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Abstract

A numericd solution is presented for the naturd convection heet transfer from two vertica fins using a gpectrd
finite difference method. Virtud digant boundary condiitions for two bodies that are compatible with plume
behavior and with an overdl continuity condition are introduced. A boundary-fitted coordinate system isformed.
Sreamlines, isotherms, mean Nussdt numbers and drag & lift coefficients are presented for a variety of
dimendonless paameters such as a Grashof number and a Prandtl number & a deady-date. Extensve
effectiveness of aspectrd finite difference method was established.
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1. Introduction

Laminar naturd convection has many engineering gpplications. In particular, heat trandfer from verticd finsis
one of the mgor concerns on heat exchangers. There are a great amount of andyticd and experimentd articles
reported on naturd convection heet trandfer problem; for example, the flow around acircular cylinder, agohere, a
verticd or horizontd plaie. Almogt dl the work has dedlt with a ssmply-connected or a doubly-connected region.
For mogt externd natura convection heet transfer problems, the distant condition plays an important role. There
are many artides reported on natura convection heat trandfer around one body accounting plume behavior [2],
[3]. Fujii [3] reported on numericd analysis of the naturd convection plume above aharizontd line and point heat
source in 1963. Mochimaru [3] introduced virtud distant boundary conditions that are compatible with plume
behavior above uniformly heated horizontal circular cylinder and with an overall continuity condition.

Anandyticd object istwo verticd finslocated in arow. The surfaces of two fins are assumed to be maintained
a auniform high temperature. At this stage, it is necessary to introduce virtud distant boundary conditions. The
virtud digtant boundary conditions for two bodies, the virtud boundary conditions considering an adjacent bodly,
and extensive effectiveness of a spectrd finite difference method [1] are presented.

2. Analysis

Huids are assumed to be incompressible and Newtonian. The flow and the thermd field are assumed to be
two-dimensiond and laminar. The coordinate system is nondimensiondized with respect to a reference-body

length L. Dimensionless varigbles of time t', a temperaure T, a stream function (¢, a vorticity ¢ are
defined asfollows;

N N~ T T N -
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L L T, - T, V- Gr vV Gr

where Gr is a Grashof number; |, coordinate; 1V, kinematic visoosity; T 5 , an ambient temperature; T, , awall
temperature.
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Grashof number Gr isdefined asfollows;

_Llga(T, -T))

V2

Gr

where g isgravitationa acceleration, and a isacoefficient of therma expansion.
Under a Boussines gpproximation, the governing equations (a vorticity transport eguation, an energy equiation,
the relation between vorticity and stream function) can be written in non-dimensiond forms asfollows:

9¢_ oy _ 1 [o*¢c 9|, a(T,y)
) a oa.B Gr {aa2 * 6/32}+ d(a,p) w
oT o) _ 1 [oT o°T
Yot oa.B) prﬁ{aaz * 0,82} @
oy O _
JC+00'2 +6,82 0 (3
3=296Y)
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where J is Jacobian, and Pr is a Prandtl number. Viscous dissipation has been neglected in the energy equation.
Equations have been considered conforma mapping from the physicd domain in the (X,Yy) plane to the

andyticad domaininthe (a, ) plane. The mapping function isgiven by

K dn(é +in,Ken(E +in k) mE+im)) oo
X+1y = (Z+ NE+i7.K) + KK j, K,(E+|/7) a+ip @

where k=0.1434, K and K' are complete dliptic integrals of the firg kind with the complementary parameter

J@-k?) and+/(1-k'?) respectively. Z isazetafunction of Jacobi.

The coordinates and the geometry are defined as shown in Fig. 1, where L isthefin length. Since the flow fidd
and the thermd fidd are assumed to be symmetric with respect to the verticd y-axis, only the left hdf of the
calculate object is consdered in this paper. Let dimensionlessfin length L be aunity.

virtual distant boundary 4y

- -

/ 7 - /\\/A/lA
I// RQ‘ \:\
1 (Qna ...... "
1

Fig. 1. Geometry and configuration
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2.1 boundary conditions
Boundary conditions at the surface of the left fin are specified asfollows:

W@, ) =@y, ) =0 ©)
a
T(a,.B) =1. 6)

A part of non-dip boundary condition can be expressed in animplicit way by

d—iw(ao—d,ﬁ>+JZ(ao—d,/3)=o 0

where a, —d isthecoordinate of the grid point adjacent to the surface.

