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AFIT/DS/ENY /04-04

Abstract

Satellite formations or distributed satellite systems provide advantages not feasible
with single satellites. FEfficient operation of this platform requires the use of optimal
control of the entire satellite formation. While the optimal control theory is well estab-
lished, only a very simple dynamical system affords an analytical solution. Any practical
optimal control problem solve the resulting two-point boundary value (TPBV) problem
numerically. In this research, the optimization of satellite formation control is solved
analytically. The relative satellite dynamics using Hill’s coordinate system and approx-
imations made by Clohessy and Wiltshire, combined with body-fixed thruster control,
result in a linearized dynamic system. The minimum use of fuel is important for the
longevity of the system; however, understanding the minimum time problem is an a
priori requirement for solving the minimum-fuel problem with fixed final time. This
dissertation provides the analysis for the minimum time satellite formation control by
decoupling the in-plane motion from the out-of-plane motion. While the out-of-plane
motion is fully analytic, the in-plane motion is only semi-analytic. The TPBV prob-
lem is transformed to solving simultaneous nonlinear equations for the critical control

switching times, resulting in an open-loop, bang-bang controller.

xXvi



ANALYTICAL SOLUTION FOR LOW-THRUST MINIMUM TIME
CONTROL OF A SATELLITE FORMATION

I. Introduction
1.1 In the beginning ...

Since the age of enlightenment, many advancements have been made in the study
of Celestial Mechanics. Brahe, Kepler, Newton, Euler, Lagrange, Legendre, Gauss, and
many more have advanced this study. It was Euler and Lagrange who studied the re-
stricted three-body problem and later (c. 1880) Hill who posed the lunar trajectory
(restricted three-body problem of Sun-Earth-moon) in the relative rotating coordinate
frame. This initial emphasis in the study of the natural satellites of planets and the
moons has shifted to the study of man-made artificial satellites. During the height of the
Gemini era, Clohessy and Wiltshire [1] formulated the famous relative motion dynamics
using the Hill approach. (Hereinafter the dynamic equations credited to Clohessy and
Witshire will be referred to as C-W.) This formulation was the basis for rendezvous or
proximity operations. Then in the late 1970’s Visher [2] first mentioned the use of “satel-
lite cluster”, multiple spacecraft in an cooperative effort working as a single system for

communications applications.

The advantage of such a use of multiple spacecraft as a single system was summa-
rized in a recent Air Force Institute of Technology (AFIT) research document by Parker.

These advantages include

“the potential of very large synthetic apertures, modular maintainability and
upgradability, graceful degradation, and greatly reduced life cycle costs, be-
ginning with reduced launch costs through the use of multiple smaller launch
vehicles.” [3]
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1.2 Previous Accomplishments

There has been much research in the area of satellite formations, sometimes referred
to in the literature as Distributed Satellite Systems (DSSs). DSSs differ from satellite
constellation (as in the Global Positioning System) in that the relative distance between
members of the satellite clusters are close enough to allow linearization of the gravita-
tional acceleration to first order in relative distance. On the other hand, the distances
between the satellites in a constellation is comparable to its semi-major axis. To date,
only a few satellites have been flown to take full advantage of proximity operations. This

is because there are still technical challenges.

Several organizations have moved into satellite formation feasibility and technical
demonstration stage. The United States Air Force and NASA had planned to demon-
strate technical feasibility through the TechSat 21 program, which would have investi-
gated satellite formation dynamics as well as micro-satellite and micro-propulsion de-
signs. Using TechSat 21 as a technology demonstrator, they also planned to investigate
the distributed mission architecture, sparse aperture sensing, collaborative behavior, and
micro-nano-technology [4, 5]. See Figure 1.1 below. The program at the moment has
been delayed. Other satellite formation systems are seen in the NASA’s Mission to Planet
Earth and the NASA-JPL’s New Millennium EO-1 programs, in which the EO-1 satellite
is in trail 60 6 seconds behind Landsat-7 [6, 7]. NASA Goddard Magnetosphereic Mul-
tiscale mission [8] plans to fly a tetrahedron satellite formation in a lunar swingby, twice,
to change inclination of the formation from equatorial to polar, an expensive maneu-
ver. European Space Agency (ESA) has also flown Laser Interferometer Space Antenna
(LISA) [9] as the satellite formation flying demonstrator. These programs have identified

the benefits of satellite formation flying as an earth observing platform.

Research efforts have addressed different aspects of the advantages provided by
the formation architecture. They attempt to take advantage of the formation satellites
for potential uses in communications, radar mapping, astronomy, and moving target

identification. However, an application of DSSs for interferometry requires the relative
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Figure 1.1  US Air Force TechSat 21

navigation knowledge between the satellite members to be on the order of one-tenth of
the observing frequency. Therefore, certain operational requirements will dictate the
required navigation accuracy of satellite formation. In addition, a high-fidelity model is
important for orbit prediction (of control-free formations) as well as long-term control

(as in station keeping over a long periods).

