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1. Introduction

The double-baffled, coaxial waveguide transmission line, shown in Figure 1, is defined by

inner and outer radii, and an arc length.  In conventional applications, the propagating modes

are assumed in the z-direction.  The TEz and TMz modes of this geometry, propagation

constants, and guide wavelengths were studied in detail in [Ref. 1].  In this memo, the

waveguide is truncated in the z-direction, and propagation is assumed in the azimuthal

direction.  Shown in Figure 2, the Azimuthally Propagating, Truncated, Cylindrical, Coaxial

Waveguide  is defined by inner and outer radii, and a depth a  in the z-dimension.  We are

interested in solving for the azimuthally, or φ-directed, propagating modes.  First, the

characteristic equations that define the cut off frequencies of each mode are derived, then the

electric fields are explicitly expressed.  Finally, an example geometry is defined for which the

lowest TE and TM mode cutoff frequencies are computed and graphs of the normalized field

components are presented.

2. Geometry

The geometry of the azimuthally propagating, truncated, coaxial waveguide transmission line is

shown in Figure 2.  The transmission line is defined by is defined by inner ( 1ρ ) and outer radii

( 2ρ ), and a depth a  in the z-dimension.  Propagation is assumed in the azimuthal direction.

3. Wave Equation

The natural coordinate system for the Azimuthally Propagating, Truncated, Cylindrical,

Coaxial Waveguide is the cylindrical coordinate system.  The scalar wave equation in

cylindrical coordinates is
2 2

2
2 2 2

1 ( , , ) 1 ( , , ) ( , , )
( , , ) 0

z z z
k z

z
ψ ρ ϕ ψ ρ ϕ ψ ρ ϕ

ρ ψ ρ ϕ
ρ ρ ρ ρ ϕ

 ∂ ∂ ∂ ∂
+ + + = ∂ ∂ ∂ ∂ 

(1)

Using the standard separation of variables technique the wave equation can be written as
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Figure 1. The geometry of the double baffled cylindrical coaxial waveguide:  (a) 3-D

perspective drawing; (b) plane view of the xy-plane; and (c) plane view of

the xz-plane.
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Figure 2. The geometry of the azimuthally propagating, truncated, cylindrical coaxial

waveguide:  (a) 3-D perspective drawing; (b) plane view of the xy-plane;

and (c) plane view of the xz-plane.
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( )2 2( )
( ) 0

d dR
k q R

d d ρ
ρ

ρ ρ ρ ρ
ρ ρ

   + − =     
(2a)

2
2

2 ( ) ( ) 0
d

q
d

ϕ ϕ
ϕ

Φ + Φ = (2b)

2
2

2
( ) ( ) 0

d
Z z n Z z

dz
+ = (2c)

where: ( , , ) ( ) ( ) ( )z R Z zψ ρ ϕ ρ ϕ= Φ , the q  are dimensionless propagation constants, and

2 2 2k n kρ + = .

4. Boundary Conditions

The boundary conditions on the electric field for the geometry are:

0Eρ =  for 0z = , and z a= (3a)

0Eϕ =  for 1ρ ρ= , 2ρ ρ= , 0z = , and z a= (3b)

0zE =  for 1ρ ρ=  and 2ρ ρ= . (3c)

5. Solution of the Separated Wave Equation

The ( )ϕΦ  and ( )Z z  equations are harmonic equations with harmonic functions as solutions;

these will be denoted ( )h qϕ  and ( )h n z .

The equation in ( )R ρ  is a Bessel equation, and has Bessel function solutions:

( )qJ k ρρ =  the Bessel function of the first kind of order q

( )qN kρ ρ =  the Bessel function of the second kind of order q

(1) ( )qH kρ ρ =  the Hankel function of the first kind of order q

(2) ( )qH kρ ρ =  the Hankel function of the second kind of order q

Let the function ( )qB kρ ρ  represent the linearly independent combination of two of the above.

Then, the general solution to the scalar Helmholtz wave equation is:

( ) ( ) ( )qB k h q h nzρψ ρ ϕ= (4)
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6. TEz and TMz Field Components
The electric and magnetic field components can be written in terms of fields that are TEz and

TMz.  See Appendix I.

