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Introduction.

Optimal stochastic control problems based on Gaussian white noise models have
been studied by Wonham [1}-[3], Haussmannn [4] and Ahmed [5], among many others.
Rishel [6][7] has studied the control problem for systems with jump Markov distur-
bances. In this paper we investigate the linear quadratic regulator control problem with
state- and control-dependent Poisson noises in the state dynamics. As in Wonham’s
treatment of LQG problems [2] [3], the optimal control law is a combination of a linear
feedback and a feed-forward control, which is similar to those for LQG problems. The
optimal cost and optimal control are computed by solving a class of Riccati-like equa-
tions. When the coefficient matrices in the system dynamics and the performance index
are constant, we consider the infinite time problem with average cost criterion. The
optimal control exists and is also the combination of a constant linear feedback and a
constant feed-forward control obtained by solving an algebraic Riccati-like equation. In
addition, the optimal control of the finite time problem converges to the time-invariant
control of the infinite time problem quasi-uniformly, almost surely. Similar results follow

if we use a discounted cost criterion.

The optimal stochastic scheduling of systems with Poisson noise disturbances is
treated in [8]. Almost sure stochastic stability of linear systems with Poisson noise dis-

turbances is treated in [9]. See also [10].

1. Finite Time Control Problems.

In this section, we consider the stochastic control system
dr(t) = A (8)z(t)dt + B(t)u(t)dt + C(t)z(t)dN,(t) (1.1)
+ D()u(t)dNy(t) + &¢t)dN(t)
z(0) =1z, € R" \ {0}

where A (¢) and C(¢) are n Xn matrices; B(t) and D (¢) are n Xm matrices; and &(¢)

is an n-vector. For simplicity, we assume A (¢), B(t), C(t) and D (¢) are piecewise



continuous on [0,7]. N;(t), i=1, 2, 3, are independent Poisson processes with intensities
A;, ©=1,2,3, respectively, together with the performance index
T

Ju)=FE {[ L(t,z(t)u(t)dt + I(T,z(T))} (1.2)

0
Let the admissible control set be
Uy 2 {u(t)=¢,2(t)) | ¢:[0,T]XIR" — IR" is piecewise continuous
in t for each » € TR"; locally Lipschitz continuous and

at most linear growth in z for each t € [0,T]}

We want to minimize J(u ) with respect to all controls u € U,,.

Lemma 1.1 (Sufficient condition for optimality) Suppose there exists a con-
trol u® € U,y and a continuous functional V:[0,T] X IR" — IR with continuous partial

derivatives with respect to t and x such that

Vi(t,z) + min {L,V(t,z) + L(t,z,u)} =0

‘€ mR™ (1.3)
is achieved at u°(t ,x) for all (t,z) € [0,T] X R™ with
V(T 2)=1(T,z),\/ = € R". (1.4)

Here L, is the differential operator corresponding to the state process defined by

L, Vz)y=V, " (A@)x+B(t)u) + N[V (t,2+C({t)x)-V(t,z)

+ XN[V(t,z+D (8)u)-V{(t,2)] + N[V(E.xc+EE)N-V(t,z)] (1.5)
where ~ denotes matriz transpose. Then

V(0,2,) = J(u°) = m5 J(u).

u € Uy
Proof. Let 2%s) and z (s) be the trajectories corresponding to control laws #° and
¢, respectively, with initial state 2%t) =12 = z(t). From the integration formula for

point processes, we have



T
V(o) =-E {JIV,(s,2%) + LyV(s,s%sNds + V(T,2(T)}
¢

T

= Ey A JL(s,2°%5),6%s ,2%s ))ds + (T ,z°(T)H}.
4

But with arbitrary u (¢) = ¢(t,x(t)), we have from (1.3)

T
Vit,z)=-E {fIVi(s.2(s)) + LyV(s,z(s)lds + V(T ,z(T))}
14

T

<k, {fL (s,z(s).¢(s,2(s))ds + (T ,2(T))}.
t

Thus, V(0,24) = J(u° < J(u) for all v € U,; which shows that u° is an optimal

control and V (0,z,) is an optimal value.
QED

Remark. Equation (1.3) together with (1.4) make up the Hamilton-Jacobi-Bellman

(HJB) dynamic programming equation for this problem.

Now, we consider our system as a regulator, i.e., we let

Lt zu)=1z"QU)x + u R(t)u (1.6)
[(T,z)=12 Przx

with symmetric piecewise continuous matrices
Q()>o0, R(t)=>0 t€0T]
and

Py > 0 constant.

To solve the (HJB) equation, we use
V(,x)=1z Plt)x + 2p(t)'xz + q(l) (1.7)

for some n X1 symimetric, non-negative definite matrix P (t), n-vector p (¢) and scalar

function ¢ (¢) satisfying the final conditions



P(T)=Pr, p(T)=0, q(T)=0. (1.8)

Then

d d d
Vitie) =2 —P(t 2—p(t)° —q(t
t(ta) =z m )z + dtp()$+ dtQ()
V,(t,z)=2P(t)x + 2p(t). (1.9)
Substituting (1.7) and (1.9) into (1.5), we get

L, V{itz)=2P)z+p(t) [A@)z+B(t)u]
+ M{[z+C(t)z] P(t)[z+C(t)z]
+ 2p(t) [r+C()z]+q(t) — [z "P(t)z+2p (t) 2+q(t)]}
+ No{lz+D (t)u] " P(t)|z +D (t)ul+2p (¢) [z +D (¢ )ul+q (¢)
=l "P(t)z+2p (£) a+q(E)]} + Ng{lz +&(8)) " F(¢)[z +&(¢)]
+ 2p(¢) [r+E()+q(t) — [v "Pt)z+2p () 2+q (1))}
=2[P(t)z+p (&) [A(t)z+B(¢)u] (1.10)
+ Nz C(t) P(t)x +a " P(t)C (¢)x
+x () P(t)C (t)z +2p (¢) C(¢)z]
+ Nolu “D(t)" P(t)z +z " P(t)D (t)u
+u " D(t) P(t)D (t)u +2p (t)" D(t)u ]

+ Ngl€(t) Pt )z +x " P(¢)E(L)+E() " P(¢)E(t )+-2p (1) &(¢)].

Let the Hamiltonian functional be

H(txz,u) & L, V(tzx) + L(t,x,u). (1.11)
Then set
oH . . .
0= T = 2N,[D (t) " P(t)x+D (t)" P(t)D (t)Yyu+D (t) p(t)]
+ 2B(t) [P(t)x+p(t)+2R (t)u
which implies
u(t) = — [R(£)4AND (£) P(£)D ()7 [B(8)+ND () [P (t)z+p (¢)].  (1.12)



In addition,

O*H

EWE =2[R(t) + D) PL)D(t)) >0, V¢t € [0,T]
U

Thus, © (t), defined in (1.12), minimizes (1.11). Now, set

A(t)=A(t) + NCO(t)
B(t) = B(t) + ND(t)
R(t)=R(t) + ND(t) P(t)D () (1.13)
K(t)=R(t)'B(t) P(t)
k(t) = R(YB(t) p(t).

Substituting (1.10) and (1.12) into (1.3), we obtain

T ‘%P(t)z +2—jt—p (t)’x+—cf—tq(t)+2[P(t )z +p ()] [A (t)x—B(t)I%(t)x—B(t)/Ac(t)]

+ N{o C) Ptz +2 P()C (t)a+x - () P(£)C (t)z +2p (t) C(t )z }
N (82 +k (8)] 7 D(t)” P(¢ )z~ P(£)D (8)IK (£)z +k ()]
K (8)z +k ()7 D) P(OD (0K (8)z +k (£)-2p (¢)” D (t)z +k (£)]}
+ N {&(8) " P(¢)x 42~ P()E(E)+E(E) P()E(E)+2p (8) &(¢)}
oz Q)T K (8)x +k (8] R(EIK (t)z +k (£)] = 0.

