edge varies with respect to different natural 
modes. The number of full cycles corresponds to the mode (wave) number of the hemispheric 
shell. Observing these component bending modal signals suggest that the circumferential 
bending signal dominates the overall modal signal distribution of hemispheric shells. 
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Fig.5 (a) The meridional signal component; (b) The circumferential signal component; (c) 
Total distributed modal bending signal (k=2 mode). 
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Total distributed modal bending signal (k=3 mode). 
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Total distributed modal bending signal (k=4 mode). 
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Total distributed modal bending signal (k=5 mode). 
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Total distributed modal bending signal (k=6 mode). 

Based on the distributed signal component analyses, a general design guideline can be 
established.   The   detailed   parametric   study   of  signal   components   suggests   that   the 
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circumferential layout of sensor strips would provide the most significant and cost-effective 
measurement of free hemispheric shell structures, Figure 10. 

Fig.l. Circumferential layout of distributed sensor strips on a hemispheric shell. 

SUMMARY AND CONCLUSION 

Spherical shell structures and components appear in many engineering structures, e.g., 
radar domes, storage tanks, pressure vessels, etc. This paper is to evaluate spatially distributed 
dynamic micro-sensing characteristics of piezoelectric laminated spherical shells. Modeling of 
spherical shells of revolution lammated with a distributed sensor layer was presented first. 
Detailed strain-displacement equations, force/moment-displacement relations and system 
equations of spherical shells were defined. Spatially distributed sensing signals of a distributed 
piezoelectric sensor layer bonded on the spherical shell were defined. The generic sensing 
signal equation was derived based on the direct piezoelectric effect, the Gauss theory, the open- 
circuit assumption, the Maxwell equation, and also the generic double-curvature thin shell 
theory. Due to difficulties in analytical solutions, the bending approximation theory was 
applied to the spherical shell and simplified system equations, strain-displacement equations, 
force/moment-displacement equations, and distributed sensing signal-displacement equation 
were then redefined. 

Bending mode shape fimctions and modal micro-signal components contributed fi-om 
various meridional and circumferential membrane^ending strain components of a free-edge 
hemispheric shell were evaluated and the final signal-displacement equation was defined. 
Distiibuted membrane signals were all zero, due to the bending assumption. Distributed 
bending signals reveal the distinct modal characteristics of the free-edge hemispherical shell. 
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The signal amplitudes at the pole are all zero and those at the free edge clear illustrate the 
modal dependent behavior. High strain regions resuh in high signal magnitudes. Accordingly, 
the spatially distributed modal signal patterns - the modal voltages - clearly represent the micro 
modal dynamic and strain characteristics of hemispheric shells. Spatially distributed signals 
also reveal critical regions show^ing maximal or minimal signal magnitudes. Further studies on 
the bending signals suggest the dominating signal component is the circumferential bending 
component and the meridional signal component is less crucial in the overall modal voltage 
distribution. Appropriate selection of regional signal components and designs can further 
enhance the distributed control effectiveness of hemispheric shells. Note that this study is an 
analytical work based on electromechanics and dynamics of spherical shells. The design 
principle is evolved from detailed parametric studies. Practical implementation of the technique 
would require mono- or bi-axially oriented piezoelectric materials and multiple-channel data 
acquisition to display spatially distributed modal signal patterns. 
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CHAPTER 8 

MICRO-CONTROL ACTIONS OF ACTUATOR PATCHES 
LAMINATED ON HEMISPHERICAL SHELLS 

ABSTRACT 

Spherical shell-type structures and components appear in many engineering systems, 
such as radar domes, pressure vessels, storage tanks, etc. This study is to evaluate the micro- 
control actions and distributed control effectiveness of segmented actuator patches laminated 
on hemispheric shells. Mathematical models and governing equations of the hemispheric shells 
laminated with distributed actuator patches are presented first, followed by formulations of 
distributed control forces and micro-control actions including meridional/circumferential 
membrane and bending control components. Due to difficukies in analytical solution 
procedures, assumed mode shape fimctions based on the bending approximation theory are 
used in the modal control force expressions and analyses. Spatially distributed 
electromechanical actuation characteristics resulting from various meridional and 
circumferential actions of segmented actuator patches are evaluated. Distributed control forces, 
patch sizes, actuator locations, micro-control actions, and normalized control authorities of a 
free-floating hemispheric shell are analyzed in case studies. Parametric analysis indicates that 
1) the control forces and membrane^ending components are mode and location dependent, 2) 
actuators placed near the free boundary contributes the most significant control actions, and 3) 
the meridional/circumferential membrane control actions dominate the overall control effect. 

INTRODUCTION 

Radar domes, pressure vessels, storage tanks, etc. often take the form of spherical 
shells. Dynamic characteristics and vibrations of spherical shells and structures have been 
investigated over the years [1-5]. Natural frequencies of a shallow spherical shell and a thin 
hemisphere shell with free boundary condition have been mvestigated and experimentally 
verified [6-7]. Dynamic modal sensing characteristics, distributed modal voltages, and micro- 
signal components of spherical shells of revolution laminated with distributed piezoelectric 
sensor layers were recently investigated [8]. Actuations of spherical shells with piezoceramic 
actuators were also studied [9-11], so the conical shells and deep paraboloidal shells [12-13]. 
This study is to evaluate microscopic electromechanical actuation and control effectiveness of 
segmented patch actuators laminated on hemispherical shells. 
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Mathematical modeling of spherical shells coupled with distributed actuators is presented 
first, followed by analysis of actuator induced forces and micro-control actions respectively in 
the meridional, circumferential, and transverse directions. In order to evaluate modal 
dependent distributed micro-control actions, assumed mode shape functions based on the 
bending approximation theory are used in formulation of control forces and their contributing 
microscopic actions in the modal domain. Detailed control forces, contributing meridional and 
circumferential membrane/bending micro-control actions, and normalized control effects of 
firee-hemispheric shells with various design parameters (e.g., actuator patch locations, shell 
thickness, and shell radius of curvature, etc.) are evaluated in case studies. 

SEGMENTED DISTRIBUTED ACTUATOR PATCHES ON SPHERICAL SHELL 

It is assumed that an arbitrary segmented piezoelectric actuator patch defined from (j), 

to (j)2  in the meridional direction and from yj  to \(/2  in the circumferential direction is 
laminated on the hemispherical shell. Figure 1. By the thin shell approximation, the radius of 
curvature of the actuator patch is (R + h/2 + hY2) «R , and the effective actuator area is 

approximately R^(v|i2 -Vi)(cos(j)i -coscjjj). 

Fig.l An arbitrary actuator patch laminated on a hemispheric shelL 

If the electrode resistance is neglected, the control voltage on the segmented patch is 
constant. Thus, an actuator control voltage ^^ ((j), \|;, t) (in italic) applied to the distributed 
actuator patch can be defined by 

(Zl'(f\|/,t) = (zJ'(t)[u,((j)-(j),)-U3((|)-(t)2)]K(vi/-i|/j)-u,(\j;-v|/2)], (1) 

where the superscript "a" denotes the induced actuator voltage; Us(" ) is a imit step fiinction, 
Us((j)-(j) )=1 when (j) >^ , and = 0 when (j) < (j) . Accordingly, control actions induced by the 
actuator patch include a control force N^ in the (j)-direction, a control force N^^ in the \|;- 
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direction, a control moment MJ^ in the (t)-direction, and a control moment M 

direction respectively and they are defined by 

N;*=Ypd3i^'K('l>-'l>i)-U3((t)-(t)2)]K(v|;-v|;,)-u,(ii;-V2)], 

NU=Ypd32<^>'K(<l>-<t>i)-u,((l)-(t)2)]K(\|;-\i/,)-u3(v^-il/2)], 

M;=r;Ypd3,^^K((t)-(|),)-U3((t)-(j)2)]K(xt/-vj;,)-U3(M/-i|;,)], 

M;^=r2%d32(^^K((|)-(t),)-u,((t)-(t)2)]K(i|/-v|;,)-u,(x|/-ii/2)], 

vv in the \\i- 

(2) 

(3) 

(4) 

(5) 

where Yp is the actuator elastic modulus; dsi is the piezoelectric strain constant; rf defines the 
distance measured fi-om the neutral surface to the mid-plane of the actuator patch (i.e., the 
moment arm); (/>'' (in italic) is the imposed control voltage determined by control algorithms 
(e.g., open-loop or closed-loop control) [14-15]. Substituting the control forces and moments 
into the system equations of the spherical shell/actuator system and imposing the bending 
approximation theory [8], i.e., N^ =N^^ =N^,^ =0, yields the simplified governing 
equations. 

a o2 

—(-N;^ sin(|))-(-N;^)cos(t) + Q^3 sin(j) + Rq^ sincj) = Rsin(t)ph—^ 

;r-(-N;^) + Q^3 sin(|) + Rq^ sincj) = Rsin(t)ph—^, 

(6) 

(7) 

— (Q^3sin(t)) + A(Q^^)_(_N;^_N;^)sin^ + Rq^3ij^^^R3in^ph^.     (g) 

and Q*3  = 

Q.3  = 

1 

Rsin(j) 

1 

Rsincj) 

d_ 

a(|) 
'd_ 

5(|) 

d_ 

5\)/ 
((M,, -M;)sin(|)) +—(M^^)-(M,, -M;^)COS(|) 

9x1/ ^    ^^    -""vv^ ' '■"v* 

a 
(M^^sin^) +—(M^^ -M;J + M^,COS(|) 

(9) 

(10) 

The first two equations are respectively the meridional and the circumferential dynamic/control 
equations; the third one is the transverse dynamic/control equation; and the last twos define the 
transverse shear effects contributed by elastic and control moments. Distributed control 
components appear in all three equations and thus, open- or closed-loop distributed control of 
spherical shells can be achieved. These three equations are fiilly coupled spherical 
shell/actuator system equations and the membrane control effects are still preserved in the 
system equations, although the elastic membrane forces of the spherical shell are neglected in 
the bending approximation. Note that the objective of this study is to evaluate spatially 
distributed micro-control actions of strategically placed actuator patches at various locations, 
not the hemispherical shell dynamics. To focus on the micro-membrane and bending control 
characteristics, assumed mode shape functions and natural frequencies resulting from the 
bending approximation theory are used in tiie parametric study of modal control forces 
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contributed by distributed actuator segments. Although the elastic membrane effects are 
essential to the folly-coupled shell dynamics, they are neglected in the classical bending 
approximation theory. 

ANALYSIS OF CONTROL ACTIONS IN MODAL DOMAIN 

The modal expansion assumption states that the displacement response Ui(^,\\i,t) in the i- 
th  direction  of the  hemispherical  shell  is  composed  of all participating  modes,  i.e., 

00 

Ui((t>,V,t) = ^Tiik(t)Uij^((|),\|/),  i=(|),i|/,3.  Imposing the modal  expansion  and the modal 

orthogonality and including a viscous damping, one can derive the modal equation of the 
hemispherical shell as 

fi,+2C,a)A+(ok=F,"(t) + F,^(t)^F,(t) , (11) 

where r|k is the modal participation factor; C,^ is the damping ratio ^^ = —-—; c is the 
2pha)^ 

damping constant; ©k is the k-th natural frequency; p is the mass density of the shell; F"(t) is 

the mechanical excitation; F^'Ct) is the electrical control excitation; k denotes the 

circumferential wave number; and \(t) is the total modal force. Figure 2 shows the open- 
loop control of the hemispherical shell system. 

Recall that the modal electric control force F^^ induced by the piezoelectric actuator 

patch includes four control actions: a control force NJ^ in the (jj-direction, a control force N° 

in the v|/-direction, a control moment MJ^ in the (|)-direction, and a control moment M^^ in the 

\|/-direction defined previously. Although the elastic membrane forces are neglected in the 
bending approximation, the membrane control forces are still preserved in the system 
equations, such that their spatially distributed micro-control actions can still be evaluated. The 
assumed mode shape fonctions based on the bending approximation theory are used to evaluate 
modal control forces and microscopic control actions. The micro-control actions of actuator 
patches depend on actuator characteristics, spatial locations, and modal behavior. Although the 
elastic membrane effect of the shell will affect the modal behavior, it doesn't explicitly appear 
in micro-control actions of actuator patches. Detailed modal control forces and micro-control 
actions of spherical actuator patches are analyzed next. 
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Fig.2 Open-loop control of a hemispherical shell/actuator system. 

Modal Characteristics and Modal Control Forces 

Evaluation of modal micro-sensing and actuation characteristics of distributed and 
segmented sensors/actuators depends on fundamental structural dynamics and free-vibration 
behavior. For a free-edge boundary hemispherical shell with the bending approximation, the 
free-vibration mode shape ftmctions Uj^ (<)), v|/) are [ 1,8,16] 

U^k =-A(tan|)Sinkv|/, 

U^k =-Bsin(j)(tan—)''cosk\i/ , 

U3, =CR(k + cos(|))(tan^)''coskx|/ , 

(12) 

(13) 

(14) 

-where U^k is the meridional mode shape function; Uv,;k is the circumferential mode shape 
function; Usk is the radial (transverse) mode shape function; k is the circumferential wave 
number; (j) is the meridional angle measured from the pole; v|/ is the circumferential angle; and 
A, B, and C are the modal amplitudes. Natural frequencies of a shallow shell and a thin 
hemispherical shell with free boundary condition have been studied and experimentally 
verified, respectively [6-7]. To evaluate the control actions, the mechanical excitation is 

neglected and hence the modal control force F^ (t) is defined by actuator induced forces. 

Fk(t) = -^ Jj{i;LK^3)Uik}R^sin<t,d(t,dx|/, i=ix,/,3 , 
phN (15) 

k i|/ (|i 

where N^ =| jSUjj^^lR^sincj) d(t)dv|/; m^^) denotes a control operator derived from the 
V  *     ' 

converse piezoelectric effect with a transverse control signal ^ [17]. Detailed microscopic 
membrane and bending control actions induced by actuator patches are analyzed next. 

MICRO-CONTROL ACTIONS OF ACTUATOR PATCHES 
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Micro-control actions of an arbitrary segmented actuator patch defined from ^^ to ^^ in the 

meridional direction and from v|/i to \\i^ in the circumferential direction, Figure 1, are 
evaluated in this section. It is assumed that the actuator is made of a hexagonal piezoelectric 
material, i.e., d3i=d32 and both the actuator and the shell are of uniform thickness. Rewriting 

the modal control force Fk(t)in its meridional, circumferential, and transverse components 
respectively yields 

^'^^'^ = '^n^^^^^^^^^^+K(<f>3)^^^ +Ki^3)^3j R' sin(|)d(t)dH/ , (16) 

or   Kit) = ^^^^^[A\,,,] = ^^^^ ,      (17) 

where i\)j^t^ denotes the overall actuation action determined by actuator location and modal 
characteristics, but excluding material constants and modal amplitudes (assumed unity); 

(Tk_merd)' (Tkcir) ^nd (T^ j^J respcctively denote the actuation magnitudes in the 

meridional, circumferential and transverse directions defined next. Note that design parameters 
hNk are included in control action expressions and dsi is the piezoelectric constant which will 
be specifically defined with respect to these control actions later, although d3i=d32 in commonly 
used piezoelectric materials. Since the piezoelectric strain constants d3i=d32 and the effective 
distance (i.e., moment arm) r;" = r^ = r', both the control membrane forces and the control 

moments are equal, i.e., NJ^ = N;^ and M;^ = M;^ . Usmg the control force and moment 

definitions of the actuator patch bounded by (j)! to (jjj and vj/j to ij/j, substituting the mode 
shape fimctions and keeping two design parameters hNk in control actions, one can revmte the 
meridional and the circumferential control forces of spherical actuator patches as 

Iff 1    *''^*^ (b 
-^^^ JJ^(^3)U^kR'sin(|)d(t)dx|/ = —— 11 A(tan^)Sink\|/-sin(|)-(R + r^) 

•Y,d3i<2>''-[8(<!)-<|),)-5((|)-(|)2)]K(i^-v|/,)-U3(v|/-V2)]d(|)dv)/ 

(18) 

-^JJ——•(R + r')-[(tan^)' -sincj), -(tan^)" •sin(t)2](cosk\i/i -coskv^) 

Ypd3.^^(t) 
Lv^k   merd)J' 

Iff 1       ^^^^ fh 
-TTT J jL;(<^3)U^kR'sin(|)d(t)di|/ = —— f r Bsin(t)(tan^)''coskv(R + r^) 

•Ypd3#-K((t)-(|),)-u3((|)-(|)2)][5(ij;-ii/,)-5(v|/-v|/2)]d(i)dv|/ 

135 



=   P^    B-(R + r^)-(coskH/i -coskii;^) J sin(|)(tan^^'^ 

Ypd3#^(t) 

B-(R + r^)-(coskH/i -cosk\|;2)| sin(j)(tan-) 

*' (19) 

where 5( •) is a Dirac delta function: 5 ((|)-())*)=1 when (j) = (j)*, and = 0 when (j) ^ ^*. And, the 
transverse modal control force can be rewritten as 

1 ||LU^3)U3.R^ sin Wd^ = ^ JJ {^im^^.^ru^^^ ,,3^) 
PhN.ii phN, JJ 'dif'       3(1)       '   5(1) 

-[--T^]-Rsin(i)[N;+N;j}.[-CR(k + cos(t))(tan5^coskv|/]d(^dv)/. + - 

] 

sin(j) 5v]/     5v)/ 

= ^[M;,cos«+sin*A[£(|tt)]^.,„3^,^  and  N;=N;„  M;,=M;,. Then, the 

transverse control force is reduced to 

P^kv* phNk^j! 5(t)      5(1) 5(t) 

^^^^^^^"^'^'"'''^^^ +N;j}.[-CR(k + cos(^)(tan^)'^ coskM/]d(^dv  (21) 

^ V3£(t)   . 
Lv^k   trans-'J' 

where the transverse control action (t^_^^J and its contributing meridional and 

circumferential membrane/bending components, i.e., 

(Tktrans ) = (Tk_,ra„s )if,htni + (Tktrans )v,bend + (Tktrans )^,m^m + (Tktrans ) v.mem '       will       bC       CXpHcitly 

defined next. Unlike the meridional and the circumferential control actions, the transverse 
action requires integration by parts to reveal detailed micro-control characteristics. Analyze the 
transverse control action in Eq.(21) term by term, beginning with the first term related to the 
meridional control moment. 
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Iff d   d(yV ) 1     '''2*2 I 

•r^Ypd3,^^--[5((l)-f)-5((j)-<|),)]K(xt/-ii/,)-u,(V-v|/2)]d(^di|/ 

Ydjj^zJ^     C (b 
= ———(---R-r^)-(sink\|/2-sink\|/i){[-(k + cos{t)2)(tan-^)''sin(j)2 

-(k + cos(t>i)(tan^)''sin(t),]-[(k^ +2kcos(|), +cos2(j)i)(tan-^)'' (22a) 

-(k^+2kcos(|)2+cos2((>2)(tan^)'']}. 

And the second term due.to the meridional control moment becomes 

1 r r 9(M°   ) 1        *''2*2 . 

~i:;:rJj  ^°^'l'^^"t~U3k]d<t>dv|; = -rT7- ff -CR(k + cos(t))(tan5''cosk\i/-cos(t) 

•r^Ypd3,<^^-[5((t)-(j),)-5((|)-(t)2)]K(x|;-x|;,)-U3(H/-xi/2)]d<t)di|/ 

= ———(——--r )-(smk\j/2-smk\|/i) 
P^^ ^ (22b) 

• [(k + cos(t)i )(tan-^)'' cos<|), -(k + cos(|)2)(tan—)*= coscftj]. 

Combining Eq.(22a) and Eq.(22b) yields the control action from the meridional control 
Ypd3,^''(t)   . 

moment: [(J^ trans)* bendl- Then, the third term of the circumferential control moment 
P 

in the transverse control action becomes 

^:^\\ ^-T^[-V^]-[-U3k]d(|)dv|/ = -i-    f -CR(k + cos(|))(tan^)''coskv|/-^- 

■ r%d32r • K((f) - ct),) -U3((|) - (|)2)]—[[5(i|/-v|/J - 5(v|/- M/2)]]d(t)dx|/ 

Yd32^^ 
-^--^r^(-CR-r^){(-coskH/2-coskv}/j) + k(sink\|;, -sink\|/2)} f (k + cos(|))(tan-)'' dij) 
phN^^ J 2    sind) 

Ypd32<;J^(t) 
L\^k_trans/(|/,bend J " 

(22c) 
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Finally, the fourth term of the transverse action related to the meridional and circumferential 
membrane control forces becomes 

Iff 1     ^^^ n1 Y21'2 I 

-Rsin(t)[N;^+N;j-[-U3jd(t)dH/=—— jj 2CR^(k + cos()))(tan^)''coskv|/-sin(t) PhN.   JJ ^^     **      -V-M   L    -3.."T^Y       pj^^    J J   ^^^^   ,.^.U.^J,UU.- 
Vl*! 

• Ypd31<^'• K (<t> - <t>l ) - U, ((t) - (t)2 )]K (l(/- V|/, ) - U, (l|/- V|/2)]d(|)d\J/ 

= —T:^J—(2—R^-)-(sinkv|;2-sinkv|/i)| (k + cos(|))(tan*)''sin 

_Ypd3^^   . .    • 

~" ^ Lv-'^ktrans^cti.mem "*" V-'-k_trans/i|/,memJ • 

(22d) 

Note that the meridional and the circumferential membrane control forces Ci.e NL and N" ^ 

appe^ equal, due to the two piezoelectric constants d3i=d32 in hexagonal piezoelectric 
materials and each contributes one half the total membrane control action in the above 
equation. Accordingly, all three control forces and their detailed micro-control actions in the 

total control force  %(t) = -^U{^i</>s)'^^^+V^(<^3)lJ^^+V,(^,)\J,^.R'sin^d^dx^  are 

defined and its simplified microscopic contributing meridional/circumferential bending and 

membrane control components: Ki^)=   " [(%)T   ] 
p 

_Ypd3i^'(t)   -^ 
 ~ [(Tk_merd) + (Tk_cir) + (Tk trans)]  ^^ respcctivcly dcrfved in Eqs.(18), (19), and 

(22a,b,c,d). And their detailed microscopic control actions can be rewritten as 

^ ^ A ^ ^ 

V k_merd>'- Uk.merJ^.bend +(^k_mer)v,bend ■'■(^k_mer)(t,,niem +(Tk_mer)v,mem   » (23) 

^.   k_cir/~Uk_cir-'iti,bend +Clk_cir)v|/,bend +(lk_oir)(j).mem +(Tk_cir)(|;,meni   '                            (24) 

V k_trans/~ Uk_trans>'(|>,bend "'"(^k_trans)x|/,bend +(^k_trans)(j),mem +(Tk_trans)v);,mem   ' (^5) 

where (TJ^^end and (tj^^end denote the bending control moment actions resulting from M"^ 

^d M^^ ; (Tk)^„g^ and (TJ^^^^ denote the membrane control force actions resulting from 

N^ and N^^ respectively. Note that the transverse meridional bending control action 

(Tk_trans)4,,bend ^s thc summatlou of Eqs.(22a) and (22b) and the transverse circumferential 

bending control action {%_^J^^^„„^ is equal to Eq.(22c). The total membrane control action, 

Eq.(22d), consists of a transverse meridional membrane control action (T  ^   )^       and a 
V   K _ trans z 9,mem    "^^^   "■ 

transverse circumferential membrane control action (t^ trans)v.mem • Since the effective moment 
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arm r,* =r^ =1" and the piezoelectric constants d3i=d32, magnitudes of these two membrane 

actions are equal, i.e., (Tk^3„J^^^^= (\_^^J^„^^^. These detailed microscopic modal control 

actions and components corresponding to various design and geometric parameters are 
analyzed in case studies presented next. 

PARAMETRIC STUDY OF ACTIVE VIBRATION CONTROL 

A systematic study of actuator characteristics, micro-control actions, and control 
effectiveness of segmented actuator patches on free-edge hemispheric shells is presented in this 
section. Parametric analyses of design parameters, such as actuator position, shell thickness, 
shell curvature, etc., are conducted to evaluate actuator characteristics and microscopic control 
actions. Standard dimensions of the hemispherical shell are as follows. Shell curvature radius R 
= Im, shell thickness h = 0.01m, and piezoelectric actuator thickness h^ = 40 |im. Effects of 
dimensional changes are compared with those derived from these standard dimensions. Other 

actuator material constants and control signal, e.g.,    P ^'^ ^ y"^ , are assumed constant, such 

that control forces can be calculated when actuator materials and signals are specified. Note 
that although the current piezoelectric materials may not be strong enough to achieve effective 
control, these parametric analyses still reveal actuator's spatial control actions and desirable 
locations for various natural mode controls. 

Control characteristics of natural modes (k=2,3,4) are evaluated in case studies. Since 
the in-plane meridional and circumferential vibrations are usually small as compared with the 
transverse vibration, this study primarily focuses on control effects and micro-control actions 
that are essential to the transverse vibration, i.e., (t^ ^J. The transverse modal control force 

A)Totai  and its micro-contributing components, i.e., ,  (\\^^„  (tj^,,„„  (t,)^„,, and 

(Tk)v,mem»related to actuator positions, shell thickness, shell curvature, etc. are evaluated next. 

Actuator Patch Positions 

The segmented actuator patches are laminated on the shell at 0-10, 10-20, 20-30, ..., 80-90 
meridian degrees and the patch is circumferentially divided at every (2n-l)7i/(2k) radians where 
n is the number of divisions, n=l, 2, 3, ...,2k, and k is the circumferential wave number. Note 
that the circumferential division, i.e., (2n-l)7r/(2k), assures that the patches are divided based on 
nodal lines without any phase shift, such that the maximal control effect can be achieved. 
Figure 3 illustrates the actuator patch segmentation designed for the 4-th hemispheric shell 
mode. 
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Free B.C 

Fig.3 Piezoelectric actuator patch positions for the k=4 mode. 

The overall modal control force of patch actuators (i.e., including the surface integration 
over the patch) is calculated for the k=2,3,4 natural modes. With the segmented actuator 
patches designed as discussed previously, i.e, (2n-l)7i/(2k), the in-plane control actions 

(Tk mer) ^^ (T^^;^) aTC zcro, due to the spatial effect that coski|/, and coskv|/2 become zero 

when specific circumferential angles are considered in Eqs.(18) and (19). Thus, only the 

transverse control action (t^ ^^^^J contributes to the overall control action (t^), which 

includes 1) micro-control actions induced by control moments, i.e., (t^ „ans)(t,bend ^d 

(Tk_tiBns)v,/,bend' ^nd 2) tiiosc induced by membrane control forces, i.e., (t^ tfans)*mem and 

(Tk _ trans )v.mem • Thc total transvcrsc control actions (t^^^^) for the k=2,3,4 modes at various 

patch locations (from 0-90°) are calculated and plotted in Figure 4. Detailed microscopic 
meridional and circumferential control actions including the membrane control components and 
the bending moment control components for the k=2,3,4 modes are respectively calculated and 
summarized in Figures 5-7, and so Nk plotted in Figure 8. 
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Fig.5  Micro-modal control actions at various actuator locations (k=2). 
^ '^ A. yv A 

V     •   VAk_trans^(ti,bend' ■•    Uk_trans)y,bend ' ^'  Vlk_trans),t),mem ' ^^" ^'  (Tk_trans)>)/,mem ' **  C^k) •) 

141 



12 

10 ^ 

8 

6 

4 

2 

0 

-2 

"Tkj3hi_bend 

"Tkj3si_bend 

"Tk_phi_mem 

~Tk_psi_mem 

-Tk Total 

( ♦: (\ 

Meridian position (degree) 

Fig.6  Modal control actions at various actuator locations (k=3). 

_trans/cti.bend ' ■•    C^k_trans^v,bend ' ^'  ' ^k_trans)(|),mem ' ^^'^ ^'  (^k_trans )v.mem ' *'   (Tk) •) 

o 
CO   4 

1 
S  3 
o 
o 

2 

1 

0 

-1 

/ 
*     Tk_phi_bend 

—■— Tk_psi_bend 

—*—Tk_phi_mem 

y: ̂  

/ 

 i 
0-10       10-20      20-30 30-40 40-50 50-60 60-70 70-80 

' ♦— 

80-90 

K/leridian position (degree) 

Fig.7  Modal control actions at various actuator locations (k=4). 

V *•   Uk_trans)4i,bend' ■•    C-^k, trans )v);,bend ' ^'  Cik_trans)i|),mera 5 ^I^Q >^-  (^k   trans ) V|/,mem'*'   (Tk)-) 

142 



8 

7 

6 

5 

z 4 

3 

2 i 

1 

0 

<
     1 

 
1 

1 

—A—  A   A   A   A   A—  A A 

♦— 

 ■  
—•— 

 ■  
 •  

 ■  
 •   •  

1 1 

 •  

1 1 

 •—  • » 

-♦-Nk(k=2) 
-■-Nk(k=3) 
-*-Nk(k-4) 

0-10 10-20       20-30       30-40       40-50       50-60       60-70       70-80       80-90 

Meridian position (degree) 
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(♦: k=2 mode; ■: k=3 mode; A: k=4 mode.) 

Figure 4 illustrates that the control action increases when the actuator patch moves 
from the pole to the free edge and it decreases at higher natural modes. Observing Figures 5-7 
suggests that 1) the total control action decreases when the circumferential wave number (or the 

mode) increases and 2) the membrane components, (Tk)^n,em ^^^ (Tk),;;mem' dominate the 
overall control action. Figure 8 shows that Nk increases when the mode increases, which 
results in a reduced control action at higher modes, since hxNk is on the denominator of the 
control force definition. 

Shell Thickness 

The bending behavior becomes relatively significant in a thicker shell. Variation of 
shell thickness is to evaluate the thickness effect to actuation characteristics. The hemispherical 
shell thickness is assumed changing from 1cm to 6cm, while the standard shell radius R 
remains at Im or diameter of 2 meters. The piezoelectric actuator thickness h^ is 40 |j,m, located 
at 80-90 degree meridian, and the actuators are circumferentially segmented at every (2n- 
l)7r/(2k) radians where n=l, 2, 3, ...,2k. The patch control forces of the k=2-4 modes are 
analyzed and plotted in Figure 9. It shows that the control action decreases when the shell 
thickens, due to increased flexible rigidity, and it also decreases at higher natural modes. 
Detailed k=2-4 modal micro-control actions of various shell thickness are also calculated and 
plotted in Figures 10-12. 
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These data suggest, again, the micro-membrane control actions dominate the overall 
control action and the control action decreases when the shell thickens or at higher natural 
modes. The membrane control force is usually independent of shell thickness, i.e., Eqs.(2-3). 

However, the micro-control actions (\)^^^^ and (t,)^^^„ are defined in Eq.(22d), resulting 

m reduction of (tj^^^^ and (%)^„,^ when the shell thickness h increases. On the other hand. 
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the bending control actions (\\^, and (tj^,,„, usually influenced by the transverse 

location r' =(h/2+h72), i.e., Eqs.(4-5), show little variation, since the actions are defined in 
Eqs.(22a,b) and h7(hxNk) is very small. 

Radius of Curvature 

Next, the hemispherical shell radius changes from Im to 2m, with a standard shell thickness 
h = 0.01m. The piezoelectric actuator thickness h^ remains at 40 )am, located at 80-90 degree 
meridian, and the actuators are circumferentially segmented at every (2n-l)7i/(2k) radians. The 
patch actuator induced control actions of modes k=2,3,4 are presented in Figure 13, in which 
the modal control action decreases as the radius of curvature increases or at higher natural 
modes. Detailed micro-control actions resulting from the meridional/circumferential 
membrane/bending components of modes k=2,3,4 are respectively calculated and plotted in 
Figures 14-16. Again, these data indicate that the primary contributing components are the two 
micro-membrane control actions which decrease due to increased radius of curvature. 

o n 

c o o 

Mode k=2 

Mode k=3 

Mode k=4 
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Fig.l3 Total modal patch control actions (t^ t^^„J 

at various shell radius (Position 80-90, h=0.01, k=2,3,4). 
(♦: k=2 mode; ■: k=3 mode; ▲: k=4 mode.) 
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Fig.l6 Modal control actions at various shell radius (Position 80-90, h=0.01, k=4). 

( ♦=   (Tk_trans)ibend '■> ''    (^k_trms)^^,,bcnd » ^^  (TR_trans)*.n,em ^ ^nd X:  (\t,^J^„,^^ ', *:   (t^).) 

Figure 17 shows that Nk significantly increases as the radius increases, resulting in 
reduction of control actions as the radius increases. And similar to the first two cases, Nk 
increases at higher modes and it causes reduction of control actions at higher natural modes. 
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100 

1.2 1.4 1.6 

Shell radius (m) 

1.8 

Fig.l7 Nk at various shell radius (k=2,3,4). 
(♦: k=2 mode; ■: k=3 mode; ▲: k=4 mode.) 

Control Effectiveness 

With the segmentation technique described previously, i.e., segmented at every (2n- 
l)7T/(2k), the effective actuator area actually increases as the actuator patch moving from the 
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pole down to the boundary rim and it decreases as the natural mode k increases. Figure 18 
illustrates three types (k=2,3,4) of actuator layouts and their actuator size variations. Figure 19 
shows the effective actuator area of three types of layouts increases as the shell radius 
increases. 

0-10        10-20       20-30       30-40       40-50       50-60       60-70 
Actuator meridian position (degree) 

70-80       80-90 

Fig.18 Effective actuator sizes at various patch locations (R=lm). 
(♦: Type k=2; ■: Type k=3; ▲: Type k=4.) 

1.1 1.2 1.3 1.4 1.5 1.6 
Shell radius (m) 

1.7 1.8 1.9 

Fig.l9 Effective actuator sizes versus shell radiuses (Position 80-90"). 
(♦: Type k=2; ■: Type k=3; A: Type k=4.) 

Since the actuator sizes are not constant, consequently the control actions need to be 
normalized such that the true control authority per actuator area can be inferred. These effective 
(normalized) control actions of three actuator layouts are presented in Figures 20-22. These 
data suggest that 1) the effective control effect reaches maximal at the free edge, positioned at 
80-90 degree meridian, Figure 20, 2) the effective control action decreases as the shell 
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thickness increases, Figure 21, and 3) the effective (normalized) control action decreases when 
the shell radius increases, Figure 22. 
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Fig.20 Normalized control actions at various locations (R=l, h=0.01). 
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Fig.21 Normalized control actions at various shell thickness (Position 80-90, R=l) 
(♦: k=2 mode; ■: k=3 mode; ▲: k=4 mode.) 
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Fig.22 Normalized control actions at various shell radius (Position 80-90, h=0.01). 
(♦: k=2 mode; ■: k=3 mode; ▲: k=4 mode.) 

CONCLUSIONS 

Actuation and control of hemispherical shells using segmented distributed piezoelectric 
actuators are investigated in this study. Mathematical models for spherical/hemispherical shells 
laminated with distributed actuator layers were defined first, followed by formulations of 
distributed control forces and their contributing microscopic meridional/cu-cumferential 
membrane and bending control actions based on a simplified bending approximation theory. 
Detailed modal control forces, directional micro-control actions, and normalized control effects 
of free-edge hemispheric shells with various geometric parameters (or design parameters) were 
evaluated. With a delicate modal-dependent segmentation mechanism, i.e., (2n-l)7i/(2k), effects 
of the in-plane meridional and circumferential control forces are eliminated from the overall 
control actions and that of the fransverse control action is retained. The total confrol 

action (T^)T.„(^ depends on actuator locations and modal characteristics, excluding actuator 

material properties and control signals. The modal conti-ol force F^ (t) can be mferred from the 

control   action  by  multiplying   actuator  parameters,   i.e.,      P ^ir \ y  ^   when   specific 

piezoelectric actuator and confrol signals are selected. Qualitative parametric analyses of 
hemispheric shells with segmented patch actuators suggest that 

1) The micro-meridional/circumferential membrane control actions dominate the overall 
modal confrol force; 

2) The modal patch confrol force increases as the actuator patch moves toward the free 
edge; 

3) The actuation magnitude decreases at higher natural modes; 
4) The modal control force decreases as the shell thickens, due to increased shell rigidity; 
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5) The modal control force decreases as the radius of curvature increases and the shell 
radius significantly influences the nominal value of Nk; 

6) The effective actuator size enlarges as the patch location moving from the pole to the 
free boundary rim for a specified k; and 

7) The effective (or normalized) actuator induced control action reaches maximal at the 
free edge and it decreases as the shell thickness or the shell radius increases. 

These generic guidelines can be applied to design of segmented actuator patches, their spatial 
layouts, and control effectiveness of precision hemispheric shells. 
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CHAPTER 9 

MICRO-SENSING CHARACTERISTICS AND MODAL 
VOLTAGES OF LINEAR/NONLINEAR TOROIDAL SHELLS 

ABSTRACT 

Toroidal shells belong to the shells of revolution family. Dynamic sensing signals and 
their distributed characteristics of spatially distributed sensors or neurons laminated on thin 
toroidal shell structures are investigated in this study. Spatially distributed modal voltages and 
signal patterns are related to the meridional and circumferential membrane^ending strains, 
based on the direct piezoelectricity, the Gauss theorem, the Maxwell principle and the open- 
circuit assumption; linear and nonlinear toroidal shells are defined based on the thin shell 
theory and the von Karman geometric nonlinearity. With the simplified mode shape fimctions 
defined by the Donnell-Mushtari-Vlasov theory, modal dependent distributed signals and 
detailed signal components of spatially distributed sensors or neurons are defined and these 
signals are quantitatively illustrated. Signal distributions basically reveal distinct modal 
characteristics of toroidal shells. Parametric studies suggest that the dominating signal 
component resuhs from the meridional membrane strains. Shell dimensions, materials, 
boundary conditions, natural modes, sensor locations/distributions/sizes, modal sti-ain 
components, etc. all influence the spatially distributed modal voltages and signal generations. 

INTRODUCTION 

Toroidal shell structures and components are often proposed for space telescopes, 
inflatable space structures, neutron accelerators, space colonies, cooling tabes, etc. over the 
years. Effective distiibuted control of these toroidal shell structiires can enhance their operation 
precision, accuracy, and reliability. Static, dynamic, vibration, and buckling characteristics of 
toroidal shells have been studied [1-5]. Stress and free-vibration analyses of pipe-type toroidal 
shells have also been investigated recentiy [6-8]. 

Precision maneuver and control of shells requires thorough understanding not only the 
dynamic behavior, but also distributed sensing characteristics serving as performance indices or 
feedback signals [9]. Distiibuted sensing characteristics of distributed segmented sensors and 
spatially shaped orthogonal sensors of cylindrical shells and rings have been evaluated recently 
[10-12]. This study is to evaluate distributed sensing characteristics of linear and nonlinear 
toroidal shells of revolution laminated with spatially distributed piezoelectric sensors or 
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neurons. Mathematical modeling of a generic toroidal shell of revolution is presented first, 
followed by distributed sensing of toroidal shells with spatially distributed sensors. Due to the 
complexity of the original toroidal shells, exact solutions are difficult to derive. Thus, the 
Donnell-Mushtari-Vlasov theory is employed and thus a set of mode shape functions can be 
assiuned and distributed sensor signals can be defined. Detailed spatially distributed sensing 
signals and modal voltages are presented in case studies. 

MATHEMATICAL MODELING 

A thin toroidal shell of revolution and its cross-section are shown in Figure 1 where 
tti = {|) denotes the meridional coordinate and aj =^l denotes the circiimferential coordinate, 

respectively. For convenience, a secondary circumferential coordinate x is adopted as 
X = Ry/r where R is the toroidal shell (major) radius R and r is the shell cross-sectional 
radius. Assume the toroidal shell is thin (with thickness h), and thus it follows the Love- 
Kirchhoff thin shell theory and assumptions. Mathematical models of the linear and nonlinear 
toroidal shells are defined first, followed by the Donnell-Mushtari-Vlasov simplifications. 

Fig.l Atoroidalshellof revolution with a distributed sensor layer. 

Fvirthermore, a spatially distributed sensor layer (with thickness h^) is laminated on the 
shell surface and it is much thinner than the elastic shell, i.e., h»h^ Thus, the influence of 
sensor elastic properties to the elastic toroidal shell dynamics is neglected. The distributed 
sensor layer responds to the dynamic oscillations and generates signals. The sensor layer can be 
further discretized into spatially distributed infinitesimal "neurons" revealing microscopic 
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distributed local signals of the toroidal shells. These spatially distributed signals and modal 
voltages are investigated in this study. 

The Lame parameters and curvature radii of toroidal shells of revolution are 

A, =r, A2 =r^, R, =r,  R2=rV(YC0S(t)). (1) 

where 4 = 1 + YCOS(|) and y = r/R. The membrane and bending strains (s^ and ^ ) of the 
toroidal shells are functions of displacements Ui. 

S?. =-( ^ + U,) 

o 1/ .      ,        ^y 
^xx =-T-(-u*YSin(t) + —^ + U3Ycos<j)) 

1   /^* •     XX      1 ^x s*v =—(-—^ + u Ysm(^)+ ^ 

k =-^('u   ^3x cos(|)au^ 1  a'u 
''       rR^ ' '     d^^   xR^' ax     (r^)^ d^' 

3 

r'^ dx     rR^   5(1)     (R^)^      "^      ^   r'^ 5(t)ax    rR^^ 5x 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

The total strains Sy are the summation of the membrane strain and the bending strain. 