6.1 TMz Field Components

The TMz field components are found by letting zψ=A u , where =A  the magnetic vector

potential, and z =u  unit vector in the z-direction.  Then

1
( )j

j
ω

ωµε
= − + ∇ ∇ ⋅E A A , (5a)

and  
1
µ

= ∇×H A . (5b)

Since

1
( ) ( )z zz z z zρ ϕ

ψ ψ ψ
ψ

ρ ρ ϕ
∂ ∂ ∂ ∂ ∂ ∂     ∇ ∇ ⋅ = ∇ ∇ ⋅ = + +     ∂ ∂ ∂ ∂ ∂ ∂     

A u u u u ,

 and

1
z ρ ϕ

ψ ψ
ψ

ρ ϕ ρ
∂ ∂

∇× = ∇ × = −
∂ ∂

A u u u ,

 then expanded in cylindrical coordinates the components of the above  equations become:
21

E
j zρ

ψ
ωµε ρ

∂
=

∂ ∂
(6a)

1 1
H ρ

ψ
µ ρ ϕ

∂
=

∂
(6d)

2

2 2

1 1
E

jϕ

ψ
ωµε ρ ϕ

∂
=

∂
(6b)

1
Hϕ

ψ
µ ρ

∂
= −

∂
(6e)

2

2

1
zE j

j z
ψ

ωψ
ωµε

∂
= − +

∂
(6c)

0zH = (6f)

6.2 TEz Field Components

The TEz field components are found by letting zψ=F u , where =F  the electric vector

potential, and z =u  unit vector in the z-direction.  Then
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1
ε

= − ∇ ×E F , (7a)

and  
1

( )j
j

ω
ωµε

= − + ∇ ∇ ⋅H F F . (7b)

Since

1
( ) ( )z zz z z zρ ϕ

ψ ψ ψ
ψ

ρ ρ ϕ
∂ ∂ ∂ ∂ ∂ ∂     ∇ ∇ ⋅ = ∇ ∇ ⋅ = + +     ∂ ∂ ∂ ∂ ∂ ∂     

F u u u u ,

and

1
z ρ ϕ

ψ ψ
ψ

ρ ϕ ρ
∂ ∂

∇× = ∇ × = −
∂ ∂

F u u u ,

when the above equations are expanded in cylindrical coordinates, the components become:

1 1
Eρ

ψ
ε ρ ϕ

∂
= −

∂
(8a)

21
H j

zρ
ψ

ωµε ρ
∂

= −
∂ ∂

(8d)

1
Eϕ

ψ
ε ρ

∂
=

∂
(8b)

21 1
H j

zϕ
ψ

ωµε ρ ϕ
∂

= −
∂ ∂

(8e)

0zE = (8c) 2

2

1
zH j j

z
ψ

ωψ
ωµε

∂
= − −

∂
(8f)

7. Solution of the Separated Wave Equation Subject to the

Boundary Conditions of the Generalized Geometry

Propagating waves in the φ-direction in the truncated coaxial waveguide give rise to harmonic

functions

( ) jqh q e ϕϕ −= (9)

and, for ( )h n z

( ) sin( ) cos( )n nh n z a nz b nz= + (10)

The scalar wave function is then

( ) ( )jq
qB k e h n zϕ

ρψ ρ −=
(11)

subject to the boundary conditions.  The solutions for the TEz and TMz modes in the guide are

as follows.
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7.1 TMz Field Components

The TMz electric and magnetic field components in terms of the general wave function are

{ }
21

( ) ( ) ( ) ( )jq jq
q q

nk
E B k e h nz B k e h nz

j z j
ρϕ ϕ

ρ ρ ρρ ρ
ωµε ρ ωµε

− −∂ ′ ′= =
∂ ∂

(12a)

{ }
2 2

2 2 2

1 1 ( ) 1
( ) ( ) ( ) ( )jq jq

q q

jq
E B k e h n z B k e h n z

j j
ϕ ϕ

ϕ ρ ρρ ρ
ωµε ρ ϕ ωµε ρ

− −∂ −
= =

∂
(12b)

2 2

2 2
0

1
( ) ( ) 1 ( ) ( )jq jq

z q q
n

E j B k e h nz j B k e h nz
j z k

ϕ ϕ
ρ ρω ρ ω ρ

ωµε
− −  ∂ ′′= − + = − +   ∂   

  (12c)