Virtud digant boundary conditions & a deady-date are introduced. Since the excess of a vorticity and
temperature is remarkable in the plume, the behavior of a vorticty and temperature, a stream function can be
expressed as

& =Gr'*R|cosd, - cosf | (Rsing, + 9)'"° )
T, =Gr *(Rsing, + 5)¥'* A’h(A¢) 9)
W, =Gr " (Rsing, +6)%° sing,Af (A&)H () (10)
¢, =-Gr'®(Rsing, +9)™°® A’ "(A¢) 1)
H(O) = cosl.4g, + cotl.27rsinl.46, Sn0.69+ c0s0.66, —cot1.277sin0.66, SnL4o, 1)

sin24, sin2g,

wherethe subscript o meansthe virtud distant boundary, J isasuitable parameter to be determined. And f, h

aregiven by
a3 Lieinoo (13)
5 5
h +g Prih =0, (14)

with h(0) =1, f (0) = f "(0) = 0,h(0) = f (o) = 0. The prime denotes differentiation with respect to A¢ .
The parameter Aisrdated with the mean Nussalt number Nu,, as

A°Pr 0°° f'(&)h(E)dé = Nu,, . (15)

At the upper right Sde of the left fin (from the point A to the point B in Fig. 1.), H isdetermined so asto be a
unity. And, the lower right Sde of the left one (from the point C to the point D) is expressad through supposition
of auniform flow. The stream function neer to the y-axis (from the point B to the point C) is congtant conddering
exigence of the right side fin. On this virtud boundary, hest flux is specified to be zero, and the vorticity is
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vanished. Zero heat flux boundary conditions are consdered at the virtua boundary from C to D too.

H() =1 a AB (16)

W =Gr°(Rsing, + 0)¥°sin 6, Af (A&) a BC 17)

Z—T =0 a@a BC ad CD (18
a

Z=0 a@a BC ad CD (19

s C0SO7C0F0 g0 af(Ad) & CD ()

=Gr**(Rsing, +
v ( 0+9) cosd, — cosé,

where & isavalue of independent variable when an argument 6 = 0,.
At apartid Neumann-type virtua therma boundary conditions Egs. (18), afollowing equation can be used.

9 1
5. T@ .8 D(2+C)d

whered isagrid Sze near virtud boundary, and cisaconstant chosen arbitrarily[4].

{T(aj,,B,t)+CT(0’,- -d,[,t)-(1+ c)T(a'j —2d,ﬁ,t)} (21)

2.2 Numerical procedure

Lety, ¢ ,Theexpressedas

W= o coskB+Y i, sinkp @)
k=0 k=1

(=Y 0y coskB+Y ¢, sinkp @
k=0 k=1

T= iTck coskg + iTsk sinkg . (24)
k=0 k=1

Subgituting Egs. (22) - (24) for governing equations, and decomposing the equations into cosine terms and Sne
terms givestheformsas

> fu(atycoskB+> " f (a,t)sinkB =0
k=0 k=0

which reducesto
f.(a,)=0, f.(a,)=0, k=0,

Then each Fourier component in 8 can be separated from Egs. (1) - (3). Heresfter subscripts ck, sk mean a
wave number of cosine term, and awave number of sine term respectively.

All second-order derivetiveswith respectto @ are replaced by three-point centrd difference approximation.
Hrg-order derivatives with respect to @ near boundary surface are used three-point forward difference

141



Numerical Analysis of Laminar Natural Convection Heat Transfer around Two Vertical
Fins by a Spectral Finite Difference Method

formulae. Time integrations are replaced by semi-implicit method. With these, the differentid equetions are
converted into aset of dgebraic equations. These equations are then solved iteratively per wave number.
Time difference approximation;

0 f(a,t,)-f(a.t)
—f(a,t) = ha ' 2
P (a.t) A (25
Spatid difference approximetion;
i — - fiadi + f (dy —disy) + falia (26)
00|,  dia(d +dyy) d,dy d,(d, +d,,)
02f2 _ 2f, _ 21, N fro @
o0a°|,, d(d +d,) dd. d(d +d,)
To support high Grashof number cases, non-uniform grid spacing is used.
a,=a, - C{M + 1} (28)
sinhy

where a, isacoordinae a the k-th grid point counted from the wall dong a coordinate, ) is a sitable
congtant and c isacongtant to be determined.