SM = s; + ajk^^ ,    S^^ = s°^ + a3k^^ ,     S^^ = s^ + a,k^^ _ (8-10) 

where a^ denotes the location measured from the shell neutral surface. These strain- 
displacement relations will be used in the signal-displacement equation of spatially distributed 
sensors and neurons later. Following the thin shell assumptions, the rotation angles are defined 

as P^ = -(u^ - —^) and ^^ =—(UJ^YCOS(|) ——^) . For nonlinear toroidal shells with geometric 

nonlinearity defined by the von Karman geometric nonlinearity, the membrane strains need to 
include the quadratic effect of the transverse displacement [13]. 

0 1,^* ,        1^3x2 
r   acj) 2   d^    ^ .jjs 

'xx =;T-(-u*Ysin(j) + —^ + U3ycos(t)) + -(—^)' 
r^ ^ 2   ax    . (12) 
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The resulting membrane forces Ny and moments Mij are defined as functions of membrane 
strains s,° and bending strains k--. 

-s! N,,=^(s;+Kx)     ^^^=K(sl,+iik,,)       N,^=N,^=MZH), 
2        -^ (13-15) 

M^ = ^(k,, + Hk,,)      M,, = D(k^^ + ^k,,)      M,, = M,, = ^^K 

where the membrane stiffness K and the bending stiffness D are respectively defined as 
K = Yh/(l-[i^) and Z) = Yh'/[12(l-n^)] and Y is the modulus of elasticity, |a is Poisson's 
ratio. Accordingly, the system equations of the thin toroidal shells in three axial directions are 
respectively defined as follows. 

-^^-^ + ^(NH-Nn)sin*-r-^-r^Q,3+r^^phu,=r^^q, 

5Q.3 dQ 

(19) 

(20) 

(21) 

where p is the mass density; U; is the acceleration; qi is the external excitation; and the 
transverse shear effects Qij are defined as fimctions of moments. 

1      5M, dM 
^^^ =71^^^^'^"^- -M^)sinc^ + -^] 

n      d^ ^     , (22) 
1      dM. dM 

r^       5(1, ax      . (23) 

As discussed previously, exact analytical solutions of thin toroidal shells of revolutions 
are difficult to obtain. Thus, simplification theories are often employed and simpUfied 
analytical solutions are derived. In tiiis study, the Donnell-Mushtari-Vlasov simplification 
theory is used. There are three fimdamental assumptions in the Donnell-Mushtari-Vlasov 
approximation: 1) in-plane displacements can be neglected in the bending strain expressions, 
but not in the membrane sti-ain expressions; 2) in-plane inertia forces can be neglected, i.e., 
phii^ sO,k = (l),i|; ; and 3) the transverse shear effects, i.e., Q31/R1 and Q32/R2 , in the 
ti-ansverse equations can be neglected. Based on tiie first assumption, one can simplify the 
bending strain-displacement equations. 
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J_5 U3 _ sin(|) Suj       1    5^u, 

6(t)' 
1    k 1   5 U3     sin(j) Suj 

r^^5(t)5x    rR^'  Sx (24-26) 

Based on the second and third assumptions, the influence of in-plane inertia forces is neglected 
and the transverse shear terms are also neglected. Thus, the simplified system equations based 
on the Donnell-Mushtari-Vlasov theory become 

"^^^ + 2ryN^^sin(|)-r—^ = 0 , 

r^DV'uj +^N^^ +N^^YCos(|) + r^phu3 =r^q3 , 

(27) 

(28) 

(29) 

where V'(«) = ^— ^ 
a(.) 

+■ 

5H  ^'t') ^xU ^x 
ia(.) 

. A set of assumed mode shape functions 

based on the simplified theory are then defined and used in the modal signal-displacement 
expressions next. 

DISTRIBUTED SENSING AND MODAL VOLTAGES 

The spatially distributed piezoelectric sensor layer responds to dynamic strains and 
generates electrical signals, due to the direct piezoelectric effect. Based on the modal expansion 
concept, the displacement is composed of all participating modes. Thus, the sensor signals are 
also functions of modal dependent strains. In this section, mode shape functions are defined 
first, followed by modal dependent signals - modal voltages. Based on the Gauss theory. 

Maxwell's principle and the open-voltage assumption, the sensor signal ^^ of a generic shell 
sensor can be expressed as [9,14] 

(30) 

where S^ is the effective sensor area; h^ is the sensor thickness; Si 1 and S22 are the normal 
strains; S12 is the in-plane shear strain; and hsi, h32 and hag are the piezoelectric (displacement) 
constants. Note that h3j = h.^^ and h3g = 0 for most commercial piezoelectric materials. (Note 
that since the in-plane electric fields are negligible for most widely used piezoelectric materials, 
e.g., polyvinylidene fluoride (PVDF), the sensing signals resulting from the in-plane electric 
fields are not considered here. However, it has been reported that, for some specific 
piezoelectric structures, the in-plane electric field could be more significant than the through- 
the-thickness electric field and the through-thickness electric potential is not linear even in the 
case of a thin-walled structure [15,16].) Expanding the surface integration and using the 
toroidal shell parameters yields 
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n 

^' =^ L(h3.Sn +h32S^22)AiA2da,da2 
^ , (31a) 

i^>^((^,V) = ^J J (h3,S;,+h3,S;^)r^(l + Ycos(t.)d<))dvi/ 
S  * V . (31b) 

where the superscript "s" denotes the sensor related properties. Ai and A2 are the Lame 
parameters; a, and a^ are the two curvilinear coordinates. The mode shape lunctions (or the 

displacement fields) Ui (i=(t), y, 3) defined in the modal domain of the shear-diaphragm 
supported toroidal shells following the Donnell-Mushtari-Vlasov approximation are [8] 

U,=t i;A.nSin(mc^)sin(iH^) 
■„=i „=i H/     ^ ^32^^ 

U,=|: |;B^„cos(m(|,)cos(=) 
m=l    n=l V        ^ P2b) 

U3=i; |;C^cos(m(t.)sin(^) 
m=l    n=l V|/ P2c) 

where Amn, Bmn, and Cmn are the modal oscillation amplitudes; v|/ * defines the circumferential 
angle ( 27t > v)/* > 0); and m (meridional), n (circumferential) are the mode (or half-wave) 
numbers, m,n =1,2,.... (Note that the rigid body mode has no strain variations and thus there is 
no signal generation associated with the rigid body mode, although there exists a rigid mode for 
a totally free toroidal shell.) Thus, the mn-th mode shape functions of the shear-diaphragm 

supported toroidal shells are U^(m,n) = A^ sin(m(|))sin(^^) 

U^(m,n) = B^ cos(m(t))cos(—7-), and U3(m,n) = C^ cos(m()))sin(^^), respectively. For 

convenience, the subscripts m and n associated with the modal amplitudes are neglected in the 
following derivations. Note that the mode shape fianctions satisfy the so-called shear diaphragm 
boundary condition analogous to the simply supported boundary condition of a simple beam 
[8,17]. 

Recall that the distributed sensor layer is surface laminated and its mid-plane distance 
measured fi:om the shell neutral surface is r'=r2 =(h + h')/2. Accordingly, toroidal shell 

strains S^^(m,n) = s^+a3k^^ and S^^(m,n) = s;^ +"31^^^ defined by the modal amplitudes 
are respectively written as 

s;(m,n) = ^^^^^sm(^)cosirn^),    k,(m,n) = ^sin(=)cos(m(^) 
V r VK ^   (33.34) 

s;^(m,n) = — 
r^ 

• Ay sin(m(j)) sin (j) - B(—^) cos(m(|)) + Cy cos(m(j)) cos (j) 
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sm(^^) 

^       ,        (35) 



k^Jm,n) ^sin(mc^)sin^ + -^(i?^)^cos(mc^)lin(i^) 

(36) 

Since the sensor layer is thin and surface laminated, the strains in the sensor layer is equal to 
the outmost surface strains of the toroidal shell, hnposing the Donell-Mushtari-Vlssov 
assumption and including the sensor location effect yields the strain-mode shape function 
relations and the sensor signal equation of the distributed sensor layer laminated on the toroidal 
thin shell. 

S;(m,n) = 

S;,(m,n) = { 

(mA + C)    (h + h')(m^C) 

r       ^ 2r' 

Ay    (h + h^)(mC) 
x% 2rR^ 

sm(—^)cos(m(j)) 

(37) 

+ nTty.    C(h + h') nTry , 

sin(m(|))sin(|) 

cos(m(|)) 

+ CYcos(m(|))cos(j) }sin(——) 
(38) 

h^ 
(^l(i¥) = |-n {hj S' 

(mA + C)    (h + h^)(m^C) 
r       "^ 2x' 

sm(—^)cos(m(t))] 

Ay    (h + h')(mC) 
r^ 2rR^ 

+ _B('iHD:) + ^(hj±!)/'iEIv 
.     'V 2(r^)^   \'^ 

sin(m(j))sin(() 

cos(m())) 

+ Cy cos(m<t)) cos if } sin(^^) ] • r' (1 + y cos (t))d(|)d\|/ (39) 

ANALYSIS OF DISTRIBUTED SIGNAL COMPONENTS 

Note that the sensing signals defined previously are the distributed signals integrated 
over the whole sensor area S^ and averaged over the sensor area, due to instantaneous charge 
distribution and averaging on the sensor surface. Accordingly, only the "averaged" spatial 
effect is displayed. In order to study microscopic signal-strain relations, the sensor electrodes 
are assumed infinitesimally small - "sensor neurons" and thus local signal distributions can be 
revealed. Spatial modal voltage distributions can be established by plotting all local neuron 
signals f^{^\,\\i\), where "*" denotes a specified neuron location "a". 
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f^(Kyj=i^'{K[ 
(mA + C)    (h + h^)(m'C) 

■h3.[( 
Ay    (h + h^)(mC) 
r^ 2rR^ 

2v' 

sin(m(j))sin(|) + 

sin(—7-)cos(m(|))] 

• cos(m(t)) + (Cy) cosCmcj)) cos (j) ) sin(^)] } 

(40) 
Thus, the total signal is [f^(K,WjMf^(C<)L^+[fr^(^Wjl,., where the subscripts 
"mem" and "bend" denote the membrane and the bending effects, respectively. The modal 
sensing signal [f^(f„\\rl)]^,„ induced by the membrane strains and that [f^(f„\\il)\,,^ 
induced by the bending strains are respectively defined as 

[<^l(<t):.V:)]„e„ =hXh3,s;+h3,s;^) = h^lh3, .lH}^±^sin(iH^)cos(m(t,) 

Ay sin(m<t)) sin ^ - B(^) cos(m(j)) + Cy cos(m(|)) cos ^ +K- 
r^ V 

sin(—f ) 
V 

[(^>l(<l>a.ya)]bead = h'Chjir^k^^ + h32r2^k^^) with r/ = r| =-(h + h^) 

[<»mn('t>a'Va)]bend  =—^ 'iK 2        Sm(-^) COS(m(^) 
2        [ r v|/ 

+ h 32 
(mC) 
rR^ 

sin(m(t)) sin (|) + -—- {^f cos(m(|)) ^sm(-^) 

(41) 

(42) 

(43) 

Accordingly, detailed signal contributions from various strain components and their modal 

voltages can be evaluated and significant components identified. 

SENSOR SIGNALS OF NONLINEAR TOROIDAL SHELLS 

Distributed signals and their strain contributions of a distributed sensor layer laminated 
on a thin linear toroidal shell of revolution are defined previously. Distributed signals and 
modal voltages of a sensor layer and neurons laminated on a nonlinear toroidal shell are 
defined in this section. As discussed previously, based on the von Karman geometrical 
nonlinearity, the bending sti-ains of the nonlinear toroidal shell remain identical to the linear 
case. However, a quadratic effect of the nonlinear transverse displacement is added to the 
membrane strains [18]. 
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*« 
l,5u^ 1/^3 -(-f + U3) + ^(^) 
r   5(1) 2   5(j) 

1 ^i. 

^xx - T(-u^ysin(() + —^ + u3Ycos(j)) + -(—^)2 
^s 5x 2   5x 

si = 

(44) 

(45) 

Assume that the geometric nonUnearity is small and its influence to natural modes is 
insignificant. Substituting the mode shape functions defined for the toroidal shell with the 
Denell-Mushtari-Vlssov assumption and simplifying gives the strain-mode shape function 
relations. 

ife^=i(mC)'sin'(iH3i)3m={m« 

~i^~^^ ~n     ^~^^ ^^^ (—7^)cos (m(t)) 

s;(m,n) = (^^?^±^sin(iH^)cos(m,f) 4(mC)^ sin^(=)sin^( 
V V 

m(t)) 

sL(ni,n) = .nTry, 
• Ay sin(m(j)) sin (j) - B(—^) cos(m(j)) + Cy cos(m(b) cos d) 

4c^(i^)^cos^(=)eos^(mc^). 
2       v|/ H/ 

(46) 

(47) 

(48) 

sin(—^) 

(49) 

The mn-th modal sensing signals [(^KK,^/*)]^,^ induced by the membrane strains, that 

[<^l(<t>I = M^I)]bend contributed by the bending strains, the total signals 

[^l(<t>I,V^I)] = [<^K<t)I.¥*a)]men + [<2>1 («I>I>M^I)]be„d > ^nd thc Spatially distributed signals 

[<^1 (<!>'¥)] including the geometric nonlinearity effect can be respectively defined as follows. 
Note that [f^ ((|)'^, M^\ )\^^^ is identical to the linear case. 

= h' 

+ h. 

[<^>l(<^I,V:)Le„=h^(h3,s;+h32s;^) 

^^^^^^^sin(=)cos(m(^)4-l(mC)^sin^(=)sin^(m«^)' 
r v|/ 2 v)/ 

r^ 
- Ay sin(m<j)) sin (|) - B(^) cos(m(t)) + Cy cos(m(b) cos A sm(—^) 

4c^(=)^cos^(=)cos^(m^) 
2        y v|; 

^ 
(50) 
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r a ' T a /Jbend 

(mC) 

 ^  iK ^-^ sin(—f) cosCmcj)) 
H' 

+ h. sin(m(|))sin^ + ^^(^5^)2 cos(m<))) ►sin(—--) (51) 

<^>l(C¥:) = hih3,[ 
(mA + C)    (h + h')(m'C) 

2r^ 
sin(—7-) cos(m(j)) 

¥ 
1 .nnij/, 

+1 (mC)^ sin^ (i^) sin^ (m(|,)] + h3 J( Ay    (h + h^)(mC) 
r^ 2rR4 

sin(m(j))sin()) 

+ 
v|/ 2(r4)'      v|/ 

•cos(m(t)) + (Cy)cos(m(j))cos(j) )sin(—^) 

1 ,n7ry^ ,n7r\j/, 
+ ^C^(^)^cos^(^)cos^(m,^)]} 

2        \}/ vj/ (52) 

^l(*,y) = |-J /{hj 

1 

(mA + C)    (h + h^)(m'C) 

2r^ 
sm(—r-)cos(m(t)) 

V 

+ |(mC)^sin^(^)sin^(m(|,)] + h3j( Ay    (h + h^)(mC) 
r^ 2rR^ 

sin(m{|))sin()) 

_ B("^) + ^(^ + h') r^^y 
^ 2(T^y >• 

■ cos(m(|)) + (Cy) cos(m(j)) cos (j) ) sin(—7-) 
^| 

+ ^C^(^)^cos^(^)cos^(m<t))] }T^(l + ycos(|))d(|)dv|/ (53) 

Thus, distributed modal voltages and signal contributions of nonlinear toroidal shells can be 
evaluated accordingly. Again, the sensing signals are calculated based on "small" geometric 
nonlinearity of toroidal shells, such that the mode shape fiinctions remain vminfluenced. 

MODAL VOLTAGES AND SIGNAL ANALYSIS 

Recall that the signal generation is a function of strains induced in the sensor layer at 
various modal oscillations of the toroidal shells. Modal voltages and signal components 
associated with various strain components are analyzed in this section. It is assumed that the 
piezoelectric constants hsi and h32 are the same, the radius ratio R/r = 4, and the modal 
amplitudes Amn, Bmn, and Cmn are assumed unity. Thus, the modal signals are normalized with 
respect to the modal amplitudes, per se. Note that the modal amplitudes Amn, Bmn, and Cmn 
fluctuate at different modes and their relative amplitudes vary with respect the shell geometries 
and/or sizes in reality. Accordingly, the following modal voltage plots and various signal 
components only provide qualitative information. Quantitative modal voltages can be inferred 
only if the "true" modal amplitudes of the toroidal shell are well defined. This modal amplitude 
influence to the nonlinear component is significant, since there is a quadratic term involved in 
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the expression, due to the von Karman geometric nonUnearity. The true signals of the nonlinear 
component are usually small when the true modal amplitudes are considered. 

Figures 2-5 illustrate the distributed modal signal components of the toroidal shell 
respectively induced by the meridional membrane strains, the circumferential membrane strains, 
the meridional bending strains, and the circumferential bending strains. In order to illustrate the 
individual modal effect in a specific direction, only one wave number is allowed to change 
from 1 to 4, while the other wave number is fixed. For example, m varies from 1 to 4, while n 
is fixed at 1, i.e., (m=l-4,n=l). Figures 2 and 4 illustrate the signal variations (m=l-4,n=l) in 
the meridional direction ^ on the open cross-sections; Figures 3 and 5 show the 
circumferential signal variations (m=l,n=l-4) of the toroidal shell. Note that the top left is "1", 
the top right is "2", the bottom left is "3", and the bottom right is "4" in the following modal 
signals. Furthermore, modal voltages (m=l-4,n=l-4) contributed by the total membrane strain 
components and those contributed by the total bending components are presented in Figures 6 
and 7. There are a total of sixteen modal voltage components to illustrate the signal variations 
at various natural modes in each plot. Again, the modes are arranged from the top left to the top 
right, and then from the bottom left to the bottom right in these distributed modal signals. These 
modal voltages and their signal components clearly illustrate distinct modal characteristics. 
Again, these signal distributions are calculated based on the infinite number of infmitesimally 
small sensor electrodes - neurons, such that the microscopic distributed signal behaviors can be 
observed clearly. 

.    Membrane/Meridional (m=1-4) 

Fig.2 Signal distributions induced by the meridional membrane strains. 
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; Membrane/Circumferential (n=1-4) ; 

Fig.3 Signal distributions induced by the circumferential membrane strains. 

Bending/Meridional (m=1-4) 

Fig.4 Signal distributions induced by the meridional bending strains. 
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Bending/Circumferential (n=1-4) 

Fig.5 Signal distributions induced by the circumferential bending strains. 

Membrane Signal (m=1-4,n=1) 

(a) Modes (m=l-4,n=l) 

166 



Membrane Signal (nn=1-4,n=2) 

(b) Modes (in=l-4,n=2) 

Membrane Signal (m=1-4,n=3) 

(c) Modes (m=l-4,n=3) 
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Membrane Signal (m=1-4,n=4) 

(d) Modes (in=l-4,n=4) 

Fig.6 Modal voltage distributions contributed by the membrane strains 
(m=l-4;n=l-4). (a) Modes (m=l-4,n=l); (b) Modes (m=l-4,n=2); (c) Modes (m=l-4,n=3); 

(d) Modes (m=l-4,n=4). 
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Bending Signal (m=1-4,n=1) 

(a) Modes (in=l-4,n=l) 

Bending Signal (m=1-4,n=2) 

(b) Modes (m=l-4,n=2) 
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Bending Signal (m=1-4,n=3) 

(c) Modes (m=l-4,n=3) 

Bending Signal (m=1-4,n=4) 

(d) Modes (m=l-4,n=4) 

Fig.7 Modal voltage distributions contributed by the bending strains (m=l-4;n=l-4). 
(a) Modes (m=l-4,n=l); (b) Modes (m=l-4,n=2); (c) Modes (m=l-4,n=3); (d) Modes (m=l-4,n=4) 
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Again, these modal voltage plots and various signal components only provide 
qualitative spatial distribution of sensing signals. Quantitative modal voltages can be inferred 
only if the "true" modal amplitudes and geometries of the toroidal shell are well defined. 
Analytical solutions also suggest that the membrane induced signal component is much larger 
than the bending induced signal component. The meridional membrane component is larger 
than the circumferential component. 

Detailed two-dimensional distributed signals in the meridional and circumferential 
directions are also calculated and plotted. Figure 8 illustrates the signals (m=l-4,n=l) and 
(m=l,n=l-4) respectively induced by the meridional and circumferential membrane strains of a 
linear toroidal shell; Figure 9 illustrates the signals (m=l-4,n=l) and (m=l,n=l-4) induced by 
the meridional and circumferential bending strains of the linear toroidal shell. Figures 10 and 
11 respectively illustrate the distributed signals induced by the meridional and circumferential 
membrane strains of a nonlinear toroidal shell. For convenience, a reference point is used in the 
circumferential plots. Note that the signals induced by the meridional component are more 
significant than those induced by the circumferential component, because the strain levels are 
higher in the meridional direction. The signal distribution patterns, Figures 10 and 11, of the 
nonlinear toroidal shell are different from those. Figure 8, of the linear toroidal shell, due to the 
quadratic nonlinear term in the membrane strains. The signal distributions. Figure 9, induced 
by the bending strains remains identical for both linear and nonlinear toroidal shells. 

Linear 

.0.5 0.5 1.5 

Fig,8 Signal distributions (m=l-4,n=l) and (m=l,n=l-4) respectively induced 
by the meridional and circumferential membrane strains. (0: Toroidal shell; 1-4: iM* modes) 
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i3_        lA 

DMV 

-15 -1 

DMV 

-1 s -t 

Fig.9 Signal distributions (m=l-4,n=l) and (m=l,n=l-4) respectively induced 
by the meridional and circumferential bending strains. (0: Toroidal shell; 1-4: l"-4"' modes) 

->o   <-1 

->o 

Fig.lO Signal distributions (m=l-4,n=l) induced by the meridional 
membrane strains of a nonlinear toroidal shell. (0: Toroidal shell; 1-4: l'*-4"" modes) 
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Fig.ll Signal distributions (m=l,n=l-4) induced by the circumferential 
membrane strains of a nonlinear toroidal shell. (0: Toroidal shell; 1-4: l'*-4*'' modes) 

CONCLUSIONS 

Toroidal shells belong to the shells of revolution family, in which the shell surfaces are 
formed based on full or partial rotations of specified lines or curves. Dynamics, measurement, 
and control are critical issues to advanced precision toroidal shell structures and components. 
Dynamic sensing signals and their distributed characteristics of spatially distributed sensors or 
neurons laminated on toroidal shell structures are investigated in this study. Mathematical 
models of linear and nonlinear toroidal shells were established based on the thin shell theory 
and the von Karman geometric nonlinearity assumptions. Modal dependent distributed signals 
and detailed signal components of spatially distributed sensors or neurons were defined based 
on the simplified mode shape functions defined by the Doimell-Mushtari-Vlasov theory. 
Detailed modal signal distributions depend on variations of the meridional and circumferential 
membrane/bending strains, defined by the direct piezoelectricity, the Gauss theorem, the 
Maxwell principle and the open-circuit assumption. Accordingly, with the analytical solutions, 
various distributed signals, modal voltages, and contributing signal components of distributed 
thin-film sensors and neurons laminated on linear and nonlinear toroidal shells were evaluated 
quantitatively. Parametric studies of distributed modal vohages and signal distributions suggest 
that the dominating signal component resuhs fi-om the meridional membrane strains, then the 
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circumferential membrane strains. The signals contributed by the bending components are 
relatively insignificant, as compared with the membrane counterparts. Signal distributions 
basically reveal distinct modal characteristics of toroidal shells. Analysis data also infer that the 
distributed sensor layout of this toroidal shell is meridionally laminated strips that would 
provide the best measurement effect at the least material cost. This analysis also suggests that 
distributed signals and dominating signal components of toroidal shells depends on not only 
materials and dimensions, but also boundary conditions, natural modes, sensor locations, modal 
strain components, etc. As these design parameters change, the effective distributed sensor 
layouts or signal patterns would also change. 
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CHAPTER 10 

MICRO-CONTROL ACTIONS AND LOCATION SENSITIVITY 
OF PATCHE ACTUATORS ON TOROIDAL SHELLS 

ABSTRACT 

Toroidal shell structures have been proposed for components of inflatable telescopes 
and space structures, etc. over the years. Thus, distributed control of toroidal shells becomes a 
critical issue in precision maneuver, operation, and reliability. The converse effect of 
piezoelectric materials has made it one of the best candidates for distributed actuators. The 
resultant control forces and micro-control actions induced by the distributed actuators depend 
on applied voltages, geometrical (e.g., spatial segmentation and shape) and material (i.e., 
various actuator materials) properties of the actuators. The purpose of this analysis is to study 
the spatial location effects of actuator placement and to evaluate the micro-control actions 
imposed upon toroidal shell structures. Mathematical models and governing equations of the 
toroidal shells laminated with distributed actuator patches are presented first, followed by 
formulations of distributed control forces and micro-control actions including 
meridional/circimiferential membrane and bending control components. Spatially distributed 
electromechanical microscopic actuation characteristics and control effects resulting from 
various meridional and circumferential actions of actuator patches at various shell locations are 
evaluated. 

INTRODUCTION 

Over the years, toroidal shells have been used or proposed for structures and/or 
components of tubular cooling systems, neutron accelerators, space telescopes, inflatable space 
structures, space colonies, etc. Effective control of these toroidal shell structures or 
components can enhance operational accuracy, precision, and reliability of these high- 
performance structural systems. Static, dynamic, vibration, and buckling characteristics of 
toroidal shells have been studied (Naboulsi, Palazotto and Greer, 2000; Redekop, Xu and 
Zhang, 1999; Galletly and Galletly, 1996; Leung and Kwok, 1995). Stress and free-vibration 
analyses of pipe-type toroidal shells have also been investigated (Gavelya and Kononenko, 
1975; Melo and de Castro, 1997; Huang, Redekop and Xu, 1997; Leung and Kwok, 1994). 
Recent development of smart structures and structronics technology has demonstrated a 
number of new distributed actuators that can be spatially distributed over shell structures 
(Gabbert and Tzou, 2000; Tzou and Bergman, 1998). Distributed control characteristics and 
effectiveness of plates, rings, cylindrical shells, paraboloidal shells using distributed segmented 
or shaped actuators have been investigated (Liu and Tzou, 1998; Tzou, Zhong, and Hollkamp, 
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1994; Tzou, Bao, and Venkayya, 1996; Tzou, Ding, and Hagiwara, 2002), as have the 
nonlinear structures (Zhou and Tzou, 2000; Tzou and Bao, 1997). Micro-sensing characteristics 
and modal voltages of linear and nonlinear toroidal shells have been recently studied (Tzou and 
Wang, 2002). This study focuses on detailed evaluation of dynamic distributed control and 
microscopic control actions of toroidal shells laminated with segmented piezoelectric actuator 
patches. Modal domain governing equations incorporating global actuator-induced distributed 
control forces of toroidal shells laminated with distributed actuator patches are defined first. 
Distributed control forces and micro-control actions resulting from a constant-size actuator 
patch at various shell locations are analyzed and its modal-dependent spatial control 
effectiveness is evaluated. Spatially distributed electromechanical actuation characteristics 
contributed by various meridional/circumferential membrane and bending control actions are 
investigated in case studies. 

MODELING OF TOROIDAL SHELL WITH SPATIALLY DISTRIBUTED ACTUATORS 

A toroidal shell structure laminated with piezoelectric actuator layers is illustrated in 
Figure 1 where cj) denotes the meridional direction, v the circumferential direction, and a3 the 

transverse direction. (Note that italic (p^ denotes the control signal used in control action 
analysis presented later.) Key geometric parameters of a toroidal shell are: "R" the 
circumferential radius, "r" the meridional radius, the Lame parameters Aj = r and A^ =rt,, and 

the radii of curvatureR, =rand Rj =^%„Q X where ^ = l + ycos(t) and Y = r/R (Tzou and 

Wang, 2002). Independent modal control of toroidal shells with distributed piezoelectric 
actuators is discussed in this section. Micro-control actions and their directional behavior 
induced by actuator patches are discussed in the next section. 

Actuator Patch 
Area: 15°(v|;)x15°((|)) 

/ 
/ 

Fig.l Toroidal shell section laminated with piezoelectric actuators. 
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Assume that the total response of the toroidal shell is composed of all participating 
modes based on the modal expansion concept. Accordingly, independent modal control 
characteristics, without spillover and modal coupling, of toroidal shells derived from the modal 
expansion method can be written as 

where Ti^(t) is the modal participation factor; q^ is the modal damping ratio; co^ is the m- 
n-th natural frequency; F^ is the modal force; and m denotes the meridional wave number and 
n denotes the circumferential wave number. The generic modal force F^ of the toroidal shell 
structure consists of two primary components: 1) the mechanical force induced by external 
loads Fi and 2) the control force induced by the distributed actuators m(^^) with a transversely 
applied electric control signal ^ (in italic). 

^™ =^ ! 1 £ [F. +m.)njAA,da,da, =t„+Fi; 
phN^na,   a,      M 

(2) 

where p is the shell mass density; h is the shell thickness; Ai and A2 are the Lame parameters; 
tti and a2 respectively denote the (j) and v|/ directions; 

^- = -^ J  J (Z Fi U.^}A,A^da.da; (3a) 

^-=71^1 I   ■{f,m^s)-^ij -A.A.da.da,; (3b) 
r        mn a,   a2 '=' 

^™ = J   I (X Uf_^)AiA2daida2; and Uimn is the mn-th mode shape function of the toroidal 
a,    02      '="' 

shell. Again, V-i^^) is defined as a control action induced by the converse piezoelectric effects 
with a transversely applied control signal (^^ (Tzou, 1993). The subscript i denotes the 
coordinate directions, which are 1=^, 2=\]j and 3, i.e., the meridional, circumferential, and 
transverse directions, respectively. The control actions imposed to the toroidal shell in three 
directions can be respectively written as 
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+ cosSM;.+sind ^-cosSM^J. 
5()) 

Where N,^ denotes the membrane control force, M^ denotes the control moment induced by 

the distributed actuators and d = 7i-(l). Substituting the Lame parameters (A, =r and 

A2=r^), the radii of curvature (Ri=r   and   R2=^y^    ,   where   ^ = l + Ycos(i)   and 

y = r/ R ) and two principle directions ai = (|), a2 = x (where % = (R/r)\[/ =y\\f)of the toroidal 
shell into the generic control forces yields 

(7) 

m^,) = -if^-Ifi^, (8) 
r^   dx       (r^y     dx 

r'   5(t)'        R^     '"^    (r^)'   di'      r    **    rR^^ 8^ 

+ COSSM?,+sinS ^-cosSM^J. 
9(() "''■ 

(9) 

Recall that mode shape functions are required to explicitly define all modal forces. The 
shear-diaphragm boundary conditions are considered in this analysis. Following the shear- 
diaphragm boimdary conditions and the Donnell-Mushtari-Vlasov approximation, one can 
define the mode shape functions of toroidal shells as (Huang, Redekop and Xu, 1997) 

U*. = t t A^ sin(mS)sin(^), (11) 
m=l    n=l ^l 

U.. = E t B^ cos(m3) cos(=), (12) 
m=l    n=I H' 

Us^ = E i C^ cos(md)sin(=), (13) 
m=l    n=l V 

where Amn, Bmn and Cmn, are the modal oscillation amplitudes; \\i* defines the circumferential 
angle (27i > \j; > 0); m (meridional), n (circumferential) are the mode or wave numbers. (Note 
that although the elasticity of toroidal shells follows the Donnell-Mushtari-Vlasov 
approximation, the control forces and micro-control actions are generic without any 
simplification.) Thus, the modal force induced by distributed mechanical loadings (external 
forces) and the distributed actuator respectively become 
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^°" ^'dr^ J" ^ ^*^^- sin(ma)sin(=)] + F^ [B^ cos(m9)cos(=)] 
H        mn  A    m Y Vj/ 

(14) 
+ F3[C^cos(m9)sin(^)]}r^§d(t)dii/; 

PhN^; i        r   a(^      R^        '   ''''       **^   rR^' 

■]An„sin(m&)sm(-^) 

and 

^ R^     "''    r^   d^'      (T^f   dx'      r   ** 

+ 4r(cos &M?^ - 2sin S-^^ + sin S^^i^ 

-cosSM^^)] C^ cos(ma)sin(^) } r^^d(t)dv|/; 

N„, = J J {[A^ sin(m9)sin(^)]^ +[B^ cos(mS)cos(^)]^ 

+ [C^ cos(md)sin(^)]^}r^^d(|)di|;. 

(15) 

Distributed Piezoelectric Actuators and Micro-control Actions 

The distributed control forces and moments induced by the piezoelectric actuator with a 
transversely applied control signal f (i.e., f =(l)^) are respectively defined as 

N;=d3,V^        ^d        N;^=d3,V^ (16,17) 

M;=r;d3,V^ ^d      M;^=r;d3,Ypr • (18,19) 

Substituting x = (R/r)M/ into F^ to convert fi-om x to the conventional circumferential y 
coordinate yields 
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'- -^l / ''--r^^ir''''- -'^^^^^^irr''''- -^^^^ 
1 ^M;, 

]A^sin(md)sin(i^) 

(20) 

-COSSM;^)] C^ cos(ma)sin(i^)} r^^d(^dx|/. 

Assume the piezoelectric actuator is uniform thickness (i.e., r^^ = r^^ = r") and two piezoelectric 

constants are equal (i.e.,d3i =d32). Substituting definitions of actuator induced forces and 

moments into the above generic control force expression F^, and separating them into 
individual contributing micro-membrane/bending control actions gives 

mn ~ V •'■mn >'(]).mem "*" V ^mn-'(ji.bend "'" V-'^mn/v/.mem "''C-'-mn)\(/,bend • (21) 

Note that (T^)^,^^™ is the meridional membrane control force component, (f^\,^^^ is the \\i 

membrane control force component, (t^)^,be„d is the meridional bending control component, 

3^d (T^„),|,,bend is the v|/-bending control component. These micro-control actions are 

-^mi tos(^mi:*;sm(^—^) 
vi/ 

(22) 

(t™),._ =^j J {^C^cos(ma)sin(=) 

Ads'"    ^^sinS^ .      . .   „. .   nnxij      ^ 
"t;"^ + ^r~^ ^^ sm(md)sin(-#)} r^^d(^dx|/ 

(^mn )v.mem "     ,..        J    J   { L      p.        ^ ^nm Sm(mS) Sm(^!^) 

-[^^] B^ cos(mO)cos(^). [£^] C^ cos(mO) (23) 

•sin(^)}r^^d(^dv. 
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(T™),«-^j^J I (-[-^ + -—]A„sm(m9)sm(-Ji) 

+ [^(cos8^--2sin9^)-l^]C^cos(m9)sin(i^)} (24) 

• r^^d())d\|/, 

-cosSr)--^|^] C^ cos(m&)sin(i^)} r^^^dy. 
(Kg   d\\i \|/ 

PATCH ACTUATOR INDUCED MICRO-CONTROL ACTIONS 

Note that F^„ =F^+F^ where the mechanical force F^ is neglected in the analysis of 

micro-control actions. The transversely applied control signal f(^,\\i,t)  (in italic) can be 
expressed by a temporal part and a spatial part where the spatial part defines the patch 
boundary: 

(;>^(<t),v[/,t) = ^^(t)K((t)-(t),)-u,((t)-(j)2)]K(v|;-i|/i)-u,(v|/-H/2)] , (26) 

where Us(-) is the unit step function: Usi^-^O = 1 when (j) > (j)!, and = 0 when (j) < ^i. Its spatial 
derivatives are 

— <^^((|),H/,t) = ^^(t)K((|)-(t)i)-u,((t)-(t)2)][5(v|/-v|/,)-5(M/-M/2)]. (28) 

where 5( •) is a Dirac delta function: 5 ((t>-(|)*)=l when ([) = (j)*, and = 0 when ^ ^ (j)*. These two 
expressions will be used in micro-control actions of segmented actuator patches later. Thus, the 
micro-control actions restricted by the segmented electrode on the segmented actuator can be 
further defined. Substituting the patch definition, further manipulating the four micro-control 
actions, and eliminating the r^t, terms yields the final forms which are used to evaluate their 
modal control characteristics of distributed patch actuators laminated on a toroidal shell in case 
studies. 
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(T„„,)*,„,em =—^ 1 {^   L C^r^cos(m&)-A^—sindsin(m9) 

• £  sin(^)dij/}-A^r{[ [l + |-cos(7i-f )]sm[m(7i-(|),)] (29) 

-[1 +—cos(7r-(|)2)]-sin[m(7i-(t)2)] ]• T  sin(^) dvj/} }, 
K. •Vi vj/ 

d3iYp(^^(t)r2 .    rt.,  r 
(Tn„)v.mem = 7TZ — | { I    [ A^ sin 9 sin(ma) + C^„ cos 9 

phN„„     R      -^1 

• cos(ma) ]d(t) • f^   sin(^) dv|/}-B„„{[ cos(^) (30) 

-cos(^^) ]f   cos(m9)d(^} }, 
Vj/ "''i 

rM3,Y«)^(t).   r    1*2 r 
(T„„,)^.bend = —-TT^ 1 FU    L C^ COS9 cos(mS) - A^ sinS 

•sin(ind) ]d<))£  sin(^)dv|/}-A^{[[l + i-cos(7c-(|),)] 

• sm[m(7r-(t),)]-[1 +—cos(7x-(|)2)]• sin[m(7t-^2)] ] 
R 

r  sin(^)di|/}-C^^{[ sin(7t-(t),)cos[m(7r-(t)i)] (31) 

- sin(7i - (|)2)cos[m(7i - (t)2)] ]JJ'  sin(^) dv|/} - C^ 

^t ' ^[S((^-i)-S('t)-<^2)]]-^cos(ma) 

•r  sin(=)dW}, 
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C ^ mn K,bend " -^ ^    R Ui     ^  ^^ ^^^ ^ Sin(mS) - C^ COS & 

•cos(m9) ]d^r  sin(^)dij/} + C^^{[ sin(7i-(}),) 

•cos[m(7c-(t),)]-sin(7r-(t)2)cos[m(7r-(|)2)] JT sin(^)di|/} 

r.^^ _„ __  (32) 
-B 

-C 

^\ {[ cos(^^)-cos(^^^) ]f' -cos9cos(mS)d(t)} 

A.V   ...        5 

I' icos(mO)d(t)} }• 

CONTROL FORCES OF ACTUATORS PATCHES 

To examine the microscopic control actions induced by the segmented toroidal actuator 
patch, non-essential parameters, e.g., dgi, daa, Yp, p, A^n, B^n, and €„„, are assumed unity. 
Thus, manipulating these parameters (e.g., (r''d3iYp)/p and modal amplitudes), one can further 

extrapolate analysis data and evaluate control characteristics of specific actuator materials and 
natural modes. A toroidal shell with circumferential radius R=3.2m, meridional radius r=0.56m, 
one full revolution \\i* = lit, shell thickness h = 0.01m is used in the case study; actuator 
segments are perfectly bonded on the shell surface (i.e., r^~!/2h=0.005m where the actuator 
thickness is neglected). Note that the actuator patch is assumed thin, such that its elastic effect 
is neglected. The toroidal shell has shear-diaphragm boundary conditions at ((|) = 0°,v(/ = 0°) 

and ((l) = 180°,v|/ = 360''). Piezoelectric actuator patches with an area of 15° in the 
cu-cumferential direction and 15° in the meridional direction are laminated throughout the 
toroidal shell, Figure 1. (That is if a piezoelectric actuator patch has an area starting from 0°- 
15° m the y or (j) directions, the next patch then starts from 15°-30° in the y or (j) directions.) 

The actuator-patch induced individual modal actuation characteristics, i.e., the 
meridional/circumferential membrane and bending actions, are calculated based on their 
specific locations, and their microscopic actuation magnitudes at various locations are then 
connected to illustrate the global spatial actuation phenomenon on the toroidal shell. 
Accordingly, each data point on the surface contour represents the actuation sensitivity (or 
authority) at that specific location - the location effect that is also modal sensitive, i.e., control 
actions of an actuator patch at one location contribute differently to various modal oscillations. 
A positive magnitude combined with a positive control voltage implies an attenuation or 
control effect; a negative magnitude, however, needs a negative control voltage to achieve the 

attenuation effect. Recall that (t^)^,^^™ is the meridional micro-membrane control force 

component,  (T^„)^,^em  is the  \\i  membrane control force component,   (t^)^,bend   is the 
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meridional bending control component, and (t^J^,b^nd is the y control component. These 

actuator induced micro-control actions of the toroidal shell modes (m=l-4,n-l-4) are analyzed 
and grouped in Figures 2-5: (m=l-4,n=l) modes, Figures 6-9: (m=l-4,n=2) modes. Figures 
10-13: (m-l-4,n-3) modes, and Figures 14-17: (m=l-4,n=4) modes. To illustrate the spatial 
distribution and actuation magnitudes in these figures, the toroidal shell is cut open referenced 
to (j) = 0° and \\i = 0°. Also, recall that m denotes the meridional wave number and n denotes 
the circumferential wave number. Each data point on the graph represents the micro-control 
action of a segmented actuator patch at the corresponding location of the toroidal shell. 

"  0.005 -J 

-0.01 ~L - ->■ 

--^. 