1 1
( ) ( )jq

qH jq B k e h nzϕ
ρ ρ ρ

µ ρ
−= − (12d)

1
( ) ( )jq

q

k
H B k e h nzρ ϕ

ϕ ρ

ψ
ρ

µ ρ µ
−∂

′= − = −
∂

(12e)

0zH = (12f)

Note that ( ) ( )
( )q q

d
B k B k

d kρ ρ
ρ

ρ ρ
ρ

′ = .  Since

0Eϕ =  for 1ρ ρ= , 2ρ ρ= , 0z = , and z a=

then

0, 0,( ) | ( sin( ) cos( )) | 0z a n n z ah n z a nz b nz= == + =

is satisfied if:

1na = , 0nb = , 
m

n
a
π

= , and 0,1,2,m = K . (13)

Note, then, that the cutoff frequencies are defined in the same way as the cutoff frequencies of

standard rectangular guide, i.e., the cutoff frequencies of the TM modes of the azimuthally

propagating, truncated, cylindrical, coaxial waveguide.

The boundary conditions are also satisfied if

1 2,( ) | 0qB kρ ρ ρ ρρ = =

Let

( ) ( ) ( )q q q q qB k a J k b N kρ ρ ρρ ρ ρ= + , then 
1 2,( ) ( ) | 0q q q qa J k b N kρ ρ ρ ρ ρρ ρ =+ = .
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And,

1 1( ) ( ) 0q q q qa J k b N kρ ρρ ρ+ =

2 2( ) ( ) 0q q q qa J k b N kρ ρρ ρ+ =

Solving the first equation for

qa : 1

1

( )

( )
q

q q
q

N k
a b

J k
ρ

ρ

ρ

ρ
= (14)

Substitution into the second equation yields:

1
2 2 2 2

1

( )
( ) ( ) ( ) ( ) 0

( )
q

q q q q q q q q
q

N k
a J k b N k b J k a N k

J k
ρ

ρ ρ ρ ρ
ρ

ρ
ρ ρ ρ ρ

ρ
+ = − + =

Or,

1
2 2

1

( )
( ) ( ) 0

( )
q

q q q
q

N k
b N k J k

J k
ρ

ρ ρ
ρ

ρ
ρ ρ

ρ

 
− =  

 

For specific values of kρ , 1ρ  and 2ρ , the values of q  that solve

2 1

2 1

( ) ( )

( ) ( )
q q

q q

N k N k

J k J k
ρ ρ

ρ ρ

ρ ρ

ρ ρ
= (15)

are the sought after mode numbers that are true for any non-zero value of qb .  Hence,

1qb =  and 1

1

( )

( )
q

q
q

N k
a

J k
ρ

ρ

ρ

ρ
= − .

Finally, the scalar wave function for the TMz modes is:

1

1

( )
( ) ( ) sin( )

( )
q jq

q q
q

N k
N k J k e nz

J k
ρ ϕ

ρ ρ
ρ

ρ
ψ ρ ρ

ρ
−

 
= − 

  
, for 

m
n

a
π

= , 1,2,3,m = K , and 2 2 2k n kρ + = .

Note that just a single solution for q  is possible [Ref. 4].  The TMz field components are then

found explicitly as:
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1

1

( )
( ) ( ) cos( )

( )
q jq

q q
q

N knk
E N k J k nz e

j J k
ρρ ϕ

ρ ρ ρ
ρ

ρ
ρ ρ

ωµε ρ
−

 
′ ′= − 

  
(16a)

2
1

2
1

( )1
( ) ( ) sin( )

( )
q jq

q q
q

N kq
E N k J k nz e

j J k
ρ ϕ

ϕ ρ ρ
ρ

ρ
ρ ρ

ωµε ρ ρ
−

 
= − − 

  
(16b)

2
1

2
0 1

( )
1 ( ) ( ) sin( )

( )
q jq

z q q
q

N kn
E j N k J k nz e

k J k
ρ ϕ

ρ ρ
ρ

ρ
ω ρ ρ

ρ
−

  
= + −  

    
(16c)

1

1

( )1 1
( ) ( ) sin( )

