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1    INTRODUCTION 

There axe numerous commercial codes available that numerically solve electric-field integral 
equations (EFIE) for the current and scattered fields produced by an electromagnetic wave 
incident on a perfectly conducting (PEC) scatterer. For research purposes and for certain 
specialized geometries, however, it is often advantageous to have the flexibility and control 
inherent in writing one's own computer code. By far, the simplest approach for numerically 
solving integral equations is to use the method of moments (MOM) with pulse basis functions 
and point matching. Unfortunately, the EFIE, unlike the magnetic-field integral equation 
(MFIE), cannot be solved accurately using pulse basis functions and point matching (as 
demonstrated in Figure 5 below), and thus considerably more effort is required to write a 
computer code for numerically solving the EFIE. (It can be shown that it is the higher-order 
singularity of the EFIE kernel that prevents an accurate solution using pulse basis functions 
and point matching.) For open scatterers or many thin bodies the solution to the MFIE is 
inderminant or unstable, respectively, and it becomes necessary to use the EFIE. Moreover, 
because confidence in numerical solutions is greatly enhanced by having two independent 
numerical solutions that agree to within a certain accuracy, it is often highly desirable to 
obtain the solution to the EFIE even if the MFIE is also applicable. 

The main purpose of this report is to derive a low-order singularity electric-field integral 
equation (LEFIE) that can be accurately solved using the MOM with pulse basis functions 
and point matching. This LEFIE, whose kernel, like that of the MFIE, has no singularity 
greater than that of the free-space Green's function, is solved numerically for perfectly con- 
ducting bodies of revolution (BORs) using pulse basis fucntions and point matching. Deriv- 
atives of the current are approximated with finite differences using a quadratic Lagrangian 
interpolation polynomial. This simple solution of the LEFIE is contingent, however, upon 
the vanishing of a line integral that appears when the original EFIE is transformed to obtain 
the LEFIE. This requirement generally restricts the simple applicability of the LEFIE to 
smooth closed surfaces. Bistatic scattering calculations performed for scattering of a plane 
wave by a prolate spheroid demonstrate that numerical results comparable in accuracy to 
the conventional EFIE can be obtained with the LEFIE using pulse basis functions and 
point matching, provided a higher density of points is used close to the ends of the BOR 
generating curve to compensate for the use of one-sided finite difference approximations of 
the first and second derivatives of the current. 

The organization of the report is as follows. Section 2 contains the analysis of the low- 
order singularity electric-field integral equation (LEFIE) solution of the body of revolution 
(BOR) scattering problem. It is divided into several subsections beginning with the deriva- 
tion of the general LEFIE in Section 2.1 and its restatement for a BOR in Section 2.2. The 
solution of the LEFIE for a closed BOR using pulse basis functions and point matching is 
outlined in Section 2.3. Detailed expressions for the elements of the Z matrices that multiply 
the column vectors of the surface current expansion function coefficients to be determined 
are derived in Section 2.4. The Z matrices are treated by expressing them as the sum of four 
submatrices corresponding to each of the four terms under the integral sign in the LEFIE. 
In Section 2.5 we obtain detailed expressions for the elements of the V column vectors in 
the right-hand side of the matrix equation formulation of the LEFIE. In Section 2.6 we ob- 
tain expressions for the currents induced on the surface of a BOR by a transverse electric 



(TE) and transverse magnetic (TM) linearly polarized plane wave in terms of the solution 
to the LEFIE matrix equation, and in Section 2.7 expressions for the components of the far 
scattered field are derived. Section 2.8 discusses the choice of the number of Fourier modes 
that need to be used in the calculations. Section 2.9 treats the approximation of the current 
derivatives that appear in the formulation of the LEFIE. 

Section 3 contains numerical results of calculations performed with a computer program 
written to implement and validate the solution of the LEFIE given in Section 2. A report 
summary is given in Section 4. 

2    ANALYSIS 

2.1    Derivation of the Low-Order Singularity Electric-Field 
Integral Equation 

To derive the low-order singularity electric-field integral equation (LEFIE) we first derive 
the ordinary electric-field integral equation (EFIE) [1]. On the surface S of a PEC scatterer 
the total tangential electric field vanishes. The total field is expressed as the sum of the 
incident field and the scattered field, so that 

n(r) x Etot(r) = n(r) x [Einc(r) + Esc(r)] = 0, r on S (1) 

where E*°'(r) and Esc(r) are the total and scattered electric fields, respectively, n is the unit 
normal vector to the surface S at the position r, and n is assumed directed outward from 
S.  The scattered field can be expressed in terms of a vector potential A(r) and a scalar 
potential $(r) by 

Esc(r) = -juA(r) - V$(r) (2) 

where , 
A(r) = /*o/K(r')G(r,r'HS' (3) 

s 

and 
S(r) = - fa(r')G(r,r')dS'. (4) 

Here G(r, r') is the free-space Green's function for harmonic time dependence exp(jut) with 
the frequency u > 0. That is 

G(ry) = G(|r-r'|) = ^i^p <« 
where r and r' are the vectors to the field and source points respectively, K(r') is the electric 
current on S to be determined, no and e0 are the permeability and permittivity of free space 
respectively, k = u/c with c the speed of light in free space, and a is the surface charge 
density given by 

a(r') = --V's • K(r'). (6) 



The operator V's- is the surface divergence [2, Appendix 2, 18.]. Combining (1) and (2), 
substituting (3), (4) and (6), letting the observation point r approach the surface S, and 
dividing by the free-space impedance Z0 = (//o/eo)1^2 we obtain 

J-h(r) x /[A;2K(r')G(r, r') - (V's • K(r'))V'G(r, r')]dS' = ^ x E-C(r). (7) 
s 

The "o" on the integral sign in (7) indicates that a small "principal area" isolates the 
singularity of the Green's function from the surface integration. The form of the EFIE in 
(7) is conditional upon the choice of the principal area being a circle with the singular point 
at its center (or another principal area that is adequately symmetric with respect to the 
singular point) [3]. Equation (7) is the conventional form of the EFIE for the current K on 
the surface S of a PEC scatterer. 

The gradient operator acting on the free-space Green's function in (7) results in a higher 
order singularity, 1/| r — r' |2, instead of the 1/| r - r' | singularity for the free-space Green's 
function itself. What we want to do is to recast the conventional form of the EFIE into a 
new form that has no singularity higher than that of the free-space Green's function. To do 
this we begin by writing the gradient operating on the free-space Green's function as the 
sum of the surface gradient V§ and the gradient in the normal direction so that (7) becomes 

|n(r) x f[k2K(r')G(r,r') - (Vs ■ K(r'))VsG(r,r') - 
s 

(V's • K(v'))^p-n(r')]dS' = ^ x E^(r). (8) 

The term in (8) with the normal derivative of G includes the cross product n(r) x n(r') and 
does not have a singularity higher than G itself at r = r'. Focusing on the surface gradient 
term, we use the vector identity [2, Appendix 2, 26.] 

