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ABSTRACT

Title of Dissertation: Approximate Nonlinear Filtering with Applications

to Navigation

Babak Azimi-Sadjadi, Doctor of Philosophy, 2001

Dissertation directed by: Professor P. S. Krishnaprasad
Department of Electrical and Computer Engineering

In this dissertation we address nonlinear techniques in filtering, estimation,
and detection that arise in satellite based navigation. Here, we emphasize the
theoretical aspect of these techniques, and we also address their applications.

We first introduce particle filtering for an exponential family of densities. We
prove that under certain conditions the approximated conditional density con-
verges to the true conditional density. For the case where the conditional density
does not lie in an exponential family but stays close to it, we show that under
certain assumptions the error of the estimate given by this approximate nonlin-
ear filtering, projection particle filtering, is bounded. We give similar results for a
family of mixture densities. We use projection particle filtering for an exponential
family of densities to estimate the position of a mobile platform that has a com-

bination of inertial navigation system (INS) and global positioning system (GPS),



referred to as an integrated INS/GPS. We show via numerical experiments that
projection particle filtering exceeds regular particle filtering methods in navigation
performance.

Using carrier phase measurements enables the differential GPS to reach cen-
timeter level accuracy. The phase lock loop of a GPS receiver cannot measure the
full cycle part of the carrier phase. This unmeasured part is called integer ambigu-
ity, and it should be resolved through other means. Here, we present a new integer
ambiguity resolution method. In this method we treat the integer ambiguity as
a random digital vector. Using particle filtering, we approximate the conditional
probability mass function of the integer ambiguity given the observation. The
resolved integer is the MAP estimate of the integer given the observation.

Reliability of a positioning system is of great importance for navigation pur-
poses. Therefore, an integrity monitoring system is an inseparable part of any
navigation system. Failures or changes due to malfunctions in sensors and actu-
ators should be detected and repaired to keep the integrity of the system intact.
Since in most practical applications, sensors and actuators have nonlinear dynam-
ics, this nonlinearity should be reflected in the corresponding change detection
methods. In this dissertation we present a change detection method for nonlin-
ear stochastic systems based on projection particle filtering. The statistic for this
method is chosen in such a way that it can be calculated recursively, while the com-
putational complexity of the method remains constant with respect to time. We
present some simulation results that show the advantages of this method compared

to linearization techniques.
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Chapter 1

Introduction

Position estimation is one of the key issues in the automated control of a vehicle.
Positioning methods can be classified into three different groups. Dead reckoning is
based on piece-wise integration of the speed and heading of the vehicle to calculate
the position with respect to a known starting point. Clearly, the estimate of the
position gets worse as time goes on, i.e. the error in the estimation accumulates.
The Inertial Navigation System (INS) type of positioning is based on Newton’s
second law. In the INS, the system uses the acceleration and its direction to find
(again using integration) the current location. This method is more accurate than
the dead-reckoning method, and it can be used in almost all applications. Since the
calculation of the current position is based on the integration of the instantaneous
acceleration, this method suffers from the same deficiencies as the dead-reckoning
method does. The third type of positioning is based on measuring the distance of
the unknown location from several known positions. The accuracy of this method
depends on the accuracy of the measurement and the accuracy of our knowledge of
the location of the known points. Unlike the INS and the dead-reckoning methods,

this method does not suffer from the accumulation of error over the duration of



the measurement. In fact, the longer the measurement takes the more accurate
the estimate becomes. The Global Positioning System (GPS) measurement is one
of the third positioning types.

GPS was conceived as a ranging system from known positions of satellites in
space to unknown positions on land, in sea, in air and in space. Effectively, the
satellite signal is continuously marked with its own transmission time so that, when
received, the signal travel time can be measured by a synchronized receiver. Apart
from point positioning, the determination of a vehicle’s instantaneous position and
velocity, and precise coordination of time were original objectives of GPS [28].

GPS uses “pseudoranges” derived from the broadcast satellite signal. The pseu-
dorange is derived either from measuring the travel time of the coded signal and
multiplying it by its velocity or by measuring the phase of the signal. In both
cases, the clocks of the receiver and the satellite are employed. Since these clocks
are never perfectly synchronized, instead of true ranges pseudoranges are obtained
where the synchronization error (denoted as clock error) is taken into account.
Consequently, each equation of this type comprises four unknowns: the desired
three point coordinates contained in true range, and the clock error. Thus, infor-
mation from (at least) four satellites is necessary to solve for the four unknowns.

Differential GPS allows the user to obtain a more accurate measurement. It,
in fact, allows the removal of a good portion of the positioning error from the
estimation. This, along with other new technology, allows the users to use the
carrier phase as part of the positioning information. This can increase the accuracy
of the estimation to centimeter, or in the static case, to millimeter levels.

Unlike the applications in communication, in positioning one needs to know

the exact phase difference between the received signal and the transmitted signal,



i.e. the exact number of full cycles and the portion of the phase that is less
than a full cycle is needed for position estimation. A Phase Lock Loop (PLL)
can provide a very accurate estimate of the portion of the phase that is less than
a full cycle. Also, it can count the number of full cycles added to the phase
once it starts tracking the signal continuously. The initial value of the full cycles,
though is not known, therefore, the phase lock loop cannot provide that part of the
phase information. This part, which is a constant integer number of full cycles,
is called integer ambiguity and should be resolved through numerical methods
26, 28, 51, 52].

Although carrier phase differential GPS allows for very accurate positioning,
it is very sensitive to obstacles that can block satellite signals. The loss in signal
could be for a few moments or for a longer period of time. If the loss in signal
is sufficiently short, the phase lock loop is unable to detect the loss in signal,
therefore it is not able to record the added full cycles to the measured phase. This
results in a jump in the measured phase. This phenomena is known as cycle slip.
Any navigation method that uses carrier phase differential GPS should be able to
detect and isolate the cycle slips whenever they occur.

If the loss in signal is for a sufficiently long period of time, so that position
information is needed while the GPS receiver has signals only from three or fewer
satellites, the positioning techniques that are solely based on satellite navigation
fail to function. In such cases the user should use other methods to be able to
receive continuous position information [1, 16, 19, 20, 42, 56].

Integration of INS with GPS has proven to be robust and accurate. In an
integrated INS/GPS, INS provides positioning information that is calibrated by
GPS.



In most applications, such as integrated INS/GPS, or dead-reckoning/GPS, or
vehicle dynamic/GPS, linearization of the dynamic and the GPS observation is
the main tool for estimation [20, 21, 42, 44, 45]. It can be shown [16] that when
the number of satellites is below a certain number or the geometry of the satellite
constellation is near singular, the Extended Kalman Filter (EKF) diverges and
fails to provide accurate estimation of the position. In this case, it is important to
use nonlinear filtering for the estimation problem.

The results in [16] were a motivation for us to study nonlinear filtering, estima-
tion, and detection methods and their applications to satellite based navigation.
In this dissertation we are interested both in the theory and the application of
such methods. For this reason our intention is to discover new tractable finite ap-
proximation methods for nonlinear filtering problems. We are specially interested
in the approximation methods that are suited for satellite based navigation.

Our contribution in this dissertation can be categorized into three major areas.
In all of these three areas we have developed the theory of the proposed approx-
imation methods as well as the relevant application to navigation. In the rest of

this chapter we introduce these three areas.