( )
q jq

q q
q

N k
H jq N k J k nz e

J k
ρ ϕ

ρ ρ ρ
ρ

ρ
ρ ρ

µ ρ ρ
−

 
= − − 

  
(16d)

1

1

( )
( ) ( ) sin( )

( )
q jq

q q
q

N kk
H N k J k nz e

J k
ρρ ϕ

ϕ ρ ρ
ρ

ρ
ρ ρ

µ ρ
−

 
′ ′= − − 

  
(16e)

0zH = (16f)

7.2 TEz Field Components

The TEz electric and magnetic field components in terms of the general wave function are:

1
( ) ( )jq

q
q

E j B k e h n zϕ
ρ ρ ρ

ε ρ
−= (17a)

( ) ( )jq
q

k
E B k e h nzρ ϕ

ϕ ρ ρ
ε

−′= (17b)

0zE = (17c)

( ) ( )jq
q

nk
H j B k e h nzρ ϕ

ρ ρρ
ωµε

−′ ′= − (17d)

1
( ) ( )jq

q
nq

H B k e h nzϕ
ϕ ρ ρ

ωµε ρ
− ′= − (17e)

2

2
0

1 ( ) ( )jq
z q

n
H j B k e h nz

k
ϕ

ρω ρ − 
′′= − + 

 
(17f)

Since

0Eρ =  for 0z = , and z a= .

then

0, 0,( ) | sin( ) cos( ) |z a n n z ah n z a nz b nz= == +
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is satisfied if:

1na = , 0nb = , 
m

n
a
π

= , and 1,2,3,m = K . (18)

From the boundary condition on the Eϕ  component, the general Bessel function, ( )qB kρ ρ , also

satisfies the boundary conditions if

( ) 1 2,( ) | 0q

d
B k

d k ρ ρ ρ ρ
ρ

ρ
ρ =  = 

Let

( ) ( ) ( )q q q q qB k a J k b N kρ ρ ρρ ρ ρ= + ,

then

( ) { } 1 2,( ) ( ) | 0q q q q

d
a J k b N k

d k ρ ρ ρ ρ ρ
ρ

ρ ρ
ρ = + =  , or

1 2,( ) ( ) | 0q q q qa J k b N kρ ρ ρ ρ ρρ ρ =′ ′ + = 

Substituting for the boundaries 1ρ ρ=  and 2ρ ρ=  give the equations:

1 1( ) ( ) 0q q q qa J k b N kρ ρρ ρ′ ′+ =

and

2 2( ) ( ) 0q q q qa J k b N kρ ρρ ρ′ ′+ = .

Solving the first equation above for

qa : 1

1

( )

( )
q

q q
q

N k
a b

J k
ρ

ρ

ρ

ρ

′
= −

′
(19)

Substitution into the second equation yields:

1
2 2

1

( )
( ) ( ) 0

( )
q

q q q q
q

N k
b J k b N k

J k
ρ

ρ ρ
ρ

ρ
ρ ρ

ρ

′
′ ′− + =

′

Or,

1
2 2

1

( )
( ) ( ) 0

( )
q

q q q
q

N k
b J k N k

J k
ρ

ρ ρ
ρ

ρ
ρ ρ

ρ

 ′
′ ′− = ′  

For specific values of kρ , 1ρ  and 2ρ , the values of q  that solve

1 2 2 1( ) ( ) ( ) ( )q q q qN k J k N k J kρ ρ ρ ρρ ρ ρ ρ′ ′ ′ ′= (20)
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are the sought after mode numbers that are true for any non-zero value of qb .  Hence,

1qb =  and  1

1

( )

( )
q

q q
q

N k
a b

J k
ρ

ρ

ρ

ρ

′
= −

′

solves the boundary condition for 1ρ ρ= , and the value of kρ  that satisfies Eqn. 20 solves the

boundary condition for 2ρ ρ= .

Finally, the scalar wave function for the TEz modes is:

1

1

( )
( ) ( ) ( )

( )
q

q q q
q

N k
B k N k J k

J k
ρ

ρ ρ ρ
ρ

ρ
ρ ρ ρ

ρ

′
= −

′

1

1

( )
( ) ( ) sin( )

( )
q jq

q q
q

N k
N k J k nz e

J k
ρ ϕ

ρ ρ
ρ

ρ
ψ ρ ρ

ρ
−

 ′
= − ′  

, for 
m

n
a
π

= , 0,1,2,m = K , and 2 2 2k n kρ + = .