After simplifying, we obtain
5 {EP(O+HA (O-B(OK (O] PP (OIA ()-B(OK (1)
FXC () PEYC() + K () REK(6)+Q(t))e
20 (o (A (O-B (R (0] o )P ()}

+ {_d(!t“q(t)—];(t)'}%(t)/Ac(t)+>‘3£(t)’P(t)§(t)+2>\3P(t)’§(t)} .

As we vary 2 € IR", we obtain the following equations



%P(t)ﬂfi (£)-B (1)K ()] P(t)+P (8)[A (1)=B (K ()] + 2O (£)" P(£)C (t)

+Q (K (t) R(HK(t) =0 (1.14)
P(T) = Py

ditp (E)HA (£)-B (1)K (£)]” p(t)+3aP (£)E(L) = 0
p(T')y=o0

(1.15)

%q(t)—fc(tw% () (E)+2NE(L) " P(E) + NgE(£)" P(£)E(L) = O
qg(T)=o0.

(1.16)

Since fi’ (t) and I%(t) only involve P ({), (1.15) and (1.16) are easily solved once we
solve (1.14). Equation (1.14) is well-known to have positive solutions if D (¢) = 0. To
treat our case, we use the methods of quasi-linearization and successive approximation as
in Wonham (2] to show existence and uniqueness of the solution of (1.14). Note that we

always have a minimum property

[A (£)-B () (£)]" P(t )P (£)[A (1)-B (1)K (¢ )+K (¢ )" R (£)K (¢)
= A()-BWK ) P(t) + P(IA()-B)K (@) (1.17)
+ K@) ROK(E) - [K()-K ()R (1)K (8)-K (¢)]

for any m Xn matrix K (f). Let

W(P(E)R(E)K (L) & [A(t)-B(K () Pt) + P(t)A(t)B()K ()]
+ NC() P(YC() + K@) ROK ().  (1.18)

Then (1.14) becomes

Lp@) = - wPOROKD) - Q)
(1.19)
P(T)=Py.

For each K (t), let ®(¢,s;K) be the transition matrix of A (¢)-B(¢)K (¢). To show

that (1.19) has a solution, we choose K ,({) arbitrary and let

8



PYt) & &(T,t;K,) Pro(T,t;K),),
Pk+1(t) A

T

(T ,t:K,) Pra(T,¢K)

t € [0T]

+ [o(s,t;K ) NC(s) PE(s)O(s)
4

+ Ky(s) R¥(s)K ()+Q (s)] @(s,t:K,) ds
where

(1.20)

RE(t) & R(t) + ND(t) PE(£)D (¢).

Since all the functions involved are bounded on [0,T], the sequence in (1.20) is easily
seen to have a limit

P (t) & Jim Pk).

Since Py > 0 and is symmetric, from (1.20) we know P*(¢) > 0 and is symmetric for
all k= 1.

Thus, P,(t) > 0 and is symmetric. Now, let

Ky(t) & Ry (t)'B(t) Pyt)
and

R t) & lim RY(t)y =R(t) + ND(t) Pt)D(t) > 0.

this process, we have P, , I, and K such that

Using K ,(t), we can use an iteration similar to (1.20) to obtain P, and R ,. Continuing

Ri(t)=R(t) + ND(t) Py (t)D(t)

Kiy(t) = R (£ B(t)" Py (t)
and

P.(t)y>o0, WVt
d

€ [0,T]
dt

Py(t) + WPy (t),R (1)K (t) + Q(t) =0

P.(T) = Py.

From the minimum property (1.17), we have

(1.21)

(1.22)



4
dt

(K (8K 11(8))" R ()G (8 )-K 11(8)]

Py ()+W(Py (£),R (), 11 (£)+Q (£)

:%Pk(t) + ‘I’(Pk(t),]%k(t)’l(k(t)) - Q(t)

=0

- %Pkﬂ(t) + W(Pg (2 ),é pr(8) K (0)) + Q@ (1)

Let S(t) = P (t) - Pp (1), then

%S(t JEU(S (£),R ¢ (E)R g a(E) K 41(t))

+ (B (8 )=KG 41 (0] B ¢ () K (6)-KG 44(8)]=0
S(T)==o0. (1.23)
Since the last term in (1.23) is symmetric and > 0, we know that S(f) > 0 as in (1.20).

Thus, P (t) > P;,4(t) > 0. By the monotone convergence theorem,
P(t) & lim P,(¢)
k—o0

exists and is symmetric so that P,(¢) > P(¢) > 0. Again

R(t) & lim [R(t) + ND(t) Pp(¢)D(¢)]

k—o0

— R(t) + ND(t)P()D(t)>0, V¥t € [0,T]

Thus R ()" exists and

K(t) & lim K, (t)=R(tY'B(t) P (t).

If we let ®(t,s) be the transition matrix of A (¢), then (1.22) implies
T

Py(t) = &(T ,t) Pra(T,t) + [ (s,6)" [\C(s) Pp(s)C()+Q(s)

¢
K (s) B(s)" Py (s)-Py (s)B (s )K (s)
+ K (5) R (s)K, (5)] ®(s ,t)ds.

Since



P 1< 1PLIL TR < IR + Nl1D 1212
and
K 1L < IR B IP L

then we apply the Dominated Convergence Theorem to get

T
P(t) = (T ,t) Pro(T t) + [ @(s,6)" MC(s) P(s)C(s)+Q(s)
11

_K () B(s) P(s)-P(s)B(s)K (s)+K(s)" R (s K (5)] (s ,¢)ds

after k tends to oo. Thus, P(t) is a solution of (1.19). Since V(P ,R ,K) is locally
Lipschitz in P, P(t) is a unique solution of (1.19). In addition, let K (¢) be arbitrary
and P (t) be the solution of (1.19) with K (t) replacing K (t) and P(T) = Pr. Then

by the minimum property (1.17), we have
0= T;%P(t) £ WP (LR p(E)E(E) + Q)

—P(t) + WP)LRW.K(E) + Q(t)

= P(t) + WP ()R (1)K () ~ K (6)-K ()] ROUE(E)-K @) + Q)
where
Rp(t) = R(t) + ND(t) Pt)D ().
Let S(t) = P(t) - P(t). We obtain
%S(t)qL\I/(S(t),]% P (=R (), K () HIK (E)-K (1)) R (K (6)-K (t)] = 0
S(T) == o. (1.24)

Since the last term in (1.24) is non-negative definite, we have S(t) > 0, so that P(¢)

> f’(t ). The solutions of (1.15) and (1.16), respectively, are thus easily shown to be



T

p(t) — Ngf®(s £ )" P(s)E(s )ds (1.25)
t
and
- T ~ -~ -~ ~ ~
g(t) = [12N\s6(5) P (s)+Ng&(s) P (5)€(s )k (s) R (s )k (s))ds (1.26)
t

with

k(t) & R(EY'B(t) p(t) (1.27)

Consequently, we have proved the following theorem.

Theorem 1.1. The stochastic linear quadratic regulator (1.1) with (1.2) and (1.6)

has an optimal control

w(l) = - [K(t)z(t) + k(1) (1.28)
where
K(t) = [R (t)+7\D ()" P (1)D () [B (t )+3aD ()P (£) (1.29)
F(t) = [R(t}+2aD () P (6)D ()] B (£)+3aD (8)]p (2).
The optimal value is J(u) = V(0,25) = 2o P(0)ze + 2p(0) 7 + a(0), with

15(t)20, g;(t) and ;](t) being the unique solutions of (1.14), (1.15) and (1.186), respec-

tively. And z (1) 1s the optimal trajectory of (1.1) corresponding to u as input control.