1.1 Approximate Nonlinear Filtering

Unlike the linear Gaussian case, no finite dimensional filtering method for gen-
eral nonlinear systems exists. The most well known approximation method for
nonlinear filters, Extended Kalman Filtering (EKF), is merely an ad hoc method
[46]. The performance of EKF depends on the specific application and it is not

guaranteed.



Projection filtering is another approximation method for nonlinear filtering
[9, 11, 12]. The main assumption in projection filtering is that the conditional
density of the state given the observations can be projected onto a family of den-
sities without significant error. In [11] the conditional density is projected onto an
exponential family of densities. Since the exponential family has a finite dimen-
sional parametric representation, the projected nonlinear filter also has a finite
dimensional form.

In a different approach [9], the conditional density of the system given the
observations is approximated by a summation of basis functions. Then, a Galerkin
approximation method is used to propagate the coefficients of the approximated
density.

Although both methods in [9] and [11] provide better approximation methods
than EKF, the convergence of the approximated conditional density to the actual
conditional density is not studied *.

An entirely different approach for approximating the conditional density is
simulation based filtering. Grid-less simulation based filtering, now known by many
different names such as particle filtering [34, 40], the Condensation Algorithm [29],
the Sequential Monte Carlo (SMC) Method [22], and Bayesian Bootstrap Filtering
[24], was first introduced in [24] and then it was rediscovered independently in [29]
and [32]. Henceforth we refer to this filtering method as particle filtering. The
results in [24] are the extension of the results in [48] and [2] to the dynamic case
and is based on a method called Sampling/Importance Resampling (SIR). SIR is

key element of the grid-less simulation based filtering methods. SIR allows these

n [9] a convergence proof is reported but in a remark the authors note that: “The requirement
in the hypothesis of Theorem 1 is somewhat unsatisfactory because it is not clear at this stage

how to guarantee that this is true a priori”.



methods to have automatically high resolution grids in areas where the conditional
density is significant and low resolution in the areas where the conditional density
is small.

Particle filtering is a Monte Carlo based method for nonlinear filtering. The
particles in this method refer to independent samples generated with the Monte
Carlo method. In [40] it was shown that the optimal nonlinear filter can be approx-
imated with an arbitrarily small error by a finite dimensional filter. The problem
of this method is that for high dimensional systems, and for small errors, com-
putational complexity grows, and the method is not always implementable in real
time applications. The other shortcoming of particle filtering is its vulnerability to
sample impoverishment [15], so that the particle distribution gives a poor approx-
imation of the required conditional density. In extreme cases, after a sequence of
updates the particle system can collapse to a single point. In less extreme cases,
although several particles may survive, there is so much internal correlation that
summary statistics behave as if they are derived from a substantially smaller sam-
ple. To compensate, large numbers of particles are required in realistic problems
[15].

In the cases where we have some prior information about the distribution,
we should expect to achieve higher performance if we take this information into
account. By higher performance, we mean a reduction in the computational cost
and an increase in the convergence rate. Here we assume that the conditional
distribution has a density in an exponential family of densities, or at least stays
close to it in a sense that we will define. Using this assumption, we replace the
empirical distribution in [40] with the Maximum Likelihood Estimate (MLE) of the

parameters of an exponential density. We call this new method projection particle



filtering. In Theorem 4.1.6 we show that if the conditional density of the state
given the observations lies in an exponential family of densities then the estimated
conditional density converges to the true conditional density in a sense that will
be defined. In Theorem 4.2.7 for the case where the true conditional density stays
close to an exponential family of densities we show that the error of the estimate
given by projection particle filtering is bounded.

As stated in [11], finding the proper exponential family of densities for a dy-
namical system is quite challenging. To overcome this problem and motivated by
the results in Theorems 4.1.6 and 4.2.7, we studied projection filtering for a family
of mixture densities. In this case, we also show that if the family of mixture den-
sities is close (in a sense that will be defined later) to the true conditional density,
the error of estimate given by approximate filtering is bounded.

One of the applications of projection particle filtering is position estimation for
an integrated INS/GPS. We are particularly interested in the cases where lineariza-
tion methods fail. One such case is when the number of GPS satellites in view
is below a critical number (for three dimensional positioning, this critical number
is four). We demonstrate numerically that in this situation the position estima-
tion given by the EKF diverges, while the approximate nonlinear filtering methods
provide a reasonable estimate of the position. We also show via numerical results
that the performance of the projection particle filter exceeds the performance of

the particle filter for the same number of particles.

1.2 Integer Ambiguity Resolution

Integer ambiguity resolution methods are an inseparable part of positioning tech-

niques that use carrier phase differential GPS as part of their measurement.



The available integer ambiguity resolution methods are mostly based on a rough
estimate of the integer ambiguity and a search method to find the correct integer
value [3]. In the case of the Ambiguity Function Method (AFM), since the integer
ambiguity cancels out as a result of the cosine function in the ambiguity function,
the search is done over the position grid [38, 47]. In the least square ambiguity
search technique, first the float solution for integer ambiguity is found by mini-
mizing the square of the error associated to the position and the integer estimate.
If the covariance matrix of the error for these estimates of the integer ambiguity
is diagonal, the best integer vector that minimizes the error is the nearest integer
vector, but usually this is not the case. Therefore, the correct solution is found
by searching the area near the float solution [27]. The size of this area depends
on the covariance matrix and the size of the integer vector, i.e. the number of
satellites. In the Least-squares AMBiguity Decorrelation Approach (LAMBDA), a
linear transformation of the GPS observables that maps integer vectors to integer
vectors, is chosen in such a way that the transformed covariance matrix is dom-
inantly diagonal [52]. This transformation helps to reduce the size of the search
space. Variations of these methods have been used. For example, in [26] a Kalman
filter is used to estimate the float least square estimation of the integer ambiguity
and the same type of decorrelation is applied to the observable to reduce the size
of the search space.

In most of these methods the integer ambiguity is treated as an unknown in-
teger vector. In this dissertation we present a new method that treats the integer
ambiguity as a random integer vector. Inspired by our results in Theorems 4.1.6
and 4.2.7, we present a method for approximating the conditional probability mass

function (pmf) of this integer vector given the observations. The estimate of the



integer value then is simply the point that maximizes the pmf. In this method,
similar to the projection particle filtering method, we find a family of exponential
distributions that is close to the true pmf. The integer ambiguity is then resolved

through the estimation of the parameter of the family.

1.3 Detection of Abrupt Changes in Nonlinear
Dynamical Systems

In [43] the change detection problem is stated as follows:

“Whenever observations are taken in order it can happen that the whole set of
observations can be divided into subsets, each of which can be regarded as a random
sample from a common distribution, each subset corresponding to a different pa-
rameter value of the distribution. The problems to be considered in this paper are
concerned with the identification of the subsamples and the detection of changes in
the parameter value”.

We refer to a change or an abrupt change as any change in the parameters of
the system that happens either instantaneously, or much faster than any change
that the nominal bandwidth of the system allows.

The key difficulty of all change detection methods is that of detecting intrinsic
changes that are not necessarily directly observed but are measured together with
other types of perturbations [8].