Many researchers have initially relied on the relative motion dynamics as posed by
Clohessy and Wiltshire. However, the proposed missions for satellite formations require
far more precision and for much longer periods than for which C-W equations were
initially introduced. The mission duration of DSSs is much longer than the missions
for a typical rendezvous, for which the linearized C-W equations were developed. This
means minimizing fuel usage to maintain and reconfigure the satellite formation for a
long duration is the paramount objective. This leads naturally to the exploitation of
“control-free” orbits, sometimes called “Keplerian” or “natural” orbits. These control-
free orbits were first based solely on two-body dynamics with circular reference orbit and

a perfectly spherical and uniformly dense Earth. The addition of non-spherical earth and
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other perturbations introduces secular drift destroying the cluster geometry. However,
the perturbations that affect the relative motion are the net difference of perturbations
felt by the satellite in the reference orbit and the members of the satellite cluster. This
means this effective perturbation on the relative motion is much less than the absolute
perturbation felt by the satellites, especially if the satellite cluster consists of identical

members as in the Air Force’s TechSat 21.

Since then, others have developed variations of C-W equations to include pertur-
bations and allow non-circular reference orbits to generalize relative motion dynamics.
Some dynamics models include the dissipative perturbations, such as air drag and solar

radiation drag, as well as a non-uniform and non-spherical earth gravity potential.

1.8 Previous Satellite Formation Dynamics Research

Sedwick, Miller and Kong [10] found that the largest error comes from the dif-
ferential J, ! which introduces secular drift in the relative motion, destroying a stable
formation. The next dominant error source is from the non-circular reference orbit. In-
alhan et. al [11] showed that even a mildly eccentric reference orbit of e= 0.005, typical
of the space shuttle, leads to significant drift in both radial amplitude and in-track direc-
tion, which ultimately will destroy the formation geometry if untreated and will require
more fuel to null out these neglected effects. Sedwick et. al as well as Wiesel [12] re-
ported that the errors introduced by neglecting the higher order central gravity terms are
periodic in nature and should not be counteracted (wasting fuel). The differential drag

and differential solar radiation pressure effects decrease with increasing altitude.[10]

Many researchers incorporated J into their model. Schweighart and Sedwick [13]
developed a high-fidelity linearized Jo model. Schaub and Alfriend [14, 15] extended

the C-W solution to include first-order oblateness effects using the Delaunay orbital

1J5 is a constant of the second zonal harmonics in describing the earth’s gravitational potential using
mathematical spherical harmonics.
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elements, which the authors noted as being limited because they contain singularities for

small values of eccentricity and inclination [16:Chap 2.4.4].

Some researchers incorporated a non-circular reference orbit into their model. Melton
[17] expanded the state transition matrix in powers of eccentricity and got errors on the
order of 10-20% for reference orbits of small to moderate eccentricity (0 < e < 0.2).
He used both the cartesian and cylindrical coordinate frame and found the cylindrical
coordinate frame to be more accurate as the angular separation between target and chase
increased. Kechichian [18] analyzed the relative motion in a general elliptic orbit with
respect to a dragging and precessing coordinate frame. Yan, Yang, et. al. [19] developed
a model for the lead spacecraft in an elliptical orbit. Yamanaka [20] developed a new
state transition matrix for a rendezvous problem with the only assumption being the
smallness of the ratio between the relative distance of the satellites and the reference
orbit radius. He showed this new state transition matrix reduces to the C-W state tran-
sition matrix when e = 0. Schaub and Alfriend [21] also developed a dynamics model
valid for all eccentricity less than unity. Recently, Ross et. al. [22] employed a purely
numerical method through nonlinear programming by posing an optimal control problem

to determine zero-fuel orbits that do not assume circular reference orbits.

Hujsak [23] offered a generalization of C-W equation by incorporating both the J,
and non-zero eccentricity in his debris fragmentation model. In their recent paper by
Vaddi and Vadali [24], the authors removed the assumption that went into the develop-
ment of C-W equations one by one. The results of their corrections (for neglecting Jo
and assuming circular reference orbit) for a duration of 20 orbits showed dramatic im-
provement in correcting secular drift. Wiesel [25] extended his earlier work in canonical
Floquet theory by developing a satellite formation model which incorporates all of the

zonal harmonics by linearizing about the periodic relative orbit.

The simplest mathematical description of the relative formation dynamics is the C-
W equation. However, it does not incorporate even the J, perturbation, it lacks sufficient

fidelity for long-term control law synthesis. The higher order effects not modelled by
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the C-W solution incite unacceptably high control usage and reduce satellite life spans
to impractical durations. In addition, long term drift introduced by the unmodelled
perturbations take the system out of the linear region where C-W equation is valid.
Although a high-fidelity model is important for relative orbit prediction and long term
control, the simpler C-W equation is sufficient if the duration of control is “short” enough
to stay within the valid range of the linearization assumptions. In addition, the C-
W equation is more mathematically tractable than the higher fidelity models, possibly

allowing analytical studies.

