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An Efficient ParallelFinite-Element-BaseBomainDecomposition
Iterative TechniquéWith PolynomialPreconditioning

Yu Liang* Ramde Kanapady' andKumarK. Tamma¥

Abstract

An efficient parallelfinite element-basedomaindecompositioriterative techniquewith polynomial precondi-
tioning with particularattentionto the GMRES solver is presented.Unlike the standardrow-orientedpartitioning
of amatrix, finite elementbaseddomaindecompositiorwith polynomialpreconditioningcircumwentsthe assembly
of matrix, reorderingof matrix, redundantomputationsassociateavith the interfaceelementspumericalproblems
associatedavith local preconditionerandcostly global preconditionerconstruction.A dramaticreductionin parallel
overheadbothin termsof computationand communicatiorresultsin a highly scalablesolver. The parallel perfor
manceresultsfor large-scalestaticanddynamicproblemsonthelBM SP2andthe SGI Origin arepresented.

Keywords: GMRES,domaindecompositiondistributedformat,polynomialpreconditionerfinite elementjinear
equations.

1 Intr oduction

Paralleliterative solversarebetteralternatve thantheparalleldirectsolversfor large-scaldinite elementomputations
[1,2]. Numericallyscalabledomaindecompositiorbasedsolverssuchasfinite elementearing and interconnecting
(FETI) method3,4] arebettersuitedfor highly parallelfinite elementomputationsThis howeveris mainlyrestricted
to symmetricakystemarisingfrom finite elementformulationsfor solid andstructuraimechanicdasedapplications.
Theiterative solverssuchas GMRES method[5] arean effective methodfor iterative solutionof specificclasseof
un-symmetricand symmetriclinear systemsarising from finite elementformulations[1]. The rate of corvergence
of theiterative algorithmsis governedby the conditionnumberof the linear systemswhich increaseslramatically
for finite elementmatricesasthe meshsize decreasesAs a result, an efficient preconditioneiis requiredfor the
solution of the linear systems. Finite element-edgdaseddomaindecompositior(DD) provides an intuitive while
powerful framework for the parallelformulation of finite elementmethod(FEM) [6]. Within this DD framework
providing an efficient preconditioneffor an iterative solver is a challengingtask. The SparseApproximatelnverse
(SR [7] anddiagonalpreconditionerarecommonlyusedpreconditionefor parallelformulations.However, SFAI
is notsuitablefor finite elementedgebasedlomaindecompositiorstratgies[8] anddiagonalpreconditionersirenot
effective enoughto reducethe numberof iterationsfor large-scalecomplex problem. IncompletelLU factorization
(ILU(K)) [7] basedoreconditionerareeffective for singleprocessorsomputationaframenork. However, for parallel
framework, its useis mainly limited asit incurshigh parallelcommunicatioroverheadimilarto thatof directsolvers,
andin particularfor the finite elementedge-base®D frameavork. The polynomial preconditioner$9] aresimple,
yet efficient and effective methodsfor efficient paralleliterative solvers. Polynomialpreconditioningnethodshas
beeninvestigatedn literature[5, 7,9-16]. In parallelframewnork, polynomial preconditioningmethodsare mainly
associatedvith row partitioningof the matrix of thelinearsystem.

In this paper anefficient parallelfinite element-basedomaindecompositiotGMRESsolver in conjunctionwith
polynomialpreconditionings presentedThedistinguishingfeaturesof the proposedapproachs thatit circumwents:
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i) the assemblyof the finite elementcoeficient matrix and preconditionerassociatedvith subdomairinterface, ii)
reorderingpf amatrixto gainparallelperformanceiji) redundantomputationsissociatewith theinterfaceelements,
andiv) numericalproblemsassociateavith local ILU(k) suchassingularitypreconditionerThis resultsin adramatic
reductionin the paralleloverheadbothin termsof computatiorandcommunicatiorandresultsin a highly scalable
solver. Theflexible GMRESwith Neumanrseriesandgeneralizedeast-squarepolynomialpreconditionef15] are
employedherefor large-scalestatic2ndorderelasticityandelastodynamicproblemsonanIiBM SP2andSGI Origin
to illustratethe effectivenessaindparallelperformancef the proposedpproaches.

Theremaindenf this papetlis organizedasfollows. In Sectior2 thesequentiapreconditionindechniquesvith fo-
cuson polynomialpreconditioningnethoddor their subsequentarallelformulationis presentedSection3 discusses
the parallelimplementatiorof a finite elementhaseddomaindecompositiorflexible GMRES solver followed by the
discussion®n parallelimplementatiorof a flexible GMRES solver for row-baseddomaindecompositioriechniques
in Section4. In Section5 the communication/computatiocompleity of the finite element-basedndnode-based
flexible GMRES s briefly discussedo highlight the advantageof the finite element-basedomaindecomposition
basedsolver. In Section6, the corvergenceandparallelperformancdor staticanddynamicproblemsemploying the
presenparallelpolynomialpreconditioninglexible GMRESis providedfollowedby conclusionsn Section?.

2 Preconditionedlterati ve Solvers

In this section,the commonlyusedpreconditioningechniqueswith particularattentionto the polynomial precon-
ditioning methodsare presented.The polynomial preconditioningtechniquessuchas the Neumannseriesand the
generalizedeast-squarefGLS) methodsare discussed.The constructiomandfactorsaffecting the numericalstabil-
ity of thesepolynomialpreconditionergarealsodiscussed An importantpre-processingechnigquesuchasdiagonal
scalingto effectively apply the polynomialpreconditionings alsodiscussedvhich is subsequentlgmploedin the
parallelimplementatiorof bothelement-andnode-basegartitioningbasedstrategies.

2.1 Preconditioning methods

Implicit finite elementcomputationsn several scientificandengineeringproblemssuchaslinear/nonlinearstaticor
dynamicproblemsequirestheresultingsolutionof a systenmof linearequationsuchas

Ku=f 1)

whereK ¢ ON*N is a sparsecoeficient matrix,u € [N is the vectorof unknovnsandf € ON is theloadvectorand
N is thenumberof equationsin the caseof large-scalgroblemsdomaindecompositio{DD) providesanintuitive

yet powerful frameawork for the parallelformulationof thefinite elementmethod(FEM). If Q is theoriginal problem
domainwhichis partitionedinto # sub-domainshenEg. 1 canbewrittenas

{SQK(S)}{SQU(S)}:{SQf(S)} "

where? is the numberof processord,Ji” ; denoteghe “assembly”operationK  is the coeficient matrix, KS andu®
is the solutionvector andfS is theright-handsidevectorassociatedvith the eachpartitions. Herepartitioncouldbe
finite-element-nodbasedor finite-element-edgbasedpartition. The formerleadsto row-partitionof the associated
matrix. This formsthe basisfor mostof the parallelimplementation®f theiterative solvers[7,17,18]. In this paper
we assumehefinite element-edgbasedparitionandeachsub-domairis mappednto eachprocessomvolvedin the
computation.

