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Project 2(b): 

Certified Rapid Solution of Parametrized Partial Differential Equations for 
Real-Time Applications1 

Investigator:    Anthony T. Patera 
Department of Mechanical Engineering 
77 Mass. Ave., Room 3-266 
Massachusetts Institute of Technology 
Cambridge, MA 02139 

1   Introduction 
Engineering analysis requires the prediction of selected "outputs" s relevant to ultimate com- 

ponent and system performance; typical outputs include critical stresses or strains, flowrates or 
pressure drops, and various measures of temperature and heat flux. These outputs are functions 
of "inputs" ß that serve to identify a particular configuration of the component or system; typical 
inputs reflect geometry, properties, and boundary conditions and loads. 

In many cases, the input-output function is best articulated as a (say) linear functional £ of a 
field variable u(fi) that is the solution to an input-parametrized partial differential equation (PDE); 
typical field variables and associated PDEs include temperature and steady/unsteady conduction, 
displacement and equilibrium elasticity/Helmholtz, and velocity and steady incompressible Navier- 
Stokes. System behavior is thus described by an input-output relation s(/i) = £{u(n)) the evaluation 
of which requires solution of the underlying PDE. 

Our focus is on "deployed" systems — components or processes in operation in the field — 
and associated "Assess-Act" scenarios. In the Assess stage we pursue robust parameter estimation 
(inverse) procedures that map measured-observable outputs to (all) possible system-characteristic 
and environment-state inputs. In the subsequent Act stage we then pursue adaptive design (op- 
timization) procedures that map mission-objective outputs to best control-variable inputs. The 
computational requirements on the PDE-induced evaluation p —> s are formidable: the response 
must be real-time — we must "Assess-Act" immediately; and the outputs must be rigorously cer- 
tified — we must "Assess-Act" safely and feasibly [23]. 

In this project^e^dSvei 
relations; the two ingredients are reduced-basis (RB) approximation [2, 8, 9, 12, 18, 22, 24, 25] and 
a posteriori error estimation [18, 21, 27, 34, 35, 36]. We also consider the incorporation of these 
methods in the Assess-Act paradigm with particular application to problem areas of interest to 
DARPA and GE: in particular, "prognostics" and "accelerated insertion of materials." In Sections 
2-4 we describe the basic methodology for a relatively simple class of problems — linear elliptic 
equations; and in Section 5 we apply this technology to a non-destructive-testing example — on- 
line crack detection — relevant to ultimate prognostics systems. In Section 6 and Section 7 we 
extend the methodology to two classes of problems relevant to accelerated insertion of materials 
(and materials processing): in Section 6 we consider the equations of fluid flow; and in Section 7 the 
equations of time-dependent heat transfer (e.g., relevant to turbine disk quenching). We note that, 
due to the short duration of this project, we have not yet applied the full Assess-Act paradigm to 
the models of Sections 6 and 7; however, this will be pursued in future work. 

1Based on invited paper submitted to Volume on 2nd Sandia Workshop on PDE-Constrained Optimization: Toward 
Real-Time and Online PDE-Constrained Optimization. 



2 Abstract Statement: Elliptic Linear Equations 
We first consider the "exact" (superscript e) problem: given fj, G V C Rp, we evaluate se(/x) = 

£(ue(iJ,)), where ue(/j.) satisfies the weak form of our /i-parametrized PDE, a(ue(/j,),v;n) = f(v), 
Vt> G Xe. Here \i and V are the input and (closed) input domain, respectively; ue(/i) is our field 
variable; Xe is a Hilbert space with inner product (w, v) and associated norm ||iu|| = <J(w,w); and 
a(-, -;A0 and /(•), £(■) are Xe-continuous bilinear and linear functionals, respectively. 

Our interest here is in second-order PDEs, and thus {H^{Cl))u cXeC {Hl(£l)Y; here 0 C Rd 

is our spatial domain, v = 1 for a scalar field variable and v = d for a vector field variable; and 
H1^) (respectively, HQ(£1)) is the usual Hilbert space of derivative square-integrable functions 
(respectively, derivative square-integrable functions that vanish on the domain boundary, dQ.) [28]. 
The associated inner product (•, •) is a /x-independent continuous coercive symmetric bilinear form 
over Xe that perforce induces an (i71(Q))I/-equivalent norm || • ||. 

We next introduce X (typically, X C Xe), a reference finite element approximation space of 
finite dimension Af. Our reference (or "truth") finite element approximation u(/i) G X is then 
defined by a(u(p),v;n) = f(v), VvGl: u(ß) G X is a calculable surrogate for ue((i) upon which 
we will build our RB approximation and with respect to which we will evaluate the RB error; 
u(n) also serves as the "classical alternative" relative to which we will assess the efficiency of our 
approach. We assume that ||ue(/x) - u(fj)\\ is suitably small and hence that Af is typically very 
large: our formulation must be both stable and efficient as Af —> oo. 

We shall make two crucial hypotheses. The first hypothesis is related to well-posedness, and 
is often verified only o posteriori. We assume that the inf-sup parameter, ß(fi) = infwex sup^g^ 
[a(iu,v;/i)/(|M||M|)], is strictly positive: ß((i) > ßo > 0, V /x G V. The second hypothesis is 
related primarily to numerical efficiency, and is typically verified a priori. We assume that o is 
affine in the parameter fi: a(w, v; //) = £)^=i @g(fJ,)aq(w, v), for q = 1,..., Q parameter-dependent 
functions Qq(fi) : T> —► E and parameter-independent continuous bilinear forms aq{w, v). The affine 
assumption may in fact be relaxed [5]. 

3 Reduced-Basis Approximation 
The reduced-basis (RB) approximation was first introduced in the late 1970s in the context of 

nonlinear structural analysis [2, 22] and subsequently abstracted and analyzed [8, 25] and extended 
[yr j 2, 24] to a much larger class of parametrized partial differential equations. We first introduce 
nested baiiipifcb S^ i. (pX ^' P,.. ;■,/x^e^j j t:-f^ *Lagrängiän" 
RB spaces WN = span {(n(ßn) = "(/O, ^ < n < N}, 1 < N < Nmax. Our RB approximation 
is then: given \i e V, evaluate sjv(/z) = £(upf(ß)), where uN(fi) satisfies a(ujv(/i),v;/x) = f(v), 
Vv G WN- We consider here only Galerkin projection. 

In essence, WN comprises "snapshots" on the parametrically induced manifold M = {u(fi) \ JJL G 
V} C X. It is clear that M is very low-dimensional; furthermore, it can be shown under our 
hypotheses — we consider the equations for the sensitivity derivatives and invoke stability and 
continuity — that M is very smooth. We thus anticipate that u/v(/i) —> u(ß) very rapidly, and 
hence that — at least for modest P — we may choose N <C Af. Many numerical examples justify this 
expectation (see Sections 5, 6, and 7); and, in certain simple cases, exponential convergence can be 
proven [19]. We emphasize that the deployed context requires global reduced-basis approximations 
that are uniformly (rapidly) convergent over the entire parameter domain V; proper choice of the 
parameter samples SN is thus crucial (see Section 4). 

We now represent UJV(M) as u^iß) = YljeNuNj(ß)Cj, where N = {l,...,iV}, and Nmax = 
{1,..., Nm3x}- Our RB output may then be expressed as s^iß) = Y2j&i uNj(ß)£{(j), where — we 
now invoke our affine assumption — the UNJ(^), 1 < j < N, satisfy the N x N linear algebraic 



system 
£ { E e%)a%-,Ci)W;(M) = fid),    Vi G N , (1) 

where Q = {1,...,Q}. (In practice we replace the Q, 1 < j < A7, with a (•, -)-orthonormalized 
system; the algebraic stiffness matrix is then well-conditioned.) It is clear from (1) that we may 
pursue an offline-online computational strategy [3, 12, 18, 27] ideally suited to the deployed real- 
time context. 

In the offline stage — performed once — we first solve for the £;, Vi G Nmax; we then form 
and store £(Q), Vi G Nmax, and a9 (£,-,&), V(i,j) G N2^, VgeQ. In the online stage — 
performed many times, for each new \i "in the field" — we first assemble and subsequently invert 
the (full) N x N "stiffness" matrix EgeQ69(Aj)a%-,Ci) to obtain the uNj{ß), 1 < 3 < N — at 
cost 0{QN2) + 0(N3); we then evaluate the sum EjeNu^j(/x)^(0) to obtain s;v(/z) — at cost 
O(N). The online complexity is independent of M, and hence — given that N < A/" — we shall 
realize extremely rapid "deployed" response. 

4   A Posteriori Error Estimation 
We first "presume" /?(/x), a (to-be-constructed) positive lower bound for the inf-sup parameter, 

ß(ß): ß(n) > ß(fi) > ßo > 0, V ß G V. We next introduce the dual norm of the residual: 
eN{n) = supv£X-[12(v; /x)/||v|| ], where R{v;ß) = /(«) - a(uN(/j,),v;ß), VvGl. 

We may now define our error estimator, AJV(M) — EAKAO/^CM)) 
and associated effectivity, 

?jjv(/i) = [Ajv(/z)/||ii(/z) - ujv(ju)||]- We can then readily demonstrate [27, 36] that 

1 < w(/i) < 7(p)/ß(ß),    V /i G P, V AT G Nmax, (2) 

where 7(/z) = suplü6A-supv6X[a(u;,'i;;/i)/(||t(;||||i;||)] is our continuity "constant." The left inequality 
states that AN(/J,) is a rigorous upper bound for jjit(yu) - K/v(/i)||; the right inequality states that 
AAT(/X) is a (reasonably) sharp upper bound. 