VS(AB) = AVsB + BVSA (9) 

to write 
(V's • K)V'SG = Vg[(V8 • K)G] - GVS(VS • K). (10) 

We then use a Gauss integral theorem [2, Appendix 2, 43.] to obtain 

I V'S[{VS • K)G]dS' = -j J'(VS ■ K)Gn'dS' + J(VS ■ K)Grh'\dc'l (11) 
s s c 

m (ii) 

where R[ and i% are the principal radii of curvature at the surface point r', and C is a set 
of closed curves (defined below) on the surface of the PEC scatterer. The unit vector m', 
defined at each point on the curves comprising C, is in the tangent plane to the surface at 
the point and perpendicular to the curve. Primes are used to denote dependence on the 
source point r'. 



Since (11) is the key step in obtaining a new form of the EFIE it is important to under- 
stand the meaning of S and C in applying it. We assume that the surface S of a general 
PEC scatterer can be divided into a finite number of open subsurfaces sharing bounding 
curves in common with one another, such that on each subsurface the surface charge density 
<j(r') = -l/(ju)Vs • K(r'), its surface derivative, and J' are continuous and integrable, and 
n' and m' are continuous. In applying (11) to the surface S of the PEC scatterer, S is to be 
regarded as the superposition of these subsurfaces, and the surface and line integrations per- 
formed separately for each subsurface with its bounding curve. The set of bounding curves 
comprise C. The unit vector m' on each of the bounding curves comprising C points away 
from the subsurface it encloses. The surface of a closed finite cylinder, for example, is to be 
regarded as the superposition of three subsurfaces, the side cylindrical surface and the two 
disks at either end. The surface of a sphere, a simple smooth scatterer, can be regarded as 
the superposition of two hemispheres. 

Combining (8) and (11) we obtain a new form of the EFIE with a self-term singularity 
equal to that of the free-space Green's function 

Uiv) x /{[fc2K(r') + V'S(V'S • K(r')) + J'(VS ■ K(r'))A(r')]G(r, r') 
k Jg 

_{Vs . K(r'))^^fi(r')}dS' - U{r) x f{Vg ■ K(r'))G(r,r')m(r')Mc'| 
on K J 

= n(r) x E^(r) (13) 

which, unlike the original EFIE in (7), is not conditional upon the shape of the principal 
area used to isolate the singularity of the Green's function. 

Now our recasting of the conventional EFIE (7) into this new low-order singularity form 
(13) is motivated by the desire to be able to solve the EFIE with the method of moments 
using pulse basis functions and point matching. Therefore we would like to avoid the line 
integral over C in (13). Assume that the surface S of the scatterer is closed and smooth 
enough so that a(r') = -l/(ju)V's • K(r'), its surface derivative, and J' are continuous 
and bounded, and n' and m' are continuous over S. Then (13) can be applied to any two 
contiguous open surfaces (with a smooth bounding curve) comprising the closed surface, the 
two line integrals over the common bounding curve of the two contiguous surfaces cancel, 
and (13) reduces to 

J-h(r) x /{[fc2K(r') + V'S(V^ • K(r')) + J'(VS • K(r'))n(r')]G(r, r') 
k Js 

_(vi.KM)^ftM}^ = =Wi^M. (i4) 

If the scatterer has an open surface, edges, tips, or any boundary where a or J' become 
singular or discontinuous, or n' and m' become discontinuous, the line integral over C cannot, 
in general, be omitted and the numerical solution to the low-order singularity electric-field 
integral equation (LEFIE) (13) may be more complicated than that of the original EFIE. 



Accordingly we will restrict our treatment of the LEFIE in this report to PEC scatterers 
with closed smooth surfaces such as spheroids for which a, its surface derivative, and J' are 
continuous and bounded, and n' and m' are continuous, so that the line integral over C can 
be omitted and the LEFIE takes the form (14). 

2.2    LEFIE for a BOR 

We seek to determine the surface current and the far scattered field of a perfectly electrically 
conducting (PEC) closed body of revolution (BOR) excited by an incident plane wave. 
The geometry of the BOR is shown in Figure 1. Circular cylinder coordinates (p, (j), z) are 
employed with (p, $, z) denoting the corresponding unit vectors, and with the z axis chosen 
as the axis of revolution. The origin of the circular cylindrical coordinate system lies on 
the z axis but does not necessarily coincide with the lower pole of the BOR as in Figure 
1. The coordinates (t,4>), with t the path length along the generating curve of the BOR 
from the lower pole, form an orthogonal curvilinear system on the surface S of the BOR; the 
corresponding unit vectors are (t, 0). Figure 2 shows the propagation vector kOTC = fckmc of 
the incident plane wave. The propagation vector is assumed to lie in the xz plane (0 = 0), 
with —kinc making an angle of 0inc with the positive z axis and with kx

inc < 0 so that 

kinc = -fc(sin 0incx + cos 6>incz). (15) 

Also shown in Figure 2 are the spherical polar angles of the far field observation point 
ä
 far *• TOT* 

rfar _ ^ Qfar^ ^/or^ an(j fae associated unit vectors 0 and <j> . For TM illumination the 
incident electric field is given by 

Einc = fcZ0exp(-7kinc. r)0inc (16) 

while for TE illumination 
Einc = fcZ0exp(-7kinc . r)j>tnC. (17) 

In (16) and (17) r is the vector from the origin to any point in space and the factor of kZ0 

is inserted to simplify the analysis. 
For a BOR (14) can be replaced by the equivalent pair of equations 

and 

|t(r) • /{[fc2K(r') + V'S(V'S • K(r')) + J'(VS ■ K(r'))n(r')]G(r, r') 
s 

_(V-.KM)^AM}^M^IIW m 

!«r) ■ /{[fc2K(r') + V'S(VS ■ K(r')) + AV's ■ K(r'))n(r')]G(r, r') 
s 

HVs.K{rl))?^il&{tWS,=MfM. (18b) 



y 

Figure 1: Body of revolution and coordinate system. 
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Figure 2: Plane wave scattering by a body of revolution. 



