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e Properties of Nonholonomic Systems:
e Energy Conservation
Hamiltonian: Yes. Nonholonomic: Yes.
e Momentum Conservation
Hamiltonian: Yes, Noether’s Theorem. Nonholonomic: No, Momentum Equation
e Measure (volume ) Preservation
Hamiltonian: Yes. Nonholonomic: No, in general
e Stability
Hamiltonian: Never asymptotic. Nonholonomic: Can be asymptotic.

e Key: Almost Poisson structure, Nonvariational
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eNonholonomic Equations of Motion
See e.g. Bloch, Krishnaprsad, Marsden and Murray [1996] and Zenkov, Bloch and Marsden
11998], Bloch and Crouch [1995] and other references in these papers.

eThe Lagrange-d’Alembert Principle
e Consider a system with a configuration space (), local coordinates ¢* and m nonintegrable
constraints
"+ Al(r,s)r“ =0

where ¢ = (r,s) € R"? x R, which we write as ¢' = (r®, s*), where 1 < a < n — p and
1 <a<np.

e Lagrangian L(q',q").
Equations of motion given by Lagrange-d’Alembert principle.

Definition 0.1 The Lagrange-d’Alembert equations of motion for the system are
those determined by

b
5/ L(q',q¢")dt =0,

where we choose variations 6q(t) of the curve q(t) that satisfy dq(a) = dq(b) = 0 and dq(t)
satisfies the constraints for each t where a <t < b.

e This principle is supplemented by the condition that the curve itself satisfies the constraints.



e Note that we take the variation before imposing the constraints; that is, we do not impose
the constraints on the family of curves defining the variation.

e Equivalent to:
d oL OL :
—0L=|—=———10¢"=0
(dt aq' an> !
for all variations d¢° = (dr®, ds%) satisfying the constraints at each point of the underlying
curve ¢(t), i.e. such that §s® + A%6r® = 0.

Substituting:
i@L_(‘?L _ 4 i@L_(?L
dtore  ore) T \dtds®  Os

Combined with the constraint equations

-a a .o
st = —Alr

forala=1,...,n—p.

foralla =1,...,p, give the complete equations of motion of the system.

Useful way of reformulating equations (0.2) is to define a constrained Lagrangian by substi-
tuting the constraints (0.3) into the Lagrangian:

Lo(re, s r%) .= L(r®, s, 7%, —A%(r, s)rr").



The equations of motion can be written in terms of the constrained Lagrangian in the following
way, as a direct coordinate calculation shows:

doL. dL. ,0L. 0L »
dtore  Ore Aaas - asbB

where B? o5 18 defined by

DAL 8Ab 8Ab DAL
b _ a a "B ja a
Bos = (87“5 87‘0‘ 4 Js® A ds® |




e The Falling Rolling Disk

Figure 0.1: The geometry for the rolling disk.

This is a system which exhibits stability but not asymptotic stability.
Denote mass, the radius, and the moments of inertia of the disk by m, R, A, B.
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[(5 — R(¢psin® + 1)) +n?sin® 0 + (ncos 6 + Ré)z}

+ % [A(éz + ¢? cos® 0) + B(¢sin 6 + ¢)2] —mgRcosb,

where € = & cos @ + ysin ¢ + Ry and n = —@ sin ¢ + g cos ¢, while the constraints are given
by
T = —1yRcos o, y = —1YRsin¢.



Other systems:

J

xy)

Figure 0.2: The Chaplygin sleigh is a rigid body moving on two sliding posts and one knife edge.



Figure 0.3: The geometry for the roller racer.

Figure 0.4: The rattleback.



eThe Chaplygin Sleigh

e Perhaps the simplest mechanical system which illustrates the possible dissipative nature of
energy preserving nonholonomic systems.

Compare the sleigh equations to the Toda lattice equations.

z

A

J

X g

Figure 0.5: The Chaplygin sleigh is a rigid body moving on two sliding posts and one knife edge.

Equations:

V= aw

w = —— 2w
I + ma?

Equations have a family of relative equilibria given by (v, w)|v = const, w = 0.
Linearizing about any of these equilibria one finds one zero eigenvalue and one negative



eigenvalue.

In fact the solution curves are ellipses in v — w plane with the positive v-axis attracting all
solutions.

vy Yy Y

1
L T N
& P PP

AAAI A 233NN
RAAAA2 99393y

YN Y Yy slaeaa R R

YV Y 22aadRN
YMM DD B 2 AN

RPRAA A a2l v v v Yy Y

Y
i

L T T
R R VY

Figure 0.6: Chaplygin Sleigh/2d Toda phase portrait.