We may also develop bounds for the error in the output; we consider here the special "compli- 
ance" case in which £ = / and a is symmetric — more general functiorials £ and nonsymmetric a 
require adjoint techniques [27]. We first define our output error estimator, A^(/i) = e2

N{ij)lß(n), 
which scales as the square of the dual norm of the residual, £#(/•*)•   We can then demonstrate 

bound for |s(/i)-sjv(^)|; we may further prove [27] in the coercive case that AS
N(IJ,)/\S((J,)—syv(/u)| < 

j(fi)Iß(ß) — As
N(fi) is a (reasonably) sharp upper bound. 

It remains to develop appropriate constructions and associated offline-online computational 
procedures for the efficient calculation of £AT(M) and ß(n). To begin, we consider the former [18, 
21, 27]: we invoke duality, our reduced-basis expansion, the affine parametric dependence of a, and 
linear superposition to express 

e2
N(ß) = (C,C)+ £ £ &>(n)uNn(n){2(C,Ü)+ £   £ 6^)^ (^,4)}. 

ggQneN g'SQn'eN 

where C G X and C% G X, V n G N, V q G Q satisfy the parameter-independent Poisson(-like) 
problems (C.w) = /(«), Vv G X and (£&,«) = -a««»,«), Vu G X 

An efficient offline-online decomposition may now be identified. In the offline stage — performed 
only pnce — we first solve for C and £«, Vn G Nmax, Vg G Q; we then form and store the associated 
parameter-independent inner products (C,C), (C,£l), (£&,£*,), V {n,n') G N2^, V (q,q') G Q2. In 
the online stage — performed many times, for each new value of fi "in the field" — we simply 



evaluate the £2
N{ß) sum in terms of Qq(ß), UNniß), and the precomputed inner products — at cost 

0(Q2N2). The online cost is independent of TV and — for Q not too large — commensurate with 
the online cost to evaluate s# (/•*)• 

Finally, we turn to the development of our lower bound ß(ß) for the inf-sup "constant" /?(/z). 
For simplicity, we consider here the particular case P = 1, Q = 2, 61(/x) = 1, 62(/x) = /x: 
a(w,v;pL) = al(w,v) + fio?(w,v); we further suppose that V is convex. The more difficult general 
case is considered in [21] and illustrated in subsequent sections. As our point of departure, we note 
that ß{ji) = \nUex y/b(v,v;ii)/\\v\\2, where b{w,v;n) = [T^w,T^v), Vtü,t) G X, and w G X -> 
T»w G X is defined as (T»w, v) = a{w, v\ pi), V v G X. 

Next, given any ~ß G V and constant e G ]0,1[, we introduce t(w,v;n;~ß) = b(w,v;Jl) + (// - 
/x)[a2(u),T^) + a2(u,T^)] and 2JP_= {/* G 2>|t(«,t;;^;7i) > 0}. We may then define r(/i;p) = 
inf„6x V^Öv^M^)7jMP> V/ieP^. Our function T(/J;ZZ) enjoys three properties: (i) /3(/i) > 
T(/X;/X) > 0, V/X G P*4; («) r(/z;/Z) is concave in /i over the convex domain D*1; and (in) r(/i;/Z) 
is "tangent" to ß(fi) at /z = /Z. (To make property (iw) rigorous we must in general consider 
non-smooth analysis and also possibly a continuous spectrum as M —> oo.) 

We can now develop our inf-sup lower bound ß : V —> R. We first require a sample Ej = {fa G 
V,..., -ßj G V) and associated set of polytopes Cj = {V\ C X^1,..., Vj C T»*J } that satisfy (o) a 
"Positivity Condition," T^JLJ) > e ß(ßj), V/i G Vj, 1 < j < J, and (6) a "Coverage Condition," 
2? C Uj=1Vj; we may then define 

ß(ß)=          max e^p,-). (3) 
^     Ü£{i J}|/i€^}      V J' 

(We can also develop piecewise linear approximations, though — as discussed further in Section 5 
— our inf-sup lower bound need not be highly accurate.) It is readily demonstrated that /3(/z) has 
the requisite theoretical and computational attributes: /3(/x) > (3(fJ.) > eßo > 0, V/i G V; the online 
complexity yu —> ß(ß) depends only (and at most linearly) on J, which in turn depends only on P 
and Q and not on jV". Properties (i), (ii), and (ra) permit us to parlay relatively few expensive 
(offline) evaluations into a very inexpensive global (online) lower bound. 

As an illustrative example we consider the Helmholtz-elasticity crack example of the next section 
for \i = (w2 G [2.5,5.0], z = 1.0, L = 0.2) — the crack location, z, and crack length, L, are fixed, and 
only the frequency squared, w2. is.permittedto^yary —ran^ dm — 0.1. 
We find that a sample Ej=3 suffices to satisfy our Positivity and Coverage Conditions for e = 0.4. 
We present in Figure 1(a) /?(/*); r{ß;Jij) for ß G TPi, 1 < j < J; and our lower bound (3). We 
note that ß(/j.) is not concave (or convex) or even quasi-concave, and hence r(ß\ Ji) is a necessary 
intermediary in the construction of our lower bound. 

In conclusion, we can calculate a rigorous and sharp upper bourid for \s(ß) - sjv(/x)|, A^(/z) = 
e2

N{ß)/ß(n), with online complexity independent of Af. These inexpensive error bounds serve most 
crucially in the deployed stage — to choose optimal N, to confirm the desired accuracy, to establish 
strict feasibility, and to control sub-optimality. However, the bounds may also be gainfully enlisted 
in the pre-deployed stage — to construct optimal samples SN [21, 36]: Given 5°p = p* [DO 
N = 2,..., iVmax; IJ,*N = argmax^sF A^_1(/x); 5^pt = S^ U fj,*N; END ]; our input sample EF can 
be large since the marginal cost to evaluate As

N(fx) is small. (In contrast to POD economization 
procedures [31] we never form the rejected snapshots: our inexpensive bound As

N(fi) serves as a 
(good) surrogate for the actual error.) 
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Figure 1: Helmholtz-elasticity example:  (a) Plots of ß{p); T(/Z;/Z,,) for \i £ Vßi, 1 < j < J; and 
ß(n). (b) Crack parameter uncertainty region 11. 

5   Assess-Act Example: Helmholtz-Elasticity 
We apply the RB method here to a Helmholtz-elasticity equation often encountered in solid 

mechanics: inverse analyses based on the Helmholtz-elasticity PDE can gainfully serve in non- 
destructive evaluation (NDE) procedures for crack characterization [10, 15, 17] and damage assess- 
ment [13, 16]. The RB method significantly improves the efficiency of these inverse procedures — 
accelerating the many evaluations [14] of the PDE outputs. 

We consider a two-dimensional thin plate with a horizontal crack at the (say) interface of two 
lamina: the (original) domain Cl°(z,L) C K2 is defined as [0,2] x [0,1] \ Tg., where T£ = {xi G 
[z - L/2, z + L/2], X2 = 1/2} defines the idealized crack. The left surface of the plate is secured; 
the top and bottom boundaries are stress-free; and the right boundary is subject to a vertical 
oscillatory uniform force of frequency u. We model the plate as plane-stress linear isotropic elastic 
with (scaled) density unity, Young's modulus unity, and Poisson ratio 0.25; the latter determine the 
(parameter-independent) constitutive tensor £^. Our input is /i = (M(i))Ai(2)./i(3)) = {u1,*,!); 
our output is the (oscillatory) amplitude of the average vertical displacement on the right edge of 
the plate. 

:. The goverr;r^xqr-+:ion,fmxb-...displacersent. v?(x°:i:\ G.X°(/x).ic ^cr3ibre.^(wS(/i)-Jii;;/i).,- 
f°(v),VvE X°(fj,), where X°(n) is a quadratic finite element truth approximation subspace (of di- 
mension^ = 14,662) of Xe(ß) = {v& (H^Wiz,L))f \ v\xl=Q = 0}; a°(w, v;ß) = fno{zL) WijEijke 
Vk,t - v2WiVi (vij denotes dvi/dxj and repeated physical indices imply summation); and /°(v) = 
/ o=2^2- The crack surface is hence modeled extremely simplistically — as a stress-free boundary. 
(No crack-tip element is needed as the output of interest is far from the crack.) The output s°(fj.) 
is given by s°(/i) = £(u0(p)), where t?(v) = f°(v); we are thus "in compliance." (For the damped 
example of Section 4 we suitably complexify our field variable and space and replace E^u with 
a very simple "hysteretic" Kelvin model [4] Eijke(l + v73!^); here dm is a material damping 
constant.) 