The rateof corvergenceof theiterative algorithmsare governedby the conditionnumberof the resultinglinear
systemswhich increasesiramaticallyfor finite elementmatricesasthe meshsizedecreasesis aresult,anefficient
preconditioneis requiredfor the solutionof the linearsystemdn Eq. 1. If C is apreconditionerthenEg. 1 canbe



transformednto

CLKu = Cf, (3)
KCrv = f,u=Cgy, or 4)
CLKCrv = C|_f7 u=Cgrv (5)

whereC_, Cg arethe preconditioningnatricessuchthatC, K, KCgr andC| KC g areapproximatelyequalto theiden-
tity matrix I. TheEqgs.3, 4 and5 arecalledleft-, right- andsplit-preconditioner§?] respectiely. In this paper our
attentionis restrictedto left- and split-preconditioners Serialimplementatiorof the commonlyemployed precon-
ditionersareincompleteLU factorization(ILU(K), wherek is the level of fill-in). For high parallelizability Sparse
Approximatelnverse(SFAI) anddiagonalpreconditionersire commonlyused. However, SFAl is not suitablefor
element-basedomaindecompositiorstratgiesanddiagonalpreconditionersre not effective enoughto reducethe
numberof iterationsfor large-scaleeomplex problems.

Diagonalscalingpreconditioneiis generallyemployed in the split-preconditioningschemeso asto keepthe sym-
metry of linear systems.lt is easyto constructandincur little communicationin its application. However, except
for afew caseof diagonallydominantiinear systemsgdiagonalscalingpreconditionecannoteffectively reducethe
numberof iterations.Diagonalscalingoperatiorincur nocommunicatioroverheadandis availablefor element-based
domaindecompositiofEDD) method. In this paper diagonalscalingpreconditioneis utilized asanindispensable
pre-processintpol for the polynomialpreconditioner

Theinterestin polynomialpreconditioner§l5] is motivatedby theneedfor simple,yetefficientandeffective methods
for efficientparalleliterative solvers[7] for high performanceomputergHPC)suchasvectorandparallelprocessors.
In contrasto ILU, SRAI, etc. polynomialpreconditionerareconstructeanly basecon the thematrix spectrundi.e.,
eigvaluesof the coeficient matrix), which is denotedaso(K). Eventhougha(K) is generallydifficult to compute,
O, an approximateestimationto it canbe easilyobtained. WhenK is a symmetricmatrix, then® c J; otherwise
© C ¢. The accurag of © determineghe rate of cornvergenceof the preconditionedsystems. Since polynomial
preconditioningwill alwayskeepthe symmetryof linearsystemd15], in this paperwe employ left-preconditioning,
Eq. 3, to transformtheoriginal linearsystemsEq. 1, to yield

Pm(K)Ku = Pn(K)f (6)
wherePy(K) is apolynomialin K with degree< m. It hasbeenshown in [15] that,if Pm(A) is constructedsuchthat

r%ine] [1—APn(A)|| (A €©) (7)

mELIm

whered ;O] is thesetof m-degreepolynomialswhichis valid over®, and||. || representaspecificnorm,namely the
uniformnormor quadraticorm,thenaboundontheconditionnumber]7] of thepreconditionedystemsk (Pm(K)K),
is minimized.

In this paperthe coeficient matrix A is assumedo be symmetric. The difficulty in applyingthe polynomialpre-
conditionerlies in the estimationof the spectrumof coeficient matrix. This canbe easily achieved by a simple
pre-processingechniquethatmapsthe spectrunof the coeficientinto a predetermineéhterval. Thisis discussedn
thenext section.

2.1.1 Diagonalscaling

Scalingis anessentiapre-preprocessingchniqueappliedto Eq. 1 beforethe polynomialpreconditioningstage.An
appropriatescalingoperationis essentiafor readyapplicationof the polynomialpreconditioner Besidesreducing
the conditionnumberof linear systemsit restrictsthe spectrunof the coeficient matrix a(A) into a pre-determined
interval.
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Theorem1 LetK = [ky,kp,---,kn]T € ON*N beanirr educiblematrix andassumehatA max is thelargesteigervalue
of K, then

N
Amax < max|kill2, ki € oN (8)
whete | ki||l1 = z'j\‘:l | ki,j | is calledthediscrete L1 normof vectork;.

For the proofsof theabove theoremthereadeiis referredto the Gershgorirtheorem{7]. GivenalinearsystemEq.1,
consideK = [kq,ko,---,kn]T, and

1 1
D =diag —,...,— 9
SOVCTRRVE ©
where N
di=[lkilla= > Ikij| (10)
=1
Then,theEq. 1 canbetransformednto

whereA = DKD, b = Df andx = Du. Accordingto Theoremi, it follows that
o(A) C (0,1) (12)

This enableghe constructiorof the polynomialpreconditionefor Eq.11suchthat® = (0,1). In thefollowing two
sub-sectionghe Neumanrseriesandthe generalizedeast-squaregreconditioningpolynomialarediscussed.
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2.1.2 Neumannseriespolynomial preconditioner

The Neumanmpolynomialpreconditioneis the simplestpolynomialpreconditioneiandit originatesfrom the basic
algebraiaelation

1 i
——=$A\ VA<l AeO 13
Thefollowing theorenmaybeusedin the constructiorof apolynomialapproximatiorto theinverseof the coeficient
matrix A.

Theorem?2 Let G € ON*N, thenyy_,GK corvergesif and only if p(G) < 1 wheee p(G) is the spectal radius of
matrix G. Then,it readilyfollowsthat

Gk=(1-G) (14)
2
LetwA =1 — (I —wA) andG = (I — wA) wherew € O is the scalingfactor Then,from Theorem2, theinverse
of any coeficientmatrix A is givenby
Al=w(l-G)t (15)

In Eq.15w canbeadjustedsothatp(G) < 1. Thenit follows thatA ! maybeapproximatedsfollows:
A*lzm(%ei)mw(l+G+---+Gm*1) (16)
i=

Sincethe preconditionematrix Pm(A) ~ A~1, from Eq. 16t follows that, the preconditionePy(A) is givenby
Pn(A) = w(l +G+G?+---+G™) (17)

In practicalimplementationsw would be determinedaccordingto the characteristicof A. For example,if A
is symmetricpositive definite then one canselect® = (0, h). Figure 1 shows that the residualpolynomials(1 —
APm_1(A)),m=5,6,7 is approximatelyequalto zeroin theinterval Q = (0, 30).



