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Abstract

The lower frequencies of a circular plate with mixed boundary conditions have
been determined. For a plate, which boundary is partly clamped and partly sim-
ply supported the course of the axisymmetric lower natural frequencies have been
investigated. In addition the natural frequencies of plates in asymmetric motion
are presented and exhibit for each mode m # 0 two oscillation branches with quite

different angular modal lines.
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Zusammenfassung

Es werden die unteren Eigenfrequenzen eiﬁer Kreisplatte mit gerhischten Rand-
" bedingungen bestimmt. Fiir eine Kreisplatte, der.en-Randteilweiseeingespann’lc.und .
gelenkig gelagert ist, wurde der Verlauf der unteren axialsymmetrischen Eigenfre-
quenzen bestimmt. Asymmetrische Schwingungen zeigen jedbch zwel verschiedene

‘Frequenzzweige mit jeweils verschiedenen angularen Knotenlinien.




1 Introduction

The problem of bending of a circular plate with mixed boundaries has been treated pre-
viously for some special éonditions. A more general problem for a i)late partly clamped
and simply supported'was formulated in [1], where forced vibrations due to harmonic load
perpendicular to the plate have been treated. In addition the plate was subjected to a
compreséiye load. In later papers [2-4] a variational approach was applied to a circular
" plate partially clamped and partially simply supported. One method is based upon two
perturbations, i.e. one when the plate is clamped all around, the other when the plate is
simply supported. The first perturbation yielded upper bounds for the eigenvalue, while
the latter presented the lower bounds. There are, however, still some discrepancies of
results, all of which have been restricted to the mixed boundary conditions of a partly
clamped and partly simply supported system, for which only the fundamental axisym-

metric mode has been determined.

With the advent of very efficient high speed computers, exhibiting the advantage of solving
a large number of algebraic equations at a relatively short time, we have proposed another
method for the determination of the eigenvalues of various mixed boundary conditions,
where not only the fundamental natural frequency has been determined, but also higher
axi- and asymmetric modes of the plate were investigated. In addition we have determined

the nodal lines of the natural frequencies for the asymmetric modes.

It should be mentioned that the method is not only restricted to the determination of
eigenfrequencies, but may also be applied to radially loaded plates, the response to har-

monically perpendicular loads on the plates, as well as the buckling of them. In addition,



the method may also be used for other boundary combinations, as well as for rectangular

plates with mixed boundary conditions.

2 Basic equations

The problem of the determination of fhe approximate lower natural fréquencies of a
circular plate exhibiting partially mixed boundary conditions along ité periphery may
be .pérformed with a semi-analytical method as shown below. This method satisfying
the boundary con('iitions for a ﬁnité number of points at the periphery r = a may be
applied to a large va.riéty of boundary conditions. We shall treat here only the mixed
boundary conditions (;f clamped, simply supported, while those of free, guided, clamped,
simply supported and elastically supported edges of varioué peripheral edge ranges shall

be treated at a later point.

The basic equations require the solution of the equation of the circular plate

v _

DAAw + gh—= =0, (1)

where the operator is

AP 10, 18
S Or2  ror  r2op?
Equation (1) has to be solved with the appropriate mixed boundary conditions.

The bending and twisting moments are given by
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and the transverse shearing forces are
0
Qr =-D ‘a_r(Aw)
Q‘P =-D @(A’I.U),

while the Kelvin-Kirchhoff edge reactions are given by
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The displacement of the plate is w(r,¢,t), ¢ its density, h its thickness and D =

ETR2/(12(1 - v)) its stiffness, v is Poisson’s ratio. The boundary conditions may be

either

(a) clamped: w=0and &=0atr=aqa
(b) simply supported: w=0and M, =0atr=a
(c) free: M,=0andV,=0atr=a

(d) guided: o —0andV,=0atr=a

" (e) elastically supported: M, — K %% =0and V,+kw=0at r =aq,

where K is the distributed stiffness,i.e. moment/unit length, opposing with spiral springs

the edge rotation, and where k is the distributed stiffness, i.e. force/unit length, opposing

the translational motion in direction w.




