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ABSTRACT

The windowed discrete Fourier transforin (DFT) is a widely used tool in count-
less signal processing applications. Surprisingly, there has been little analysis of its
accuracy for the processing of random bandlimited signals. This report derives an
error formula at leading asymptotic order in the munber of data samples. The for-
mula applies to essentially any window function, with explicit results tabulated for
some of the most common cases. The asvmptotic error is shown to agree well with
Monte Carlo results, even for very small numbers of samples.
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1. INTRODUCTION

Digital signal processing is largely founded on the Nyquist theorem. which tells us that a
bandlimited signal can be recovered from its unaliased, discrete samples. The Nyquist theorem
makes it possible for a calculation based on discretely sampled data to exactly match one based on
continuous quantities. A good example is the Fourier transform of a bandlimited signal s(t):

oC

o0 ) oy
/ s(t)e 2 gt = At Y s(nAt)e 2rmAL (1)
J—x

n=-—oc
The equality is exact when At < Atyyq. where Aty,yq is the Nygnist time step.

Unfortunately, Equation (1) does not apply to practical computations since it uses an infinite
number of samples. Finite-duration signals cannot be exactly bandlimited. so there must be some
amount of aliasing. A conunon approach is to use a smooth windowing function w(r) to select a
finite time interval T from the bandlimited signal:

oC
h s(tyw il e 2l gt o0 At Z s(nAt)w et o ERUREY (2)
05 i/}

=) n=-oc

The window function w(7) is assumed to be real, non-negative. and strictly zero when |7| >
1/2. If one is free to use long time intervals T and a simooth window function, the error in Equation
(2) can easily be made very small. On the other hand. in certain applications it is likely that 7" will
be modest or small, in which case the error may be significant. One example of such an application
is joint time-frequency analysis: one can be foreed to used short time windows when the signal has
rapidly changing spectral content [1].

Another example, which was the original motivation for this work, is the developiment of an
efficient backprojection image formation algorithm for synthetic aperture radar [2.3]. The algorithim
achieves efficiency by decomposing the synthetic aperture integration into a nested hierarchy of
synthetic apertures. Maximum efficiency is achieved when the bottom layer of the hierarchy consists
of integration over synthetic apertures of only a few Nyquist samples. Thus, algorithmic efficiency
forces one into the case where the error in Equation (2) is likely to be significant.

The error in Equation (2) may also be of concern in applications where the required aceuracy
is very stringent. A cominon example is adaptive array processing where one wishes to cancel very
strong interference sources in order to detect a weak signal of interest. The error incurred in the
finite sum of Equation (2) will act like a noise source which scales with the strength of the strongest
signals. Successful detection will require that the error be smaller than the ratio of the weak signal
to the strong interference.

In [4], the authors consider a version of Equation (2) with a square window function. An
exact error expression is compnted for deterministic signals with piecewise polynomial structure.
For more general classes of deterministic signals, the same error expression is shown to hold in the



limit where At — 0 and p — oo while pAt is held fixed. While the results are mathematically
correct, they are not useful for the typical signal processing scenarios becanse they do not capture
the effects of a finite number of data samples. For example. the error is exactly zero for the zero
frequency component.

In this report. the signal s(t) is treated as a stochastic quantity and arbitrary window functions
w(7) are allowed. The mean squared error in Equation (2) is computed at leading asymptotic order
in the mmmber of samples N = T'/At. Explicit resnlts are given for many common window functions.
The error estimates are shown to agree well with Monte Carlo resnlts, even when the mumber of
samples is relatively small.
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2. DEFINITION OF THE PROBLEM

Let s(t) be a random signal of bandwidth B, with Fourier transtorm S(1/):

o0 =

s(t) = / S(v)e*™ M dy (3)
J oo

St} = 0 for || > g— (4)

The signal s(t) is assmmed to be stationary with zero mean and spectral density p(v):
Els(t)] =0
B/2

E [s(t)s(t')] = /B/z p()e ) dy () = 0 for |v| >

lvlm
=

The windowed Fourier transform is given by the integral

I'= /’)C s(t)w (-f—) SN (6)
s T

where the imit-interval window function w(7) is assumed to be real, nou-negative, and strictly zero
when 7] > % The frequency g is assumed to be restricted to the interval |u| < ’73 The discrete
approximation to the above integral is given by

o0
Ip = At Z s(ty)w (%) ¢~ 2ty (7)

n=—oc

where t, = (n + a)At and the time step At meets the Nyquist condition: At < At,.q = % The
parameter « controls the offset of the window edges with respect to the sample locations of the
discrete data. The signal is not assunied to be synchronized with the sampling in any special way,
S0 a 1is treated as a random variable with uniforin distribution in the interval [—5 %] It is not
necessary to consider other values of a due to the stationarity of s(t).