Normalizing, we have the equations
o= w?
W = —UWw.
Scaling time by a factor of two have: Chaplygin sleigh equations are equivalent to the two-
dimensional Toda lattice equations except for the fact that there is no sign restriction on the



variable w. Hence can be written in Lax pair form and solved by the method of factorization.



eThe Toda Lattice

Interacting particles on the line.
Non-periodic finite Toda lattice as analyzed by Moser [1974]:

1 n n—1
H(z,y) = 5 Z y]% n Z o T Ty
k=1 k—1

Hamiltonian equations:

. oOH
Yy,
oOH
) = ———- = exk’—l_xk — 6xk_*rk‘—1 ,
Yk O,
where assume €0~ %1 = ePn=In+l = (),
Flaschka:
1 1
— Zelm—mi)/2 T
Qg 26 k Q?Jk;
Get:

ak:ak(bk+1_bk)7 k:177n_1

by = 2(a2—a2_), k=1,---,n

with the boundary conditions ay = a,, = 0 and where the a; > 0.



Matrix form:

Ly [B,L] = BL — LB,
dt

If N is the matrix diag[1, 2, - - - , n] the Toda flow can be written
L =[L,[L,N]].

Shows flow also gradient (on a level set of its integrals).

e Double bracket form of Brockett [1988] (see Bloch [1990], Bloch Brockett and Ratiu [1990,
1992]).

eThe Two-dimensional Toda Lattice

In two-dimensional case matrices in the Lax pair are

B by a B 0
b= (a1 —bl) b= (—al 0)

61 = 20,%

dl — —2@1()1

Equations of motion:

For initial data by = 0, a1 = ¢, explicitly carrying out the factorization yields explicit solution

sinh 2c¢t c

1(t) Ccosh 2ct’ a(t) cosh 2ct




Symmetries Symmetries play an important role in our analysis. Suppose we are given a
nonholonomic system with Lagrangian L : T'Q) — R, and a (nonintegrable) constraint distri-
bution D. We can then look for a group GG that acts freely and properly on the configuration
space (). It induces an action on the tangent space T'() and so it makes sense to ask that the
Lagrangian L be tnvariant. Also, one can ask that the distribution be invariant in the sense
that the action by a group element g € G' maps the distribution D, at the point ¢ € @ to the
distribution Dy, at the point gg. If these properties hold, we say that G is a symmetry group.
The manifold Q /G is called the shape space of the system and the configuration space has the
structure of a principal fiber bundle 7 : @ — Q/G.

Geometry of Nonholonomic Systems with Symmetry

The group orbit through a point ¢, an (immersed) submanifold, is denoted

Orb(q) :={gq | g € G}.

Let g denote the Lie algebra of the Lie group G. For an element £ € g, we denote by &g the
vector field on () arising from the corresponding infinitesimal generator of the group action,
so these are also the tangent spaces to the group orbits. Define, for each ¢ € (@), the vector
subspace g? to be the set of Lie algebra elements in g whose infinitesimal generators evaluated

at ¢ lie in both D, and T,(Orb(q)):
g’ ={€eg&olq) € DyNT,(Orb(q))} -

The corresponding bundle over ) whose fiber at the point ¢ is given by g¢, is denoted by g”.



Reduced dynamics. Assuming that the Lagrangian and the constraint distribution are
G-invariant, we can form the reduced velocity phase space T'Q) /G and the reduced constraint
space D/G. The Lagrangian L induces well defined functions, the reduced Lagrangian

[ TQ/G — R
and the constrained reduced Lagrangian
l.:D/G — R,

satisfying L = [ o mpg and L|p = I, o mp where mpg : TQ — TQ/G and 7p : D — D/G
are the projections. By general considerations, the Lagrange-d’Alembert equations induce well
defined reduced equations on D/G. That is, the vector field on the manifold D determined by
the Lagrange-d’Alembert equations (including the constraints) is G-invariant, and so defines
a reduced vector field on the quotient manifold D/G. Call these equations the Lagrange-
d’Alembert-Poincaré equations.



Let a local trivialization be chosen on the principle bundle 7 : Q@ — Q/G, with a local
representation having components denoted (r, g). Let r, an element of shape space Q /G, have
coordinates denoted r“, and let g be group variables for the fiber, G. In such a representation,
the action of G is the left action of G on the second factor. The coordinates (r, g) induce the
coordinates (r,7, &) on TQ/G, where £ = g~'g. The Lagrangian L is invariant under the left
action of G and so it depends on ¢ and ¢ only through the combination & = g~'¢. Thus the
reduced Lagrangian [ is given by

l(r7 7;7 5) - L(r7 g? /';'7 g)'
Therefore the full system of equations of motion consists of the following two groups:
1. The Lagrange-d’Alembert-Poincaré equation on D/G (see theorem 0.2).