The change detection could be off-line or on-line. In on-line change detection,
we are only interested in detecting the fact that a change happened. In this case,
we are only interested in detecting the change as quickly as possible (for example,

to minimize the detection delay with fixed mean time between false alarms), and



the estimate of the time when the change occurs is not of importance. In off-line
change detection, we assume that the whole observation sequence is available at
once. In this case, the estimate of the time of change could be one of the goals of
the detection method. In this dissertation we limit our concern to on-line detection
of abrupt changes.

The change detection methods that are studied in this dissertation can be clas-
sified under the general name of Likelihood Ratio methods. CUmulative SUM
(CUSUM) and Generalized Likelihood Ratio (GLR) tests are among these meth-
ods. CUSUM was first proposed in [43]. The most basic CUSUM algorithm as-
sumes that the observation signal is a sequence of stochastic variables which are
independent and identically distributed with known common probability density
function before the change time, and independent and identically distributed with
another known probability density after the change time. In the CUSUM algorithm
the log-likelihood ratio for the observation from time i to time k is calculated and
its difference with its current minimum is compared with a certain threshold. If
this difference exceeds the threshold an alarm is issued.

Properties of the CUSUM algorithm have been studied extensively. The most
important property of the CUSUM algorithm is its asymptotic optimality, which
was first proven in [37]. More precisely, CUSUM is optimal, with respect to the
worst mean delay, when the mean time between false alarms goes to infinity. This
asymptotic point of view is convenient in practice, because a low rate of false
alarms is always desirable.

In the case of unknown system parameters after change, the GLR algorithm
can be used as a generalization of the CUSUM algorithm. Since in this algorithm

the exact information of the change pattern is not known, the likelihood ratio is

10



maximized over all possible change patterns 2.

For stochastic systems with linear dynamics and linear observations, the ob-
servation sequence is not independent and identically distributed. Therefore, the
regular CUSUM algorithm cannot be applied for detection of changes in such
systems. However, if such systems are driven by Gaussian noise, the innovation
process associated with the system can be generated. This process is known to be
a sequence of independent random variables. The regular CUSUM algorithm or its
more general counterpart, GLR, can be applied to this innovation process [8, 55].

In this dissertation we are interested in the change detection problem for
stochastic systems with nonlinear dynamics and observations. We show that for
such systems, the complexity of the CUSUM algorithm grows with respect to time.
This growth in complexity cannot be tolerated in practical problems. Therefore,
instead of the statistic used in the CUSUM algorithm we introduce an alternative
statistic. We show that with this statistic, the calculation of the likelihood ra-
tio can be done recursively and the computational complexity of the method stays
constant with respect to time. This new method is used for the cycle slip detection

for an integrated INS/GPS.

1.4 Dissertation Outline

In Chapter 2 we briefly review the GPS signal structure and explain different
GPS observables. Chapter 3 is devoted to the review of different approximate
nonlinear filtering methods as well as a statement of the general nonlinear filtering
framework. In Chapter 4 we present our main results on projection particle filtering

for an exponential family of densities. Chapter 5 addresses the applications of

2If the maximum does not exist, the supremum of the likelihood ratio should be calculated.
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the results in Chapter 4 to position estimation for an integrated INS/GPS under
critical conditions. In Chapter 6 we present our results on projection particle
filtering on a family of mixture densities. We introduce our new integer ambiguity
resolution method based on projection particle filtering in Chapter 7. In Chapter 8
we present our results in change detection for nonlinear systems and its application
to cycle slip detection for an integrated INS/GPS. Finally, in Chapter 9 we state

conclusions and an outline of future work.
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Chapter 2

A Short Review of GPS

The NAVSTAR (Navigation Satellite Timing and Ranging) GPS is a satellite
based, worldwide, all weather navigation system. This system provides accurate
positioning for a receiver that is capable of receiving signals from at least four
satellites [28].

The main part of the GPS signal is a coded message that is simply a clock
signal. This coded message and the time that this message was sent is completely
known by the receiver. The receiver measures the time when this signal is received
and from that measures the travel time and, consequently, the distance between
the receiver and the corresponding satellite. Since the clocks in the satellites and
in the receiver are never synchronized the measured distance is not the true range.
In GPS literature this distance is called pseudorange.

All generated signals including the carrier in GPS are synchronized with the
main atomic clock, therefore the carrier phase (if known completely) can also be
used as a ranging signal.

The accuracy of the positioning depends on many factors including the type

of user, the quality of the receiver, and the positioning technique. The U.S. De-

13



partment of Defense deliberately adds uncertainty to the positioning signal; for
civilians this is one of the major sources of error. There are other sources of er-
ror that degrade the position accuracy. These sources include, ionospheric and
tropospheric delay, satellite position uncertainty, satellite and receiver clock bias,
multipath, and the usual channel noise [44]. In a relatively small area, for exam-
ple distances of less that 100 Km, some of these errors are highly correlated [45].
The uncertainty added by the military, satellite clock bias !, and satellite position
uncertainty are clearly the same for all users that are using the same satellite.
The tropospheric and the ionospheric delays are also highly correlated in short
distances. By locating a receiver in a known position one can estimate the com-
mon errors and send the correction signal to the other users. This idea caused a
revolution in satellite aided radio positioning. This technique is called differential
GPS, and is widely used for surveying as well as real time navigation [45].
Today’s technology allows the use of the carrier as part of the navigation in-
formation. Due to the periodic nature of the carrier, one can only measure the
phase of the carrier, modulo 27, i.e. the PLL can never measure the exact phase.
The unknown part of the phase is known to be an integer number times 27. Since
the measurement noise for the carrier is much smaller than the measurement noise
for the clock signal, it is essential that we should estimate the exact phase of the
signal. It is shown that in the case of differential GPS, the receiver can estimate
the ambiguity in the integer number of unmeasurable cycles. This method is called

carrier phased differential GPS.

L After May 2000 the US department of defense eliminated this uncertainty for all users. The

satellite position accuracy though, is higher for military users.
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2.1 GPS Signal Structure

The GPS signal consists of a clock signal and a navigation message that are ampli-
tude modulated. Using the clock signal and navigation message, one can estimate
its position, if at least four satellites are in view.

Each satellite sends the clock signal in two different bands, Ly and Ls. These

signals are as follows [50]:

Li(t) = a; P'(t) D' (t)cos(2m fit) + b, C /A (t) D(t)sin( f1t)

Li(t) = agP'(t) D' (t)cos(2m fat)
Where:
e i: Number of the satellite.

e P'(t): Precise clock signal generated with a random number generator with
frequency 10.23 MHz and a period of 38 weeks. Each satellite has its unique

code.

e C/A": Course acquisition code, the clock for non-military positioning gener-

ated with frequency 1.023 MHz and a period of 1 ms.
e D(t): Navigation data with a bit rate of 50 bit/sec.
e fi: Carrier of Ly, f; = 154 % 10.23 MHz synchronized with the central clock.
o fy: Carrier of Ly, fo = 120 % 10.23 MHz synchronized with the central clock.

e a1,b1,ao: Amplitudes of the carriers.
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The GPS receiver, receives the signal corrupted by noise and other sources of
error. The raw measurements of the code and the carrier phase can be presented

as follows [30]:

Pi(ty) = p'(tg) + cldT(ty) — dt'(t)] + T(ty,) + I'(tg) + E*(tp) + €' (ts)

A (ty,) = p'(ty) + c[dT (ty) — dt*(ty)] + T (te) — I'(tk) + E*(tx) — AN" + 1" (tx)
where

e 1 : GPS time at epoch k.

e P : code observation (m).

e 7 : satellite number.

e p : distance between the moving object and the satellite position (m).

e ¢ : speed of light (m/s).

e dT : receiver clock bias (s).

e dt : satellite clock bias including Selective Availability (SA) clock error (s).

o [ : effect of ephemeris error including SA orbit error (m).

e [ : ionospheric delay (m).

e T : tropospheric delay (m).

e ¢ code observation noise (m).

e )\ : carrier wavelength (m).

e &: carrier phase observation (cycles).