Our goal is to estimate the normalized mean square error, defined as

2

€ =

E [|1— 1,)|2]




3. EVALUATION OF EXPECTATION VALUES

Using the Poisson sununation formula and other standard Fourier identities, I and I can be
rewritten in the forms:

I=T / S(WW (T(p— v))dv (9)
o — 00
and
= - n
e y 4 it oo 2rina g,
i —T,,;x/—xb(u)” (T(ll—l e A'))( dv, (10)

where W(r) is the Fourier transform of the window function w (7). Using the above equations and
Equation (5), the desired expectation values may be compnted:

i 20 _ g2 z - ; 4 2y L 5 ’
E[ll Ipl ] =5 "Z_x .[X[)(L) W (T(/l 1 +A1‘)> i (11)
nl()‘
and
o 2 )
E[|1|~] =T2/ p(W) |W (Tt — )2 dv. (12)
— O
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4. LEADING ORDER ASYMPTOTICS

Up to this point, all resnlts have been exact. The focus will now shift to the leading-order
asymptotic behavior of Equation (8) when the window size T' becomes large while the sampling
spacing At and frequency pe are hield constant.

Consider the denominator of Equation (8). Making the change of variables § = T(j — v) in
Equation (12) gives

] =7 [ o(u-7) woras

oo
-0

>

~Tp(p™) / |W(0)]*d8 + Tp(p )/ |W(0)| do
J =0 0

as T — oc. The notations p(pt) and p(y ) are to be understood as the limit of p(v). v —

approaching from above and below, respectively. Since w(7) is strictly real-valued. the Fourier

transform has the symmetry |[W(#)[? = [W(=6)|°. The leading-order result can therefore be written

as

E [|1|’2] - L—W—)T /x w(r)2dr. (13)

ZE L0 O

For the mumnerator of Equation (8). a different approach is necessary: an asvinptotic expansion
will be derived for W (r), then plugged in to Equation (11). Note that w(7) cannot be analytic for
all 7 since it is identically zero for |7| > 1.1t will be assumed that w(7) is of order p > 0. meaning,
that:

oy

. w®(7) is diflerentiable everywhere for k < p;

o

wP) (1) is differentiable everywhere, except possibly for a finite set of points —4 = 7, < 7 <
T =

3. wP(7) must be discontinuous at at least one of the 74, but not necessarily all of thei.
It would be difficult to imagine any useful window function which does not meet the above condi-
tions.
Next, write W(r) in the form

L-1

Th+1 T
W) = Z/ w(T)e T dr,
k=1 Tk
Performing integration by parts repeatedly and collecting terms vields
| Lo . 1 L) emy .
W)= ———— e TR AW (1) + —— / ¢ T TP () d 14)
( ) (27”,',)])4—1 g ( k (27r.1‘1/)p+] g o ) ( /
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where AwP)(7) = w?) (%) — w®) (r7). The Riemann-Lebesgue lemma [5] guarantees that the
integrals on the right-hand side vanish as v — oc, so to leading order

L

% 1 - {17y

W) ~ 2 & A () (15)
k=1

Inserting the asymptotic expression above into Equation (11) and keeping only terms of
leading order as T — oo vields:

L 9 oC ‘
o WAY (1) (7,.)2 o0 »
E l:l]' 25, ]’nl..] 4y Zk—l w (T,\) Z / (/l — /)(’ ) (1’/ (16)
n=—oc JTOC

(2nT)%» peps SRR

n#A0

Note that in expanding |W|? via Equation (15), all terms where the complex exponentials do not
cancel have been dropped. It can be shown via the Riemann-Lesbegue lemma that the dropped
terms are of subleading order after integration over v.