2. The reconstruction equation
g = g€



The nonholonomic momentum in body representation. Choose a g-dependent
basis e4(q) for the Lie algebra such that the first m elements span the subspace g? in the
following way. First, one chooses, for each r, such a basis at the identity element g = Id, say

e1(r),es(r), ..., emn(r), emi1(r), ..., ex(r).

Now define the body fized basis by
ealr,g) = Ad,ea(r).

Then the first m elements will indeed span the subspace g? since the distribution is invariant.
We denote the structure constants of the Lie algebra relative to this basis by CYp.
To avoid confusion, we make the following index conventions:

1. The first batch of indices range from 1 to m corresponding to the symmetry directions along
constraint space. These indices will be denoted a, b, c, .. ..

2. The second batch of indices range from m—+1 to k corresponding to the symmetry directions
not aligned with the constraints. Indices for this range will be denoted by a’,b', ¢/, . . ..

3. The indices A, B, C, ... on the Lie algebra g range from 1 to k.

4. The indices a, 3, ... on the shape variables r range from 1 to o. Thus, ¢ is the dimension
of the shape space /G and so 0 =n — k.

The summation convention for all of these indices will be understood.



Assume that the Lagrangian has the form of kinetic minus potential energy, and that the
constraints and the orbit directions span the entire tangent space to the configuration space:

D, +T,(0rb(q)) = T,Q.

Then it is possible to introduce a new Lie algebra variable €2 called the body angular velocity
such that:

1. Q = Ar+€, where the Lie algebra valued form A = Ale o(r)dr® is called the nonholonomic
connection (see Bloch et al. [1996] for details).

2. The constraints are given by € € span{e(r),...,en(r)} or Q" =... = OF = 0.

3. The reduced Lagrangian in the variables (r, 7, €2) becomes

1 1 /
1(r®, 7, Q%) = 2gagi ™’ + SLap QP + Ay *Q" = U(r). (0.8)

Here g, are coefficients of the kinetic energy metric induced on the manifold Q/G, 14¢ are
components of the locked inertia tensor defined by

{L(r)g,m = (asmal)s  &nes,
where ((-,-)) is the kinetic energy metric. The coefficients A, are defined by

0%l 0%l

Aa = -
YT Pedore T DETOED

AD.




The constrained reduced Lagrangian becomes especially simple in the variables (r, 7, Q):

1 1
lc:_a'a'ﬁ o
2g grer +2

We remark that this choice of €2 block-diagonalizes the kinetic energy metric, 7.e., eliminates

I, — U. (0.9)

the terms proportional to Q% in (0.9).



The nonholonomic momentum in body representation is defined by
ol 0l
Pa= 500 = 90

Notice that the nonholonomic momentum may be viewed as a collection of components of the

a=1,....,m.

ordinary momentum map along the constraint directions.
The Lagrange-d’Alembert-Poincaré equations. As in Bloch et al. [1996], the
reduced equations of motion are given by the next theorem.

Theorem 0.2 The following reduced nonholonomic Lagrange-d’Alembert-Poin-
caré equations hold for each 1 < a <o and1 <b<m:

d ol. 0l . "
dtore  ore ~ Dol ""pepi = Kapyr'r
— (BSy — Lo 1B + Dysal")pei”, (0.10)
d / /
Do = (O, — CF Lo 1) I popy + D, pet® + Daas 7. (0.11)

Here and below [.(r®, 7%, Q%) is the constrained Lagrangian, and I° and I, are the inverse of
the tensors |4 and I[_ll(gq)*, respectively. We stress that in general I # 1" and I» # L.



The coefficients Bgﬁ, Dy, Dyag, Kupy are given by the formulae

bas
0AC  OAY
C o B C 1A 4B C 4A C 4A
Bozﬁ - ors o Ore o OBAAaAﬁ + /YAﬁAOz - /YAozAﬁa

Dj, = —(Cly = Clp Lol VAL + Cipdoal + 750 = Yialowl™, (0.12)
Dhas = AT — ClnAD);
Kapy = A B
and the coefficients ’Vz% are defined by

aeb . C
gra  16acC:

Equations (0.10) and (0.11) generalize the equations of motion in the orthogonal body frame
(see Bloch et al. [1996]). Here we no longer assume that the body frame is orthogonal.



e Almost Poisson Systems
Recall:

Definition 0.3 An almost Poisson manifold is a pair (M,{,}) where M is a smooth
manifold and (i){,} defines an almost Lie algebra structure on the C'*° functions on M,

i.e. the bracket satisfies all conditions for a Lie algebra except that the Jacobi identity is
not satisfied and (i) {,} is a derivation in each factor.