Note that again, just a single solution for q  is possible [Ref. 4].  The TEz field components are

then found explicitly as:

1

1

( )1
( ) ( ) sin( )

( )
q jq

q q
q

N kq
E j N k J k nz e

J k
ρ ϕ

ρ ρ ρ
ρ

ρ
ρ ρ

ε ρ ρ
−

 ′
= − ′  

(21a)

1

1

( )
( ) ( ) sin( )

( )
q jq

q q
q

N kk
E N k J k nz e

J k
ρρ ϕ

ϕ ρ ρ
ρ

ρ
ρ ρ

ε ρ
−

 ′
′ ′= − ′  

(21b)

0zE =    (21c)

1

1

( )
( ) ( ) cos( )

( )
q jq

q q
q

N knk
H j N k J k nz e

J k
ρρ ϕ

ρ ρ ρ
ρ

ρ
ρ ρ

ωµε ρ
−

 ′
′ ′= − − ′  

(21d)

1

1

( )1
( ) ( ) cos( )

( )
q jq

q q
q

N knq
H N k J k nz e

J k
ρ ϕ

ϕ ρ ρ
ρ

ρ
ρ ρ

ωµε ρ ρ
−

 ′
= − − ′  

(21e)

2
1

2
0 1

( )
1 ( ) ( ) sin( )

( )
q jq

z q q
q

N kn
H j N k J k nz e

k J k
ρ ϕ

ρ ρ
ρ

ρ
ω ρ ρ

ρ
−

 ′ 
= + −   ′    

 (21f)
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8. Waveguide Impedance

The characteristic wave impedances for the Azimuthally Propagating, Truncated, Cylindrical,

Coaxial Waveguide are defined in terms of the dominant field components for the TE and TM

modes. The wave impedance for the TE mode is given by

/TE
zZ E Hρ= ; (22a)

while wave impedance for the TM mode is given by

/TM
zZ E Hρ= . (22b)

9. Example

Determine the fundamental mode and that mode’s cutoff frequency of the Azimuthally

Propagating, Truncated, Cylindrical, Coaxial Waveguide  defined by the parameters :

1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =  inches.  Plot the distributions of all field

components at 1.3f =  GHz, determine the guide wavelength in the propagating direction.

The fundamental mode is the TEz11 mode ( 1m =  and 1q = ).  The cutoff frequency is

determined by the standard rectangular guide cutoff frequency

0

2c

c
f

a
= ,

where 0c = speed of light and a = broad wall dimension.  For this case:

82.998 10 /(2 0.1651) 0.9079cf = × × = GHz.  Shown in Figure 3 is a plot of the numerically

determined values of q as a function of frequency for the TEz11 mode.

To compute the field distributions of the TEz11 mode at 1.3f =  GHz, the value of q  must first

be determined.  Shown in Figure 4 is a graph of the characteristic equation of the TEz11 mode

for an Azimuthally Propagating, Truncated, Cylindrical, Coaxial Waveguide defined by the

parameters : 1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =  inches.  The point at which

the curve crosses zero defines the required value of q , in this case 2.72q = .
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10 

q 

Figure 3. The values of q for the TEz11 mode as a function of frequency for an

Azimuthally Propagating, Truncated, Cylindrical, Coaxial Waveguide defined

by the parameters: 1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =

inches.

The field components can now be determined using Equations 21.  Shown in Figure 5 are the

normalized electromagnetic field distributions of the various field components for the TEz11

mode.  One notes that Eρ  and zH  are the dominate field components (as expected), since they

closely resemble the fundamental mode field distributions in standard rectangular guide.  The

guide wavelength can be determined numerically by plotting the real component of the phasor

Eρ  component of the electric field of the TEz11 mode as a function of azimuthal position as

shown in Figure 6.  The guide wavelength is found to be

1 2 5 6 132
12.67

2 2 180g

ρ ρ
λ ϕ π

+ +
= × = × × =  inches

which is just bigger than the free space wavelength at 1.3f =  GHz of 9.08 inches, but less than

the rectangular guide wavelength of 12.687rectangular
gλ =  inches.  The TE mode impedance can

be calculated as /TE
zZ E Hρ= , and in this case is found to be 181TEZ =  Ω .
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Figure 4. The characteristic equation of the TEz11 mode for an Azimuthally

Propagating, Truncated, Cylindrical, Coaxial Waveguide defined by the

parameters: 1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =  inches.