2.1.3 Generalizedleast-squaespolynomial preconditioner

The generalizedeast-squarefGLS) polynomial preconditionings preferableto otherpolynomial preconditioning
methodgqi.e., Neumanrseries)east-square€ hebyshe etc.) dueto its high applicationflexibility andlow construc-
tion cost. For GLS polynomialpreconditioningmethod,® is definedasa union of an arbitrarynumberof disjoint
intervalsof thespectrumi.e.,

Ny
0= ), R),0¢60 and
}31 “ (18)

< h<lb<h<--- <y <R,

whereN, is thenumberof intervalsin whichtheeigervalueof thecoeficientmatrixK lies. ThereforetheGLS method
canbe a generalmethodof solving symmetriclinear systemsincluding both symmetricindefinite and symmetric
positive definitesystems.

OnceQ is determinedthe GLS polynomialpreconditionecanbe constructecguchthat

i 1—APn(A A 1
min 1= AR . A < © 19)

Pm m

where||.||w representshe weightedquadraticnorminducedby theinner product(f,g)w = [g f(A)g(A)w(A)dA and
w(A) is anon-ngative weightfunctionover theinterval ©. Thekey to theabove least-squaregroblem, Eq. 19, is the
constructiorof asequencef orthogonapolynomials.Givenaseriesof orthogonapolynomialsequencegA®; (A) }
with respecto theinnerproduct(, )y [15] asabasisthentheleast-squaregroblem Eq. 19,canbereadilyconstructed
via

Pu() = iwm o, (20)

wherep; = (1L A@(A))w. As aresult,the polynomialpreconditioningcanbe computedteratively as
m
Pn(A)v = .20“*"“ (A)v. (21)
1=

In this work the orthogonapolynomialsequencgAg (A) } 1, is efficiently constructedisingChebyshe polynomials
[15] embeddedh the Stieltje procedurevia thethree-termrecurrenceelationship.The storageandtime costfor this
operatioris negligible comparedo ILU, SFAI, etc. For moredetailednformationabouthesequentiaimplementation
of the polynomialpreconditionerthereadeiis referredto [15].

Figure 2 (a),(b) and (c) show the graphsof the residuall — APy(A) for the GLS polynomial preconditioningwith
respecto different® andm. It canbe readily shavn that, if © ~ o(K), thenPy(K)K =~ | leadingto an efficient
preconditionerFor theiterative solvers,the polynomialpreconditioningstep

Z=Pn(A)v (22)

reducesto a setof m matrix-vector productoperationsinsteadof incompletefactorizationfollowed by backward
andforward solve operations.In sucha case,the only requirementhat needsto be satisfiedis the stability of the
preconditionemwhichis discussedn thefollowing section.

2.2 Stability of polynomial filtering

Let € bethemachineprecision(roundof unit) andlet

Pn(A)v = <iiéuAi) % (23)
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Letzs = Pn(A)v satisfythefloatingpointarithmetic,andz = Py(A)v betheexactvalue. Thenit followsfrom [16],
m

||Zf|—Z||2§m€%|5i | (24)
i=

TheinequalityEq. 24 indicatesthat the stability of the preconditioningoperationPyn(A)v mainly dependn m, the
degreeof the preconditioningoolynomial Py, andthe sumof the absolutevaluesof the coeficients of the polyno-
mial. Figure 3 shaws the norm, Eq. 24, of variousPy(A) with increasingdegreeof polynomialm for ® = (0,1)
and® = (—4,—1)U(7,10). It canbe seenthat, for the GLS polynomialpreconditioningthe accumulateekrrorin-
creasesiramaticallyasthe degreeof polynomialincreasesilt is clearthatfor all practicalpurposeshe degreeof the
polynomialshouldberestrictedto lessthan10.

2.3 Sequentialflexible GMRES

In this paperthegeneralizedninimal residualsolveris choserdueto its generalpplicabilityto a wide variety of ap-
plicationsincludingproblemsarisingin numericaformulationsof structuraimechanicspplications.To formulatethe
parallelGMRESfor the EDD stratgyy, thestandardsequentialjlescriptions givenfirst. For thepre-processelihear
equationsEg. 11,the GMRESsolutionprocesss essentiallya least-squaregrocess[7] which maybe expresseds
follows:

min  ||b—Axg2 (25)

Xs=Xo+ %X (A rg)

andxs(A,ro) = span{ro,Aro,A%rq,--- ,AS1ro} wherexs(A,ro) is ans-dimensionaKrylov subspacg7], andro =
b — Axp is theinitial residualemploying xo astheinitial approximatiorto therequiredsolution. The GMRESsolves
Eq.25by constructingan orthonormalbasis{vi,vy,--- ,vs} for xs(A,rg) usingthe Arnoldi algorithm[7] andthen
finding the optimum solution basedon this basis. In this papera variantof the GMRES which is known asthe
flexible GMRES (FGMRES)[7] is employed. This variantpermitsthe easyconstructiorof differentpreconditioners
atrequiredstagesn theiterative procesof the GMRES solver. FGMRESdiffersfrom GMRESIn thatthe solution
updatesireconstructedisingthe preconditionedariablez; insteadof basisv;. Thesequentiaimplementatiorof the
FGMRESis describedn Algorithm 1.

Algorithm 1 Sequentiaflexible GMRESwith restartand preconditioner

(1) Start: choose Xg, M
(dimension of the Krylov subspace),
setup (M+1)-by- matrix H.

(2) Arnoldi process

(3) ro=b—Axo; B=l|roll2; Vo=ro/B;
(4) FOR j=0,---,M—1 DO until convergence
(8) zj = Cvj;
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(6) Vjt1 = Azj

(@) FOR (i=0,---,])) hi,j :(le,vi);
(8) FOR (i=0,---,)) wj=wj—hjvi;
(9 hjraj = IVisallzs Visa=Vjr1/hja;
(10) ENDFOR

(11) Define Zj = (zi,---,zj] and

Hj={hx} (0<i<k+10<k<j);
(12) Compute the approximate solution:
(13) Xj =Xo+Zjyj

such that y; = argmin|Be; — Hiyll2;
(14) Restart: IF (not convergent) Xg=Xj and

GOTO (2);

Fromthe above discussiondt is clearthatthe polynomialpreconditionehasa significantpotentialto mary practical
problems. However, for it to be readily employed for finite elementapplicationsinvolving large scaleproblems
an efficient parallelimplementations required. In the next section,an efficient implementatiorof the polynomial
preconditioningbasedGMRES for finite element-basegartitioningis presented.This is followed by the parallel
implementatiorfor row-partitioningof the matrix thatresultsdueto thefinite elementnode-basegartitioning.

3 Finite element-basedlomain decompositionbasedGMRES

In this section thedistributedformulationof linearsystemsEq. 1, arisingfrom non-overlappindinite element-based
domaindecompositiorstratgy is discussed.Typical stepsinvolvedin finite element-basedomaindecomposition
computationarelisted in Algorithm 2 for illustration. The time-consumindkernelsin iterative methodsrequirean
efficientimplementatiorwhich depend®n threebasicoperationsThesearevectoroperationsiamely vectorupdate
andinnerproduct,matrix-vectorproduct,andthe preconditioningsolver phase.This s followed by norm-1diagonal
scalingtechniquén conjunctionwith the polynomialpreconditionedFGMRESdiscusseahext.