1.4 Previous Satellite Formation Control Research

A consensus among researchers in this field is that the fuel usage of a DSSs is one of
the most important design parameters. Early works were based on control-free orbits as
described in the previous section. However, an operational satellite formation system will
require maintenance maneuvers as well as reconfiguration maneuvers. The maintenance
maneuvers will be required to zero out any higher order effects not modelled in the orbit
prediction algorithm. These effects will build up in time, possibly introducing secular
drift. The reconfiguration maneuvers will be required as the operational requirements
change, such as change of mission objectives. These maneuvers should be performed with
fuel expenditure in mind. Various formulations of the satellite control are possible. The
problem may involve a time constraint, or fuel constraint, as well as a power constraint.
The time constraint may come to play when the satellite formation must be reconfigured
such that the target is in view at a specified time. For any meaningful satellite formation
mission, fuel plan dictates the overall mission duration. A satellite system may constrain
the power used by the low thrust electric propulsion system. In some instances we may be
constrained by more than one constraint at a time. However, the optimal time problem
is the basis of all other optimal control problems. For example, an optimal fuel problem
must be specified with fixed final time that is greater than or equal to the time optimal

solution, otherwise no solution will exist.
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Using the logic that the mission duration is governed by when the satellites start to
run out of fuel (since the clusters degrade gracefully), it is best to have each member of the
satellite formation use fuel at the same rate. Coverstone-Carrol and Prussing [26] have
used cooperative control techniques in whch each member (for a rendezvous scenario) is
actively controlled to minimize the formation’s total fuel expenditure. They found that,
as the time allotted for rendezvous is increased, the fuel usage was diminished and, as
the power to mass ratio decreased, the optimal control approached that of active/passive

rendezvous.

Impulsive control of the satellite clusters have been studied by many in the past.
Optimal control of satellite formation using high thrust (impulsive thrust) has been
studied by Wiesel [27] using the modal states as well as by Schaub and Alfriend [21] using
orbit element feedback. Carter [28] presents a four-impulse optimal rendezvous problem.
Ulybyshev [29] develops a linear quadratic controller for long-term formation flying that
lead to impulsive burns. This controller counteracts even the periodic disturbances that
were not modelled in his “plant” model. The control usage for impulsive controls was
optimal (smaller total AV') compared to the cases involving continuous control (linear
or non-linear). However, impulsive thrusters tend to have low Iy,. They consume more
fuel mass than the small, higher I, electric propulsion systems. The loss of AV can be

partially recovered by employing lighter electric propulsion system.

Satellite formation control using low thrust (or bounded thrust) has been studied
extensively by Kechichian in his long series of papers and journal articles. [30, 31, 32,
33, 34, 35] He used non-singular equinoctial orbit elements with dynamics models of
varying fidelity to obtain optimal control strategies. DeCou [36] transformed the C-W
equations to a U-V plane which is perpendicular to a particular source for interferometry
application. Guelman and Aleshin [37] as well as Carter [38] present minimum energy
rendezvous with bounded thrust. Guelman and Aleshin further constrained the problem
by fixing the terminal-approach direction. Kapila, Yan et al. [39] developed a pulse-

based, periodic gain, linear control based on the C-W equation with guaranteed stability.
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Using their general elliptical leader model, Yan, Yang et. al [19]presented an output
feedback controller. Vadali, Schaub, and Alfriend, [40] presented an orbit maintenance
controller using power-limited, electric propulsion. In all of these studies, the control was
accomplished by vectored-thrust and the thrust direction was optimized numerically. The
cited works assume also that the thrust enters the system non-linearly or the performance
functional (cost) is quadratic in control as in the minimum energy problem. Once again
we claim that vector thrusting requires three-axis stabilized attitude control and is more

expensive than body-fixed thrusters.

The thesis by Irvin [41] investigated minimum fuel reconfiguring techniques using
the C-W solution and a variety of feedback design techniques (linear, LQR, SDRE, sliding
mode). He found that formation reconfiguration could be accomplished for minimal
fuel usage using the simplest of linear techniques. The non-linear controllers such as
sliding mode [42], Lyapunov-based [19], adaptive [43, 19], etc. all resulted in higher than
acceptable fuel usage for a nominal mission duration of several years. One conclusion that
could be drawn from Irvin’s study is that, for the short duration of the active control,

use of simpler linear C-W equations is valid.

1.5 Current Dissertation Research

The fuel concern for long term formation is crucial for the mission. Thus, the
minimum fuel solution could be argued to be more important than the minimum time
solution; however, the minimum fuel solution requires first the understanding of the
minimum time solution. Therefore, this research has examined the optimization problem,
specifically the minimum time control of a satellite member of a formation equipped with
low-thrust body-fixed thrusters for a reconfiguration maneuver where only the influence
of gravity is considered. Reconfiguration of a satellite formation is required for initial
relative orbit insertion as well as for changing the relative orbit formation shape or
size. While the full reconfiguration must also address the relative spacing (or phasing)

of each satellite, this research only concentrated on achieving the desired final satellite
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formation. The issue of spacing each members within a formation must require minimum
fuel solution, which this research did not examine, where the specifying of the times

naturally addresses the relative phasing.