The solution of equation (1) yields with w(r, ¢, t) = W(r, p)e*? the expression

Wre) =3 {Amev()\gj +Coln (,\-;l)} el ©)

m=0 sin mep
where 3 = wa? \/—M The problem of ”the deﬁergliﬁation of the approxifate lower
natural frequencies for mixed peripheral edge conditions depends on the range of the
various boundary conditions at hand. It may be noticed that certain combinations of
mixed boundary conditions show for the total range one and the same boundary condition,
therefore reducing the effort of the numerical procedure. This may be noticed to be

obvious for a combination of the following boundary conditions.

The two mixed boundary conditions clamped - simply supported exhibit at r = a the
same boundary condition w = 0 at r = a. For a clamped - guided mixed boundary ease
the total range 0 < ¢ < 27 shoWs Ow/Or = 0 at r = a. For a system of simply supported
and free mixed boundary case the totel range 0 < ¢ < 27 has to satisfy the vanisﬁing
bending moment M, = 0 at r = a, while for a mixed boundary condition free - guided

the Kelvin-Kirchhoff edge reaction V, = 0 at r = a, i.e.

__plo (1-v) 8 (1ow)]_
Ve = D[Br(Aw)+ r 6r6<p(r8<p)]n0’ o

. [Fw 10w 10w (2-v) Bw  (3-v)duw]
‘/’"__D[BT?JFFEE"FEE 7 aag @ g & (0

for the total range 0 < ¢ < 27. It may be mentioned that for a "pure” boundary
condition, i.e. the vanishing range a = 0, the well-known values A? of that particular
boundary condition case are obtained, while for the ”pure” boundary condition of the
other range, i.e. that at a = 2m, the values A? of that particular boundary condition
case are obtained. For mixed boundary condition cases of varying o # 0 and o # 27 the
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approximate A\2-values are obtained from the following procedure and require for different
modes m and n careful selection of the number of points, at which the remaining boundary
conditions have to be satisfied to yield acceptable final results. More shall be remarked

in the numerical solution below.

3 Method of solution

Let us treat a plate clamped along part of the boundary and simply supported along the
remainder, requiring only two different boundary conditions for the numerical proéedure
(Fig. 1). If the plate is clamped in the range 0 < ¢ < a and simply supported in the
range a < ¢ < 2, the plate exhibits for the total range 0 < p < M a vanishing deflection

w = 0 at r = a and exhibits therefore the solution

Wi(r,¢) = é [Jm (/\2) - %((;%Im (A:—l)] {Am cosmyp + By, sinmep} . | (11

This satisfies W(a, ) = 0 in the total range 0 < ¢ < 2x. If a = 2n, i.e. the plate is

totally clamped the second boundary condition dw/0r = 0 at r = a yields

J () - l]f’i(i)l’ (A =0 (12)

I.(3) ™
and we obtain for the determination of A, the vanishing determinant
Im(A) Im(A). o a9)
I 1, (N
which yields the squares of the eigenvalues A{9? for a clamped plate given in table 1.
If the plate is totally simply supported, the value @ = 0 and equation (11) has to satisfy

in addition the vanishing bending moment M, = 0 at the edge r = a. This yields with
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®
13000 + 37,0 1n ) = [T ) + $E,0)] 3n (0 = 0 (19

and the determination of A requires the solution of the determinant

T Loy
[ T =0, T )

I + 330 1N + 51,00
which yields for v = 0.3 the squares of the eigenvalues A2 for a, simply supported plate

given in table 2.

For a plate of partly clamped boundary in the range 0 < ¢ < o and a simply supported

boundary in the range a < ¢ < 27 (Fig. 1) we have to satisfy Ow/dr = 0 at r = q, i.e.

i [J,'n ) - 8)) S (A)] (Am cosmyp + By, sinmyp) =0 in the range 0 < ¢ < a
| (16)
and M, =0, i.e.
io { [J” O+ 5, ()\)] :8)) [1" 0+ 51, (A)]} (An cosmip + B sinmep) = 0
in the range a < ¢ < 2. (17)