If in addition Jacobi satisfied, Poisson manifold.
An almost Poisson structure on M will be Poisson if its Jacobiator, defined by

J(fr9.h) = U gb by + g, 0y, f} +{1hs f1g}

vanishes.

e One can define an almost Poisson vector field on M by

OH
8,2]- .

Z = mij(2)



e “Hamiltonian” Formulation of Nonholonomic Systems

Nonholonomic systems are almost Poisson.

Start on the Lagrangian side with a configuration space ) and a Lagrangian L (possibly of
the form kinetic energy minus potential energy, i.e.,

: L,
L(g:q) = 5({¢,4)) — V(a).
As above, our nonholonomic constraints are given by a distribution D C T'Q). We also let
DY C T*Q denote the annihilator of this distribution. Using a basis w® of the annihilator D°,

we can write the constraints as

wherea =1,...,k.
Recall that the cotangent bundle T*() is equipped with a canonical Poisson bracket and is
expressed in the canonical coordinates (q, p) as

OFOG OFIG (aFT aFT> p (%) |

{F,G}(q,p) =

~0q'dp; Op;og \ dg " Op o

Here J is the canonical Poisson tensor

O, Ip
= (%)



A constrained t phase space M = FL(D) C T*Q is defined so that the constraints on the
Hamiltonian side are given by p € M. In local coordinates,

OH
M = ,p)eT” | ¢ =05.
{(q p)eTQ|uim> }
Let {X,} be a local basis for the constraint distribution D and let {w”} be a local basis for
the annihilator D°. Let {w,} span the complementary subspace to D such that (w?, w;,) = 6%,

where 0 is the usual Kronecker delta. Here a = 1,...,k and o = 1,...,n — k. Define a
coordinate transformation (q, p) — (¢, Pa, Pa) by

Po=X'Di,  Pa=wlp;

In the new (generally not canonical) coordinates (g, Pa, Pa), the Poisson tensor becomes

o) = ({000 1000,

{pi,d’} {pi,pj}



Use (q, po) as induced local coordinates for M. It is easy to show that

ﬁ(qapaaﬁa) — a j (Q715a)7
a—H(Qp ﬁ)—M—M(Qﬁ)
8~ﬁ )y IO XA (9]55 y 7))

where Hy is the constrained Hamiltonian on M expressed in the induced coordinates. We
can also truncate the Poisson tensor J by leaving out its last £ columns and last k£ rows and
then describe the constrained dynamics on M expressed in the induced coordinates (g*, o) as

follows: -
ar (45 Pa) Z‘
q - 0qJ o q
< - JM(QapOz) ~ ) <~ ) e M.
(pa) (9(;172/1<qu&) Pa

Here Jyq is the (2n — k) x (2n — k) truncated matrix of J restricted to M and is expressed
in the induced coordinates.



The matrix Jy defines a bracket {-, -}, on the constraint submanifold M as follows:

9G
N orFT orT o h
{Fm, GmIm(q, Do) = ( M M) Jm(q', Do) < o ) :

dq'  Opa T

for any two smooth functions F'yq, G o on the constraint submanifold M. Clearly, this bracket
satisfies the first two defining properties of a Poisson bracket, namely, skew symmetry and the
Leibniz rule, and one can show that it satisfies the Jacobi identity if and only if the constraints
are holonomic. Furthermore, the constrained Hamiltonian H x4 is an integral of motion for the

constrained dynamics on M due to the skew symmetry of the bracket.



Following e.g. van der Schaft and Maschke [1994] and Koon and Marsden [1997] we can write
the nonholonomic equations of motion as follows:

3

5 0 0 —AY S
= 0o 0o g o

Po (AL =67 —peBiy |\ 22m
5

S

Jacobiator of the Poisson tensor vanishes precisely when the curvature of the nonholonomic
constraint distribution is zero or the constraints are holonomic.



eEuler-Poincaré-Suslov Equations

Important special case of the reduced nonholonomic equations.

eExample: Euler-Poincaré-Suslov Problem on SO(3) In this case the problem can
be formulated as the standard Euler equations

Tw=1wxw

where w = (w1, wo, w3) are the system angular velocities in a frame where the inertia matrix is
of the form I = diag([ly, I5, I3) and the system is subject to the constraint

a-w=>0
where a = (a1, as, az).

