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'The capacity of a binary timing channel with noise

Keye Martin

Center for High Assurance Computer Systems (Code 5540)
Naval Research Laboratory
Washington D.C. 20375

kmartin@itd.nrl.navy.mil

Abstract

We obtain a formula for the capacity of a binary timing channel with general noise in terms
of the unique solution of a channel dependent equation. We then give three provably correct
algorithms that can be used to solve this equation.

1 Introduction

Shannon expressed the capacity of a discrete noiseless channel with variable symbol time durations
as the logarithm of the solution of a certain equation. In [1], this analysis was carried out for a
certain type of binary channel called a “Z channel” — a channel in which one symbol is subjected
to noise but the other is not. As far as we are aware, the timed Z channel of [1] is the only case
in which the capacity of a timed binary channel with noise has been studied in the literature. In
this note, we study the capacity of a binary timed channel with general noise, deriving a formula
for its capacity in terms of the unique solution of an equation that depends on the channel. The
equation is nonlinear so we give three different numerical methods that can be used to solve it and
prove that each of them converge.

2 A formula for the capacity

Consider a channel through which one of two symbols {o1, 02} may be sent. The output received is
asymbol in {e1, e9}. If e is received, the transmission took ¢; units of time; if e is received, it took
to units of time. The output probabilities ¥ = (y1,y2) are the product of the input probabilities
Z = (x1,z2) with the matrix of conditional probabilities:

P . a b
vy= c d

Here a = P(e1]o1),b = P(e3]01),c = P(e1|o2),d = P(esos),s0 y1 = (a —¢c)z; +cand yo = 1 — y;.
To calculate the capacity we want to maximize

HY) - HY|X)

="
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over all possible z. This means we want to maximize the function I; : [0,1] — R given by

H(f(z)) —xH(a) — (1 —z)H(c)

t1f(z) + (1 - f(z))tz
where H : [0,1] > Ris H(z) = —zlnz— (1 —z)In(1 —z) and f: [0,1] = Ris f(z) = (a—c)z +ec.
Notice that a + b = ¢+ d = 1. The times t; and ¢y are positive real numbers. Recall that entropy
H is strictly conver: for z,y € [0,1] and p € [0, 1], we have

It(l') =

H(pz + (1-p)y) =2 pH(z) + (1 - p)H(y)
with equality if and only if p=0,p=1o0r z = y.
Lemma 2.1 The absolute mazimum value of I, is always assumed at a point in (0,1).

Proof. If a = ¢, then I; = 0, and the claim is trivially true. Suppose now that a and c are different.
By strict convexity of H, we can write
H(J(x)) - H(wa + (1 - 2)o)

t1f(z) + (1 - f(z))t2

when z € (0,1). Then I;(1/2) > 0. However, I;(0) = 0 = I;(1), so the maximum value of I; must
be assumed at some point of (0,1). O

It(IE) >

Since the maximum of I; is assumed at a point in the interior of [0, 1], the equation I; = 0 has
at least one solution.

Theorem 2.2 If a and c are different, there is a unique = € (0,1) where I; assumes its mazimum.
It is the unique solution on [0,1] of the equation

(+) e KA (f(a))2 — (1- f(z)* =0
where K = (ce — to)H(a) + (t2 — ae)H(c) and € := tg — 1.
Proof. At a point z € (0,1) where I; takes its maximum, I;(z) = 0. Let
p(z) = H(f(z)) —z- H(a) - (1 — z) - H(o).

Notice that t1f(z) + t2(1 -—'f(a:)) = tg — €f(z). For the sake of readability, we write I, (z) as ft,
f(z) as f, etc. Then since I; =0,

(t2—f)p— p(—cf) =0

where

p=(In(1 - f) = In(f)) f — H(a) + H(c)
Then (t2 — f)p is equal to
tof In(1 = f) — tof In(f) — toH(a) + toH(c) —ef fIn(1 — f) + ef fIn(f) + efH(a) — efH(c)




and

pef = —effIn(f) —ef(1 — f)In(1 - f) — e fzH(a) — e fH(c) + ze fH(c)