2. Infinite Time Stochastic Control.

To investigate the infinite time problem (1.1) (1.2) as T — oo, we consider the
case when the coefficient matrices in (1.1) and (1.6) are constant, i.e., A(t) = A, B(t)
=B, Ct)y=C,DU)=D, t)=¢ Qt)= @, R(t)= R and let P =0
for convenience. We would like to have a stationary feedback control, i.e., ﬁ(t) = 13,
z;(t) = 1; But ;1(0) — o0 as T — oo in (1.26); and so the cost V(0,24) — o0 as T

— oco. This is to be expected since the noise d/N, acts continuously on the system, so we

10



modify the performance index (1.2) to be the average cost

T
Ju(u) & i LTE [z (t) Qu(t) + u(t) Ru(t)dt (2.1)
- 00 0
or the discounted cost
Jyw) & F [ e (z(t) Qu(t) + u(t) Ru(t)dt, a >0 (2.2)
0

We will discuss both. See [11] for a general discussion of this class of problems.

Since we want P y(¢) — P, a constant matrix, as T — oo for each ¢, then P

should be a solution of algebraic equation

\1/(15 ,}é ,I%) + @ =0 (2.3)

Before investigating solutions of {2.3), we need some preliminary lemmas which are

adapted from Wonham [2].

Lemma 2.1. Let G"G + H'H = F'F and M be an arbitrary matriz of compatible

dimensions.
(i) If(G,A) is observable, then (F,A+MH) is observable.
(il If (G,A) is detectable, then (F,A+MH) is detectable.
Proof. (i) Denote
<A |B> & {B,AB, ..., A" 'B}.

If (G,A) is observable, then the range R{<A'|G">) = IR". Since 2" F" Fx = 0
implies z°G" Gz = 0 and z"H Hz = 0, then the null space N(F) C N(G) N N(H).

We have

R(F )= NF)y D [NG)NONUE}* (2.4)

S NGRrONH)L =R(G )R H").

Thus, R(H" M") C R(f['} C R(F’). Since

11



R(<A +F"|[F "> =R(<A |F" >)
for any F';” such that range R (F',") C R (F "), then

R(<A " +H M'|F " >)=R(<A '|F " >)D R(<A |G >)=1R",

so that R(<<A "+H "M"|F ~>) =1R" and (F ,A +MH) is observable.

(ii) If (G ,A) is detectable, then the unstable part of A ~ is controllable. From
(2.4), we know R(G "V'-H "M") C R(F ") for any V °. Thus, there exists a matrix
U~ such that G "V -H "M = F " U", so that

A +G Vi =A" " +H M +F U".
This shows that if we can find V'~ to reposition the unstable eigenvalues of 4 ~ to any

desired locations, we can find U~ which does the job for A ~+H "M’. Hence,

(F',A +MH) is detectable.
QED

Lemma 2.2. If (G ,A) is detectable, then either A is stable or

t
W(t;A,G) & [e?9G Ge™) ds (2.5)
0
is unbounded as t — oo.

Proof. If A is not stable, then there exists an eigenvalue A of A such that ReX >

0 and an eigenvector n £ 0. Thus,

t
W (t;A,Gy = f eBRN | Gy | 2ds, (2.6)
0

where % denotes transpose and complex conjugate. If (2.5) is bounded as t — oo, from

(2.6), we must have G n = 0, so that GA® 9y = \* Gy = 0 for any k > 0. Thus,

Renand Imn € N(<A ",G ">")

12



Let EA+ and EA‘ be the generalized eigenspace of A corresponding to non-negative and
negative eigenvalues, respectively. Then EA+®EA" = IR". Since (G ,A) is detectable,

Ef" C R(<A "|G’>). Thus,
N(<A |G >")=R(<A |G >} C (Ef )= E;.

Hence, Re 77 and Im 5 € E," M E4 = {0} which implies n == 0, a contradiction.
QED

Lemma 2.3. Let (G,A) be detectable and suppose
AP+ PA + I(P) + G G=0 (2.7)

has a solution P > 0 with [ (P) being linear in P. Then A is stable. Let A be formally
defined as

e e]

AS) & [ exp(A " 0)I(S)exp (At)dt (2.8)

with AF(S) 2 AAFYS)), A%S) & s. If (G,A) is observable, then

é AR (S) = (I-AYX(S) (2.0)

0

Jor any n Xn symmetric matrix S, and P s the unique solution of (2.7) of the form

o0

P =U-AN"[eP VG qel)ar

0
. , dP ___ . .
Proof. Since P is constant, - = 0, then P is the solution of

%S(t) FASE) + SHE)A + 1(S) + G G=0
S(T) = P.

Thus,

13



T
P =W Dpe@l) ¢ [ AP Y1G - Gle) dt. (2.10)
0
Let

Z, 2 e Grgendr

O

Then (2.10) shows P — Zp > 0 since P > 0. Thus, Z7 is bounded in T', \* T > 0.
Since (G',A) is detectable, by Lemma 2.2, we know A must be stable. From (2.7), P

has the form

P =AP) + 7 (2.11)
— ARt Py + ﬁA"(Z )y Wk >0
b o) > 0. (2.12)

Since Z,, > 0 and A is linear, the series exists and

53 A (Z,) < P.
E—

[0}

Suppose (G ,A ) is observable, then Z > Z;, > 0,\/ t > 0. If S > 0 and symmetric,

then S < o/ for some o > 0. Thus,

o0 o0

0< DAY <ay A (Z,) <P
k=0 k=0

which shows that the series in (2.9) converges. If S is symmetric, but not non-negative

definite, then =} symmetric matrices §; > 0 and S, > 0 such that § = S5, ~ 5,

(oo} oo o
Hence, Y3 AF (S)y= 2 AF Sp - 2 AF (85) converges since both series converge.
k=0 k=0 k=0

Thus (2.9) is established. In particular, A¥(S) — 0 as k — oco. From (2.11), P =

(I-A) (2 o)
QED

Lemma 2.4 (Minimum principle). Let P > 0 salisfy \I/(]5 I% ,[%) + Q =0
with R =R + XD “PD  and K =R™B°P. Suppose S > 0 satisfies

14



V(S ,Rg,K) + @ =0 for some mairizx K with Rg & R + X\,D "SD. Let Q =
G G If (G,fi) is detectable, then (/i —BK) is stable. In addition, if (G,fi) is observ-
able, then P < S,

Proof. Let GG + K "RgK = F"F with H = R?K and M = — B RgV/?
for K¢ > 0. By Lemma 2.1, (F,fi —éK) is detectable. From Lemma 2.3 with
[(P)= XC  PC, we know (fi VBK) is stable. By the minimum property (1.17), we
have

0= ¥(S,Rs,K) + @
:xp(f?,é,l%) + @
—=W(P.REK) + Q - (K-K) R (K-K).

Let V = S — P, we have

WV, Ry ~RK) + (K-K)" R(K-K)=0 (2.13)
and Rg - R — N D VD . Consider a linear function

[(V)=X\C"VC + \,K D" VDK (2.14)

and A as defined in (2.8) with A -~ BK replacing A. If (G,A) is observable, then
(F,A — B K) is observable and the corresponding series in (2.9) converges. In particular,

A¥(V)Y—0ask — co. From (2.13),
V=ANV)+ Z

where

e -BEYt(p 1V R (KK )e@ B g

N
>
ot~ 8

Thus,

V = APt (V) + gkg AN(Z)

1 =0

= EAi(Z) >0 as k — oo.
t=0

15



Hence, P < s.
QED

Now, we show that under certain conditions, (2.3) has a solution P > 0. First,
suppose (A ,B) is stabilizable. Then 5 K such that (A — B K) is stable; and

\I/(P,RP,]\,) + Q =0

is equivalent to

P = [e@-BEY\ 0 POLQ+K RpK ez —BE! gt

o~ 8

S f(P,Rp ,K). (2.15)

To make [ a contraction for each K, we have to impose a condition on [ defined

in (2.14).