The nonholonomic equations of motion are then given by

Iw=1IwXw+ A
subject to the constraint. Solve for A:
Ia- (Tw x w)

I71'a-a
If a is an eigenvector of the moment of inertia tensor flow is measure preserving.

A= —



Invariant Measures of the Euler-Poincaré-Suslov Equations An important spe-
cial case of the reduced nonholonomic equations is the case when there is no shape space at all.
In this case the system is characterized by the Lagrangian L = %]I 4pS210F and the left-invariant
constraint

(a,Q) = a,Q = 0. (0.20)

Here a = ase? € g* and Q = Q4ey, where ey, A = 1,... .k, is a basis for g and e? is its
dual basis. Multiple constraints may be imposed as well. The two classical examples of such
systems are the Chaplygin Sleigh and the Suslov problem. These problems were introduced
by Chaplygin in 1895 and Suslov in 1902, respectively.

We can consider the problem of when such systems exhibit asymptotic behavior. Following
Kozlov [1988] it is convenient to consider the unconstrained case first. In the absence of
constraints the dynamics is governed by the basic Euler-Poincaré equations

pp = C{I*Ppopp = CSppc? (0.21)

where pp = 14507 are the components of the momentum p € g*. One considers the question of
whether the (unconstrained) equations (0.21) have an absolutely continuous integral invariant
fd*Q) with summable density M. If M is a positive function of class C'' one calls the integral
invariant an invariant measure. Kozlov [1988] shows

Theorem 0.4 The FEuler-Poincaré equations have an tnvariant measure if and only if
the group G s unimodular.

A group is said to be unimodular if it has a bilaterally invariant measure. A criterion



for unimodularity is C, = 0 (using the Einstein summation convention). Now we know
(Liouville’s theorem) that the flow of a vector differential equation & = f(x) is phase volume
preserving if and only if div f = 0. In this case the divergence of the right hand side of equation
(0.21) is CGI*Ppp = 0. The statement of the theorem now follows from the following theorem
of Kozlov [1998]: A flow due to a homogeneous vector field in R™ is measure-preserving if
and only if this flow preserves the standard volume in R".
Now, turning to the case where we have the constraint (0.20) we obtain the Euler-Poincaré-
Suslov equations
e = CIPpepp + Aag = CSapc? + Aag (0.22)

together with the constraint (0.20). Here A is the Lagrange multiplier. This defines a system on
the subspace of the dual Lie algebra defined by the constraint. Since the constraint is assumed
to be nonholonomic, this subspace is not a subalgebra. One can then formulate a condition for
the existence of an invariant measure of the Euler-Poincaré-Suslov equations.

Theorem 0.5 Fquations (0.22) have an invariant measure if and only if
Kadj_i,a+T = pa, i e R, (0.23)
where K =1/{a, 1" a) and T € g* is defined by (T,&) = Tr(ady).

This theorem was proved by Kozlov [1988] for compact algebras and for arbitrary algebras by
Jovanovié¢ [1998]. In coordinates, condition (0.23) becomes

KC31* P acap + CSe = pagp.



For a compact algebra (0.23) becomes

T 'a,a) = pa, pe R, (0.24)

where we identified g* with g.

The proof of theorem 0.5 reduces to the computation of the divergence of the vector field in
(0.22).

In the compact case only constraint vectors @ which commute with I™!a allow the measure to
be preserved. This means that a and I7'a must lie in the same maximal commuting subalgebra.
In particular, if a is an eigenstate of the inertia tensor, the reduced phase volume is preserved.
When the maximal commuting subalgebra is one-dimensional this is a necessary condition.
This is the case for groups such as SO(3).

We thus have the following result which reflects a symmetry requirement on the constraints:

Theorem 0.6 A compact Euler-Poincaré-Suslov system is measure preserving (i.e. does
not exhibit asymptotic dynamics) if the constraint vectors a are eigenvectors of the inertia
tensor, or if the constrained system is Zo symmetric about each of its principal axes. If
the mazrimal commuting subalgebra is one-dimensional this condition is necessary.



Invariant Measures of Systems with Internal Degrees of Freedom In this
section we extend the result of Kozlov [1988] and Jovanovi¢ [1998] to nonholonomic systems
with nontrivial shape space. One can think of these systems as the Euler-Poincaré-Suslov
systems with internal degrees of freedom. Recall that the constraints are of the form Q™+ =
... = QF = 0. To simplify the exposition, we consider below systems with a single constraint.
The results are valid for systems with multiple constraints as well.