16



e N : integer ambiguity (cycles).
e 1) : carrier observation noise (m).

Access to the above observations depends on the type of user and the quality

of the receiver.

2.2 Single and Double Differencing in GPS

State of the art receivers can have access to code and carrier phase measurement
of 12 satellites in 2 frequencies. In this kind of receivers a big portion of the
ionospheric delay can be corrected and removed [28, 33]. Since the receiver clock
bias is the same for the observation from all satellites, the error due to the receiver
clock bias can be completely removed by single differencing. In single differencing,
the receiver subtracts code and/or phase measurement of one satellite from the
others [53]. Single differencing eliminates a major source of error. If it is possible
to mount a GPS receiver in a known location (i.e. base), one can use the double
differencing method to eliminate other sources of error. Within short distances,
ionospheric and tropospheric errors are highly correlated, and can be eliminated
by making a difference between the code and the carrier phase measurement of
the base and the moving receiver. The appropriate length scale for this is not
very clear and it depends on sunspot activity [33]. When the activity is low, the
short distance could cover larger areas and conversely. It can be shown that double
differencing reduces ephemeris error by a factor of d/r [53], where d and r are the
distances from the moving object to the base and to the satellite, respectively.
Using the operator ()f]l =)= ()" =)t = ()], where i and j are indices for

? J ? J

the receivers and [ and k are indices for satellites. Then double differencing can
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be written as follows:

k.l kil | kil

Py =pi;+ €, (2.1)
and,

ARP! = pit + AN + (2.2)

In the above formula the time index is not shown for simplicity. If the short
baseline assumption is not applied, the canceled term will show up in the double
difference observer and should be estimated [53]. Sometimes there are not enough
observations to estimate all of these terms. In this case,we are forced to consider
these terms as noise terms. Multi-path is another source of error that cannot be
removed from the observation (2.1) and (2.2) [7].

Unlike other terms, if no cycle slip occurs, the integer ambiguity is constant
with respect to time. The fact that the integer ambiguity is constant in time
is very important, in fact, all integer ambiguity resolution methods rely on this
property. Once this integer number is known, the phase measurement can be used
for positioning. We should remember that although equation (2.1) does not have
integer ambiguity in it, still the energy of the noise, eﬁ ’;, is an order of magnitude
higher than the energy of the noise in (2.2) [44]. Therefore, the integer ambiguity
problem remains intact.

Although double differencing eliminates many sources of error, it is not nec-
essarily the best way of handling the measurement. Double differencing reduces
the number of observation equations which may not be the optimum choice for
certain applications. Therefore, if a good model for a specific error exists, we can
use this model to estimate the error instead of eliminating it through the double

differencing operation. As we mentioned earlier single differencing eliminates the

18



error due to receiver clock bias by subtracting the phase/code measurement of
one satellite from the others, but this reduces the number of measurement equa-
tions. We can remove this part from the double differencing operation, i.e. we can
only subtract the measurements of one receiver from the base (the receiver in a
known location). In this case, we can eliminate a good portion of the error due to
ionospheric, tropospheric, ephemeris, and satellite clock bias. The receiver clock
bias, dT', can be modeled by a second order system driven by a Brownian motion
process. In Chapter 5 we use this model for estimating the position of the receiver

as well as the clock bias for an integrated INS/GPS.

2.3 Cycle Slip in Carrier Phase Measurement

Carrier phase measurement enables a GPS receiver to reach centimeter level ac-
curacy. This is true only if the exact phase is measured. In addition to this, the
receiver should track the phase at all times to be able to measure the exact phase.
This task is done by the PLL built in the receiver.

When the receiver is turned on, the fraction of the phase (i.e. the difference
between the satellite transmitted carrier and a receiver generated replica signal)
is observed and an integer counter initialized. During tracking, the counter is
incremented by one whenever the fractional phase changes from 27 to 0. Thus, at
a given time the observed accumulated phase is 27 times the sum of the fractional
phase and the integer count. The initial integer number of full cycles between
the satellite and the receiver is unknown. This phase ambiguity remains constant
as long as no loss of signal lock occurs. If a loss occurs, the integer counter is
reinitialized which causes a jump in the instantaneous accumulated phase by an

integer number of cycles. This jump is called a cycle slip which, of course, is
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restricted to phase measurements [28].

Three sources of cycle slips can be distinguished. First, cycle slips are caused
by obstruction of the satellite signal due to trees, buildings, bridges, etc. This is
the most frequent source of cycle slip. The second source for cycle slips is a low
signal to noise ratio due to bad ionospheric conditions, multipath, high receiver
dynamics, or low satellite elevation. A third source is a failure in the receiver
software which leads to incorrect signal processing. Cycle slips could also be caused
by malfunctioning satellite oscillators, but these are rare [28].

Cycle slip detection is a very important part of a navigation system that is
based on carrier phase GPS. If a cycle slip is not detected correctly the position
given by the navigation system is not reliable. In Chapter 8 we propose a new
method that has the potential ability of cycle slip detection even under conditions

when the number of satellites is below a critical number.
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Chapter 3

Nonlinear Filtering: An

Introduction

Filtering problems consist of “estimating” a process {x;} (or a function of it)
given the related process, {y;}, which can be observed [18]. The observation is
available in an interval, i.e., {ys;,0 < s < t} and the function of the state is
estimated at time t. Except for the linear Guassian system and very special cases in
nonlinear settings, estimating the state given the observations results in an infinite
dimensional filter [46]. Therefore, approximation methods of finite dimension are
very appealing.

The most widely used approximate filtering method is the extended Kalman
filter, which is a heuristic approach based on linearization of the state dynamics
and the observation near the nominal path [46]. EKF is computationally simple
but, the convergence of the estimated conditional density to the actual conditional
density is not guaranteed.

Projection filtering is another approximation method [9, 11, 12, 13]. In projec-

tion filtering it is assumed that the conditional density of the state of the system

21



can be approximated by a member of a parametric family of densities. In this
case, estimating the conditional density is equivalent to estimating the parameter
of the family. In [11] the exponential family of densities is chosen as the parametric
family. In contrast, the approach in [9] employs a Galerkin approximation to solve
the Fokker-Planck equation [46], between measurement epochs.

Particle filtering is an approximation method for nonlinear filtering and it is
based on the Monte Carlo method; in this method, the particles at time t; are
i.i.d. random vectors that are distributed according to the empirical conditional
distribution of the state, given the observations up to time ¢;. These particle/state
vectors are used in the state equation to find the values of particles at time ¢;,4.
Then at time ¢;,1, the empirical distribution is evaluated according to the values
of the particles. The new observation at time ¢;,; is taken into account through
Bayes’ Rule to calculate the conditional empirical distribution, this process is then
repeated. In [40] it is proved that by tracking a large enough number of particles,
one can get an approximate conditional distribution that is arbitrarily close to the

true conditional distribution.