Condition (I):
o0 ~ - -~ - -~ ~
znf{ IS eA =Bty e -BE d¢ || such that (A — BK) is stable } < 1.
[}

Since
=[Py < 1Py < IP |1,

condition (I) implies for some K and 6 < 1 such that

o0

[ e By py M PR g <opP ) v P

0

Thus,

1S (PLRp Ky) — [ (PoRp K )|| < 0]|P-Py]].

By successive iteration

Pt —o

16



PEL— f(PERFK), kK >1
with R¥* = R + A D *P* D, we have a fixed solution
P,=f(P,R.K)
with
R,=R + X\D PD.
Since P* > 0, we have P, > 0. Let
K,=R'B"P,
By the minimum property (1.17), we have
0=vw(P, R K, + Q
= V(P R K, + (K-K,) R(K,-K,) + Q. (2.16)
Let G°G= Q, H =R Y?*(K,~K,) and
F'F=G'G + H H
Suppose (G,/i) is detectable. By Lemma 2.1, (F ,fi) is detectable. From Lemma 2.4,
(fi - éKQ is stable. Let
P} =0
P3* = [(P§.R}.K))
with
RE 2 R + N\D P/D.
Since P2 > 0 =P}, and assuming P¥ > P5~' we have

PEtY _ pho— [Py 0P opEC

0

A -BEK)
6( 2)

+ XK, D (PE-_PEYYDK ) dt >0

by the induction hypothesis. Thus, P¥+t > Pt >0, \# k > 1. We want to show

17



that {P¥} is bounded. From (2.16),
P,= [ 4P N0 PC+Q+K, RK,
4]

HK K ) Ry(K ~K ) e ~PED g4y

so that
w " 0 -
P, - PEY = [UTPE N P PEYC 4+ MK, D (P -PE)DK,
0

(KK Ry(K ~K ) e 7259 gt >0

by induction, since P; > 0 = P21 . Thus,

P, & lim Pk

k—o0

exists and 0 < P, < P,;. Repeating the above procedure, we obtain sequences {Pk },

{R; } and {K} } such that

Rk:R +>\2D’PkD,
Ky = Rk_lé Py

and

0< P, <P, <P, Vk>L

Hence, P 2 lim P, exists and P > 0. Furthermore,
k —00

R 4 lim B, =R + X\,D PD
k—o0

K 2 lim K, =R7'B"P.
k—o0
Since V(P R, K ) + @ = 0, passing to the limit, we have ¥(P R ,K) + ¢ == 0. By
Lemma 2.4, (/i - B K) is stable. If (G ,A) is observable, then P is the minimum non-
negative solution of ¥(S,R¢,K) + ¢ = 0, so P must be the unique solution of the

class S > 0. To show P > 0, we proceed as follows: If P == 0, then £ = R and K

18



— 0, so then

e@-BEYUy 0 PO4+Q+K REK] e -BE" g

o
I
v
I

o— 8

Y -~ -
= [ e 0G Ge™) dt
0

Thus, G e4! = 0 for all ¢ > 0 which contradicts (G ,A ) being observable. We sum-

marize this result in the following theorem:

Theorem 2.5. If (/—i ,l%') s stabilizable, (Q/i) s detectable and condition (1) s
satisfied, then W(S,Rg,Kg) + Q = 0 has at least one solution P > 0. The matriz
(/i _BR™B ’f’) s stable with R—=R + XD ‘PD. In addition, z'f(Q,/i) 15 observ-
able, then P is unique among the solution set S > 0 and indeed P >0

Now, let Py (t) be the unique solution of

L pp() + WPr().Er(O.Kp (1) + Q =0
(2.17)
Pr(T)=0

with

Rp(t)=R + ND "Pp(¢t)D
Kp(t) = Ry (t)B " Pp(t).

Suppose the hypotheses in Theorem 2.5 are satisfied, then = P > 0, a solution of the

algebraic equation (2.3). From the minimum property (1.17),
V(Pp(t)Ryp(¢)Kp(t) + @Q
— WP () Ry ().K) + Q — (K-Kp(0))" Ry (1)K Ky (0]
Let Sp(t) = P - Pr(t). Then

Lsp(t) + WUSTOR-Rr (K@) + (KK (1)) Ry (1)K —Kp(t)) — 0

Py

Sp(Ty=P. (2.18)
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From the previous argument using quasi-linearization and successive approximations on
(2.18), we know Sy (t) > 0, ie., Pp(t) < P for all 0 < t < T which shows Py (t) is

uniformly bounded V¥ T > 0.

Lemma 2.6. If P, and P, are solutions of
P(t) + WP (Rp () Kp(1) + @ =0 (2.10)
with terminal conditions P and Py at T > 0, respectively. Suppose 0 < P2 < P2,
Theno < P(t) < Pyt), t € [0,T].
Proof. By the minimum property (1.17),
W(P (t).Rp (1).Kp (1)) = WP (t),Rp (£).Kp (1))
- [Kp (t)-Kp ()] Bp (¢)[Kp (¢ )-Kp (¢)].
Let S(t) = Py(t) — P,(t). Then
d
= (8) + WS (E).Rp (£)-Rp (£).Kp (1))

+ [Kp(t)-Kp (1) Rp (¢)[Kp (t)-Kp (t)]

S(ry=PrPY - PP >o. (2.20)

Since the last term in (2.20) is non-negative definite, we can show the solution S(¢) > 0

as before by successive approximation. Thus P () < Pt), Vv 0 <t < T.
QED

Suppose Pr ~and Pp, are solution of (2.17) with 7T, < T,  Since
PTz(Tl) > 0= Pr(T,), we have Py (t) > Py (t), ¢ € [0,T,], by Lemma 2.6. Since

Pr(t) < IA), then

P (t) & 1lim Pg(t)
T —o0

exists pointwise and 0 < £ (f) < F.
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Suppose we can choose K so that A — B K is stable. Thus, using the minimum
property (1.17), the solution of (2.17) can be expressed as

T

Pp(t) = [ e@-BKY (-0 0 Pr(0C + Q + K Rp(DK
t

— K -Kp () Ry (VK Ky ()]} e@ ~BKI0) g (2.21)

Since Pp(t) < P (t) < P and
Tlim Rp(t)y=R + XD P (t)D 2 R_(t) >0,
— 00
lim Kp(t) =R (tY'B P (t) & K (t)
hade o)
are uniformly bounded, we can apply the Dominated Convergence Theorem to (2.21).

Then as T — oo,

(o]

Po(t) = [ @ -BEY -0 1\ 0P (00 + Q + K Roy(nkK
t

— (K K (D] R(NK K ()]} e @ ~BE) g7

which shows that P, satisfles (2.19).

Suppose Pp is the solution of (2.17). Set Py (¢) = Py (T —t). Then P satisfies
d
—(EP(t) = ¥(P,Bp,Kp) + @
P{0)=0

Since (2.22) has a unique solution, then FTl(t) = FTQ(t) or Pp(T-t)= PTQ(Tz—t)-
By Lemma 2.6, we have Py (t,) > Pp(t,)ito < ¢, < t, < T. In addition,
Po(ty) = lim Pr(t,) = lim Py (T,~t,)
T)—x T j—o0
= lim Pp(Tyty) with Ty — to=T, - ¢,
T —00 2

— lim Ppty) = Pty
T o—o0
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which shows that P is a constant matrix and is again a solution of the algebraic equa-

tion (2.3). Consequently, we have the following theorem.