Consider a nonholonomic system with the reduced Lagrangian [(r,7,§2) and a constraint
(a(r),§2) = 0. The subspace of the Lie algebra defined by the constraint at the configuration ¢
is denoted here by g?. The orientation of this subspace in g depends on the shape configuration
of the system, r. The dimension of g¢ however stays the same. As discussed in section , we
choose a special moving frame in which g? is spanned by the vectors ey (r), ..., ex_1(r). The
equation of the constraint in this basis becomes Q¥ = 0. Recall that the horizontal part of the
kinetic energy metric is gog(r).

Theorem 0.7 The system associated with the reduced Lagrangian [(r,7,€)) and the con-
straint {a(r),Q) = 0 has an integral invariant with a C density M(r) if and only if
Hka

(Z) (Cl()la T Cl?am) _ gaépboﬁ — 07

(ii) the form [Dgﬁ — gO‘(S)\k(ngﬁ] dr” is exact.



Systems with One-Dimensional Shape Space. Assume that condition (i) of theorem
0.7 is satisfied. In this case the equation for the density of the invariant measure becomes

d(ln M) = d(In g) + Didr. (0.25)

The solution of this equation is globally defined if the shape space is either noncompact (and
thus diffeomorphic to R), or compact and the average of the function Dg equals zero.
Systems with Conserved Momentum. If the nonholonomic momentum is a constant
of motion, then condition (i) of theorem 0.7 is trivially satisfied. Moreover, condition (ii) now
asks that the form
go‘(s)\k(gBZﬁrﬁ (0.26)

is exact. The system thus preserves the measure with the density

M = det gexp (— /go‘é)\kgl?ﬁﬁrﬂ) :



Examples

The Routh Problem. This mechanical system consists of a uniform sphere rolling without
slipping on the inner surface of a vertically oriented surface of revolution. He described the
family of stationary periodic motions and obtained a necessary condition for stability of these
motions. Routh noticed as well that integration of the equations of motion may be reduced
to integration of a system of two linear differential equations with variable coefficients and
considered a few cases when the equations of motion can be solved by quadratures. Modern
references that treat this system are Hermans [1995] and Zenkov [1995].

This problem is SO(2) x SO(2)-invariant, where the first copy of SO(2) represents rotations
about the axis of the surface of revolution while the second copy of SO(2) represents rotations
of the sphere about its radius through the contact point of the surface and the sphere.



Let 7 be the latitude of this contact point, a be the radius of the sphere, ¢(r) + a be the
reciprocal of the curvature of the meridian of the surface, and b(r) be the distance from the
axis of the surface to the sphere’s center. The shape metric is ¢?(r)7?/2 while the momentum
equations are

7

The shape space is one-dimensional, the symmetry group SO(2) x SO(2) is commutative,

e(r)sinr 2 p2(1_c(r)ﬂ>

P1 = Wpﬂ“ 2 b(r)

and there are no terms proportional to 7% in the momentum equations. The trace term in (0.25)
equals ¢(r) sinr/b(r), and thus the density of the invariant measure for the Routh problem is

c(r)sinr d

M=C2<T’>6f o (0.27)

The group action in this problem is singular: the intersection points of the surface of revolu-
tion and its axis have nontrivial isotropy subgroups. The shape coordinate r equals +7/2 at
these points. As a result,

lim M(r)= lim M(r) = oo.

r——m/2 r—m/2



The Falling Disk. Consider a homogeneous disk rolling without sliding on a horizontal
plane. This mechanical system is SO(2) x SFE(2)-invariant; the group SO(2) represents the
symmetry of the disk while the group SE(2) represents the Euclidean symmetry of the overall
system.

Classical references for the rolling disk are Vierkandt [1892], Korteweg [1899], and Appel
[1900]. In particular, Vierkandt showed that on the reduced space D/S E(2)—the constrained
velocity phase space modulo the action of the Euclidean group SFE(2)—most orbits of the
system are periodic.

The shape of the system is specified by a single coordinate—the tilt of the disk denoted here
by r. The momentum equations are

_ 2 sin 7 n COST N sin? 7 _
= 1m — T?
b Acost ! mR2+ B Acosr ) P

, 1 sinr ,
P2 = mR’ (— p1+ pg) T.

Acosr Acosr

Hence, the trace terms DY in (0.25) vanish, and the density of the invariant measure equals the
component of the shape metric g(r). The latter equals the moment of inertia of the disk with
respect to the line through the rim of the disk and parallel to its diameter. Since the density
of the measure is determined up to a constant factor, we conclude that the dynamics preserves
the reduced phase space volume.