The linearized C-W model is chosen to derive the minimum time controller because
this model is amenable to an analytical solution, while for a short duration of active
control, the accuracy is not sacrificed. Other neglected perturbations, such as air drag
and solar radiation drag, only introduce small differential perturbations in the relative
dynamics, especially if the members of the satellite formation are similar, as in the
TechSat 21 system. In this formulation, the Hamiltonian is linear in control due to
body-fixed thrusters, but bounded by maximum net relative acceleration. Therefore,
the optimal theory provides the minimum time control to be the well-known bang-bang

controller that is governed by a switching function, as long as the system is normal.[44]

Since the advancement of the computing and the numerical optimal theory, only
the very simple problems are examined analytically. Previous research in this optimal
control of satellite formation area has always relied upon numerical solutions. The main
focus of this research is to develop an analytical solution to this low-thrust minimum-time
control of a satellite in a formation. The algorithm resulting from this research effort
can be applied to each members of the formation for the reconfiguration of the entire
satellite formation. This analytical study provides insight as well as alternative methods

of determining the time optimal control for a satellite formation.

Figure 1.2 illustrates one possible satellite member of a DSS equipped with a body-
fixed thrusters, attitude control thrusters and horizon sensors. The geometry and the
mass distribution of the satellite will allow the gravitational gradient attitude stabiliza-
tion; I, > I, =~ I, as was assumed by Milam, Petit and Murray [45]. These subsystems
would cost less than a gimballed/vectored thrusters and full three dimensional attitude

Sensors.
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Horizon Sensor

Main Propulsion

Figure 1.2  Body-fixed thrusters of one DSS satellite

1.6 Research Contributions

Although optimal control theory is mature and many have used it to solve minimum
time problems, none have performed a fully analytical study with the satellite formation
dynamics. Most relied on numerical solutions using the satisfaction of the Hamiltonian
condition as their validation method. This research has performed an analytical study

of this problem. The specific contributions stemming from this research include:

i. A costate analysis that was not seen in the literature providing insight to possible

optimal control sequences.

ii. Use of time-varying relative orbit parameters for critical time calculations for the

in-plane motion.

iii. A fully analytical solution for the out-of-plane motion, which is a general harmonic

motion having wide applicability.

These contributions provide an alternative methods to determine the minimum time
control of a satellite formation as well as an independent means to verify the optimality
of the numerical solutions. For the in-plane problem, the TPBV problem requiring a
search in eight-dimensional space was reduced to solving for a root of a single nonlinear

equation where the valid range of solution is limited to small subset of the positive real
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line. This reduction provides a means for possible real-time (and possibly automated)

application of minimum time control of satellites in a formation.

1.7 Dissertation Outline

This dissertation contains 7 chapters, including this introduction which contained
much of the literature review. Chapter II presents the elements of the optimal control
theory, specifically the minimum-time problem and the necessary and sufficient optimal
conditions. Chapter III presents dynamic solutions both for control-free and controlled C-
W dynamic system. The importance of costate dynamics, upon which the optimal bang-
bang control derives the switching function, is also presented. Chapter IV presents the
analytical solution for the out-of-plane motion. Chapter V presents the semi-analytical
solution for the in-plane motion. Chapter VI presents the semi-analytical solution for
the in-plane motion with initial control-free drift. Chapter VII contains the concluding

remarks as well as recommendations for future research.
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II. Optimal Time Control of a Satellite Formation

This chapter sets up the optimal time (or minimum time) problem for satellite formation
control. Any control problem requires a clear statement of a mathematical model to be
controlled (dynamic equations), a desired output of the system (target set), and a set of
admissible inputs or controls. An optimal control problem further requires a performance
or cost functional which measures the effectiveness of a given control action. [44] These
four elements will now be presented for the optimal time control of satellite formation

studied in this dissertation.

2.1 Mathematical Model

The fidelity of the dynamics of the satellite formation will dictate the effectiveness
of the control problem. Therefore it is important to establish a “good” working dynamics
model, where the fidelity and complexity of the models is an important tradeoff. Chapter I
discussed many developments of dynamic models of the satellite formation with varying

degrees of fidelity.

A high fidelity model would include zonal, tesseral, sectoral harmonics up to cer-
tain order, air drag, solar-radiation, and third-body perturbations. The model in the
DSST orbit propagator used by many in the literature as the truth model contains many
perturbations and the highly non-linear terms. The fully non-linear form is obtained
by differencing highly accurate orbital dynamics of each satellite members, but is not

conducive to developing an analytical solution.