Algorithm 2 Finite element-basedomaindecompositiomethod

(1) Discretize the domain;

(2) Partition Q into ? non-overlapping
sub-domains in terms of element;

(3) Compute elemental stiffness matrix Ke;



(4) Compute sub-domain stiffness matrix
K® from Keg;

(5) Apply boundary condition over aQ(®\T;

(6) Solve the system of equations employing
preconditioned GMRES solver;

3.1 Data structur esand computational kernels
3.1.1 Datastructuresfor Matrix/v ector operations

Thefollowing two definitionsarerequiredfor a furtherdiscussion.

Definition 1 A globalvariable vectoru or matrixK in alocal distributedformatis denotecby 9 andK (¥ if it only
containsthelocal data.

Definition 2 A global variable, vectoru or a matrixK in a global distributedformatis denotecas 09 andK (¥ if it
containsthedatathat are sameat the sub-domairnnterfaces.

Thesedefinitionsare explainedasfollows. Considera 1-D finite elementtrussproblemmadeof two elementsas
shavn in Figure5(a). It followsthata globalvectoru canbeformulatedasglobaldistributedvectorsi(® (s= 1,2) or
local distributedvector(® (s= 1,2). In addition, Figure5(b) shovs thatthe global distributedvectorsstorethe full
valueof the globalvectoru with respecto the subdomairs, while the local distributedvectorcontainsthe dataonly
attributedto thelocal elementsn the sub-domairs. It shouldbenotedthat((® £ ().

Let Bs € O"s*N represenanunsignedoolearmatrix which mapsthe globalvectorinto the sub-domairs. It follows
that

P
0¥ =Bsu; and u= ZBL’J(S) (26)
S=
A local distributedvectori(® canbe corvertedinto a globaldistributedvectori(® through
P
0¥ =By BIU® (27)
s=1

This operationcanbe efficiently implementedy restrictingthe communicatiorcontext within the neighboringsub-

domainsof srepresenteds
0Qs
0¥ =0 3 0" (28)

wheredQs is theinterfaceof the sub-domairs. Herewe referto this operationrasa nearesheighborcommunication
[6]. For detailsof theimplementatiorthe readeiis referredto [6]. Analogousto vectors,a globalstiffnessmatrix K
alsoconsistof aserieof globaldistributedsub-matriceX (¢ or aseriesof local distributedsub-matriceX (9. Again,
referringto the 1-D trussproblem(Figure5(a)), the global stiffnessmatrix K, the local distributedstiffnessmatrix,
K (s=1,2),andK ® (s= 1,2) whichis the globaldistributedstiffnessmatrix aregivenby

1 -1 0
K:$ 1 2 -1 (29)
0 -1 1
. AE 1 -1 . AE 1 -1
K= 1}’K(2):|_ -1 1} (30)
@ _ Az 1 1) pp_Az) 2 -1
K =711 20K =711 1] (31)




u, 0 u, | o

u
1w 0.7 0@ | 17 :
2 L 1 L
u,
o o ;@ )
! 2 u, 1.0 u, | 17 U,
[l — —
7 (2 A (2)
@ ® W | 23 0?23
[ T ] —

‘ ‘ ‘ local distributed vector global distributed vector global vector

(a) 1-D FEM trussproblem (b) Local andglobal distributed vector

Figure5: Data-structurdor EDD strateyy.

wherel is theelementength,a is crosssectionabreaandz is Youngsmodulus.lt is clearthat,in thegenerakase,
~ fP s
K® =BIKBs; and K:Z§k®& (32)
S=

HereK is the global stiffnessmatrix for adomainQ with homogeneoulleumanrboundaryconditionson theinner
boundarie®Q.

3.1.2 Vector, matrix-v ector and preconditioning solver operations

In theimplementatiorof iterative methodgor the solutionof a linear systemof equationsfour basiccomputational
kernels,namely the vector update,innerproduct, matrix-by-vector productand preconditioningare needed. This
sectiondiscussesheir efficientimplementatiorfor element-basedomaindecomposition.

Vector operations

Vectorupdategio notrequireary communicatiorandtheleft-hand-sidesectorcanbe alwaysdeterminedy thelocal
quantitiesj.e., DAXPY (y «— ax+y) is accomplishediay® — ax® +y(® s=12... 2.

Theinnerproductoperation(x,y) wherex,y € ON, is
(381BX9, 52 1BY©)

Yo (¥ (BI 32 1BX©) (33)
Y2 (§9,%09)

(x,y)

Similarly, it canbe showvn that
xy) =3 (x9.99) (34)
s=1

It thenfollows from Eq. 33 and34 thatif bothx andy arestoredin alocal distributedformat,theny = (x,y) canbe
computedvia

(1) 9 =pa 3%y
2) Y =(x9,96 (35)
(3) y=Vyy®

Matrix-by-v ector operation

10



Thematrix-vectoroperationy — Kx, wherex,y € ON andK € ON*N is the only stiffness-matrix-relategubroutine
in thisimplementationSince

P r
Kx = (Y BlK(S)Bs)(ZiBlf((S>
s=1 S=

. (36)
- zing(S)y((S)
thenstoringy in alocal distributedformatsuchthaty = 5" ; BS 199, it follows that
yS = K&K (37)

Preconditioning
Theapplicationof thepreconditionings similarto thatof amatrix-vectorproduct.If thepreconditioneC, is available
in a local distributed matrix format, C®, thenC = (3%, BIC(¥Bs). It readily follows that, the preconditioning

operationcanbewritten as
ZBT SBs)( ZBT

=Y BI(C¥Bs Y BIU®
s; s ( s; )

(38)

Thisimpliesthat

(9B z Bl ©g© (39)
Notethat,it is assumedhata preconditioneis avallablem eachprocessowhich doesnot neednearesneighboring
or globalcommunicatiorfor its construction.

3.2 Parallel implementation

In thissectiontheparallelimplementatiorof thediagonallyscaledoolynomialpreconditionedlexible GMRESsolver
emplogying the previously discussediatastructuresandcomputationakernelsis presented.