When we add these expressions, the first term of pe f cancels with the sixth term of (t2—ef)p, and
the second term of pef causes the first and fifth terms of (t —ef )p to vanish leaving t; fln(1—f).
Thus, our sum reduces to

(—t2 FIn(f) — taH(a) + toH(c) + efH(a) — € fH(c))+ (t1 fin(l - ) — efecH(a) — efH(c) + z¢ fH(c))
which by f = fr+c and properties of logarithms is

fln (a;—t{)tl) + (ce — ta)H(a) + (t2 — ac)H(c)

Thus, z.is a zero of _
g(z) = e M (f(2))* ~ (1 - f(2)"

Now suppose g had two distinct zeroes. Then its derivative would have to be zero at some point
in between. But . )

§=f (M a(f@) + (1~ f@)n7)
which is never zero as the product of f = a — ¢ # 0 and a positive number. O

To reassure ourselves that the equation above is valid, let us consider a few special cases of it.
In [1], for the timed Z channel, ¢ = 0, so K = —toH(a), f(z) = az and we get

et2fl(a)/a(gpyts — (1 — az)* =0

This equation easily follows from the following equation encountered in [1}]:
t2 1—f(z)
= t1log { — 2\ _
() 1@ = 10 (L) — cr0g 01
Another case is the untimed case: if ¢ = 0, then K = to(H(c) — H(a)), so our equation is now

t2(H(a)—H(c))/(a— C( (z))? — (x))tl -0

Taking logs of both sides and simplifying yields

() -t

which is the equation we have to solve to calculate the capacity in the untimed case. Notice that
the dependence on time is eliminated when ¢ = 0 regardless of the value of 5 = t;. Finally, in the
case of a binary symmetric channel, where the probability of a bit flip is p, we havea=1—-p=4d
and b = p = ¢, so our equation takes the form

ub? — (k—u)t =0

where u = f(x)ef’®) and k = P (),




Theorem 2.3 Let x € (0,1) be the solution of (x) for a timing channel with two symbols and a # c.
Then its capacity, measured in bits per unit time, is

1 H(a)(c—-1)+H(c)(1—a 1
L (e P00 ) L
Proof. Going backward from (*), we see that z satisfies
—;% + 2 () = (1 - f(a).
Substituting this into I, abbreviating f(z) as f, we have
—fIn(f) - (1 - f)ln(1 — f) —zH(a) — (1 - z)H(c)
tf + (1= fltz
~fn(f) = (1= £) (~ £ + 2In(f)) ~ zH(a) - (1 - ) H(¢)
ty—ef
/() ~ (= 1) (~K + tof n(f)) ~ 01 fH (@) — 1 (1~ 2) H(O)

t1f(ts — ef)

It(iL‘) =

Now using € + t; = to, (f — ¢) = fz, we get

—tafFIn(f) = (1= 1) (=K + (e + ) FIn(f)) = t1(f = H(a) = ts(f = (f = ) H(O)

Ie) = t1f(ta — €f)
(1= K+ fin(f)(-taf - Q- f)_(“E +t1)) —ti(f —c)H(a) — ti(a — f)H(c)
t1f(ta - €f)
_ (A-HK+ fIn(f)(ef - t2). —t1(f — c)H(a) —ti(a— f)H(c)
t1f(ta—ef)

Now we focus on the expression (1 — f)K — t1(f — ¢)H(a) — t1(a — f)H(c). It equals
H(a)((1 = f)(ce — ta) —ta(f — c)) + H(c)((1 = f)(t2 — ae) — ta(a — f))
which is
H(a)(c=1D(tg —ef)+ H(c)(1 — a)(ta — €f)
Putting everything together, we get
(t2 = ef)(H(a)(c = 1) + H(c)(1 — a) — fIn(f))
t1f(t2 — €f)

H(a)(c—1)+ H(c)(1—a) In(f)
(a - C)tl t1

Finally, because capacity is measured in bits, we convert our logarithms to base 2 by multiplying
by 1/In(2). O

Li(z) =

Given that the capacity calculation depends entirely on our ability to compute the solution of
(*), we now turn to methods for calculating it which are provably correct.
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3 Algorithms for calculating the capacity

We now consider methods for calculating the unique solution of g(x) = 0. First notice that it is
enough to solve the equation h(u) = 0 where

h(u) = e K/ yt2 — (1 — )t

and then obtain z = f~!(u). One way to solve h(u) = 0 is to use the bisection method since h
changes sign on [0,1] (i.e. R(0) = —1 < 0 and h(1) > 0). Here is a one point method.