2.3 Dimensionless force
Dimensionless force acting on a fin surface dong postive x direction is defined as a drag coefficient Cp,. And,
dimensionlessforce acting on afin surface along positive y direction is defined as alift coefficient C,

_ 1 ¢nf 0x_ 0

Co= 5l (Caﬁ > jdﬁ (29
_ 1o 0y o

T lles e ®

A mean Nussalt number Nu,, at the surface of the left heat sourceis defined asfollows:

Nu = —ﬂaaT—CO (31)
a

2.4 Convergence criteria
To seek ageady-state solution, the iterative procedure is terminated when the following convergence criteria Egs.
(32), (33) aresatidfied at the surface of thefin.

Co (new) _CD(oId)|<1O—5 32)
CD(new)

CLinew) _CL(old)| <107 )
CL(new)
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|Nu - Num(o,d)|

‘ <10°° (34)

m(new)

Nu

m(new)
where the subscripts (new) and (old) denote the current value and the vaue in the past respectively.

The number of patitionsdong @ , and the wave number to seek a Seady-date solution is determined so that
the varigion of dimeng onlessforces does not exceed one percent. In this paper, the number of partitionsdong a ,
and the wave number are used in the range of 100 to 200, and in the range of 30 to 40, respectively.

3. Results and discussion

A numerica solution for Seady-date naturd convection heat trandfer accounting plume behavior around two
vertica fins whose temperatures are maintained a a higher temperature than that of the ambient has been
obtained, againg a Rayleigh number in the range of 0.7 to 70000 for air (Pr=0.7) and water (Pr=7).

us

Fig. 2. (a) Steady-state streamlines; Ay =0.24, (b) isotherms; A7 =0.1 at Pr=0.7, Gr =1

S

Fig. 3. (a) Steady-state streamlines; Ay =0.07, (b) isotherms; AT =0.1 at Pr=0.7, Gr =1000
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D

Fig. 4. (a) Steady-state streamlines; Ay = 0.135, (b) isotherms; AT=0.1 at Pr=7, Gr=1

D

Fig. 5. (a) Steady-state streamlines; Ay = 0.035, (b) isotherms; A7=0.1 at Pr=7, Gr =1000
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Fig. 6. (a) Alift coefficient Cy, (b) a drag coefficient Cp, against PrGr
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Fig.7. A mean Nusselt number Vu,, against PrGr

Seady-date sreamlines and isotherms are shown in Fg. 2-5. Thermd fidds smilar to solid heat conduction
are obtained in case of alow Grashof humber (see Fig. 2 (b)). A seady-gate buoyancy plume above the finis
formed as an increase of a Grashof number.

The lift coefficient and the drag coefficient at a seady-dtate for various Grashof numbers and Prandtl numbers
are presented in Fig. 6. The mean Nussdt number of the present a a Seady-date is proportiond to a Grashof
number to the power 0.2(see Fg. 7). Clearly, the mean Nussdlt number of water dways indicates higher hest
trandfer rate than that of air, and the lift coefficient of water within the results of this investigation is bigger than
that of ar in case of asame Rayleigh number. However, the drag coefficient of weter issmdler than that of air in
cae of asame Rayleigh number. The mean Nussdt number and the lift coefficient are in good agreement with
the solution of the boundary layer equations.

4. Conclusion

Seady-date laminar natural convection heet trandfer around two verticd fins using the virtud distant boundary
conditions and the virtua boundary conditions was studied numericaly by a spectrd finite difference method for
various Grashof numbers and Prandtl numbers. The virtud distant boundary conditions and the virtua boundary
conditionsfor two bodies could demongrate plume behavior very well. Extengive effectiveness of aspectrd finite
difference method was established.
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