At the opposite end of the spectrum, the C-W Model is the least accurate, but
offers the most mathematically tractable set of equations. The fidelity of this model is a
function of the formation separation as well as the duration of the active control for which

this model is used. The accuracy of a tighter/smaller formation is better than for a larger

Y

formation due to the linearization assumptions of small £-, &-, and +-, where R, is the
(e} (o (o}

circular reference orbit radius, and z, y, and z are the relative positions of the satellite
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member with respect to the origin of the reference orbit. Therefore, this approximation
becomes inaccurate as time passes and the conditions move away from the valid linear
region due to secular drift introduced by neglecting the J; effect. This means that C-W
equations are not well suited for orbit prediction (or propagation) lasting long durations.
However, a low-fidelity model such as the C-W equations will be sufficient for deriving a
controller when the duration of control is short enough to stay within the linearization

assumptions.

As discussed in Chapter I, the first work in proximity operations was credited to
W. H. Clohessy and R. S. Wiltshire back in 1960 at the height of Gemini program, as
they sought a solution for rendezvous. Clohessy and Wiltshire applied Hill’s approach [1]
and similarly simplified the motion by linearizing it about a circular reference orbit. This
circular orbit provided the origin! for the familiar local coordinate system, with in-plane
axes directed along the radial (é,) and velocity (é,) direction, and the out-of-plane axis
(é,) direction which is normal to the in-plane. The detail of this first order linearization
in this reference frame is in Appendix A. The resulting linearized, constant-coefficient

equation? as seen in Equation (A.12) is:

(1) = 3wz (t) + 2wy(t) + =

j(t) = —2wi(t) + 28 (2.1)
E(t) = —w?z(t) + (1)

m

where w is the constant mean motion of the circular reference orbit®. T, T,, and T, are

the cartesian components of the thrust along the body-axes. It is possible to set up a

IThis origin is sometimes referred to as the “chief” satellite while the other satellites in the formation
are referred as the “slave” or just “member” satellite.

2The original paper by Clohessy and Wiltshire notes that H. S. Siefert published the same equations
earlier in summer 1959.

3w? = g /R3, where ug is the Earth’s gravitational constant
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linear system using the state-space form:

)] [o o o 1 o ol [x0] [o o o
y(t) 00 0 0 1 0]y 00 0
. Uy (1)
A(t) 00 0 0 0 1| |z 000
= + wy(t) (2.2)
#(t) 320 0 0 2w 0| |&() 100 ,
ii(t) 00 0 —2w 0 0|y 010 el
2] |0 0 —w? 0 0 0] |xt)] [0 0 1]

where 2, ¢, and Z are the relative velocity components, and

ur<t> Tg;gt)
uy(t) | = | B (2.3)
. (t) TZW(Lt)

and u” = [u,,u,, u,] is the net/effective acceleration between the member satellite and
the reference orbit. Equation (2.2) has the familiar form of a linear, constant-coefficient
dynamic system[46].

x(t) = Ax(t) + Bu(t) (2.4)

where the dimension of the state vector, x, is p= 6.

2.2 Desired Output/Target Set

In addition to a mathematical model of the “plant”, the optimal control problem
needs a target. The target set is important because it determines the size of the solution
space. When a single point in R is targeted, the probability of existence of a solution is
extremely low. On the other hand, when there is no specific target set*, it is called free
terminal state problem and the probability of the existence of a solution is guaranteed;

for the minimum time problem, the solution is the trivial ¢; = 0. This research has

4Mathematically, it is the entire R® space.
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concentrated on the practical application of satellite control, which requires the satellite
to reach a stable relative orbit formation for which the solution space is sufficiently large

for existence of solution.

The target set, Sy, is then defined as Sy = {x : x € “Natural Orbit” }, where x is
the cartesian relative state vector. By using only the final desired state, xy, the terminal

state constraint can be put in the form
U (x(ty), t7) = O (2.5)

W is an r-dimensional terminal state constraint vector. A stable relative orbit formation
can be described with r < p. If p = r, as stated earlier, the target set contains a single
point in R? and the solution space will be very limited. As p — r increases (or, as r

decreases), the solution space gets larger.

2.8  Admissible Control

Any physical propulsion system has bounds, whether it is the magnitude of the total
thrust available or the maximum vectoring direction. The use of body-fixed thrusting
allows the satellite to be equipped with less expensive attitude sensor/controller compared
to a vectored thrusting. The loss of AV can be shown to be a factor of approximately
(\/§ — 1) when compared to the vectored thrust case. However, it is quite possible that
the cost savings in requiring the less expensive components will more than make up the

difference. The admissible control for the body-fixed thrusters are then subjected to
|U](t)‘ < Cj .7 = 17 2a 3 (26)

where u; is a component of the control vector and ¢; is the maximum allowable thrust in
the j direction. This constraint on the control limits the admissible control to a convex

hyper-cube in R3.
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2.4 Performance Functional

The optimal solution depends on the performance functional, .J, as well the terminal
cost (if any) and whether the terminal time, ¢y, is fixed or free. The focus of this research
has been on the minimum time (time-optimal) solution. For minimum time control

problem [44: Chap. 7], the measure of performance used is

Ja(t)] = t; —t, = /t " dr (2.7)

where the control vector u is not explicitly present in J and the final time, ¢f, is not
fixed. This dissertation also presents a partial solution for the minimum fuel control

problem [44: Chap. 8|, for which the measure of performance used is

Tue) = [ (Z |ui<t>|) dr (2.8)

i=1
where t¢ is a fixed value and wu; is the i-th component of the control vector. The result
is contained in Appendix H.