Theorem 2.7. Let Pp(t) be the unique solution of (2.17). Then Py (t) is non-
decreasing in T and non-increasing in t. If (fi E}) 1s stabilizable, (G,fi} 1s detectable

and condition (1) holds, then
lim Pr(t) = Py
Indeed, for any e > 0, =} dy such that ||P o — Py (t)|| < € for all t € [0,T —d] and all
T > d, P satisfies the algebraic equation
V(P R Ko) + Q =0 (2.23)
with
Ro=R + ND P,D
K,= Rgolé “Py (2.24)

and (/i - éKoo) s stable. Furthermore, if (G,A) 1s observable, then P . is the unique

solution of (2.23) in the solution class S > 0 and P > 0.

Proof. The only thing remaining to prove is the convergence of Py (t). Since
Pr(t)t P, pointwise as T — oo, then for any ¢ > O, = dy > 0 such that
|[|Py(0) — Pyl <e€ for all T' > d, By the invariance property of Py (¢),
Pr(t) = Ppt) it Ty - ¢, =T, - t, Since Pr(t) is non-increasing in ¢ and

Pr(t) < Py, then
[Pr(t) — Pool] < e (2.25)

forall ¢ € [0,T—~dy) and all T' > d,,.

QED

Remark 2.1. Since B,D and R are constant matrices, we can show that for any

€ > 0, 7 do > 0such that
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HRT(t) - Roo” < €

[|Kr(t) — K|l < ¢ (2.26)
forall t € [0,T—-dy] and all T >d,,.

To prove the convergence of Pr(t), we rewrite

Lpr(t) + 1A - BEp()) pr(t) + NPr(0)E=0

or

Lpr(t) + (A -BE) pr(t) + KaKr (O B pr(t) + NPr(1) =0

so that with pr(T) = 0,
T

pr(t) = [ e BRI (g Ki DB pr(n) + NPr(nE)dr  (2.27)
t

Since (/i — él(oo) is stable, =} M, 8 > 0 such that

(A -BK,) (t-s

IE N < Me-%=9) qll ¢ > s,

From the convergent properties of (2.25) and (2.26), we know that Ky (t) is uniformly

bounded int and 7" and ||Py(¢)|| < ||Pell- Thus 5 M; > 0and M, > 0
T . .
A -BK_ )" (7t -
lpr ()] < [ |]e! NI sl + Kz IDIB I | pr (0 |
1

+ | [Pp(D]| [ €]1dr

T

< [ Me PmOIM | pr(n| + Mjdr
¢

T
MM
< I82 + fMMle_ﬂ(H)lpT(T)ldT.
t

By Gronwall’s inequality, we have
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T
MM
[pr(] < —5= eXP[fMMle‘ﬂ(H)dr]
¢

MM
S 2 eMMl/ﬂ (228)
g
forall ¢ € [0,T]and all T > 0. Let p,, be the algebraic solution of
(A-BKg ) p + NP =0 (2.29)

Then

From (2.27),

Poo= - Nal(A ~ BK )" [P o8

o0 - -
_ >\3f oA ~BE) (T—t)Poong.
14

T

P — pr(t) = [ B TBED D e () K1 B pr(n) + NIPoy-Pr(dl€bd s

¢

o0 . -
+ [ W BRI p ear
T
Since (/i - EKOO) is stable, then
[o.¢] - -
fe(A_BK"") (H)Pooﬁd‘r < €
T

for all sufficiently large 7. By the convergent properties in (2.25) and (2.26), there exists

do such that

T-dg

[ e

t

@ BED 0D (1 (K o) B pr() + NP oo-Pr(IE}d T

T-d,

< [ Me M e
¢
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MM,
B

for some constant M, > O and all t € [0,T-d,], all T > d,. Since the integrand of the

IA

€

first integral of (2.28) is uniformly bounded in ¢ < T, there exists a M, > 0 such that

T ..
A -BK ) (rt -n-
e o )[(KT(T)—KOO) B pr(n) + X(Poo-Pp(néld7
T d,
T
< [ Me PTUM, dr
T-d,

< Mg/[4 [e AT -dg-t) _ e—ﬁ(T—t)] < ¢

if T—doft is sufficiently large. From this analysis, we can conclude that for each ¢ > 0,

there exists d, < d, such that

[P — PT(t)] <¢ (2.30)
forallt € [0,T-dy and T > d,. Furthermore, let

koo = RIB " p
Uoo(l) = — Koz (t) + kgl

In the same way, we can prove that for any € > 0, 5 d, > d, > 0 such that

koo — k()] < (2.31)
forallt € [0,T-dg) and all T > d;.

Recognizing that qT(t) tends to infinity as T — oo, we want to show that on the

average it tends to a constant in the sense

T
I!lm % qT(t): 7}ll’lfl LT‘[ [2>\36’pT(T) -+ >\3€’PT(T)€ — /CT(T)‘RT(T)/CT(T)]dT
—00 — 00 ¢
== 2Xg€ P + >‘3€’Poo€ - koo‘Rookoo (2.32)
2 4w

With properties Py — P, and py — py as I — oo, we have for any ¢ > O, there

exist do < d4, such that
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[|Pr(1) — Pol|l < epsilon, |pr(n) — po| <€

[|Rp (1) — R|| < epsilon, |kp(r) — k| < epsilon,

for all 7 € [0,T-d,) for all T > d,. Thus,

T-dgy T
1 _1 o ()
g - gw=g| [+ [ {20

+ N [Pp(D-P l€ — kg (D)-k ] By (nkr(7)

= koo [Rr (DR olkr (1) - koo'Roo[lcT(r)—koo]}dT _ _;_ Goo

In the second integral over finite interval [T -d,, T ], the integrand is uniformly bounded,
so that the average tends to 0 as T — oo while in the first integral, the integrand is less

than some constant multiplying €, so that the average tends to 0 as ¢ — 0. Note that

L
T

§oo — 0as T — oo for each finite £. Hence the limit in (2.32) is uniform on each

compact interval. Thus, for the average cost

1 . 1 1
im — J(ugp) = lim — V,(0,z,4) = lim — 0) = )
Jm = (ur) fm 7(0,Z) Jm 97 (0) = ¢

If there exists a control u (¢) defined on [0,00) such that J,, (v) < ¢, then for some T

such that T > T,

1

7

J(u) = J(up)] <0

H

which implies J(u) < J(ug) for all T > T, and contradicts the hypothesis that J(ug)

is the optimal value on [0,1']. Thus, ¢ is the optimal value. We show

Jau (uoo) = (o (2.33)

in the next section.
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3. Convergence of the Optimal Control and State

We shall directly prove the convergence of the optimal trajectory z(f) with the
optimal control uy (t) on [0,7']. In this way we avoid the difficulty of determining an
ergodic probability measure for the process z (¢) with control u (¢) using a Lyapunov cri-
terion as in [1], [3] and [4] - the usual method of constructing the optimal stationary con-

trol. Before proving (2.33), we need some lemmas.