3.2.1 Norm-1 Diagonal-scaling

If theoriginal problemis partitionedaccordingo thefinite element-basedomaindecompositionthenEq. 2 in terms

of thelocal distributedformatyields
? P P
{UK(S)} {U(J(s)} — Yt (40)
s=1 s=1 s=1

The partition K = [k1,ka,--- ,kn]T describedn the Theoreml in termsof local distributed format yields K© =
[kgs),kés),--- ,kfj‘s)]T. Let norm-1diagonalscalingmatrix D be formulatedin the global distributedformat,i.e., D =
UZ,D®. Then

® = diag1/1/d,...,1/1/d{) (41)
where
- 09
d¥ = =y d’ (42)
q° = ||kf|\1=zm<j->| (43)
=1

Eqgs.41and43 canbereadilycomputediusingthefollowing algorithm.
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Algorithm 3 Constructionof DiagonalScaling

(0 FOR (=12 ) d.‘s)—nkfsm;
(2) assign d® [d 7dl(\lS]T?
(3) d¥ =pay2%d;

(4) FOR (i=1,2---,Ng) d’}(S) _ 1

\UL

Employing Algorithm 4, thenorm-1diagonalscalingmatrix D cantransformigq. 40 into a linearsystem:
p p p
{UA<S>} {Ux@} — Jb®, (44)
S S

whereA® = DK D), & = DO (9 andb® = DOFE . Thepolynomialpreconditionedolversbasednnorm-1
diagonalscalingis describedy the algorithmbelow:

Algorithm 4 Applicationof Diagonal Scaling

(1) A = (DO)TKEPO)

@) o= (6(5))Tf(5);

(3) Construct preconditioning polynomial Pp
with ©= (0, 1)

(4) Solve (UPAG)(UPX®)=UPb® using
EDD-FGMRES with preconditioner Py(A);

(5) 0 =DOkOE,

Basedonassumptiorthat® = (0, 1), aparallelpolynomialpreconditionedcGMRESfor Eq.44 is formulatedand
describedelow.

3.2.2 FGMRES for element-basedartitioning

Following Algorithm 1 andthecomputationakernelsdescribedbove, thefinite element-basedomaindecomposition
flexible GMRESsolver for the systemof equationsEqg. 44, canbereadilydervedwhichis listedin Algorithm 5.

Algorithm 5 RestartedpolynomialpreconditionedP,) EDD-GMRES:

(1) PARTL: Initialization

(2) choose )'(és) s
M (dimension of the Krylov subspace);
convergent = FALSE;

(3) PART2: Arnoldi process
/% SECTION 2.1: Formulate '{f) */

@ WS =pa 3995 ;

(5) 0 = O —ADWS);
©) W =5 5094 ;

™ P (vz XTI
® 5 /Bs

/* SECTION 2.2:
Classical Gram-Schmidt process */

(9) FOR j=0,---,M—1 DO

(10) /* preconditioning Algorithm 7 */
78 — Pp(AG)

(11) W =pq 399719

(12) /* matrix-vector product */
U3, =AOwE

(13) W(s) —q ZBQs\'I(S)l

(14) FOR (i=0,...)) hj=Yy2WOS v);

(15) FOR G =0,...)) W = ﬁﬂfh.Jv 9
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(16) W =pq 599549

J+l’ §
an hJ+1J (VZ < J+17 (s)>)7;
/% hivag =V 3)l2 */
(18) IF hjy1j <& THEN
(19) convergent = TRUE; BREAK;
(20) ENDIF
(21) /* normalize Vﬁl */
oS _o®
Vit =V /hias
(22) ENDFOR

/* SECTION 2.3: Formulate Krylov
subspace (spanned by {zj}{;)
and Helsenberg matrix Hmx/

(23) Define Z [Zo ) i}s)] and
J7{h.k} (0<|<k+1 0<k<j);
(24) PART3: Compute the approximate solution:
(25) Xﬁ) Xé)JrZ )yJ such that
Yi _argmmyHBel HJYHZ’
(26) PARTA4: Restart:

@n IF (not convergent) THEN
(28) g =%%; coTo (3);
(29) ENDIF

A typical Arnoldi iterationconsistsof “m Gram-Schmidioopswhere “m is the dimensionof the Krylov subspace.
Thereforefor “m Gram-Schmidtomputationsthereare o ( &rninnerproductsto form the Heisenbey matrix H -, A
naive implementatiorwill resultin o( ) collective communicationsThis overheadwill increaseasthe numberof
processorincreasessthe collective communicatioroverheads o (log®). Thereforeanefficientimplementatioris
requiredwhich is achievzed by restrictingthis overheado o(“m) collective communicationsn statemenil4 of Algo-
rithm 5.

In theAlgorithm 5, for eachArnoldi iterationin thestatement9-24,thereexist threenearesheighborcommunication
operations< z"QS namely statementd3, 15 and18. In orderto enhancehe parallelscalabilityof the Algorithm 5
further, theseoperationsshouldbe minimized. This canbe achieved by introducingpreconditioningvectorsz in the
globaldistributedformatinsteadof thebasisvectorsin theglobaldistributedformat. Thisreduceshenearesheighbor
communicatioroperatiorto oneinsteadof three. Thedetailsof this enhancegbarallel GMRESsolver is describedn
Algorithm 6.

Algorithm 6 Enhanced&DD-FGMRESwith restartandpreconditionePy,:

(1) PARTI: Initialization

(2) choose Xés),
m (dimension of the Krylov subspace);
convergent = FALSE;

(3) PART2: Arnoldi process
/% SECTION 2.1: Formulate U\ */

(@ v =bE —AGRY;

(5) o —NZDQS\'I()

(6) B <vz< SN
@ 08 a0

/* SECTION 2. 2
classical Gram-Schmidt process */

(8) FOR j=0 ,M—1 DO until convergence
/* polynom1a1 preconditioning Algorithm 7 */
(9 29 — Pn(AG)UY;
(10) 29 =pa 329579
(11) /* matrix-vector product */
(12) 07y =pa 50T,

13



(13) FOR (i=0,..,)) hij=v32@%, 0%);

! ; i+1
(14) FOR (i=0,..,j) DO
(18) 0 =0T e
(16) W =93, - h o
7)) ENDFOR

/* Gram-Schmidt process */
. N 1

(18) hj+l,j = (VZQ<V§?1,V§?21>)Z ;
(19) IF hj,1j <& THEN
(20) convergent = TRUE; BREAK;
(21) ENDIF
(22) 0% =02 /Mg 0% = /Mg
(23) ENDFOR

/* SECTION 2.3:
Formulate Krylov subspace
(spanned by {Zj}_;)
and Heisenberg matrix Hj */
(24) Detine Z{¥ =[2§,,2”] and
Hj={hix} (0<i<k+1,0<k<j);
(25) PART3: Compute the approximate solution:
(26) $¥ =55 +zy, i
such that yj =argminy|Ber —Hjyll2;
(27) PARTA4: Restart:

(28) IF (not convergent) THEN
(29) % =%%; coTo (3);

(30) ENDIF

3.2.3 Polynomial Preconditioning

The necessanpolynomial preconditioningoperation,in the Algorithm 5,line 10, and Algorithm 6, line 10, the
Neumann-seriepolynomial preconditioningis describedbelon. The applicationof the generalizedeast-squares
polynomialpreconditioningwhoseconstructioris discussedn [15] is formulatedin a similar manner

Algorithm 7 EDD Neumann SeriesPolynomial Preconditioning 28 « Py(A)¥(® . mand® = (0, h) areinput
parametes.