The LEFIE for a PEC scatterer with a closed smooth surface in (14) and for closed 
smooth BORs in (18), like the original EFIE in (7), produce a unique solution for the surface 
current K except at frequencies equal to the resonant frequencies of the cavity formed by 
the closed surface S of the scatterer. These spurious resonances can be eliminated from the 
LEFIE in the same way they have been eliminated from the EFIE. For example, the LEFIE 
can be combined with the magnetic-field integral equation [4] or added to a corresponding 
LEFIE that is satisfied on a dual surface just inside the surface S of the scatterer [5]-[9]. To 
concentrate on the subject of lowering the order of the singularity of the EFIE and not on the 
details of these methods for eliminating spurious resonances, we shall choose frequencies in 
our numerical examples that are sufficiently far from any cavity resonance to avoid numerical 

instabilities. 

2.3    Solution of the LEFIE by the Method of Moments 

To solve the LEFIE (18) for the surface current K we begin by expanding K in a Fourier 

series 

K(t',d>')=  £  [K{t')i{t\<i>')+Ki{t')^<t>'))^'. (19) 
n=-N 

The choice of the value of N is discussed in Section 2.8. To obtain separate integral equations 
for each of the Fourier modes we multiply both sides of (18a) and (18b) by e~3m<t>, m = 
0, ±1, ±2, • • •, and integrate with respect to <\> from -ir to n. As will be seen below, the 
integrands of the LHSs of (18a) and (18b) are of the form F(t,t',(j>' - 0)e''n^ iUhe dot 
products of t and <£ are taken inside the integral signs. Noting that dS' = p'dt'dcß' and 
performing the integration with respect to <j/ from -n to IT as well as the integration with 
respect to <j) we then have 

/ d^e~im* j d4/e*'*F(t11\ 4? - <f>) = J #e*"-m>* j d^Vn^-*>F(t, t', </>' - <t>) 
—7T 

= 27r<u/#V^'F(M',40 (2°) 
—7T 

where the Kronecker delta 6nm equals 0 for m ^ n and equals 1 for m = n. The orthogonality 
of the Fourier modes thus enables separate integral equations to be obtained for each Fourier 

mode ejn^. 
Following the <f> and <f>' integrations we approximate Kffl) and K%(t) by pulse basis 

functions defined as follows. The generating curve of the BOR is parametrized in terms of 
t, the distance along the curve measured from the lower pole of the BOR. For each value of 
t, the corresponding point on the generating curve is given by \p(t),z(t)]. A set of M + 1 
points p\,p2, ■ • ■ ,PM+I, is chosen to discretize the generating curve with p\ = (pj,z\) the 
lower pole of the generating curve corresponding to t = 0, p*M+1 = (PM+D 

Z
M+I) 

tne uPPer 

pole of the generating curve, and with # > *?_i- The generating curve is approximated by 
straight line segments between adjacent points. The midpoints of the approximating straight 



line segments are given by 

(21) 

and the length of the ith straight line segment denoted by 

di = (P*+I -ptf + {^+i -**)' 
1/2 

(22) 

For calculation purposes the discretized generating curve then completely replaces the origi- 
nal generating curve and the parameter t now becomes the length along the discretized curve 
from the lower pole instead of the length along the original generating curve from the lower 
pole. Thus, for example, t{p\) = 0, t(p£) = du t(p^) — dx + d2, etc. A pulse basis function 
Pi(t) is defined as 

Pi(t) 
f 0,   t<tl 
11, n < t 

<n,t>n+i 
< t* 

Then 

and 

M 

#(0 « JXtöMO 
t=i 

M 

Kt{t')^Y.Ki{t'i)pi{t'). 

(23) 

(24a) 

(24b) 
i=l 

A set of 2M equations for the 2M unknowns K^U), K^(U), i = 1,2, • • •, M, is then obtained 
by using point-matching: the LHS and RHS of the integral equations for each Fourier mode 
are equated at t = U, i = 1,2, • • •, M. This set of 2M equations can be expressed in matrix 
form as 

[£*]    [ft] 
[ztl\ [zp] Vt 

, n = 0,±l,±2,--.,±JV. (25) 

In (25) the [Z™], p,q = t or 0, are M x M matrices obtained from the LHS's of (18a)and 
(18b). The index p corresponds to the external dot product factor t or <£, and the index q 
corresponds to the t or <£ component of K. The ith row of [Z™] corresponds to the value of 
the observation point tu and the jth column of [Z™] corresponds to K*{tj). The ith value 
of the M x 1 vectors K£ and K^ equals K^U) and K*(U) respectively. The vectors V* 
and V^ on the RHS of (25) contain the values of the RHS's of (18a) and (18b), respectively, 
evaluated at t = U, i — 1,2, • • •, M, following multiplication by e~jn<t> and integration with 
respect to <f> from — ir to 7r. 

2.4    Expressions for the Elements of the Z Matrices 
Detailed expressions will now be obtained for the elements of the Z matrices. The contri- 
bution of the dot product of t or 0 with each of the four terms under the integral sign in 
(18a) and (18a) will be considered in turn. Some useful relationships will first be established. 



Letting v and v' be the angles measured positive clockwise from the positive z axis to t and 
t' respectively (see Fig. 3), it follows that 

t = cos v(t)z + sin v(t)p = smv(t) cos (f>St + smv{t) sin # + cos v(t)z (26a) 

0 = - sin </>x + cos 0y (26b) 

and similarly for t and <j> ; and hence that 

n' = <i> x t' = cos v' cos 0'x + cos v' sin 0'y - sin v'z (26c) 

so that 
t ■ t' = sin v(t) sin t/(i') cos((f>' - <j>) + cos v(t) cos t/(*') (27a) 

t • (f> = - smv(t) sin(<£' - <f>) (27b) 

0-t' = smv'(t')sm(<f>'-<f>) (27c) 

4>.$ = cos{<l>'-<l>) (27d) 

t • n' = sin v cos t/ cos(0' - 0) - cos v sin t/ (27e) 

and 
^•n^cos^sin^'-^). (27f) 

It is also simple to show that 

| r _ r' | = [p2 + p* - 2pp' cos(</>' - <j>) + (z - z'f] ^ 

= [(P ~ P'f + (z - z'f + Wsin2(^)]1/2. (28) 

Now let 

Jf = l 1 <tye-i"*p(r) • /fc2E^n(*')^ q(r')G(| r - r' \)dS' 
—TV O 

= jk j d<f>e-^p(r) ■ J p'dt' j dt'J^Kit'y^'ciir'Mlr-T' |), p,q = toT<f>.       (29) 
—7T —T 

where the integration with respect to t' is over the length of the generating curve of the 
BOR. Then, using (5),(28),(27a)-(27d), and (20) we obtain 