We now map Q°(z, L) via a continuous piecewise-affine transformation to a fixed domain Cl. 
This new problem can now be cast precisely in the desired abstract form of Section 2, in which 
Cl, X, and (w, v) are independent of the parameter /z: as required, all parameter dependence now 
enters through the bilinear and linear forms. Furthermore, it is readily demonstrated that our 
affine assumption applies for Q = 10; the Qg{n) are of the form A^jMJ^M^) for exponents yi = 0 
or 1, y2 = -1,0, or 1, and t/3 = -1,0, or 1. See   [21] for detail of the Qq{fi), aq(w,v), l<q<Q, 



and the "bound conditioner" (•,•). 
We shall consider two different models. In Model I, relevant to the Assess stage, we consider 

the parameter domain V1 = [3.2,4.8] x VZ'L, where VZ'L = [0.9,1.1] x [0.15,0.25]. Note that V1 

does not contain any resonances, and hence ß(p) is bounded away from zero; however, w2 = 3.2 
and u>2 = 4.8 are quite close to corresponding natural frequencies, and hence the problem is 
distinctly non-coercive. In Model II, relevant to the Act stage, we consider the parameter domain 
Vn = [oß = 0] x VZ>L, where — as in Model I — VZ<L = [0.9,1.1] x [0.15,0.25]. Note that Model II 
is essentially steady linear elasticity and thus the problem is coercive and relatively easy; we shall 
hence focus our attention on Model I. 

We first present basic numerical results. For our reduced-basis spaces we pursue the optimal 
sampling strategy described in Section 4 for N*^ = 32 (Model I) and iV^L = 6 (Model II); for our 
inf-sup lower bound samples we choose e = 1/5 which yields J1 = 84 and Jn = 1. We present in 
Table 1 Ajvimax,rel, w.ave, A^max, and rjsNave as a function of N = N1 for Model I. Here A^m«,»! is 
the maximum over ETest of Aw(/z)/||ujvmax(/z)||max, 7?jv,ave is the average over HTest of AN(ß)/\\u(ß)- 
uN(fi)\\, A 7V,max,rel is the maximum over HTest of A^(/i)/|sj\rmax(/i)|max, and 7?^ave is the average 

over HTest of As
N(ß)/\s(fj,) - sN{p)\. Here HTest € (X»1)343 is a random parameter sample of size 343, 

Il«;w0u)llmax = max^ETeJkAWxMII = 2.0775, and IsjwMlmax = max^s^ \sNm^(fx)\ = 
0.089966. We observe that the RB approximation converges very rapidly, and that our rigorous 
error bounds are in fact quite sharp. The effectivities are not quite 0(1) primarily due to the 
relatively crude inf-sup lower bound. (Thanks to the rapid convergence of RB approximations, 
O(10) effectivities do not significantly (adversely) affect efficiency.) 

N ^A^maXjrel VN,a.ve A« 
7V\max,rel VN,ave 

10 6.19E-01 13.11 8.40E-01 22.50 

15 5.76E-02 13.44 4.74E-03 17.22 

20 1.58E-02 13.22 4.50E-04 15.44 

25 5.69E-03 12.57 4.47E-05 14.50 
30 1.32E-03 12.47 2.95E-06 14.27 

Table 1: Numerical results for Model I. 

Turning now to computational'efforr(agäint^ any given \i 
(say, 4.0,1.0,0.2) — for which the error in the reduced-basis output s^{p) relative to the truth 
(approximation) s(/x) is certifiably less than A^(/i) (say, 2.38x 10-7) — the Online Time to compute 
both SN(IJ) and Ajy(/z) is less than 1/330 times the Time to directly calculate s(/z) = £{U(IJ,)). 

Clearly, the savings will be even larger for problems with more complex geometry and solution 
structure in particular in three space dimensions. Nevertheless, even for our current very modest 
example, the computational economies are very significant. 

We now consider an Assess-Act scenario that illustrates the new capabilities enabled by rapid 
certified input-output evaluation [1]. We first consider the Assess stage (based on Model I): given 
experimental measurements in the form of intervals [s(a;|, z*,L*)(l - eexp), s(w2, z*, L*)(l + eexp)], 
1 < k < K, we wish to determine a region H G VZ>L in which the true but unknown crack 
parameters, (z*, L*), must reside. We first introduce s^{n) = SN{H) ± A^(/i), and recall that — 
thanks to our bound theorem (2) — s(ß) £ [s^(/i), s^(/i)]. We may then define 

K = {(z, L) G VZ'L | [sütä z, L), a+(u& z, L)\ n [s(wg, z*, V) 

(1 - eeXp), s{wl z\ V){\ + eexp)] ^0,l<fc<i^}; 



clearly, we have accommodated both numerical and experimental error and uncertainty (within 
our model assumptions), and hence (z*,L*) G ft. 

In Figure 1(b) we present ft for K = 2 and (wf = 3.2, wf = 4.8) for eexp = 0.5%, 1%, 5%. 
(In actual practice, we first find one point in ft; we then conduct a binary chop at different 
angles to map out the boundary of ft.) As expected, as eexp decreases, ft shrinks towards the 
exact (synthetic) value, z* = 1.05, L* = 0.17. More importantly, for any finite eexp, ft rigorously 
captures the uncertainty in our assessment of the crack parameters without a priori regularization 
hypotheses [7]. The crucial new ingredient is reliable fast evaluations that permit us to conduct 
a much more extensive search over parameter space; for a given eexp, ft may be generated online 
in less than 51 seconds on a Pentium 1.6 GHz laptop. Our search over possible crack parameters 
will certainly never be truly exhaustive, and hence there may be small undiscovered "pockets of 
possibility" in DZ'L; however, we have clearly reduced the uncertainty relative to more conventional 
approaches. (Of course, our procedure can also only characterize cracks within the specified low- 
dimensional parametrization; however, more general null hypotheses can be constructed to detect 
model deviation.) 

Finally, we consider the Act stage (based on Model II). We presume here that the component 
must withstand an in-service steady force (normalized to unity) such that the deflection s(0, z*, L*) 
in the "next mission" does not exceed a specified value smax. Of course, in practice, we will not 
be privy to (z*,L*). To address this difficulty we first define s£ = max^iL)67es^(0, z,L), where 
s%(0,z,L) = sN(0,z,L) + As

N{0,z,L); our corresponding "go/no-go" criterion is then given by 
s^, < «max- It is readily observed that s^ rigorously accommodates both experimental (crack) 
and numerical uncertainty — s(0, z*,L*) < s£ — and that the associated go/no-go discriminator 
is hence fail-safe. Furthermore, as eexp tends to zero and N1 and AT11 increase, s\ will tend to 
s(0,z*,L*); indeed, for eexp = l%andiV! = 25, Nu = 6, [s+-s{0,z*,L*)]/\s(0,z*,L*)\ = 4.73B-05. 
In summary, in real-time, we can both Assess the current state of the crack and subsequently Act 
to ensure the safety (or optimality) of the next "sortie." 

6   Incompressible Navier-Stokes Equations 
To illustrate the difficulties that arise in the treatment of nonlinear problems we consider a 

particular example [34]: the steady incompressible Navier-Stokes equations — Pr(andtl) = 0 natural 
convection in an enclosure [29, 32]. •. •• 
- 'Our formulation1 of Section'-^ is'stia'applicable'(cxcept^a is no longdr ;biIineaf);P^ = Gr;~ : 

Grashof number; V = [1.0,1.0E5]; U%H) = (uf(/i),u§(/i)) is the velocity field; fl = [0,4] x [0,1]; 
Xe = {(i^(Q))2 | V-v = 0};(w,v) = JnWijVij; a(w,v) = a0{w,v) + lai{w,w,v), wherea0(w,v) = 
fn WijVij and a,\{w, z,v) = - fQ(wiZj+WjZi)vitj are the viscous and convective terms, respectively; 
f(v;n) = nfo(v) = (ifn (l - \xi) v2 is the buoyancy contribution; and £(v) = 2/ro vi(x)dx2 (for 
T0 = {xi = 2,^2 e [0.5; 1]}) measures the flowrate. (Note that the pressure does not appear 
explicitly since we pose the problem over divergence-free velocity fields.) 

We next introduce X, a reference finite element approximation space. Our reference (or "truth") 
finite element approximation U(/J.) G X is then defined by a{u(fi),v) = f(v;/j,), Vz; G X. As before, 
u(ß) is a surrogate for ue(/i) upon which we build our RB approximation, and relative to which we 
measure our RB error. Here X is the space (of dimension Af — 2,786) of discretely divergence-free 
functions associated with a classical Taylor-Hood P2 - Pi finite element approximation [9]. (For 
future reference, we also define X, the full Taylor-Hood velocity space.) 

The derivative of a plays a central role: here da(w,v;z) = a0(w,v) + ai(w,z,v) satisfies 
a{z + w,v) = a(z,v) + da(w,v;z) + ^ai(w,w,v). It is readily shown [34] that da(w,v;z) < 
7(z)|M|||tf|| for 7(z) = 1 + p2\\z\\; here p = y/2swpv^ |MU«(n)/IMI is a Sobolev embedding 



constant [33], and |M|LP(n) = (fQ(wiwi)
p/2)1/p. We shall further assume [34] — and verify a poste- 

riori — that {ii(/i) | n G V} is a nonsingular (isolated) solution branch: ß(u(p)) > ßo > 0, V/i G £>, 
where ß(z) = inf^gx sup„ex da(w, v; z)/||u>||||u|| is the "if-sup parameter relevant to our nonlinear 
problem. Numerical simulations [29, 32] demonstrate that the flow smoothly evolves from a single- 
cell structure for the lower Gr in V to an inertia-dominated three-cell structure for the higher Gr 
in V. 