5. RESULTS FOR FLAT SPECTRAL DENSITY

To obtain an explicit formula for the error, et ns assime that the random signal has a fiat
I oy
spectral density:

1 if <

B (17)

pv) =
0 if v >3

With a flat spectrum, the integrals in Equation (16) become trivial to evaluate analytically. Com-
bining with Equation (13) produces the following asyniptotic expression for the mean square error:

) E 2p+1 At
& (T“> 5 (Af ,2/1Af> as N — oc, (18)
4 nyq
where
R
N = — 19
] o (19)
T
- Z,{.’_I Ait'(”)(TA.)2 E (20)
) (2p + 1)n2p+2 [w(T)2dr 2
1
Fy(r.y) = 5 (Qplar + y) + Qp(z — y)) (21)
-~ p—— rx} 1 {)&)
QP(") - Z (27, _ Z)‘.Z]H—l' (““)
nzo

The quantities above all have simple interpretations. N is the mumber of samples in the
window and is not required to be an integer. The choice of window function determines the order
p and the constant N,. The function F, is independent of the window function: it determines the
hnpact of the normalized sample spacing A‘f—nt\q and scaled frequency jAt.

5.1 EVALUATION OF Qp(7)

For p > 0. the suin in Equation (22) is absolutely convergent. For p = (), the terms for positive
and negative n. may be combined, vielding a convergent series which is evaluated by the method of
residues:

o C

il ge 1 = T2
Z) = = ; 5 == — — GOt —. 23
Qol2) "Z_; 2n -z ;4712—:3 n B g (29)
nA0

Differentiating the above identity terim-by-term with respect to z leads to analvtic expressions
g . ) )



for Qp, p > 0:

1 1. Tz o (TZ
(21(:) — ; — gﬂ'& cot (?) cse” (7)
1 1 Tz 4 (T
((z) = Aot 7 (cos(mz) + b) cot ( 5 )u( ( 5 )
Sl = 1 77(56 cos(mz) + cos(2mz) + 123) cot (T:) escP (7"7:)
WAEN = o 23040

It is also helpful to have a qualitative understanding of the behavior of Q,(2). Due to the
restrictions At < Aty and |p| < g it is clear that only the range 0 < z < 2 is relevant. From the
definition in Equation (22). it is easy to demonstrate the following basic properties for all p > 0:

Q,(0) =0
Qi) =]
111112 Qp(z) = ¢
W) >0 g 23>0
Qp( )>0 for z>0
Qp(z) = (2p + 1)(2p + 2)Qp+1(2).

It directly follows that all derivatives of (Q,(2) are positive for all p > 0, z > 0. The properties
described above are casily seen in the plots of ,(z) shown in Figure 1.

For z << 1, the analytic forms for ( ivenn above become ditficult to compute numerically
pl< )g I

due to the canc (‘“ﬂthll of diverging factors as = — 0. Instead, it becomes simpler to compute using

the Taylor series around z =

(P+3)C2p+2)  (p+ 3+ Dp+3C2p+49)
4v e G- 4p

Qp(z) = 2 2" (24)

where ((s) = 377 n~* is the Riemann zeta function.

5.2 QUALITATIVE DESCRIPTION OF ERROR
The analysis above leads to the following general conclusions regarding the asymptotic error:
1. €2 decreases like N~ZP+D for fixed At.
2. ¢? decreases monotonically with At for fixed N.
3. € increases monotonically with |u].

N 2p+1 .
4. e ~ (l\‘k) o for ¢ = 0 and critically sampled data.

10



3

5.3 EVALUATION OF Ny FOR STANDARD WINDOW FUNCTIONS

Table 1 list results for some of the most common window functions. For cach window, the
order p and constant Ny, is shown. When possible. the exact analyvtic expression for NPT s also
given. In some cases, a second line in the table gives the next order term for the same window. The
order p is determined by consecutively examining w(7) and its derivatives until a discontinuity is
found. The constant Ny, is then computed directly from Equation (20). All analvtic and numeric
results were generated using Mathematica 5.2.

It should be stressed that the results for next-to-leading order terms in Table 1 are, strictly
speaking. not the next terni i a correct asyniptotic expansion. Instead, they are stmply the result
obtained by pretending that the leading order Ny is zero. and continuing with the leading-order
analysis to larger p until a non-zero terin is obtained. This is useful maiuly in cases where the true
leading order Ny is numerically very simall, sucli as in the case of the Hamming window.