In summary, then, this dissertation presents the analysis for minimum time problem

defined by the following four elements:

1. The performance functional is, as seen in (2.7), J[u(t)] =t; = f(ff dr, where t, =0
is fixed and ty is free.
2. The system equation given in Equation (2.2) is x(t) = Ax(t) + Bu(t), a constant

coefficient linear system with respect to both the state and the control.

3. The admissible controls for the body-fixed thrusters are bounded as in Equation
(2.6), more specifically, |uy(t)| < Unazs |[ty(t)| < Unaw, and |u,(t)] < Upgaq, where
Uy, Uy, and u, are the cartesian components of u and U4, is the maximum net

relative acceleration available along each coordinate direction.
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4. Finally, the target set is the “Natural” orbit (which is now redesignated as the
terminal state constraint) expressed in Equation (2.5), ¥(x(tf),ty) = 0. The
specific form of this terminal constraint vector will be presented later after the

discussion of parameterization.

2.5 Necessary and Sufficient Condition for Optimality

In this section the necessary and sufficient conditions for an optimal solution to the
specific problem posed in the previous section are presented. These conditions come from
the well established optimal theory summarized by Athans and Falb. For a constant-
coefficient, time-invariant system, the necessary and sufficient conditions for optimality

can be found in Reference [44].

The performance functional is augmented with both the constant and dynamic La-
grange multipliers (v and A(t), respectively) to incorporate the terminal state constraint

as well as the dynamic constraints. The modified performance functional becomes:
ty
Jut)] = v"W(x(ts), ty) + / (1+A7(t) [Ax(t) + Bu(t) — x(¢)]) dt ~ (2.9)
0

Next, the Hamiltonian, also known as control Hamiltonian or variational Hamiltonian,

H(x,u,A), is defined:
H(x(t),u(t), A(t)) = 1+ AT(t) [Ax(t) + Bu(t)] (2.10)

where A(?) is the dynamic lagrange multiplier (also known as costate, or adjoint), but
referred hereinafter as the costate vector. The Hamiltonian plays an important role in
defining the necessary and sufficient conditions in optimal control theory. Incorporating

the Hamiltonian into the modified performance functional,

Ju(t)] = v W(x(tf),t) + /0 ' [H(x(t),u(t), A(t)) — AT (t)%(t)] dt (2.11)
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Calculus of variations is then used to take the first variation of this augmented functional
with respect to the state, control, final time, and the terminal state. For an extremum,
this first order variation must vanish at the optimal solution. The necessary conditions are

derived from forcing this variation to zero, and the details are contained in Appendix C.

Any control from within the hypercube described in Section 2.3 that satisfies all
the necessary conditions are only candidates for the optimal controller. The sufficient
conditions such as the Legendre, Weirstrauss, Hamilton-Jacobi, etc. are more difficult
to evaluate for most problems [44], including the problem under study. However for a
linear system posed as a convex problem, the extremum controllers found are guaranteed
to be the minimum, if it exists. In fact, the optimal controller relies on Pontryagin’s
use of Weistrauss condition because the expression for an optimal control does not fall
out of the necessary condition. Furthermore, in a conference paper by Chang [47], the
necessary condition for the Pontryagin’s Minimum Principle® is shown to also be the
sufficient condition for global optimality. The required condition is that the state not be
constrained during the maneuver and that either the end point be fixed or be bounded
within a convex set. Our minimum time problem satisfies these conditions and hence the
resulting minimum time solution based on Pontryagin’s Minimum Principle is globally

optimal (i.e. the global minimum).

The necessary and sufficient conditions are:

1. Euler-Lagrange Equations
Euler-Lagrange equations (sometimes referred to as the canonical equations) pro-

vide time-derivatives of the states, x, and costates, A:

wt) = 25O _ avi) + Bu)
OA) (2.12)
AT(t) = —‘Zi[ ((tt)) = - AT()A

5Originally known as the Pontryagin’s Maximum Principle.



The analytical solution to these equations for continuous time is

x(t) = ®,(t,0)x(0) + /0 ®,(t, 7)Bu(r)dr (2.13)

A(t) = ®,(t,0)A(0)

where ®,(t,0) = eA! is the state transition operator and the initial state vector,
x(0) = x,, is specified.’ Similarly, the costate transition operator is ®,(¢,0) =

e=A"t and the boundary condition for the costate is provided by the next necessary

condition.”