Fig.2 Micro-control actions of the (m=l,n=l) toroidal shell mode. 

Top-left: (t^)^,„,^; Top-right: (t^„)^,„,„; Bottom-left: (t^)^„,„, ; Bottom-right: (t^J^,be„d- 
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0.01      _ . 

0.005, , , - 

<|i(rad) 

Fig.3 Micro-control actions of the (ni=2,n=l) toroidal shell mode. 
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E 
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0    0 

Fig.4 Micro-control actions of the (m=3,n=l) toroidal shell mode. 

Fig.5 Micro-control actions of the (m=4, n=l) toroidal shell mode. 

The micro-control actions of the (m=l-4,n=l) toroidal shell modes reveal that the 
micro-control actions of the (1,1) mode seem different from the other (m=2-4;n=l) modes, in 

which     (t^)^,^em»     (Tn^)*.bend>     (^mX'h.nd»     (T„„)*.mem-     (T„„,),,,n,em      domlnatCS    and 

(Tnm)(|,'mem ^^ negligible (due to the meridional rigid-body mode at m=l) (Gavelya and 

Kononenko, 1975) in the total control force. The other three higher modes (m=2-4;n=l) show 

that the meridional membrane control action dominates, i.e.,   (t^).,„,„»   (t„„),,,:„em> 
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'^ '^ A jy 

Umn^^i^bend'*'*   (Tmn)v|;'bend '   (Tmn)v'mem   ^^'^   (Tmn)v'bend   ^TB aboUt thC Same Ordcr of magnitude, 
A 

(Tnm)*'bend mcreases at higher circumferential wave numbers, and (t„„)^,be„d is negligible in 

all four toroidal shell modes. The other three micro-control actions of toroidal shell modes 
(m=l-4,n=2-4) are presented as follows. 

0    0 0    0 
(|>(rad) 

Fig.6 Micro-control actions of the (m=l,n=2) toroidal shell mode. 
A A ^ ^ 

Top-left: (T^)^,„^„; Top-right: (T„„)^,„,„; Bottom-left: (T^)^,^,^^ ; Bottom-right: (T^J^, bend ■ 
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Fig.7 Micro-control actions of the (m=2,n=2) toroidal shell mode. 

0     0 
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Fig.8 Micro-control actions of the (m=3,n=2) toroidal shell mode. 
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Fig.9 Micro-control actions of the (m=4,n=2) toroidal shell mode. 
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Fig.lO Micro-control actions of the (m=l,n=3) toroidal shell mode. 

Top-left: (T^)^,„,„; Top-right: (t^)^,„,„; Bottom-left: (t^)^,bend ; Bottom-right: (t^„)^,bend' 

1 o.os. -r'T 
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Fig.ll Micro-control actions of the (m=2,n=3) toroidal shell mode. 

0     0 

Fig. 12 Micro-control actions of the (m=3,n=3) toroidal shell mode. 
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Fig.l3 Micro-control actions of the (ni=4,n=3) toroidal shell mode. 

0.01^ 
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Fig.l4 Micro-control actions of the (m=l,n=4) toroidal shell mode. 
'^ A ^ 

Top-left: (T^)^,^,^; Top-right: (T„„)^,^,„; Bottom-left: (T^)^.^.^^ ; Bottom-right: (T„„)^,bend- 

J---'^ 
■^ 1--' i     >•    ""v 

I   -r'  ,  - + . "xi •> 

y(rad)      3 

0    0 
i|i(rad) 

Fig.15 Micro-control actions of the (m=2,n=4) toroidal shell mode. 
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rig.l6 Micro-control actions of the (m=3,n=4) toroidal shell mode. 
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Fig.l7 Micro-control actions of the (m=4,n=4) toroidal shell mode. 

Analyses of actuator induced micro-control actions of the (m=l-4,n=2-4) toroidal shell 

modes suggest that micro-control actions (t„J,„_^„» (f )^,K .> (t ) ,^ .» ct ) 

among the (1,2-4) modes. Since the (m=l,n=2-4) modes display the meridional rigid-body- 

motion modes, the meridional control actions (f^\,^,^ and (f^\,^^,, are negligible and 

thus the circumferential membrane action (t^)^,^^™ dominates the total control force. 

However, the meridional oscillation behavior appears in the other three mode groups (m=2- 
4;n=2-4) and therefore the meridional menibrane control action becomes dominant, i.e., 

(TDm)*'mem-^-^    (Tmn)v'mera-^    (Tnm)4,'bend-^-^    (Tmn)M;'bend'   PfOVidcd   thc   COntrol   signal   remains 

constant among all shell modes. The micro-control actions among all toroidal shell modes, 

(Tn,n)v'mem ^^d (T„„)^,bend Stay about thc samc order of magnitude, (t^)^,b^„d increases at 

higher cu-cumferential wave numbers, and (t^)^,bend is negligible in all four toroidal shell 

modes. Also, the magnitudes of micro-control actions depend on locations of the actuator 
patch, as well as the shell modes. Plots of the spatially distributed micro-control actions clearly 
reveal the modal dependent behavior and the best actuator locations often change for different 
shell modes. Lifluences of the shear-diaphragm boundary conditions at ((|) = 0°,v|/ = 0°) and 

((|) = 180°,v|/ = 360°) to modal control actions also appear in these figures. 

CONCLUSIONS 

Structures and components of inflatable space structures, space telescopes, tubular 
cooling systems, etc. often take the shape of toroidal shells. Accordingly, distributed control of 
toroidal shells becomes a critical issue to precision maneuver and performance of these 
structures. This study is to evaluate spatially distributed microscopic control actions of 
segmented actuator patches laminated on flexible toroidal shells. Modal domain governing 
equations incorporating global actuator induced control forces of toroidal shells laminated with 
distributed actuator patches were presented first, followed by formulations of distributed 
control forces and micro-control actions including meridional/circumferential membrane and 
bending control components. Closed-form analytical mode shape fiinctions are difficult to 
derive due to the complexity of toroidal shell equations. Thus, based on the Donnell-Mushtari- 
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Vlasov theory, assumed mode shape functions of a toroidal shell with shear-diaphragm 
boundary condition were used in the modal control force expressions and the micro-control 
action analyses. Spatially distributed electromechanical actuation characteristics contributed by 
various meridional/circumferential membrane and bending control actions were investigated. 
Distributed control forces and micro-control actions resulting from a constant-size actuator 
patch at various shell locations were analyzed and their modal-dependent spatial control 
effectiveness evaluated. 

Analysis data suggest that among the four actuator-induced micro-control actions of 

toroidal shell modes (m=l-4,n=l-4), the meridional micro-control action (t^)^,^^^, in general, 

dominates the overall modal control force, followed by (t„„),„,„,„, (t „),,.  ^ and (t   ) ,. .. ' •/   \   mn/\|/'mem '  V   mn/9'bend   '■**'^**  \   mn>'\(/'bend 

However, since the (m=l,n=l-4) toroidal shell modes display meridional rigid-body modal 

oscillations, (t^)^,„,„ is negligible and (t^)^„„em dominates. Note that a constant control 

signal is assumed for all cases m this study, so that segmented actuator patches would reveal 
true inherent spatial micro-control actions. Besides, magnitudes of control forces and micro- 
control actions are modal dependent. Accordingly, specific layouts and coordinated actuations 
of various segmented actuator patches can maximize the control effects at the minimal energy 
or actuator requirement. 
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CHAPTER 11 

MICRO-ELECTROMECHANICS OF SENSOR PATCHES 
ON FREE PARABOLOIDAL SHELL STRUCTRONIC 

SYSTEMS 

ABSTRACT 

Distributed sensing of structural states is essential to vibration control, health 
monitoring and shape control of precision structronic systems. Paraboloidal shells of revolution 
are widely used in aerospace, telecommunication, etc. structures. However, distributed sensing 
of paraboloidal shell structures is rarely investigated over the years. Micro-sensing 
characteristics, sensor segmentation, sensor placements, shell geometric parameters, etc. of 
deep/shallow paraboloidal shells are evaluated in this study. Signal generation of generic 
distributed sensors laminated on paraboloidal shells is defined; microscopic signal components 
of segmented sensor patches laminated on deep/shallow paraboloidal shells with free boundary 
conditions are analyzed. Parametric studies of microelectromechanics and microscopic signal 
generations of segmented sensor patches reveal detailed modal sensing signal generation and 
efficiency of segmented sensor patches laminated at various shell locations of three 
paraboloidal shells (i.e., a shallow, a standard, and a deep). 

INTRODUCTION 

Precise measurement of the dynamic state of structure is very important in active 
vibration control, health monitoring and shape control of structronic ("structure + electronic) 
systems. Conventional sensing technologies use discrete add-on motion sensors, such as strain 
gages, eddy current proximeters, linear variable differential transformers (LVDT), 
accelerometers, potentiometers, etc. However, these devices add additional weights to the 
structures and change the static and djoiamic characteristics of the original structure. 
Furthermore, the structronic systems are distributed systems; those discrete sensors are difficult 
to represent the shell motion precisely. Recent research show that lightweight distributed 
sensors layered or embedded in the structures can closely monitor local strain variations and 
dynamic states of flexible structures (Tzou, 1993; Gabbert and Tzou, 2001). Distributed 
piezoelectric sensors translate mechanical strains into electrical signals averaged over the 
effective sensor area (Tzou, 1992; Tzou, Zhong and Natori, 1993) and are commonly used in 
structronic systems (Giurgiutiu and Zagrai, 2002; Saravanan, Ganesan and Ramamurti, 2000; 
Chiu, 1997). 

Paraboloidal shells of revolution are widely used in aerospace, telecommunication, etc. 
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systems. Distributed sensing characteristics of different shells, such as cylindrical shells (Tzou, 
1993; Birman and Simonyan, 1994; Qiu and Tani, 1995; Tani et al., 1995; Tzou and Bao, 1996; 
Callahan and Baruh, 1999), conical shells (Tzou, Chai and Wang, 2001), hemi-spherical shells 
(Tzou and Smithmaitrie, 2001), toroidal shells (Tzou and Wang, 2002), are studied in recent 
years. However, distributed sensing of paraboloidal shell structures is rarely investigated over 
the years. Distributed sensing behavior of paraboloidal shells with simply supported boundary 
is just studied recently (Tzou and Ding, 2002). To further understand the micro- 
electromechanical sensing behavior of paraboloidal structronic shells, in this study, formulation 
of distributed sensing signal equations for paraboloidal shells with free boundary condition and 
sensing signal equations for segmented sensor patch are presented. Then, micro-sensing signal 
components of sensor patches at different locations of three paraboloidal shells with different 
shapes are investigated in case studies. 

DISTRIBUTED SENSING SIGNALS OF PARABOLOIDAL 
SHELLS OF REVOLUTION 

The shell structronic system is formed by laminating a distributed piezoelectric sensor 
layer (with thickness h') on a generic double-curvature elastic shell (with thickness h). The 
distributed sensing signal is the function of strains. Based on Maxwell's principle and the open- 

voltage assumption, the sensing signal (f)^ of a generic shell sensor can be expressed as (Tzou, 
1993): 

h^ 

^■^ Js=(^3iSn +h32S22 +h36Si2)A,A2daida2, 

8*= 
(1) 

where S* is the effective sensor area; h' is the sensor thickness; Sii and S22 are the normal 
strains; Sn is the in-plane shear strain; hsi, h.n and hae are the piezoelectric (displacement) 
constants; Ai and A2 are the shell's Lame parameters; and ai and ai are the two curvilinear 
coordinates. For the shells of revolution defined in the (|)-\j; coordinate system. Figure 1, the 
distributed sensing signal is defined as 

us 

<^' ="^ Js'(h3iS^* +h32 S^^ + +h3, S^^)-AjA^dcj) dH' 

us 

= ^ J* ljh3,(s; +ri%^) + h32(s;^ +r2%^) + h3,(s;^ +r;2k^^)] (2) 

• R^R^sin(t)-d<l)dv|/, 

where s^, s°^ and sj^ are the membrane strains; k^^, k^^ and k^^ are the bending strains; 

rf denotes the sensor placement measured from the neutral surface and 

rj' =(h + h')/2sh/2,if h»h'. Also, r' =r2, since both sensor and shell have uniform 
thickness. The sensing signal equations for paraboloidal shells of revolution can be derived by 
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substituting the appropriate radii of curvature and Lame, parameters into the generic sensor 
signal equation for shells of revolution. For paraboloidal shell of revolution, the radii are the 
meridional radius R^ =[b/cos^(j)] and the circumferential radius R^ =[b/cos(j)]; the Lame 

parameters are Ay =[b/cos^(j)] and A^ =[bsin<))/cos(t)], M^here b = (aV2c), "c" denotes the 
meridian height and "a" denotes the radial distance (Mazurkiewicz and Nagorski, 1991), Figure 
1. Note "b" is also twice of the focal length of the parabola. 

Thickness Not to Scale 

Fig.l A paraboloidal shell laminated with distributed piezoelectric sensor layer. 

The membrane and bending strains of nonlinear paraboloidal shells of revolution, 
including the von Karman geometric nonlinearity (Tzou and Yang, 2000; Tzou, et al, 1997), are 
respectively derived as (Tzou and Ding, 2002) 

o     cos'ij) 9u^        . 
'W 

1 COS*(j)   SUj   2 

2   h' 

cos(j)   9u . 
s =-——!-(^^ + u^cos(l)^-U3sm(j)) + w bsinfj)   d\\i 

1 COS^(|)   ^5u3  2 

2 b^ sin^ (j)   d\\i 

cos(t)   du^ 2 ,  .   , ^u 
^*v=r^(T^ + ^°^ <l>sin{|)-—f-u  cos(j)) + 

bsmcp   d\\f 59 
cos"* ,9u, 9u,^ 

-( ^,   .   ) 
b sin(|)   d^  5v|/ 

_cos*(t)^5u^    d^u^^   ^cos'(t)sin(j) 
_ 9u, 

b'      8^     d^' ' b'       ^ *     aij)^' 

COS^lj)     5u             1     a^Uj                    3                SX^^SN 
-r —{ ^ f + U4 cos' ()) - cos' (j) -). 
b sin(|)   ^^f     sm(j) d\\i 6(j) 

(3) 

(4) 

(5) 

(6) 

(7) 
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y^ COS (|) + 2cos^(|)sin^(|) 2cos^(|) au3    Ices'* (j) S^Uj 

''"^ b^siiKJ) "^    b^ sin^ ()) av|/     b^sincj) av|/5(t) 

cos^ ^du^     cos^cj) gu^ 

b'     5(|)     b^sin(|)"a^' 

where u^, u,^ and U3 represent the displacement in (|)-direction, y-direction and transverse 
direction, respectively. When the bending approximation (i.e., the inextensional theory) is 
appHed, the membrane strains are zero and only the bending strains given by Eqs.(6)-(8) remain. 
Based on the bending approximation, the mode shape functions for the free boundary 
paraboloidal shell of revolution are (Lin and Lee, 1960): 

U*„ = -A^ sin(|) tan" (j) cosmv|;, (9) 

Uv„ = -K tan"^' ^ smm\\i, (10) 

Usm =A„tan'"((>(cos(t) + msec(j))cosm\|/, (11) 

where m is the mode number starting from 2, which mdicates the number of circumferential 
waves for the corresponding mode shape; Am is modal amplitude. Assume the shell oscillation 
is  composed  of all  participating  natural  modes - the modal  expansion  method,  i.e., 

00 

Ui(ai,a2,t) = ^ ■n(t)-Ui^(ai,a2) where Ti(t) is the modal participation factor and Uj^ is 
in=l 

the m-th mode shape function in the i-th direction. Substituting the mode shape functions into 
the stram expressions in the distributed sensing signal yields the m-th modal sensing signal ^^ : 

,s_h^rr,     s ^m tan"* ^cos^ <|)m(l-m^)cosm\\i 
a   * b sm (b 

, (12) 
,     s A^tan"'(t)cos(|)m(m^-l)cosm\i/^b sind) ,, , 

+ ^32rv ,2 • 2 , ]—rr#'iM^• b sm (|) cos (j) 

Note the time-dependent part in sensing signal is the modal participation factor ri(t), which is 
not the concern of this study and is not shown in the following equations. The spatially 
distributed modal signal can be spectrally decomposed from the general sensing signal by 
certain signal processing technologies, such as using band-pass filters (Ding, 2002). 
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Distributed Sensing Signal of Segmented Sensor Patch 

A generic segmented sensor patch is defined geometrically from (j)i to (j)2 and x|/i to \\i2, 
shown in Figure 2. The integration in sensing signal expression over the effective sensing area 
now is from (j)j to ^^ and \\j^ to xj/j along the shell surface. 

Sensor Patch 

Fig.2 A generic segmented sensor patch on paraboloidal shell. 

Thus, the distributed sensing signal of the sensor patch on the paraboloidal shell with 
fi:ee boundary based on the bending approximation is 

d' = Tm 
A„h^h ̂  f' p  r. r^' tan" (|)m(l -m^)cosmi|/ 

sin ^ cos (j) 

r^ tan*" (|)m(m^ -l)cosmv|/. 

sin())cos^(t) 

= A^h^h3.(<D) = A„h% J((D),,„J = A„h^h3,[(0,,),,„, + (0,,),e„J 

+ • (13) 

where (O) s (O)^^^^ is the sensing signal component defined by excluding the modal amplitude 

An,, sensor thickness h' and piezoelectric constant hgi; (0^^)b,„d and (<^^^)^^^ are the signal 

components due to the bending strains k,j„j, and k^^^, respectively. Note that hj, = h^^ = hj; in 
most conventional piezoelectric sensing materials without being mechanical stretched during 
the manufacturing process. 

i^J 
rf 1-m' 

bend 
m 

(sinm\|/2 -sinmvi/iXtan" ^^ -tan" (j);), 

(^.J W-'bend S^"m+y^^^^"^^' ~^^""^^'^ 
2 7 

• (tan" (|)2 sec^ (j)2 + — tan" ^^ - tan" (|), sec^ (j). - — tan" d),), 
m m 

(14) 

(15) 
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The effective sensing area is calculated by 

S= = J3. A,A,da,a, =£ |^ A,A,d(^dvt/ = _[^ f ^^#dvj/ 

(16) 

3 cos (jjicos (|)2 

In this study, sensing signal components (<D) = (<D)i^„j, including their microscopic 

contributing parts (0^^)t^„j and (0^^)be„d of segmented sensor patches with different location, 

are evaluated to reveal the microscopic distributed sensing characteristics of structronic 
paraboloidal shell systems. Different shell geometric parameters are studied in cases. 

CASE STUDIES 

Paraboloidal shells with different geometric parameters are studied in cases. Table 1. 
Case 1 is considered standard. Case 2 is a shallow paraboloidal shell, and Case 3 is a deep 
paraboloidal shell. Note that the shells are relatively thick in order to satisfy the bending 
approximation theory. 

Table 1 Cases of free boundary paraboloidal shell for micro-sensing signal analysis. 

^"^^-^arameters 
Cases ^"~^~^-„^^ 

Radius (a) 
(m) 

Height (c) 
(m) 

Thickness (h) 
(m) 

1 1 1 0.10 
2 2 1 0.10 
3 1 2 0.10 

Sensing signal components of sensor patches with the location varying from the shell 
pole to rim {^ from 0 to ())* - the meridional boundary angle) along the meridional direction and 
also along the circumferential direction (\\i from 0 to 2n) are evaluated and plotted. The angular 
widths of the sensor patches' are A(t) = (t)2 -<l>i =0-1 radian and A\\i = \\i2 -v|/, =0.2 radian, 
which are small enough to guarantee the accurate measurement of the mode up to m=6. The 
micro-signal components (0^^)be„d, (<I>^v)bend and {O)^^^^ ofthe sensor patches are calculated 
and plotted. In these signal plots, the horizontal plane denotes mesh lines connecting the center 
points of these sensor patches, i.e., 0.05, 0.15, 0.25, ..., 1.05 radian in the meridional f 
coordinate, and 0.1, 0.3, 0.5, 0.7, ..., 6.1 radian in the circumferential y-coordinate. The 
vertical axis denotes the magnitude ofthe micro-signal components. Or say, every intersection 
of the mesh line, which is the center point of each sensor patch, stands for the micro-signal 
component of a specific sensor patch. Since the sensor signal is uniformly distributed on a 
sensor patch, only one micro-signal magnitude exits for each segmented sensor patch. 
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The standard paraboloidal shell (Case 1) is defined by a boundary angle (|)*=1.1071 
radian. With sensor widths A(j) = (t)2 -(j)) = 0.1 radian and A\|/ = v)/2 -\|/i = 0.2 radian, there are 

11 patches in the (|)-direction and 31 patches m the i|/-direction on the shell surface, Figure 3. 
Spatially distributed micro-signal components (0^^),,„, , (O^^Xm and the total signal 

(^)bend of these sensor patches calculated for the first five natural modes (m=2 to 6) are 
plotted in Figures 4-8. 

" X3 Sensor Patches 

6 = 1.1 radian 

Free Rim    -* ^ Av|/ 

^ f=1.1071rad = 63.4322° 

Case 1: Radius (a) = 1, Height (c) = 1    A()) = 0.1 radian       Aij/ = 0.2 radian 

Fig. 3 Sensor patches covering the shell surface, Case 1. 
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>i/(rad) 

(a) 

v(rad) 

(c) 
Fig.4 Sensing signal components of sensor patches, m=2, Case 1, 

(a): (0^)be„d, (b): (Oyv)bend, (c): (O)bend. 
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M;(rad) 

(b) 

v|y(rad) 

(C) 

Fig.5 Sensing signal components of sensor patches, ni=3, Case 1, 
(a): (<l)^)be„d, (b): (Oyy)be„d, (c): (<D)be„d. 
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v(rad) 

(C) 

Fig.6 Sensing signal components of sensor patches, m=4, Case 1, 
(a): (<D^)bend, (b): (0,^^)be„d, (c): (O)bend. 
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-200 -. 

v(rad) 

(c) 
Fig.7 Sensing signal components of sensor patches, m=5, Case 1, 

(a): (0^)bend, (b): (Oy,;,)bend, (C): (O)bend. 
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v(rad) 

(b) 

1000^-- 

O-.J 

-1000 

M/(rad) 

(C) 

Fig.8 Sensing signal components of sensor patches, m=6, Case 1, 
(a): (0^)bend, (b): (0,^^,)be„d, (c): (O)bend. 

These spatially distributed signals apparently reveal distinct modal characteristics determined 
by spatial strain variations. The micro-signal components always peak on the free-boundary 
and near zero at the pole. Conceptually, the strains are zero at the shell pole ((]) = 0). However, 
the sensor patch closest to the pole is located at meridional (j) = 0 ~ 0.1 radains, the resuhant 
strains are not zero at this slightly-offset location, and consequently neither the micro-signal 
component. For free-boundary paraboloidal shells, the sensor patches near the shell free rim at 
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modal peaks generate significant sensing signals. As the mode number increases, the signal 
oscillation pattern increases at the free boundary. These plots also show that the micro-sensing 
signal magnitude increases as the mode "m" increases, while the influence of modal amplitude 
Am is neglected. This tendency can also be predicted from the closed-form sensing signal 
equation. However, in practice, the modal amplitude Am usually decreases significantly at 
higher modes. Thus, the resultant micro-sensing signal magnitude is determined by the 
combined effect of increasing "m" and decreasing "Am". Furthermore, uneven micro-signal 
amplitudes on the free boundary at high natural modes, (e.g., m=6) are induced by non-exact 
circumferential segmentation of sensor patches. The segmented patches may not exactly cover 
the maximal or the minimal modal strain regions and any slight offset would induce uneven 
distribution of micro-signals at modal peaks. 

The shallow paraboloidal shell (Case 2) is defined by a boundary angle (j)*=0.7854 
radian. With patch sizes Acj) = (j)2 -<t), =0.1 radian and Ai|/ = vj/j -\|/i = 0.2 radian, there can 
be 7 sensor patches in the (|)-direction and 31 patches in the \|/-direction on the shell surface, 
Figure 9. A sensor patch located at the meridional angle 0.7-0.78 radian 
(A^ = ^2~^i = 0-08 radian) is added to cover the shell surface. The spatially distributed micro- 

signal components (0^^)b,„d, (^vv)bend and the total signal (0)be„d for every sensor patch of 

Case 2 are evaluated. Note that spatial micro-signal distribution patterns of the shallow 
paraboloidal shell (Case 2) and the deep paraboloidal shell (Case 3) are similar to those of the 
standard paraboloidal shell. Thus, although they are calculated and analyzed, their individual 
micro-signal plots are not presented here. 

Sensor Patches 

A(j) 

0.78 radian 

Case 2: Radius (a) =2, Height (c) =1 

All/ = 0.2 radian 

A(t) = 0.1 radian 

(Except the patch near boundary, which is 0.08 radian.) 
f = 0.7854 radian = 45.0001° 

Fig.9 Sensor patches covering the shallow shell surface, Case 2. 

The deep paraboloidal shell (Case 3) is defined by a meridional boundary angle 
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<t) =1.3258 radian. With patch sizes A()) = (j)2 -(j)) = 0.1 radian and Av|/ = vj/j - V|/i = 0.2 radian, 
there are 13 sensor patches in the (jj-direction and 31 patches in the v|/-direction on the shell 
surface, Figure 10. The spatial micro-signal components (O^^)^,^^, (Ov„)bend and the total 

signal (O)bend for every sensor patch of Case 3 are also evaluated. As discussed previously, 

since the spatial distribution and the micro-signal oscillation patterns of the shallow and deep 
shells are similar to those of the standard paraboloidal shell, their individual plots are not 
presented. Based on parametric studies, comparisons and discussions of micro-signal 
generations among the three shell cases are discussed next. 

Free Rim  -^^ A\|; 

\^l 
Sensor Patches 

1 

^ 

fe 

0 = 2 
\ 

Y\(J) = 1.3 radian 

a = 1         \           "h 

(])*= 1.3258 radian =75.9627° 

Case 3: Radius (a) =1, Height (c) =2       Av|/ = 0.2 radian A(j) = 0.1 radian 

Fig.lO Sensor patches covering the deep shell surface, Case 3. 

The radii of curvature of the deep paraboloidal shell (Case 3) are smaller than those of 
the standard paraboloidal shell (Case 1), and those of the shallow paraboloidal shell (Case 2) 
are the largest among the three shells. Note that although a constant "angular" size (A(t)xAvi/) is 
unposed to all sensor patches of three paraboloidal shell cases, i.e., standard, shallow, and deep, 
the effective patch size actually enlarges as the patch moving from the pole to the shell rim due 
to an increase of the projected arc length defined by the geometry and curvature of paraboloidal 
shells. All patches are of equal size located at the same meridional location, due to 
axisymmetry of shells of revolution. However, since the micro-sensing signal is an average 
effect over the effective sensor area, the difference in patch sizes doesn't contribute to the 
global spatial distribution and these micro-signals are only influenced by their relative shell 
locations. 

The parametric study mdicates that the amplitudes of distributed micro-sensing signals 
of Case 3 are the most significant and those of Case 2 are the least, due to microscopic modal 
strain distributions on these shells. Also, the effective sensor sizes laminated on shallow shells 
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are the largest as compared with patches located at similar locations of other two shells, even 
an identical "angular" size (Acj) x A\\i) is imposed in three shell cases. Since the resultant signal 
is an averaged effect over the effective sensor area, a larger effective sensor area (or size) 
would lead to a smaller averaged signal magnitude in shallow shells. The circumferential 
micro-sensing signal component (i.e., the \|/-coordinate) is larger than the meridional 
component (i.e., the (|)-coordinate) and their difference is significant for the deep shell 
configuration (Case 3). The meridional radius of curvature (R,j,=b/cos^(j)) is larger than the 
circumferential radius of curvature (Rv^=b/cos(|)), except at the shell pole where both equal to b. 
And the difference between the two radii increases in deep shells with larger meridional 
boundary angles. A larger radius of curvature softens the shell and reduces the strain level, so 
the sensing signals. 

CONCLUSIONS 

Analysis of the spatially distributed microscopic sensing behavior of paraboloidal shells 
of revolution reveals detailed sensing signal generation and efficiency of segmented sensor 
patches laminated at various shell locations with different curvatures. This provides important 
sensor design guideline applied to distributed active vibration control systems, shape control 
systems, health monitoring systems, etc. Detailed parametric studies of microelectromechanics 
and microscopic signal generations of segmented sensor patches laminated on three 
paraboloidal shells (i.e., a shallow, a standard, and a deep) suggest that 

1) The distributed sensing signal generated by a segmented sensor patch is contributed by 
the surface integration of strains divided by the sensor area. Since the distributed 
sensing signal is an averaged effect over the effective sensor surface, a larger sensor 
patch doesn't warrant a higher sensing signal magnitude. On the other hand, a smaller 
sensor patch would provide better measurement resolution at higher natural modes. 

2) The signal magnitude mostly depends on the sensor placements or locations. Sensor 
patches on the nodal or modal lines of natural modes generate minimal signals. On the 
other hand, sensors located at higher modal strain regions generate significant signals. 
Since the sensor patch is surface laminated and the bending approximation theory was 
imposed, the resulting sensing signals increases as the shell becomes thicker. 

3) The placement of sensor patches depends on not only geometries, but also its boundary 
conditions. For paraboloidal shells wdth free boundary, the sensors placed near or at the 
shell free rim contribute excellent sensing efficiency. An earlier study of patch-sensor 
efficiency of simply-supported paraboloidal shells indicates that the most effective 
location is near the shell pole (Tzou and Ding, 2002). 

4) Shell curvature also influences its static and dynamic behavior. Shallow shells with 
large radii of curvature experiences lower level of strain generation and thus lower 
signal generations, as compared with that of deep shells, provided the modal oscillation 
amplitude is constant. Furthermore, internal strain increases as the shell oscillates at 
higher modes, consequently resulting in higher magnitudes of signal generation. 

Note that this parametric study was carried out based on the bending approximation and thus 
observations and conclusions are preferably applied to sensor patches laminated on relatively 
thick paraboloidal shell structures with free boundary conditions. 
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CHAPTER 12 

DISTRIBUTED MODAL VOLTAGES OF NONLINEAR 
PARABOLOIDAL SHELLS WITH DISTRIBUTED NEURONS 

ABSTRACT 

Effective health monitoring and distributed control of advanced structures depends on accurate 
measurements of dynamic responses of elastic structures. Conventional sensors used for 
structural measurement are usually add-on "discrete" devices. Lightweight distributed thin-film 
piezoelectric neurons fully integrated (laminated or embedded) with structural components can 
serve as in-situ sensors monitoring structure's dynamic state and health status. This study is to 
investigate modal voltages and detailed signal contributions of linear or nonlinear paraboloidal 
shells of revolution laminated with piezoelectric neurons. Signal generation of distributed 
neuron sensors laminated on paraboloidal shells is defined first, based on the open-voltage 
assumption and Maxwell's principle. The neuron signal of a linear paraboloidal shell is 
composed of a linear membrane component and a linear bending component; the signal of a 
nonlmear paraboloidal shell is composed of nonlinear and linear membrane components and a 
linear bending component due to the von Karman geometric nonlinearity. Signal components 
and distributed modal voltages of linear and nonlinear paraboloidal shells with various 
curvatures and thickness are investigated. 

INTRODUCTION 

Effective distributed structural control depends on accurate measurements of structure's 
dynamic states. Structural health monitoring, diagnosis, and failure prevention are also essential 
to structural integrity, reliability, performance, safety, etc. of high-performance structures and 
machmes. Transducers typically convert mechanical energy (input) into electrical energy 
(output) and present the output quantitatively, usually in voltages. Conventional sensing 
technologies usually utilize discrete-type sensors, such as strain gages, eddy current 
proximeters, linear variable differential transformers (LVDT), accelerometers, potentiometers, 
etc. TTiese sensing systems are, of course, capable of carrying out the sensing fimctions and 
fiilfilling design and control requirements. However, these transducers are all discrete add-on 
devices, i.e., devices are installed on the structures using off-the-shelf components. These add- 
on transducers can add additional weights to the structures, which often is not desirable in 
many high-precision lightweight structures and machine systems. Recent development of smart 
structures and structronic systems (Plubm, et al, 1987; Crawley and de Luis, 1987; Baz and 
Poh, 1988; Hanagud and Obal, 1988; Tzou, 1987; 1993; Gabbert and Tzou, 2001) has 
demonstrated that lightweight distributed piezoelectric layers laminated on flexible structures 
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serve well as in-situ neurons closely monitoring local strain variations and dynamic states of 
structures and machines. 

Distributed piezoelectric sensors translate mechanical strains into electrical signals 
averaged over the effective sensor area, or electrode area, due to locally generated charges 
instantly distributed over the sensor surface area (Tzou, 1992; Tzou, Zhong, and Natori, 1993). 
Accordingly, local dynamic behaviors are usually not observable by large sensor electrodes. 
Howrever, as the electrodes shrinks to infmitesimally small - "neurons," all local strain 
behaviors reveal in their local signal generations (Tzou, 1992). To reflect dynamic signal 
distributions of natural modes, modal voltages are the spatial signal distribution pattern 
associated with natural mode shapes of distributed elastic structures, such as shells and plates 
(Tzou, 1993). The modal voltages represent the constituted local sensing signal generation by 
neurons. Any derivation from the original healthy modal voltages signifies a "hot-spot" or "hot- 
areas" on the structure. Accordingly, precaution procedures or repairs can be applied to these 
specific spots or areas to prevent from catastrophic failures. These modal voltages can also be 
used to design modal orthogonal sensors, such that the designed shaped sensor responds to a 
specific mode or a group of modes (Tzou, Zhong, and Natori, 1993). Potential applications 
include many aerospace structures, precision machines, optical reflectors, etc. Note that mode 
shapes of shells and plates are usually distinctive, and thus, modal voltages are also distinctive 
and representative. These distributed signals and modal voltages are discussed in this report. 
Distributed sensing theory is discussed first, followed by case studies of distributed modal 
voltages. Detailed signal linear and nonlinear components of modal voltages are also evaluated. 

DISTRIBUTED SENSING SIGNALS OF SHELLS OF REVOLUTION 

It is assumed that a distributed piezoelectric sensor layer (with thickness h^) is laminated 
on a generic double-curvature shell (with thickness h) and the sensor layer is much thinner than 
the shell. Accordingly, the strain variation in the sensor layer can be approximated by the strain 
variations on the shell's outer surface, assuming h»h^ Since the sensing signal depends on 
strain variations in the distributed sensor layer, based on Maxwell's principle and the open- 

voltage assumption, the sensor signal ^^ of a generic shell sensor can be expressed as 
(Howard, Chai, and Tzou, 2000; Tzou, 1993) 

^'=^Js=(h3,S„+h32S,,+h3,Si,)dS« 

us 

= :^ Is'(^3iSn +h32S22 +h36S,2)A,A2da,da 

8*= 

ge" Js'^'^sAl +^32^22 +^36«12)A,A2da,da2 , 

where S is the effective sensor area; h' is the sensor thickness; Sii and S22 are tiie normal 
strains; S12 is tiie in-plane shear strain; hsi, h32 and hse are the piezoelectiic (displacement) 
constants; Ai and A2 are the Lame parameters; and ai and ai are the two curvilinear 
coordinates. Since the elastic strains could be either linear (induced by small deformations) or 
nonlinear (induced by large deformations), accordingly, signal generations from various strain 
components of linear and nonlinear continua can be evaluated respectively. Distributed sensing 
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characteristics - the potential distribution and the modal voltage - of the linear and nonlinear 
paraboloidal shell of revolution are evaluated in this study. 

For the shells of revolution defined in the ^-\]i coordinate system, Figure 1, the 
distributed sensing signal is defined as 

n 

<^' = ^ Js= (^3iSw + ^32 S„+ +h3, S^,^) • AiA2d(|) dv|; 

us 

• R^R^sin(|)-d(t)dv|/, 

(2) 

where s^, s°^ and sj^ are the membrane strains; k^^, k^^ and k^^ are the bending strains; 

r' , r2 and r/j denote the sensor placement measured from the neutral surface and 

ri'=r2'=ri2=(h + h')/2 = h/2,ifh»h'. r,'=r2'=r;2 since both sensor and shell have 
uniform thickness. (Note that the sensor layer is assumed very thin and its effect is neglected.) 
Furthermore, the generic sensor signal equation for shells of revolution can be simplified to 
account for the distributed sensor laminated on paraboloidal shells when appropriate radii (i.e., 
the meridional radius R^ =[b/cos^(|)], the circumferential radius R^ =[b/cos(|)]), and the 

Lame parameters: A, =[b/cos^(j)] and A^ =[bsin<j)/cos())]) are used in the substitution and 

simplification, where b = (a72c) . Note that b=2x (focal length), "c" denotes the meridian 

height and "a" denotes the radial distance (Mazurkiewicz and Nagorski, 1991), Figure 1. 

N 
Shell 

^\ Distributed L \ 
ff           Sensor °     -M-. \ f            Layer !      ^^X^ 

"1r 1 -1 
^   >v^-^ 

- - a  

^n^^ S '^,^0^ 

Fig.l A paraboloidal shell laminated with distributed piezoelectric sensor layer. 
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Since the shell may experience both small amplitude oscillation and large amplitude 
oscillation, modal dynamic behaviors of linear and nonlinear shells can be evaluated 
accordingly. The membrane and bending strains of nonlinear paraboloidal shells of revolution, 
including the von Karman geometric nonlinearity (Tzou and Yang, 2000; Tzou, et al, 1997), are 
mathematically defined as 

^** ~ 
cos^(|) 9u. 
 -(—^ + uO + 

b    ^ 5(1)      '^ 
1 cos*(j) 5u 

2   b^ 
3\2 (-rf) 

0       cos(j)   du , 
s =——(—^ + u^cos<t) + U3sm(|)) + 

"^"^    bsin()) ^ d\\i 

_ cos^ 9u^ 

1     COS^CJ)    ^5U3   2 

2b^sin'(t) "Sy" 

dn.. 
*v = ,   .   , (—- + COS (|)sin())—^-u„cos(l)) + 

bsin(|)   9v)/ d^ 
cos''<t)   5u3 5u3 

-( 

,     _cos*^ 9u^    d^u^        cos^(t)sin(t) . 

b sinij)   d^  9\|/ 

du 

d^ ■).. 

^    ^ cos^ (|)   dn^ 1_^3 3 
"'"''     b^sin(j)   d\\f     sin(j) 5v|/^ 

+ u^cos (t)-cos'(|)—i), 

, cos^(|) + 2cos^(|)sin^(|) 2cos^(|) dn^    Icos"^ ^ d\ 

b sm()) *    b^sm (|) ay    b sincj) a\|/5(|) 
^^v 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) cos"* ^du^     cos^cj) 5u^ 

b'     d^     b^sin(|) 5\j/ ' 

where u^, u,^ and us represent the displacement in (|)-direction, v|/-direction and transverse 
direction, respectively. Based on the von Karman geometrical nonlinearity, only the transverse 
nonlinear deformation U3 is included, and this nonlinear effect appears in tiie membrane strains, 
i.e., the quadratic term in the bracket, of the first three membrane strain equations. Accordingly, 
the sensing signal corresponding to nonlinear large deformation paraboloidal shells can be 
defined. Furthermore, note that the nonlinear strain component is defined with respect to the 
first derivative of the transverse displacement. Thus, distributed signals resulting from the 
nonlinear strains of nonlinear paraboloidal shells are fiinctions of "slopes" in the meridional or 
ch-cumferential directions. The linear part of the strain expressions were compared well with 
those reported in (Wang and Lin, 1967). 

MODAL VOLTAGES OF A PARABOLOIDAL SHELL 

It is assumed that the paraboloidal shell only exhibits axisymmetric oscillatiibrations, 
5(») 

i-.e., —— = 0, and the transverse oscillation dominates, i.e., u, » u. and u   (or u^ « 0 and 

u^ « 0). These phenomena were observed in laboratory experiments of firee vibration of 

simply supported paraboloidal shells (Glockner and Tawardros, 1973). Thus, the nonlinear 
strain-displacement relations are simplified to only fiinctions of the transverse displacement U3. 
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Sw=s;*+a3k. 

COS^CJ) 
U3 + 

1 COS*(|)   9U3   2 
1    \ ^, ) 2   h' d^ 

+ a. cos (|)    sin<|) 5U3    d^U: 

c    _<;0   4.    V    _ <^os(|) 
"^W - S^i,^ + 063X^1,^ - U3 - CX3 — 

COS^CJ)   SUj 

-(3 
cos(|) d^     5<f)' -) 

b sincj) 5(|) 
S.. =0, 

(9) 

(10) 

(11) 

where ccs is the transverse coordinate defined as the distance fi-om the shell neutral surface. 
Accordingly, the distributed sensing signal of a paraboloidal shell sensor becomes 

h' p   r   I.     cos^cj) 
•jjjha.l- u,+ 

Icos^ au3_2 
.2       y   ^1   ) 2   h' d^ 

+ T 
cos*())    sin(j) 9U3    9^U3 

-(3 
cos(t) 9(|)      5<j)' 

)} 

+ h32( 
COS(|) 

U3 -r 
COS^ (j)   SUj 

2 , 2  •   .   -. ) 
b      bsinij) 

b^sin(j) 9(j)'J   cos^cj)   cos(j) 
d())d\j/ 

(12) 

Assume the shell oscillation is composed of all participating natural modes - the modal 
00 

expansion   method,   i.e.,   n,(a„a„t) = Y, ^(t)■U^(a„a^)   where   Ti(t)   is   the   modal 
m=l 

participation factor and U^ is the m-th mode shape function in the i-th direction. The 
axisymmetric transverse mode shape fiinction Usm of a simply supported paraboloidal shell of 
revolution can be approximated by 

TT        A         (2m-l)7i;,     ^ ^   , 
U,„ = A„ cos-^ ^(j) = A^ cosB^(|), ''3m 

2(|) = (13) 

where A^ is the mode amplitude; m = 1, 2, 3, ... is the mode (or half-wave) number; (j) is the 

angle defining the shell meridional direction and 0<(t)<(t)*. Note that (j) = (j)'defines the base rim 

- the simply supported boundary condition; and B„ = [(2m - l)7i]/(2(j)*). This mode shape 
fimction has been verified by experimental data (Glockner and Tawardros, 1973). 