/« = jk2 [dt'p'KWXsmvsmv'Gi^p^z - z') + cos v cos v'G^fap^z - z')]      (30a) 

if = -k2 J dt'p'KW) sinv'G3,n(p, p', z - z') (30b) 

J* = k2 sinv j dt'p'Kt{t')Gz,n{p, //, z - z') (30c) 

10 



z 
generating curve 
for the BOR 

P 

Figure 3: Defining geometry for the angle v in the pz plane. 
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and 

where 

and 

with 

If* = jk21 dt'p'K£(t')G2in(p, //, z - z') 

jr 

C?i,„(p, p', z-*) = J Go{R) cos(n<t>W 
o 

■K 

G2l„(p, p', z-z') = j G0(R) cos{n<f>') cos <f>'d<f>' 
o 

■K 

G3>n{p, p', z-z') = j G0{R) sin(n<£') sin <W 
o 

exp(— jkR) 
Go(R) = kR 

(30d) 

(31a) 

(31b) 

(31c) 

(31d) 

and R = | r - r' | given by (28). In the arguments of the Gk,n, k = 1,2,3, the distances p 
and z are functions of the observation point coordinate t, and p' and z' are functions of the 
source point coordinate tf. 

The contributions of the /f9 to the 2« matrices are then (see Section 2.3) 

[Z%-ij = jk2dj[sva.ViSmVjG2,n{puPj,Zi - Zj) + cos vt cos VjGi^pi, pj, Zi - Zj)\       (32a) 

[Z#]i;ij = -k2djPj smvjG^nipi,Pj, z{ - zj) (32b) 

[Znhij = fc2 sinVidjPjGs^Pu Pj, Zi - Zj) (32c) 

and 
[Z£*\w = jtfd&niPuPj, Zi - zj). (32d) 

In (32) the subscripts i and j indicate observation point and source point, respectively, and 
the discretized values of sint; and cost; are given by 

Pi+i ~ Pi smvi =   
di 

and 
COSVi 

_ 2*+l ~ Zi 

(33a) 

(33b) 

Next let 

Jf = I j dcf>e-^p(r) • j V8 \VS ■ £ Kl{t')^'ci{v') G{\v-r'\)dS' 

= l j d4e-**p(r) ■ j p'dt' j #V5  Vs- ^^(Oe^q(r')   G(|r-r'|), 

p, q = t or 0. (34) 
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Making use of the relationships [2, Appendix 2, 73. and 74.] 

v8 ■ [i'Kit'V"*'} = L±VKW)]J* (35a) 

(35b) V's • [4>'K*(t)e**\ = 3jKt(t')^' 

VS[VS ■ i'K(t')^'] = (±±±WKV)]i' + ^~WKi^) #* (35c) 

and (5),(28),(27a)-(27d), and (20), we obtain 

Km 
ff 

*'" ^(0* j ^' (35d) 

I*=jjdt'p'-^ (—If/K^tf)]) [smvsmv'G2tn{p,P\z-z')+cosvcosv'G1,n{p,p\z-z')] 

+jnwivJdlf~\pfKt
n(lf)]Gs,n(p, p\ z - z') (36a) 

if = -/*V^ (^[Ä(*')]) äai/Gmip^z- z') 

-n j dAj^p'KWW^ip, p', z - z') (36b) 

tj d I? = -njd<p>± Km 
p1 

[sin v sin v'G2,n{p, p', z — z') + cos i> cos v'Gi>n(p, p', z — z')) 

n2 sinv Jdt'^p-G^ip, //, z - z') (36c) 

and 

^ = "i»/^ 
Ä*(f) 

P7 sintrt?3,n(p,//,« " *') " jn2 Jdt?±K*{t)G2<n(p, p', z-z'). 

(36d) 
Before obtaining the contribution of 7f9 to [Z£9] it is necessary to consider the derivatives 

appearing in (36). The details of the derivative approximations will be treated in Section 
2.9. For our purposes here it suffices to note that a quadratic Lagrangian interpolation 
polynomial is used to obtain approximations for both the first and second derivatives. For 
the first derivatives 

& [p'KnWl^ w Si c'j+kPj+kKlJ+k (37a) 

and 
d_ 

dt' P1 
xm 

t'=tj     fc=-i 

1 1 
üj+k / „  Cj_i_i. -l\„ „• 

Pj+k 
n,j+k (37b) 
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where we have denoted Ä*(t,-) and K+fo) by K^ and K*j respectively.  For the second 
derivative 

dtf1 4 [p'K{t%=t.« £ a;+kpJ+kKtj+k 
(38) 

fe=-i 

(39) 

(40) 

where we have used (33) to approximate dp'/dH. In (37),(38), and (40), when j = 1, k is 
summed from 0 to 2, and when j = M, k is summed from -2 to 0. Using the derivative 
approximations (37), and (40) we then obtain the following contributions of the if* to the 

Z%q matrices: 

[Z%]2]i>j+k = jdjPj [BmViWLVjG2,n(ßi,Pj,Zi ~ Zj) +COBViCQBVjGi,n{pi,Pj,Zi ~ Zj)] 

• ( —c"+kpj+k - -a sinVjc'j+kpj+k ) + jnsinuidiG3,n(Pt, Pj, K - Zj)-pc"+kpj+k        (41a) 
\Pj Pj / "i 

[Z*%iJ+k = -djpjsinVjG^nipuPj^i - Zj) l—c'J+kpj+k --^smvjc'j+kpj+kj 

-ndjG2,n{pi, Pj, Zi - Zj)c'j+kpj+k (41b) 
1 

[Z^-ij+k = -ndjpj [sinvismVjG2>n(pi, Pj, * - zj) + cosvicosVjG1>n(pi,Pj, z> - Zj)} cj+k— 

-n2 smVidj—G3,n(pi, pj, z{ - Zj) |fc=o 
Pj 

(41c) 

and 
j 

[Zt%-,i,j = -JndjPj sinVjG3,n(pi, pjt z{ - Zj) - jn2-J-G2in(pi, Pj, zi " **)• (41d) 
Pj 

The index k in these expressions takes the values -1,0,1 for j = 2,3, • • •, M - 1, and the 
values 0,1,2 and -2, -1,0 for j = l and j = M, respectively. 