. Terminal Costate Boundary Condition
This condition exists because a target set is specified as described earlier in Sec-

tion 2.2. The necessary condition for the costate at the terminal time is given

by
() = T%w (2.14)

where v is constant vector of dimension r. Therefore, the Calculus of Variation
has reduced the problem to a Two Point Boundary Value (TPBV) problem. The
state equation has the initial condition and the costate has the terminal condition.
Numerical solutions of optimal problem uses either a direct method, such as the
shooting methods, or an indirect methods, which makes use of gradient information.

The optimality validation is provided by the next necessary condition.

. Transversality Condition and the Hamiltonian
The Transversality condition shows up when the integration limit of the perfor-
mance functional is not fixed. This is the case for the minimum time problem in

which ¢ in Equation (2.7) is free. The transversality condition is a scalar equation

6The detailed solution for the state is provided in Appendix A.
"In general, if the states are stable forward in time, the costate will be unstable forward in time.
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of the form

7O (x(ty),tf)

1
+v 8tf

+ AT(t;) [Ax(t;) + Bu(ty)] = 0 (2.15)

If, however, the terminal state constraint vector (¥) is not an explicit function of

the final time, then this Jacobian is zero.

7OW (x(ty),ty)
e Tl (2.16)

The transversality condition can then be considered to be:
1+ AT (ty) [Ax(t;) + Bu(t;)] =0 (2.17)

Furthermore, optimal theory also states that an optimal time controller will result
in a constant Hamiltonian that is zero for all ¢ € [0,¢;]. This is why researchers
who rely on numerical solutions typically provide a time history of the Hamiltonian.

Numerical examples presented in this dissertation will also present this time history.

. Optimal Control

Typically, one of the necessary conditions, also known as the optimality conditions,
provides the means for directly solving for the optimal control. However, when
the control enters the Hamiltonian linearly as in Equation (2.10), the optimality
condition is

H,(t) = —‘ngj(;’ A)

This does not mean that for an extremum A(¢) = 0 V ¢ because, if it did, the Hamil-

=ATt)B=0" (2.18)

tonian will not be zero, violating a necessary condition. It does mean that the A(t)
is in the null space generated by B. Notice that the control u is not present; i.e., the
above optimality condition does not provide the minimum time control equation.

However, by having the controls bounded as in Equation (2.6), Pontryagin’s Mini-

2-9



mum Principle [44] provides the stronger sufficient condition. Namely, an optimal

control will minimize the Hamiltonian, H (x,u, A(t)), for all time:

H(x*(t), u" (), A"(t)) < H(x(t), u(t), A(t))
14+ AT (1) [Ax*(t) + Bu'(t)] <1+ AT(t) [Ax(t) + Bu(?)] (2.19)
AT (t) [Ax(t) + Bu(t)] < X'(t) [Ax(t) + Bu(t)]

where the asterisk, ()*, represents the optimal values. The resulting optimal control

is Hamiltonian-minimizing and is the familiar bang-bang controller of the form:
+Umaz = AT(t)b; <0

u;(t) = (t) (2.20)
—U oz : )\T(t>bz >0

where b; is the i column of constant matrix B. Reference [44] further states,

this form of the solution is only valid for a ‘normal’ system.® That is, the system

must be fully controllable and A”(#)b; not be zero for any open interval of time.

The controllability matrix, G, for any linear time invariant system provides the

necessary condition for controllability. Provided that (for this 6-state problem)
G = [B|AB|A’B|A’B|A'B|AB] (2.21)

has full rank, i.e. rank of G = n = 6, the system is completely controllable.
Furthermore, as will be presented in Chapter III the AT(¢)b; is zero only on a
set made of isolated times called the control switching times (or critical times).
Therefore, the system under study provided in Equation (2.12) is ‘normal’, hence
Equations (2.22), (2.23), and (2.24) are the global minimum solutions. For AT =
Az Ay Az A Ay Az], where A;, A, and A\, are the position costates and Az, Ay,

and \; are the velocity costates, Equation (2.20) can be expressed more compactly

8For an ‘abnormal’ or ‘singular’ system, the optimal control is more difficult to obtain.
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using the signum function®:

Uy (t) = —=sgn{Xe (1) Unaa (2.22)
s (t) = —sgn{ Ay (t)}Unax (2.23)
w;(t) = —sgn{A: (1) }Umnaa (2.24)

2.6 Summary

In this chapter, the elements of an optimal control problem, specifically, for the
minimum time problem were presented. They include the performance functional, math-
ematical model, the admissible control, and the target set. Because the optimal theory is
well established, the form of the optimal solution is known to be a bang-bang controller.
The remainder of the this dissertation will rely on these necessary and sufficient condi-

tions to develop an analytical solution for minimum time control of satellite formation.