3.1 Problem Setup

We assume that all stochastic processes are defined on a fixed probability space
(Q, F, P), and a finite time interval, [0, 7], on which there is defined an increasing
family of o-fields, {F;,0 < ¢t < T}. It is assumed that each process, {x;}, is
adapted to Fi, ie., {x;} is Fi-measurable for all ¢. We assume that {x;} is a

vector diffusion process of the form

t t
X; = Xg +/ fi(xs)ds +/ Gs(xs)dwy, (3.1)
0 0
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where x; € R", and w; € RY is a vector from an independent Brownian motion
process; the second integral is in the Ito sense [49], and the function f;(-) and the
matrix G4(-) have the proper dimensions. The observation, y,, is a discrete time

process given as follows:

Ynr = hn(XnT> + Vi, (32)

where y,, € R%, and v,, € R% is a discrete time white Gaussian noise process with
zero mean and known covariance matrix. The state dynamics and observation

equations can be rewritten formally as follows:

dx; = fi(x;)dt + Gy(x;)dwy, given the distribution of xq (33

Vor = hy(%0r) + Vi |
The noise processes {w;, t > 0}, and {v,,, n=0,1,---} , and the initial condition
Xg are assumed to be independent. We use (); and R,, for the covariance matrices

of the processes w; and v,,, respectively. We assume that R, is invertible for all

n’s. We have the following additional assumptions [25]:

A 3.1.1 [local Lipschitz continuity] ¥ x, X' € B, and t € [0,T], where B, is a ball

of radius r, we have

fi(x) - f,(x)|| < klx—x, and
66~ £G) | < ki lx = x| o
IG(x)@: G (%) = Ge(xX QG (X < hllx = x].
A 3.1.2 [Non-Ezxplosion] There exists k > 0 such that
x'f,(x) < k(1+|x|?), and
00 < KL+ [x]?) .

trace(Gy(x)QGY (x)) < k(1 + [x|).

Vitel0,T] andV x € R".
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Under Assumptions (A3.1.1) and (A3.1.2), there exists a unique solution {x,
t € [0,T]} to the state equation, and x; has finite moment of any order [25].

In addition to these, we assume that the probability distribution of the state x;,
given the observation up to time ¢, m(dx) = P(x; € dx|y"), where y* = {y,, i =
1,--+,n, nT < t}, has a density p; with respect to the Lebesgue measure on R".
Then {p;, t > 0} satisfies the following partial differential equation and updating

equations [11]:

0 *
=py = Lip nt<t<(n+1)r, and
ot (n+1) (3.6)
Pnr = Cnlpnpm—*
where
* n i n 52 i
‘Ct (CI)) = T 2u4=1 dixz[ft q)] + %Zi,j:1 ax?.axj [at]q)]a

[aij] = GiQGY,
U,(x) 2 exp (—L(ynr — 1,(x) Ry (yur —
n(X) = exp Q(yTLT n(x)) n (YnT n(x)) ’
and ¢, is a normalizing factor.
Except for the linear Gaussian case, and some very special nonlinear cases,
solving System (3.6) constitutes an infinite dimensional filter [46]. Therefore, for
practical problems it is necessary to approximate the conditional density in (3.6).

In the next section, we discuss one of these approximation methods.

3.2 Projection Filtering on Exponential Families
of Densities

This section is mainly a review of the results we use from [11]. We start this section

with the definition of the exponential family of densities.
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Definition 3.2.1 Let {c,---,c,} be affinely independent ' scalar functions de-

fined on R"™, and assume that the convex set
O = {0 ERP: YT(0) = log/exp (HTC(X)) dx < oo} :
has nonempty interior. Then,
S ={p(-,0), 0 € ©}
p(x,0): = eap [67c(x) = T(0)]

where © C O is open, is called an exponential family of probability densities.

We denote by S 3 the space of square roots of the densities in S | ie., S 7 =

{\/p(-,0); 0 € ©}. Ifp(-,0) € S, then /p(-,0) € Ly. The functions . ;(.79) a’é(é’f), i =

1,---,p form a basis for the tangent vector space at \/p(+, ) to the space 82, ie.,

the tangent space at \/p(+,0) is given by [4]:

. ) 1 ap(-,e>}
L — 82:5pan{ ey : (3.7)
Ve 2y/p(-,0) 2y/p(6)
The inner product of any two basis elements is defined as follows
1 9p(,0) 1 9p(.,9) _1 I 1 9p(x.0) 9p(x.9) 1o
2/p(-0) 9% 7 2y/p(0) 47 p(af) 06 06 (3.8)

= 39i(0)
It can be easily seen that g(0) = (g;(0)) = (Elcic;] — E[ci]E|c;]) is the Fisher
information matrix of p(-,0).
Any member of Ly can be projected to the tangent space L \/MS 3 according

to the following projection formula

v Y Y 4gi(0) <v 1 ap(-,e)> ) (3.9)
i=1j=1 24/p(-0) 99 2¢/p(-0) i
ey, -+, ¢y} are affinely independent if for distinct points x1, Xz, -+, Xp41, Efill Aie(x;) =0

and Zfill Ai = 0 implies Ay = g =--- = A1 = 0 [17].
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Projection filtering seeks a solution p; for (3.6) that lies in S. Of course, this
solution is only an exponential density, but we hope, by choosing the proper family,
to keep the approximation error small (in the Lo sense).

If we consider the square root of the density in (3.6), we get

N
o 2ym 0t 2yn

Define a; 9 = ;p(t(gg We assume that for all € © and all ¢ > 0, E,. o) {|ow0/*} <

oo, which implies that 2249 i5 4 vector in Ly for all § € © and all £ > 0 [11].

V pt(-,@)

Now assume that in equation (3.10), for {\/p;, t > to}, starting at time nr

Lip.. (3.10)

from the initial condition, \/pn, = \/p(+,0,,) € S 3 for some 6,. € ©. Under these

assumptions, the right hand side of (3.10) is in L, which can be projected into
o . 1 .

the finite dimensional tangent vector space L \/ms 2. The propagation part of

the projection filter for the exponential family, S, in the interval [n7, (n + 1)7), is

defined as the solution to the following differential equation in the same interval:

a\/pt('agt) I Lipi(-,01) (3.11)

0 .
at 2\/pt('76t)

We also assume that h,(x) in equation (3.2) is time invariant, i.e., h,(x) =
h(x), and the components of h(x), h'(x), and ||h(x)|/%-. are linear combinations

of ¢(x), i=1,---, p:

Hh g = z:)\ocZ and hF(x Z/\kcz =1,---,d (3.12)
where ||x||a = VxTAx. Then, if v, is stationary with the covariance matrix

R, = R, the likelihood function ¥, (n) can be written as follows:

U (x) = exp(—3(yn R "ynr)) exp(—5(h" (x) R"h(x)) + (v}, R~ "h(x)))
d p (3.13)
= A, exp <— El Ne;(x) + 2::( AF ﬁf)ci(x)> ’
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where z,, = yI R™' and A, is a constant depending on y,,. Therefore, the
coefficient W, (x) is a member of exponential family of densities. This family is
closed under multiplication. Using all of these facts, we can present the following

theorem [11]:

Theorem 3.2.2 [Brigo 1996] For system (3.3), where w; is a Brownian motion
process with covariance Q; and v; is a white Gaussian noise with covariance R,

we assume (A3.1.1) and (A3.1.2) to be true. We also assume that 5| h(x)||%-1 =

i Nei(x), h¥(x) = i MNeei(x), fork=1,---,d, and Ep g Hﬁt*P('éf)H? < oo, V0 €
i=1 ; ’
©, Vt > 0. Then for all 0 € ©, and all t > 0, 1l LiptO) o o wector on the

v/ p(-.0)

exponential manifold S2. The projection filter density, pi* = pi(-,0;) is described

by
8\/ pt('vet) Lip ('70t)
—— = = ;(.ﬂt) , nt <t<(n+1l)r

pnT('y Qn’r) = Cn\Iln(y—nT)pnT— ('7 enT_) s
and the projection filter parameter satisfies the following combined differential and

stochastic difference equations:

g(0,)d0; = Ey{Lic}dt, nt <t < (n+1)T,

em' = enT_ - )\8 + Eiﬂ )‘lngm

where
n 2

Le=2. 1 a t@xzax]

i=1

and Ny = [\, -+ -, )\;]T, i=0,--,d, and zF is the kth component of zL_= R 'y,,.

Henceforth, we shall use Ey and E,(. 9y, 0,,; and 0,,, and p,,» and p,, interchangeably,

respectively.
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Remark: The differential equation for #; is an ordinary differential equation
with the vector field g(6;)~*Ey,{L:c}. This vector field should be computed ana-
lytically. If the analytical computation of this vector field is not possible an off-line
numerical computation should be carried.

As can be seen from the statement of the theorem, the calculation of the con-
ditional probability density is reduced to the calculation of the parameter of an
exponential family. But, solving the differential equation in the theorem is not
an easy task. At each moment ¢(6;) and Ey,{L;c} need to be calculated. This
imposes a heavy computational load. In this dissertation, we introduce a Monte
Carlo method to calculate the parameter of the exponential family with a more
affordable computational load.

Although projection filtering gives a better solution than EKF, there is no
known error bound with which we can compare the distance between the real
density and the density given by the projection filter. In the next section we
review particle filtering as an alternative to optimal nonlinear filtering.

Remark : The assumption on h,(-) and R, in this are made only to ensure
that U, () is in the family of exponential densities. These assumptions can be

relaxed if W, () is guaranteed to stay in the family.

3.3 Particle Filtering

Consider either the continuous dynamics and discrete observation in (3.3) or the

discrete case,

Xpi1 = fu(x,) + Gu(x,)W,, given the distribution of xg (3.14)

We assume that in both cases, the initial distribution for x; is given. The
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propagation of the conditional density, at least conceptually, can be calculated as

follows [46]:

Step 1 . Initialization:

P, (Xo|yo) = p(x0)-

Step 2 . Diffusion:

Do st V) = [ D1 %), (%0l V)%

where YV, = {y1,¥2,*,¥n}-

Step 3 . Bayes’ rule update:

p(Yn-l—l |Xn+1)p(n+l)7 (Xn—i—l |yn)

P(Yn+1 |Xn+1)p(n+1), (Xpa1| Vo )dXp i1

)

p(n+1) (XTH—l |yn+1) - f

Step 4 . n < n+ 1; go to Step (2).

The conditional density given by the above steps is exact, but in general it
can be viewed as an infinite dimensional filter, thus, not implementable. Particle
filtering, in brief, is an approximation method that mimics the above calculations
with a finite number of operations using the Monte Carlo method. The procedure

for particle filtering is as follows [24, 40]:

Algorithm 3.3.1 Particle Filtering
e Step 1. Initialization

o Sample x}, -+, x{¥, N i.i.d. random vectors with the initial distribution

Py(x).

e Step 2. Diffusion
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o Find X%y, -+, XN, from the given x),---, X, using the dynamic

rules:

dx; = fi(x)dt + Gi(x¢)dwy, nT <t <(n+ 1)1
or

Xpi1 = £.(x,) + Gu(x,) Vi

o Step 3. Find the empirical distribution
N 1 J
P(n—}—l)*(x) = N z:laiiﬂ(x)
]:

Step 4 . Use Bayes’ Rule

N
LY S (%) (%)
PN (x) = =1
(1) 1 N SJ SJ
N El 5§i+l(xn+1) : ‘I’n+1(xn+1)
]:

Step 5 . Resample
o Sample X} 4, -, Xﬁﬁrl according to P]\jr1|n+1(x)

n

Step 6. n«—n+1; go to Step (2).

where 0y(w) = 1 if w = v and 0 otherwise, and ¥, (x) is the conditional density
of the observation y,, given the state x.

It is customary to call x},---, x particles. In the next few lines, we try to
explain in words the evolution of these particles using the above algorithm.

Let XL, -+ XN be the distinct particles at time n before incorporating the
observation at time n. The probability of each particle is %, that is, is uniformly
distributed. After using the observations, the conditional probability of each par-

ticle changes. Some will have small, and some large probabilities. Therefore, in
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the process of resampling, it is very likely that some particles will never be used
and instead some other particles (with high probabilities) will be sampled more
than once. Therefore, after resampling, some particles have repeated versions,
but in the diffusion phase they go through different paths and at the end of the
diffusion phase, it is very likely, we would have N distinct particles. This auto-
matically makes the approximation one of better resolution in the areas where the
probability is higher.

In [40] it is proved under some conditions that

Jim B (| L1 - B (60 ) =0 (3.15)

for every bounded Borel test function, f(-).

One problem in using the particle filtering method is the computational cost.
In particular, for a high dimensional system, getting reasonable accuracy means
using a large N, which results in a heavy computational cost. In the next chapter,
we propose a method that can reduce the number of particles for a certain class of

problems.
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Chapter 4

Projection Particle Filtering

In the previous chapter, we saw two approximation methods for nonlinear filter-
ing. In the particle filtering method, we saw that the conditional distribution is
approximated by the empirical distribution. Unlike the empirical distribution, in
most cases, the actual conditional distribution is smooth. Intuition suggests that
if we have prior knowledge of some properties of the distribution, we can improve
on the quality of the estimates over just using the empirical distribution. In this
chapter first, we assume that the conditional density lies in an exponential family
of densities. We will see that with this assumption, we can show the convergence of
the approximated density to the actual one. Later, we relax this assumption and
we only require that the conditional density stay close to the exponential family of

densities. We prove that the error of the estimate for the latter case is bounded.
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4.1 Particle Filtering for Exponential Families of
Densities

For System (3.3), we assume that the probability density of x;, given the observa-
tion, is in a family of exponential densities S .