Next let 

/f = I / #e-^p(r) • / J'VS ■ [q(r') £ K*tf)<** h{r')G{\T-r'\)dS' 

= ij dcf>e-^p(r) ■ j p'At')dt' j d4N's •  q(r') £ K*{j!)<** 
—It —K 

n(r')G(|r-r'|), 

p,q = tot4>. (42) 
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Using (35a),(35b),(5),(28),(27e),(27f), and (20) we obtain 

/** = j fdt'^-lp'K^t')]^) [smvcosv'G2tTl(p,p',z- z') - cosvsinv'Gl<n{p,p',z- z')] 
d (43a) 

If = - J dt'^lp'K^W) cosv'G3,n(p, p', z - z') (43b) 

4* = -n [dt'K*(t')J(t') [smvcosv'G2,n(p,p',z- z') - cosvsinv'Gltn{p,p', z - z')]   (43c) 

and 
I** = -jn I dt'K£{t')J(t') cosv'G3>n(p, p\ z-z'). (43d) 

Using the first derivative approximation (37) the corresponding contributions to the Z™ 
matrices are then 

[Z*]3;i>i+fc = jdjJ(tj)[smvicosVjG2,n(puPj,*i - Zj) 

- cos Vi sin VjGltn(pi, pj, z{ - Zj)]c'j+kpj+k (44a) 

\Zf ]3-i,j+k = -djJ(tj) cosvjG3>n(pi, pj, Zi - Zj)c'j+kpj+k (44b) 

iztnh;i,i - -ndjJ{tj)[sm vt cosVjG2<n(pi, pj, z{ - zj) - cosv{ sin VjGhn(pi, Pj, z{ - Zj)\ (44c) 

and 
[Z£%;i,j = -JndjJ{tj) cosvjG3tn{pi, Pj, z{ - Zj). (44d) 

Finally let 

flg<'g-,''V)dS' 
-7T S "- " 

= -| /#e"^p(r) • yVtf / #'V'S • W)^K(t')^)^^^n(r'), 
—IT —7T 

p,q = t or (p. (45) 

Using (33),(5),(28),(27e),(27f),(20), (26c), and noting that 

gG(l^7r/|) = V'Gd r " r' I) * *(r') (46) on' 

V'G(| r - r' |) = ±^|±V^(r - r'),  R = r - r' (47) 

we obtain 

dtf—[p'Kl (t')][psinv cos2 v'H4,n{p, p', z-z')- p cos u cos u' sin v'H2,n(p, p', z-z') 

— sin up' cos2 v'H2,n(p, p', z — z') + cos up' cos v' sin v'H1>n(p, p', z — z') 

-(z - z')sinvcosv'sinv'H2tTl(p,p',z- z') + cosv(z - z') sin2 v'Hhn(p, p', z - z')]     (48a) 
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If = k2j dt'-^ip'Kttt'Wpcos2 v'HUP, P'> Z-Z')- pcos2 v'H3>n(p, p', z-z') 

-(z- z') cosv'sinv'H3,n(p, p', z - z')} (48b) 

if = nk2 f dt'K£(t') [p sin v cos2 v'H^n(p, p', z - z') - p cos ü cos v' sin v'H2<n(p, p',z- z') 

- sin V cos2 v'H2,n(p, p', z - z') + cos V cos v' sin v'Hi,n(p, p', z - z') 

-(z- z') sinvcos1/ sinv'H2,n(p, p',z-z') + cosu(,z - z') sin2 v'Hx,n{p, p',z- z')}     (48c) 

and 

If = jk2nIdt'Kt(t')[pcos2v'H5,n(p,p',z- z') - pcos2v'H3,n(p,p',z - z') 

-{z - z') cosv'sinv'H3,n{p, p', z - z% (48d) 

In (48) 

Hhn(p, p', z - z') = I H0(R) cos(ncf>')d<f>' (49a) 
0 

7T 

H2,n(p, p', z-z') = J Ho(R) cos(n0') cos </>'#' (49b) 
0 

7T 

H3,n(p,p',z- z') = I Ho(#)sin(7i<£')sin4/#' (49c) 
0 
7T 

H*,n{p, p', z - z') = I H0(R) cos{n<f>') cos2 <W (49d) 
0 

■K 

H5,n(p, p',z-z') = j H0(R) sm{n<f>') cos <J>' sin tfdtf (49e) 

with 
Ho(Ä) = i+|*exp(-;,fcB) (49f) 

and R = | r - r' | given by (28).  Using the first derivative approximation (37) the corre- 
sponding contributions to the Z™ matrices are then 

[Z'nkij+k = -jk2dj[pi sin v{ cos2 VjHitn{pu Pj, zt - Zj) - pi cos «j cos Vj sin VjH2>n{pi, Pj, z> - z-) 

- sin Vipj cos2 VjH^nipi, pj, z{ - Zj) + cos Vipj cos 1^ sin VjHhn{pi, pj, z{ - Zj) 

-(zi - Zj) sinViCOSVJsmVjH2>n(pi,Pj, Zi - Zj) 

+ cosv{(zi - Zj) sin2 VjHhn(pu Pj, Zi - Zj)]c'j+kpj+k (50a) 

[Z?UfiJ+* = k2dApicos2 VjH5tn(Pi, pj, Zi - Zj) - Pi cos2 VjH3,n{pi, pj, Zi - Zj) 

-(z- z') cosVj sinVjH^n{pu pj,z{- Zj)]c'j+kpj+k (50b) 
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[ZnU;i,j = nk2dj[pi sinvi cos2 VjH^n(pi, Pj, z{ - Zj) - pi cosvi COSVJ smVjH2tn(pi, Pj, % - Zj) 

— sinViPj cos2 VjH2,n{pu Pj, Zi — Zj) + cos ViPj cos Vj sinVjHi<n(pi, Pj, zt - Zj) 

-{Zi - Zj) sin Vi cos Vj sin VjH2,n(pi, Pj, z{ - Zj)+cos vfci - Zj) sin2 VjHhn(pi, Pj, Zt - Zj)] (50c) 

and 
\zt\j = Jk2ndj[pi cos2 VjH^nipu pj, zi - Zj) - pi cos2 VjH3<n(pi, pj, z{ - Zj) 

-(Zi - Zj) cos Vj sin VjH3in(pi, Pj, z{ - Zj). (50d) 

Equations (32), (41), (44), and (50) give the contributions of the four terms under the 
integral sign of (18) to the Z?q matrices in (25) so that 

\Kq\ = Wh + \K% + [3?]a + WU, p,q = t or <j>. (51) 

It is easy to see from (31), (49), (32), (41), (44) and (50) that 

KJ = [£*] (52a) 

\Z%\ = ~[Z*\ (52b) 

[Zti] = -\Z*\ (52c) 

and 
S] = [Zt% (52d) 