Distributed Sensor Signal 

Substituting the mode shape function into the strain expressions in the distributed 
sensing signal yields the m-th modal vohages ^^ averaged over the effective sensor area S'. 
Note tiie modal signal can be spectrally decomposed from the general sensing signal by signal 
processing technologies, such as using band-pass filters. 
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<^m =-^JJ^{h3,[^cos^(t>cosB,(t) + A'B'cos** . 2^   , 

+ r, 
:A.B„ 

' b^ 
-cos^ (|)(B^ cos(j)cosB^(t)-3sin{))sinB^()))] 

+ h32[—^cos(|)cosB^(j)+ r. 
b^     sincj) 2       1.2 sinB„(t)]} r^d(t)d\|/ 

cos  (j) 

(14) 

Segmented Sensor Patch 

For a segmented sensor patch (i.e., the segmented sensor) defined by the boundaries ((f)' -»(|)* 

and \\f\ -> ij/^), Figure 2, the modal sensing signal is defined by 

<^^=^i;;j:hh3.[4rcosHcosBj+ A^B: cos" * ,. , 
2b^ 

sin^BJ 

+ r; 
A„B„ 

-cos^ (t)(B^ cos(t)cosB^(t)-3sin(j)sinB^{j))] 

+ h3,[4^cos<^cosB,(t> + r2^^%?^^sinB„(^]}^^dc^dM/ 
sin(j) cos  (j) 

Fig.2 A sensor patch laminated on a paraboloidal shell of revolution. 

Local Signals and Modal Voltages by Sensor Neurons 

(15) 
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When the local signal behaviors of natural modes are interested, the surface integration 
and average are neglected and the remaining expression denotes the local signal generation at a 
specified neuron location (j) = (j)* corresponding the local m-th modal strain behaviors. 

i^^m=hHh3,[4f^cos'(|);cosB„(|); + 
b 

A„B„ 

A^B^cos^(|):_,,,^ .. 

2b 
2 sin BJ^ 

+ ^1 ^I^cos^ <l>I(Bm cos(^; cosB^ct);-3sin<t): sinB^K)] 

+ h3,[^cosf,cosBj;+r,^^^^sinBj;]}. 

(16) 

Recall that B„ =[(2m-l)7t]/(2(t)*) , r/=r| =r,^2 =(h + h')/2-h/2,if h»h^ and 
sensor/shell have uniform thickness. Note that infinitesimal electrodes and multiple channel 
data bus are required to display distributed local signals in practice. Assembling and displaying 
all local signal distribution patterns on the shell provides a global signal distribution - the 
spatially distributed modal voltages - of the paraboloidal shells. Detailed signal components 
are discussed next and distributed modal voltages of the paraboloidal shell oscillations are 
presented in case studies. 

Components of Distributed Modal Voltages 

Recall that the total signal is contributed by two main components: the membrane 
component and the bending component, i.e., [fj  =[fj^,^ +[C]bend where the subscripts 
"mem " and "bend" denote the membrane part and the bending part respectively. The 
membrane component can be further divided into the linear part and the nonlinear (quadratic) 
part.   Thus,   the   signal   [f^]l^^   contributed   by   the   linear   membrane   component   is 

f        A A 
h'{ h3,{-^cos'<|)cosB„(|)) + h32(-^cos(t)cosB„(t)) }; that [fJl,^ contributed by the linear 

D b 

(A B 
KW—7y^cos^<t>(Bn,cos(t)cosB^(|)-3sin(t)sinB^(t))}    + 

h32(r2^^Tr^^?^sinB» [ ;   and   that   [fJ"^[fJl,^   contributed   by   the   nonlinear 
D      sm q) J 

membrane component is [fj" =h%^[   ■"   -"^"^ ^sin^B^(|)]. Note that h3i =h32 =h3i in 
2b 

most conventional piezoelectric sensing materials without being mechanical stretched during 
the manufacturing process. Accordingly, these sensing signal components are specifically 
divided mto their individual components. On the other hand, based on strain magnitudes, the 
sensing signal can be divided mto two parts: the linear strain induced part [^^]'and the 

nonlinear strain induced part [^^Y where the nonlinear component is only related to the 
membrane strains. 
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b 
[rj=h'\ h3,{i^cos^(t.cosB„(^ 

A„B 
+ r,' -^^ cos' (j) (B^ cos (|) cos BJ - 3 sin ()> sin BJ)} 

+ h3,(4f cos(t.cosBJ + r3^^^^sinB» 1 
b b       sin(|) J 

r=h%,[^i^^^^^sin^B„ 
2b^ 

Or, 

[(^; ]' = h^h3,A„ [((D)L„ + ((D)L ] = h^h3,A^ (0)L,  , 

[(^;r=h^h3,A^((D)L^.hXA^(0)". 

(17) 

(18) 

(19) 

(20) 

These   signal   components   " (O) "   are  plotted   and  evaluated  in  case   studies.   Their 
electromechanical characteristics with respect to shell geometry variations are investigated. 

CASE STUDIES 

To examine the distributed modal vohages, a number of (linear and nonlinear) 
paraboloidal shells with various geometries, e.g., shallow or deep, thin or thick, etc., are 
investigated in this section. Modal vohage variations of various shell curvatures and thickness 
are investigated. Table 1 lists these paraboloidal shell cases, in which there are two thickness 
groups and both shell groups are still considered "thin" and governed by the thin shell theory. 
Case 1 is only one-fifth the thickness of Cases 4-6 and Case 1 is considered as the standard 
case. Cases 6 is the deepest; Case 5 is the shallowest; and Cases 1 and 4 are in between. (Note 
that b = a72c and b=2xfocal length, where "c" defines the meridian and "a" defines the 
horizontally projected radial distance, see Figure 2.) Three natural modes are considered for 
each shell case and detailed sensing signal contributions of membrane (linear and nonlinear) 
components and bending components (including Cases 1,4,5, and 6) are investigated. Note that 
the case studies presented here are limited to qualitative theoretical analysis, which reveal 
detailed modal voltage variations and neural signal components with various shell geometry 
parameters. 

Table 1 Paraboloidal shell shapes and their geomtric parameters. 
^^\^rameters 
Cases^^^^^ 

Radius (a) Height (c) Thickness (h) 

1 1 1 0.002 
4 1 1 0.010 
5 2 1 0.010 
6 1 2 0.010 
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It is assumed that the piezoelectric constants hsi and hsa are the same, and the modal 
amplitude Am is set to unity. Thus, the modal signals are normalized with respect to the modal 
amplitudes, per se. However, the modal amplitude Am varies for different modes. In reality, the 
modal amplitudes of higher modes are usually much smaller than that of the fiindamental 
mode, i.e., Ai » Am, m=2,3,4... Accordingly, the following modal voltage plots only provide 
qualitative information. Quantitative modal voltages can be inferred only if the "true" modal 
amplitudes are well defined. This amplitude influence to the nonlinear component is even more 
significant, since there is a quadratic term involved in the expression, due to the von Karman 
geometric nonlinearity. The true signals of the nonlinear component are usually very small 
when the true modal amplitudes are considered. 

As demonstrated previously, the modal sensing signals are specifically divided into 
their individual signal components corresponding to detailed strain distributions. Recall that the 
total signal of the m-th natural mode is contributed by two main components: the membrane 
component and the bending component. The membrane component can be fiarther divided into 
the linear part (i.e., [fj=[fjl,^ HfJlr^i) and the nonlinear (quadratic) part (i.e., [^^]"). 
For linear paraboloidal shells, the signal resulting from the nonlinear component can be 
neglected; for nonlinear paraboloidal shells, all signal components need to be considered. 
Accordingly, detailed signal generations from each component can be evaluated. These signal 
components: (0)^,„ (denoted by 3), (0)^,„, (denoted by 4), (0)^„,^ (denoted by 2), and 

(^)mem = i^T (dcnotcd by 5) are plotted with respect to the original shell surface (denoted by 

1) and their individual signal characteristics of the first three natural modes paraboloidal shell 
cases listed in Table 1 are respectively evaluated in Figures 3-5 (Case 1); 6-8 (Case 4); 9-11 
(Case 5), and 12-14 (Case 6). 

Linear and nonlinear parts of signals, the first mode 
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Fig.3 Linear and nonlinear parts of signals (Case 1, the first mode). 
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Fig.5 Linear and nonlinear parts of signals (Case 1, the third mode). 
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Fig.6 Linear and nonlinear parts of signals (Case 4, the first mode). 
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Fig.7 Linear and nonlinear parts of signals (Case 4, the second mode). 
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Fig.l4 Linear and nonlinear parts of signals (Case 6, the third mode). 

Comparing Figures 3 and 6, 4 and 7, and 5 and 8, one can observe that the bending 
component in thin paraboloidal shell (Case 1) is too uisignificant to observe, although this 
component increases as the mode number increases. The bending component appears, even it is 
still small, in the thicker paraboloidal shell (Case 4); it becomes relativelv significant in the 
shallower shell (Case 5). (Hov^^ever, it is not so clear in Figure 9, due to the overall signal 
reduction in shallow shells.) For thin shells, the bending strain is insignificant and the sensing 
signal component induced by the bending strain, the bending component, is insignificant. 
Recall that the distributed sensing signal depends on strains, not the motion (displacement). 
The bend motion (transverse displacement) of thin shell is usually interested, just as discussed 
before. The signal magnitude is the largest in the deep shell (Case 6), since the signal resulting 
from the membrane strain dominates the overall output and this membrane component 
increases as the curvature increases. Also, note that the "b = (a72c)" constant appears on the 
denominator of sensor signals. As "b" increases (i.e., shallower), the overall signal magnitudes 
decreases. Furthermore, the "b" influence to the bending signal generation is a quadratic 
relation. Thus, the bending signal decreases much faster as the shell becomes shallower. On the 
membrane signal generation, note that the nonlinear component also decreases quadrically 
faster as the shell becomes shallower. However, in any case, the membrane strain induced 
signals still dominate the overall signal responses. Note that h'hj, A^ in the linear component 

and h'hjjA^ in the nonlinear component are treated as parameters and the signal plots are 

normalized with respected to these two constants. (Recall that the modal amplitude is assumed 
unity in the case studies.) Note that there is a singularity point of the bending signal at the 
meridian, due to a sincj) term on the denominator. However, this singularity is a weak 

singularity, since lim(sinB„(t)/sin(|)) « B^ and B„ = [(2m - l)ii]/(2(t)*). Furthermore, there is a 
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[^m ] = {[(2m - l)7r]/(2(t)*)}^ in the nonlinear membrane strain part induced by the von Karman 
geometric nonlinearity. Thus, the nonlinear signal part increases quadratically with respective 
to the mode number and it decreases also quadratically v^ith respect to the meridional angle 
m- 
CONCLUSIONS 

Effective health monitoring and distributed control depends on accurate measurements 
of dynamic responses of shells and plates. Distributed modal vohages reveal distributed modal 
strain responses in distributed elastic shells and plates. This study is to investigate modal 
voltages and detailed signal contributions of a distributed sensor layer laminated on linear or 
nonlinear paraboloidal shells of revolution. Definition of sensor signals of distributed sensors 
laminated on paraboloidal shells of revolution is defined, based on the open-voltage assumption 
and Maxw^ell's principle. Signal components and distributed modal voltages of linear and 
nonlinear paraboloidal shells with various curvatures and thickness are investigated. 

The sensor signal of a linear paraboloidal shell is composed of the linear membrane 
component and the bending component; the signal of a nonlinear paraboloidal shell is 
composed of the nonlinear and linear membrane components and the bending component. The 
membrane induced signal component, in general, dominates the overall signal generation, 
although the bending mduced signal component increases as the shell thickness or the mode 
number increases. The overall signal decreases as the shell curvature decreases, while the 
bending induced component drops faster than the membrane induced component. It is also 
observed that the nonlinear induced signal component is related to the membrane strain 
component, due to the von Karman geometric nonlinearity and it is a quadratic function of 
slopes. Thus, the signal at the simply-supported boundary exists for nonlinear paraboloidal 
shells, while the membrane signal component at the boundary vanishes for simply-supported 
linear paraboloidal shells; however, there is still a very small bending signal component 
existing at the boundary. Note that this study is primarily a theoretical study and thus various 
design parameters of shell geometry and nonlinearity can be investigated. Experimental 
vaUdation of this study would encounter obstacles, since strains would be difficult to separate 
and thus, individual signal components would be difficult to evaluate. 
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CHAPTER 13 

ACTUATOR PLACEMENT AND MICRO-ACTUATION 
EFFICIENCY OF ADAPTIVE PARABOLOIDAL SHELLS 

ABSTRACT 

Paraboloidal shells of revolution are commonly used in communication systems, 
precision opto-mechanical systems and aerospace structures. This study is to investigate the 
precision distributed control effectiveness of adaptive paraboloidal shells laminated with 
segmented actuator patches. Mathematical models of the paraboloidal shells laminated with 
distributed actuator layers subjected to mechanical, temperature, and control forces are 
presented first. Then, formulations of distributed actuating forces with their contributing micro- 
meridional/circumferential membrane and bending components are derived using an assumed 
mode shape function. Studies of actuator placements, actuator induced control forces, micro- 
contributing components, and normalized actuation authorities of paraboloidal shells are 
carried out. These forces and membrane^ending components basically exhibit distinct modal 
characteristics mfluenced by shell geometries and other design parameters. Analyses suggest 
that the membrane-contributed components dominate the overall control effect. Locations with 
larger normalized forces indicate the areas with high control efficiencies, i.e., larger induced 
actuation force per unit actuator area. With limited actuators, placing actuators at those 
locations would lead to the maximal control effects of paraboloidal shells. 

INTRODUCTION 

Solar reflectors, communication antennas, optical mirrors, etc. usually have the shape of 
paraboloidal shell of revolution, often due to their focusing and aiming requirement in 
aerospace and communication structures. This study is to investigate the precision distributed 
control effectiveness and actuator placement of adaptive paraboloidal shells laminated with 
segmented actuator patches. Distributed control of shell structures based on the smart structures 
and structronics technology has been developing very quickly in recent years. Distributed 
control of beam and plate structures have been widely studied over the years. Independent 
modal control of flexible rings using orthogonal convolving piezoelectric sensors and actuators 
was studied [1]. Distributed excitation and control of cylindrical shells with fiiUy distributed 
actuator, partially distributed actuators, segmented actuator patches, line actuators, etc. were 
also uivestigated [2-4]. Modal control forces of arbitrary located, quarterly segmented 
piezoelectric actuators laminated on cylindrical shell panels were studied; modal actuation 
factor, modal feedback factor, and controlled damping ratio were derived and evaluated [5]. 
Thin cylindrical shells with various piezoelectric actuators were investigated [6,7]; spherical 
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shells with piezoceramic actuators were also studied [8-10]. Distributed sensing and control of 
conical shells and shell panels were evaluated [11]. Distributed modal voltages and their spatial 
strain characteristics of toroidal shells and spherical shells were recently investigated [12,13]. 
However, distributed sensing and control of other shells of revolution (e.g., paraboloidal, 
hyperboloidal, logarithmic shells) are scarce in open literatures. This study focuses on 
distributed control characteristics and design evaluation of distributed actuator patches 
laminated on of paraboloidal shells commonly used in high-precision aerospace and 
communication systems. 

Distributed modal signals of linear and nonlinear paraboloidal shells were investigated 
[14]; micro-control characteristics of a deep paraboloidal shell were recently evaluated [15]. In 
this study, mathematical models of the paraboloidal shells laminated with distributed actuator 
layers subjected to mechanical, temperature, and control forces are presented first, followed by 
formulations of distributed actuation forces with their contributing micro- 
meridional/circumferential membrane and bending components. Studies of actuator induced 
forces, contributing micro-components, and normalized actuation authorities of a paraboloidal 
shell with two actuator sizes are carried out. Distributed modal control effects and detailed 
micro-electromechanics related to various geometric and design parameters are analyzed and 
general design guidelines are proposed. 

MODELING OF PARABOLOIDAL SHELLS WITH DISTRIBUTED ACTUATORS 

Assume a paraboloidal shell of revolution with a distributed actuator layer is exposed to 
mechanical, electric, and temperature excitations, Figure 1. (Note that the electric forces are the 
control force/moment resultants induced by the spatially distributed actuators.) For a 
paraboloidal shell of revolution, the radii of curvature are R^ = b/cos^ (j) and R = b/coscj) 

derived from the fundamental radii of curvature equation of paraboloidal shells [16]. Here 
b = a^ /(2c) = 2f, "a" is the radial distance and "c" is the meridian height at the pole. The Lame 

parameters are A; =b/(cos>) and A2 =(bsin(t))/(cos(t)). Note that the focal length f of the 

paraboloidal shell is defined by f = a^ /(4c). 
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Distributed 
Actuator 

Not to scale 

Fig.l A paraboloidal shell of revolution laminated with distributed actuator. 

Mathematical modeling of paraboloidal shells with spatially distributed actuators can be 
simplified from the system equation of a piezothermoelastic laminated shell system [17]. Note 
that 1) the shell is usually assumed thin and the in-plane displacements (in ai and a2 direction) 
vary linearly through the shell thickness while the transverse displacement is independent of as 
and 2) the transverse shear strains and the influence of rotary inertias are also neglected. 
Substituting R^ =b/cos^(|), R^ =b/cos(t). A, =b/(cos^(t)), A^ =(bsin(j))/(cos(|)) defined for 

a paraboloidal shell of revolution into the generic composite shell system equations gives the 
paraboloidal shell system equations. 

"^        "     •*•      at 

(1) 

cos  (j) cos  ()) 

cos^ (|) 5\j/     "^"^ 

cos ^ 

■N;,-N«,) + |-(N;tan(t,) + N;-l- 

+ i\\i3 + bsind) bsind)  , d u 

cos (|)        COS (j)       dt 

sine)) 
cos^cj) 

(N;,-N'„-N;,)sin^ 
COS^(|) 

(2) 

+ q. 
bsin(|)    bsin(j)  , 5^u 

(3) 

cos'* (j)    cos'' (|) 
ph- 

dt' 
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where N^ and M" are the elastic forces and moments; Ny and Ny are the electric and 

temperatiire induced forces; M-j and My are the electric and temperature induced moments, 

respectively; phu^ denotes the inertia force effect; p is the mass density; h is the shell 

thickness; qi is the input force; and the superscripts m, e, and 9 respectively denote the elastic 
(or mechanical), electric, and temperature induced components. The electric components are 
induced by external signals and often are used as control forces/moments in distributed control 

of shells. Note that actuator control signals resulting in Ny are specifically manipulated such 

that Nfj counteracts the elastic and temperature forces. The transverse shear effects Q^3 and 

Q^3 are defined as 

^- =^^^^^^*i^- -^^[(^H -M; -M;)tan^] ^^^ 

-(M:,-M;^-M;^)sec^(^}, 

^-=Stsec3^A(M;^_M;^-M;^).A(M;tan^) ^^^ 

+ M™^ secret)]. 

The temperature variation is usually much slower as compared with the shell dynamics. Thus, 
although the temperature effect is included in the governing equations, it is not considered 
when evaluating resultant micro-control actions contributed by patch actuators. Applying the 
radii of curvature (R^ =b/cos^(t) and R^ =b/cos(|)) and Lame parameters (A; =b/(cos^(t)), 

Aj = (bsine}))/(cos(|))) to the basic mechanical (or elastic) force and moment expressions for 
shells of revolution [2] yields the exact explicit expressions of the elastic force and moment 
resultants for paraboloidal shells. 

N; =—[C0S'(|)—^ + ^COt(|)—^ + |.l^^^U. +(C0S'(1) + ^C0S(|))U3] , (6) 
b Of ovj/        smf 

,,„      K^     , ^w    cos^ (b ,   9uj, 
N,, =-[cot(t)-^ + -^u^+HcosH-^ + (cos(t) + |acos>)u3] , (7) 

M; =^[cos^,t)^ + ^cot(t,(P,cos(t. + ^)] , (8) 

M:, =^[cot<t,((3,cos<t. + ^) + ^cos^(t,^] . (9) 

The rotation angles p^, and ^^ are also defined by induced displacements U; : 

p0=K-5u3/a(t))/R^ and P^ = (ursine])-au3/av|/)/(R^sin(|)). The membrane stiffness K 

and   the    bending    stiffness   D   are    respectively   defined    as    i«: = Yh/(l-|j,^)    and 
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i) = YhV[12(l-^^)] and Y is the modulus of elasticity, )LI is Poisson's ratio of the shell 
continuum. The actuator induced control forces/moments induced by the applied control signal 

<^^ in the spatially distributed actuator layer, Figure 1, are 

N; =N; =d,,Y,f, and N;^ = N;^ = d3,v% (lo, ii) 
M; = M; = v;d,,Y^r, and M;^ = M;^ = r;d,,Y^f, (12,13) 

where dsi are the strain constants of the converse piezoelectric effect; Yp is Yovmg's modulus of 

the distributed actuator; ^^ (in italic) is the actuation/control signal; rj^ are the moment arms 
measured from the shell neutral surface to the mid-plane of the distributed actuator. For 
imiform-thickness actuator and shell, r^" = r^. The m-plane twistmg (shear) effects are usually 

neglected, i.e., N^^^, « 0 and M^^ « 0. The temperature variation is usually much slower as 

compared with the shell dynamics. Neglecting the temperature effect and considering the 
resultant       elastic       and       control       effect       (i.e.,       N^^ =ii:(s;+^S;^)-N;^      , 

N,, = Kis;^ +^S;)-N;,, N,, =N^, =[ic(i-^)/2]s;-N;^, M,, = D(k^ +^k^^)-M;, 

M^^=D(\^ +^k^^)-M;^, and M^^ =M^^ =[D(l-^)/2]k^^ -M;^, where s^ and ky are 

the membrane strains and bending strains respectively), the total force/moment resultants, 
including actuator induced forces/moments, become 

= T^^o^ <|)-f+ ^cot(t)—^ + H-:—^u^+(cos'(^ + ^cos(^)u3]-d3iY(2)\ 
b 5(j) d^f        sm())    * ^ 

N    =N"' -N' 

=     [cot(|)—^ + -^^^u^+Hcos^(j)—^ + (cos(|) + ^cos'{t))u3]-d32Y>^ 
b d\\i      smq) d^ ^ 

D      ,   5B, 36 (16) 
-[cos^(t)-^ + |Licot(t,(P,cos(t. + -^)]-r;d3,Ypjz)% 

= ^[cot(t,(P,cos(|) + ^) + ^cos^(t.^]-r;d3,Yp(^^. ^^^^ 

Analytical solution procedures of these shells of revolution are usually very complicated. Thus, 
although the closed-form system equations of paraboloidal shells are defined, evaluation of 
distributed control effect and micro-control actions is based on an assumed mode shape 
fimction [14] presented next. This mode shape function satisfies the shear-diaphragm boundary 
conditions and is verified by experimental data [15,18]. Furthermore, note that the temperature 
effect can be important in applications v^th significant temperature variations, such as space 
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structures. However, when evaluating resultant control actions solely contributed by patch 
actuators, the temperature influence is not considered in case studies. 

ACTUATOR PLACEMENT AND ACTUATOR INDUCED CONTROL FORCES 

Assume there is a segmented distributed actuator patch ranging from (j), to ^^ and from 

vj/, to \\f^ laminated on the shell of revolution. Figure 2. Spatial effects of actuator patches, 
modal characteristics, actuator induced resultant control forces/moments, and their micro- 
control actions (i.e., contributing meridional/circumferential membrane/bending components) 
are discussed in this section. 

Actuator 
Patch 

Fig.2 A segmented distributed actuator laminated on the paraboloidal shelL 

Since the piezoelectric actuator patch is very thin and lightweight as compared with the 
elastic shell, material properties of the actuator layers are neglected in the shell system 
equations. The stiffness coefficients D (bending) and K (membrane) are defined based on the 
elastic paraboloidal shell only. Also, smce the electric resistance on the actuator surface is 
negligible, the electric potential on the actuator surface is assumed uniformly distributed. Thus, 
the actuator control signal ^\^, \\f, t) is only confined on the actuator patch: 

^''((t),v|/,t) = ^^(t)[u3((|)-(t),)-U3((t)-(t)2)]K(x|/-x|/,)-u,(i|;-v|/2)], (18) 

where u^ (•) is the unit step fimction: u, ((j) - (j);) = 1 when (|) xj);, and = 0 when ^<^., f (t) is 

the actuator signal over the actuator patch and it is constant if remains time invariant. Recall 
that the Lame parameters A, =b/(cos>), A2 =(bsin(t))/(cos(t)) and the radii of curvature 

R^ =b/cos (j), R^ =b/cos(t) for paraboloidal shells of revolution. For a simply supported 

paraboloidal shell with axisymmetric oscillation, the transverse mode shape ftinction can be 
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approximated by 

TT A (2m-1)71.      , _   , 
U3m=A„cos-—-(j) = A„COsB^(t), (19) 

where An, is the m-th modal amplitude; B^ =[(2m-l)7r]/(2(t)*); ^ is the meridional angle 

measure from the pole; (j) varies form 0 (pole) to ^* (boundary rim) for a shell with a closed 

apex. \|/ defines the circumferential angle and \\i varies from 0 to 2% for a closed paraboloidal 
shell. Assume the total shell dynamic response is composed of all participating modes, i.e., 

CO 

Ui(a,,a2,t) = Xi^k(t)Uik(a,,a2), where rik(t)is the k-th modal participating factor or the k- 
I—1 

th modal coordinate; Ui^(a„a2) is the mode shape fimction. Also, assume there is no modal 
coupling and control spillover. Accordingly, the original distributed control equation can be 
transferred into the modal domain and individual modal control equations can be evaluated 
based on the mode shape fijnction U,^ = A„ cosB„(|) and the control actions resulting from 
distributed actuator patches. 

c    ■ ,2 
^m+^Tlm+fflmTl^=F,„- (20) 

where c is the damping constant; Q)„ is the m-th natural frequency. The modal control force F^ 
of an actuator patch defined by (j); to (jjj and yi to vi/2 is given as 

t =-^|[[LU(^>3)U3jA,A2dct,dx|; 

where N. = ||uLA,A,<H,dv = f fcAicos^B.^.i^i^d^dy = 
^ ^ *   •" cos (p 

V A^b^ r cos^B^(j) ^d(|). v|/* is the circumferential boundary angle and vi/* =2n for a 
* cos  (j) ■'       = T 

closed shell. For a paraboloidal shell of revolution vvdth axisymmetric motion, the Love electric 
confrol operator L\(^^) can be simplified and the actuator induced control force can be 
redefined accordingly. 

^c^^^_ cos'^d'u;^ ^ cos^(|)(3sin^(|)-2)aM;^ ^ cos^,|) du; 

b^      d^^ b^sin(t) d^      b^sinij)   d^ 

.^^^A/rc   _A^o    ,^COS^K,,     ,   CO_S(|) 

b 

(22) 
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P 1      1*2 m    cos^ (|) g M;^ ^ cos' (|)(3sin' (|) - 2) SM; 

phN^ -i, i,       b'      d^^   "^ b^sin(()        ~a^ 

b^siiK^   5(^ b^   ^^**   ^-^   b^sinH   avK^ ^^^^ 

D D COS   (j) 

Note that a shape function W((j),y) can be included in the integration for a generic actuator 
patch defined by the shaping function W((|),\|/) [2]. Imposing the axisymmetric assumption, 

i.e., 5(«)/8y = 0, assuming the uniform-thickness actuator and shell, i.e., r^'' =r^ =r\ the 
hexagonal piezoelectric materials, i.e., dsi = d32, substituting the actuator induced 
forces/moments, one can write the modal control force for a generic actuator defined by a shape 
function W((|),\|/) as 

F   =l2^ 1*^ Pwrd) ,,AlrH-^^^'<^' , cos'(|)(3sinH-2)a^'' ^ cos^5^% 
-  phN, I i. ^^"^'^^^^ L- b^ ^^     ^^-^i;^^     "^''b^^-^^ 

cos^        cos^                        ,-b^sin(|) ,, , 
+ ——^ +        ^ }(A^ cosB^(|)) ^d(t)dy 

0 0 COS   fl) 
(24) 

^JA^K I*. rw(^,v^){r-[-cos'd)^+^"^''^(^^^"'^-^)g^ + ^gg!i^1 
phN„    -^i Jf, a(|)2 sin(|) a(|)      sin(|)   8^ 

1.     21 ja    1 /a^ cosB„(t)sin(j) ,, , + bcos^(t)(z)'+b{;J'} ^f—^d(|)d\j/. 
cos (|) 

The effective actuation force induced by the segmented distributed actuator patch 
defined by ^i to ^2 ^^d v)/, to vj/j becomes 

phN„ 

"t r* r^{-'^os'^K(i^-il/,)-u,(vi/-v,)]A[5(^_,^^)_5(^_^^)] 

cos''(j)(3sinH-2),,,,    , ,    ^ 
sin(j) 

COS   (b 

+ bC0sHK((t)-(t),)-U3((|)-(|)2)]K(v-Vl/,)-U,(V|/-lj/2)] 

+ bK((),-(t.J-U3((),-(^,)]K(vi/-v,)-u,(vj;-v,;,)]}.:^^iM^d(t.dH/, 
COS   (j) 
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t _Y^d,,AJ\t) 

P 

Note that solution of Nm is carried out based on the Taylor series expansion technique and the 
surface integration defined by the distributed actuator needs to be carried out to evaluate the 
modal control force. Furthermore, the above expression can be divided into its contributing 
micro-meridional/circumferential bending and membrane components - the microscopic 
control actions: 

Kim/Total J 

(26) 

Lv-'-m/i)),bend       v ^in/i|;,bend       v   m/i|>,mem       v-'^m>'v)/,mem J ' 

w^here (T^)Totai denotes the overall control effect, excluding the coefficients and modal 

parameters; (t„)^_bend = (Tm)v,be„d ' (Tn,)*.mem and (t„)^^^„ respectively denote the micro- 

control actions resulting firom MJ^ - the actuator induced control moment m the ^ direction, 

M^>i, - the control moment in the \\i direction, NJ^ - the actuator induced control force in the (j) 

direction and N^^ - the control force m the v|/ direction. These individual contributing micro- 

control actions are evaluated in case studies. Note that surface integrations in the modal force 
expression are difficult to carry out exactly. Thus, the Taylor series expansion technique is used 
in the solution procedures. 

EVALUATION OF CONTROL EFFECTIVENESS 

Actuator induced modal control forces and microscopic meridional and circumferential 
contributing membrane/bending components induced by segmented distributed actuator patches 
laminated on a paraboloidal shell exhibiting axisymmetric oscillations were formulated 

previously. Modal control forces and contributing components, i.e., (t^)^,,,^! , (t„)^.b.nd ' 

(Tm)M,,bend ' (Tn, ),j,,inem ' ^ud (T^)^„,ein » of Segmented actuator patches laminated on a thin 

paraboloidal shell (meridian/radius = c/a = Im/lm, (j)* = 1.1071 radians, and thickness h = 
0.002ra) are evaluated in this section. It is assiraied that the actuator patch occupies an area 
fi-om (|)i to (j)2 and \|/i to v|/2 as shown in Figure 3. Two actuator patch sizes: 1) 
A(|) = (|)2-(j), =0.1 radians and 2) Acj) = (j)2-(|), = 0.2 radians defined in the meridional 
direction with a standard "angular width" Av|/ = vj/j -v|/i = 0.2 radians in the circumferential 
direction are evaluated. These segmented patches move fi:om the pole ((j) = 0) toward the 
bottom rim (<t) = (|)) and their reference meridional center points are respectively at (j)=0.05, 
0.15, 0.25, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, 0.95 and 1.05 radian for A(t) = 0.1 radian and 

(j)=0.1, 0.3, 0.5, 0.7 and 0.9 radian for A^ = 0.2 radian. The actuator control authorities at each 
location are evaluated. 
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A(j) = 0.1;Av|; = 0.2 

^3 Actuator Patches 
/ / / 

c = 

a=l      y 
(|) = l.lrad 

^^^ ^ 

N = 1.1071rad = = 63.4322° 

Radius a = 1, Meridian c = 1 

Fig.3 The standard paraboloidal shell with segmented actuator patches. 

Note that these patches do not exhibit uniforai sizes because the radii of curvature are 
not constant. Accordingly, the projected actuator "arc-length" varies as it moves from the pole 
to the boundary rim, although A(|) is still constant. Modal control forces and contributing 

components, i.e., (tj^otai. (tj^.be„d, {\\,^, (tj^^^„, and (tj^„,^ for the fu-st three 

modes of the two actuator sizes are evaluated, respectively. Again, the case presented in this 
study has the meridian/radius ratio c/a=l/l v^ith two patch sizes. Due to the axisymmetric 
property, the actuator location in the circumferential direction doesn't influence the micro- 
control actions for the same A()) and Av|/. 

Patch 1 (A(j) = 0.1; Av)/ = 0.2) 
Patch-actuator Induced Control Forces 

Modal control forces and their contributing microscopic meridional/circumferential 
membrane^ending components of Patch 1 are calculated. The first three modal control effects 

are plotted in Figures 4-6 where "Tm_Total" denotes (t^)^,,,^, "Tm_phi_bend" for (t„)^_bend' 

"Tm_psi_bend"  for  iJJ^^^^ ,   "Tm_phi_mem"  for  (t„)^,„,,   and  "Tm_psi_mem"  for 

(Tm)v,mem • Thc horlzontal axis denotes the projected diameter of the paraboloidal shell. 

Accordingly, these components are plotted with respected to the projected radial distance of the 
paraboloidal shell. Each data point represents the actuator control effects at a specific location. 
The horizontal location of the data point is the meridional center of each actuator patch. Thus, 
actuator induced modal control forces of these standard patches moving from the pole to the 
rim in the meridional direction can be clearly observed and evaluated in these figures. 
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Fig.4 Modal control forces at various actuator locations, 1*' mode, A^ = 0.1. 
^ ^ A A A 

v'-''   V^m^Total'*^*  v^m/v|/,mem ' **'   V^m )(ti,mein ' ^*  C^ni)(|),bend ' ^"  ( ^m )i)/,bend ) 

Force Component (2nd Mode) 

0) -5 
o 
o 

LL 

-10 

-15 

K^M^ilhLii fl 

\'\                          0     J 

\® 

- Tm_Total 
- Tm_psi_mem 
-Tm_phi_mem 
- Tm j3hi_bend 
- Tm_psi_bend 
 1 1  

"A. 
,A 

..A'' 

O 

- - -A- - 

 1 1 1 1  

-1.0      -0.8      -0.6      -0.4      -0.2       0.0       0.2       0.4       0.6        0.8        1.0 

Diameter (2a) 

Fig.5 Modal control forces at various actuator locations, 2"^ mode, A<|) = 0.1. 
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Force Component (3rd Mode) 
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Fig.6 Modal control forces at various actuator locations, 3'^'' mode, A^ = 0.1. 

In general, the actuator induced circumferential and meridional membrane control 
forces dominate the overall control effects and the bending (both meridional and 
circumferential) control moments are relatively insignificant. Resultant actuation effects 
depend on the patch locations and the mode shape variations. Note that there are positive and 
negative control forces induced by the actuator patch moving in the meridional direction on the 
shell surface. The positive forces induce positive actuation effects and the negative forces 
aggravate the shell vibrations when the positive actuation/control signals are used. However, 
since the sign of control signals can be manipulated m the control circuit, one should look at the 
"absolute" magnitudes to infer the "net" control effectiveness at these locations. Furthermore, 
these control effects (i.e., micro-meridional/circumferential membrane and bending effects) are 
calculated based on the modal force formulation derived in the previous section. These forces 
are symmetric due to the axisymmetric assumption of the mode shape function. Accordingly, 
these meridional and circumferential control force/moment effects only represent the global 
control effect, including the variations of actuator sizes. Modal control effects normalized with 
respect to the actuator size are evaluated next. 

Normalized Actuation Authorities 
Note that the projected patch length and width (arc length and width) increase as the 

standard actuator patch moves from the pole down to the rim, due to variations of shell 
curvature. Thus, the actuator patch size increases as it moves from the pole down to the 
boundary rim, although the "meridional angle" A<t) = 0.1 radians and the "circumferential 

angle" A\\f - 0.2 are constants. Figure 7 illustrates the "true" patch size variations defined at 
various shell surface locations. Apparently, the effective actuator size is the smallest at the pole 
and the largest near the rim, due to variations of projected arc lengths and widths. Accordingly, 
the actuator induced confrol forces/moments of the four contributing membrane/bending 
components need to be normalized (i.e., the total force divided by the actuator area), such that 
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the true actuation authorities per actuator area can be inferred. These normaUzed 
meridional/circumferential membrane and bending components of the first three paraboloidal 
shell modes are presented in Figures 8-10. Again, these quantities are plotted with respect to 
the actuator location in the projected radial direction - "radius" or "diameter". 
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Fig.7 Effective actuator sizes at various patch locations, A^ = 0.1. 
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Fig.9 Normalized modal control forces at various locations, 2"" mode, A^ = 0.1. 
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Fig.lO Normalized modal control forces at various locations, 3"^^ mode, A(j) = 0.1. 

Observing these plots suggests that the effective (normalized) control effects at various 
locations exhibit the distinct modal characteristics, although the dominating (membrane) 
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components still nmchanged. The effective control effects are minimal when the actuators are at 
or near the modal lines and they are maximal at the maximal strain regions of axisymmetric 
modes. Following the same procedures of Patch 1 on a paraboloidal shell (c/a=l/l), patch- 
actuator induced control forces and normalized actuation authorities of Patch 2 (A(|) = 0.2; Av|/ = 
0.2) are studied next. 

Patch 2 (A(|) = 0.2; Ai|/ = 0.2) 
Patch-actuator Induced Control Forces 

As discussed above, actuator induced control forces and their microscopic contributing 
components of Patch 2 (A(|) = 0.2; Av|/ = 0.2) at various locations on the paraboloidal shell are 
evaluated in Figures 11-13; actuator sizes, the normalized actuation/control authorities and their 
modal characteristics of the first three natural modes are presented in Figures 14-17, 
respectively. 
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Fig.l7 Normalized modal control forces at various locations, 3"^ mode, A^ = 0.2. 

These data suggest that although larger actuator size leads to larger actuation force, detailed 
microscopic actuation behavior disappears as the actuator increasing its size. The normalized 
actuation authority remains about the same as that of the small-patch configuration case. 

DISCUSSION AND CONCLUSION 

250 



Paraboloidal shells of revolution are commonly used in reflectors, antennas, mirrors, 
etc. in communication systems, precision opto-mechanical systems, aerospace structures, etc. 
This study is to investigate the precision distributed control effectiveness of adaptive 
paraboloidal shells laminated with segmented actuator patches. Mathematical models of the 
paraboloidal shells laminated with distributed actuator layers subjected to mechanical, 
temperature, and control forces were presented first, followed by formulations of distributed 
actuator induced control forces with their micro-control actions (i.e., contributing 
meridional/circumferential membrane and bending control components). Studies of control 
forces, contributing components, and normalized control authorities were analyzed and 
evaluated. Patch-actuator induced distributed modal control forces and their micro-control 
actions (i.e., meridional/circumferential membrane and bending components) basically exhibit 
distinct modal characteristics influenced by shell geometries and other design parameters. 
Usually, these force magnitudes decrease as the mode number increases. Analysis data suggest 
that the membrane contributed transverse control components (i.e., the meridional and the 
circumferential membrane components) increase as the shell curvature increases, which are, in 
fact, the dominating actuation components in control of paraboloidal shells. The two 
(meridional and circumferential) bending contributed components are small and insignificant at 
low natural modes; however, they increase their influences as the mode number increases (i.e., 
high natural modes), the shell thickens, or the radius of curvature increases (i.e., shallow 
shells). It is also noticed that the patch-actuator induced modal control force is proportional to 
the width, i.e., the circumferential angle Av|/, of the actuator patch, i.e., a wider Av|/ leads to 
larger magnitudes of modal control forces. 