Theorem 3.1 Let ¢:[0,1] — R be the map
_ .. _h=)
$z) =z~ —+
where the constant M is given by

M = toe K/f 44

For any « € [0,1], the sequence (¢™(z)) converges to the unique zero r of h on [0, 1].

Proof. First, we claim that é(z) € (0, 1) for all z € [0,1]. Since ¢ = 1 — h/M, all we have to show
is that 0 < h(u) < M for u € [0,1]. First

h(u) = e_K/ftz’u,tz +t(1—w)ir" >0
if 0 < u < 1 while A(u) = t; > 0 for u=0. So k> 0 on [0,1]. Next we see
h(0) =t1, h(u) <M forue (0,1), h(l) < tpe X/f
so that A < M on [0,1]. Let .
¢y = sup ¢(z)
z€[0,1]

By the continuity of ¢, there is z € [0,1] such that ¢(z) = cp and s0 0 < ¢y < 1. Now if we are
given distinct points z < y € [0, 1], then by the mean value theorem, there is some p € (z,y) with

l6(x) — ¢()| = ()| - |& — y| = $(p)le - y|
which means |¢(z) — ¢(y)| < cglz —y|. If r is the unique zero of h and z € [0, 1] is any other point,
|¢™(z) —r| < cGlz — 7]
which implies ¢"(x) — 7 since ¢y < 1. 0O

The bisection is a “bracketing method” — one of its advantages is that we always have some
idea of how close we are to the zero since we carry both an upper and a lower bound, while a
potential advantage of the one point method above is that a smaller upper bound M on h will
improve its convergence (though useful estimates of its rate of convergence are unknown to us).
Our next method originates from [2]. It attempts to combine the advantages of both the bisection
and the one point method in the last theorem.



Definition 3.2 Let IR = {[a,b] : a < b & a,b € R} ordered by reverse inclusion . We use the
following operators on IR:

e [:IR—>R:[a,b]—a
e m:IR—R::[a,b]— (a+b)/2
er:IR—R:[a,bl—b
These are abbreviated I, := l(z), r; := 7(z) and my = m(z). Let
Oh:={z€IR:[0,1]CzC[r]}
denote the set of intervals where h changes sign.

For instance, the bisection method defines a function split;, : Oh — Ok given by

‘ _ | [leyma] if h(mg) > 0;
splity () = { [mz,r;] otherwise.

If we jterate this function beginning, say, from = = [0, 1], then (split}(z)) is a decreasing sequence
of intervals which contain r and whose lengths tend to zero.

Theorem 3.3 lterating the mapping sy : Oh — DOk given by
lleyma — (h(ma)/M)]  if h(ma) > 0;
sp(z) =
[me + (|h(mz)|/M),rs] otherwise;
is an algorithm for calculating r. That is, it produces a decreasing sequence of intervals which
contain r and whose lengths tend to zero:

|| sh(z) =),

n>0
for all x € Oh. Thus, for all x € Oh, if ¢, € s}(x) for each n, then z, — r.

This result is a special case of a more general result given in [2]. Its proof uses the fact that h
has a unique zero r with A > 0 to the right of » and A < 0 to the left of ». By incorporating an
upper bound of h, this method outdoes the bisection method at every iteration. While this method
does use information about the first derivative in the computation (the upper bound M), it does
not use the derivative itself as part of the computation. For this reason, the general version of the
algorithm in [2], which applies to the class of Hélder continuous functions, is capable of beating
the bisection at every iteration without requiring any differentiability. The nowhere differentiable
function introduced in 1872 by Weierstrass is a well-known example of this type.

References

(1] I. 8. Moskowitz, S. Greenwald and M. H. Kang. An analysis of the timed Z-channel. IEEE
Transactions on Information Theory, Vol. 44, No. 7, November 1998.

[2] K. Martin. B-sides. Oxford University Computing Lab Research Report, January 2003.