Lemma 3.1 (Stochastic Gronwall inequality). Let g(t) > 0, ¢(t), f (t) and

h(t) be real random functions such that

t t
o)< f(t) + [g@é(dr + [ h(DHDIN(T) a.s. (3.1)
4] 0

where N(t) 1s a Poisson counting process (which may be inhomogeneous) such that it

counts the incidence during [0,t]. Then
t t
$(t) < (1) + [ 9] (Dep(fg(s)ds)dr
0 T

t et ot t
+ [Uf N+ g(f (Dexp ([g(s)ds)drleap (fg(s)ds)
0 4} T v

¢
- h(y)exp (fh (8)YAN (8 ))dAN (%) a.s. (3.2)
7

In addition, if [ (¢)= [, a constant, then

t t
$(t) < [ exp ([ g(s)ds)exp ([ h(s)dN(s)) as. (33)
0 0
Proof. Denote {r; } the interarrival times of N(¢{) and let {;, =1, + - +7;.
Define
t t
6:(t) & [gemdr + [ h(D¢(ndN (). (3.4)
0 0

Then for 0 < t < ¢,
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¢
o(t) < f(t) + [g@d(ndr
0

so that by the ordinary Gronwall inequality, we have

t t
$:(0) < [ g(Df (Dexp(Jg(s)ds)dr o<t <,
0 T

Suppose for ; ; <t < {;,

t ¢
6.(t) < [g(Df (Deap(fg(s)ds)dr
0 T

i-1 b g t
+ B U] 9(f (Dexp (fg(s)ds)driezp (fg(s)ds)
=1 0 T t]

i1
Ch(tjexp( 3 k() as (3.5)
k=j+1

Then from (3.1) and (3.5)

¢ ¢

$:(t;) < 4 [ 9 f (Deap([g(s)ds)dr
0 T

. [ ¢ ¢
1—-1

+ S+ 9D F (Dexp ([ (s)ds)drlezp (fg(s)ds)
1 0 T tj

1=

71
Ch(t)emp () h(t) }<1+h<ti>>+f R () as.

k=j+1

>
g

so that for t; < ¢ < t;
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¢
$(t) < f(t) + M + [g(Dg(ndr
tl
Again, by the ordinary Gronwall inequality,

t ¢ t
Jo@memdr < [ g (D+M)eap (fg(s)ds)dT as.
t t, T

t t t
zfg(r)f (T)ezp(fg(s)ds)dr - M + M ezp(fg(s)ds) a.s.
t, T £

Thus, for ¢; < t < ¢4,

¢

6(t) <M + [g(n(ndr
tl

t t t

< [g®f (Meap([g(s)ds)dr + M exp(fg(s)ds)
t, T [

t t
< [9®f (Dexp(fg(s)ds)dr
£ T

t t

; 1 1 t
+ D)+ 9@ f (Deap (fg(s)ds)drleap (fg (s )ds)
j=1 0 T tj

“h(tp)eap (33 h(4)))

k=j+1

By induction, (3.5) holds for any 2 and the result (3.2) follows. If f () = f, (3.5)
becomes

¢

i1 ¢ i1
$(t)< — f + feap([ g(s)ds) + 3 feap(fg(s)ds)h(t;)eap( 33 h(4))
0 j=1 0

k=j+1

¢ i1 i-1
Zfexp(fg(s)ds) 1 + Eh(tj)exp( 3 RN - S
0 7=1

k=j7+1
t i1
< Jeap (f g(s)ds)ezp (S h(t;) — [ as.
0 j=1

for t; , < t < t;. Thus (3.3) follows.
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Remark. If

t t t
()L ()+[g MM + [hi(D(T)AN (1)+ [ ho(r)$(1)dN o(7)
0 0 0

QED

(3.6)

where N,(t) and N,(t) are independent Poisson counting processes with zero probability

of simultaneous jumps. Then we can define a Poisson process N (f) = N (t) + N,(t)

and a random process {u(t)} such that u(t) = 7, t; < ¢t < ;4 if N;(t;) increases,

1 =1, 2. Thus (3.6) is equivalent to

t ¢
d) S [ () + [g@d(dr + [ hyn(D$(DdN (1) a.s.
0 0

By Lemma 3.1,
¢ 11
o)< f(t) + [gf Dexp([g(s)ds)dr
0 T

t v ot 14
+ [1f (D+[ g f (Dexp (f g (s)ds)drlexp ([ g (s)ds)
0 0 T 9

¢
by exp (Jh (s )N (s)dN (3) as.
a4

t 1
= f(t) + [g(f (Dezp([g(s)ds)dr
0] T

t ol o] ¢
+ fUf 0+ g f (Deap (fg(s)ds)drlexp ([ g (s)ds)
0 0 T v

¢ 1
hy(ezp (Jho(s AN (s )+ [ho(s )dN o(s ))dN 1(7)
v 9

t y ol 1
+ [1f ([ 9 F (Deap (fg(s)ds)d rlexp (f g (s)ds)
0 0 T v

14 14
hg(eap (fho(s )N (s )+ [ho(s )dN (s )N () a.s.
I o

If f(t)= [, then
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i ¢ t

o) < f exp([ g(s)ds) exp ([ hy(s)AN(5)) eap ([ hofs)dNy(s)) as.  (3.8)

Lemma 3.2. Suppose f(t,s) > 0,0 < s < t, is a continuous real random func-

t t
tion. Then ff (t,s)ds is uniformly bounded in ¢t a.s. if and only szf (t,8)YdN(s) 1s
0 0

uniformly bounded in t a.s.; where N(t) is a Poisson counting process.

Proof. Let {r;} be the interarrival times corresponding to N(t) and let

¢

t; =1, + - + 71; be the occurrence time. If ff (t,s)ds is uniformly bounded in
0

t as. and f(t,s) 20,0 <s < ¢, then there exists M (w) > 0 which is independent

of {
1 L7k 1,. 1.
-3 fa;) < Mw) fora; € [+(7-1),—7] (3.9)
k iZ k k
for all £ > 0 and sufficiently large &, [%] denotes the largest integer < % . Thus, the
series
f(t’t1) + f(t:tz) + o T f(t,tl): tl St < tl+1 (3-10)

diverges as t — oo only if =} subsequence {7} such that 7, — 0. However,

Nk

P(r, < %) =1-¢€ < 1. Then 7, — 0 with probability 0. Hence (3.9) converges

¢
a.s. and so ff (t,s)dN (s) is uniformly bounded in ¢. Conversely, if (3.10) converges
0

a.s., then (3.9) diverges as t — oo for any k only if = subsequence {7 } such that 7, —

¢

< 1. Thus, 1, << oo a.s. Hence ff (t,s)ds is also uni-
0

co. But, P(r> T)=c¢ A

formly bounded in ¢ a.s.

QED
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Now, we turn to our problem: To show that zq(t) — 2,(f) with control

urp(t) = u(t), as T — oco. Since
dzp(t) = Azg(t)dt + Bup(t)dt + Cxp(t)dN(t) + Dup(t)dNy(t) + EdN(t)
with up(t) = — Ky ()ap(t) + kr(¢)], then

dep(t) = (A —BK (¢ ))zp(¢)-Bhp (£))dt + Cwp(t)dN(t)
- D [Kp(t)zp(t)+kp (t)]dN(t) + EdN4(1)
— (A = BKp())zp(t)dt — Bkp(t)dt — N, Crp(t)dt + NDKg(¢)zp(t)dt
£ C ap(t)IN(t) — DEp(t)zp(t)dNy(t) — Dkp(£)dNy(1) + EN(1)
— (A - BEK ()]ep(t)dt—B(K o — Kr(t Dop(t)dt + NoDKp(£)-),Clap(¢)dt
~ Bkp(t)dt + Cap(t)dNL(t) — DEp(t)ap(t)dN(t) — Dkp(t)dN 1)
+ EdN4(t). (3.11)

Thus,
¢

ap(t) = exp(A ~BK )t 2q + [ exp(A - BK o)t -8 ){B[K o~ Kp(s))

t
+ NDEp(s)-MC Yap(s)ds ~ [ exp (A — BK ,)(¢~s)Bky (s )ds

0

t
+ [ ewp(A ~ BK )(t-5)[Cp (s )dN (s )-DEKr (s )27 (s )dN o5 )]
1]

¢

+ [ exp(A - Bkoo)(t-8)-Dky (s AN 5(s )+EdNofs ).