1 w=1i;
(2) W =pq 399,

(3) 29 =9 _ AW ;
(4) FOR (i=1,2,---,m) DO

(5) 729 =709 4+ ¢(9;

(6) W =pq 5995 2(9);

7 79 — 205 _ (AOWO ;
(8) ENDFOR

©) 79 = (¥ +29);

Alternative preconditioningmethodssuchas ILU and SRAI may facedravbacksfor finite elementbaseddomain
decompositioomethods For example theincompletd LU preconditioneim thelocaldistributedformatcomputedria
(COYT=LOUE =K (45)

may occasionallysuffer from singularityof K. In structuralmechanicsif sub-domairs doesnot containsuficient
numberof Dirichlet boundaryconditionssuchthatit “floats”, thenK (8 will besingular
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Figure6: Storagdormatof row-basedomaindecompositioninearsystems.

4 Row-basedPartition Strategy

For the finite elementmethod,if a node-basegartitioningis employed (seeFig. 6(a)), thenthe associatedanatrix
partitioningis a block row partitioning (seeFig. 6(b)). Efficient parallelimplementatiorof iterative solversbased
on block row partitioning of the matrix areimplementedn mary popularlibraries suchas suchas pARMS [19],
PSRARSLIB [18], Aztec[20], etc. To comparegheseémplementationsvith thefinite elemenbasediomaindecompo-
sition basedGMRESdescribedreviously, the row-basedartitioningimplementations presentedh this section.

4.1 Data structuresand computational kernels
4.1.1 Datastructures

Row-baseddomainpartitioningprovidesa solutionmethodfor a generalpurposdinear systemof equations.Using
specificgraphmethodd21], the degreesof freedom(d.o.f) andassociate@quationgrows of the stiffnessmatrix) are
partitionedandassignedo differentprocessorsReferringto Figure®6, let the original domainbe partitionedinto »
nodallydisconnectedub-domainsThen

K® =BgK: and U'®=Bsu (46)

It is clearfrom theabove equationsthatthematrixandvectorsresultingdueto finite elemennode-basegartitioningis
therow partitioningof theglobalmatrix andvectors.Hencethe matrixandvectorsarealwaysin theglobaldistributed
format.

4.1.2 Vector, matrix-v ector, preconditioning operations

Similar to the element-basegartitioning,the node-basegartitioningalsorequiresthreebasicoperationsnamely
vector matrix-vectorproduct,andpreconditioningpperations.

Vector operations

Asin theelement-basealgorithm thevectorupdateoperationgor theRDD stratgyy donotrequireary interprocessor
communicationsTheinnerproduct

<X7 y> = ZLO?(S) ) Y(S)> (47)
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Figure7: Structureof thefinite elementrow-basedoartitioning

is accomplishedby alocal innerproductoperationin eachprocessofollowedby a collective all reducecommunica-
tion.

Matrix-v ector operations

The Matrix-vectorproductoperationof row-basedartitioningis relatively morecomplec thanthatof element-based
partitioningbecause¢helocal d.o.fandtheassociate@quationsieedto be de-coupled.
Figures7(a)and7(b)distinguisheshreetypesof DOFsfor row-basedinearsystemsnto interiorDO Fs(xl(?c), internal
interface(xé?d) and externalinterface DOFs (xfgl) [7,19]. Further asillustratedin Figure 7(a) and7(b), the local

equationsare also de-couplednto two componentspamely the local matricesizl(?C and }Zg. The matrix-vector
productoperationy «— Kx canbeaccomplishedy

scdter xﬁd to neighboing sub— domains

gatherxg‘i fromneighboing sub— domains
v = K (& x(9).

locX|oc?
VS =¥ + K Si¥ex;

(48)

It shouldbe notedthata re-orderingof local DOFsis requiredin orderto achiere satishctoryparallelperformance.
Precondition operations
In [19], additive Schwartz, Schurcomplementand ILU methodsare employed as preconditionergor a row-based
linearsystem. Thesemethodsareactuallythe extensionf the block Jacobimethod[7] whosekernelis to solve the
local system

azo =

In addition,an effective implementatiorof the GLS polynomialpreconditionings critically assesseth [15]. In the
samemannerasthe EDD stratgy, afteremploying the norm-1diagonalscalingasa pre-processthe original linear

systemis transformednto
P P P
S S S

Here,it shouldbe remarledthatthe norm-1diagonalscalingfor the RDD stratey requiresno inter-processocom-
municationwhile its matrix-vectorproductfor the RDD stratgy mayincur morecommunicatioroverheadhanthe
EDD stratay.
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4.1.3 FGMRES for row-basedpartitioning

Following Algorithm 1 andthe computationakernelsdescribedabore, the finite row-baseddomaindecomposition
flexible GMRESsolver to solve the systemof equationEq. 49 canbereadilyderivedwhichis listedin Algorithm 8.

Algorithm 8 RDD-FGMRESwith restartandpolynomialpreconditionePy,:
(1) PARTLI: Initialization

(2) choose )?BS),
M (dimension of the Krylov subspace),
setup a (M+1)-by-m matrix H.
(3) PART2: Arnoldi process
/% SECTION 2.1: Formulate V. */

) v =bl¥ —MatveqA® x¥); (Bq. 48)
®) B= (V52T .V
< v =y /B;

/* SECTION 2.2:
Classical Gram-Schmidt process */

(8) FOR j=0,---,M—1 DO
9 /* polynomial preconditioning */

7% = Pn(A)7;
(10) /* matrix-vector product */

V%, =Matveq A®,Z%)
(11) FOR (i=0....)) hij=v32Wd,.v%);
(12) /* Gram-Schmidt process */

FOR (1 =0....)) ¥ %y = Vi~
(13) /% i = V912 */

1

hjsaj = (V32 W%0))2 5

(14) IF hjiqj <& THEN
convergent = TRUE; break;

ENDIF
(15) \ﬁilz\ﬁil/hp&,j; /* normalize\7<j?1 */
(16) ENDFOR

/* SECTION 2.3:

Formulate Krylov subspace

(spanned by {ZJH:l) i

and Heisenberg matrix Hj*/

an Detine Z\¥ = (7, ,Z”] ana

Hm={hix} (0<i<k+1,0<k<j);
(18) PART3: Compute the approximate solution:
(19) )?Es) :igs) +Z§S)yj such that

yj = argminy||Ber — Hjy|2;
(20) PARTA4: Restart:
)—(gs) _ )—((js) ;
(21) IF (not convergent) THEN GOTO (3);

/* )_(E)S> stores the final solution */

5 Comparison of finite elementand row-baseddomain decomposition

The computationatompleity of eachinner Arnoldi procesof the GMRES solver for bothelement-basedndrow-
basedstratg@iesaregivenin Table.1. Asymptotically bothalgorithmshave thesameparallelruntime Tp; makingboth
algorithmsequallyscalableon a wide rangeof parallelarchitecturedor finite elementanalysis.However, the actual
performancelifferencebetweerthe two algorithmsdependsiponthe actualconstantassociateavith compleity of
communicatioroverheador the nodeandelementrid partitioneron the samefinite elemenigrid.