We may directly apply the RB formulation of Section 3 to the incompressible Navier-Stokes 
equations [12, 24, 34]. The most significant new issue is (efficient) calculation of the nonlinear 
terms. We consider the inner Newton update: given a current iterate ü/V(M) = En=i^Wn(/-0Cn) 
we must find an increment 6UN G WN such that da{5uN,v;v,^) — R(v;fj,), V» € WM\ here 
R{v;p) = f{v;n) - a(ux(iJ,),v), VD G X is the residual. The associated algebraic equations are 
thus 

N N _ 
E {ao(Cj,Ci)+ E "Wn(/^)al(C.j,Cn,C^)}<^;Vj 

.j=l n=\ 

N N _ 
= Mb) - E WCnCO + 5 E üjv„(/z)ai(Cj,Cn,Ci) WJ(M), Vi G N, 

j=l n=l 

where we recall that f(v; /x) = p,fo(v) and /i = Gr. 
We can directly apply the offline-online procedure described in Section 3 for linear problems, 

except now we must perform summations both over the affine parameter dependence (rather trivial 
here) and over the reduced-basis coefficients (of the current Newton iterate, ü/v(^)). In the online 
stage — for given new /i — at each Newton iteration üN(^) —* öUN we first assemble the right-hand 
side (residual) — at cost 0(N3); we then form and invert the left-hand side (Jacobian) ■— at cost 
0(N3). The complexity of the online stage is independent of M: furthermore, for our quadratic 
nonlinearity, there is little increased cost relative to the linear case. Unfortunately, for a pth-order 
nonlinearity, the online cost for the residual assembly and Jacobian formation will scale as 0(NP+1), 
and thus standard Galerkin projections are viable only for p = 2 or at most p = 3 [36]. Fortunately, 
for larger p and non-polynomial nonlinearities — and for non-affine parameter dependence [5] — 
quite effective collocation-like alternatives are available. 

Turning now to a posteriori error estimation, we first "presume" I5N{H), a (to-be-construrted) 
positive lower bound for the inf-sup. ^w^^i^ßN^ ^ßXv^U^))},ß^[l^, ^.ÄvOA^^tX/2 %p-. 
We next recall the dual norm ofThe fesicluäi, e^(^ Tfr(ß)'"= 
2p2£N(ß)/ß%(p), where p is our L4(Q,)-X embedding constant. Finally, we define N*(fi) such that 
Tff(n) < 1 for N > N*(n); we require N*(n) < Nmax, V/iSD. (The latter is a condition on Nmax 

that reflects both the convergence rate of the RB approximation and the quality of our inf-sup 
lower bound.) 

We may now define our error estimator: for N > N*(fi), A^(/x) = (jÖAr(/i)//o2)(l- y/l -TJV(/X)); 

note that, as £AT(A
(
) —> 0, Aw(/i) tends to the "linear case" EN(H)/(3N(V)- Our main result is 

then: given any \i G V, for all N > N*(ß), there exists a unique (truth approximation) solution 
u((i) G X in the ball B(uN(iJ,),ßN(n)/p2) = {z G X\ \\z - uN(fi)\\ < ßN(fi)/p2}; furthermore, 
\\u(p) - UN(A*)II < A#(/z). The proof [34, 35] is a slight specialization of the abstract "Brezzi- 
Rappaz-Raviart" result [6, 11]; we can further provide several corollaries related to (i) the well- 
posedness of the truth approximation, and (ii) the effectivity of our error bound [34]. (We may 
also develop bounds for the output of interest [34].) 

The real challenge, is computational: how can we compute e^(/j), p, and /3;V(A0? (Note that, 
armed with these quantities, we can evaluate TN{P) and hence verify N > N*(p).) The reduced- 
basis context is in fact a rare opportunity to render the Brezzi-Rappaz-Raviart theory completely 
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quantitative. To begin, we consider £jv(/x): as f°r the linear case, we invoke duality, our reduced- 
basis expansion, the affine parameter dependence of a (and /), and linear superposition to express 

N N 
e%(n) = p?(C,C) + £ ujvnfo) {2/i(C,£n) + X  uNn,{p) {2fi(C, Qnn>) + (£„,£„,) 

n=\ n'=l 
N N 

+   X    UNn"{fl){2(Cn,Qn'n")+   X    UN n"> (M) (onn', Qn"n>") } } } ,    (4) 
n"=l n'"=l 

where (C,v) = /(«), V v € X, (Ai,w) = -oo(Cn,«), VD £ I, Vn E N, and (Qnn'.v) = 
-|ai(Cn,Cn'iV), Vt) G X, V(n,n') £ N2; the latter are again simple (vector) Poisson problems. 

We can now readily adapt the offline-online procedure developed in the linear case [34, 35]. In 
the online stage — for each new p — we perform the sum (4) in terms of the pre-formed and stored 
inner products (for example, {Qnn>, Qn"n'"), 1 < n, n', n", n'" < N) and the RB coefficients ujvnO*). 
1 < n < N —• at cost 0(N4). Although the N4 scaling, which arises due to the trilinear term in 
the residual, is certainly unpleasant, the error bound is calculated only once: in actual practice, the 
additional online cost attributable to the dual norm of the residual is not too large. Unfortunately, 
for a pth-order nonlinearity, the online evaluation of e^iß) scales as 0(N2p), and our approach 
is thus viable only for p = 2. Fortunately, for larger p and non-polynomial nonlinearities — and 
for non-affine parameter dependence [5] — collocation-like alternatives are available; however, in 
general, there will be some loss of rigor. 

We next turn to the calculation of p. The critical observation is that p is the supremum of a 
"Rayleigh-quotient." Thus p is related to the smallest multiplier of an associated Euler-Lagrange 
nonlinear eigenproblem [33]: (A,^) e (M+,-X;) satisfies {ij),v) — 2A2Jn$,-$jV'iVt, VvGl, for 
IMli4m) = *■' *^e gro^d state is denoted (Amin,^min), and p = A~Jn. In practice, it may be 
difficult to isolate the ground state; we thus consider a homotopy procedure. 

Towards that end, we first introduce a parametrized generalization of the Euler-Lagrange equa- 
tion: given a € [0,1], (A(a),^(a)) G (K+,A") satisfies (tp,v) = 2X2(a)[aJni)j{a)tpj(a)ipi(a)vi + 
(1 - a)fatpi(a)vi], \/v G X, for normalization a||^(a)||£4 + (1 - a)||V>(a)ll|2 = 1; the ground state 
is denoted (Amin(o;), ipm\n(a)), and p = A~Jn(l). We may now apply standard Newton continuation 
methods to proceed from the known ground state at a = 0 — (Amjn(0), iZ'min(O)) is thr lowest 
ftigenpair of a simple;.(vector) "l>.pl».cia.n" linear, ejgenprqhlern..— to .the.groiind state of interest 
at a = 1; for sufficiently small increments in ä, wewfll remain on the desired (lowest-energy) 
branch. For our particular domain, we find (offline) p = 0.4416; since p is /i-independent, no online 
computation is required. 

Finally, as regards the inf-sup lower bound, PN(P), we may directly apply appropriate exten- 
sions [21, 34] of the procedure developed in Section 5. The nonlinear case does present a new 
difficulty: the parameter dependence of the (linearized) operator is now induced by the reduced- 
basis solution UN(P) — in our case, through the ai(w, UN{P), V) term -— and hence is not known a 
priori. Fortunately, since upf(ß) —> u{p) we may develop a "universal" lower bound for sufficiently 
large N; the complications are thus largely practical in nature. (For our particular problem, J = 34 
— the sample is relatively small despite the rather large range in Grashof.) 

We conclude with a brief discussion of the adaptive sampling procedure introduced in Section 
4. In the nonlinear case a similar procedure may be pursued, but with two important differences. 
First, as already indicated, PN{/J~) and hence J3N{P) will now depend on the reduced-basis solution 
UN(P); furthermore, ßx{p) will only be meaningful for larger N. Thus in the sample construction 
stage we must replace $N(P) in Ajv(/z) with a simple but relevant surrogate — for example, a 
piecewise-constant (over V) approximation to ß(u(p)). Second, in the nonlinear context our error 
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Gr = l.OEl Gr = 8.5E4 

N TN AjV, rel w TN Ayv, rel VN 
3 2.0 E-2 5.0 E-2 1.0 CO * * 

6 1.2 E-2 3.0 E-2 1.0 2.8 E+l * * 

9 4.4 E-3 1.1 E-2 1.0 5.2 E-l 1.5 E-4 14.1 
12 2.7 E-6 6.8 E-6 1.0 5.8 E-l 1.7 E-4 20.5 
15 3.0 E-7 7.6 E-7 1.0 1.9 E-2 4.6 E-6 17.6 

Table 2: Error bounds and effectivities for Gr = l.OEl and Gr = 8.5E4. 

bound is conditional — a small solution to the error equation is only assured if TN((I) < 1. Thus 
the greedy procedure must first select on argmaxM6Hj? T/V(M) — until T

N(P) < 1) V/x £ EF ■— and 
only subsequently select on argmax^F A^(/i); the resulting sample will ensure rapid convergence 
to a certifiably accurate solution. 