As the frequency increases, additional propagating modes become possible.  For example, at

2f =  GHz, the TEz21 mode will propagate.  The value of 2.9515q =  is found numerically,

and the electric field components are shown in Figure 7.

As the frequency further increases, the first TM mode can propagate.  For example, at 2.2f =

GHz, the TMz11 mode will propagate.  Note that the cutoff frequencies for the TM modes are

not defined by the standard simple rectangular waveguide relations (as was found for the TE

modes).  Rather, they are determined through Bessel function relations that are solved

numerically.  The value of 2.998q =  is found numerically, and the electric and magnetic field

components are shown in Figure 8.  The TM mode impedance can be calculated as

/TM
zZ E Hρ= , and in this case is found to be 1140TMZ =  Ω .
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Figure 5. The electromagnetic field distribution of the various field components in an

Azimuthally Propagating, Truncated, Cylindrical, Coaxial Waveguide defined

by the parameters: 1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =

inches for the TEz11 mode: (a) normalized electric field; and (b)

normalized magnetic field.
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Figure 6. The value of the Eρ  component of the electric field of the TEz 11 mode as a

function of azimuthal position.
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Figure 7. The electric field distribution of the various field components in an

Azimuthally Propagating, Truncated, Cylindrical, Coaxial Waveguide defined

by the parameters: 1 5 0.127in mρ = = , 2 6 0.1524in mρ = =  and 6.5a =

inches for the TEz 21 mode.
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Figure 8. The electromagnetic field distribution of the various field components for

the TMz 11 mode: (a) normalized electric field; and (b) normalized magnetic

field.

10.  Conclusion
This report derives the cut off frequencies and fields of azimuthally propagating modes in a

truncated, cylindrical waveguide.  Waveguide impedances are also derived, and example

computations are shown.  The results are useful for designing antenna and transmission

structures conformal to curved and cylindrical surfaces.
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APPENDIX A- About the Wave Equation in Cylindrical
Coordinates1

The natural coordinate system for the Azimuthally Propagating, Truncated, Cylindrical,

Coaxial Waveguide is the cylindrical coordinate system.  And one might be tempted to propose

solutions that TEφ and TMφ.  This would not be wise.

The VECTOR wave equation is

( )2 2
0 0k∇ + =? (A1)

where the vector operator  ( )2 () () ()∇ = ∇ ∇ ⋅ −∇×∇ .  Now this equation reduces to the scalar

wave equation for Cartesian coordinates, since the unit vectors are constants.  This is not so in

cylindrical coordinates, except for the unit vector in the z -direction.  When written out,

Equation No. 1 becomes

( )2 2 2 2
02 2 2 2

1 2 1 2
0z z kρ ρ ϕ ρ ϕ ϕ ρ ϕρ ρ ϕ ρ ρ ϕ

   ∂ ∂
∇ Ψ − Ψ − Ψ + ∇ Ψ − Ψ + Ψ + ∇ Ψ + =   ∂ ∂   

u u u ?

(A2)

Separating this into its components yields three equations

2 2
02 2

1 2
0kρ ρ ϕ ρρ ρ ϕ

∂
∇ Ψ − Ψ − Ψ + Ψ =

∂
(A3a)

2 2
02 2

1 2
0kϕ ϕ ρ ϕρ ρ ϕ

∂
∇ Ψ − Ψ + Ψ + Ψ =

∂
(A3b)

2 2
0 0z zk∇ Ψ + Ψ = (A3c)

Only Equation 3c is a scalar wave equation.  In forming the solutions for the potentials, it is

important that we propose solutions that are TEz and TMz, so that solutions to the scalar wave

equation can be postulated.

                                                    
1 From Prof. Chalmers Butler’s ECE 831 class notes, Clemson University, 1988.
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