Due to mcreased meridional and circumferential radii of curvature, the effective 
actuator size enlarges as the actuator patch moves from the pole to the boundary rim when Acj) 
and Av|/ are kept constant. Accordingly, distributed actuator induced control forces and their 
contributing components were normalized with respect to the actuator size to provide the "true" 
actuation authorities per unit actuator area. Locations with larger normalized actuator forces 
indicate the areas with high control efficiencies, i.e., larger induced control force per unit 
actuator area. With limited actuators, placing actuators at those locations would lead to the 
maximal control effects; however, placing actuators at "zero" or "near-zero" locations would 
contribute to zero or the minimal control effects of given paraboloidal shells. The small patch 
configuration reveals more detailed microscopic local control effects. Thus, small-size actuator 
patches are recommended, if local microscopic control or control of higher natural modes is 
required. In summary, this study reveals many detailed patch-actuator induced micro-control 
actions, distributed control characteristics and control effectiveness of paraboloidal shells 
laminated with segmented actuator patches. Actuator placement related to targeted controlled 
vibration modes is a vital design issue for precision structronic paraboloidal shell systems. 
These general guidelines can be applied to practical design applications. 
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CHAPTER 14 

MICRO-CONTROL ACTIONS OF SEGMENTED ACTUATOR 
PATCHES LAMINATED ON DEEP PARABOLOIDAL SHELLS 

ABSTRACT 

Deep paraboloidal shells of revolution are common components for horns, nozzles, 
rocket fairings, etc. This study is to investigate the micro-control actions and distributed control 
effectiveness of precision deep paraboloidal shells laminated with segmented actuator patches. 
Mathematical models and governing equations of the paraboloidal shells laminated with 
distributed actuator layers segmented into patches are presented first, followed by formulations 
of distributed control forces and micro-control actions including meridional/circumferential 
membrane and bending control components based on an assumed mode shape fiinction and the 
Taylor series expansion. Distributed control forces, patch sizes, actuator locations, micro- 
control actions, and normalized control authorities of a deep paraboloidal shell are analyzed in 
a case study. Analysis indicates that 1) the control forces and membrane/bending components 
are mode and location dependent, 2) the meridional/circumferential membrane control actions 
dominate the overall control effect, 3) there are optimal actuator locations resulting in the 
maximal control effects at the minimal control cost for each natural mode. 

INTRODUCTION 

There are many advanced paraboloidal shell structures and components used in civil, 
mechanical, and aerospace structures and systems, ranging from horns, nozzles, rocket fairings, 
solar collectors, communication antennas, optical mirrors, etc. Static and dynamic 
characteristics of paraboloidal shell structures have been investigated over the years (1-7). This 
study is to investigate the distributed control effectiveness and micro-control actions with 
respect to actuator locations of precision deep paraboloidal shells laminated with segmented 
actuator patches. 

Distributed control of shell structures (or distributed elastic structural systems) based on 
the "smart structures and structronics" technology has been quickly developing for over a 
decade. Distributed control of one- and two-dimensional (ID and 2D) flat distributed systems 
(e.g., beams and plates) has been widely studied, so as rings (8). Distributed control of 2D 
curved distributed systems - shells - is more challenging, because of the coupled 
membrane/bending behavior and the in-plane/out-of-plane motions (9). Control of cylindrical 
shells with fully distributed actuator, partially distributed actuators, segmented actuator 
patches, line actuators, etc. were investigated (9,10); micro-electromechanics of segmented 
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actuators was also evaluated (11). Acoustics, vibration and distributed actuation of spherical 
shells Mfere recently investigated (12-15). Distributed sensing and control of conical shells 
were evaluated (16), so the micro-sensing characteristics of toroidal shells (17). Distributed 
modal signals of linear and nonlinear paraboloidal shells were recently investigated (18). In this 
study, mathematical models of the paraboloidal shells laminated with distributed actuator layers 
segmented into patches are defined first, followed by formulations of distributed control forces 
and detailed membrane/bending micro-control actions. Distributed actuator control forces and 
control authorities at various actuator locations on a deep paraboloidal shell are investigated. 
Distributed modal control effects and micro- meridional/circumferential membrane/bending 
control actions are evaluated and general design guidelines are proposed. 

SYSTEM MODEL AND DISTRIBUTED ACTUATION 

A generic paraboloidal shell of revolution defined in a tri-orthogonal coordinate system is 
shown  in  Figure   1,   where   a, = (|)   and   a2 = v|/ ,   a   meridional   radius   of curvature 

Rj = R^ = h/cos^ (j), a circumferential radius of curvature Rj = R^ = b/cos{|) and the constant 

b = a^ /(2c) = 2f where "a" is the radial distance, "c" is the meridian height at the pole, and "f 

is the focal length. The Lame parameters are Aj =b/(cos^(|)) and Aj =(bsin(j))/(cos(t)). The 

parabola equation is given as z = z(r) = c[l - (-f], where "z" is the vertical rise and "r" is the 
a 

horizontal radius. 

(R, sin(|))d>i; 

Fig.l A generic paraboloidal shell of revolution and a part of its cross-section. 
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Assume a thin distributed actuator layer is laminated on the parabolodial shell of 
revolution, which induces control forces/moments leading to precision control of the 
paraboloidal shell. Figure 2 illustrates a deep paraboloidal shell laminated with a distributed 
actuator layer segmented into actuator patches. Since the layer is thin, the mass and stiffness 
properties can be neglected and only the control actions are considered. Mathematical models 
are defmed first, followed by micro-control actions and their control effectiveness. 

Actuator Patches 

(t) = 1.3rad 

<j)*=1.3258rad = 75.9627° 

Radius a = 1, Meridian c =2    • 

Fig.2 Segmented distributed actuators laminated on a deep paraboloidal shell. 

Mathematical model of paraboloidal shells with spatially distributed actuators can be 
simplified firom the system equations of a piezothermoelastic shell laminate system (19) and is 
derived as follows. 

^      ^(N;) + A[(N;-N;)tan(|,] 
cos^ <j) ^^l 

V        \J/V}/ \\t\\! / 

1    a 

^      , ^   ^    i.    bsind) bsind)   , 5 u. 
—^ + Q^3tan(t) + ^q^= ^Iph^ 
cos <Sf cos (j) cos (|)       5t 

d 
(N:,-N;J +—(N;tan(t)) + N: 

1 
cos'(|)ai|/"'^^  ^'^"^^ ■ acj)'^'*^''"^''' '"'^* cosset) 

+ _sin^ 

COS   (j) 

bsind)        bsind)  , a^u„ 

cos (^  *    COS (^     at 

(1) 

(2) 
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"^If'^"^^ +COS=4,A[(M; -M;)tan«-(M;, -M;,)COS« (3) 

/-xTHi    xre \+    X   /xTHi     -Kie  N sind) bsind)    bsind)  , d^u. 

cos (p       COS (p    COS 9      5t 

where N" and M" are the elastic forces and moments; Ny and My axe the electric control 

forces and moments, respectively; ph-S^Uj/St^ denotes the inertia force effect; p is the mass 

density; h is the shell thickness; qi is the input force; Q^s and Q^s are the transverse shear 
effects; and the superscripts "m" and "e" respectively denote the elastic (or mechanical) and 
electrically induced components. (Note that "e" is changed to "a" when the actuator forces are 
explicitly defined in later sections.) The elastic force and moment resultants of thin 
paraboloidal shells following the Love-Kirchoff thin shell assumptions are defined as 

N; =^[cos^,t,^ + ^cot(|,^ + ^^u,+(cos^(t, + ^cos(|,)u3] , (4) 
b Of o\|/        smf 

N"^=-r[cot(|)—^ + ^^^u.+ncos^(t)—-^ + (cos(t) + ncos^(t))u3] , (5) 
D CA\f      smq) o(j) 

^(l-^i)     cos^ sSn^    cos«|)au 

""^^ 2b     ^    sin<^^-^'°'S<t. ^sm^d^i^- 

^( 6A^^^*       ^^"3.       , 5  ,     •      ,, 5U3, 

cos'(|) 5u       1   d\ 3,        3^au3,, 
+ ^-r-f^(—^-^——^ + u^ cos'(^-cos>-f)} 

sm(()    5v|/     sm(j) ^^f        ' 5(j) 

„      D  cos^(|) 5u 1    52 3i5u3^ 
^w =rr{^-r(V^- ■  , . ,'+u^cosH-cos>--f) 

b     smf    ^^l    sm(j) ^^f        * 5(j) 

(6) 

(7) 

(8) 

j^„ _.D(l-)a)     cos (|) + 2cos (|)sin^(|) 2cos ()) ^3 

*^~      2      ^ b'sin(|) ""^"^b'sin^a^ 

_ 2 cos (|) 5 U3     cos" (|) 5u^|,     cos" (j) 5u^ 

b^sin(j) 5v);5(j)       b^     Scj)     b^sin(j)5\|/ 

(9) 

The membrane stiffness ii: = Yh/(1 -n^) and the bending stiffness D = Yh^ /[12(1 - |a^)], 
where Y is the modulus of elasticity and |j, is Poisson's ratio of the shell. The control 

forces/moments induced by the applied control signal ^^^ in the spatially distributed actuator 
layer are 
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N; =N; =d,,Y^r,        N;^ = N;^ = d3, v% (io,ii) 

M; =M; =r;d3,v%    M;^ =M;^ =r;d3,v% (12,13) 

where dai are the strain constants of the converse piezoelectric effect; Yp is Young's modulus of 

the distributed actuator; ^" (in italic) is the control signal; xf are the moment arms measured 
from the shell neutral surface to the mid-plane of the distributed actuator. The in-plane twisting 
(shear) effects are usually neglected, i.e., N^^ «0 and M^^ «0, for conventional hexagonal 

piezoelectric materials. Since the electric resistance on the actuator surface is negligible, the 
electric potential on the actuator surface is assumed constant and separated by patch divisions. 
Thus, the transverse control signal f ((t),\|/,t) is only confined on the segmented actuator patch 

electrode ranging from (j), to ^^ and from v|/j to vj/j, Figure 2. 

^^((|),l|/,t) = ^''(t)K((|)-(t),)-U3((t)-(t)2)]K(VK-li/,)-U,(V|/-M/2)], (14) 

whereu^(-) is the unit step function: U3((t)-(|)i) = l when (j) xj);, and = 0 when ^<^-^. For 

uniform-thickness actuator and shell, r^' = r^. Again, the in-plane twisting control effects are 

usually not considered, i.e., Nj^,, <« 0 and M|^ « 0 . Considering the resultant elastic and 

control    effects    (i.e.,    N^ =ii:(s;+^S;,)-N;   ,    N,, =i:(s;,+HS;)-N;,   , 

M^^ =D{k^^ +\ik^)-Ml^, and M^^ =M^^ =[D(l-^)/2]k^^ -M;^, where s° and ky are 

the membrane strains and benduig strains respectively), one can re-define the total 
force/moment resultants, including control forces/moments and the elastic components. 
Accordingly, combining the inherent elastic components NJ"^ and N^^ and the control 

components induced by actuator patches ranging from isf^ to i^^ and from \^^ to ij/j yields 

K       j,   d\x. dn cos^ (b 
N^=-r[cos (|)—f+ HCOt(t)—^ + ^-^--iu,+(cos^(|)-F^cos<|))u3] D o^ 6\|/        sm(j)    ' T   r      T/ jj ^^^^ 

-d3,Ypr , 

T,,        -^r     , ^m    cos^(b ,   5UA 
N^^ =—[cot (|)—^ +-^u. + locos'(t)—f + (cos(!) + lacos'(t))u3] 

(16) 

_    cos^(^,9u 1    52 3, 3   5u,        , 
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^w =TT{   .   ,  (-T-^-- f + Uj, cos'd) -cos^ d)—i) 
^"^    b'    siiKJ)    5v|/     sin(|) ay^       *        ^ ^ a(j) ^ 

Note that although the analytical system equations of paraboloidal shells are defined, 
evaluation of distributed micro-control effects is based on an assumed solution satisfying the 
given boimdary conditions in later analyses, due to complicated analytical solution procedures 
of the paraboloidal shells of revolution. 

DISTRIBUTED MICRO-CONTROL ACTIONS 

Assimie the shell dynamic response is composed of all participating modes, i.e., the 

modal expansion method: Ui(ai,a2,t)= |;Ti„(t)Ui„(a,,a2), where Ti^(t) is the m-th modal 
m=l 

participating factor or the m-th modal coordinate and Ui„(a,,a2) is the mode shape function. 
Accordingly, the original distributed control equation can be transferred into the modal domain 
and individual modal control equations can be evaluated based on the mode shape functions 
and the distributed actuator patch defined from (j), to (jjj and from \(/, to VJ;2 • The displacement 
and the moment on the boundary perimeter are assumed zero for a simply supported 
parabolodial shell structure. Also, since the transverse axisymmetric oscillation dominates, the 
fransverse mode shape function 1)3^ can be approximated by 

TT A (2m-l)TC ,      , „   , 
U3m = A^ cos^ '  (|) = A^ cosB„(t),      m = l,2,..,co (19) 

zq) 

where Am is the m-th modal amplitude; B^, =[(2m-l)7i]/(2(|)*); if is the meridional angle 

measured from the pole ((|)= 0) to the shell boundary rim at ()>=([)*. Accordingly, the modal 
control equation becomes 

nm+-i:^m+'Omnm=Fm . (20) ph 

where c is the damping constant; ©„ is the m-th natural frequency; and F^ is the distributed 
modal control force. Imposing the axisymmetric assumption, i.e., 5(«)/5v|/ = 0, assuming the 

uniform-thickness actuator and shell, i.e., r^* = r^ = r*, the hexagonal piezoelectric materials, 

i.e., dsi = d32, and substituting the control forces/moments, one can define the modal control 
force induced by the segmented distributed actuator defined by i^^ to ^^ and \)/j to v^^- 
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F„ = 
phN„ 

cos^_K3sin^-2)| 
sincj) 

cos (b 
-^[6((t)-(^,)-5((t)-(^,)][u3(M/-v|/,)-u3(xi/-v^2)]} 

+    ' ' ^[5(<t»-'l),)-5((|)-(t)2)]K(i|;-i|/,)-U3(\|/-x|/2)] 

+ 
(21) 

F _ Ypd3.A„ .nt) 
^m 

P 

_ Ypd3,A„ .nt) 

+ bC0S   (t)K((l)-(t),)-U,((t)-(t)3)][u,(X|/-V|/,)-U,(y-X|/,)] 

+ bK((t.-(^,)-u,((|,-(^,)]K(i,/-it/,)-u,(v,/-v,/,)]}.:^2^M^d(t.dx,/, 
COS   ^ 

where N„ = [ [U3'^A,A2d(t)dv|/ = vj/'A^b'f cos^B^(t)^i^d(t), y* is the circumferential 
■^ "^ •" cos (j) 

boundary angle, v|;* = 2;: for a circumferentially closed shell, 6(-) is the Dirac deha function, 

and u^C-) is the unit step function. Analytical solution of Nm is carried out using the Taylor 

series expansion and the surface integration defmed by the distributed actuator is carried out to 
evaluate the patch control force. Furthermore, the detailed micro-control action can be divided 
into its contributing meridional/circumferential bending and membrane control components: 

K^m^Total J 

(22) 

L\   m>'i|),bfind      V   in/v|/,bend      \ ^m/(|),mem      V   m/\|;,mera J ' 

where (T„)To,ai denotes the overall control effect, excluding the coefficients and modal 

parameters; (T^)^bend ' (T„)v;,.bend > (Tn,)4,,„em and (t^),^^^™ respectively denote the control 

effect resulting from MJ^ - the control moment in the ^ direction, M^^ - the control moment in 

the v|/ direction, N^ - the control force in the ^ direction, and N^^ - the control force in the \\i 

direction. These individual contributing control effects are evaluated in case studies. Note that 
surface integrations in the modal force expression are difficult to carry out exactly. Thus, the 
Taylor series expansion technique is used in the solution procedures. 

CASE STUDY 

To validate the assumed mode shape function, mode shapes of the first three natural 
modes are compared with experimental data first in a case study. Modal control forces and 
detailed micro-control actions including the meridional and circumferential contributing 
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membrane/bending components, i.e., (fj^,,^, (fj^^^^,, (IJ^^^,, (t„)^.„,e.. and (tj^„,„, 

induced by segmented distributed actuator patches at various locations are evaluated next. 

Mode Shapes of Paraboloidal Shells 

To validate the assumed mode shape functions, analytical solutions are qualitatively 
compared with experimental data in this section. Figures 3 to 5 illustrate the first three 
axisymmetric natural mode shapes (three-dimensional (3D) and profiles) of a paraboloidal shell 
(c=0.0330m, a=0.1905m, (|)*=19.1197°=19°07', shell thickness h=l.2192mm), in which 
analytical solutions and experimental data points are plotted with respect to the original shell 
profile. The vertical axis denotes the mode amplitude superimposed on the original elastic shell 
(in dash line) and plotted along the experimental data points by Glockner and Tawardros (2). 
The experimental modal analysis was based on a simply-supported parabolodial shell 
fabricated from polyvinyl-chloride (P.V.C) sheet by a thermo-vacuum process using special 
molds and templates. Natural frequencies and mode shapes of axisymmetric oscillation were 
measured and presented (2). These three figures demonstrate that the assumed analytical 
solutions are compared well with the experimental data for the first three modes. The errors 
could be introduced by the non-ideal simply supported boundary conditions on the 
experimental model. The non-ideal boundary condition tends to be relatively rigid at the base 
boundary and be more flexible at the pole, which can be observed in almost all experiment 
data. With the imderstanding of fundamental dynamic characteristics of paraboloidal shells, 
micro-control actions of distributed segmented actuators are investigated next. 

-1    -1 

Fig.3 Paraboloidal shell, the first mode. 
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rig.4 Paraboloidal shell, the second mode. 

-1    -1 

Fig.5 Paraboloidal shell, the third mode. 

Micro-control Actions of Distributed Actuator Patches 

As discussed previously, a distributed actuator layer laminated on a deep paraboloidal 
shell is segmented into a number of actuator patches. Micro-control actions and control 
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authorities of these actuator patches are evaluated. The deep thin paraboloidal shell is defined 
by meridian/radius = c/a= 2/1, ^* = 1.3258 radians, and thickness h=0.002; the actuator patch 
size is A(t) = <t)2 ~<t>i =0-1 radians defined in the meridional direction with a "circumferential 

width" A\|/ = i|/2 -v|/i = 0.2 radians. Note that these patch sizes (or the projected meridional 
and circumferential arc lengths) are not identical as they move from the pole to the rim, 

because of the curvature effect. Modal control force and micro-control actions, i.e., (t^)^^,^,, 

(Tm)4,,bend ' (Tn,)v,bend ' (Tm)^.mem ' ^^^ (Tm)v,meni ^r thc first three modcs arc evaluated, 

respectively. Figures 6-8 show the first three modal control effects plotted with respect to the 
horizontal projected diameter of the deep paraboloidal shell. They show the variation of control 

forces along the shell surface in the meridional direction. (Note that Tm denotes t^ in these 
figures). Accordingly, each data point represents the actuator's micro-control effects at a 
specific patch location moving from the top pole to the bottom rim in the meridional direction. 
The resultant control effects of actuator patches depend on the patch locations and the mode 
shape variations; these forces are symmetric due to the axisymmetric assumption of the mode 
shape functions. Note that there are positive and negative control forces induced by the actuator 
patch moving in the meridional direction on the shell surface. The positive forces induce 
positive control effects and the negative forces aggravate the vibrations when the positive 
control signals are used. However, since the sign of control signals can be manipulated in the 
control circuit, one should look at the "absolute" magnitudes to mfer the "absolute" control 
effectiveness at these locations. 
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Fig.6 Modal control forces at various actuator locations, 1*' mode. 
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Fig.7 Modal control forces at various actuator locations, 2"^ mode. 
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Fig.8 Modal control forces at various actuator locations, 3"^^ mode. 
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Detailed micro-control actions reveal that the circiunferential and meridional membrane 
control forces dominate the overall control effects and the bending (both meridional and 
circumferential) control moments are relatively insignificant. These micro-control effects 
(meridional/circumferential membrane and bending control effects) are respectively calculated 
based on the modal force formulation mcluding the effects of actuator sizes. Since these 
actuator sizes are not constant, these control forces and their micro-control effects need to be 
normalized in order to evaluate the true control effect per unit actuator area. Considering the 
curvature variations influencing the projected arc lengths, one can calculate the "true" actuator 
size at a given location on the deep paraboloidal shell. Figure 9 indicates that the actuator size 
changes significantly, depending on the patch location of the deep paraboloidal shell, although 
they keep identical A(|) = 0.1and Av|/ = 0.2 radians. Thus, the control forces and the micro- 
control actions are normalized with respect to the actuator size and these normalized 
meridional/circumferential membrane and bending components of the first three paraboloidal 
shell modes are presented in Figures 10-12. They show the variation of control forces per unit 
area along the shell meridional surface and the "size effect" is excluded. Higher nominal values 
imply that the induced control actions per unit area (or control authorities/actuator size) are 
higher, i.e., higher control effects at given control cost or power. 
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Fig.9 Effective actuator sizes at various patch locations. 
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Fig.l2 Normalized modal control forces at various locations, S""^ mode. 

These data indicate that actuator patches located at the pole provide the best control 
effects for the first mode. There are three effective locations for the second mode and five 
locations for the third mode. In any case, centrally located actuator patch yields the most 
effective control effect for most natural modes of the simply-supported deep paraboloidal shell. 

CONCLUSIONS 

Deep paraboloidal shells are common components for nozzles, horns, rocket fairings, etc. 
in high-performance aerospace systems. This study is to evaluate the control effectiveness of 
distributed segmented actuator patches and to examine their microscopic control actions and 
authorities of these actuator patches laminated on a deep thin paraboloidal shell. Mathematical 
models of the paraboloidal shell and the distributed actuator patches were defined first, 
followed by governing system equations. Theoretical derivations of distributed control forces 
reveal that the micro-control actions of actuator patches can be divided into 1) the meridional 
membrane effect, 2) the circumferential membrane effect, 3) the meridional bending effect, and 
4) the circvmiferential bending effect. These micro-control actions were analyzed in a case 
study. Analytical solutions based on the assumed mode shape fimction of a simply-supported 
(or knife-edge) deep paraboloidal shell were derived; these assumed mode shape fimctions 
were validated by experimental data. 

Analysis of distributed control forces/moments suggests that these control actions are 
sensitive to actuator locations and natural modes; they generally decrease as the mode number 
increases. Among the four control actions, the meridional and circumferential membrane 
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control force components dominate the overall control effect and the meridional control action 
is slightly higher than the circumferential control action. The bending control actions (both 
meridional and circumferential) are very small for lower shell modes and they gradually 
increase as the mode increases when the shell's bending behavior becomes observable. The 
bending control action is proportional to the shell thickness and it increases as the shell 
becomes thicker, while the membrane control action remains constant. Furthermore, analysis of 
micro-control actions, actuator locations, actuator-size variations related to mode shapes 
reveals a number of ideal patch locations mtroducing the maximal control effects at the 
minimal control cost or actuator size. These analysis data provide general design guidelines and 
optimal actuator locations for precision control of deep paraboloidal shell distributed systems. 
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CHAPTER 15 

OPTIMAL CONTROL OF PRECISION 
PARABOLOIDAL SHELL STRUCTRONIC SYSTEMS 

ABSTRACT 

Paraboloidal shells of revolution are commonly used in advanced aerospace, civil and 
telecommunication structures, e.g., antennas, reflectors, mirrors, rocket fairings, nozzles, solar 
collectors, dome structures, etc. A structronic shell system is defined as an elastic shell embedded, 
bonded or laminated with distributed piezoelectric sensors and actuators and it is governed by 
either in-situ or external control electronics. A closed-loop control system of paraboloidal shell 
structronic system consists of distributed sensors/actuators and controller coupled with an elastic 
paraboloidal shell. State equation for the paraboloidal shell structronic system is derived and 
optimal linear quadratic (LQ) state feedback control is implemented, such that the "best" shell 
control performance with the least control cost can be achieved. The gain matrix is estimated 
based on minimizing a performance criterion function. Optimal control effects are compared 
with controlled responses vdth other non-optimal control parameters. Control effects of 
identical-sized sensor/actuator patches at different locations are studied and compared. Modal 
control effects for different natural modes are also investigated. 

INTRODUCTION 

Paraboloidal shells of revolution are commonly used in advanced aerospace, civil and 
telecommunication structures, e.g., antennas, reflectors, mirrors, rocket fairings, nozzles, solar 
collectors, dome structures, etc. A shell structronic system is defined as an elastic shell bonded, 
embedded or laminated vdth active-material based sensors and actuators governed by either 
in-situ or external control electronics. This study is to apply the linear quadratic (LQ) optimal 
state feedback control to precision paraboloidal shell structronic systems and to evaluate modal 
control effects influenced by different sensor/actuator locations. The goal of optimal control is to 
seek for the best closed-loop control performance at the least control cost. Although the optimal 
control technique has been introduced to control applications for decades, its application to shell 
vibration control, especially distributed structronic shell systems, is still not well explored. 
Optimal control of distributed parameter systems with spatial and time discretization methods 
was studied [1], as well as applications to beam and plate structures [2-5]. Dynamic and/or 
elastic behavior of paraboloidal shells of revolution has been investigated for decades. Lin and 
Lee [6] derived the mode shape functions and natural frequencies for paraboloidal shells of 
revolution with fi-ee boundary based on tiie bending approximation. Wang and Lin [7] presented 
the differential governing equations for tiie axisymmetric motion of paraboloidal shells of 
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revolution. However, difficulties for finding analytical solutions to the complicated equations of 
motion limit the fiilly development and application of elastic paraboloidal shells of revolution. 
Distributed sensing and control characteristics of structronic beam, plate, ring and shells have 
been investigated over the years [8]-[12]. Distributed sensing behaviors and open-loop actuator 
characteristics of structronic paraboloidal shell of revolution systems are recentiy investigated 
[12]-[14]. In this study, comprehensive dynamics and closed-loop optimal control performance, 
with modal-dependent sensor/actuator location sensitivity, of paraboloidal structronic shells 
(elastic shell coupled with distributed segmented sensors/actuators) are evaluated. Its advantages 
are demonstrated by comparing the optimal control with the control based on a non-optimal (i.e., 
proportional and derivative) gain matrix at the same control gain cost. 

A PARABOLOIDAL SHELL STRUCTRONIC SYSTEM 

The closed-loop active vibration control of paraboloidal shells of revolution structronic 
system is accomplished by distributed sensors, a controller and distributed actuators, as shown in 
Figure 1. The piezoelectric sensor monitors the shell vibration state according to the direct 
piezoelectric effect. The sensing signal is input to the controller and a control signal is generated 
based on the sensing signal and the control algorithm. A high-voltage amplifier can be a part of 
the controller block. The control signal is then transmitted to distributed piezoelectric actuator 
patches to counteract the shell vibration according to the converse piezoelectric effect. 

*Thickness Not to Scale 

Fig.l    A closed-loop control system for paraboloidal shell structronic system. 

The tri-orthogonal curvilinear coordinates are defined as ttj = (|) - the meridional 

direction, a^ = \|/ - the circumferential direction and a3 - the transverse direction following the 

right-hand rule. Figure 1. R] =R^ is the radius of meridional curvature, Rj =R,|, is the 

radius of circumferential curvature. The radii of curvature of paraboloidal shells of revolution are 

and    RA = ;:—   .    The    Lame    parameters    are    Aj = Rj, = ^—    and 
C0S(t) cos  (j) COS   (j) 
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A   _p     -A    bsiiKJ) 1     a^ 
-^2 -^v sin(|) —, where b = -—, a is the maximum circumferential radius and c is the 

cosq) 2c 
meridian height, Figure 1 [13]. State-space equations and optimal control are discussed next. 

SYSTEM EQUATION IN STATE SPACE 

The fundamental equations of motion for a shell of revolution are [8]: 

Q^y     M"?^       gjj^-WV—^ry      ->v--4,-v.oY   ,   xv^^v^oiiivp. R*^(N,,) + ^(N^R,sin(^)-N,^R^cos(t) + R^R^sin(t)(^ + q^) 

= R^R^sin(t)ph—^, 
dt 

R* ;^ (N^.) + ^ (N,,R, sin (|,) + N^,R^ cos ([, + R^R^ sin (t.(^ 4-q^) 

= R,R^sin(|,ph—f, 
ct 

32, 

(1) 

(2) 

^.....  ar^'^ ^    ^^ ^R,    R., 

5'u. 
(3) 

R^R^sin(j)ph        , 
at 

where Ny and Mij are the membrane forces and the bending moments; p is the shell mass density; 
h is the thickness; qi and Ui are respectively the excitation (loading) and displacement in the 
i-direction (i=(j), vj/, 3); and the transverse shear effects Q^j  are 

'^^ =i;5f^f''«^''- +^(M^R,sin«-M„R,cos«, (4) 

Substituting the radii of curvature and force/moment expressions into the fundamental 
equation of motion and imposing the bending approximation yields the transverse oscillation 
equation of paraboloidal shells. 
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g\ cos'(|)sin'(|)    ^\ -16cos'(|) + 34cos'(|)-18cos"(|).. 
d^'^     h'      -'      5f ■- h' ^ 

+ p^^[-(67cos^(t)-234cos^(|) + 266cos'°(|)-99cos'^(|))-^cos'(|)sin^(|) 

5^ b^sin(|)     " ^ 

+ p^S^-2cos'(|) + 3cos'(|) d\   cos^(|)sin'(|) 

^P)    p(-66cos'(|) + 295cos'(|)-390cos'(|) + 162cos"(|)) 
b 

ji(6cos^ (j) -13cos^ (j) + 7cos' (j)) _ —] 

5v|/^   b' 5v|/ b^^ii^^ ^ 

+ D ^'"'^ rCOs'(|)sin'(l)        a\  -6cos'(|) + llcos'(|)-5cos'(|) 
5v/5(t>' b' ^^^^>^ b^iiKt) ^ 

+ D^'^^ r~^"^'^^^"'^1   n^'^3 rl6cos'(|)-34cos'(|) + 18cos"(|), 
af ^     b'siiKf)     ^       5(|)^ ^ b^ ^ 

+ p ^'^3 ^(-67cos^ (|) + 234cos' ^ - 266cos'° (|) + 99cos'' (|)) + ^cos' (|) sin' ^ 
9^^ b'siiKJ) ^ 

+D^r^^^^°^' *'^~^^^^°^' *''"^^^^'^°^' '1'"^^^'^°^'' 'I') 
5<t)^ ~b^~ 

|j-(6 cos^ (|) -13 cos^ (|) + 7 cos^ (|)) 
b' •' 

4.r>-^[--Zl_] + p ^'^3 r(-7cos' (|) + 3cos' (|)) + ncos' ^ sin' ^ 
^^f^   b'sincj) 5vf/' b'sinij) 

+ D   ^^^^   r-2cos'(|) + 2cos'(|) a^u3    8cos^(|)-6cos^()) 
d^'dx^'^ b'sin(t) ^       a(t)av|/' b' -' 

+ n r-^-'sin'(|),    a'u3  b'phsin^ 
^'^ cos'c^ ^     a' ■•    cos".],    ^' 

where Z) is the bending stiffness. Fiirthermore, the modal expansion method [15] is used in the 
optimal control and the distributed sensing/control analysis of paraboloidal shells [8]. Thus, the 
modal expansion equation can be written as 

00 

Ui(<t),vi/,t) = 2]^m(t)Uta(<t>,M/), (7) 
m=2 

where i = f v|/, 3 denote for the three coordinates; TI„ (t) is the modal participating factor of the 
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m-th mode; U^^ (f \|/) is the m-th mode shape function of a free-floating paraboloidal shell [6]: 

U^,^ =-A„ sin<j) tan*" cj) cosm\|/, (8) 

UvK„ = -A^ tan""^' (|) sinmx|/, (9) 

Usm =  A^tan'"(j)(cos(|) + msec(j))cosmi|/, (10) 

where Am is the modal amplitude. Note that for paraboloidal shells of revolution with free 
boundary, the mode number m is the circumferential wave number starting from 2, based on the 
bending approximation theory [6]. The modal equation can be written as [8]: 

nm+2(;,®„ii,+co',Ti„=F„(t), (11) 

where q^ is the modal damping ratio, co^is the m-th natural frequency, F„(t) is the modal 
force. In practical implementation, the modal signal can be spectrally decomposed from the 
sensor signal using band-pass filters or digital filters in conjunction with Fast Fourier Transform 
(FFT). The total closed-loop control system can be divided into a number of subsystems (modal 
loops) designed for various natural modes. The final total control signal can be reconstructed by 
re-composing all actuating signals from the subsystems [16]. Note that the spatial derivatives are 
respect to the mode shape functions and the temporal derivative is respect to the modal 
participatmg factor when both the mode shape functions and the modal expansion equation are 
substituted into the transverse shell equation, Eq.(6). Accordingly, the shell transverse equation 
of motion for the m-th mode can be written as 

T1 (i\nl ^!^r^£?!i!Hl!ii^^'^*n>r-16cos'(t) + 34cos>-18cos''(|), 
^"^^1    d^'   ^       P        ^^^^ h' ^ 

^ ^U^m r(67cos'(|)-234cos'(|) + 266cos'°(|)-99cos'^(|))-^cos'(|)sin'(|) 
d^ b^ sincj) 

^ g'U^ni.-2cos^(|) + 3cos^(|)     g'U^n,  cos'(|)sin'(|) 

V b' -'"^5(1)^      b'sincj)    ^ 

^y   ■-(-66cos^(|) + 295cos^(|)-390cos^(|) + 162cos"(|)) 
<timL 2 

|a(6cos^(j)-13cos^(|) + 7cos^(|))-, 
1,2 J 
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4.^!^r—l+-?^rlZ:^S!!izl^cosV^4cos' {)))-|acos' (j) sin' (j) 
av|/' 'b'-"   5v|/ 

+ 

+ 

+ 

g^U^m pcos^(|)sin'A      g^U^n,   -6C0S^(|) + 11C0S^(|)-5C0S> 
-]+ 

-]+■ 

5(|)'5v|/'"       b'        "■ '   d^d\]i ■" b'sincj) 

^'U3mr-cosHsin^(|)     a'Ua^ 16cos^(|)-34cos'([) + 18cos"(|) 
-] af   '        b' ^      5<j)^   ^ b 

^'Usm ^(-67cos' (|) + 234cos^ (|) -266cos'° (|) + 99cos" ^) + |acos' (|) sin' (j) 
5<t)^ b'sin(t) ] 

+ ^H3^r66cos'(t)-295cos'(j) + 390cos^(t)-162cos" (j) 
a<|) b^ 

tJ,(6cos^(|)-13cos'^(|) + 7cos^(|)) 
b' ^ 

4-g!H3^[-^J_]+^'U3mr(-7cos'(|) + 3cos'(|)) + |icos'(|)sin'(j) 
aij/'    b'sin(|)       av|/' b'sincj) "' 

^ a'Ua^   -2cos'(|)sin(|)     a'U3^  8cos^(|)-6cos^(|)   1 
5(|)'5v)/'^        b' -■   a(|)5ii/'^ b' -' I (12) 

+ q3m[ 
b'sin^(|)^_d'r|^(t)^^   ,b'phsin> 
cos (j) -]= 

dt^ 
-U3J- 

C0S'*(|) 
'-1 

where q2m is the modal excitation. This equation is further transferred into the state space, sine 
the state space formulation is the fundamental in modem control techniques. Here, the modal 
participating factor Ti„(t) and its time derivative f]^(t) are chosen to be the system state 
variables and the equation of motion is rewritten into the state space form as x = Ax + Bu + Ew 
and y = Cx, where x is the state-variable vector; u is the control input vector; w is external 
excitation (disturbance); y is the output vector; A, B, C and E are known coefficient matrices 
related to the system state, control input, system output and excitation input, respectively The 
system state is defined as 

hJt)] 
(13) 

Tlm(t) represents the modal displacement of the shell and ii„(t)  represents the modal velocity 
The system state equation is 

fnm(t)l 
A       A 

.-^21       -^22 |ii.(t)l 
• + ■K(i) + - qsJt). (14) 

The system output is chosen to be the sensing signal ^^, so the output equation is 
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A, B and £ are the coefficient matrices determined by Eqs.(ll) and (12); C can be determined by 
the distributed sensing characteristic of free-boundary paraboloidal shell. The modal control 
force F^(t) is the control input and the system state, i.e., the modal displacement and velocity, 
is the feedback signal in the closed-loop control system. For a linear control law, 

P:it) = -Gx(t) = -G{nJt)   lijt)}'. (16) 

In practical applications, the control gain G is usually referred to the ratio between the control 
signal and the sensing signal: 

<f>:=-G'{f^   fj, (17) 

where G* is the gain that relates the control signal to the sensing signal. The relation between G* 
and the theoretical control gain G in Eq.(16) can be estimated based on the system equations and 
the modal control force analysis. Note that the velocity signal can be measured directly by 
velocity sensors, or it can be acquired by differentiating the displacement signal. In practice, to 
avoid the differentiation process amplified noises, appropriate filter selection to keep the signal 
in a good signal noise ratio (SNR) is required. Furthermore, the closed-loop system equation 
without  external  excitation is  simplified to   x = Ax- BGx    = A^x ,  where   A^   is the 

closed-loop system state coefficient matrix. When all system matrices are time-invariant, the 
solution is 

A:(t) = e^'<-°^;c(to) (18) 

where "t" is any time instant after the initial time to, x(to) is the system initial state. 

OPTIMAL GAIN MATRIX 

The criterion fimction of linear quadratic (LQ) optimal control is the integration of the 
quadratic form of the state x plus a second quadratic form of the contiol « [17]: 

•^ = {[^'(t)e(t)x(t) + u\t)Ru(t)]dt, (19) 

where x is the system state; Q is the state weighting matrix and R is the control weighting matrix 
(both are positive symmetric matrices); to is the initial tune, T is the final time; the superscript "t" 
denotes the matrix/vector transpose here. Weighting matrices are chosen based on the desired 
control cost and final control performance. The optimal control gain is searched to minimize this 

criterion fimction and is found by G = R^ B'M, where the matrix M is the solution of the 
matrix Riccati equation in the modem control theory [16]: 
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-M = MA + A'M - MBR^B'M + Q, (20) 

If the interval time goes to infinite (T -^ ^) and J„ = [{x'Qx + u'Ru)dt converges, the 

gain matrix can be a constant and is called the optimal gain in the steady state, noted as 

G=R' B'M. 

Then matrix M  is the solution to 

0 = MA + A'M- MBR'B'M + Q. 

(21) 

(22) 

Note that M  is related to the optimal gain in the steady state optimal gain G   and M is 

related to the generic optimal gain G. For the paraboloidal shell structronic system, the 

coefficient matrices are A 
' 0 1 " 

, B = 
"0" 

[AX A,,\ 1 
The state w^eighting matrix is chosen as 

Q 
1     0 

0   c' 
, where c is a state weighting coefficient. The control weighting matrix R is now 

simplified to a single parameter R as the control input is only F^, not a vector. M is a 

symmetric matrix due to its defmition [16], M = , and it is found that 

(23a) 

(23b) 

Since wi is not used in the gain calculation, it is not calculated. Thus, the optimal matrix G is 
determined by Eq.(20) as 

G = [ A^,+^Al,+\IR      A^^+^Al^+{2m^+^)IR  ]. 

These coefficients are defined by A^^=l,  A^^ = -Ic,^ 4~A\ > and 

(24) 
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Uj^b phsm (|) [    5(1)^ 

+ -^[(-16cos'<t) + 34cos'(t)-18cos"(t))sin(|)] 

+ -^[(67cos' (|)-234cosH + 266cos"' (t)-99cos'' (t))-^cos' <|) sin' ^] 

+ -~^[i-2cos' (|) + 3cos' (t))sin(t)] + ^[cos'' ^ sin' (b] 

+ U^m [(-66 cos'(|) + 295 cos'(j) - 390 cos'(j) +162 cos" (|)) sin (j) 

+ |j,(6 cos' ()) -13 cos' (j) + 7 cos' (|)) sin ^] 
<53 T T ^j T 

+-^-^[sin(t)] + -^[(7cos'(1)-lOcos'(|) + 4cos'(t))sin<t)-^cos'(|) sin'(j)] 

+ lIlf^['^°s''*t)sin'<l)] + ^7f^[-6cos'(t) + llcos'(t)-5cos'(^] 

+ -^[-cos' * ^'"' <|)] + -^[(16cos' (t)-34cos' <t) + 18cos" (|))sin(|)] 

5'U I 3m 

af [(-67 cos* (f) + 234 cos' (j) - 266 cos'° (|) + 99 cos" (|)) + p cos' (j) sin" ^] 

^T T 

+-T7^[(66cos'(|)-295cos'(|)+ 390cos'(|)-162cos" (j))sin(j) 

-(j,(6cos'([)-Dcos'(|) + 7cos'(t))sin(|)] 

^^+-^^[(-7cos'(|) + 3cos'(t)) + ^cos'([) sinH] 
5'U3.  , 5'U3„ 

+ 5^U3_.     .,  . ,„   5'U, ^ ^^^^ 
[-2cos'(t)sin'(})] + ——^[(8cos'())-6cos'<j))sin(t)] 

5(j)'a\j/' ''■'   5(j)5v|/ 

Application of the algorithm to the optimal control of paraboloidal shell structronic system is 
demonstrated next. 