In Table 2 we present A^reiM = AN(iJ,)/\\uNmax{fj,)\\ and r]N(fj,) = AN{n)/ 
\\u(fi) -UN{V)\\ as a function of AT for \i — Gr = l.OEl (single-roll) and \i = Gr = 8.5E4 (three-roll). 
The "*" indicates that N < N*((i) — TJV(M) > 1: no error bound is available. For Gr = l.OEl, we 
find N*(/J,) = 1, and hence we obtain error bounds for all N; the error bound tends to zero very 
rapidly; and the effectivity is 0(1) [21, 34]. For Gr = 8.5E4, we find N*(ß) = 9, and hence we 
obtain error bounds only for rather accurate approximations; however, the error bound still tends 
to zero rapidly with TV — our samples 5^* are constructed to provide uniform convergence; and the 
effectivity is still quite good. It is perhaps surprising that the Brezzi-Rappaz-Raviart theory — not 
really designed for quantitative service — indeed yields such sharp results; in fact, as ew(/i) —> 0, 
the cruder bounds — in particular, p — no longer play a role. 

Finally, we note that the online cost (on a Pentium® M 1.6GHz processor) to predict SN{(J) 

and AJV(M) (and a bound for the error in the output, As
N(fi) [34]) is typically 10ms and 90ms, 

respectively — compared to order minutes for direct finite element calculation of s(n) = £(u(fj,)). 

7  Parabolic Equations 
We consider here the extension of the RB methods and associated a posteriori error estimators 

described in Sections 1-4 to parabolic PDEs — in particular, the heat equation; we shall "simply" 
liaixc time ab au adciiüönai]''älbcit^ tö model 
reduction for initial-value problems: POD methods [31]; balanced-truncation techniques [20]; and 
even reduced-basis approaches [26]. However, in general, these frameworks do not accommodate 
parametric variation (or, typically, rigorous a posteriori error estimation).) For simplicity, we 
directly consider a if-level time-discrete framework (corresponding to Euler Backward discretization 
— we can also readily treat higher-order schemes such as Crank-Nicolson) associated to the time 
interval [0,t/]: we define T = {t°,...,tK}, where tk = kAt, 0 < k < K, and At = tf/K; for 
notational convenience, we also introduce K = {1,... ,K}. (Clearly, our results must be stable as 
At->0, K-+oo.) 

Given /iePc Rp, we evaluate the (here, single) output s(n,tk) — £(u(fj,,tk)), Vfc e K, where 
U(/J,, tk) e X, V k G K, satisfies 

Arlm{u{ii,tk) - «(/i,**-1),«) + a(u(ß,tk),v,ß) = b(tk)f(v),    VveX, (5) 

with initial condition (say) u(fi,t°) = 0. Here /z and V are the input and input domain; u(/j,,tk), 
Vfc G K, is our field variable; X C Xe is our truth approximation subspace for Xe (and (•,•), 
|| • ||) defined in Section 2; a(-, -\ß) and m(-, •) are Xe-continuous and L2(f2)-continuous symmetric 

;■ ^ÄÄr»'ir»^ra JBTT*. 
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bilinear forms, respectively; /(•), £(■) are L2(fi)-continuous linear forms; and b(tk) is the (here, 
single) "control" input at time tk. 

We shall make the following assumptions. First, we require that a and m are independent of time 
— the system is thus linear time-invariant (LTI). Second, we assume that a and m are coercive: 
0 < a0 < a{n) = mfveXMv,v;n)/\\v\\2} and 0 < a0 < a(fi) = inf^z^M^VIMI2^]. 

Third, we assume that a depends affinely on /x: a(w, v; fi) = Y%=i ©9
(A0 cfl{w, v) for q = 1,..., Q 

parameter-dependent functions Qq{ß) : V —> R and parameter-independent continuous bilinear 
forms aq(w,v). (For simplicity, we assume that m, /, and t are parameter-independent.) 

To ensure rapid convergence of the reduced-basis output approximation we shall need a dual (or 
adjoint) problem which shall evolve backward in time. Invoking the LTI property, we can express 
the adjoint for the output at time tL, 1 < L < K, as ipL{ß,tk) = ^(ß,tK-L+k), 1 < fc < L; here 
tf(Mfc) G X, Vfc G K, satisfies At^mC«, ¥(/*,**) - *(/i,ifc+1)) + a(w,*(/x,ffc);/x) = 0, VtiGl, 
with final condition m(v, *(/x, tK+1)) = £{v), VtiGl. 

We now introduce the nested samples S$r = {ß^T,...,ß^r},l< NpI < Npitmax, and Sffdu = 

{ßfu,... ,ßj? }, 1 < Ndu < Ndu,max, where ß = (/x,tfc) C V = V x T. Note the samples must now 
reside in the parameter-time space D; we also introduce separate (and different) samples for the 
primal and dual problems. We then define the associated nested RB spaces W^ r = span{£nr = 

u(ßW = (Mn,*fcn)pr), 1 < « < Wpr}, 1 < iVpr < Wpr.max, and W$a = span{C*u = V(An" = 
(/in,ifcn)du), 1 < n < iVdu}, 1 < Ndu < ATdU]inax. Note that for the primal basis we choose — as 
justified by the LTI hypothesis — an impulse input, b(tk) = 5ik, V k G K. 

Our RB approximation is then: given fi G V, evaluate SN(n,tk) — £(uN(fi,tk)) 
+ T,kk^iRpi^N(ß,tK-k+k');(i,tk') At, Vfc G K, where (pr) uN(ß,tk) G W#pr, V fc G K, satis- 
fies At-1m(uN(n,tk)-uN{fj,,tk-1),v) + a{uN{fj,,tk),v;ii) = b(tk) f(v), 
VuG W%\, with initial condition uN(ß,t°) = 0, and (du) #jvOMfe) G W]gu, V fc G K, sat- 
isfies At-xm(v,^N{n,tk) - <2N(iJi,tk+1)) + a{v,VN{n,tk);n) = 0,V»e Wjfc^ with final con- 
dition m(v,*ff(jt,t

K+1)) = l(v), V»e Wjfcu. Here, V fc G K, BPr(v;(M,tk) = b(tk) f(v) - 
(At'lm{uN{ß,tk) -unUi,tk~l),v) + a(uN(ß,tk),v;n)), Vu G X, is the primal residual. 

The offline-online computational procedure is similar to the elliptic case of Section 3 but with 
the added complexity of the dual problem and the time dependence. In the online stage, we first 
fl,"S"jr'bls .thcircqu.i.F.'ts,RB "stiffccss" prices--- at cßst 0{{N^M^aMp^d^Q)l^^^:^Sr 
the primal and dual problems — at cost 0{N^T + iV|u + K(N^T + iV|u)); and finally we evaluate 
the RB output approximation sN(n;tk), Vfc G K — at cost 0(KNpiNdu). The online complexity 
is thus independent of ftf, and in fact not too sensitive (for our LTI system) to K. 

We now turn to o posteriori error estimation. We stress that the development of the error 
bounds is in no way limited to the RB approximation described here: we may consider "any" 
stable ODE or PDE system and any reduced-order model. To begin, we assume that we are given 
ä(n) : V —> R+ — a positive lower bound for the coercivity constant, a(/z) : a(/i) > ä(/u) > äo > 0, 
V/z G V. In our symmetric case a(/i) = ß{p) and thus ä(/i) can be constructed according to Section 
4; in fact, thanks to coercivity, much simpler procedures typically suffice [27]. We next recall the 
dual norm of the primal and dual residuals: Vfc G K, e%pr((i,t

k) = s\xpveX[Rpi(v;n,tk)/\\v\\] and 

£&>,<*) = sup^jrl/ffcfaAi^VIMI], where Vfc G K,'Rd»(v;n,tk) = -(Ar^'M/M*) 
- \Erw(/i,ifc+1)) + a(v, *//(/i,tfc);/x)), Vi)£l. Finally, we introduce the "spatio-temporal" energy 
norm, ||K/i,ffc)|||2 = m(v(ß,tk),v(ß,tk)) + ££,=1 Ai a(v(ß,tk')Mß,tk')^l Vu G X. 

We may now define our error estimators: Vfc G K, V/u G V, A^ r{p,tk) = ä_2(/i)(At£fc'=i 
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Figure 2: One "cell" of the heat shield. 

^pr(M
fe')2)5; A^>,*fc) = a-i(M)(A« £LA(Mfe')2)*;and 

As(Mfc) = A£>,ffc) A^du(M)^-fc+1). (6) 

We can then readily demonstrate that \\\u(n,tk)-uN(ß,tk)\\\ < A^pr(/i,f
fc) and \s{n,tk)-sN(fi,tk)\ 

< As{n,tk), Vfc G K, V/i G £>, ViVpr e Npriinax, V ATdu G Ndu,max — we obtain rigorous (and, as we 
shall see, rather sharp) upper bounds for the primal error, dual error, and output error. (Note that 
our particular form (6) assumes that V(n,tK+1) — here, //-independent — is a member of W$ju; 
this requirement is readily relaxed.) 

The offline-online procedure for the computation of As(/i,ffc), V& G K — in particular, for the 
calculation of the requisite primal and dual residual norms — is similar to the elliptic case of Section 
4 but with the added complexity of the dual problem and the time dependence. In particular, in the 
online stage — for any given new \i — we evaluate the e^pr (/x, tkf and e^u (//, tkf sums in terms of 

69(/i), uNn(fi, tk), *jv„'(/i, tk') and the precomputed inner products — at cost 0{K(N$T+NJu)Q
2). 