The 3D Chaplygin Sleigh with an Oscillating Mass. The three-dimensional Chap-
lygin sleigh is a free rigid body subject to the nonholonomic constraint v? = 0, where v? is the
third component of the (linear) velocity relative to the body frame. The Lagrangian of this

system 1s
1

SM [0+ 07 + (0] + 5 [L(Q) + B + (@]

In this formula M is the mass of the body, I; are the eigenvalues of its inertia tensor, and
(1, 02,03) and (v!,v? v?) are the angular and linear velocities relative to the body frame.
The dynamics of this system is discussed in Neimark and Fufaev [1972].

We couple this system with an oscillator moving along the third coordinate axis of the body
frame. The mass of this oscillator is m and the displacement from the origin is . To keep
the notation uniform with the general theory, we write the components of the linear velocity

relative to the body frame as (Q*, Q°, Q). The vector (QF, 22, Q3, Q1 Q% Q%) should be viewed
as an element of the Lie algebra se(3). The Lagrangian of this new system is

I — % [[1(91)2 + 12(92)2 + [3<QS)2} + % [(94)2 + (95)2 + (96)2]
+ % [(Q + Q%)+ (Q° = Q)2+ (Q° +7)°] = U(r). (0.28)

The configuration space is R x SFE(3), and the system is invariant under the left action of SFE(3)
on the second factor. We have not specified the potential energy as its choice does not affect
the existence of the invariant measure. The shape space is just the first factor of R x SE(3)
and is one dimensional, and thus the above theory is applicable. To show the existence of the



invariant measure, we note the following:

1. The constrained Lagrangian does not contain terms that simultaneously depend on r and
p.. The constraint is Q% = 0. Therefore, all the coefficients of the nonholonomic connection
as well as its curvature form vanish. This implies that the terms Dgq5 and IC g, vanish too.
The differential form from condition (ii) of theorem 0.7 is therefore trivial.

2. The moving frame is r-independent. Therefore all of the coefficients % are trivial. Con-
dition (i) of theorem 0.7 is satisfied since the group SE(3) is unimodular and eg is the
eigenvector of the inertia tensor.

3. The shape metric is r-independent.

The system’s dynamics preserves the volume in the reduced phase space.
This can be verified by a straightforward computation of the divergence of the vector field
that defines the equations of motion:
oU,
o
p1 = —ps + Qpy — mQr,
po = —py + Qlps + mQr,
P = —Qpy + Vp1 — U'ps + Py,
p1 = Q’ps — mQ°r,

r =

Py = —py + mQr.



Chaplygin Sphere. This system consists of a sphere rolling without slipping on a hor-
izontal plane. The center of mass of this sphere is at the geometric center, but the principal
moments of inertia are distinct. Chaplygin [1903] proved integrability of this problem. Modern
references for the Chaplygin sphere include Kozlov [1985] and Schneider [2002].

One may view this system as a nonholonomic version of the Euler top. The configuration
space is diffeomorphic to SO(3) x R%. We choose the Euler angles (0, ¢, ) and the Cartesian
coordinates (x,y) as the configuration parameters of the Chaplygin sphere. The Lagrangian
and constraints written in these coordinates become

I . . I, . .
L= 51(«900810 + psinpsin §)* + g(—ﬁsinw + ¢ cos 1 sin 6)?

A M
+ g(lb + ¢ cos 9)2 + 7(562 - 92)

and
& — 0sin ¢ + 1) cos psin f = 0, i+ 0 cos ¢+ sin psin @ = 0,
respectively.

This system is SFE/(2) invariant. The action by the group element («, a, b) on the configuration
space is given by

(0,9, ¢, 2,y) — (0,0, 0+ a,rcosa —ysina + a, rsina + ycosa + b).

The shape space for the Chaplygin sphere is diffeomorphic to the two-dimensional sphere. The
nonholonomic momentum map has just one component and is moreover preserved. Straight-
forward computations show that the form (0.26) is exact. The conditions for measure existence



are therefore satisfied. The density of the invariant measure is computed in overdetermined
coordinates in Chaplygin [1903] (see also Kozlov [1985]).