5.4 VERIFICATION OF ASYMPTOTIC RESULTS

Since the results derived are asvmptotic in N, there is no guarantee that they will achieve
any specific level of acettracy except in the limit N — oc. To establish the utility of the asvinptotic
formula, the normalized error was computed via Monte Carlo with 10° random trials. Random data

was generated with the required correlation properties at a sample spacing of %,{ The integral in

Equation (6) was approximated nsing the highly oversampled data. The smm in Equation (7) was

computed directly using every 20th sample. Averaging over values of a was approxiniated by a
. b <

discrete average over the values a = 0, .—)l(—,, —2% it 57; The Monte Carlo results were then compared

with the theoretical asymptotic predictions from Equation (18).

In Figures 2 and 3. the errors are shown as a fumetion of nummber of samnples for the square.
triangle, Hauning, Reisz, and Boliman windows. For these examples, the frequency is g = 0 and
sampling rate is At/At,yq = 0.8. The agreement between Monte Carlo and the asymptotic curves
appears to be excellent, even down to very small mumbers of samples. In particilar, the square
window results match Monte Carlo closely even for a single sample.

For the Hanming and Kaiser windows, the leading order coeflicient Ny, is very small. Conse-
quently, convergelice to the asyimptotic result requires larger values of N. Figures 4 and b compare
Monte Carlo results with leading order asymptotics as well as leading plus subleading order. The
subleading term appears to improve the resnlts for small NV, but by N = 5 the leading ternr suffices.

In Figure 6, errors are shown as a function of frequency for the square. triangle, and Hanning
windows. The mimber of samples is fixed at N = 10 in all cases. The asymptotic error hicreases
monotonically with |p]. as described earlier in Section 5.2. While the agreement is good near
zero frequency, it appears that the asymiptotic fornmla overestimates the error near the Nyquist
limmit, especially for the triangle and Hanning windows. This is not surprising. since the asymptotic
formula ceases to be valid past the Nyquist Hmit.,

11




TABLE 1

Parameters for Some Standard Window Functions

Name w(r) for fr| < 3 p Al Ny
square 1 0 = 0.2026
triangle 1-2|7| 1 2 0.6269
Reisz 1- 472 1 2 0.5899
Hamming | 0.54 4+ 0.46 cos (277) | 0 ﬁﬂ—z 0.003263
‘ 33856 :
2 Toens 0.8084
Hanning 0.54 0.5 cos (277) 2 %z 0.8456
Blackman | 0.42 4+ 0.5cos (277) + | 2 7(% 0.5858
0.08 cos (477)
Bohman | (1 —2|7|)cos(2n7)+ | 3 F%T) 1.338
L sin (27|7))
Kaiser Io(V1-172 .
L — 0 0.1460
Kaiser Io(3v1=177)
(3=3) —E 0 0.01599
1 0.3523
Kaiser Io(5v/1-172 —
e . 0 0.000677
1 0.2420

12
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Figure 1. Plot of the function Q,(z).
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Figure 2. Normalized mean squared error versus number of samples in window. Results are shown for both

Monte Carlo and the asymptotic error formula in Equation (18). All results are for zero frequeney (= 0)
and sampling rate of At/Atpyq = 0.8.

14



R !

0 Q‘ O x Reisz MC
X — Reisz Theory
O Bohman MC
Bohman Theory

=50+ -
o)
2
S/ .

w EN b
SN S
“ "
-100} B Sk
Q\
®\
LY
1504 " . i L L -~ l
1 10 100 1000

N (samples)

Figure 3. Normalized mean squored ervor versus number of samples in wnndow. Results are shoun for both
Monte Carlo and the asymptotic error formula in Equation (18). All results ave for zero frequency (= 0)

and sampling rate of At /Aty = 0.8
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Figure 4. Normalized mean squared evror for the Hamming window. Results are shoun using both Monte
Carlo and the asymptotic error formula i Equation (18). Asymptotic results arc shown for both leading
order and leading plus subleading orvder.  All cases are for zero frequency (u = 0) and sampling rate of

AtfAtyyq = 0.8.
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6. CONCLUSIONS

The windowed DFT can be regarded as an approximation of the continmious Fourier transform
with the same window function. The niean square error for stochastic signals is for the most part
accurately captured by the asymptotic formula in Equation (18). Paramcters for some of the most
common window functions are tabulated in Table 1. Monte Carlo calculations confinm that the
asymptotic error is accurate, even when the mmmber of samples N is sinall. Deviations from the
asymptotic result mainly occur for frequencies approaching the Nyquist Hnit.