2.5    Expressions for the Elements of the V Vectors 

Now that we have obtained detailed expressions for the elements of the Z matrices we turn 
to the elements of the column vectors V£ and V£ in (25). Recall that the V vectors represent 
the RHS's of (18) multiplied by exp(-jn(f>) and integrated with respect to <j> from —n to n 
and evaluated at the M points t = U, i = 1,2, • • •, M, and that the incident electric field is 
given by (16) and (17) for TM and TE polarization, respectively. Then 

V^ = ^r I dtfie-f+piU, <t>) ■ kZ0 exp[kinc • rfe, <£)]qinc, p = t or <f>, q = 9 or <f>.        (53) 
ZlQ   J 

—IT 

Using (26a) and (26b) it is simple to establish the unit vector relations 

t • 0inC = cos 9inc sin v{t) cos(0 - <£inc) - sin 9inc cos v(t) (54a) 

$ . 0inc = - cos 9inc sin(0 - 0inc) (54b) 

t • tf™ = sin v(t) sin(<£ - <fnc) (54c) 

and 
4> • ft™ = cos(0 - <TC). (54d) 

Also, using (15) 

kinc ■ r(U, <j>) = -fc(sin 0incx + cos 9incz) • (pt cos </>x + p{ sin <f>y + ^z) 
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= -kpi sin einc cos <f> - kzi cos 9inc (55) 

where as in Section 2.3 we have let pt = p{U) and z{ = z(U). Hence, recalling that it has 
been assumed that (j)inc = 0, we then obtain from (53) 

Z7T 2n 
'—n<j>) 

0 

2ir 

- sin 9inc cos Vi J d^kpi sin 0inc ^ *~n*)] (56a) 
o 

2w 

ynf = -cose^k^™9*10 J d(f>sm<f>eXkpi8ineinCcos't>-n'l>) (56b) 
o 

2TT 

Vjf = fc^'^^sin^/#sin^^8inö<nCcos^n^ 

and 

o 

2TT 

0 

(56c) 

(56d) 

where we have changed the limits of the <p integration to 0 to 2?r. Using the integral repre- 
sentation for the Bessel function 

Jn(x) = i~il e7'(XC06*-n*w (57) 
o 

it is simple to obtain the integral representations 

2TT 

j sin(j)^xcos'l,-rut>)d4> = -njn[Jn+i{x) + J»_i(ar)] (58a) 
o 

and 
2TT 

f cos^*coe*-B*)d0 = 7TJn+1[Jn+i(a:) - J„-i(x)] (58b) 
0 

so that 

V# = 7rjn+1fc [cosÖ^sm^Jn+i - Jn-i) + 2jsin0inccos«iJn] €?ksiCMObUi (59a) 

Vff = Trjnkcos6inc(Jn+1 + Jn_1)e^
coseinc (59b) 

Vff = -7rrfcsin^(Jn+1 + Jn-Oe***-^ (59c) 

and 
1# = irjn+1k(Jn+1 - Jn-Xy

kZiCOsemc (59d) 
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where we have let 

Using the Bessel function relation 

it is easy to show from (59) that 

Jn = Jn{kpiSmeinc). 

J^n(z) = (-l)nJn(z) 

rtO to yW ym 
' —nt        ' m 

yW. _ _y4f 

v: t<t>   _ _ytf 

and 
yH> _ y<M> 
v—ni        vni  ■ 

(59e) 

(60) 

(61a) 

(61b) 

(61c) 

(61d) 

2.6    Calculation of the Current 

To calculate the current on the BOR surface we refer to (19) and (24) and write 

N 

E 
n=-N 

K*(i, 0=5; c** E [Ä2ft(t)t(t, 4>)+Äjft(*)*W)] (62) 

where q = 6 (TM) or 0 (TE) indicates the polarization of the incident electric field given 
by (16) or (17), and {K%,K%) are the elements of the vectors (K#,K#0, obtained as the 
solution of the matrix equation (see (25)) 

Kq 

Ktq 
V'9 T n , n = 0,±l,±2,---,±iV. (63) 

Letting p = \pi(t), P2(t), ■ • -PN(t)] be the row vector of the pulse basis functions pi(t) defined 
by (23) (we use the tilde to indicate the transpose of a column vector), (62) can be written 
as 

K«(t, 4>) =   £ e** [pK*t(t, 0) + pKpk<ß)} ■ (64) 
n=-iV 

From (63), the relations (57) for the 2Ln matrices in terms of the Zn matrices, and the 
relations (61) for the V-n vectors in terms of the Vn vectors, it is simple to derive the 
relations 

(65a) 

(65b) 

(65c) 

to 
K-n = Kn 

■*•»■—n -Kf 

and 

K* = -K* 

Ktt = K++. -n       ■"■n (65d) 
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(Note that (65b) and (65c) imply that Kf = 0 and K? = 0.) Substituting (65) in (64) then 
yields the expressions for the currents induced on the surface of the BOR by a TM and TE 
linearly polarized incident plane wave, respectively: 

K*(t,0 =pK*?t(t» + 2X; [(pKf)ooBn^+j(pK?)8inn^(^)] (66a) 
N 

I 
n=l 

and 
N 

I 
n=l 

K+(t, <f>) = pK$*4> + 2 E [(pKJf)sin n^(£' ^ + (PK^)cos nWW] ■ (66b) 

2.7    Calculation of the Far Scattered Field 

In the far-field region the 9 and 4> components of the scattered electric field can be obtained 
from the vector potential A [10, p. 281] 

Esc(r) r ~°° -juA(r). (67) 

Then with (3) and (5), 

E^tf -2» -jkZo /[K V) • pj^^-dS' (68) 
s 

stfar X^ar     •     +1, where p : 9 or <f>, indicates the far scattered field component; p : 0 or <p , is the 
corresponding unit vector (see Fig. 2); q : 9 or (f>, indicates the polarization, 9 (TM) or 
<t> (TE) of the incident electric field; Kq is given by (64), r = (r,0/ar,c£/ar) is the far-field 
observation point, and r' = (p',0',z') is the source point on the BOR surface. In the far 
field, | r - r' | in the phase of the Green's function can be approximated by 

| r _ r' |™ r-p' sin 9far cos(0' - 0/ar) - z' cos 9far (69) 

so that 

E-WM ™> -jkZo— /[K9(r') • pj^Vsin^-cos^-^o^^cosö/-^ (70) 
v ' Aixr J 

s 

The relations (54) can be used directly to obtain 

t' • efar = cos 9far sin v(t') cos((f>' - (j>far) - sin 9far cos v(t') (71a) 

$ . 0far = - cos 0" sin(0' - <f>far) (71b) 

t' • I*™ = sin v(t') sin(0' - <£/or) (71c) 