CASE STUDIES 

Optimal vibration control of a paraboloidal shell structronic system with free boundary is 
studied; control sensitivities at various sensor/actuator locations are evaluated. The maximum 
cu-cumferential radius of the shell is a=lm, height c=lm and thickness h=0.1m, shown in Figure 
2. The shell is made of Plexiglas and the piezoelectric sensor/actuator, patches are 
polyvinylidene-rfluoride (PVDF) films. The geometry and material properties are summarized in 
Table 1. Three sensor/actuator locations are studied, i.e., Location 1: (^,\\i) = (0.85, 0.1), 
Location 2:  ((j),v|;) =(0.95, 0.1) and Location 3:  (fij/) =(1.05, 0.1), all in radians. The 
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circumferential widths of the sensor/actuator patches at the three locations are v|/=0~0.2 radian to 
exclude the influence of circumferential wave and these three sensor/actuator patches are of 
identical sizes, i.e., 0.03628m^. The meridional coordinates of the patches at the three locations 
are Location 1: (t)=0.76262~0.93738 radian, Location 2: (|)=0.9~1.0 radian and Location 3: (j)= 
1.024565-1.075435 radian. Note that the 1'' patch (Location 1) slightly overlaps the 2"'' patch 
(Location 2) in order to keep the same circumferential coordinate and thus, the same size. 

Sensor/Actuator 
Patches 

4 = 0.76262-0.93738 rad 

j)0.9~1.0rad 

1.024565-1.075435 rad 

(|)  =1.1071rad = 63.4322° 

Radius (a) =1, Height (c) =lAw = 0.2 * Thickness not to scale 

Fig.2    A paraboloidal shell with sensor/actuator patches at three locations. 

Table 1 Geometry and material properties of the structronic 
paraboloidal shell system. 

Properties PVDF Layer Plexiglas Shell Units 
Circumferential Radius a=l m 

Meridional Height c=l m 
Thickness h^ = h"=5xlO-^ h = 0.10 m 

Young's Modulus Yp = 2.00x10^ ¥ = 3.1028x10^ N/m^ 
Mass Density PP= 1800.0 p= 1190.0 Kg/m^ 

Poisson's Ratio [i = 03 
Bending Stifl&iess D=   2.8414x10^ N-m 

Membrane Stiffness K   =   3.4097x10* N/m 

Piezoelectric Constants 
h3i=   4.32x10^ 

V/m 
m/m 

d3i= 2.3x10-'^ 
m/m 

V/m 

Weighting matrices in the optimal control are chosen based on the control performance 
and the desired control gain cost. (Too large feedback gain is impractical due to physical 
limitations, although it might provide better control performance.) The total gain cost of G* 
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(G* +G2) is assumed to be 300. In order to be compatible with the PD control with G* = 

[200,100], the total gain cost for the optimal control gain G is also chosen to be 300. (Note that 
the exact estimated results from the optimal control algorithm are between 299 and 300 and the 
gain mentioned here is referred to the ratio between the actuation signal and the sensing signal.) 
The control input weighting coefficient R is chosen to be 1 for all the optimal control studied 
here and the state weighting coefficient c is adjusted to achieve the desired gain cost. The 
optimal_gain matrix G calculated from the optimal control algorithm indicates that the second 
entry G^ is dominant, i.e., the gain cost is mostly assigned to the gain related to the second state 

variable - the derivative component f)^  (i.e., the modal velocity). 

Time-history responses of the center of the sensor/actuator patches at three shell locations 
are investigated, to which an initial displacement 0.001m with zero initial velocity is imposed. 
Note the initial displacement and velocity need to be converted to the initial system state 
-*^(to)={Tl(to) ii(to)}' in the modal domain, hiitial modal damping ratio of free vibrations is 

assumed to be 0.002 and the modal amplitude Am is set unity. Numerical time steps of the 
time-history responses are 1000. For comparison, time-histories of the optimal control, free 
vibration, and the state feedback control using a non-optimal gain, i.e., G* = [200,100], of the 
(m=2~6) paraboloidal shell modes at the three sensor/actuator locations are studied and only the 
(m=2-4) responses are presented in Figures 3-11. Localized dynamic and control characteristics 
contribute to the differences among these time histories. Time-histories of the free and control 
responses are further processed to calculate their inferred equivalent modal damping ratios 
(m=2-6) at these three sensor/actuator locations, resulting from the optimal control (G ) and the 
Pp control (G ). Figure 12 shows the damping ratio variation for the five shell modes (m=2-6); 
Figure 13 shows the damping ratio variation at three sensor/actuator locations. 

These time-history responses clearly reveal that the optimal confrol is superior to the PD 
control. However, this control effect reduces at high natural modes, because the oscillation 
amplitude is usually small, so the sensing and control signals when control gains are fixed. Since 
the gain estimation mvolves a specific location and its meridional/circumferential angles of the 
sensor/actuator patches, the time-history responses at these three locations reveal variations of 
oscillation frequencies. The coefficients m the system equation and the meridional radii of 
curvatiire of paraboloidal shells change with respect to shell locations, and these changes amplify 
the local characteristics resulting in frequency variations. Natural frequencies of the whole 
structiire are usually the global average effect of all locations on tiie non-constant radii 
paraboloidal shell. These local/global phenomena were also observed in lab experiments [18]. 
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Fig.3    Control with sensor/actuator at Location 1, m =2, 

1— Optimal Control (G ), 2— Control (G*), 3— Free Vibration, 
(G* = [200,100], G = [8.041272E-05,299.647600], time step = 0.4ms). 
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Fig.4   Control with sensor/actuator at Location 2, m =2, 

1— Optimal Control ( G ), 2— Control ((?*), 3— Free Vibration, 
(G* = [200,100], G = [9.281180E-05,299.290900], time step = 0.4ms). 
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Fig.5   Control with sensor/actuator at Location 3, m =2, 

1— Optimal Control (G ), 2— Control (G% 3— Free Vibration, 
(G* = [200,100], G = [1.144451E-04,299.959400], time step = 0.4ms). 
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Fig.6    Control with sensor/actuator at Location 1, m =3, 

1— Optimal Control (G), 2— Control (G*), 3— Free Vibration, 
(G* = [200,100], G = [1.244259E-05,299.959700], time step = 0.1ms) 
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1— Optimal Control (G ), 2— Control (G*), 3— Free Vibration, 
(G* = [200,100], G = [9.475585E-06,299.426500], time step = 0.1ms). 
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Fig.8    Control with sensor/actuator at Location 3, m =3, 

1— Optimal Control (G ), 2— Control (G% 3— Free Vibration, 
(G* = [200,100], G = [7.291031E-06,299.678100], time step = 0.1ms). 
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1— Optimal Conh-ol (G ), 2— Control (G*), 3— Free Vibration, 
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Fig.lO   Control with sensor/actuator at Location 2, m =4, 

1— Optimal Control (G), 2— Control (G*), 3— Free Vibration, 
(G* = [200,100], G = [3.194133E-06,299.614500], time step = 0.05ms). 
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These data suggest that the sensor/actuator patches near the free shell boundary generate 
better control results at the same control gain cost. The sensor/actuator patches near the shell 
boundary have larger sensing/actuating efficiency, besides the shell is also relatively flexible at 
the free boundary and thus, it is easier to control. The confrol effects of lower modes are better 
than those of higher modes at identical feedback gains; the controlled responses are almost 
unnoticeable at higher modes in some cases, due to low sensing/control signals. It is noted that 
the controlled damping ratio of the third mode (m=3) is slightly larger than that of the second 
mode (m=2) at Location 3 in Figure 12(c). Earlier studies show that there are two 
modal-influenced contradictory trends in the sensing signal and the open-loop confrol force 
characteristics of free-boundary paraboloidal strucfronic shells. The sensing efficiency increases 
with the increase of natural mode, while the control efficiency decreases with the increase of 
mode. That suggests that the best closed-loop control effect appears at certain medium modes 
rather than either the lowest or much higher mode. Local frequency variation could also 
contribute to the modal dependent control effect. To exclude the influence of frequency variation 
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at different shell locations, the inferred damping ratios are calculated again using the global 
natural frequencies and the results suggest that 1) the best control effect is now the lowest mode 
m=2; 2) the damping ratio differences among the three locations decrease; and 3) the influence 
of frequency variation to damping ratio is insignificant at the higher modes [16]. 

Note that comparing the control effort based on the control energy cost can be an 
alternative performance evaluation criterion, in which non-constant-cost tuned weightings can be 
used to achieve specified performances or outcomes (i.e., controlled damping ratios). In this case, 
the required energy to achieve similar outcomes would be modal dependent, since the in-situ 
segmented sensor generates less sensing signal at higher natural modes. Accordingly, to achieve 
a similar outcome, the signal needs a high gain amplification (i.e., more energy) to reach the 
similar actuator voltage and consequently a similar control effect. In this study, on the other hand, 
the constant control-cost derived weightings are used and thus the actuator voltage varies, so the 
controlled modal damping ratios used for comparison among various sensor/actuator locations 
and natural modes. The former is a goal oriented approach (i.e., comparing cost or energy for a 
specified performance) and the latter is a cost oriented approach (i.e., comparing controlled 
damping ratios at specified gain costs). Both approaches examine the control effectiveness fi-om 
two different perspectives. 

CONCLUSIONS 

A structronic shell system is defined as an elastic shell bonded, embedded or laminated 
with active-material based sensors and actuators governed by either in-situ or extemal control 
electronics. This study focuses on the optimal vibration control of paraboloidal shell structronic 
systems using the linear quadratic (LQ) optimal state feedback. A closed-loop paraboloidal shell 
structronic system consisting of distributed sensors/actuators and controller coupled with the 
elastic paraboloidal shell was defined first, followed by the state-space equation and the optimal 
control equation based on the LQ state feedback control. Control effects of the same-size 
sensor/actuator patches at different locations were studied and compared; modal control effects 
of different shell natural modes were also investigated. The gain matrix was estimated based on 
minimizing a performance criterion function. Optimal control effects were compared with 
controlled responses with other non-optimal PD control parameters at the same control energy 
cost. 

Parametric studies demonstrate that the optimal control G of paraboloidal shells with 
firee boundary is, indeed, superior to the PD control G* at the same control gain cost. Analysis of 
sensor/actuator location sensitivity suggests that the sensor/actuator patches placed near the free 
boundary rim provides the highest control effect of the free-floating paraboloidal shell. Its 
confrol effectiveness is obvious for low shell modes and the sensor/actuator located near the free 
shell rim. This effectiveness becomes insignificant, regardless the control algorithms, for higher 
shell modes or the sensor/actuator located near the shell pole. This implies that the closed-loop 
control system for oscillations at higher modes is relatively insensitive to various gain matrices 
set at identical total gain cost. Accordingly, many system and design parameters, e.g., 
geometry/material properties, boundary conditions, sensor/actuator placements, feedback control 
algorithms, dominating vibration modes, frequency performance of control electronics, 
instruments/devices, etc., influencing the closed-loop control effect need to be considered in 
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practical implementation of the closed-loop control of precision paraboloidal shell structronic 
systems. 

ACKNOWLEDGEMENT 

This research is supported, in part, by a grant (F49620-98-1-0467) from the Air Force OflTice of 
Scientific Research (Project manager: Brian Sanders). This support is gratefully acknowledged. 

REFERENCES 

[I] A.P. Sage 1968 Optimum Systems Control, Prentice-Hall, Inc, Englewood Cliffs, NJ, 1968 
137-164. 
[2] V. Komkov 1972 Optimal Control Theory for the Damping of Vibration of Simple Elastic 
Systems, Springer-Verlag, Berlin, Heidelberg, New York. 
[3]   K.  Nonami   1995  JSME International Journal,  Series  C,  38(3),   367-378.   Control 
performances based on control system design strategies for active structural control. 
[4] M.C. Ray 1998 AIAA Journal, 36(12), Dec. 1998, 2204-2208. Optimal control of laminated 
plate with piezoelectric sensor and actuator layers. 
[5] B. Fariborzi 2000 Control of Vibration and Noise: New Millennium, ASME 2000, AD-Vol.61, 
33-145. Design of LQ and LC optimal controllers for plate vibration. 
[6] Y.K. Lin and F.A. Lee 1960 Journal of Applied Mechanics, 27, Dec 1960, 743-744. 
Vibrations of thin paraboloidal shells of revolution. 
[7] J. T. S. Wang and C. Lin 1967 NASA CR-932, Nov 1967. On the differential equations of the 
axisymmetric vibration of paraboloidal shells of revolution. 
[8] H.S. Tzou 1993 Piezoelectric Shells (Distributed Sensing and Control ofContinua), Kluwer 
Academic Publishers, Boston /Dordrecht. 

[9] J. Qiu and J. Tani 1995 Journal of Intelligent Material Systems and Structures, 6(4), July 
1995, 474-481. Vibration control of a cylindrical shell using distributed piezoelectric sensors and 
actuators. 
[10] H.S. Tzou and Y. Bao 1996 Journal of Sound and Vibration, 197(2), 1996, 207-224. 
Parametric study of segmented transducers laminated on cylindrical shells, part 1: sensor 
patches. 
[II] H.S. Tzou and D.W. Wang, 2002 Journal of Sound & Vibration 254(2), 203-218. 
Distributed dynamic signal analysis of piezoelectric laminated linear and nonlinear toroidal 
shells. 
[12] J.H. Ding and H.S. Tzou 2003 Mechanical Systems and Signal Processing (Journal of). 
Micro-electromechanics of sensor patches on free paraboloidal shell structronic systems. (To 
appear) 
[13] H.S. Tzou and J.H. Ding 2001 Proceedings of ASME IMECE 2001, Symposium on Active 
Control of Noise and Vibration, New York, NY, Nov 11-16, 2001. ASME Journal of Dynamics 
Systems, Measurement, and Control (Paper No. MOl-103) (To appear). Actuator placement and 
control efficiency of paraboloidal shell structures. 
[14] H.S. Tzou, J.H. Ding and J. Hagiwara 2002 JSME International Journal, Series C, 45(1), 
2002. Micro-control actions of segmented actuator patches laminated on deep paraboloidal 
shells. 
[15] W Soedel 1981 Vibrations of Shells and Plates, Marcel Dekker, Inc., New York and Basel, 
47-50, 124-136. 

290 



[16] J.H. Ding 2002 Micro-piezothermoelastic behavior and distributed sensing/control of 
nonlinear structronic beam and paraboloidal shell systems, Ph.D. Dissertation, University of 
Kentucky, 394-396. 
[17]  B. Friedland  1986 Control System Design-An Introduction to State-Space Methods 
McGraw-Hill, Inc., New York, 59-63, 337-350. 
[18] P.G Glockner and K.Z. Tawardros 1973 Experimental Mechanics, 13(10), Oct 1973, 
411 -421. Experiments on free vibration of shells of revolution. 

291 



CHAPTER 16 

DYNAMICS AND DISTRIBUTED CONTROL OF 
CONICAL SHELLS LAMINATED 

WITH FULL AND DIAGONAL ACTUATORS 
(Finite Element Development and Analysis) 

ABSTRACT 

Nozzles, rocket fairings and many engineering structures/components are often made of 
conical shells. This paper focuses on the fmite element modeling, analysis, and control of 
conical shells laminated with distributed actuators. Electromechanical constitutive equations 
and governing equations of a generic piezo(electric)elastic continuum are defined first, 
followed by the strain-displacement relations and electric field-potential relations of laminated 
shell composites. Finite element formulation of a piezoelastic shell element with non-constant 
Lame parameters is briefly reviewed; element and system matrix equations of the piezoelastic 
shell sensor/actuator/structure laminate are derived. The system equation reveals the coupling 
of mechanical and electric fields, in which the electric force vector is often used in distributed 
control of shells. Fmite element eigenvalue solutions of conical shells are compared with 
published numerical results first. Distiributed control of the conical shell laminated with 
piezoelectric shell actuators is investigated and control effects of three actuator configurations 
are evaluated. 

INTRODUCTION 

Conical shell structures and components are often used as nozzles, injectors, rocket 
fairings, fan blades, etc. in aerospace structures and turbomachinery. Undesirable dynamic 
oscillations not only degrade the performance, but also influence stiiictural integrity and 
reliability. Dynamics and vibrations of conical shells have been widely studied [1,2]; however, 
distributed vibration control of conical shells has not caught much attention over the years. 
Recent rapid development of smart structures and structronic systems provides many new 
design options for the next-generation high-performance mechanical and structural systems 
[3,4]. Based on the smart structures and structronics technology, this study is to evaluate 
dynamic characteristics and control effects of conical shells laminated with fiiUy or diagonally 
distributed piezoelectric sensor/actuator layers. 

Piezoelectrics, shape-memory materials, electi-ostrictive materials, magnetostrictive 
materials, photostrictive materials, electro- and magneto-rheological materials, etc. are electro-. 
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magneto-, and/or optoelectro-mechanically controllable materials and thus they are generally 
accepted as "smart" materials [3,4]. Among these smart materials, piezoelectric materials are 
probably the most popular smart material applied to both sensor and actuator applications. 
Distributed sensing and control of shells and plates using piezoelectric materials have been 
investigated over the years [5]. Distributed control effects of one dimensional and two 
dimensional planar structures, e.g., beams and plates, are studied and compared [5-11], and also 
rings and shells [5,12-15]. Piezothermoelastic characteristics and temperature influences on 
piezoelectric sensors and actuators of beam-type precision devices and cylindrical shell 
structures have been studied [15-17]. This study is to investigate the modeling, analysis, and 
distributed vibration control of piezoelectric laminated conical shells. Fundamental 
piezoelectric constitutive and governing equations are briefly reviev^ed and formulation of a 
ncMf piezo(electric)-elastic triangle composite shell finite element w^ith non-constant radii of 
curvature is presented. Dynamic characteristics and distributed vibration controls of conical 
shells are mvestigated. Control effects of three actuator designs are evaluated. 

GOVERNING EQUATIONS 

Electromechanical constitutive and equilibrium equations of a piezo(electric)elastic 
continuum are defined first, and followed by generic shell strain-displacement definitions of a 
double-curvature piezoelastic shell laminate in this section. Finite element formulations are 
presented in the next section. The linear piezoelectric constitutive equations coupling the 
electric and elastic fields are [5] 

T«=cjM^(S,-S"^)-e«„E„   and   D„ =eL (S^-S° ) + sL^ E„ , (1,2) 

where T^^ and D^ denote the stress and electric displacements; c?y^, e^„, and s^% respectively 

denote the elastic moduli, piezoelectric coefficient, dielectric constants; Sy, and S^ are the 
strain, and initial strains. In addition, the superscripts E, 9, and S denote the coefficients 
defined at a constant electiic field, temperature and strain, respectively. For a piezoelastic shell 
medium, with a volume V and a limited surface area S, subjected to both electric and 
mechanical excitations, the linear governing equations, including the coupling among 
deformation and electric potential, can be defined as follows [16-18]. 

Tij.j+fbi=pUi     and   D.i=0, (3,4) 

where f^^^, p, and Uj respectively denote the body force, mass density, and acceleration; and Ui 
is the displacement. Note that Einstein's summation convention is used in the expressions. 

A piezoelastic laminated shell continuum is composed of N laminae, and each lamina 
can be either elastic material or piezoelectric material, Figure 1. It is assumed that the 
piezoelastic shell is exposed to mechanical and electrical inputs. Considering small 
deformation of the laminated piezoelastic shell, one can derive the strain S; and electric field 

Ej equations defined in an orthogonal curvilinear coordinate system (a, ,a2 ,a3).  The strain 
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(Sjj) - displacement relations and electric field (E-) - electric potential (^) relations in a tri- 

orthogonal shell coordinate system are defined as follows [5,17] 

Sn=- 
1 
a 

.[^.i^U^.^U^], 
9a,     A, 9a. 

S22 -- 

(1 + -^)A,   -->     ^2 

1 .9U2      1   9A 

R, 

a. 
(1 + ^)A2   -^ 

1U,+^U3],      83,=-^ 
9a,    A, 9a,     '    R,    '^'        ''    da. 

■[^ + - 

(5) 

(6,7) 
M    ^"-1 

^12 -" '        [^^-^^U,].. 
2(l + -i)A,   "^1     "I'"! 2(1 + ^)A 

[^_±^UJ.     (8) 
o-3^x   ■"9a,     A, 9a,    '^    ^,-. . «,,,   ^aaj    A, 9a M   ^"-l 
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^23 - 
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R. 

1 9Ui 
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2(1 + ^)A2^^"2     R2 
R2 
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[^_AlTT   1.    I5U2 

9(t) 

(1 + ^)A. '"> 

E   = ,     J_,2 — 

UJ + 

1 

2 9a, 

(9) 

(10) 

(1 + ^)A2 ^"^ 
R/   ^ 

9^ 9(t) 
,   £-3 — 

9a, 
(lla,b,c) 

where Sy, ^, and E; denote the strains, electric potential, and electric fields, respectively; R, 

and R2 are the radii of principal curvature; and Aj and A^ are the Lame parameters. 

Fig.l A piezo(electric)eIastic laminated shell continuum. 

294 



There are mechanical and electric boundary conditions associated with the piezoelastic shell 
continuum, i.e., 

U-U,, Ty^.=f., (12,13) 

<|) = ^, Di/.=-e, (14,15) 

Where Uj is the displacement; i-^ is the direction cosine components; fj is the surface force; ^ 

is the electric potential; Q is the charge; and ( . ) denotes a known boundary value. Using the 
weighted residual method and introducing arbitrary weighting quantities 511; and 6<j), one can 
rewrite the weak form of the equilibrium equations as [17,19] 

j;5Ui(T^,+f,.-pUi)dF = 0, (16) 

j;5(^D,idF = 0, (17) 

where the quantities 611; and hisf can be defined as the virtual displacement and electric 
potential respectively. Integrating each term by parts, taking into accoimt of boundary 
conditions defined in Eqs.(12)-(15), and noting that 5Ui=0 on 5^ and Scj) =0 on 5^, one can 

simplify Eqs.(16)-(17) to 

[ T, 6S, dF- l^f.SU, dS- [(4, -pUi)6Ui dF = 0, (18) 

j;Di5E,dF-|^e5<t>d5 = 0, (19) 

Note that Eqs.(18)-(19) are the virtual work expressions of the piezo(electric)-elastic shell 
continuum. 

PIEZOELASTIC FINITE ELEMENT FORMULATION 

A new twelve-node, forty-eight degree-of-freedom curved triangular laminated 
piezoelastic shell element with non-constant radii of curvature (i.e., non-constant Lame 
parameters) is developed. Figure 2 illustrates the triangular shell element and all its twelve 
nodes. Each node allows three displacement variables (i.e., U|'^(y), U^'^(y), and U3^(Y)) and 

one electric potential variable C|)^'^(Y) [14,17]. 
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a- 

Fig.2   Triangular piezoelastic composite shell finite element. 

Assumptions of layerwise constant shear angle and linear variation along thickness of 
each layer are used in the finite element derivations. Thus, for an arbitrary i-th layer, the 
displacements U®(y), U®(y),and Uf (y) and electric potential (j)®(y) can be expressed as 

up (y) = U® (1 - -^) + Uf^') f,   U® (y) = U« (1 - f) + Ur^^ -^, (20,21) 
'^i h. hi h, 

U® (y) = Uf (1 - f) + \jf'^ f,   (t,® (y) = ^® (1 - J-) + ^(.^1) X 
hi hj h: h; 

(22,23) 

where y is a transverse coordinate defined for the z-th layer; h; is the thickness of the /-th layer. 
The displacement and potential expressions can be simply written as functions of shape 
functions and the z-th layer displacement vector 

{U®(y)} = [N®(y)]{U®}. 

<t>®(Y) = [N®(Y)]{^®}, 

(24) 

(25) 

where {U®(y)} = {U®(y), U®(y), U®(y)}' is a displacement vector of any point on the z-th 

layer. {U®} = {U®, U®, U®,Uf^'), U^'^'^ Uf^}' and {F^} = {^®, ^('^'>}' are the 
displacements and electric potential of the z-th and (z+l)-th interfaces along the curvilinear 
coordinate axes. [N®(y)] and [N®(y)] are the shape functions in terms of the coordinate y. 

The interpolation functions of the surface-parallel displacements and electric potential in each 
triangular region at the z-th or (z+i)-th interface are chosen to be continuous piecewise 
quadratic in the form 

f{U®} 
(i), I    ^i"i + ^2^2 + ajttjttj + a^tti +a5a2 +3^, (26) 

where a; (i = 1, ...,6) are constants; and ai(i= 1,2,3) are the global coordinates. Due to the 
continuity across the edge between two adjacent triangle eleinents, Eq.(40) becomes 
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U®={N}'{U«}, 

Uf={N}'{U®}, (i) . 
^ 

={Nr{u®}, 
:{N}'{(t.®}, 

(27,28) 

(29,30) 

where {U®} = {Ui„...U;j', {U®} = {U'„...U',}', {\jf} = {\J\„...\]\,y and {(|,«} 

= {'t'p-K}' ^^ the nodal displacement and electric potential vectors of the element. {N} is 
the quadratic shape function. Substituting Eqs.(27)-(30) into Eqs.(24)-(25) yields to the 
following displacement {U®} and electric potential {^®} expressions 

(i)l {U®} = [N„^(a,,a,)]{U«} (i)l {fn = [N,/a,,a2)]{<t)«}, (31,32) 

where       {Uf } = {U;,,U',,U',,...,U;,,U',,U',,U;;\U^V.UiV,...,U;;\U'tU'^^^ and 

{^f} = {<I>1 > - K»<t>r' 5 - <l>r'}' are the nodal displacements and the nodal electric potential of the 

y-th planar layer element located on the i-th layer, respectively. [N„ (ttj.ttj)] and 

[N^.(ai,a2)] are the shape functions of coordinates a^ and aj. Writing the shell strain- 

displacement and electric field-potential expressions in terms of nodal variables of the 
piezoelastic shell finite element gives 

{S® (y)} = [L® ] [N® (Y)] [N„^ (a ^, a,)] {Uf} 

= [B®(Y)][B„/ai,a3)]{Uf}, 

{E®(y)} = -[L®][N®(y)][N,^(a„a,)]{(t.f} 

= -[B®(y)][B,^(a„a,)]{(^f}, 

(33) 

(34) 

Substituting the constitutive equations (Eqs.(l)-(2)), displacement-shape function 
equations (Eqs.(24)-(25) and (31)-(34)) into the equilibrium equations (Eqs.(18)-(19)), one can 
derive the nodal governing equations of they-th (planar) element located on the z-th (thickness) 
layer in a matrix form 

(35) 

where [M®. ] is the mass matrix; [C®, ] is the damping matrices; [K® ] (where x & y = u, ^), 

are the stiffness matrices defined for the displacement and electric potential; and {F®} and 

{F^®} are the mechanical and electric excitations. Detailed element matrices of a laminated 

piezoelastic shell element are presented in Appendix. The element damping matrix [C® ] is 
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assumed to be proportional to the stiffness and mass matrices: 
[Clu.] = a[M® ]+ p[K[;^.] where a and p  are Rayleigh's coefficients and are related to 

a + pcof =2^;©; and ^. and cO; are the initial damping ratio and natural frequencies [17]. If 
two damping ratios and two natural frequencies are specified, the damping estimation results in 
an exact solution for a and p. If more than two damping ratios and frequencies are specified, a 
least square solution procedure can be used to determine a and p. Assembling all element 
matrices yields the global system matrix equation 

[M„J   0 

0      0 

!{U}1 + [C„J   0 
0      0 

[K„J   [K„^] 
(36) 

For static applications, the dynamic system equation is reduced to 

[K„J    [K„J 
(37) 

In the constant-gain negative velocity feedback control, the feedback control forces {F^} are 
given by [5] 

{F;} = -[K„,][K,,]-'GCJK^r[K,J{U}, (38) 

where G is the gain; Cp is the actuator capacitance; [•]"' denotes the matrix inverse, and {U} is 
the velocity. Note that, in this case, the feedback gain is constant while the feedback amplitude 
varies wdth respect to the negative oscillating velocity (negative velocity, constant gain 
proportional feedback control) [5,16,17]. The developed new piezoelastic shell element with 
non-constant Lame parameters and the finite element code are used to investigate dynamics and 
distributed confrol of conical shells presented next. 

DYNAMICS AND CONTROL OF CONICAL SHELLS 

Conical shells are widely used as parts or components of nozzles, rocket fairings, etc. in 
aerospace structures and turbomachinery. Dynamics and distributed confrol of conical shells 
and other shells of revolution with non-constant Lame parameters can be studied based on the 
new piezoelastic shell element with non-constant radii of curvature. A conical shell panel 
laminated with distributed piezoelectric layers is clamped at one end and free on the other three 
edges (i.e., CFFF). The conical shell is defined in Figure 3 and its dimensions are shown in 
Figure 4. Geometry and material properties are provided in Table 1. Natural frequencies and 
modes of a conical shell panel are investigated first and finite element solutions are compared 
with published numerical results. Distributed vibration control of conical shells with 1) the 
fiiUy distributed piezoelectric actuator, 2) the partial-diagonally distributed actuator, and 3) the 
full-diagonally distributed actuator are investigated and their control effects are evaluated in 
this section. 
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Fig.3 A conical shell panel and its coordinate system. 

L=0.2 

L2 = 0.055 

LI = 0.069 

Fig.4 Dimensions of the conical shell panel. 

Table 1. Geometry and material properties of the laminated conical shell. 

Aluminum PVDF 

Length, S (m) 1.0 
Length, L (m) 0.2 
Semi-vertex angle, p* (°) 15 
Meridional angle, \\i * (°) 30.247 
Thickness, h (m) 1x10-^ 9x10-^ 
Density, p (Kgm"'^) 2.6573> dO^ 1.8x10^ 
Young's modulus^ Y (Pa) 6.8947X 10^° 2.0x10^ 
Poission's constant, |j, 0.3 0.29 
Piezostrain constant, dai (mV"^) 2.2x10-" 
Electric permittivity, en (Fm'^) 1.062x10-^° 
Capacitance, C (Fm"^) 3.80x10-* 

The conical shell panel is divided into (20x10) meshes along the longitudinal and 
circumferential directions, respectively. Therefore, there are 400 triangular shell elements for 
each layer and totally 1200 elements are used for the panel, Figure 5. 
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Fixed 

Shell 
Piezoelectric Layer 

Fig.5 Finite element model of the conical shell panel laminated 
with fully distributed piezoelectric layers. 

Free Vibration Analysis 

Natural frequencies and mode shapes of the conical shell panel are studied first. In order 
to compare with published data, dimensionless frequency parameter 
^n =®n(P ,v|/*)LL,(ph/Z))'/^ is used where ©„ is the circular frequency; p is the mass 
density; L is the length of the conical shell panel in the longitudinal direction; Li is the 
projected length of the major edge shown in Figure 4; h is the shell thickness and D is the 
bending stiffness coefficient £> = (Yh^)/[12(l-n')]. Finite element solutions (FE) are 
compared with published numerical results [1,2] in Table 2. 

Table 2. Comparison of FE solutions with published data. 

Source K K X,- ^4 ^5 ^6 X, K 
FE 5.3182 8.7357 27.300 28.973 51.111 65.595 72.416 81.477 
[1] 5.5130 8.9563 26.989 28.852 50.174 64.497 75.479 79.578 
[1] 5.5179 8.9608 27.014 28.909 50.267 64.631 75.541 79.815 
[2] 6.1727 9.0708 27.299 29.758 50.669 65.171 74.499 80.201 

Note: [1]: Bardell, N. S., 1998; [2]: Lim, C. W. and Liew, K. M., 1995 

These data and comparison suggest that the developed finite element code is capable of 
analyzing conical shells accurately. The first four mode shapes of the conical shell panel are 
calculated and they are illustrated in Figure 6. 

Fig.6 The first four mode shapes of the conical shell panel. 
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Distributed Vibration Control 

The conical shell panel is laminated with two piezoelectric layers on the top and bottom 
surfaces serving as sensor and actuator, respectively. Three actuator lamination configurations: 
the full lamination (Figure 5), the partial-diagonal lamination and the full-diagonal lamination 
(Figure 7) are designed to evaluate their control effectiveness. Two uniform transverse line 
loadings v^th a sum of 1 N are applied on the minor-radius free edge. One is applied on the 
whole free-end edge and the other is applied only on a half of the free end, Figure 8. In general, 
the initial loading is applied to the free edge first. Then the shell is released and free to 
oscillate. Free oscillation responses of the conical shells with and without distributed control 
are evaluated and their inferred damping ratios with different control gains (0,10,20,25) for 
three lamination configurations are evaluated. Note that control signals generated from the 
control gains are within the breakdown voltage of the distributed piezoelectric actuators. 

Full-diagonal Actuator ^        Partial-diagonal Actuator 

Fig.7 Conical shell panel with full- and partial- diagonally laminated actuators. 

(a) Full-edge Loading (a) Half-edge Loading 

Fig.8 Two loading conditions. 

Case 1: Full-edge Loading 

Time histories of the free and controlled responses of the conical shell at the full-edge 
loading are plotted in Figures 9-13 and inferred damping ratios are summarized in Figure 13. 
Note that Figure 9 is the free response; Figure 10 is the controlled response with the fully 
distributed actuator; Figure 11 is the controlled response with the partial-diagonal actuator; and 
Figure 12 is the controlled response with the full-diagonal actuator. In general, the first-mode 
response dominates both the free and controlled responses. Note that all controlled responses 
were based on the negative velocity constant-gain feedback control algorithm. 
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0.2 0.3        0.4        0.5 

Time (sec) 
0.6 0.7 0.8 

Fig.9 Free displacement response (Full-edge loading). 

0.2 0.3        0.4        0.5 
Time (sec) 

0.6 0.7 0.8 

Fig. 10 Controlled response (gain = 25)(Fully distributed actuator). 
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0.2 0.3        0.4        0.5 

Time (sec) 
0.6 0.7 0.8 

Fig.ll Controlled response (gain = 25)(Partial-diagonal actuator). 

0.2 0.3        0.4        0.5 
Time (sec) 

0.6 0.7 0.8 

Fig.l2 Controlled response (gain = 25)(Full-diagonal actuator). 
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0.225 

0.220 

0.215 

0.200:: 

-1— Full Lamination 
•2'-  Partial-diagonal Lamination 

Full-diagonal Lamination 

10 15 20 25 
Gain 

Fig. 13 Inferred damping ratios at different gains (Full-edge loading). 

Case 2: Half-edge Loading 

Again, time histories of the free and controlled responses of the conical shell at the half- 
edge loading are plotted in Figures 14-17 and inferred damping ratios are summarized in Figure 
18. All time-history responses reveal both the first-mode and higher mode frequency 
components, due to unsymmetrical half-edge loading. 

0.2 0.3        0.4        0.5 

Time (sec) 
0.6 0.7 0.8 

Fig.l4 Free displacement response (Half-edge loading). 
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0.3        0.4        0.5 

Time (sec) 
0.6 0.7 0.8 

Fig.15 Controlled response (gain = 25)(Fully distributed actuator). 

0.3        0.4        0.5 
Time (sec) 

0.6 0.7 0.8 

Fig.l6 Controlled response (gain = 25)(Partial-diagonal actuator). 
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0.1 0.2 0.3 0.4        0.5 
Time (sec) 

0.6 0.7 0.8 

Fig.l7 Controlled response (gain = 25)(Full-diagonal actuator). 

0.225i 

0.220 

--'   0.215 
.2 
M 

c 
'3. 
i   0.205- 
Q 

0.200- 

-"1— Full Lamination 
-2  Partial-diagonal Lamination 
.3-. Full-diagonal Lamination 

10 15 20 
Gain 

25 

Fig.l8 Inferred damping ratios at different gains (Half-edge loading). 

These free and controlled time-history responses reveal that the responses are absolutely 
dominated by the first-mode at the full-edge loading, while higher mode components appear m 
the responses at the half-edge loading. On the three actuator configurations, the fiiU-lamination 
configuration has the best control effect and the partial-diagonal lamination configuration has 
the least control effect for the first-mode oscillation. The fiiUy distributed actuator 
configuration is effective to the bending dominated natural modes, e.g., the first mode and the 
fourth mode. Figure 6. The two diagonally laminated actuator configurations would have better 
control effects in the second-mode and third-mode oscillations, since torsion behaviors appear 
in these two modes [20]. 
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SUMMARY AND CONCLUSION 

Full or partial conical shells often appear as nozzles, injectors, blades, rocket fairings, 
etc., in aerospace structures and turbomachinery. Undesirable dynamic oscillations not only 
degrade the performance, but also influence structural integrity and reliability. This report is to 
evaluate dynamic characteristics and control effectiveness of conical shells laminated with 
distributed piezoelectric sensor/actuator layers. 

Electromechanical constitutive equations, governing equations, strain-displacement-electric 
field relations, and boundary conditions of a generic piezo(electric)elastic shell continuum were 
presented first. Finite element formulations of a new triangular piezoelastic shell element with 
non-constant Lame parameters were presented, electromechanical element/system/control 
matrix equations were derived, and then control algorithms defined. Finite element models of a 
conical shell with three actuator lamination configurations (i.e., the fiiUy distributed, the partial- 
diagonally distributed, and the fiiU-diagonally distributed) were established and two loading 
conditions (i.e., the full-edge loading and the half-edge loading) were defined, too. 

Natural frequencies and modes of the conical shell finite element models were 
calculated using the newly developed finite element code. Finite element solutions were 
compared closely with published numerical results. Thus, the newly developed tool is effective 
in modeling and analysis of conical shells. Free and controlled time-history responses of the 
two loading conditions were studied and inferred damping ratios suggest that the fully- 
distributed configuration is effective to control of bending-dominated natural modes, e.g., 1^' 
and 4 modes; the diagonally laminated configurations are effective to control of torsion- 
dominated modes, e.g., 2"'' and 3"* modes in this case. Accordingly, distributed control of 
conical shells can be achieved. However, this study suggests that various actuator 
configurations contribute to different control effectiveness of various natural modes. To 
maximize the distributed control effects, an in-depth understanding of shell dynamics and 
dominating modes is a must in effective design and layout of distributed actuators. 
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APPENDIX: FORMULATION OF ELEMENT MATRICES 

Detailed element matrices of a laminated piezoelastic shell element are presented here. 

[M® ]= |^[N„^(a,,a,)r(j''^[N®(Y)]'p« [N®(Y)]B;B', dy) 

•[Nu.(a,,a2)]A,A2da,da2, (Al) 

[K® ]= |^[B„^(a„a2)]'((jjB«(y)]'[c®][B«(Y)]BiB- dy) 

•[B„.(ai,a2)]AiA2daida2, (A2) 

[K2J= |^[B„/a„a2)]'(|';jB«(y)]'[e®][B«(y)]B;B' dy) 

•[B^.(ai,a2)]A,A2da,da2, (A3) 

[K® ]= - |^[B,^(a,,a2)]'(('JB«(y)]'[s®][Bj>(y)]B;B' dy) 

•[B^.(a,,a2)]A,A2da,da2, (A4) 

[Kgj = [K®]', (A5) 

{F®}= |^[N„^(aj,a2)r[N®(r = hJ]'{f®}B;G =hJBUY =hJA,A2 da,da2 

+ I [N„^(a,,a2)]'(j['jjN®(y)]'{f®}B;B'2 dy)A,A2 da,da2, (A6) 

{F,®} = - I [N, (a„a2)]'[N®(r = h J]'e'B;(y = h JB'(r = h JA,A2da,da2. (A7) 
■Oj 

where {f®} = {f®, f^\ ff}' and {f®} = {f®, f®, f®}' are the surface force and body force 

along the curvilinear coordinate axes, respectively; Q' is the electric charge applied on the 
svirfaces of piezoelectric layers; and the thickness 0.0 < h^ < h;. 

(FemShlCone.ConeShlWg.ShlCone) 
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CHAPTER 17 

VIBRATION CONTROL OF TOROIDAL SHELLS WITH 
PARALLEL AND DIAGONAL PIEZOELECTRIC ACTUATORS 

(Finite Formulation and Analysis) 

ABSTRACT 

Effective control of toroidal shells, e.g., cooling tubes, space colonies, inflatable space 
structures, etc., enhances their operational precision, accuracy, and reliability. Dynamics and 
control effectiveness of toroidal shell panels laminated with distributed piezoelectric sensor/ 
actuator layers are investigated in this study. Mathematical model and finite element 
formulations of piezo(electric)-elastic shell structures are presented. Element and system matrix 
equations of the piezoelastic shell .structronic (sensor/actuator/structure/control) system are 
defined and the system equations reveal the coupling of mechanical and electric (or control) 
fields. Free vibration analyses of two toroidal shells are investigated and compared favorably 
vwth published dada. Two sensor/actuator configurations based on identical sensor/actuator 
sizes, namely the parallel configuration and the diagonal configuration, laminated on the 
toroidal shell are investigated and analysis data suggest that the diagonal configuration provides 
better conti-ol effects, as compared with the parallel configuration. The parallel configuration is 
ineffective to anti-symmetiical modes; the diagonal configuration is effective to most natural 
modes and ineffective to quad-anti-symmetrical modes with respect to the panel center. 

INTRODUCTION 

Toroidal shell strictures are often proposed for components of cooling tubes, space 
colonies, space telescopes, inflatable space sti-uctures, neutron accelerators, etc. over the years. 
Effective vibration control of these toroidal shell structures or components can enhance 
operation precision, accuracy, and reliability of these high-performance structural systems. 
Stress and ftee-vibration analyses of pipe-type toroidal shells have been investigated recentiy 
[1-3]. Static, dynamic, vibration, and buckling characteristics of toroidal shells have also been 
studied [4-8]. Micro-electi-omechanics and distiibuted signal characteristics of toroidal shells 
have been investigated [9]. This research focuses on stiidies of dynamics and distributed 
vibration control of toroidal shells laminated with two piezoelectric actuator configurations 
using a newly developed shell finite element code encompassing multi-field 
piezoelectricity/elasticity/control coupling. 