The equations (16) and (17) have to be satisfied at a chosen number of points in each
range. If ¢ = any/(N1 + 1) with n; = 1,2,..., Ny in the range 0 < ¢ < o and
¢ =a+ (27 —a)ne/N; with ng =0, 1, ..., Ny in the range a < ¢ < 2, the equations
(16) and (17) read then (N; + N» even)

e many . (man,
NZ T (3) = :((;\))II (’\)]{ (N1+1)+Bmsm(17\rfz f1)}20

m=0

forn1=1, 2,...,N1 (18)




and

(Nl:é:)ﬂ{[m ) + ;Jm W] - :((i)) [y + 5, (,\)]}
oo B} o B
forng=0,1,...,Np. oot

The eqﬁation (18) represents N; homogeneous algebraic equations in the unknowns
Ao, Ay, ..., Avigng)e and By, Ba, ..., B(n,4n,) /2, While equation (19) yields Np + 1
equations in those constants. The vanishing coefficient determinant represents the equa-
tion for the determination of the lower approximate eigenvalues A. It yields the lower
values A for a given magnitude of o in ascending order of which for a given mode m
the values A? shall be located between those of the totally clamped case and those of the

totally simply supported case.

4 Numerical evaluations and conclusions

The above procedure has been numerically evaluated for the lower modes of a circular
plate, i.e. for m = 0, 1 and 2 and n = 1, 2. Figure 2 represents A2, = waz\/Q_hTIS
as a function of the angle a/x. For a = 0 we exhibit the plate with a purely simply
supported boundary, while for a = 2 the boundary is in a purely clamped state. These
values are indicated in the graph as o for the simply supported boundary and as ® for
the clamped boundary. The influence of the Poisson ratio v, which appears only in the
simply supported boundary is indicated by the *-sign where the upper star représents

the A-value for v = 0.5 and the lower one that of v = 0.2. The square of the eigenvalue




A%, increases from 4.9351 to 10.2158 and exhibits a slight flexion close to @ = 7. The
here presented numerical results were compared with those of reference [3] and [4], where
only the mode m = C, n = 1 has been treated and presented. The value presented in
Fig. 2 for m = 0 and n = 1 show a very close proximity to thét given in [3]. The
numerical evaluation in our treatment required for Ny + Np = 150, in which N; and N
vary aécording to the magnitude of a. rfhe magnitudes of N; and N; are chbsen such that
an increase of these magnitudes do no longer affect the accuracy of the ﬁlotted AZ-values.
If o« is small the portion of the boundary being bcla,mped needs only a small value for Ny,
while that of the ’tl)01|1ndary being simply supported requires a large number N for the
numerical procedure. ‘As the clamped portion « of the boundary increases, so does the
number N;, while N2|decreases, such that the sum Ny + Ny, = 150, as indicated in Fig.
2. Treating the axisymmetric mode m = 0 further yields tile results shown as the curve
m = 0, n = 2 (second axisymmetric mode); starting for a totally simply supported plate
at 2289 = 29,72 and reaches for totally clamped plate the value 2 — 39.77 (see also
Table 1 and 2). In the case of the eigenvalue A2, we notice increased flexion as a increases.
The investigation of the asymmetric mode m = 1 and m = 2 exhibits for the first modal
number n .-—— 1 two values A2 and )e; in the range 0 < a < 2r. Form = 1and n =1
the value of A2, yields for a totally supported plate the magnitude '/\3(135) = 13.8982 and
for a completely clamped plate the value ,\fﬁc) = 21.26. In the mixed boundary range
a # 0, 2r we have to distinguish two modes, which have been indicated by (O and .
The mode (D) exhibits in the range 0 < a < 7 eigenvalues A%, being smaller than those

of the branch (3 while above a > 7, i.e. the case, where more than half of the plate is

clamped at its boundary, the eigenvalue A2, is larger than that of the branch @ Those




two ll)ranches caused by the mixing of boundaries shall not only exhibit different natural
frequencies, but also different nodal lines, as we shall see later. Treating now the mode
m = 2, n = 1, which shall start for a completely simply supported plate with the square of
the eigenvalue, i.e. ,\§§”> = 25.61 and reaches for the totally clamped plate the magnitude
N = 34.877, exhibits, also two branches (Dand @ with increased fluctustions. in Fig. 3
we present the fundamental axisymmetric mode m _ 0, n = 1 again, where N1+ N, = 160
| and v was chosen to be v = 0.2, 0.3 and 0.5. If the Poisson ratio v is larger the natural
ﬁequency is larger, the magnitude of which decreases as « increases. A similar behavior
is found for a Poisson ratio v being smaller. Figure 4 shows the numerical results for the
mode m = 1, n = 2, which exhibits again two branches for the natural frequency of the

plate for a # 0 and 27. Both curves start for o =0 at )\?g”) = 48.48 and end for a = 27

at A% = 60.83.