#.£/flP=cos(^-**"■). (71d) 
and 
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Letting the elements of the vectors Rjf and R^ be defined by 

/#. = k fpi(t')(i' • ^)e»*^»«n«/"oo8(^-^")+*'ooB«/"]eJn(*'-^")dlSf (72a) 

s 

and 
R% = kfPi(t')(4>' • p)eJfc[p'3inö/-coS(^-^-)+-'cosö/-]eJn(^-^-)^ (72b) 

S 

with p = 6 or 4>, (70) together with (64) can be written as 

Esc™(r) r ~°° ~jkZ°e~3kr   y; e»""*/BP(R*Kj? + R*pK*«) (73) 
47rfcr      n^ v ' 

where, using (72) and the 27r periodicity of the 0' integration 

R% = kjdt'p'piit'y*2'0080'"'[cos 9farsmv(t')Jdtf 
o 

2TT 

- sin 9far cos v(f) J #V(fc"'sin0/or cos^'W)] (74a) 
o 

2TT 

.J# = -cosÖ^rfc|^Vpi(tOeJ'fc2'^ö/ar/#,sin0V^'8ine/orcos^'+^') (74b) 
o 

2TT 

R% = fcy"rftVpi(OeJ'fcz'^e/orsini;(O/#/sin0V^'sine/arcos^+^') (74c) 
o 

and 
2TT 

i?£? = kjdt'p'pi{t')e?kz'cos9far y #'cos0V^'sin0/arcos^+n^. (74d) 
o 

Comparing (74) with (56), replacing 0inc of (56) by $far and — n of (56) with n, and using 
the definition of the pulse basis functions, we then obtain 

R% = vf+ikdiPi [cosefarsmVi(Jn+1 - Jn_!) + 2jsm9farcosViJn] e>kZiCOs6far        (75a) 

X£ = -*3nkdiPi cos6far(Jn+1 + Jn^)e*ZiCOs9far, (75b) 

IQ = *jnkdiPi smVi(Jn+1 + Jn^
kZiCOs6far (75c) 

and 
BÖ = irjn+1hdiPi(Jn+i ~ Jn-x)e?kZiCOsefar (75d) 

where 
Jn = Jn(kpiSm6far). (75e) 
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The relations (61) apply to the #£? as well, so that 

ytO     _ r>te 

and 

T}W             pi' 
•"•—ni        -flm 

ix_nj -rl"m 

f>H    _ _ pt<t> 
■n-—ni f^ni 

jy<i>4>        T><M> 
■ri'—n.i "rtrai • 

Then, substituting (76) and (65) in (73) it is straightforward to obtain 

Esc'00(r) r~°° 
jkZ0e —jkr 

Aitkr 

N 

I 
n=l 

B?K? + 2 £ (R?K? + BfK?) cosing) 

£*^(r) ^°° kZ0e-jkr„£. 
Ankr 

2j2(RtX + Rtt'Kf)sm(n<j>far) 
n=l 

£sc'°*(r) r —t-OO ^fg^2 £ (R?K* + RfK?) sin(n^) 
n=l 

and 

ßSC,H>(r) 
r—>oo jkZ0e -jkr N 

y 
n=l 47rfcr 

The radar cross section cr is defined as 

apq = lim 47JT 

R^K^ + 2 £ (RjfKjf + R*KJ*) cos(n0/ar) 

(76a) 

(76b) 

(76c) 

(76d) 

(77a) 

(77b) 

(77c) 

(77d) 

| Esc,pq 12 

J£inc,q 12 
(78) 

where p : 6 or <f), denotes the component of the far scattered field, and q : 9 (TM) or <f> (TE), 
indicates the polarization of the incident electric field. 

2.8    Choice of the Number of Fourier Modes for Expansion and 
Testing Functions. 

The (j) dependence of the current given by (19) is expressed as a summation from —N to N 
of the Fourier modes ejn<^. The value of N can be set equal to the number of Fourier modes 
sufficient to represent, to the desired accuracy, the <t> variation of the tangential component 
of the incident electric field on the surface of the BOR. Let a be the largest value of p of a 
point (p,z) on the generating curve of the BOR. Then from (15), (16), and (17) it can be 
seen that the (j) variation of the incident field along the circle on the BOR corresponding to 
the point (a, z) is given by 

f(<f>) = cos(/)e
jkasineinCcos't' or /(</>) = sin^e- , jka sin 0inc cos <l> (79) 

22 



For axial incidence 9inc = 0 and /(<£) equals cos</> or sin<£ so that only the e±J'* modes are 
needed. For oblique incidence, we can express f(<p) as the Fourier series 

/(0 = 5>e** (80a) 
-N 

with 
1   2* 

Cn = ^//(*)c-in*^ (80b) 

from which, with (79) and (58), 

| C |= ^ | Jn+1(fcasin0inc) ± Jn_1(fcasin0inc) | . (81) 

As n increases beyond kasin9inc, \ Jn(kasin9inc) | decreases rapidly and it suffices to choose 

N = I + M (82) 

where 
I = Int[(l + a)ka sin 0inc],     0<a«l (83) 

and M is the smallest integer for which 

JN(kasm9inc) < 

J/(fca sin 0inc) ~~ 

with e a small positive number depending on the desired accuracy. If the value of N given 
by (82) is plotted as a function of Int[fcasin0inc] the plot is found to be almost linear. For 
e = 0.005, for example, 

N « Int[1.04fca sin $inc] + 7. (85) 

A similar expression 
i\Tf«Int[fc+(asin0) + A] (86) 

with k+ denoting a value a few percent larger than k was obtained by Yaghjian [11] for the 
reciprocal problem of estimating the number of angular modes needed to represent the far 
field of a radiator in the 9 direction. 

2.9    Approximation of Derivatives 

To approximate the derivatives in (36), (43), and (48) we employ a quadratic Lagrangian 
interpolation polynomial [12]. Recall that in (24) Kl

n{t) and K%(t) were approximated using 
pulse basis functions. The values of pX*(t) and (l/p)K%(t) at the discrete values t = tj,j — 
1, • • •, M must then serve as the basis for approximating the derivatives. To do this we fit 
quadratic polynomials qt(t) and q^{t) through three consecutive values of pK„ and (l/p)K% 
respectively: 

_t/,\ _ n     Kt(t    s      (t - tj)(t - tj+1)       ,nKt(f \ (*-*j-i)(*-*j+i) 
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and 

+^i+iKn(tj+i)7- —TT- -T lo/a; 
(tj+i - tj-i)(tj+i - tj) 

+^K£(tj+1)     «-^-^ (87b) 

Then 

+PjiVTl(r,)7- TT-       r + pj+il\n(tj+i) . .. x (88a) 

1 

and 

+1^fe),,2tj:(t;+if ^r-^Wrt^r^'t-l)     (88b) 
Pi (*j - *i-i)(*j - *i+i)     Pi+i l*i+i - *i-iA*i+i    *J J 

* r V\\ *   t 2fr-1K*(tJ-i) 2ftK*fa) 
^2 l^Jt=tj. w dt29 W - (ti_x - ii)(ti-i - ti+i)     (*i+i - *i-i)(ti+i - tj) 

.        2Pj+i^n(*i+i) (88c) 
(tj+1 - t,_l)(i/+l -tj) 

These approximations are of the form (37) and (38). 