With this assumption, the proposed algorithm is as follows:

Algorithm 4.1.1 Particle Filtering for an Fxponential Family of Densities.
e Step 1. Initialization
o Sample x,- -, x5, N i.i.d. random vectors with the density, po(x).

e Step 2. Diffusion

1 N

o Find )A(Tlhq, cee >A<7]1V+1 from the given x,,---, X, , using the dynamic

rule:
dXt = ft(Xt)dt -+ Gt(Xt)th, T S t < (/l + 1)7'

o Step 3. Find the MLE of é(nﬂr given X% 1, -+, XN [36]
-~ N .
B — argmax [T exp(67c(Z,...) — T(6))

i=1

e Step 4 . Use Bayes’ Rule

P(x,0n41)) =

o~

exp (%H)—C(X) - T(é\(n-i-l)*)) V1 (x)
J exp (@Tnﬂ),c(x) —1( (n+1)7)) U, 1 (x)dx

!This assumption is rather strong. We will drop this assumption later, and we will only
assume that there exists a known family of densities that approximates the real density well, i.e.,

with acceptable accuracy.
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e Step 5. Resample
o Sample xp 1, -+, x)., according to p(x, Oi1)-
e Step 6. n«—n+1; go to Step (2).

To generate x}, 1, - - -, X2,1, a Gibbs sampler can be used [23]. This brings an extra
computational cost, which should be taken into account when choosing Algorithm
4.1.1 over Algorithm 3.3.1.

It is instructive to discuss the structure of the ML estimator. We are going to
use this structure for the proof of convergence.

Let XL, -+, X be the value of the particles right before the measurement at

time n. The MLE of 6, 6,, satisfies the first order necessary condition

=0.

Xn

- ci(%H) — Sy ¢;(x) exp (A c(x))dx
; ]( ) N fxexp(égc(x))dx

Therefore, we get

1 N ,

N Cj(Xn) = E@‘n(Cj(X)), for J = 17 P (41)
i=1

Equation (4.1) says that the sample average of ¢;(x) and its probabilistic average,

evaluated at én, should be equal. The MLE of # is the solution to the system of

equations in (4.1). Let F;(#) be as follows:

oy b (i) [ ¢j(x) exp(0Tc(x))dx L
F5(0) = NZ i (%) fexp(Tc(x))dx J=Lep

=1

For simplicity we drop the index n from 6,,. It is easy to see that

_ Ok
00

= By(ei(x)e;(x)) — Boles(x)) Egles ().

This shows that (—%5),; = g(6), where g(f) is the Fisher information matrix of

7]

the exponential density at 6. Since ¢;(x),i = 1,---,p are affinely independent
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g(0) > 0,v0 € ©. Therefore, (4.1) is the necessary and sufficient condition for
optimality.

In the next few pages, we prove the convergence of the MLE of 6, §m to 6, in
the mean square sense.

In each iteration the proposed algorithm starts from the density p; (x¢|y?),
t = mn, where 0, is the best estimate 6, according to the algorithm. After a full
iteration, the algorithm yields §t+1 which is the best estimate of 6;,;. The error
in §t+1 is a combination of the series of possible errors for which we want to find
an upper bound. The first source of error is the error in é\t, which will propagate
even if no other error is considered. The other source comes from the fact that in
each iteration new particles are resampled based on the estimated density which
is different from the actual density. Finally, the last source of error comes from
the discretization of the stochastic dynamics of the system. We want to emphasize
that here we assume W, (x) = exp(—3(¥nr — hn(Xnr)) Ry (ynr — Do (X,7))) lies in
the chosen family of densities. Therefore, no other error is added to the estimate

because of the Bayes’ correction.

We recall the following fact [36]:
Fact 4.1.2 For the family of densities S with probability density
p(x,0) = exp(6”c(x) — T(9)),

the Fisher information matriz g(8) = (E(c;(x)cj(x)) — E(c;(x))E(c(x)))i,; is pos-

itive definite. Also the log likelihood function
1(0) = 67C(x) — Y (),
18 strictly concave. Therefore, for

¢;(%) = Eple; (x)]; j=1--p
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if a solution exists?, it is unique. In addition if xq,---, Xy are N i.i.d. random
variables distributed according to p(x, ), then the MLE of 0, HAN, is asymptotically

normal, i.e.

~ N
Ox — argmax [[ p(x;,0) ,
=1

VN@y —6) ~ N(0.g7(6)).

Using this fact, it is easy to see that

B (s — o) = 5 tracets™0))

therefore, when N — o0, Ox — 0 in the m.s. sense. On the other hand, Oy is
the solution to (4.1). Using the strong law of large numbers [10], when N — oo
the LHS in (4.1) goes to Ey(c;(x)), j = 1,---,p, with probability one. In other
words, the solution to (4.1) when the LHS is the exact Ey(cj(x)), j = 1,---,p,
gives the exact solution for #. Using this argument, one can expect that by finding
a good estimate of the left hand side of (4.1), a good estimate of # is accessible. In
each iteration of the algorithm presented in this section the estimate of the LHS
of (4.1) is found by using the Monte Carlo method and the approximate solution
for the stochastic differential equation (3.3).

To approximate the solution to the stochastic differential equation (3.3), we
employ the method used in [39]. In the following, we review this method briefly.

The stochastic differential equation in (3.3) can be rewritten as follows:

q

r=1
where g7'(-) is the 7" column of the matrix Gy(-), and w? is the r** component of

w;. We introduce the operators

2In [17] it is shown that if N > p, the solution exists almost surely.
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n .
where (a, a%) = '21 a; aii' Then, the approximate solution for the stochastic
1=

differential equation can be written as follows:

q ) q g .
Xp41 = Xg Tt Zl gtrkgzha + ftkh + Zl ‘Zl (Argr)tk glzcrh_'_ ( )
= r=li= 4.3
q 3 2
3 2 (Lg" + Af), &he + (Lf), T,

r=1

where h is the step size and the coefficients g; , fi,, (A;g"), , etc., are computed

tr)
at the point (¢, xy). Also, the sets of random variables £f, £ are independent for
distinct k£ and can, for each k, be modeled as follows:
11 -1 i<y
§9 = S — (i, = -
1 , 1> .

and & and (7 are independent random variables satisfying

EG = EC =0, EQ = =1
In particular, &; can be modeled by the law P (£ =0) = %, (5 = \/5) = %, and

P
P (5 = —\/§) = %, and ¢; can be modeled by P((=-1)=P((=1) =

Definition 4.1.3 We say that a function u(-) belongs to the class F, written as
u € F, if we can find constants, k > 0, and xk > 0, such that for all x € R", the

following inequality holds:

lu(l] < & (14 [|x]) -
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Before we present our results we need to specify the probability space in which
the random variables are defined. As we mentioned before, the stochastic pro-
cess associated to the dynamics and the observation equation are defined on a
fixed probability space (2, F, P), the expectation associated to this probability
space is denoted by E. In Algorithm 4.1.1 the generated particles form a Markov
process. Similar to section 2.2 of [40] we denote the probability space associated
to this process by (0, F”, P[’y}). The subindex y is used to emphasize that the
probability measure is conditioned on the observation y. Another set of random
variables, &%, (%, are defined for the approximation of the stochastic differential
equation (4.2). We denote the probability space associated to these random vari-
ables by (2, F”, P"). The expectation associated to this process is denoted by
E”. Finally we define (Q, ', P), where Q = Qx Q' xQ” and F = F x F' x F". For
every & € Q we define & = (w,w’,w"), then for every A€ F, B € F', and C € "
we define the probability measure P(Ax Bx C) = [, (fc P['Y](B)dp”(w”)) dP(w).
The expectation with respect the probability measure P is denoted by E.