Thus, all online calculations are indeed independent of Af. 
We now turn to a particular numerical example. We consider the design of a heat shield (one 

cell of which is shown in Figure 2): the left boundary d£l0ut is exposed to a temperature unity 
and Biot number Biout "source" for t G [0,t/]; the right boundary as well as the top and bottom 
(symmetry) boundaries are insulated; and the internal boundaries dClm — corresponding to three 
square cooing rhs.r<-;.'.£■: -^.aie exposed ±oa -temperature zero and Bint number Bim-"sink.",.:Qur 
input parameter is hence p = (M(I),A*(2)) = (Bi0ut,Biin) G V = [0.01,0.5] x [0.001,0.1]; our output 
is the average temperature of the structure — a surrogate for the maximum temperature of the 
(to-be-protected) right boundary for t G [0, oo[. 

The underlying PDE is the heat equation. The (appropriately non-dimensionalized) govern- 
ing equation for the temperature u(ß,tk) G X is thus (5), where X is a linear finite element 
truth approximation subspace (of dimension (exploiting symmetry) Af = 1,396) of Xe = H1^); 
a(w,v;tx) = /n VIü-VW+A*(I) JQout wv+ß(2) fü.mwv; m(w,v) = JQwv; /(v;/z) = /x(1) /„^ v, which 
is now (affinely) parameter-dependent; b(tk) = 1, Vfc G K; and (w, v) = Jn Vw-Vv+OM /ffimtwi)+ 
0.001 JdQ. wv — hence we may choose ä(/i) = 1.  The output is given by s(p,tk) - t(u(p,tk)), 

where t(v) = \Sl\~1 Jn v. 
We now present numerical results. Our "optimal" primal and dual samples are constructed 

(separately) by procedures similar to the greedy approach described for the elliptic case in Section 
4: at each step (say, for the primal) we select the parameter value /x* for which A^pt(fi,t

K) is 
maximized; we then select the time tk* for which e% T(ß*,tk) is maximized. In Table 3 we present, 
as a function of NpT (= Nda), Aj^,, jfr, A^,, and 77s: A^, is the maximum over HTest of 
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Wpr Apr     , max.rel 7p As       , max,rel Vs 

4 1.6E-00 5.44 1.6E-00 95.63 
8 6.3E-02 1.55 6.7E-03 30.92 

12 1.0E-02 1.03 2.6E-04 8.43 
16 3.2E-03 1.02 1.5E-05 11.45 
20 8.8E-04 1.01 1.1E-06 17.43 

Table 3: Convergence results for the heat equation. 

A£pr(M
K)/||M/iu,**)|||, VpT is the average over STest xT of A^pi{p,tk)/\\\u{fi,tk)-uN{n,tk)\\\, 

As
mgxiel is the maximum over STest of As

N(fj,,t
K)/\sN(ßs,t

K)\, and rjs is the average over HTest of 
Aa

N(ii, i„(/i))/|s(/x, tn{n)) - sN{ß, tv{ß))\. Here HTest e (V)400 is a random input sample of size 400; 
ßu = axgmaxßeETest\\\uNmax(ß,tK)\\\, H, = argmax^gETest |s/vmax(M*)l (note the output grows 
with time), and t^p) = argmaxt»=6T|s(/i,tfc) - s/v(^,ifc)|. 

Finally, we note that the calculation of sN(fi,tk) and As
N(ß,tk), V k € K, is (say, for ^pr = 

JVdu = 12) roughly 40x faster than direct calculation of the truth approximation output s(fi,tk) = 
e(u(n,tk)), Vfc € K. We may thus work with sN{fi,tk) + As

N(fi,t
k) as a certifiably conservative 

(upper bound) and accurate surrogate for the average temperature s(n,tk) in truly interactive 
design exercises. 
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Toward Real-Time and On-Line PDE-Constrained Optimization, Santa Fe, NM. 

• M.A. Grepl and A.T. Patera. June 2004. Reduced-Basis Approximation of Parametrized 
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formulations benefited from the participation of Professor D Bertsimas and Mr K-M Teo (both 
of MIT). Dr D Backman and Dr D Wei (both of GE) were also crucial in helping us understand 
certain important application contexts. 

10 Publications Resulting from this Research 
The following papers have resulted directly from this research: 

s *T C.• Nguyen^K:WVer<^rand-AtT^atera,, Certified "rsal-time solution.^parametrized^parJial 
differential equations, in Handbook of Materials Modeling, Kluwer Academic Publishing, 
2004. To appear. 

• K. Veroy and A.T. Patera. Certified real-time solution of the parametrized steady incompress- 
ible Navier-Stokes equation; Rigerous reduced-basis a posteriori error bounds, International 
Journal for Numerical Methods in Fluids, 2004. To appear. 

• M.A. Grepl and A.T. Patera, A posteriori error bounds for reduced-basis approximaiton of 
parameterized parabolic partial differential equations, M2AN (Math. Mod. Numer. Anal.), 
2004. To appear. 

• M.A. Grepl, N.C. Nguyen, K. Veroy, A.T. Patera, and G.R. Liu, Certified Rapid Solution of 
Parametrized Partial Differential Equations for Real-Time applications. Proceedings of the 
2nd Sandia Workshop of PDE-Constrained Optimization: Towards Real-Time and On-Line 
PDE-Constrained Optimization, SIAM Computational Science and Engineering Book Series. 
Submitted 2004. 
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Project 3 — Computing Bounds for Functional Output of Solutions of PDE's 

Project 3(a): 

Computing Bounds for Functional Output of Solutions of PDE's 

Investigator:    Jaime Peraire 
Department of Aeronautics and Astronautics 
Room 37-451 
Massachusetts Institute of Technology 
Cambridge, MA 02139 

Background: Exact Bounds and Certificates 
Existing techniques for approximating the solutions of PDE's rely on the experience of the user 

to estimate a-priori the size of the discretization required to resolve the various problem features. 
Failure to appropriately do so, may result in results which are either too expensive to obtain or, 
worse yet, uncertain. Modern a-posteriori and mesh adaptivity methods have the potential to 
alleviate this problem, but not to eliminate it completely, i.e. a saturation hypothesis needs to be 
made that can not be verified a-priori. 

For a number of years we have been engaged in the development of techniques for computing 
strict bounds for functional outputs of the exact solution of partial differential equations. Our 
approach draws on previous work on a-posterior error estimation and complementary energy ideas 
well known in the mechanics community. We have generalized the previous work in a number of 
ways. Relative to existing a-posteriori error estimation techniques, our approach delivers bounds 
with respect to the exact solution of the PDE as opposed to just an estimate of the computed error. 
Relative to the complementary energy methods, which are only capable of delivering bounds for 
the energy in problems for which a variational principle exists, we are able to handle general linear 
outputs, some non-linear outputs, and some non-symmetric problems both linear and non-linear 
for which variational principles may not exist. ^    -   i. 

The 8t»rtir?Pr point for o"T bounds .procedure-is ,^;fin£t££l^ 
and to the output dependent adjoint solution. These approximations are then post-processed to 
yield the so called inter-element hybrid fluxes. The hybrid fluxes are then used as data for the 
computation of locally equilibrated stress fields. The final expression for the bounds is obtained 
by calculating appropriate norms of the stress fields. It is shown that the computed bounds are 
uniformly valid regardless of the size of the underlying coarse discretization, but as expected, their 
sharpness depends on the accuracy of the approximated solutions. A mesh adaptive procedure has 
also been developed which can be used to determine the bounds to a preset level of accuracy. 

An attractive feature of our approach is that the piecewise polynomial equilibrated stress-like 
fields, which are computed as part of the bound process, can be used as certificates to guarantee 
the correctness of the computed bounds. It turns out that given a stress field, it is easy to check 
whether this field corresponds to a valid certificate, and in the affirmative case, it is straightforward 
to determine the value of the output that it can certify. In particular, the stress fields need to satisfy 
continuity of normal tractions across elements, and membership of an appropriate space. 

The idea of a certificate that is computed simultaneously with the solution has many attractive 
features. In particular, a certificate consisting of the data set necessary to describe the piecewise 
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polynomial stress-like fields could be used to document the computed results. We note that exer- 
cising the certificate does not require access to the code used to compute it, and can be done with 
a simple algorithm which does not require solving a system of equations. A very important point 
is that, if a certificate meets all the necessary conditions, which in turn are easy to verify, then, 
there is no need to certify the code used to compute it. In practice, the size of these certificates 
depends on the required level of certainty. As expected, we shall find that high levels of certainty, 
i.e. small bound gaps, will often require longer certificates (larger data sets) than those required 
to certify less sharp claims. 