In both algorithms,the main operationsare dAXPY operationsyectorinnerproductscomputationsand matrix-
vectormultiplication. The dAXPY operationglo notinvolve ary communicatioroverhead.The communicatiortime
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Method Neighborcomm. | Globalcomm. | mat-vec | Innerproduct | vectorupdates
Algorithm5 | m+3 ‘m+1 m+1 O("m) O("m-+m)
Algorithm 6 | m+1 ‘m+1 m+1 O("m) O(“'m+m)
Algorithm 8 | m+1 ‘m+1 m+1 O("m) O(“'m+m)

Table1: Communicatiorand computationcostof inner Arnoldi processof GMRES solver (“mis the size of Krylov
subspace)

periterationfor avectorinnerproductdepend®nly onthenumberof processorn use.Thistimeis o (log#) onthe

hypercubeandthe HiPPI switch basedarchitectureand o (v/#) on a meshbasedarchitecture.In the presencef a

fast,hardwaresupportededuction operatiowe canassumehatit is a small constant.Hencethe only performance
betweenelement-basednd row-basedalgorithmslies in matrix-vector product. For element-basedatrix-vector

multiplication, the communicationonly happensamongthe nearesineighboringprocessesfor row-basedmatrix-

vectormultiplication,moreprocessewill getinvolvedin communication.

P
1

Figure8: Elementassignmento differentprocessorfor nodebasedartitionmesh.

In finite elementanalysisfor an unstructuredinite elementmeshthe resultingcoeficient matrix is sparsewith
anirregularsparsitypattern.Earlierwork in sparseparallelmatrix-vectormultiplication [22] concludedhatthe effi-
cieng of suchalgorithmsdepend®n the datastructureusedandthe sparsitypatternof the matrix K. Furthermore,
a scalableparallelimplementatiorof a sparsematrix-vectormultiplication exists for a sparsematrix K providedthat
it is the adjaceng matrix of a planar graph! G(K) [21].  Sincerow-basedGMRES algorithmsrequireefficient
parallelmatrix-vectormultiplication,boththe searchdirectioncomputatiorandthe polynomialpreconditioningcom-
putationwhichincreasesvith thedegreeof polynomialsfor higherorderelementsuchasa4-nodedquadrilaterabind
the 8-nodedquadrilateraletc.,it makesG(K) non-planamandthusdeteriorateshe scalability of parallelimplemen-
tation. Furthermorejn finite elementanalysis,in contrastto the element-basedlgorithmthe row-basedalgorithm
hasthe following dravbacks.Referringto Figure 8, which shavs elementsassignedo eachprocessofor the mesh,
Figure8(a)shavs anexamplewhichis partitionednto threesubdomainsNotethatall theelementsharingtheinter
facenodesmustbe assignedo the processor$o avoid the assemblyof interfacecontritution to the global matrix K
which increasegommunicatioroverheaddueto gatheringof entriesof K from the neighboringorocessorsesulting
in duplicateassignmenof the elementsThisleadsto two furtherdravbacks:

1. For largefinite elementmeshesand especiallyfor three-dimensiongbroblemsthe computerstoragerequire-
mentsmayincreasedrastically;

2. Thiswill incursignificantredundantloating-pointperationgor all thenodesassignedo theprocessorshich
arepartof extraelementsassigneandarenot partof theoriginal nodesin thatpartition.

It is clearfrom theabove discussiorthatelementilomaindecompositiothasedsMRESalgorithmsseento besuitable
for generaparallelfinite elementanalysisgspeciallyfor unsymmetrianatrices.

LA graphis planarif andonly if it canbe dravn in a planesuchthat no edgescrosseachother In finite elementanalysis G(K ) is planarfor a
3-nodedtriangularelement.
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Figure9: Problemdescription.

6 Numerical Results

In this sectionnumericalresultsfor two dimensional™ orderelasticityandelastodynamicproblemsemploying the
presenparallelpolynomialpreconditionersrepresented.

6.1 Problem description

Employing thefinite elementmethodfor solving2ndorderelasticity resultsin thediscreteequationsystem
Ku=f, (50)

whereK e ON*N s the globalstiffnessmatrix,u € ON andf € ON arethedisplacemenandexternally appliedioad
vectorsrespectiely, andN is the numberof degreesof freedom.Similarly, employing finite elementformulationon
theelastodynamicsquationsresultsin following semi-discretequationsystem
d?u o

MW+Ku=f; u(0) = up; U = Up, (51)
whereM e ON*N is a positive definite massmatrix. Obsere that Equation51 is a 2% orderordinary differential
equation.Oncetime marchingtechniquesuchasthefamily of generalizedntegrationoperatorg6] areemployedfor
time discretizationit resultsin a systemof linearequation®f theform

Mupni1 = [OM + BK]Uns1 = fnya, (52)

whereM is theeffective stiffnessmatrix,a andp arefreeparameterassociateavith specifictime integrationmethod,
andn+ listhecurrenttime step.For illustration,the Eqs.50— 52 aresolvedfor atwo-dimensionatantileser problem
describedn Fig. 9(a) emplogying four-nodequadrilateraffinite elements. The parallelflexible GMRES algorithms
describedpreviously areimplementedusing C and MPI. Thefinite elementmeshesf increasingproblemsize are
shavn in Table 2 wherenXelexnYele describegshe meshdimensionin the unit of element,nNode is the total
numberof nodesin the meshandnEqn is the degreesof freedom. Sinceall systemaundego diagonalscalingprior
to computatiorof the solution,® canbe simply definedas®© = (g,1) wheree is the machineprecision. The value
of “m (referto Algorithm 1), the dimensionof the Krylov subspacés choserto be 25 and cowergenceis achieved

when % < tol, wherer; is thei-th residualvector (b — Ax;). Thevalueof tol = 1078 is chosenin the numerical

experiments.

6.2 Results

Thenumericalexperimentdocuson:
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Mesh | nXelexnYele | nNode | nEgn
Mesh1l 7x1 16 28
Mesh2 40x 8 369 656
Mesh3 40x% 20 861 1,640
Mesh4 50x 50 2,601 | 5,100
Mesh5 60x 60 3,721 | 7,320
Mesh6 70x 70 5,041 | 9,940
Mesh7 80x 80 6,561 | 12,960
Mesh8 90x 90 8,281 | 16,380
Mesh9 100x 100 10,201 | 20,200
Mesh10 200x 100 20,301 | 40,400

Table2: Finite elemenimeshof increasinghumberof elementsandnodedor a cantilezer problemwhichis employed

for theparallelperformancestudiesfor bothEDD- andNDD-GMRES.