In Fig. 5 we represent the nodal lines for the branches @ and (3 of the mode m =

n = 1 with the angle o as parameter in degrees. Behind each a the magnitude of the

dimensionless natural frequency A? = wa%/&z_/ﬁ = wa? \/ 120(1 — v)/EIh? is indicated.
The drawing of the node lines was done as follows. For chosen a-value, mode numbers
m, n and branch the N-value, i.e. the eigenvalue, and the coefficients A, Bn, i.e. the
eigenvector, are computed from (18) and (19). Introducing these results into (11) and
demanding W (r, ) = 0 yields for chosen r/a with (0 < r/a < 1) the appropriate angle
v = @(r). With increasing angle a, i.e. increasing portion of the clamped boundary
the nodal line turns in counter-clockwise direction, as indicated. For a totally simply
supported plate the nodal line is located at ¢ = 0. This is also valid for a completely

clamped plate, while for a plate of which half of the boundary is clamped and the other

11




half simply supported, the nodal line is located at ¢ = 7/ é, i.e. perpendicular to that of
the pure boundary cases. If only one quarter of the boundary is clamped, i.e. a = 7/2,
then the nodal line is ét ¢ = m/4. The nodal lines for branch @ of the mode m=n =1
are also presented in Fig. 5. These nodal lines appear as soon as a # 0, 27. For a small
clamped part of the boundary of a = 10°, for which A%, = 14.80 the nodal line exhibits a
small curvature and does no longer pass 1‘;hrough the center of the plate. As d increases the
curvature of the nodal line increases and rotates as a whole in counter—cl(;ckwise direction,
exhilﬁting increased curvature especially at the érea close to the boundary. While for the
branch @ and o = j:he nodal line is a straight line ¢ = 7/2, that of the branch @ shall
be located as a curve(i line in the lower half (i.e. the simply supported part) of the plate
and shall be below th.e‘ center of the plate‘with a larger inward curvature close to.the

boundary. This curvature will increase strongly with the increase of the clamped part a.

For the branches (D and ( of the mode m = 2, n = 1 the nodal lines are presented in
Fig. 6. If the clamped portion of the boundary is a small & = 10° the nodal lines of
branch (D) are the two straight and perpendicular lines (D as indicated in Fig. 6a, rotated
in a counter-clockwise direction by 5°. The nodal lines associated with branch Qare the
exhibited hyperboia—like curves. A further increaée of o, meaning a larger portion of the
clamped boundary yields a counter-clockwise rotation of the nodal curves ) and @ It
may be noticed that perpendicular nodal line of the branch (Dshifts from the center of the
plate and exhibits slight curvature at the boundary of the plate (see Fig. 6¢c for a = 120°).
In addition the nodal lines of branch (@)show at those nodal curves, close to the clamped

boundary increasing downward curvatures, as « increases. For larger a-values the nodal

lines are presented in Figs. 6d through 6g.




List of symbols

a radius of circular plate
D Stiffness of plate (D = %
E modulus of elasticity
h thickness of plate
I ~ moment of inertia
| 1 modified Bessel function
Im Bessel function
k- distributed stiffness of translational springs (force/unit length)
K distributed stiffness of spiral springs (moment /unit length)
M bending moment, twisting moment
Ny, Ne number of points, at which the boundary conditions are satisfied
Q transverse shearing force
r, polar coordinates
t time
V Kelvin-Kirchhoff edge reaction

w(r,p,t)  displacement of plate

a angle

0 mass density of plate
v Poisson’s ratio

A eigenvalue
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