To date, we have been successful at developing algorithms for computing bounds for: 

- Linear Functional Outputs of the Convection-Diffusion-Reaction Equation 

- Linear Functional Outputs of the Linear Elasticity Equations 

- Energy Release Rates (J-Integral) in Linear Elasticity 

- Linear Functional Outputs for the Stokes Equation 

1   Particular Achievements 
The focus of this project has been the extension of our methodology to the computation of 

strict upper and lower bounds for for the collapse load in limit analysis. 
Limit analysis is relevant in many practical engineering areas such as the design of mechanical 

structures or the analysis of pressurized vessels. Whereas linear elastic analyses are typically used 
to determine the performance of the structure (usually characterized by deflections) under the 
so called service loads, limit analysis is used to determine the collapse load. Assuming a rigid, 
perfectly-plastic solid subject to a static load distribution, the problem of limit analysis consists of 
finding the minimum multiple of this load distribution that will cause the body to collapse. This 
collapse multiplier results from solving an infinite dimensional saddle point problem, where the 
internal work rate is maximized over an admissible set of stresses -defined by a yield condition- and 
minimized over the linear space of kinematically admissible velocities for which the external work 
rate equals the unity. When strong duality is applied to this saddle point problem, the well-known 
crrver (and .equivalent).atati.c andJänematic principles„of limit analysis arise .„In this,project, an, 
efficient procedure to compute strict upper and lower bounds for the exact collapse multiplier has 
been developed, with a formulation that explicitly considers the exact convex yield condition. The 
approach consists of two main steps. First, the continuous problem, under the form of the static 
principle, is discretized twice (one per bound) by means of different combinations of finite element 
spaces for the stresses and velocities. For each discretization, the interpolation spaces are chosen so 
that the attainment of an upper or a lower bound is guaranteed. The second step consists of solving 
the resulting discrete nonlinear optimization problems. Towards this end, they are reformulated into 
the canonical form of Second-order Cone Programs, which allows for the use of primal-dual interior 
point methods that optimally exploit the convexity and duality properties of the limit analysis 
model and guarantee global convergence to the optimal solutions. To exploit the fact that collapse 
mechanisms are typically highly localized, a novel method for adaptive meshing is introduced based 
on local bound gap measures and not on heuristic estimates. The method decomposes the total 
bound gap as the sum of positive elemental contributions from each element in the mesh, and 
refines only those elements which are responsible for the majority of the numerical error. Finally, 
stand-alone computational certificates that allow the bounds to be verified independently, without 
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recourse to the original computer program, are also provided. This removes the uncertainty about 
the reliability of the results, which frequently undermines the utility of computational simulations. 

1.1   Application Example 
For illustration purposes, we show two computations on the same geometry. One is carried out 

using a linear elastic model and the other one carried out using limit state analysis. The figure 
below shows a square thin plate with two rectangular cut-outs. The plate is loaded with a uniform 
traction on its boundary, and as a consequence, the material develops a strain induced stresses. 
Due to symmetry only one quarter of the plate is analyzed. 

Figure 1: Thin square plate with rectangular holes under a plane stress loading. 

1.1.1   Linear Elastic Analysis 
In this case, we are interested in the maximum displacement that the portion of the boundary 

r° would experience as a result of the loading. Therefore, our output of interest becomes the 
average horizontal displacement over T°. The figure below shows the sequence of adapted meshes 
automatically generated during this computation. The table shows the lower and upper bounds 
computed, s±, as well as the bound gap, A, as a function of the number of elements in the mesh. 
We point out that this bounds are strict with respect to the-analytical solution of the problem and 
that a certificate for these computationsI could be easily generated. •"■"— i.^'*rti-'"*'i',i-V^'V 

nei 108 222 433 811 1387 1966 2532 3069 3564 

A .1074 .1821 .1217 .0719 .0375 .0242 .0157 .0117 .0083 

S- 

.3695 

.2620 
.3894 
.2072 

.3688 

.2470 
.3508 
.2789 

.3375 

.2999 
.3339 
.3096 

.3292 

.3134 
.3282 
.3165 

.3262 

.3179 

Table 1: Computed bounds in a series of adaptively h-refined meshes. 

1.1.2   Limit Analysis 
Here, the problem is studied using the limit analysis theory. Given a yield criterion for the 

material (here the von Mises yield criterion has been used), we want to calculate the maximum 
load multiplier that can be applied to the plate before the plate collapses. The problem has been 
solved using the developed formulation and the SDP3T second order cone solver. It is worth noting 
that in this case the collapse mechanism consists of two localized shear bands which concentrate 
most of the deformation whereas the rest of the plate behaves very much like a rigid body. Below we 
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0.0188 
0.01651 
0.0141 [ 
0.01181 
0.00941 
0.00711 
0.00471 
0.00241 
o.ooool 

Figure 2: Sequence of adapted meshes for the average displacement output over T°. Number of 
elements: 108,165,280,405 and 538 

illustrate the computed results. The left figure shows the contours of equal horizontal displacement, 
the middle figure shows the contours of equal effective deformation, and the right figure shows the 
convergence of the upper and lower bounds for the load multiplier, as the grid is refined. 

rr-~. - :^1 lUE.-Xü.iJ. Jic^rau:*, .• -• ''.j^"^'ai»-SLtt'.",j. ,^ 

Figure 3: Contours of equal horizontal displacement, contours of equal effective deformation, and 
convergence of the upper and lower bounds for the load multiplier as the grid is refined. 

2 Personnel Supported 
The funds provided for this project were used to partially support H. Ciria during his S.M. 

degree. The title of his thesis is "Computation of Upper and Lower Bounds in Limit Analysis 
Using Second Order Cone Programming and Mesh Adaptivity" 

3 Interactions 
The work reported here involves numerous collaborations with other research groups as well as 

institutions. The idea of certification of computational results is of direct interest to the research 
group at Sandia National Laboratories with which we have a longstanding collaboration. The work 
developed under this project has been presented at conferences and meetings over the last year 
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and the initial feedback has been positive. At the personal level, we have interacted closely with 
Professors A.T. Patera and P. Parrilo from MIT, A. Huerta and N. Pares from UPC, Barcelona, J. 
Bonet from UC Swansea, and K.C. Toh from NUS. 

4   Publications Resulting from this Research 
The following papers have resulted directly from this research: 

• H. Ciria and J. Peraire, Computation of Upper and Lower Bounds in Limit State Analysis 
using Second-Order Cone Programming and Mesh Adpativity, presented at the 9th ASCE 
Speciality Conference on Probabilistic Mechanics and Structural Reliability, June 2004, Al- 
buquerque. 

• H. Ciria and J. Peraire, Upper and Lower Bounds in Limit State Analysis using a Second- 
Order Cone Programming Formulation, in preparation. 

• H. Ciria, J. Bonet and J. Peraire, Mesh Adaptive Algorithm for Limit State Analysis, in 
preparation 

The following papers are related to this research. They present rigorous upper and lower bound 
'algorithms for different classes of equations: 

• Sauer-Budge A.M., Bonet J., Huerta A., Peraire J., Computing bounds for linear functionals 
of exact weak solutions to Poisson's equation, SIAM Journal on Numerical Analysis, Vol 42, 
4, 1610-1630, 2004. 

• Sauer-Budge A.M., Peraire J., Computing bounds for linear functionals of exact weak solu- 
tions to the advection-diffusion-reaction equation, SIAM Journal on Scientific Computing, 
Vol 26, 2, 636-652, 2004. 

• Pares N., Bonet J., Huerta A., Peraire J. The computation of bounds for linear-functional 
outputs of weak solutions to the two-dimensional elasticity equations, submitted to Comp. 
Meths. Appl. Mech. Engr. 2004. 

e Xudzi Z.C., Lee-KrH:, Patera &:-3^1?er^reEJV;*^mputingi^^ 
J-integral in two-dimensional linear elasticity, SMA Symposium, January 2004. 

• Xuan Z.C., Pares N., Peraire J., Computing upper and lower bounds for energy release rates 
in linear elasticity, submitted to Comp. Meths. Appl. Mech. Engr., 2004. 

5  Future Work 
We feel that this research can be extended in a number of meaningful ways. In particular, we are 

looking into deformation-plasticity constitutive models which can be interpreted as a generalization 
of the linear elastic and limit analysis theories. To our knowledge, no methods have been proposed 
which are able to deliver bounds for these types of theories. 
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Project 3(b): 

Bounds on Functional Outputs and Semidefinite Programming2 

Investigator:    John C. Doyle 
Control and Dynamical System 107-81 
1200 E. California Blvd. 
California Institute of Technology 
Pasadena, CA 91125 

Our work in this area has concentrated on the algorithmic construction of Lyapunov-like func- 
tions that certify upper and lower bounds on functional outputs of PDEs. These functions are a 
generalization of barrier functions for ODEs [5], a framework that can be used to answer many 
analysis-type questions in systems theory, such as model invalidation based on data and hybrid 
system verification [6]. Apart from the problem of estimating functional outputs, we have also 
tackled the problem of assessing stability of steady-states of parabolic PDEs through the construc- 
tion of Lyapunov functions. Both results have shown that semidefinite programming in general and 
sum of squares in particular open new, unexplored possibilities and provide a unique perspective 
for future research in systems described by Partial Differential Equations. A technical paper is 
currently under preparation. 

1   Estimating bounds for functional outputs 
We have developed techniques for computing upper and lower bounds on functional outputs for 

all three types of PDEs — elliptic, parabolic and hyperbolic — in their standard form with forcing 
terms and the necessary boundary and initial conditions. The functional outputs may be spatial 
and/or temporal averages of the state or functions of state of the system. 

In particular we developed two methodologies that are complementing each other in many 
respects. First, for elliptic and parabolic type PDEs we use the maximum principle to estimate 
functional outputs. For PDEs where the maximum principle does not hold, barrier certificates can 
be used instead. Here we outline these two techniques through illustrative examples. In a later 
section, we concentrate: on ithe.issue?.dtassess!ug stability of steadyrStatesrföriPDEs, through-the., 
construction of Lyapunov-type certificates. 

1.1   PDEs with a 'maximum' principle 
This method resembles the method of subharmonics in Perron's process [3], and is valid for 

elliptic and parabolic PDEs. It is based on the construction of approximations to the true solution. 
To illustrate the technique, consider a 1-D Poisson equation defined in a region Cl = [0,1]: 

§ = /,    U{0) = AQ,    u(l) = A1. 