+1 : >0
Isgn{z} = 0 : x=0

-1 : z<0
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III. Satellite Formation Dynamics

In Chapter II, the four elements of the minimum time control problem addressed in
this dissertation, as well as the necessary and sufficient conditions, were discussed. This
chapter provides in greater detail the specific solution of the Euler-Lagrange equations,
Equation (2.12), given in Section 2.5. First, the well known control-free dynamics is
examined. Next, the controlled dynamics is examined along with the vital costate dy-

namics.

3.1 Control-Free State Dynamics

The control-free state dynamics are discussed in many Astrodynamics texts.[48, 16]
They are presented here to set up the discussion of parameterization and for completeness.
The control-free (u, = u, = u, = 0) state solution to Equation (2.2) for the positions
only! are

2(t) = (4 — 3cos(wt)) x, + Lo sin(wt) + 22 (1 — cos(wt))

y(t) = 6 (sin(wt) — wt) x, + Yo + 23" (cos(wt) — 1) (3.1)

+ Yo (—3wt + 4sin(wt))
2(t) = 22 sin(wt) + 2, cos(wt)
Yeh and Sparks [49] re-parameterized this solution in terms of six relative orbit param-

eters: a, b, p, m, n, and 0,.2 These parameters replace the six constants of motion;

!The state solution for the relative velocity is simply the time derivative of Equation (3.1) and is also
presented in AppendixA.
2Appendix B.2 presents the detailed description of the parameterization.
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namely, the initial state conditions: x,, ¥,, 2o, To, Yo, and Z,.

2Yo + 4w,
_ 2ot AWTo (3.2a)
w
0_2‘0
b = WYo — 2T (3.2b)
w

P = (g —af’ + (z) (3.20)

2oty — 2ow*(a — T,)
— 3.2d
" 2 + w?(a — x,)? (3:2)

ZoTow + Zow(a — x,)

S Y R ) (3.2¢)
tan, = w (3.2f)

The drift parameter, a, is the offset of the relative satellite formation in the é, direction.
This parameter must be zero for each satellite in the DSS to prevent in-track secular
drift. The centering parameter, b, is the offset of the entire relative formation in the é,
direction. This parameter is chosen to be zero for an even distribution about the origin
of the reference frame. For stable and centered formations, this reduces the degree of
freedom to the remaining four, per satellite: the size of the formation (p), the slope of
the formation projected in the z-z plane (m), the slope of the formation projected in
the y-z plane (n), and the initial phase angle (6,). This transformation to relative orbit

parameters will also allow easy specification of natural orbits.
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Equation (3.1) along with the time derivatives can now be expressed using these

relative orbit parameters:

z(t) = psin(wt +6,) + a
y(t) = 2pcos(wt +0,) — %at + b
z(t) = mpsin(wt + 0,) + n2p cos(wt + 0,)
=m[z(t) — a] +n [y(t) + %at — b] (3.3)
x(t) = wp cos(wt + 0,)
y(t) = —2wpsin(wt + 6,) — %a

2(t) = mwp cos(wt + 0,) — 2nwp sin(wt + 0,)

The constraints found by Schaub and Alfriend [14] in reducing the degrees of freedom for
control-free formations to four are now easily seen using these relative orbit parameters,
where a and b are required to be zero. Yeh and Sparks [49] presented special cases
of satellite formations using these relative orbit parameters. By choosing n = 0 and
m = £+/3, the formation will be circular in full three-dimensional space. By choosing
m = 0 and n = £0.5, the formation has a circular projection as seen from the ground
directly below the origin; i.e. radial projection. For a non-dispersing formation centered

on the reference orbit (a = 0 = b), the initial relative positions and velocities are:

T, = psinb, (3.4a)
Yo = 2pcosb, (3.4D)
2, = mpsinf, + 2np cosb, (3.4c)
T, = pwcosb, (3.4d)
Yo = —2pwsinb, (3.4e)
Zo, = mpw cos b, — 2npw sin 4, 3.4f

To simplify the analysis, for the remainder of this dissertation, canonical units are

used. The reference orbit radius, R,, is normalized to unity as well as the earth gravity

3-3



constant, pa, reducing the mean motion to unity; w = 1. This means that all relative
distances are normalized by R, and the times are also normalized by the orbital period
of the reference orbit.> The relative velocities are normalized by the uniform speed of

the reference circular orbit (1/pg/R,) and the accelerations are normalized by e/ R2.

The control-free dynamics of the C-W Equation, provided in (2.2), decouples to
out-of-pane (z-motion) and in-plane motions (xy-motion). It is instructive to examine

these two control-free dynamics separately.

3.1.1  Control-Free Out-of-Plane State Dynamics.  The differential equation for

the out-of-plane motion becomes, Z(t) = —z(t). In state space form,
£(t) 0 1| [2(t)
Z(t) -1 0f [2(¢)
xX.(t) = A.x.(t) (3.5)

The state is now x, = [z Z]7. This homogeneous system has a unique property; namely

that A is skew-symmetric (AL = —A.). The homogeneous solution is 