Distiibuted sensing and control of structronic shells using piezoelectric 
sensors/actiiators have been studied for the last decade [10-13]. Finite element (FE) 
development, analysis, and conti-ol of piezoelastic and piezotiiermoelastic structures have been 
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being advanced over the years [14-17]. In this study, mathematical modeling of toroidal shells 
is discussed first, followed by fundamental constitutive relations of piezoelectricity. Finite 
element development of a composite piezoelectric-elastic triangular shell finite element is 
presented next. Dynamic and control analyses of toroidal shells are presented; control 
effectiveness of two actuator configurations, namely the parallel and the diagonal layouts, is 
evaluated in case studies. 

PIEZOELASTIC LAMINATED TOROIDAL SHELL PANEL 

Theoretical fundamentals, toroidal shell geometry, shell strain/electric field equations, 
piezoelectric electromechanical constitutive equations are presented in this section. 

Shell Geometry 

Let (ai,a2,a3) denote a tri-orthogonal curvilinear coordinate system on a toroidal 

shell with coordinates ttj and a^ defining the shell reference surface (or the neutral surface) 

and ttj defining the direction normal to the a, -a^ surface. In general, a generic mfinitesimal 
distance ds in the shell can be written as 

i=l 
(1) 

where   g,,(,a„a^,a,) = A\{\ + ^f ,   (i=l,2)   and   g33(a„a2,a3) = 1   are   the   covariant 

components of the metric tensor in the (a,,a2,ttj) coordinate system; Ri and R2 are the 

principal radii of curvature of the a^ - and the a^ - coordinate axes, respectively; and Ai and 
A2 are the Lame parameters defined by the fiindamental form. Figure 1 shows a toroidal panel 
and its coordinate system. Note that a, denotes the meridional coordinate and a^ denotes the 
circumferential coordinate, respectively. 
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Fig. 1 A toroidal shell panel and its coordinate system. 

The Lame parameters and the curvature radii of toroidal shells of revolution are A, = r, 

A2 = r^, Rj = r and R2 = r^/(ycos(7r - ttj)) where ^ = 1 + ycosaj and y = r/R. 

Stress-Displacement and Electric Field-Electric Potential Relations 

The strain-displacement and electric field-potential relations are 

1 
Sn=- a. ■[ 

(l.^)A. 
5a,     Aj da^    ^    R,     ^ ■* 

S22 - 

S,2 - 

^dV, 
+ ■ 

1   SA. 

R/   ' 
K2 

3 j' 

^au2 1   SA, 
UJ + - 

^13 - 

(1 + ^)A,    ^"'     A^^«2 (1 + ^)A. 
R. '     R2'   ^ 

(l + ^)A.    ^"'     ^> ^"3 
Ri 

■[ 
au,    1 SAj 
da^    A, 9a, 

UJ, 

(2a) 

(2b) 

(2c) 

(2d) 
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^23 - 

(1 + ^)A/^"^    ^2 
R/ ' 

[^_^U,]+«"^ 
Sttj 

C      _5U3. 

9a, 

1 d^ 

^1 

E,=- 

E3=- 

1 d^ 

(1 + ::^)A^ ^«2 a3 

(2e) 

(2f) 

(3a) 

(3b) 

(3c) 

where Sy, Ui,   (j), and E; (ij =1,2,3) respectively denote the strains, displacements, electric 
potential, and electric fields. 

Linear Piezoelastic Constitutive Equations 

The linear constitutive equations for the piezoelastic shell structures can be written in 
the matrix form as [18] 

T = cS-eE , D = eS + sE , (4a,b) 

where T, S, E and D denote the stress, strain, electric field and electric displacement vectors, 
respectively; a, e and s denote the elastic moduli, piezoelectric coefficient and dielectric 
permittivity matrices, respectively. For mm2 piezoelastic materials, the constitutive equations 
can be explicitly written in the component form as 

T„ '^ii     '^n Cl3 Cl4 0 0" K' "0 063,1 

T22 C22 C23 C24 0 0 S22 0 063, 
E," 

T33 C33 C34 0 0 S33 0 Oe„ 
r — < — R, 

T23 C44 0 0 S23 0 0 634 
E3 

Tn sym. C55 C56 Sl3 ei5 625^ 

kJ - ^66. 
S12, .^16 e26 0j 

(5a) 
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D, 

0     0    0    0 6156,6 

0     0    0    0 625 6,, 

531  ®32  ^33  ^34 ^        0 

s,; 
S22 

S33 

S,3 
■ + 

S.3 

ISnJ 

Sj, 8,2    0 

£22  0 

sym. '33 

^2}   ' 
E. 

(5b) 

wher6 Tij, Di, Sy, Ei (i, j = 1,2,3) are the stresses, electric displacements, strains, electric fields, 
respectively; cy, ey, e^ (i, k = 1,2,3; j = 1,2, ... 6) are the elastic moduli coefficients, 
piezoelectric coefficients and dielectric permittivity constants, respectively. The distributed 
actuators are made of piezoelectric materials laminated on the shell surface. The control actions 
are introduced based on the converse piezoelectric effect, i.e., Eq.(5a) where Ei denotes the 
control electric fields [18]. 

FE FORMULATIONS BY THE VIRTUAL WORK PRINCIPLE 

The virtual work principle in the displacement and electric fields can be written as 

_[T5SdF = W„ ,       j;D5EdF = W, . (6a,b) 

where the integration is carried out over the volume F; Wu , W^ are the work mduced by the 
mechanical and electric load, respectively, which include terms associated with the inertia 
forces in dynamic analysis. Substituting Eqs.(4a,b) mto Eqs.(6a,b) gives 

I (5ScS - 5SeE)dF = >¥„,![ (5EeS + 5EsE)dF = W^ . (7a,b) 

The displacement u and the electric potential ^ within each element can be written as 

u = N„U ,     (|) = N^O , (8a,b) 

where U and O are the nodal displacement and nodal electric potential, respectively; N„, N^ 

are the matrices of displacement and electric potential interpolation fimctions. (Note that 
detailed piezoelectric-elastic shell finite element formulation is presented next.) Substituting 
Eqs.(8a,b) into Eqs.(7a,b) gives 

e e 

2(K;-K;)O«=2F; , 
(9) 

(10) 
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where K'„„, K^^, K; , and KJ^ are derived from j^^5ScSdF, j^^bSeEdV , _[^6EeSdF, 

1^^ 5EsEdK respectively; F„' and F^' are the external nodal forces vector associated with Wu 

and W4,. Assembling all element matrices yields the global system matrix equation 

M„„ 0' m. Cuu 0" 
i ■ f+ 

L ^ oj loj [ 0 0_ l«Dj 
||>U 

K 

K 
IKJ> ful M 

■^      r = 1 > 

#. [oJ [FJ 
(11) 

where U, <!>, U, and 6 are the acceleration and velocity vectors, respectively; Muu is the 
mass matrix; Cuu is the damping matrix; Kuu, Ku,j„ K^u, and K,j,^, are the stiffness matrices 
defined for the displacement and electric field; Fu and F^ are the external mechanical and 
electric forces associated with Wu and W^ defined in Eqs.(7a,b). Detailed piezoelectric- 
elastic shell finite element formulation is presented next. 

Laminated Piezoelectric Shell Element 

The finite element under consideration is a twelve-node piezoelastic shell element with 
a triangular geometry shown in Figure 2. Six nodes are located on the three edges of the upper 
surface and the other six nodes are located on the three edges of the lower surface of the 
triangular element. The shell element is located in a curvilinear coordinate system with the side 
1-2-3 coinciding with the a; -axis while the side 1-6-5 coinciding with the a2 -axis. The side 1- 
7 coincides with the y-axis perpendicular to the ttj - a2 surface. 

Fig. 2 A laminated piezoelectric shell element. 

Each node is associated with four degrees of freedom (DOF) that are u, - the 
displacement component in the a^ -direction, u^ - the displacement component in the a2 - 

direction, U3 - the displacement component in the transverse y -direction, and ^ - the electric 

potential. Under the assiunption of layerwise constant shear angle theory, for an arbitrary ith 
layer, the displacement and electric potential can be written as 
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,(i)  _TV   (i)/,A¥T(') U^'^=N;'^(Y)U(')  ,      c|,«=N;*^(y)0^')  , (12a,b) 

where u^'^ ={u®,u®,u®}\ U^'^ ={U®,U®,U®,Uf"'\Uf'>,Uf "}\ 

O^" = {^^'K'^^'^^^y ; l*}^ denotes the transpose and the superscript "i" denotes the ith layer. 
The surface-parallel displacement and electric potential can be expressed as 

U«=N„(a,,a,)U('^   ,     O^'^ =N,(a,,a,)0«  , (13a,b) 

where N(ai,a2) is the shape function in terms of a, and a2 coordinates; 

uf*^ = {u«,u«,u«,...,u®,u«,u«,uS^'\ur,ur,-,ul^>)urur}\ 

Element Stiffness and Mass Matrices 

The strain-displacement and electric field-potential relations can be expressed in terms 
of nodal variables of the laminated piezoelectric shell finite element 

S = L„(a„a2)N„(y)N„(a„a2)U =B„B„U , (14) 

E = L^(ai,a2)N^(y)N^(a,,a2)U =-B^B^<D , (15) 

where L„(a,,a2) and L^(ai,a2) are the linear differential operator matrices; B„ and B„ are 

the strain shape functions associated with coordinates y and ai, aj, respectively; B^ and B. 

are the electric field shape functions associated with coordinates y and ai, ai, respectively. 
Substituting Eqs.(15) and (16) into the integral components of Eqs.(9) and (10), the element 
stiffness matrices can be written as 

^l = [e BlB>B„B„ IJI 7g^78^dyda,da2 , (16) 

K^ = I. Bl5>B^B^ IJ17g^7g^dyda,da2   , (17) 

^li = ie BjBjeB^B^ IJI Vg^7g^dydaida2 , (18) 

where J is the Jacobian transformation matrix; |»| donates the determinant; and gii,g22 are 
defmed in Eq.(l). In dynamic analysis, the inertial forces are included on the right side of 
Eq.(9). And the element mass matrix can be written in a matrix form as 

M^ = I N:N:PN„N„ IJI V^Vi;7dyda,da2 , (20) 
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where p is the mass density. The elemental damping matrix C^ is assumed to be proportional 
to the stiffness and mass matrices 

C:,=aM:,+pK:,, (21) 

where a and p are Rayleigh's coefficients and are related to a + p©f =2^;©;; ^j and (o- are 
the ith-mode initial damping ratio and natural frequency respectively [18]. The external nodal 
force vectors F„', F^' in Eqs.(9) and (10) can be written in a matrix form as 

K = I N^N^f, IJI Vg;7Vi;;dYda,da, + 1^ N^N^f, Vg^V^^^da^da^ , (22) 

F; = -|= NjNjQ Vi;;V^da,da, , (23) 

where fb and fs donate the body force vector and the surface force vector, respectively; Q is the 
electric charge; 5^ donates surface on which surface force fs and electric charge Q are applied. 
A finite element computer code based on the above procedure is developed and studies of 
dynamics and control of toroidal shells are carried out next. 

DYNAMIC AND CONTROL ANALYSES 

A thin toroidal shell panel is defined in Figure 1. Its geometry and material properties 
used in case studies are provided in Table 1. Note that the angular arcs of the shell panel are 
defined by a2B -a^ = 2(a'B -ajA)r/R. Thus, the toroidal shell panel is nearly square in 
shape. 
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Table 1. Geometry and material properties of the toroidal shell panel. 

Properties Symbol 

aiA'CCiB 

Unit Steel PVDF 
Meridional angle o 135*,180' 
Circumferential angle *      * 

^2A'*^2B 
o 0, 7.875 

Meridional radius r m 0.56 
Circumferential radius R m 3.2 
Thickness h,h' m 5.6x10-^ 9.0x10-^ 
Mass density P Kgm-3 7.7x10^ 1.8x10^ 
Young's modulus Y Pa 2.07x10" 2.0x10^ 
Poission's ratio H 0.3 0.29 
Piezo-strain constant dsi mV"^ 2.2x10-" 
Electric permittivity Sll Fm-' 1.062x10-^° 
Capacitance C Fm-2 3.80x10-^ 

Note: 1) Angles with "*" corresponds to Case 3 of Redekop and Xu [7] defined in 
a different coordinate system; 
2) "PVDF" - Piezoelectric polyvinylidene fluoride. 

Dynamics of two toroidal shell cases with distinct boundary conditions are studied in 
this section. In order to validate the new finite element code, their natural frequencies are 
compared with published data first. Then, control of a toroidal shell panel laminated with two 
actuator configurations are investigated next, where detailed element and mesh definitions are 
presented. 

Free Vibration Analysis 

Case 1: Shear-Diaphragm and Fixed Boundaries 

The two boundaries of the toroidal shell panel on the opposite circumferential edges are 
assumed    to    be    shear-diaphragms,    which    are    rigid    in    tiieir    own   planes,    i.e., 
N.  =M = Uj = U3 = 0 at a = ttjA ,a2B where N„ ,M„^ are the normal force and moment 
in tiie circumferential direction, respectively. The toroidal shell panel is clamped on the two 
meridional edges, i.e., Ui=U2=U3=0 at a = al^,a'[^ . Fundamental circular natiiral 
fi-equencies (rad/sec) are calculated and summarized in Table 2. The fundamental frequency is 
compared favorably with published data by Redekop and Xu [7], while higher fi:equencies are 
not available for comparison. The first tiiree mode shapes of the toroidal shell panel are 
calculated and plotted in Figure 3. 
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Table 2 Frequencies of the first toroidal shell panel (xlO ). 

Ml (02 ©3 

Present Study (FEM) 0.4636 0.5519 0.6835 
Redekop & Xu (FEM) 0.4573 — — 

Redekop & Xu (DQM') 0.4660 — — 

•   DQM: Differential Quadrature Method. 

2"" mode mode 4*" mode 

Fig. 3 The first three mode shapes of the toroidal shell panel (Case 1). 
(Note: "+" and "-" donate the convex and the concave, respectively.) 

Case 2: Shear-Diaphragm and Shear-Diaphragm Boundaries 

Boundary supports of the second toroidal shell panel are assumed to be shear- 
diaphragm on both circumferential and meridional edges, i.e., N„  = M„  = u, = U3 = 0 at 

a*A,ajB . Again, natural frequencies a2=a2A,a2B and N M. = u, = U3 = 0 at a, 

(rad/sec) are calculated using the new finite element code and summarized in Table 3. The 
fundamental frequency is compared favorably with the published data by Redekop and Xu [7], 
while higher frequencies are not available. The first four mode shapes are shown in Figure 4. 
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©1 ©2 ©3 ©4 

Present Study 0.3463 0.4628 0.5450 0.6783 
Redekop & Xu (FEM) 0.3196 — — 

Redekop & Xu (DQM') 0.3264 — — —,-_ 
Redekop & Xu (FS') 0.4727 —   

FS: Fourier series. 

1'* mode 2""^ mode S"^** mode 4"* mode 

Fig. 4 The first four mode shapes of the toroidal shell panel (Case 2). 
(Note: "+" and "-" donate convex and concave, respectively.) 

Vibration Control 

A toroidal shell panel with shear-diaphragm and clamped boundary conditions of Case 
1 is laminated with two layers of piezoelectric polyvinylidene fluoride (PVDF) on the top and 
bottom surfaces serving as sensor and actuator, respectively - a structronic toroidal shell 
system. Two lamination configurations, namely the parallel lamination and the diagonal 
lamination are designed to test their control effects on toroidal shell panels, shown in Figures 5 
and 6. Note that these two configurations utilize identical total sensor/actuator lamination sizes, 
so that the control effect solely depends on the lamination configuration. The toroidal shell 
panel is divided into 20x10 quadrilateral pattern in the meridional and the circumferential 
directions, respectively. Therefore, there are 400 triangular elements for each layer and a total 
of 1200 elements for the toroidal structronic shell system. The initial damping ratio is assumed 
to be 0.2%. A uniformly distributed surface load with magnitude of 1 N, denoted by arrows in 
Figure 5, is applied on the left half surface of the panel. 
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Piezoelectric 
Actuators Shear-Diaphram 

Shear-Diaphram 

Fig. 5 Toroidal shell panel laminated with three parallel piezoelectric strips. 

Piezoelectric 
Actuators 

Fig. 6 Toroidal shell panel laminated with diagonal piezoelectric strips. 

The converse piezoelectric effect induced control actions governed by the proportional 
feedback control constrain the shell motion and subsequently control the shell vibration. Note 
that there is only one continuous sensor electrode and thus the sum of sensing signals resulting 
from all sensor segments is used as a single reference feedback voltage applied to all actuator 
strips. Control effects of the tv^o actuator configurations will be evaluated next. Free vibration 
time history of the toroidal shell panel center (marked with a dot in Figure 5) is presented fu-st, 
followed by controlled time histories at various control gains in each actuator configuration 
next. Figure 7 shows the free vibration time history and Figure 8 shows controlled time history 
of the parallel actuator configuration. Figure 9 shows the free vibration time history and 
Figure 10 shows controlled time history of the diagonal actuator configuration. Since the first 
two frequencies are close to each other, beating oscillations appear in all time history responses. 
Inferred controlled damping ratios at various control gains for each actuator configuration are 
calculated and summarized in Figure 11. It clearly demonstrates the control effectiveness of 
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the two actuator configurations and the diagonal configuration provides much better control 
effect, as compares with the parallel configuration. 

Parallel Actuator Lamination 

Time (sec) 

Fig.7 Free displacement response of the toroidal panel. 

o 
* 

§ 

"a. 
(5 

0.00 0.05 0.10 0.15 

Time (sec) 

Fig.8 Controlled response of the toroidal panel with parallel actuator (gain=5). 

322 



Diagonal Actuator Lamination 

0.00 0.05 0.10 0.15 

Time (sec) 

Fig.9 Free displacement response of the toroidal panel. 

0.00 0.05 

Time (sec) 

0.10 0.15 

Fig.lO Controlled response of the toroidal panel with diagonal actuator (gain=5). 
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0.230 

• Parallel Lamination 
■ Diagonal Lamination 

0.200 

Gain 

Fig.ll Inferred damping ratios at different gains of the two actuator configurations. 

Additional analyses also reveal that the parallel lamination configuration is not effective to the 
2" mode (anti-symmetrical mode), but effective to the 3'^ mode. The magnitude of beating 
decreases with time since only the 2"*^ mode dominates. Furthermore, the diagonal lamination 
configuration is effective to both the 2""^ and 3"* modes and the beat phenomena become 
significant, since these two frequencies are close. 

SUMMARY AND CONCLUSIONS 

Toroidal shell structures and components are widely used in industrial and aerospace 
applications. Effective distributed control of these toroidal shells can enhance their operation 
precision, accuracy, and reliability. This study focused on evaluating the dynamic 
characteristics and control effectiveness of toroidal shell panels laminated with distributed 
piezoelectric sensor/ actuator layers. Finite element formulations of piezoelastic shell structures 
were reviewed. Element and system matrix equations of the piezoelastic shell structronic 
(sensor/actuator/structure/control) system were derived and the system equations reveal the 
coupling of mechanical and electric (or control) fields. 

Finite element eigen-value solutions of toroidal shell panels were compared favorably 
with published data in case studies. Vibration control effects of two sensor/actuator 
configurations, namely the parallel configuration and the diagonal configuration, laminated on 
toroidal shell panels were investigated. Numerical results suggest that the diagonal 
configuration provides better control effects, as compared with the parallel configuration, 
although both configurations utilize identical sensor/actuator sizes. Since the first and second 
frequencies are close, beat phenomena took place in both the free and controlled dynamic 
responses. The parallel lamination configuration is not effective to anti-symmetrical modes; the 
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diagonal lamination configuration is effective to most natural modes, except quad-anti- 
symmetrical modes with respect to the shell center, due to signal cancellations. 
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CHAPTER 18 

CONTROL OF NONLINEAR ELECTRO/ELASTIC 
BEAM AND PLATE SYSTEMS 

(Finite Element Formulation and Analysis) 

ABSTRACT 

Adaptive structures involving large imposed deformation often go beyond the boimdary 
of linear theory and they should be treated as "nonlinear" structures. A generic nonlinear finite 
element formulation for vibration sensing and control analysis of laminated electro/elastic 
nonlinear shell structures is derived based on the virtual work principle. A generic curved 
triangular piezoelectric shell element is proposed based on the layerwise constant shear angle 
theory. The dynamic system equations, equations of electric potential output and feedback 
control force defined in a matrix form are derived. The modified Newton-Raphson method is 
adopted for nonlinear dynamic analysis of large and complex piezoelectric/elastic/control 
structures. A finite element code for vibration sensing and control analysis of nonlinear active 
piezoelectric structronic systems is developed. The developed piezoelectric shell element and 
finite element code are validated and then applied to control analysis of flexible electro-elastic 
(piezoelectric/elastic) structural systems. Vibration control of constant-curvature electro/elastic 
beam and plate systems are studied. Time-history responses of free and controlled nonlinear 
electro/elastic beam and plate systems are presented and nonlinear effects discussed. 

INTRODUCTION 

Utilizing active electromechanical materials (e.g., piezoelectrics, electrostrictive 
materials, electromagnetostrictive materials, shape-memory alloys, electro- and magneto- 
rheological materials, etc.) in new smart structures and structronic systems transforms 
conventional passive elastic systems to active and adaptive "smart" systems, capable of self- 
sensing, diagnosis, control, damage compensation/repair, precision actuation, etc. This 
"structronics" technology can be applied to small-scale micro-electromechanical systems, as 
well as to large-scale aircrafts and aerospace systems (Tzou and Fukuda, 1992; Gabbert and 
Tzou, 2001). Among the electro-active materials, piezoelectric materials are probably the most 
popular active material used in both sensor and actuator applications. Classical distributed 
sensing and control characteristics of shells and plates using segmented or spatially shaped 
sensors/actuators have been investigated (Tzou, 1993). Adaptive structures v^th controllable 
shapes or surfaces often involve large deformations and, thus, the geometiic nonlinearity 
should be considered in the design and analysis. A nonlinear theory and governing equations of 
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piezothermoelastic shells was recently proposed (Tzou and Bao, 1997). Based on analytical 
procedures and closed-form solutions, static, dynamic, and control analysis of nonlinear plates 
and shallow spherical shells using piezoelectric actuators were recently investigated (Howard, 
et al., 2001; Tzou and Zhou, 1997; Zhou and Tzou, 2000; Tzou and Wang, 2002). Finite 
element (FE) development and analyses of linear piezoelectric and piezoelastic coupled 
electro/elastic structures have been carried out over the years (Trindade, Benjeddou, and 
Ohayon, 2001; Sze and Pan, 1999; Tzou and Tseng, 1990; Tzou and Ye, 1994, 1996; Ye and 
Tzou, 2000; Tzou, et al., 2002). This study focuses on development of a new FE technique and 
design tool for static, dynamic, and control analyses of nonlinear piezo(electric)/elastic coupled 
nonlinear electro/elastic structures. FE modeling and active vibration control of nonlinear 
electro/elastic piezoelectric laminated plates and beams based on a new generic curved 
triangular piezoelectric shell element are investigated. Dynamic system and control equations 
are derived and solution procedures discussed. Static, dynamic, and control analyses of 
electro/elastic (piezoelastic) beams and plates subjected to nonlinear deformation are studied. 

TOTAL LAGRANGIAN VIRTUAL WORK EQUATIONS 

In this study, it is assumed that the nonlinear piezoelectric/elastic (or piezoelastic) 
laminates are exposed to a displacement field and an electric field induced control action. To 
assure high accuracy and stability of FE solutions of geometrically nonlinear structures, the 
incremental analysis method is adopt in the analysis (Liu and To, 1995), which is to determine 
the static and kinematic variables, such as stresses, strains, displacement and velocity, in the 
equilibrium equations in a series of discrete time 0, At, 2At, ... This method assumes that the 
solutions in the configurations fi-om the initial configuration "Z at the initial time to the 
configuration 'Z at time t are known. And the values in an unknown neighboring configuration 
'^^Z at a later time (t+At) are then determined fi-om these known solutions (Bathe, 1996). For 
structural problems with both geometric and material nonlinearity, the total Lagrange and the 
updated Lagrange formulations are used to derive the governing equations. In practice, 
numerical effectiveness determines tiie choice of either the total Lagrangian formulation or the 
updated Lagrangian formulation (Bathe, 1996). For largely deformed structures with small 
strains, the total Lagrangian formulation is adopted in this stiidy. On the other hand, for 
structures with both geometric and material nonlinearities, the updated Lagrangian formulation 
can be utilized (Liu and To, 1995). FE formulations of geometrically nonlinear piezoelastic 
stiiictures can be derived based on the virtual work principle discussed next. 

Let ' Uj, ' ()), '■"^' U; and "■^' ^ be the displacements and electric potential of any point 

respectively corresponding to the configurations 'Z and '^^Z at time t and (t+At). Then, the 
incremental displacement Uj from the previous configuration 'Z to the current configuration 

'^^Z can be written as Ui='^'^'Ui-'Ui. The virtiial work fiinctional in the displacement and 
electric field can be written as 

|,+A,Q^g..A,g^t.A,^y^,.A.^^^ (2) 
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where '^^^Ty, '^^'S^, '^^'D- and '^^'Ej (i, j = 1,2,3) are the stress, strain, electric displacement 

and electric field, respectively; '*^'W„ and '""^'W^ are the virtual work of external mechanical 

load and electric load, respectively; V is the volume of the piezoelectric continuum. The linear 
piezoelectricity theory is adopted in this study and the piezoelectric material is assumed class 
mm2 (Tzou, 1993; Ikeda, 1990). Note that the left superscript denotes in which configuration 
these variables are. In this case, for example, the variables above are in the current 
configuration '^"^'Z. The increments in stresses Ty, electric displacements Dj, strains S^j and 

electric fields E; from the previous configuration 'Z to the current configuration '^'"Z are 
defined as 

Ty=-^'Ty-%, D,=--'D,-'D,, S,=-^*Sy-*Sy,E.=-^'E,-'E,.        (3a,b,c,d) 

The incremental strains comprise of linear and nonlinear components Sfj and S^ which can be 

written in term of the incremental displacements Uj as 

Sy =TKj+Uj,i+'u,.u,_.+'u,_jU,.) ,     S^ =^u,.u,_. (4a,b) 

Note that the right superscript "^" and "n" denote linear and nonlinear components, 
respectively. Substitiiting Eqs.(3a,b,c,d) and (4a,b), one can rewrite Eqs.(l) and (2) as 

iT,6S,jdV+ J- 'Ty5S«dV=-'W„ - J- ^T^idV , (5) 

[D,5E,dV='^^'W^-J"«D,5E,dV. (6) 

Note that the nonlinear equilibrium Eqs.(5) and (6), when employed in dynamic analysis, 
would be very time consuming, if not computationally infeasible. Using the approximations 
Tg =CijySy-ejj^E^, Dj = ejj,^Sj^ + SyEj and 5Sij=5Sfj, one can obtain as approximate 
nonlinear equilibrium Eqs.(5) and (6) 

[c,,S^5SjdV- [e,,E„5SjdV+ [ 'Ty6S«dV='-W, - [ %5SjdV ,      (7) 

[.yE.5E,dV+ j: ey,Si5E,dV='-'W, - [ «D,5E.dV , (8) 

where c^y, e^^ and e-. (i, j, k, 1, m = 1,2,3) are the elastic moduli, piezoelectric coefficients 

and dielectric coefficients, respectively. The virtual work of the elastic force and electric force 
can be fiirther expressed as 

t+At 

t+At 

W, = 1^ "''45u,ds+ J" (-^'f,, -p-^'uJ5u,dV, (9) 

W^= f '^"'Q5<t)ds, (10) 
■On 
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k 
where 6u^ (k = 1,2,3) and d^ are the variation of the current displacement component "^"^'u 

and electric potential '^^'<|); '^'^'f^ and '^^'f^^ are the surface force component and the body 

force component, respectively; '"""^'ii^ are the components of acceleration, respectively; '""^'Q 

is the surface charge; p is the material mass density; and S^. and S^ are the boundary surfaces 

specified by the surface force '"^'^ and charge '^^'Q. Note that the subscripts "T" and "D" 
denote the specified elastic force and charge, respectively. Finite element formulations of 
nonlinear piezoelectric shell structures and control can be derived based on the virtual work 
functional in Eqs.(7) and (8), and they are presented in the next section. 

PIEZOELECTRIC FINITE ELEMENT FORMULATIONS 

The general procedures of the FE method need to divide a continuum into a number of 
finite elements using imaginary lines or surfaces and to choose a set of functions defining the 
field variables within each finite element via nodal variables. Assuming that within every 
element the displacement vector 'u and the electric potential '(}) in the configuration 'Z can 
be written as 

'u = N/U,     u = N„U,    '(|) = N/0,    (t) = N^O, (lla,b,c,d) 

where u and (|) are incremental displacement vector and incremental electric potential; 'U and 

*0 are nodal displacement vector and nodal electric potential in the configuration 'Z; U and 
O are incremental displacement vector and incremental nodal electric potential, respectively; 
N„ and N^ are the matrices of displacement and electric potential interpolation function. Note 

that the stress, strain, electric displacement and electric field in Eqs.(3a,b,c,d) can be further 
expressed in terms of the nodal displacement and electric potential in Eqs.(lla,b,c,d). Then the 
vutual work Eqs.(7) and (8) can be discretized in terms of nodal displacement and electric 
potential accordingly. If only one element is concerned, for simplification, one can vmte the 
element virtual work functional in matrix notation by substituting Eqs.(l la,b,c,d) into Eqs.(7) 
and (8). 

M„„'^^'U+('K:„+'K:JU+'K>='^^'F„-'F„ , (12) 

'K;U-»K;O='^'^'F^-*F, , (13) 

where U and U are the incremental nodal displacement and acceleration vectors, respectively; 
O is incremental nodal electric potential; 'K^^, (where x & y = u, (|) and u denotes £ OT n 

which represents the linear term and the nonlinear term, respectively) are the stiffness matrices 
defined for the displacement and electric field; M„„ is the mass matrix; *'''^*F„ and *F„ are the 

external mechanical excitation vectors; ""^'F^ and 'F^ are the electric excitation vectors; M„„, 

'K^„,   'Kl,   'K'„^,   '^^'F„,   *F„ are obtained from  [p'-^^'u,6u,dV,    [cyX^S^JdV, 
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j;'T^6S;;dV,   [e^j^E^SS^^dV,   |^-^'f,Kds-J''^n,,6u,dV,   J^'T.j5S.^dV, respectively; 

And 'K;„, 'K;, '^"'F^, 'F^ are derived from [eij^SiSE^dV, [syE^SEidV, |  '^^'Q5(t)ds, 

J^ 'DjSEidV, respectively. (Detailed definitions of the element matrices are presented in the 

next section.) If damping is considered, one can write a Rayleigh damping approximation as 

C„„=aM„„+p''K: (14) 

where a and |3 are the coefficients of proportionality for the mass and elastic stiffiiess 
matrices, respectively. Note that the damping ratios can be exactly determined if two modes 
(e.g., modes m and n) are specified. The damping ratios in the unspecified modes can be 
calculated based on modes m and n. A least square solution can be used to calculate these two 
coefficients if damping ratios are specified in more than two modes (Craig, 1981; Cook, et al., 
1989). Assembling all the element matrices, one can write the system equations in a compact 
matrix form 

M„„    0 t+At 

t+At ol 
c„„   0 

t+At(jj 

'Ki.+'K1    'K^ 

-'Kl w. 

'F -*F 
t+At F.-*F * J 

(15) 

PIEZOELECTRIC SHELL ELEMENT 

A general curved triangular laminated nonlinear piezoelastic shell element using the 
layerwise constant shear angle theory is derived, which is used for modeling and analysis of 
piezoelastic structures with geometrical nonlinearity. The new finite element is a 12-node 
piezoelectric shell element with triangular geometry shown in Figure 1. Six nodes are located 
on the three lines of the upper surface and the other six nodes are located on the three lines of 
the lower surface of the triangular element. Its nodal arrangements are illustrated in Figure 1. 
Each node is associated with four degrees of freedom (DOF). The four DOFs are: u, - the 

displacement component in the a,-direction, U2- the displacement component in the ttj- 

direction, U3 - the displacement component in the a 3 -direction, and (j) - the electric potential. 
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Fig. 1 A laminated piezoelectric shell element. 

Contrary to the degenerated shell elements, the general material laws are used; the 
kinetic and geometric variables are easily interpolated for this shell element; no transition 
elements are needed when the structure including both solid and thin-walled regions; and the 
complication on handling finite rotational increments can be avoided (Sze and Yao, 2000). 
However, it should be pointed out this element suffers from not only shear and membrane 
locking which bother the degenerated shell elements, but also dilatational, trapezoidal and 
thickness locking (Stolarski and Belytschko, 1983; Simo and Rifai, 1990). Various 
compensations were proposed to avoid these locking and systematic development of locking- 
fi:ee shell element formulations for linear and non-linear analyses is well addressed (Bischoff 
and Ramm, 1997; Hauptmann and Schweizerhof, 1998; Hamau and Schweizerhof, 2002). Also 
note that without the electric potential degree of freedom, this element is similar to the 12- 
noded wedge element which has difficulties in modeling rigid body modes (Surana, 1983). 
Under the assumption of the layerwise constant shear angle theory, for an arbitrary layer i, the 
displacements and electric potential can be written as 

f(i) U^"^=N1'^(Y)U^'\     r=Nf)(Y)(^ k(i) (16a,b) 

where U^'^ and ^'^ are the displacement vector and electric potential of any node on the i-th 
layer; U^'^ and ^i''^ are the displacement and electric potential of the i-th and (i+l)-th interfaces 

along the curvilinear coordinate axes; y is a transverse coordinate defined for the i-th layer. 
The surface-parallel displacement and electric potential can be expressed as 

U<'> =N„(ai,a2)U('\       (!><') =N^(a„ a, )cD (i) (17a,b) 

where U^'^ and O^'^ are the nodal displacement and nodal electric potential of the element; Nu 
and N^ are the quadratic shape fimctions defined by coordinates a^ and ttj. 

Element Stiffness Matrices and Balanced Force Vector 
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From Eq.(3), the incremental strains and electric field can be written in a vector form as 

S=--S-'S, E=--E-'E, (18a,b) 

where S, E are incremental strain and electric field vector, respectively; *S, '^"^'S, *E and 
""^'E are strain and electric field vectors at time t and (t + At), respectively. Substituting 
Eqs.(16a,b) and (17a,b) into Eq.(18a,b), one can write the incremental strains of the i-th layer 
in terms of nodal variables of the element in a matrix form as 

S = B„U,       E = -B,0 (19a,b) 

where S = {811,822,833,812,8,3,823}^, E = {Ei,E2,E3}^;B„ and B^ are the generalized strain 

shape fiinction; U, O are the same as defined previously. 8ince the strains have the linear and 
nonlinear components, correspondingly, Bu can also be expressed as 

B„=B™+Bf+B:, (20) 

where B™ is the strain shape function of (Uij+u.i)/2 which relates to the linear strain 

components independent to time; B^'  is the strain shape fiinction of -('u.u^ .+'u, u   ) 

which relates to the linear sti:ain components depending on time; B;; is the strain shape 

fiinction of S|| which relates to the nonlinear strain components. Note that right superscript "0" 

and "1" denote the usual small strain part and the linear strain part related to the configuration 
'Z. It is obvious that B^° is configuration-independent, while B" is dependent on tiie 

configuration 'Z. Thus, *K^„ can be divided into two parts: 

^uu-  '^uu+  ^uu     ' (21) 

where 'K^: = j^ 'B^c 'B^^dV, 'K^^ = Ji 'B^c *B^'dV + £ 'Bf c *B>V 

+ l'K c 'B^'dV. It is known that 'K^° is the usual small displacement (or incremental) 

stiffiiess matrix, 'K^|, is the initial displacement matiix, since it is induced by tiie initial 

displacement 'u-. The initial stress (or the geometric) stiffiiess matrix 'K;;„ is 

where 'T is tiie second Piola-Kirchhoff stress matrix which can be written as 

(22) 
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•T = 

'T 'T 0 

'T 'T ^22 0 

0 0 'T 33 

(23) 

Other stiffness matrices related to the electric field are 'K^^ = f'B^e 'BjdV  and 

*'^i. = i*Bj £ 'BjdV,  and   'KJ„=*K^^.  The balanced mechanical force  can be 
expressed as 

'F„ = [('Bf+'Bf )*fdV, (24) 

where *T is the second Piola-Kirchhoff stress vector defined in configuration 'Z. Note that the 
forgoing element matrices are easily calculated provided that the strain shape functions Bx 
(x=u,(j)) and material coefficient matrices c, e and e are obtained. 

NONLINEAR SOLUTION ALGORITHM 

The dynamic equilibrium equation for a piezoelectric system in Eq.(15) can be 
simplified into a standard form 

M *^^'U + C '^^'U+('KVK")U=**'^'P-'F , (25) 

where U is the incremental displacement vector; '""^'U and *"''^'U are the velocity and 
acceleration vectors; 'K' and 'K" are the linear and nonlinear stiffness matrices; M is the 
mass matrix; C is the damping matrix; '"'^*P and 'F are the external load vector and the 
balanced force vector, respectively. Accuracy with the incremental solution procedure requires 
the use of a small time step since the nonlinear stiffness changes over the time increment are 
ignored. Improved accuracy can be achieved by modifying Eq.(25) to calculate the iterative 
displacement U^^\ One iterative solution methodology is tiie modified Newton-Raphson 
iteration, i.e.. 

M t+At jjik) _^Q t+At|Q(*) +(tK<+tj^"\uW_t+Atp_t+Atjp(t) (26) 

where A: the is iteration number. Note tiiat *K' and *K"are constant during tiie time iteration 
calculation. The incremental/iterative displacements and balanced force vectors are updated as 

t+Atjj,(*:)_t+Atp(t-l) +gp(*)_tp^ p(t) t+Atp(0)_tj. 
(27,28) 

(29,30) 

where 6 is iterative change. The acceleration and velocity used in the Newmark's temporal 
discretization for tiie modified Newton-Raphson iteration are (Blandford and Glass, 1987) 
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aAt^ ■*   aAt 2a 

""U^'^=4l[""U«-'U] + (l-^)'U + At(l-A).u. (31a,b) 
aAt a 2a v     w 

Substituting Eq.(31a,b) into Eq.(26) gives 

'KU^*^='^^*P-*''^'F^*^ , (32) 

where *K = ^M + C+*K'+'K" , *^^'P='^^'P + M|   ^   F^U-'^^'U^i 
aAt aAt [aAt^ 

"^'*^<i-"'«}      -c{-|-[.U--U»l .(i-,).U + A.(±-,)-u}.     The 

convergence of the iteration scheme of Eq.(26) could follow the out-of-balance load criterion 
and incremental internal energy criterion (Bathe, 1996). A new FE code incorporating the 
coupling of electromechanics, piezoelectricity, geometric nonlinearity, control, etc. and the 
nonlinear solution algorithms is developed and applications are presented in case studies. 

CASE STUDIES 

To validate the new FE code and its multi-field coupling/control capability, 
conventional static and dynamic analyses of nonlinear elastic beams and plates are compared 
with published data, followed by control of nonlinear piezoelastic beams and plates with 
distributed piezoelectric actuators. 

Case 1 - Cantilever Single-layered and Piezoelastic Beam 

Two cantilever beams, i.e., a single-layered beam and a laminated piezoelectric beam, 
as shovra in Figure 2 and Figure 3, are studied in this case. Static analysis and comparison are 
carried out first, followed by dynamic analysis and control of large deflections by piezoelectric 
actuator layers. Geometry and material properties are outlined in Table 1. Note that the 
polyvinylidene fluoride (PVDF) film is thin and flexible and its effects to static deflections and 
dynamic/control analyses are considered. 

Undeformed Beam r*-   j 

I 
L   -^ 

N 
N 

N \ 

tiT-JrT^ 
A-A 

Deformed Beam \   J^ 
V 

Fig.2 A cantilever single-layered beam. 
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Fig.3 A cantilever laminated piezoelastic beam. 

Table 1. Geometry and Material Properties. 

Properties Elastic Material PVDF 

Length L (m) 0.1 0.1 
Width  b(m) 0.01 0.01 

Height h, h' (m) 0.01 9.0x10-^ 
Young's modulus Y (Pa) 1.2x10^ 2.0x10^ 

Poisson's ratio JJ, 0.2 0.29 
Piezoelectric constant dai (C/N) 2.2x10-" 

Electric permittivity s (F/m) 1.062x10-'° 

Static Analysis 

A uniformly distributed surface load is applied to the top surface of the beam. Figure 4 
shows the tijp static deflections of the beam at different load levels. Note that non-dimensional 
load coefficient Fo=FL^/YI is used, v^here I is area moment of inertia of beam cross-section, F 
is the load, and L and Y are previously defined in Table 1. The deflection ratio U3/L is used 
and U3 is the transverse deflection. Present nonlinear FEM solutions are compared with 
published nonlinear and linear results (Bathe, Ramm and Wilson, 1975) and favorable 
comparison with the published nonlinear data is observed. The nonlinearity effect stiffens the 
beam, as also observed. For comparison, the static deflection (with ■ data) of the 
piezo(electric)elastic beam (Figure 3) marked "*" is also provided in Figure 4. The reduced 
deflection of the laminated piezoelastic beam is introduced by a higher stiffness due to the 
added piezoelectric layers (see Table 1). 
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Fig.4 Tip static deflections of single-layerd/laminated piezoelastic beams. 