Suppose the output functional y = J0 udt needs to be estimated.   To do this, we search for a 
polynomial function B(t) so that 

d2B 
dt2 7 < 0,     / B(t)dt - 7 < 0,    £(0) = A0,    £(1) = Ax 

Jo 
2Written by Antonis Papachristodoulou. Email: antonisacds.caltech.edu 
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The first condition guarantees that B(t) > u(t); the second condition imposes /0 u(t)dt < J0 B{t)dt < 
7 and therefore a good upper bound can be obtained as the order of B is increased and 7 is op- 
timized.  Lower bounds can also be obtained by changing the direction of the inequalities in the 
above conditions. 

The non-negativity conditions that the function B has to satisfy can be relaxed to the existence 
of a sum of squares decomposition; using SOSTOOLS [7], such functions can be constructed and 
upper and lower bounds on y can be estimated. The same technique can be used for parabolic 
equations which satisfy the maximum principle. 

The disadvantage of this technique is that the output functional has to be linear in the unknown 
coefficients of u, for otherwise the problem is not convex anymore and semidefinite programming 
cannot be used directly to construct the functions B. Moreover for hyperbolic equations, this tech- 
nique cannot be used. To tackle these two cases, we introduced the method of barrier certificates. 

1.2   Using barriers to the solution 
This methodology centers on disproving that certain bounds can be obtained, by constructing 

appropriate state-barrier functions. More theory can be found in [5], where the problem of model 
invalidation based on data is tackled. In particular, consider a system of the form: 

— = f(x,t),    x(to)-x0 (1) 
at 

where x € X C Rn and / is such that solutions exist and are unique in X. Suppose we wanted 
to disprove that at time tf, the solution x/ E Xf can never be achieved.   This can be done by 
exhibiting a function B(x,t) with the following properties: 

B(xf,tf) -B(xo,to) > e, 
dB 
dt 

dB(x,t)     dB(x,t) + f(x,t)<0, 

for Xf € Xf, 

forte [£o,*i]> 

e>0 

x G X. 
dt dx 

The first condition ensures that B at the final time has a value that is strictly greater than at the 
initial time, whereas the second condition ensures the opposite: that B decreases as the system 
evolves. Therefore the set Xf can never be reached. To use the above result algorithmically, we 
first capture the sets X and Xf by a set of inequalities To verify the above conditions, we use 
two tools: the S-procedure (a generalization of the L&gf ange multiplier method in optimization) 
to adjoin these inequalities to the~corfespbndirig conditions; ahH^the^süm of squares decomposition 
and SOSTOOLS to construct B algorithmically. 

The above methodology has been fully developed for systems described by Ordinary Differential 
Equations. In this section we will use this technique to estimate functional outputs with more 
general kernels, and treat the wave equation. Consider first the one-dimensional Poisson's equation 

<fu 
u(t0) = A0,    u{ti) = Ai. 

dt2 = /fort€[t0,*i], 

Let the functional output to be estimated be 

y(h) = j' 
Jto 

2/u   dt 

It is easy to verify that the above setup is equivalent to 

d ' ux ' 

dt 
U2 

W2 

/ 
u\ - 2fu\ _ 

y = u3(ti),    ui{t0) = A0,    u3(to) = 0,    u1(h) = Ai. 
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We have thus turned our problem into the aforementioned standard form. Now, we can postulate 
appropriate regions Xj to be disproved, yielding upper and lower bounds on uz{h). 

The case of the 1-D wave equation can be treated in the same way. Let 

Su 
dt2 + k?u = /,    te [to, ti], ' u(tQ) = A0,    u{h) = Ai 

Let the output condition be 

The above is equivalent to 

y(h -I" Jto 
udt 

d ' «l " 

dt U2 

. "3 . 

«2 
-k2Ux + f y = m(ti),    ui(t0) = ao,    u3(t0) = 0,    iti(ti) = oi. 

Again the system is in the standard form and upper and lower bounds can be estimated directly. 
The question that emerges is whether PDEs in more variables can be treated.   To do this, 

we need to generalize the notion of barrier functions to the notion of barrier functionals.   The 
complication is superficial; for example, consider the one-way wave equation 

ut = ux + tx(n-x),    u(0,f) = 0,    u(n,t) = 0,    u(x,0) = 0. 

Suppose we wanted to estimate: r 
u(0.5) = /   u(x,0.5)cte 

JO 

Here, we can construct a functional of the form: 

B(v,t) = ao(t) + ai(t)       udx + a2(t)(      udx)   +... 

Now we have: 

—-   =   -7rr + ai(t)      utdx-\-2a,2{t) I   udx I   utdx + ... 

(2) 

■3 , 
Prom the describing equation, through integration by parts we get J0 utdx = \t. The barrier 
methodology can be applied to this case directly, through which we can get upper and lower 
bounds on JQ

n u(x, 0.5)dx that converge to the true value of 0.6296. 
The same technique can be used to analyze other types of PDEs, even nonlinear. Consider for 

example Burger's equation: 

ut + uux = vuxx,    u(0,i) = l,    «(!>*) = °>    u(x,0) = l-x. 

Suppose we were interested in a bound on the value of || at x = 1 at a specified or at an infinite 
time horizon. Consider a function of the form (2). Then it is easy to see that now 

/   utdx = uux\l 
Jo 

Using B as a barrier function, we can estimate the value of ^ux|J. With our data this value is 0.5, 
which is what the upper and lower values obtained using the barrier method give. 

.M^a*iT.Ä<..v;.:„v!r-U'.ö'. 
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2    Stability analysis of systems described by PDEs 
Our work on the algorithmic construction of barrier functionals to estimate functional outputs 

for PDEs was motivated by the related issue of stability analysis of infinite dimensional systems [4, 
2, 1]. For this, we used a methodology based on the construction of functional certificates of integral 
type whose kernels are polynomials. The construction is done using semidefinite programming and 
SOSTOOLS. 

Stability notions for systems described by PDEs can be found in [2]. Through a careful definition 
of a nonlinear system (semigroup) S(t) on a complete metric space C with metric p and the orbit 
through a point x in this space, one defines what is an equilibrium point. Stability is then defined 
through an e-5 argument, under the above metric, and to ensure it, one can construct a Lyapunov 
function, i.e. continuous real-valued function V on C such that 

V(x) 4 Iirn^0+^ {V(S(t)x) - V(x)} < 0 

for all x eC, not excluding the possibility V(x) = -co. The Lyapunov stability theorem is similar 
to the one in finite dimensions, and reads 

Theorem 1 (Lyapunov theorem) [2] Let {S(t),t > 0} be a dynamical system on C, and let 0 be an 
equilibrium point in C. Suppose V is a Lyapunov function which satisfies V(0) = 0, V(x) > c(\\x\\) 
for x S C, \\x\\ = p{x,0}, where c(-) is a continuous strictly increasing function, c(0) = 0 and 
c{r) > 0 for r > 0. Then 0 is stable. If in addition V{x) < -ci(||a:||) where ci(-) is also continuous, 
increasing and positive with c\ (0) = 0, then 0 is asymptotically stable. 

Although there is a converse theorem, finding a Lyapunov function in any particular case is usually 
difficult, especially finding one that satisfies all the above requirements. Instead, the sum of squares 
decomposition can be used to construct them algorithmically. 

Consider for example the system 

ut   =   uxx + pu3 + au (3) 

u(±M)   =   0 

with p < 0. From the linearization of this system about the zero steady state, stability is guaranteed 
Töi a < iv*/4:. Here we are4rd;erested^4i^«on^tructing^ei^:apsjnov.furict-ori    - •v!.«,.*!--«.^*...^^.-».,.,.-,. 

V(u) = j   a{u{n,t),rj)dri (4) 

where a is a polynomial in its arguments, of order at least 2 in u. When V is considered, the 
system dynamics come into play and through integration by parts of the resulting expression, the 
boundary conditions appear. In particular, the following 'by-product' conditions can be obtained 

f1  (da 2d
2a        \ d3a        ,     <93a   "H   ,       n 

L W™+uw~u [duw^+du-cw*\ r77=° 
as a result of integration by parts of the term /^x ^u^dn.   Also, we have used the fact that 

= 0 and the fact that ""T? §^ | _ x = 0 since a is a polynomial of degree at least 2 in u. u 82a- dudr) 

Notice that the following is also true: 

j   rfu2dn = - j   nnnu2dr] - 2 /   Tjn+1uuvdri 
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i.e. 

rl 

L [(1 + n)r)nu2 + 2rjn+1uu,j] dn = 0 

Stability in L2 can then be guaranteed by constructing a polynomial a(u, n) and a positive definite 
function <p such that the following hold: 

1. a{u, rj) - <p(u) > 0 when n G [-1,1], 

tu2 > 0 when n G [-1,1] and {l+n)rflu2+2rf+luur) = ,da       u2S!a_ 
tduU   Ur)ä^ 

0 is satisfied. 
2. -agu-u^+u d3a   ,,     ,       Pa 

This is because the two conditions guarantee the existence of a Lyapunov functional, given by (4), 
that is positive definite and whose derivative is negative definite. Numerical tests show that as the 
order of a with respect to rj is increased, the conservativeness in the bounds obtained is reduced. 
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