1. Comparisorof polynomialandILU(0O) (ILU withoutary fill-in) [7] preconditioners;

2. Corvergencamprovementandthe degreeof polynomialpreconditioners;

3. Parallelspeedumf polynomialpreconditionedEDD-FGMRES.

It shouldberemarledthat,®, the spectrumestimationof the diagonallyscaledinearsystem(11) is alwaysregarded
tobe(0,1) in thefollowing experimentsHowever, asillustratedin Figure10,making® = (0, 1) doesnotnecessarily

leadto optimalcorvergenceperformance.

0.001

lir_itiie_oll

1e

Figure10: Convergenceof EDD-GMRES-gls(10¥ersusthe estimationabouto(A) (©).

Polynomial Preconditionervs. ILU(0) ILU preconditioneis consideredo be oneof the mostefficient (from the
pointof view of corvergencateration)sequentiapreconditioningnethod7]. While Figuresl1andi2illustratethat,

in the context of singleprocessar

00001
%,

T T T T
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Theta=(0.00; 0.97) -~

Theta=(0.00, 0.95) —--
Theta=(0.00, 0.93) -~
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07
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iters

GLY7) >~ ILU(0) > Neun{20),

holdsfor both staticand dynamicproblemsof Mesh1 andMesh2. Here“>" indicates‘converge fasterthan”, and
the degreeof polynomialsare given braclet. As a conclusion,the performanceof the GLS and Neumannseries
polynomialpreconditionerss completelycomparabldo thelLU(0) preconditionepn a singleprocessar
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Hereit shouldbe remarledthattwo small-scalesystemslesh1 andMesh2 arechosento studythe corvergence
of solversbecausdLU(0) doesnot work for a large-scaleproblemin element-basedomaindecompositiorsetting.
Comparedo polynomialpreconditionerghelLU requiresmorestorage.

Preconditioned GMRES for DD Cantilever Beam Preconditioned GMRES for Domain Decomposition

T T T T T
GMRES-ILU(0) GMRES-ILU(0)
GMRES-IS(7) - GMRES-neum(20) -----
GMRES-neum(19) -~ GMRES-gls(8) ——--
GMRES-Is(19) -~~~

0.001 |-y

»\—T‘.\ R 0,001 Hhys

0.0001

°
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2
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]
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@7x1 (b)40x 8

Figurel1: ILU(0) versuspolynomialpreconditionefor staticanalysisaboutcantileszer beamwith pulling load prob-
lem.

Degree of Polynomial and The Resulting ConvergencePerformance From both the Figures13 and 14, it is
obsenedthatfor boththe staticanddynamicproblemsof Mesh1 andMesh2,

GLS(20) = GLY10) = GLY7) = GLY3) - GLY1),

whichimpliesthata higherdegreeGLS polynomialpreconditioningmay bring aboutmorereductionof theiteration
numberfor corvergence.However, this is not betrue for somerelatively large problems.For example,asillustrated
in Table3, GLS(7)performsbetterthanGLS(8),GLS(9)andGLS(10)for the staticproblemof Mesh7.

Parallel Speedup Theresultspresentedn Figure17 and Table 3 shawv thatthe polynomialpreconditionedeDD-

FGMRES achieves an acceptablespeedupvhen multiple processorare usedon both the IBM-SP2 and the SGI-

ORIGIN machine.Four importantobsenationscanbe made. First, the parallelspeedupf the polynomialprecon-
ditioned FGMRES: s relatedto the degreeof the preconditioningpolynomial. Trivially, the higherthe degreeof

the preconditioningpolynomial, the more dominantthe matrix-vector productwill becomein the whole problem.
Figure 17 (a) shows that for the samekind of problem,EDD-FGMRES-GLSI) hasbetterparallel speeduphan
EDD-FGMRES-GLS() if m> n. In contrastFigurel7 (b) shavs thatthe valueof m doesnotinfluencethe parallel
speedupmf the RDD-FGMRES-GLSI() significantly Secondlyit is obsenedvia Figures17 (c) and(d) that, with
theincreasén the dimensionof the problem the parallelperformancechiezedwill approacta higherlevel of linear
speedup.This phenomenoiis alsoillustratedin Table3. Thirdly, asshavn in Table 3, eventhoughthe GLS(10)
hasbettercorvergenceperformanceghanthe GLS(7), the EDD-FGMRES-GLS(10hasa significanttime-costthan
the GLS(7) becausan eachiterationthe GLS(10) performsthreeadditionalmatrix-vectorproductoperationghan
GLS(7). Thereforeatrade-of betweerconvergenceperformancandCPUtime shouldbe made.

From Figure 17(e)it is clearthat our implementationis also highly portable. However, the parallel speedup
depend®nthe HPC systemin question.Figure17(e)shawvs thatthe SGI-ORIGIN hasa betterparallelperformance
thanthe IBM-SP2,which canbeattributedto the sharednemoryarchitecturef the SGI-ORIGINmachineasagainst
the distributedmemoryarchitectureof the IBM-SP2. In the casethatonly a smallnumberof processorgarticipate
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Figure12: ILU(0) versuspolynomial preconditionerffor dynamicanalysisaboutcantileser plate with pulling load
problem.
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problem.
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Figurel4: Corvergenceversusncreasinglegreeof preconditioningpolynomialfor dynamicanalysisaboutcantileser
plateproblem.

in the computationthe IBM-SP2hasa highercommunicatioroverheadbetweerthe computingnodesthanthe SGI-
ORIGIN.

7 Conclusions

In this paperanefficient parallelfinite element-basedomaindecompositiotMRESsolver with polynomialprecon-
ditioningis presented.

e For singleprocessocomputationsthe corvergenceperformancein termsof the numberof iterations)of the
polynomialpreconditionednethodsare comparablewith the ILU(0) preconditionednes. Further for finite
elementbaseddomaindecompositiorcomputationspolynomial preconditioneiis a preferablechoiceasit is
cheapeto constructhanthe ILU(Q) preconditioner

e Thefinite elemenbasediomaindecompositioisolverin conjunctiorwith thepolynomialpreconditioningsuch
asthe Neumanrseries GLS, etc.) circumwentsthefollowing operations:

theassemblyprocesdor associatedoeficient matrixandpreconditioner;
reorderingof degreeof freedom;

redundantomputationsssociateavith the interfaceelements;
numericalproblemsassociatedvith local ILU(K) preconditioner

This is unlike in the caseof standard-ow-orientedpartitioning stratgies. As a consequenceg dramaticre-
ductionin paralleloverheadbothin termsof computation@ndcommunicationss achiered. The parallelper
formanceresultsfor illustrative large-scalestatic/dynamigroblemson the IBM SP2andthe SGI Origin were
presented.
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