Dynamic and Control Analyses 

To better illustrate the control effect, a new cantilever piezoelectric laminated beam is 
studied to investigate the dynamic and control behaviors. Geometry and material properties are 
provided in Table 2. It is assumed that the structure is undamped. A uniform surface step-load 
with a magnitude of 45N/m^ is applied on the top surface of the beam. Time step is set to be 
2.0x10" second. Figure 5 shows the linear/nonlinear transient responses and the nonlinear 
effect is to reduce the oscillation magnitude and period, due to the stiffening effect. Vibration 
control induced by the piezoelectric layer is evaluated next. 

Table 2 Geometry and Material Properties. 

Properties Elastic Material PVDF 

Length L (m) 0.2 0.2 
Width  b(m) 0.02 0.02 
Height h,h' (m) 2.0x10-^ 9.0x10-^ 
Young's modulus Y (Pa) 2.0955x10^ 2.0x10^ 
Poisson's ratio |j, 0.25 0.29 
Mass density p (kg/m^) 3.21005x10^ 1.8x10^ 
Piezoelectric constant dai (C/N) 2.2x10-'^ 
Electric permittivity s (F/m) 1.062x10-^° 
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0.00     0.05      0.10      0.15      0.20      0.25      0.30     0.35     0.40      0.45 

Time (s) 

Fig.5 Linear/nonlinear transient responses of the cantilever beam. 

Following the procedures, three other surface step-loads with magnitudes 2N/m^, 
lON/m and 20NW are applied to generate low, median and high nonlinearities of the 
piezoelastic beam. The negative velocity proportional control method is used in vibration 
control and the control gain is set to be 3.0. Figures 6, 7 and 8 show the controlled transient 
responses of the three load levels and the control effects are significantly different for these 
three load cases. Under the same control condition except the load level, the control effect 
reduces at increased load level, smce the beam stiffens due to the increased nonlinearity. 

Time (s) 

Fig.6 Controlled transient response of the piezoelastic beam (Load=2N/m^). 
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P     5 

Time (s) 

Fig.7 Controlled transient response of the piezoelastic beam (Load=10N/m^). 

0.05 

Time (s) 

Fig.8 Controlled transient response of the piezoelastic beam (Load=20N/m^). 

Case 2 - Simply Supported Laminated Piezoelastic Plate 

Linear dynamic response analysis of a simply supported rectangular single-layered 
elastic plate has been studied (Bathe, Wilson, and Iding, 1974; To and Liu, 1995). Figure 9 
illustrates the simply supported rectangular plate with piezoelectric control layers. (Note that 
only the elastic plate is analyzed in Dynamic Analysis and the piezoelastic plate in Control 
Analysis in this section.) Geometry and material properties of this elastic plate are provided in 
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Table 3 and the structure is assumed undamped. A step-fiinction load with a magnitude of 
44.54 N is applied to the plate center and a % of the plate is modeled by (6x4) meshes. (Note 
that each mesh includes two triangular elements and one quarter of the plate is modeled in the 
FE analysis due to the symmetry of geometry, boundary condition and loading.) For direct time 
integration, the trapezoidal scheme was employed and the time step size was 0.002 sec in 
previous beam analyses. In present study, the Newmark method is used and the same time step 
(0.002 sec) is adopted. 

Simply Supported 
Boundearies 

Elastic Layer 

Sensor Layer 

Fig.9 A simply supported rectangular plate with piezoelectric control layers. 

Table 3 Geometry and material properties. 

Properties: Elastic Material PVDF 

Length L (m) 1.524 1.524 
Width  b(m) 1.016 1.016 

Height h,h' (m) 2.54x10-2 2.5x10-^ 
Young's modulus Y (Pa) 2.0955x10* 2.0x10^ 

Poisson's ratio |a 0.25 0.29 
Mass density p (kg/m^) 3.2105x10^ 1.8x10^ 
Piezoelectric constant dai (C/N) 2.2x10-" 

Electric permittivity 8 (F/m) 1.062x10-^° 

Dynamic Analysis 

The linear transient center displacement response of the plate, based on the new FE 
code, is compared with published data as shown in Figure 10; the nonlinear transient response 
is investigated and compared with the linear response as shown in Figure 11. The nonlinear 
effect stiffens the structure and, thus, it reduces the oscillation magnitude and period._Note that 
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the difference between the Hnear and nonUnear responses is not significant as compared with 
the case provided by To and Liu (1995). This may be due to different FE formulations, stress 
and strain definitions, FE mesh, etc. This case is then extended to control analysis of a multi- 
layered piezoelastic plate presented next. 

Present 
By To and Liu 
By Bathe, Wilson and Iding 

0.00       0.05       0.10       0.15       0.20       0.25       0.30       0.35       0.40 

Time (s) 

Fig.lO Linear transient center displacement responses of single layer plate. 

Linear 
Nonlinear 

-5 I ' ' ' ' I ' ' ' ' I ' ' ■ ■ I ' I I I I I I I I i I I I I I 

0.00       0.05       0.10       0.15       0.20       0.25       0.30       0.35       0.40 

Time (s) 

Fig.ll Linear/nonlinear transient responses of the elastic plate. 

Control Analysis 
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Dynamic response and vibration control of the simply supported plate laminated with 
piezoelectric PVDF sensor and actuator layers are studied. Nonlinear transient response is 
compared with linear response as shown in Figure 12. The nonlinear effect is to decrease the 
vibration magnitude and period. The magnitudes and periods of linear and nonlinear responses 
of the piezoelastic plate are smaller than those of the single-layered elastic plate, since PVDF 
stiffens the structure due to its higher Young's modulus. Next, vibration signals generated on 
the sensor layer laminated on the bottom surface of the plate is amplified and injected to the 
actuator layer laminated on the top surface in the proportional feedback vibration control. 

20 ^ 

Linear 
Nonlinear 

0.00       0.05       0.10       0.15       0.20       0.25       0.30       0.35       0.40 

Time (s) 

Fig.l2 Linear/nonlinear transient responses of the piezoelastic plate. 

In control analysis, different load levels are employed in order to investigate the control 
effects for different levels of geometric nonlinearity. The load levels are chosen to be 10 N, 
25N, and 44.54N respectively and the negative velocity control gain is set to be 2.0. The 
controlled nonlinear transient responses with different loads are plotted in Figures 13-15. With 
higher loads applying on the structure, relatively higher geometric nonlinearity is introduced, 
and, thus, the structure becomes stiffer. Since the first frequency dominates, it increases as the 
applied load increased. Furthermore, since the first two frequencies come closer as the load 
increased, the beat phenomenon appears m the responses. Figures 14-15, and the beat 
phenomenon becomes more significant at a higher load. Figure 15, due to increased geometric 
nonlinearity. 
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Fig.l3 Nonlinear controlled transient response of piezoelastic plate (load = 10 N). 

Fig.l4 Nonlinear controlled transient response of piezoelastic plate (load = 25 N). 
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Fig.15 Nonlinear controlled transient response of piezoelastic plate (load = 44.54 N). 

SUMMARY AND CONCLUSION 

High-performance adaptive structures and structronic systems capable of shape 
adaptation often involve large deformations beyond the boundary of linear theory, which 
should be classified as "geometrically nonlinear" structures. This study is to address 1) 
development of a new FE design tool, 2) validation of the FE tool, and 3) static, dynamic, and 
control analyses of nonlinear piezoelectric laminated structures - the electro/elastic structronic 
systems. A new generic nonlinear FE formulation for vibration sensing and control analysis of 
laminated electro/elastic nonlinear shell structures was derived based on the virtual work 
principle, followed by formulation of a new generic curved triangular piezoelectric shell 
element and the dynamic system matrix equations encompassing the multi-field coupling of 
geometric nonlinearity, structural elasticity, mechanical inputs, electric potentials, distributed 
sensing, feedback control forces, control algorithms, etc. Nonlinear-dynamic analysis and 
control of large and complex piezoelectric/elastic/control structures was carried out using the 
modified Newton-Raphson method. 

The newly developed piezoelectric shell element and nonlinear FE analysis/design code 
were validated and compared favorably with available static/dynamic solutions. Then, static 
and dynamic responses of nonlinear electro/elastic piezoelectric structures were analyzed and 
compared with the original nonlinear elastic structures. The geometrical nonlinearity induced 
stiffening effect clearly shows in these static and dynamic responses. Furthermore, control of 
flexible electro-elastic (piezoelectric/elastic) structural systems (beams and plates) subjected 
three levels (i.e., low, median, and high) of nonlinearity was evaluated. The control effects are 
significantly different for these three load cases, due to their respectively induced nonlinearity. 
Under the same control condition except the load level, the control effect reduces at increased 
load level, since the beam/plate stiffens due to the increased nonlinearity. 
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CHAPTER 19 

DYNAMICS AND CONTROL OF ADAPTIVE NONLINEAR 
PIEZOTHERMOELASTIC STRUCTURES WITH COUPLED 

ELECTRIC, THERMAL AND MECHANICAL FIELDS 
(A Finite Element Approach) 

ABSTRACT 

Piezoelectric sensors and actuators are widely used in smart structures, mechatronic and 
structronic systems, etc. This paper is to investigate the dynamics and control of nonlinear 
laminated piezothermoelastic shell structures subjected to the combined mechanical, electrical, 
and thermal excitations by the finite element method. Governing relations of nonlinear strain- 
displacement, electric field-electric potential, and temperature gradient-temperature field for a 
piezothermoelastic shell are presented in a curvilinear coordinate system. Based on the 
layerwise constant shear angle theory, generic curved triangular and hexahedral laminated 
piezothermoelastic shell elements are developed. Generic nonlinear finite element formulations 
for vibration sensing and control analysis of laminated piezoelectric shell structures are derived 
based on the virtual work principle. Dynamic system equations, equations of electric potential 
output, and feedback control force are derived and discussed. The modified Newton-Raphson 
method is used for efficient nonlinear dynamic analysis of complex nonlinear 
piezoelectric/elastic/control structural systems. For vibration sensing and control, various 
control algorithms are implemented. The developed nonlinear piezothermoelastic shell element 
and finite element code are validated and applied to analysis of nonlinear flexible structronic 
systems. Vibration sensing and control of constant/non-constant curvature piezoelectric shell 
structures are studied. Thermal effect to static deflection, dynamic response, and control is 
investigated. 

INTRODUCTION 

Large deformation and high temperature gradients can introduce geometric nonlinearity 
in flexible structural systems. Shape change involving geometric nonlinearity could be 
desirable or unavoidable. However, nonlinearity induced by large temperature gradients can 
offset shape control and/or vibration control in precision structures and structronic systems. 
Accordingly, an in-depth understanding of geometric nonlinearity induced by coupled 
mechanical and temperature loading and its active control and compensation mechanism is 
essential to next-generation high-performance adaptive structures and structronic systems 
consistmg of smart materials, control electronics, etc. A generic mathematical model of 
nonlinear piezothermoelastic shells was recently proposed (Tzou and Bao, 1997). Based on the 
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generic nonlinear piezothermoelastic theory, analytical procedures and closed-form solutions, 
static, dynamic, and control analysis of nonlinear plates and shallow spherical shells using 
piezoelectric actuators were recently investigated (Howard, et al., 2001; Tzou and Zhou, 1997; 
Zhou and Tzou, 2000; Tzou and Wang, 2002). Finite element (FE) development and analyses 
of linear piezoelectric and piezoelastic coupled electro/elastic structures were also investigated 
over the years (Trindade, Benjeddou, and Ohayon, 2001; Sze and Pan, 1999; Tzou and Tseng, 
1990; Tzou and Ye, 1994, 1996; Ye and Tzou, 2000; Tzou, et al., 2002). In general, theoretical 
solutions of nonlinear piezothermoelastic structures are scare and experiments are also difficult 
to conduct. This study is to develop a new design tool based on the finite element method and 
to evaluate coupled static, dynamic, and control responses of nonlinear piezothermoelastic 
structures subjected to coupled mechanical, electric, and temperature excitations. Nonlinear 
static, dynamic, and control responses are investigated in case studies. 

PIEZOTHERMOELASTIC CONTINUUM 

In this section, fundamental piezothermoelastic shell characteristics, including strain- 
displacement, electric field- potential and heat flux- temperature relations, are discussed, 
followed by linear piezothermoelastic constitutive equations. 

Strains and Strain-Displacement 

Consider a case that a shell configuration with voliime V and boundary S changes 
continuously in a curvilinear coordinate system (aj,a2,a3), due to external forces. The strain 
tensors can be defined in terms of displacements as 

oSy=|(^u,.+^u..+^u,,^u,,.), :sy=l(;u,j+;u,,+;u,.,;u,J, i,j=i,2,3, (1,2) 

where Ui is the displacement components in a^, a^ and a^ direction; gSy is the Green- 

Lagrange strain tensor (or the Green strain tensor); \S^- is the Almansi strain tensor. Note that 

the left superscript (t) denotes the body state and the left subsciipt (0 or t) denotes the reference 
state. It is noted that the Green strain tensor is objective since their components remain 
unchanged when the material is subjected to only the rigid body rotation. The Almansi strain 
tensor, on the other hand, is not objective. The choice of actual form of sti-ain tensor depends on 
the problems concerned (Bathe, 1996). 

Electric Field-Potential and Heat Flux-Temperature Relations 

The modified relationship between the electric field and electric potential in a generic 
curvilinear shell coordinate system can be written as 

Ei=-l/Vgr<l>,i, (3) 
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where E; (i = 1,2,3) and (j) are the electric field and electric potential, respectively. Heat flux 
can be expressed in term of temperature rise as follows, 

K=-^^Q,i, (4) 

where h^j, K^ and 0 denote the heat flux, heat conductivity coefficient and temperature rise 

from the stress free reference temperature Go, respectively. 

Stresses 

It is known that the Cauchy stress tensor and the second Piola-Kirchhoff stress tensor 
are defined on deformed and undeformed configurations, respectively. The Cauchy stress 
represents the true state of stress, while the second Piola-Kirchhoff stress has little physical 
meaning. However, the second Piola-Kirchhoff stress tensor is objective since their 
components are invariant under a rigid body rotation of the material. In addition, it is 
symmetrical and thus it is suitable to establish stress-strain relations since the strain tensors are 
always symmetrical (Bathe, 1996). 

Linear Piezothermoelastic Constitutive Equations 

Several assumptions and rules on the elastic, electric and thermal fields must be 
followed before establish the constitutive equations for the piezothermoelastic structures. As to 
the elastic field, the stress and strain should be in accordance with the constitutive law used to 
model material behaviors. The second Piola-Kirchhoff stress tensor and the Green strain tensor 
are respectively for elastic and hyperelastic materials whose behaviors are determined fi-om the 
total current strains, while the Jaumann stress rate tensor and the velocity strain tensor are more 
effective for analysis of rate form constitutive relations (Bathe, 1996). In linear piezoelectricity 
theory, the piezoelectric constitutive equation is based on the assumption that the electric 
displacement is directiy proportional to the electric field. This assumption, however, is true 
only for homogeneous and isotropic dielectric material under a low electric field (Crawley and 
Lazarus, 1991). It is known that the nonlinear behavior of piezoelectric materials is significant 
at high electric fields and hence a model incorporating nonlinear behavior is needed to exploit 
the actuation capacity in the nonlmear range. Unfortunately, the nonlinear piezoelectric 
constitutive models are not well established (Ajit, Ang and Wang, 2001). Thus, although the 
temperature and large deformation induced geometric nonlinearity appears in 
piezothermoelastic structures, the fimdamental linear constitutive equations of the 
piezothermoelastic shell structures are still valid, i.e., 

Tij = CyySu - e^j^E^ - XjjG , (5) 

Dn=e^Sy+s^E„+p„e , (6) 
g' = XySy+p„E,+a,e , (7) 

where Ty   Sy   D„   E^^ g'and 6 donate the stress, strain, electric displacement, electric field, 

entropy  density  and  temperature  rise  firom  the  stress  free  reference  temperature   Q^, 
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respectively; c^y, e^^ Xjj^ s^^ p„^ a^ denote the elastic moduli, piezoelectric coefficients, 
dielectric permittivity constants, pyroelectric constants, and the material constant related to 
thermal property, respectively. 

VIRTUAL WORK EQUATIONS 

It is assumed that the nonlinear piezothermoelastic laminate is exposed to an elastic 
field, an electric field and a thermal (temperature) field. The incremental formulations can be 
directly estimated based on the virtual work principle. The total Lagrange formulation is 
adopted in this study. The virtual work fimctional for the three-coupled fields in the current 
state (t+At) can be written as 

i/nT,6'-S,dY='-W„ (8) 

l/^^^D, 5-^^E, d''F=-^'W, (9) 

|^eo-^«E'5-^^edY=-^'We (10) 

where Ty, S^j, D^, Ej, rand 0 are the same as defined previously. '^^'W„, '^^'W^ and 

'^^' We are respectively the virtual work of external elastic force, electric force and thermal 

force at state t+At. Note that the left superscript "t+At" donates the current state and the left 
subscnpt "0" donates the reference state. Unless stated otherwise, the subscript "0" is 
ignored in the following derivation. In nonlinear analysis, the above equations governing the 
current state are solved based on the previous state assumed known. The current variables can 
be written in incremental forms: 

'"•Ty='Ty+T,,   -^'D,='D,+D,,   --^'E^E'+E- (IMS) 

""S,='Sy+Sy,  --•£,='£,+£,,    -'e='0 + 0 (14-16) 

where the left superscript "t" and "t+At" donate the previous and the current states; the 
quantities without the left superscript represent an increment from the previous state to the 
current state. According to Eqs.(l) and (2), the large-deformation strains can be separated into a 
linear part and a nonlinear part, i.e., 

Sij=Sy+S^, (17) 

where Sjj and S". (ij = 1,2,3) are the linear strains and the nonlinear strains, respectively. Note 

that the right superscript "^" and "n" denote the linear and nonlinear terms, respectively. 
Substituting the incremental forms and the linear and nonlinear strains, i.e., Eqs.(l 1) -(17), into 
the virtual work fimctional Eqs.(8)-(10) yields 

|Ty6SydF+ j; •Ty5S;;dF=«-W„ - j; •TySS.^dF (18) 
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|D,6E.dF=-^'W,-j;'D;5E;dF (19) 

= 1^ '^'^'qsSeds- l^h.ce-Go +ej60ds+1 'h,.5e,i dF- Je/E 'sedF       ^^^^ 

To achieve computational efficiency, linearization of the above nonlinear equations is 
necessary. Accordingly, the relationship between the incremental stress and strain is assumed 
linear. In addition, high order terms are disregarded (Liu and To, 1995). Finite element 
formulations of nonlinear piezothermoelastic shell structures are derived based on the above 
virtual w^ork functional presented next. 

PIEZOTHERMOELASTIC FINITE ELEMENT FORMULATIONS 

Assume that a piezothermoelastic continuum with a volume V can be divided into a 
number of finite elements in the curvilinear coordinate system ai,a2,a3. Each element, e, 

with nodes i, j, m, etc., and line boundary S' occupies a volume V". The element coordinates, 
displacements, electric potentials and temperature can be written in terms of shape functions as' 

- n 

= EN,°af,   'a,=XN.'ccf,    ^^'a, =5]N,-^'af , (21-23) 
k=i k=i k=i 

'Ui=iN,'Uf,    u.=jN,Uf, (24,25) 
k=l k=l 

n 

'* = EN,'(D\     (|) = 2;N,(D\ (26,27) 
k=i k=i 

'e = jN,'0\      e = jN,0\ (28,29) 
k=l k=l 

where a;, Uj, (i=l,2,3), ^, 0 donate the curvilinear shell coordinates, displacement, electric 
potential, and temperature, respectively; the lefl superscripts "0", "f', and "t+Af represent the 
state defining the quantities; Uf, O'' and 0"^ are the incremental nodal displacement, electric 
potential and temperature, respectively; N^ is the shape function associated with the node k; 
and n is the element node number. Note that the quantities without left superscripts represent 
incremental quantities. If only one element is concerned, for simplification, one can write the 
element virtual work functional in a matrix form as 

('K:„+'Kl)u+*K;O-'K^e0="'*F„-'F„, (30) 

'K;„U-'K;o+'K;e0='-'F,-'F,, (31) 

e/K^„lJ-e/K^,6+'H^e0+*K^e0='^^'Fe-'Fe, (32) 
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where U, U and U are the incremental nodal displacement, velocity and acceleration vectors, 
respectively; O is the incremental nodal electric potential; 0 is the incremental nodal 
temperature; 'K"^ (where x«&y = u, (t),0andu denotes ^ or n which means linear term and 

nonlinear term, respectively) are the stiffness matrices defined for the displacement and electric 
field; '"""^'F^ is the external mechanical excitation vector; ""^'F^ is the electric excitation vector 

determined by control algorithms in active control applications; '^^'Fg is the heat excitation 

vector; 'F„, 'F^, 'FQ are the balanced mechanical, electrical and thermal load. The stiffness 

matrix 'Kl can be rewritten as 

where  *K:°„ = j"/Bf c V>V, 

•K: = I 'Bf c *B:dV-H [. 'Bf c 'B-dV-HJ;. «Bf c 'B^dV, 

(33) 

(34) 

(35) 

and B" and B^' are the strain shape fiinctions associated with the linear time-independent and 
time-dependent strains defined in Eqs.(l,2); c is the constitutive coefficient niatrix. It is known 
that *K^° is tiie usual small displacement (or incremental) stiffness matrix, 'K"„ is the initial 

displacement matrix, since it is induced by the initial displacement 'U. In dynamic analysis, 
the element damping matrix C„„ is assumed to be proportional to the elastic stiffness and mass 

matiices: C„„ =aM„„ H-p^K^^ , where a and p are Rayleigh's coefficients. Assembling all 
the element matrices, one can write the dynamic system equations in a compact matrix form: 

0   0" ■t^Mjj- 

0   0 t+Atjj) ' + 

0   0_ t+A.0 

0 

0 

C„„ 0 0 

0 0 0 

^0      Ke„       -Gg      Kg. Hgg 

t+At 

l+At 

t+At 

0 •■^ee 

t+At F-*Ff 
t+Atxii       t-p^ 

t+At 
Fe-'FeS 

(36) 

where Muu is the mass matiix. In high frequency oscillations, the dynamic couplings of heat 
transfer with the structiral deflection and the electic field are relatively insignificant. Thus, the 
coupling terms O^ *K^„ •^'''U and -Q^'K^ '^^'^ can be neglected from the system equation 

Eq.(36) m vibration sensing and control applications (Ragulskis, 1988). In fact, tiiese two 
terms only influence the heat conduction equation, tiierefore, elimination of these two terms 
only influences the heat teansfer rate in the piezoelectric continuum. In a steady state 
temperature field, tiiere is no error caused by the elimination. Thus, the heat conduction 
equation can be simplified to 
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'Hee©+*Kee©="^'re-*F;  . (37) 

The temperature field can be determined based on to the above heat transfer equation. To solve 
the nonlinear system equation Eq.(36), the modified Newton-Raphson iteration scheme is 
adopted and the convergence of the iteration scheme follows the out-of-balance load criterion 
and the incremental internal energy criterion (Bathe, 1996) 

CONTROL STRATEGY 

Electromechanical sensing and control characteristics of piezothermoelastic continuum 
coupled with nonlinear structures are discussed in this section. Dynamic responses and active 
control of nonlinear structures are also evaluated. Assuming the "weak" coupling between the 
temperature and the displacement/electric field, one can rewrite the piezothermoelastic system 
equation Eq.(36) as 

where 'K=*K^„+'K;;„+'KyKj^ ^'KJ„ and (•)"' denotes the matiix inverse, hi distributed 

sensing and active control, the piezothermoelastic materials embedded in or laminated with a 
structure can serve as either sensor or actuator. The distributed sensor output signal O' and its 
derivative with respect to time are determined by 

O' = *K;-'('K;„U+'K;e0) ,    6^ = 'K^^-yK^U+'K^ee) , (39,40) 

where the superscript "s" denotes the sensing. From Eqs.(39) and (40), it is obvious that the 
displacement and the velocity information of a nonlinear piezothermoelastic structure are 
included in the time response of electric potentials. Both the electric potentials and its 
derivatives with respect to time are regarded as the sensor output signals. The voltage outputs 
resulting from distributed sensors can be amplified and fed back into the distributed actuators 
as feedback signals. Based on the sensing output signals in Eqs.(39) and (40), one can write the 
feedback forces as a fimction of the displacement and the velocity vectors: 

F; =-'K:/K;-'GC/K;-\*K;„U+'K;e0) , (41) 

F; =-'K^„/K;-'G C/K;-'('Kj„U+'K;e0) • (42) 

where F/ is the feedback force; G is a gain matrix; and Cp is a capacitance matrix. Note that 

the superscript '-a" denotes actuation and the subscript "f denotes the feedback. 

It is obvious that the displacement and velocity information are included in the feedback 
forces in Eqs.(41) and (42), respectively. Various control algorithms based on the proposed 
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control strategies are implemented in the newly developed FE program. Accordingly, generic 
curved triangular and hexahedral laminated nonlinear piezothermoelastic shell elements using 
the layerwise constant shear angle theory are developed (Tzou, etc., 2002; Wang, etc., 2003). 
And static, dynamic and control characteristics of nonlinear piezothermoelastic shell structures 
with geometrical nonlinearity and exposed to coupled mechanical, electric and temperature 
excitations can be investigated. 

CASE STUDIES 

Two cases, i.e., simply supported piezothermoelastic beam and simply supported 
piezothermoelastic plate, are analyzed in this section. 

Case 1 - Piezothermoelastic Beam 

In this section, static, dynamic, and control effects of a piezothermoelastic laminated 
simply supported (S.S.) beam with large deflection are studied. Von Karman geometric 
nonlinear assumption in which stiffness in transverse direction is much flexible than the other 
directions is adopted (Pica, et al, 1980). It is assumed that the piezoelectric layers (PZT) are 
perfectly bounded on the top and bottom surfaces of the beam. Static deflection of the beam 
induced by the applied temperature is evaluated first. Then, dynamic and control characteristics 
of the nonlinear beam subject to steady-state thermal, electric and mechanical fields are 
investigated. 

The beam is Im long, 0.0508 m wide, and 6.35x10"^ m thick as shown in Figure 1. The 
beam is fully laminated with two layers of piezoceramic PZT on the top and bottom surfaces. 
The thickness of each PZT layer is 2.54x10"^ m. The material properties of the steel are: 
Young's modulus is 68.95 GPa; Poisson's ratio is 0.3; mass density is 7.75x10"^ Kg/m^; 
thermal expansion coefficient is 1.1x10"^ m/mJ°C. The material properties of PZT can be 
found in literature (Tzou and Ye, 1996). It is assumed that lOOV and -lOOV control voltages 
are imiformly applied to the top and bottom piezoelectric material layers. The temperature rise 
is uniform along the longitudinal direction and linear variation through the thickness. Also it is 
assumed 0^ =-0^ =9, 0^ and 0t are the value of 0 of the bottom and top of the beam, 

respectively. The beam is discretized by 120 uniform triangular elements along the longitudinal 
direction and 40 elements for each layer. Load steps are set to be 60 with uniform increments. 
Both out-of-balance load criterion and energy convergence tolerances are set to be 1x10"^ 
(Bathe, 1996). 

Present FEM nonlinear results are compared with analytical nonlinear solutions and 
FEM linear solutions of the mid-point of the beam in Table 1 (Bao, et al., 1998). Good 
agreement between FEM nonlinear results and the analytical solutions is observed. The 
difference between nonlinear and linear solutions becomes larger as temperature increases. It 
can be concluded that the temperature has significant effect on the static deflection of the 
simply supported piezothermoelastic beam. The applied temperature increases the axial force, 
while tiie latter resuks in the beam stiffness increasing. Therefore, the nonlinearity induced by 
thermal excitation is to stiffen the structure. 
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Boundary 

(^/^ // Elastic Layers 

Boundary       Piezoelectric Layers 

Fig.l A simply supported beam with piezoelectric layers. 

Table 1 Static deflection of the beam under temperature rise ((|)=100V) 

e(°C)     Analytical Solutions^        FEM (Nonlinear) FEM (Linear) 

10 3.018 

20 4.110 

30 4.810 

40 5.329 

50 5.743 

60 6.081 

Bao, et al. 1998. 

3.119 3.363 

4.166 6.725 

4.781 10.088 

5.210 13.451 

5.534 16.813 

5.800 20.176 

In the dynamic and control analysis, only thermal loads are considered and the same 
temperature distribution as that in the static analysis is used. Two cases are studied, i.e., surface 
temperature 0 = 10°C and 0 = 60°C are used to generate minor and significant nonlinearity. 
The structure is assumed to be undamped. Time step is set to be 5x10'^ second. Figure 2 and 3 
show the midpoint linear and nonlinear transient responses of the simply supported 
piezothermoelastic beam subjected to different temperature distribution (0 = 10°C and 0 = 
60°C). The linear transient response is verified by the fact that the maximum dynamic 
displacement (midpoint in this case) is twice the static deflection for a simply supported beam 
(see Table 1) and the frequency is close to the frequency of single-layered steel beam which is 
8.593 Hz. The nonlinear effect induced by the imposed temperature field is to decrease the 
amplitude and period of the center deflection in the transient responses. Further note that the 
amplitude and period of the nonlinear transient responses in high temperature case (0 =60°C) 
are more significantly decreased than those in low temperature case (0 =10°C) since more 
significant nonlinearity is induced by the higher temperature distribution. 
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Fig.2 Linear and nonlinear transient responses of midpoint (9 =10°C). 

0.04 
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Time (sec) 

Fig.3 Linear and nonlinear transient responses of midpoint (9 =60°C). 
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Two cases are studied in this section to investigate the control effect to electromechanically 
induced excitation and thermally induced excitation. In the first case, a uniform surface step 
load with a magnitude of 3OON/m^ is applied on the top surface of the beam. Meanwhile, a step 
temperature excitation of 10°C (i.e., 9 =10°C and eb= -Gt = 9) is imposed on the laminated beam 
following the same manner as discussed in previous static and dynamic analyses. Again the 
structure is assumed undamped and a negative velocity proportional control scheme is 
employed. Figure 4 illustrates the midpoint nonlinear controlled transient response. Although 
conventional feedback control schemes are effective to dynamically induced oscillations (Tzou 
and Ye, 1996), the conventional negative velocity proportional control is not effective to 
thermal induced oscillation in this case, because there is a steady-state thermal field and the 
time derivative of the temperature is zero. 

The second case involves two loading conditions: A and B. To assure a convergent 
oscillation v^thin a reasonable time, a 4% initial structural damping is imposed to the nonlinear 
piezothermoelastic beam in this case. Since the elastic oscillation can converge to its static 
equilibrium position quickly, temperature, control, and nonlinear behaviors can be better 
observed. A uniform surface step-load with magnitude of 75N/m^ is applied to the top surface 
of the beam. For load condition A, there is only mechanical load employed, i.e., there is no 
thermal excitation. However, for load condition B, in addition to the mechanical load, a 
temperature excitation of 10°C (i.e., 0 =10°C and 0^ = -9, = 9) is also applied to the beam 
simultaneously. Note that the temperature distribution is the same as discussed previously. 
Figure 5 shows the midpoint controlled nonlinear responses of the beam, in which the top time 
history denotes the load condition B (combined mechanical and temperature inputs) and the 
bottom time-history denotes the load condition A (v^th mechanical input only). The distributed 
mechanical loading induces low level of geometric nonlinearity and the beam oscillates at a 
frequency slightly higher than the linear frequency, as compared with the linear oscillation 
discussed previously. However, the combined mechanical and temperature loading induces 
much large nonlinearity and accordingly, the beam oscillates at a hi^ frequency v^th respect 
to the steady-state equilibrium position induced by the combined large mechanical and 
temperature loading. (Note that the temperature difference induces a much higher level of 
nonlinearity, due to the stiffening effect, and thus the oscillation frequency.) The transient 
response converges to the equilibrium position, i.e., an offset from the original zero static 
equilibrium position temperature induced, since the conventional feedback control is not 
effective to the step-temperature load as previously discussed. The two transient responses 
converge to the static equilibrium positions respectively induced by the mechanical loading and 
the combined mechanical and temperature loading. An offset is observed between these two 
equilibrium positions and it is induced by the temperature loading. 
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Fig.4 Midpoint nonlinear controlled transient response (gain=30). 
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Fig.5 Midpoint nonlinear controlled transient responses (gain=30). 
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Accordingly, to achieve control of both mechanical and temperature induced 
excitations, two control vohages are required. One is used to control dynamically induced 
oscillation and the other is used to control thermally induced static deflection. Figure 6 
illustrates control of the thermally induced static offset at the beam midpoint, via applying 
static control voltages to distributed piezoelectric control layers. The midpoint deflection is 
effectively controlled. Note that only one surface laminated PZT actuator on the top surface is 
used to control the thenpally induced deflection. 

CO 
C 
O 

■§ u 
u 
Q 

c 
O 

200 300 400 

Voltages (V) 
500 600 700 

Fig.6 Static control of thermal induced deflections 
using the PZT actuator on the top surface. 

Case 2 - Piezothermoelastic Plate 

A simply supported metal matrix based laminated square plate is study in the second 
case. This case was studied previously by Tenneti and Chandrashekhara (1994). The plate is 
made of two layers of P55/6051 graphite/aluminum [0790°]. The geometry and material 
properties are provided in Table 2. Temperature change is assumed to have the following 
distribution: 0 = Bi+ia^/hyQi. Note that Gi and 62 are 250 °C and 500 °C, respectively; as is the 
transverse coordinate. The plate is folly idealized into 4 by 4 mesh. Note that each mesh 
contains 2 triangular elements when triangular elements are used. A time step is set to be 4x10"^ 
second for both linear and nonlinear analysis. Note that the computational parameters are kept 
consistent with those in the previous study. Linear and nonlinear transient responses, which 
obtained from the triangular (TRI) and hexahedral (HEX) elements, are plotted in Figure 7 
along with the linear response in previous sfody (Tenneti and Chandrashekhara, 1994). The 
present linear response obtained from the hexahedral elements is compared favorably with the 
published results using nine node isoparametric elements, while the triangular elements give 
the linear response with a little bit smaller magnitude. The nonlinear responses have decreased 
period and magnitude as compared with the linear responses since the geometrical nonlinearity 
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induced by the temperature excitation stiffens the plate. Further note that the triangular 
elements smoothen both linear and nonlinear transient responses somehow. One may also note 
that the magnitude of positive peak of the current nonlinear response is comparable with that 
provided by Tenneti, however, the magnitude of negative peak is smaller than that obtained by 
Tenneti. It may due to different elements, stress and strain measurement, etc. 

Table 2 Geometry and material properties of the cross-ply plate/ 

Property Symbol        Unit 
Length 
Thickness 
Yoimg's modulus 
Young's modulus 
Shear modulus 
Shear modulus 
Shear modulus 
Mass density 
Poisson's ratio 
Thermal expansion coefficient 
Thermal expansion coefficient 

^ data from Tenneti and Chandrashekhara, 1994. 

Value 
L m 0.254 
h m 5.08x10-^ 
Yi Pa 1.9x10" 
Y2 Pa 4.83x10^° 
G12 Pa 1.73x10^° 
Gl3 Pa 1.73x10^° 
G23 Pa 1.65x10'° 
P Kg/m^ 2.4x10^ 
^ 0.28 
ttvl m/m/°C 3.34x10"^ 
av2 m/m/°C 2.61x10'^ 

o 

c 

M a. 
on 

5 

20 

15 

10 

 Linear (by Tenneti, et al.) 
 Linear (TRI, current) 
 Linear (HEX, current) 
-^—Nonlinear (TRI) 
-o—Nonlinear (HEX) 

Time (* 10' sec) 

Fig.7 Linear and nonlinear responses of the [0790°] cross-ply plate. 

The forgoing case is extended to the control analysis of a piezothermoelastic plate then. 
The aforementioned plate is laminated with two layers of PZT on the top and bottom surfaces 
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serving respectively as sensor and actuator. The material properties of PZT are the same as in 
Case 1. The thickness of each PZT layer is 2.54x10"^ m. The piezothermoelastic plate have the 
same temperature change distribution as before, i.e., 9 = ei+(a3/h)-e2. Again, h is the thickness; 
a3 is the transverse coordinate; Gi and 02 are taken as 250 °C and 500 °C, respectively. The 
negative velocity control is employed in the control analysis. The uncontrolled response of this 
piezothermoelastic plate is shown in Figure 8. The controlled response is plotted in Figure 9. 
It is observed that the controlled response gives the same resuhs as the uncontrolled response as 
shown in Figure 8. The reason is that since the steady-state temperature field is considered, the 
derivative of vohage induced by temperature with respect to tune is zero. Thus the voltage 
induced by the steady-state temperature field has no effect on the negative velocity control. 
However, Figure 9 shows that the temperature gradient offsets the equilibrium position fi-om 
zero (initial equilibrium position) to around 5 mm (new equilibrium position). Note that this 
equilibrium position offset is not desired and should be controlled. Figure 10 shows the central 
equilibrium position variations induced by the external voltages applied on the PZT actuation 
layer. It should be pointed out that the deflection variation implies the amount by which the 
equilibrium position decreases. For example, when the central deflection variation is 0.0, it 
corresponds to the initial equilibrium position; when the central deflection variation becomes - 
1 .Ox 10 m, the equilibrium is decreased by -1 .Ox 10"* m. Also note that only one PZT actuator 
layer on the bottom surface is used to control the equilibrium position offset. 

0.000 
-i—'—•- 

0.005 0.010 
1—I—•- 

0.015 0.020 

Time (sec) 

Fig.8 Uncontrolled response of the nonlinear piezothermoelastic plate. 
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0.015 0.020 

Fig.9 Controlled response of the nonlinear piezothermoelastic plate 
using negative velocity control scheme. 

400 

Voltage (V) 
1000 

Fig.lO Central deflection variation with respect to the equilibrium position 
of the piezothermoelastic plate induced by the applied voltages. 
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The vibration control of the foregoing piezothermoelastic plate subject to another kind 
of temperature field is investigated in the following section. It is assumed that only the bottom 
and the top surfaces have the temperature distribution of-750 °C and 750 °C, respectively. The 
temperature distribution is then suddenly removed firom these two surfaces. It is expected that 
the plate will oscillated v^th the initial displacements induced by the surface temperature and 
then converge to the original equilibrium position. Note that the temperature distribution in the 
earlier study is applied to the whole body of the plate, i.e., 6 = 0i+(a3/h)-e2. All parameters 
used in the previous study keep valid in the computation in this section. In the control analysis, 
the negative velocity control is still employed. Note that the sensing signals generated from the 
sensors are averaged with respect to the sensor area and then feedback to the actuators to 
conduct the vibration control of the piezothermoelastic plate. The uncontrolled nonlinear 
response is plotted in Figure 11. Figure 12 and 13 show the controlled nonlinear responses 
with different gains. Note that the geometric nonlinearity of the piezothermoelastic plate 
induced by the current temperature field is relatively weak. The control effectiveness is 
significant as shovra in the responses of the piezothermoelastic plate. 
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Fig. 11 Uncontrolled response of the nonlinear piezothermoelastic plate. 
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Fig.l2 Controlled response of the nonlinear 
piezothermoelastic plate (gain=5). 
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Fig.l3 Controlled response of the nonlinear 
piezothermoelastic plate (gain=10). 
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SUMMARY AND CONCLUSION 

Large defonnation and high temperature gradients can introduce geometric nonlinearity 
in new adaptive structures and structronic systems. This study is to develop a new design tool 
based on the finite element method and to evaluate coupled static, dynamic, and control 
responses of nonlinear piezothermoelastic structures subjected to coupled mechanical, electric, 
and temperature excitations. Fundamental strain-displacement, electric field relations, as well 
as piezothermoelastic constitutive equations and virtual work fimctional were defined. 
Formulation of a new nonlinear piezothermoelastic shell element was discussed and governing 
thermoelectromechanical/control system equations derived. Nonlinear dynamic analysis and 
control of large and complex piezoelectric/elastic/control structures was carried out based on 
the modified Newton-Raphson iteration scheme. The convergence of the iteration scheme 
followed the out-of-balance load criterion and the incremental internal energy criterion. 

To validate the newly developed nonlinear FE analysis code, case studies were carried 
out. Nonlinear static deformations of a simply supported beam induced by various temperature 
gradients were compared very well with the closed-form analytical solutions. Static and 
dynamic responses of nonlinear piezothermoelastic structures subjected to coupled mechanical, 
electrical and thermal excitation were also compared with published data. Control of nonlinear 
beams with various level of geometric nonlinearity induced by mechanical, thermal, and 
electric (control) loads was investigated. Comparing the nonlinear response with the linear 
response reveals that the temperature induced geometric nonlinearity stiffens the structure and 
thus reduces the deflection or increases the oscillation frequency. Conventional negative 
velocity proportional control scheme is effective to dynamically induced oscillations. However, 
it is not effective to the steady-state thermal field imposed on the structure, since the thermal 
load mtroduced a static offset. Accordingly, an additional static control voltage must be 
employed in order to control the thermally induced offset. 
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