The following theorem summarizes the weak approximation results for (4.3).

Theorem 4.1.4 [ Milstein [39]] Suppose (A3.1.1) from Section (3.1), and sup-
pose that the functions £(-), g"(-), r = 1,---,q together with the partial deriva-
tives of sufficiently high order, belong to class F. Also, suppose that the functions
Nig", Lg", NS, and LEf grow at most as a linear function in ||x||. Then, if the
function u(-) and all its derivatives up to order 6 belong to class F, the approz-
imation (4.3) has the order of accuracy 2, in the sense of weak approximation,

1.€.,
1 Bu (0.0 (1)) = Bu (Rox, (t)) | < K%t € (0,71,

where K is a constant and Xox,(-) and Xox,(-) are the exact and approrimate
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solutions for the stochastic differential equation, respectively.

The Monte Carlo approximation of Eu (X, (x)) brings another error term. The

combination of these errors can be expressed as follows:

)

~ N
Eu (XO,xo (tk)) - % ‘Z:lu (SEO xé (tk:)) S

M=

HEu (Xoxo (1)) — Eu (Rox, (£1))| + }

Eu (Rox, () = |

)

u (R0 (1)) H .

1

If the variance of u (X x, (tx)) is bounded, we have

/

N

B Bu (s (0)) = 37 30 (R ()

=1

< Kh?>+

VL (4.4)

where K and k' are constants, and h is the step size for the approximation of the
solution of the stochastic differential equation.

The next lemma relates the approximate solution to the stochastic differential
equation and the estimate of the parameter #. This lemma is the main building

block for our result in this section.
Lemma 4.1.5 For the stochastic differential equation
dXt = ft (Xt) dt + Gt (Xt) th, Xp, te [O, tf],

assume that £;(+), Gi(-) are such that for the Brownian motion, wy, the probability
density of the state x; lies in the family S for © bounded, with g(0) > 91 for some
¥ > 0. We also assume the conditions in Fact 4.1.2 and in Theorem 4.1.4 with

c(x) replacing u(x). Then, there exist ky and ko such that

ks

E[|6; — 6:]1] < kah® + N2

t e [O,tf] (45)

where 0, is the estimate of 0y, and N and h are the number of particles and the

time step, respectively.
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Proof: Let 6, be the initial condition for §. At ¢ = 0, N independent initial
conditions are generated based on the density p(x,6y), and the approximation

method (4.3) is applied. From (4.4) we know that:

’

=2

BlEae () — - Y (R) | < Kn*+

z:1

N1/2
On the other hand, from (4.1), we know that 6 is a solution to the system of

equations

ZCJ = E5.(¢i(xt)), for j=1,---.p

N .

From Fact 4.1.2, the solution is exact if we replace + Y ¢;(Xi) by Ep,(c;(x¢)).
i=1

Subtracting the term Ej,(c;(x)) from both sides of the above equations and using

the vector form for it, we get

7 2 C(%i) = Eo,(c(x1)) = E, (c(x)) — Ep,(c(x1)).

z:1
On the other hand, we know that FEjp(c(x)) is a differentiable and one to one
function of 6 ( see Fact 4.1.2). The derivative of this function, g(#), is positive

definite and by assumption g(6) > J1. Therefore, v > 0 such that

10: — 0] <l Ep,(c(x:) — By (c(x2))]

Taking the expectation on both sides of the inequality we have

~ ~ ~ N .
Ellf, =0l < a Elly 2 e(%) — Eo(c(x))|

(Kh2 Nm)

- k1h2

IN

N1/2

Now we are ready to present the main result of this section.
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Theorem 4.1.6 For System (3.3) assume that f,(-), G¢(-), and h(-) are such that
for the Brownian motion wy, and the Gaussian noise v,, the conditional proba-
bility density of the state X;, conditioned on the observations, lies in the family
S for © bounded and for t € [0,T]. Also assume the conditions in Fact 4.1.2
and in Theorem 4.1.4 with c(x) replacing u(x). Then, if g~ (0;) Ey, (Lic (x)) is

Lipschitz with Lipschitz constant L and g(0) > VI, there exist l; and ly such that

n—1
~ —~ ) ly
E|6, —6,| < ;:0 exp(LiT) <l1h2 + N1/2> ., n7T€[0,T],

where 0, is the estimate of 0, and N and h are the number of particles and the
time step, respectively. This inequality implies convergence of the estimated pa-

rameter, 5;, to the true parameter, 0,, as h — 0 and N — o0.

Proof: Let 6, and 6, be the actual and the estimated values of the parameter of
the density at time ¢t = nr, respectively. At time ¢ = (n + 1)7 the error in the
estimate of 0, is a combination of the error in the estimate in é\t and the error
added in the time interval [t,¢].

If the conditional density stays in the exponential family of densities, 6; has to

satisfy the following differential equation:
=g (0) By, (Lic(x))dt, nr<t<(n+1)r.

Let gt/ be the estimate of 0, if the error due to resampling and the approxima-
tion of the stochastic differential equation solution is not taken into account in the
interval [t,¢] (i.e. 6y is computed from the above ordinary differential equation

starting at 6;), then

Het’ - é\t’H < Het' - gt’H + Hgt’ - ét'”'
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By the assumption of the theorem, g~ (0) Ep, (Lic (x)) is Lipschitz with Lip-
schitz constant L, then by continuity of the solution of the differential equation

with respect to the initial condition [31], we know that

H"t’ s

<Jo-aee

therefore,

E H"t’ — 0,

< B0 -8 e,

Also from the Lemma 4.1.5, 3k;(¢') and ky(t) such that

Eo(t)

By 6,1l < k()0 + S

therefore,
ko(t)
N1/2°

Ell6y =6, < B [0, = 64| "7 4 k(£ )12 +

The observation noise v, and the function h(-) are such that Bayes’ Rule does
not introduce any further error in the estimate of §t/. More precisely, ¥, (x) is
assumed to be a member of §. This implies that after applying Bayes’ Rule to
p(x,60y) and p(x, 0}) parameters 0y and 0, are shifted with the same vector and
therefore, |0, —0,./|| = |0, —0,]. Here t*' represents the time right after Bayes’

correction. Therefore, starting from the initial condition 6, we get

_ . n—1 - l
E|6, —0,] < gexp([m-) <11h2 + Nf/2> ., nrel0,7T]

where

li=maxki(nt), n7el0,T], i=1,2.
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Here, we would like to make a few remarks:

e The result of Theorem 4.1.6 can be easily extended to convergence in the

mean square sense.

e The assumption that the probability density stays in the family of densities,
S, does not seem very realistic. But with our approach, we should be able to
get the result in [11]. In fact, in [11] the evolution of the density is forced to
stay in the family at every single moment. In our method, we only force the
density to be in the family at the end of each full iteration, i.e. observation

epoch. This allows the estimated density to be closer to the actual density.

e In [11] the observation equation is considered to be time invariant. Here,
the time-varying nature of h, (x) does not complicate the algorithm. It
surely affects the assumption that the density stays in the family, but as we
explained earlier, this assumption is not realistic to begin with, and it will

be dropped.

o If u(-) is in F, then

Jim E || Egu(x) — Egou(x)|| = 0.

h—0

This is a criterion similar to the one used in 