Since (/i - BKOO) is stable, =] M and > 0 such that
| exp (/i - é[(m)(t—s)[ < M e A

so that

¢

lar ()| S M e |zg| + [Me P B [kr(s)] ds
0

32



11
+ [ M e PCVID ) | kp(s) | dNo(s )+ | €] dNg(s)]
0

t
b [{Me PO B | (1K o, - K ()]
0

+ MG+ XD ] [ ()] [2r(s)] ) ds

¢

+ [{Me PO || |ap(s) ] dN(s)

D [| HE ()| |zp(s) | dNo(s)]. }
(3.12)

Since k7 (t) and K (t) are uniformly bounded for 0 < ¢t < T < oo and
t
{efﬂ“ -0) :%e~ﬂ<“3>|o‘:%(1 - e'ﬂt)S%, vt >0,
so that the third term on the right hand side of (3.12) is finite a.s. for every ¢ > 0 by

Lemma 3.2. The second term is easily shown to be finite \# ¢. Thus, 4 M (w) > 0

and constant M,, Mz and M, such that (3.12) becomes

t
|zp(tw)| < M(w) + sze ‘ﬁ(t"s)[xT(s,des
0

4 t

+ f]V[se"@(t‘s)]xT(s w) | dN(s) + fM4e_ﬂ(‘_s)|xT(s,w) | dN,(s).
0 0

By the Stochastic Gronwall Lemma 3.1,

t t
| zp (¢t w) | < My( exp(f Mae ~P=8)ds ) exp (f Mge “PU3)dN (s))
0

t
ceap (f Mye #70)dNy(s)) as. (3.13)
(¢

Since each integrand in each exponent is uniformly integrable over [0,¢), \# &, by

Lemma 3.2, |27 (¢£,w) | is uniformly bounded for0 < ¢ < T,\/ T > 0. Furthermore,
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dz o(8) == Az (t)dt + Bu (t)dt + Cz (t)dN ((¢)
+ Du(t)dNy(t) + EAN(t)

with u o (t) = — [K 2, (t) + k). We have

do oo(t) = (A-BK o)t oo(t)dt — Bkodt + Cr,(t)dN(t)
~ DK o2 oo(t)AN(t) — Dk oydNy(t) + EAN(t)
— (A ~BK )a,(t)dt — Bhodt — Dko,dNy(t) + €dN(t)
— MOCro(t)dt + NDK ay (1) dt

+ Cro(t)AN((t) — DK oz oo(t)dN ot

so that
d (2 oo(t a7 ()] = [A = BK [z oot )-2p(£)]dt ~ B [k ykp (¢ )]dt
— D ko kp (NANL(t) + B K oI (8))ap (¢)dt
= MO Bt )ar ()t + NoD [K oz oo(¢ )-Kp (¢ )ap (¢)]dt
+ Oz oot )ar (8)]dN (1)
= D (K 2 oo(t)~Kp (£ )2y (£)1dN 1)
Then

1
Too(t)-zp(t) = — [ eap(A -~ BK )(t-5)B lkoykp(s))ds
0

14
= Jemp (A - BE )t -5)D ko - kp(s)|dN ()
4]

t
+ [ ewp(A - BK ) (t-5)B Ky~ Kp(s)zp(s)ds
[

¢
+ [ eap (A = B o)(t-5)-MC +3DK o)z og(s )27 (5 )]ds
0

4
+ [ e (A - BK )(t-5)C [zoo(s )-or (s )1dN (s)
0

t
— [ eap (A - BK )t —5)DK |2 oo(5 Y27 (5)]dN ofs )
0
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¢

~ [ emp (A ~BK )t-5)D [K o~ Ky (s))zp (s )AN (s ),
0

Thus,

t

| 2ot )2p (0) | < [ M e PE|B || | koomky(s) | ds
0

¢

+ [ M e PEDND ] | koy—kp(s) | dN(s)

t

+ {M e PN B K - Kp(s)|| | 2p(s)| ds

¢
+ [ M e XD || ||K g~ Kp(s)]] | 27(s) | dNy(s)
0
t

[ AM e PO ] 4+ N [D ] K oo ]
0

e | 2o(s)-z7(s)| }ds (3.14)

t
+ [ M e PN | zg(s )-ap(s) | dN(s)

0

¢
+ [ M e P ID || ||K oo l| | 2ols )-2p(s) | dN (s ).

0

Since (2.26), (2.31) and zp(s) is uniformly bounded, we argue as before that for

each € > 0, o dy < d,, such that for all ' > d,, the sum of the first four integrals of

(3.14) is less than €M (w) for some M,(w) > 0, ¢ € [0,T~d,] and =} constants M,, M,

and M, such that

¢

| 2oo(t )27 (1) | < eMyw) + [ Mye )|z (s)ap(s)]|ds

0

t
+ [ Mye ) g (s)-zr(s)| dN(s)

[¢]

t
+ f Mye P g (s)-zp(s) | dNo(s). (3.15)

0

Again we apply the Stochastic Gronwall Lemma 3.1 and Lemma 3.2 to (3.15). We get
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the result

t t
| 2oo(t)-27 (1) | < eM (W) exp ([ Mye P9)ds) exp (f My e PU=)gN (s))
0 0

[

- exp (f M, e ‘ﬂ(t“s)sz(s))
0

< eMg(w)

for some M (w), all t € [0,T~dy] and all T > d,. Thus,

| up (8)—uoo(t) | < ||Kp(t)
Kooll [2r@)] + Kol [zr()-aot)| + |kp(t)ke |

< eM g(w)

for some Mg(w), all t € [0,T ~d,] and all T > d,. Hence,

7 U (we)=Jp (up)

E {[g’oo(t),ono(t)_xT(t)’QIT(t)]

Ot

L
T
+ [ oo(E) Rt oo(t)-up (1) R ug (t)]}dt (3.16)

T
% E [{lzolt)-2p ()] Q 2ot )+ (t)" Q [20o(t )-2g (1))

+ [ oo(t)—ug (8)]" B uoo(8)Fup ()7 B {u ot )-ug ()] }dt.

Since zp, &, ur and u,, are uniformly bounded, the integral of (3.16) can be parti-
tioned into two parts; the first integral over [0,T—-d,] is less than eM,(w) for some
M ,(w) > 0 while the second integral over [T —dy, T ] tends to zero as T — oco. Hence,
(3.16) tends to 0 as T' — oo and (2.33) follows. We summarize the entire analysis in the

following theorem.

Theorem 3.3. Suppose all the coefficient matrices of (1.1) are constant. If

(A+X,C, B+X\D) is stabilizable, (Q, A+X,C) is observable and condition (1) in section 2
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holds, then the optimal control exists and is of the form
Uo(t) = - Koz (t) - kg (3.17)
with
Keo=[R + XND P DI (B + ND) P
ko= 1[R + XD P ,DIYB + X\D) py (3.18)
where P, and p are the unique solutions of
(A+N\C) P + P(A+NC) + \\CPC + @
+ P(B4NoD)R 47D "PD VY B+N,D) P =0 (3.19)
and
A +XN,C = (BAND )R AND "PDYYB+XN,D) Plp + NP E=0 (3.20)
respectively. The optimal average cost is

Jav (uoo) = 2>‘36’poo + >‘3€’Poo€ - koo,Rookoo- (321)

Remark. The optimal control in {3.17) of the infinite time problem is a time
invariant linear feedback control plus a stationary feed-forward control. The additive
noise only affects the feed-forward control. Moreover, both gains in (3.18) are quite sen-
sitive to the coefficients C,D of the state- and control-dependent noises, respectively. In
general, large state dependent noise can destabilize the system (1.1} while large control
dependent noise may diminish the effects of the gain K o, and k., and increase the aver-
age cost in (3.21). Note that the matrices C and D should be small in norm to guaran-

tee condition (I).