3    NUMERICAL RESULTS 
The analysis presented in Section 2 was implemented in a FORTRAN computer program 
which was then used to obtain numerical results for several different BOR's. In this section 
we show some representative results using the LEFIE to calculate scattering from a prolate 
spheroid. The geometry of the spheroid is shown in Figure 4. The semi-major axis of the 
spheroid is a and the semi-minor axis is b. For the calculations we show, ka = 20 and 
kb = 10. The TM illuminating plane wave makes an angle of 45° with the major axis of the 
spheroid. For these values of ka and kb no spurious resonances are encountered. (See end of 
Section 2.2.) 

The solid curve in Figure 5 shows the E-plane pattern calculated with the combined 
field integral equation (CFIE) implemented in the computer code CICERO [13] using a 
discretization of the spheroid generating curve of 40 points/A. The dotted curve in Figure 
5 is the pattern obtained by solving the conventional EFIE with the Galerkin form of the 
method of moments and overlapping triangle basis functions with a point density of 20 
points/A. The dot-dashed curve and the dashed curve in Figure 5 are the patterns obtained 
solving 
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Figure 4: Geometry of the prolate spheroid. 
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Figure 5: E-plane pattern of a prolate spheroid with ka = 20 and kb = 10 illuminated by a 
TM plane wave incident at an angle of 45° with the major axis, as calculated by the CFIE 
at a density of 40 points/A, by the EFIE solved with overlapping triangle basis functions 
at a density of 20 points/A, and by the EFIE solved with pulse basis functions and point 
matching with a density of 20 points/A and 80 points/A. 
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the conventional EFIE with pulse basis functions and point matching at point densities of 
20 points/A and 80 points/A, respectively. We note that the CFIE and EFIE solved with 
overlapping triangle basis functions yield results that agree closely, but the patterns obtained 
with pulse basis functions and point matching are highly inaccurate. Moreover, these pulse 
basis function patterns are not significantly improved upon by considerably increasing the 
point density. 

In contrast with the very poor results obtained when the conventional EFIE is solved 
using pulse basis functions and point matching, in Figure 6 we show the spheroid patterns 
obtained solving the conventional EFIE with the method of moments and overlapping tri- 
angle basis functions with a density of 20 points/A, and the patterns obtained by solving 
the LEFIE with pulse basis functions and point matching at densities of 40 pointsA and 20 
points/A. The LEFIE solved at a density of 40 points/A yields a pattern quite close to the 
conventional EFIE pattern obtained at a density of 20 points/A. The LEFIE solved with a 
density of 20 points/A, however, has some pattern errors of approximately 1.5 dB. The point 
density required to obtain results with the LEFIE comparable in accuracy to those obtained 
with the conventional EFIE can be improved upon considerably by the stratagem of using 
a higher point density for only a very small region - say A/4 - in the vicinity of the ends of 
the spheroid generating curve, and a low point density elsewhere as shown in Figure 7. In 
the LEFIE pattern shown in Figure 7 a density of 80 points/A was used close to the ends of 
the spheroid generating curve (i.e., the poles of the spheroid) and a density of 20 points/A 
was used elsewhere. The reason why a high point density may be required at the ends of the 
BOR generating curve is that the finite difference approximation of the derivatives used in 
solving the LEFIE is less accurate at the beginning and end of the generating curve because 
one-sided derivative approximations must be used there. Using a higher point density at the 
ends of the generating curve compensates for the use of one-sided finite difference derivative 
approximations. 

4    SUMMARY 

Unlike the magnetic-field integral equation, the conventional form of the electric-field integral 
equation cannot be solved accurately using pulse-basis functions and point matching. It 
can be demonstrated that it is the highly singular kernel of the EFIE, rather than the 
derivatives of the current, that precludes the use of the pulse-basis-function, point-matching 
MOM. A new form of the EFIE has been derived whose kernel has no greater singularity 
than the free-space Green's function. This new low-order singularity form of the EFIE, the 
LEFIE, has been solved for a perfectly electrically conducting body of revolution using the 
pulse-basis function point-matching MOM, and a computer program has been written to 
implement the solution. Derivatives of the current are approximated with finite differences 
using a quadratic Lagrangian interpolation polynomial. This simple solution of the LEFIE 
is contingent, however, on the vanishing of a linear integration term that appears when the 
original EFIE is transformed to obtain the LEFIE. The vanishing of this linear integration 
term restricts the applicability of the LEFIE to smooth closed scatterers without tips, edges, 
or any other features that might result in a discontinuous or unbounded surface charge 
density, its surface derivative, and the sum of the reciprocals of the principal radii of 
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Figure 6: E-plane pattern of a prolate spheroid with ka = 20 and kb = 10 illuminated 
by a TM plane wave incident at an angle of 45° with the major axis, as calculated by the 
EFIE solved with overlapping triangle basis functions at a density of 20 points/A, and by 
the LEFIE solved with pulse basis functions and point matching at a density of 40 points/A 
and 20 points/A. 
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Figure 7: E-plane pattern of a prolate spheroid with ka = 20 and kb = 10 illuminated 
by a TM plane wave incident at an angle of 45° with the major axis, as calculated by the 
EFIE solved with overlapping triangle basis functions at a density of 20 points/A, by the 
LEFIE solved with pulse basis functions and point matching at a density of 80 points/A in 
an interval of A/4 at either end of the spheroid generating curve and 20 points/A elsewhere, 
and by the LEFIE at a uniform density of 20 points/A. 
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curvature, or a discontinuous unit normal vector to the surface. Bistatic RCS calculations 
performed for a prolate spheroid demonstrate that results comparable in accuracy to the 
conventional EFIE can be obtained with the LEFIE using pulse-basis functions and point 
matching provided that a higher density of points is used close to the ends of the BOR 
generating curve to compensate for the use of one-sided finite difference approximations of 
the first and second derivatives of the current. 
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