The invariant manifolds of the Chaplygin sphere are two-dimensional tori. The phase flow
on these tori is measure preserving and thus there are angle variables (x,y) on each torus in
which the flow equations become

A S

T M@y 7T M)
See Kolmogorov [1953] and Kozlov [1985] for details. In general, these equations cannot be
rewritten as

T =\, Y = L.
The flow however becomes quasi-periodic after a time substitution dt = M(x, y)dr (see Kozlov
[1985] for details). This example thus shows that the flow on the nonholonomic invariant tori
can be more complicated than a Hamiltonian flow.
It follows that adding a symmetry preserving potential to the Lagrangian of the Chaplygin

sphere leaves the new system measure preserving with the same measure density. This was
pointed out by Kozlov for a specific potential (see Kozlov [1985] for details).



A Spherical Robot: Controlled Chaplygin’s Sphere and Chaplygin’s Top
Robot viewed as a controlled Chaplygin’s sphere or Chaplygin’s top.

Figure 0.7: Schematic configuration of a spherical robot in a uniform gravitational field with a slider and a rotor

Assume the spherical base body can roll without sliding on a horizontal plane in a uniform
gravitational field; the radius of the ball is a. See Figure 0.7 for its schematic configuration.
Choose a base body coordinate frame with the origin at the center of the ball. Let z € R?
denote the position of the center of the ball in the inertial frame, and let R € SO(3) represent
the base body attitude that maps from the base body coordinate frame onto the inertial frame.
The spherical robot is controlled by internal actuators. Relative motion of the internal actuators
with respect to the base body is described by generalized shape coordinates r € ()5, where Q)
is referred to as the shape space. Hence, the configuration space manifold is SO(3)xR? x Q.
Note that we are only interested in (x1, xs), the horizontal position of the center of the ball.
The general theory of developing equations of motion in the form of Euler-Poincare is given in
the next subsection.



General System

Let GG be a general linear matrix Lie group and W be a vector space; let S denote the semidi-
rect product GEW . The shape space () is an n-dimensional Abelian Lie group with local
coordinates r = (r1,--- ,7,). The configuration manifold is @ = S x Q5. We assume that
G X @, forms a trivial principal fiber bundle and that for every ¢ = (g,7) € @ where g € G
and 7 € @, the left action of G on G X Q) is a smooth map ¢ : G x (G x Q) — (G X Q)
given by ®,q = (hg,r) for an arbitrary h € G, where ® is assumed to be free and proper. We
assume that controls act on the shape space ()5 so that the shape is fully actuated.

Let the reduced Lagrangian be
WY, Iyryr) =T Y, r,r)— V(I r),
where E =g lg€ g, I' =g tag€ W for afixed ay € W. Let y(t) be a (smooth) curve in W,
Y = g 'y € W. Assume the reduced kinetic energy T/(€,Y, 7, 1) can be written as

3
1 _
T(E,Y,r i) = 5(5,1/, f)M(r) ap
71,
where M (r) denotes a reduced inertia tensor on @, only. Assume the reduced constraint can

be written as Y = £((T"), where ( : W — W is a smooth vector-valued function. Thus the
constrained reduced Lagrangian becomes

lc(fa I, 7“) — Tc(fa I,r, T) - V(Fv 7’),



where 1
i L) = g (6w (8)).

Here M (T, r) defines another reduced inertia tensor dependent on @) and the dynamic param-

cter I' € W, which is referred to as “advected parameter” in the literature. Since I' = g lay

evolves on GG, one may view M (I, r) as a function on G x Q.



Equations of Motion of the Spherical Robot
In this section, we apply the general results given in the previous section to the spherical
robot. For this example, the Lie group G =SO(3) and the vector space W = R?.

Let mg be the mass of the base body, Jy be the inertia tensor of the base body defined with
respect to the base body coordinate frame, m;, ¢ = 1,--- , N, be the mass of the i-th auxiliary
body, and J;(r) be the inertia tensor of the i-th auxiliary body defined with respect to the base
body coordinate frame. Moreover, let py denote the relative position vector of the center of
mass of the ball and let p;(r) denote the relative position vector of the center of mass of the
-th auxiliary body. We denote the angular velocity of the i-th body relative to the base body
coordinate frame by C;(r)r. That is, suppose the orientation of the i-th body in the base body
frame is given by R;(r) € SO(3), where R;(r) maps from a coordinate frame for the i-th body

-1

into the base body coordinate frame. Let &(r, 7) = R;'(r)< R;(r) denote the angular velocity

of the i-th body relative to its own coordinate frame. Then C;(r)r = R;(r)w;(r, 7).
We obtain the reduced equations of motion for SO(3) x Q)

(50~ g% = —mrad [(57) = [ e (57 1))
+mrag,l X pe(r), (0.29)
— u,, (0.30)

@) o

where the shape dynamics are completely controlled.