4. The Case of Discounted Cost.

If we use the discounted cost criterion (2.2), we can define a new state 2 (f) and a

new control u (£) by
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w(t) & e-ey(r), (4.1)

Then (2.2) becomes the limit of
~ T ~ ~ ~ ~
Jr(u) & Ef[x(t)‘Qx(t) + u(t) R u(t)dt (4.2)
0

when T — co. Now the new state dynamics are
dz(t) — — ae % z(t)dt + e~ (A z(t)dt+B u(t)di]
+ {e ¥z (t)+C z(t)-e " (1)}dN(t)
+ {e @ (¢)+D u(t)-e “x(¢t)}dNy(t)
+ {e Tz () +E(t)]-e " a () }dN(t)
— (A-al)z(t)dt + B u(t)dt + C z(1)dN(t)
© D u(t)dN(t) + e~ EINL1). (4.3)
From Theorem 1.1, for each T > 0, the optimal control is
up(t)= - Ko(t)zp(t) — kp(t)
with
Kp(t) = [R4+ND P r(t)DTNB 42D ) P (1)
k(1) = [R4+3D P p(t)D]"B+X\D) p (1),

The optimal value is

Jr(ug)=12o"P 10z, + 2p7(0) 2 + ¢q7(0)
where 15 r(t) >0, ‘;) r(t)and ¢ 7 (¢) are unique solution of

%P(t) + (AN C—al) P(t) + PEYA+NC-al) + \CP(t)C

Q — P()YBAND)R 43D “P(1)D HB 3D ) P(t) = 0 (4.4)

P(I'y=o0
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%p(t) b {A 40N Cal (B 2D )[R 3D “P()D (B +2,D) P()} p (t)

+ NP (t)e “E=0 (4.5)
p(T)=0
and
Lg() + 2hge THE B + Mo HHE P
(4.6)

— p () (B4ND )R AN,D "P(£)D THB+X\D ) p(t) = 0
q(T)=0

respectively. In the same manner as before, if (A +X\,C-al, B +X,D ) is stabilizable, (@,
A +X,C —al) is detectable and condition (I) in section 2 holds with /i being replaced by
A +X\,C—al, then P p(t) 1 P uniformly in [0,T-do} as T — oo for some d, and 1500
> 0 satisfies the algebraic equation

(A+NC-al) P + P(A+NC-al) + MO "Pt)C + @

_ P(B+3\D)R 3D “PUt)D (B +\D) P =o0. (4.7)
In addition,
[A 47 C = al ~(B4+XD YR 40D " P o DY YB 42D ) P ]

is a stable matrix. If (Q1/2, A +X,C—al) is observable, then P is the unique solution

of (4.7) in the solution class P > 0.

Let

Ry—=R + ND'PD

Ko — [R43D P oD (B+ND) P o
Let &>T(t ,8 ) be the transition matrix of
A +N,C—al ~(B +X,D )[R +X,D “P(t)D | (B4+X,D ) F(t).

Then the solution PT (t) of (4.5) becomes
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~ T.,, ~
pr(t) =N [ @p(rt) Pp(re “€dr
t

T—> >\3f exp [(A +X,C~al~(B+X,D )[;oo)’ (=1)] 15006 ~are gy

e = N[A X, O 20l (B +2\,D)K o]” “'P €

4 o ©
where the convergence is uniform in [0,T—-d,] as T — oo for some d, > 0.
On the other hand, we want to show
—~ ]‘ ~ —~ —~
gr(t) = [{2xge "VEp (1) + Xg€PVEP p(DE - p (D) (BAND)
t
[RAND Py (MWD BA+D ) pr(n}dr
converges to
(X) —~ o~ —~
J{20e™€ p oy + NeEP o€ — P o (BAND)
¢
“[R4XND P  DIYB+D) pgldr
= e @E D # N P ok
2c
P (BAMD) (R 40D P DY B+2D) p o]
g e—2at - o (49)
Thus,

lar(t) - e g

T - - -
< [ {220 "E D r (e o] + NgeFTE P p(D-F JE
t

- [1; r (7)€ _arl; oo]‘BEI% T(T)_lé 1:’ 7 (7)
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— ¢ *pBR (N R - R 7 (DR 2B p (7
C ey BRIB pr(Me “polidr| + e2T | ¢ . (4.10)

The last term in (4.10) tends to 0 as T — oo which is independent of ¢. The integra-
tion in (4.10) over [¢,T] can be divided into two parts; the first integration over
[T —d,,T] can be made less than € for each d  such that T is sufficiently large while the
second integration over {¢,T -d,| is less than M,e for some constant M,, which is
independent  of ¢,  since | |I5 T(T)—ﬁ)ool | <e | II% T(T)—f% oll <€  and
| ;; 7 (n)-e _aT;; | < €forall 7 € [0, —d(€)] with some dy(¢). Thus, (4.10) tends to 0

uniformly on [0,7T] as T — oco. Hence,

lim Jp(uqp)= lim [2,"P r(0)xy + 2p ¢(0) zy + ¢ 7(0)]
T - T -0

:TxO‘PooxO + 2000 % + 9o
2 J*. (4.11)
If = u such that J;(u) < J*, then for large T, we have Jp(u) < Jp(u p) which con-

tradicts Jp (u ) being the optimal value for the problem restricted on [0, ], so J* must

be the optimal value.

As before, we can also prove z 7 (t) — z o(t) as T — oo and

;‘T(t): - I%T(t);T(t) - I;T(t)
T—_> - I%oo;:oo(t) - e—atkoo é’ &Oo(t)

where
Ko—[R + D P DIYB + ND) Py

k=R + %D P.DIB + \D) pa. (4.12)
The convergence is uniform on [0,T-d ] as T — oo for some d, > 0. Thus the conver-

gence of 27 (t) — x (t) and that of

up(t) = — Kp(t)ep(t) - e® k()
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= Kotlt) = ko & ug(t) (4.13)

T—00
are uniform on each bounded interval. Thus,
| Jr(ur) = Jr(ug) |

T

= | [e®* {lzp(t) Qur (£ )7 (t)" Q7 o(t)]

0

g (£) R oup(t)u(t) R uoo(t)]}dtj
T

< E| [e ™ {ap ()2t Qar(t) + wx(t)” Q lor(1)- 5(t))

0
+ up (D)) R up(t) + uoo(t)'R{w(t)—um(tn}dt]. (4.14)

Since the integrand of (4.14) is uniformly bounded in 0 < ¢t < T, then for each ¢ > 0,
we can find a sufficiently large d > 0 such that the integrand of (4.14) integrated over
[d,T] can be made less than €M, (w) for all T' > 0. For this bounded interval [0,d],

there exists Ty, such that
lzp(t) — zo(t)] <€ and [up(t) — u(t)| <€ as.

for all ¢ € [0,d] and T > T, so that the integrand of (4.14) integrated over [0,d] is
less that eM 4(w) for some M4(w) > 0. Hence (4.14) can be made small as T — oo, so

that
Ji(ug) = lim Jp(uy)= lim Jp(ur)
T —o00 T —o0
which shows that u o, in (4.13) is the optimal control.

We summarize these results as follows.

Theorem 4.1. In the discounted cost case, if (A+N,C-al, B+X\,D) is stabiliz-
able, (QVY2, A 4+N,C-al) is observable and condition (I) in section 2 holds with

(A +X,C —al) instead offi . then the optimal control exists and s of the form
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W (t) = ~ K ozo(l) — ko (4.15)

where K o, and k o, are defined in (4.12). The optimal discounted cost 1s
Ji(uo) =20 Py + 2P0 29 + oo (4.16)

where P, P, and q o, are defined in (4.7), (4.8) and (4.9) respectively.

Remark. The average cost criterion measures the long run performance on the
average. It neglects the behavior of the system over any finite interval while the
discount cost criterion emphasizes the initial performance, in particular, the initial condi-
tion z, as in (4.16). However, the optimal control involves a time-invariant linear feed-

back control and a stationary feed-forward control in both situations.
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