The asymptotic error formula should prove cspecially useful in seenarios where the processing
paraieters nst be determined dynamically during processing. Inn such cases. the asymptotic result
permits one to analytically optimize any design metric.
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APPENDIX A
MATHEMATICA CODE FOR GENERATING ASYMPTOTIC RESULTS

The results presented in Table 1 were prepared using Mathematica version 5.2, Figure A-1
shows the actual commands used to generate the results, along with comments to indicate the
purpose of various steps. Inputs to Mathematica are indicated in bold type. while outputs and
conumnents are in nonnal type.
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alias13.nb

Calculations for Asymptotic Error in DFT

Define oversampling error function:

qlp_, x_] :=
Sum[l/(2n-x)*(2p+1)-1/(2n+x)~(2p+1), {n, 1, Infinity)] // FullSimplify

Compute first few cases:
q[0, x]

2 T 9

q[1, x}
ql2, x}

q[3, x]

q[4, x]

X 60960

q[s, x]

Define window functions for -1/2 < x < 1/2:
square[x ] :=1
hanning[x_] :=1/2+ (1/2) Cos[2+Pinx]
hamming[x_] := (54/100) + (46/100) «Cos[2 «Pi »x]}

blackman(x_] := 42/100+ (50 /100) Cos[2«Pisx] + (8/100) aCos[4 Piax]

Figure A-1. Transcript of Mathematica.
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alias{3.nb

abs(x_] := Piecewise[{(-x, x <0}, {x, x20}}]

P relt T v T RN AN SRR )
trisngle(x_] :=1-2wabs[x]
reisz[x_] :=1-4x"2
bohman(x_] := (1-2abs(x]) Cos[2Pix] + (1/Pi) Sin[2 Pi abs[x]]
ksiser(B8_][x_] := BesselI[0, ASqrt[l- (2x)~2)]/BesselI[0, 8]
Define functions to compute leading order error term:

disc[f_] := Module[{(g, x, 8},
gly_1=
(Limit[£f[x], x -> y, Direction -> -1] - Limit [f[x], x -> y, Direction->1]) // Simplify:
s = Solve[Reduce[g([x] != 0, x], x];
Limit[£([x], x->1/2]%2 «
Limit[f(x], x->-1/2]"2 « If[Length(s] >0, Totsl[(g[x] /. a)~2], O]
1

err(g0_] := Module[[x, norm, g, coef, p, p2, temp, temp2),
norm = Integrste(gO(x]*2, {x, -1/2, 1/2}];
g[x_] = g0[x]:
coef = disc[g]:
p=0;
While[coef := O,

g[x_] = FullSimplify[D[g(x], x], x € Resls]; coef = disc(g]:p=p+1];
temp = Simplify[(coef / (norm « (2p+1) « Pi " (2«p+2)))]:
glx_] = FullSimplify[D[g[x], x], x € Reals]:

{p, temp, N[temp” (1/(2p+1))]}

)

Detine tunction to compute first two leading error terms:

err2[g0_] := Module[(x, norm, g, coef, p, p2, temp, temp2),
norm = Integrste(g0(x)*2, {x, -1/2,1/2});
glx_] = gO[x]:
coef = disc[g]:
p=0:
While([coef == O,
g(x_] = FullSimplify(D[g[x], x], x € Reals]; coef = disc(g]l.p=p+1];
temp = Simplify([(coef / (norm « (2p+ 1} «» Pi*(2+p+2)))]:
g(x_] = FullSimplify(D[g[x], x], x € Resls];
coef = disc[g]:
P2 = ps+1;
While[coef =0,
g(x_] = FullSimplify(D([g[x], x], x € Resls]: coef = disc[g]:p2=p2+1]:
temp2 = Simplify[(coef / (norm « (2p2+1) » Pi ~(2+p2+2)))];
{p, temp, N[temp” (1/(2p+1))], p2, temp2, N[temp2~(1/(2p2+1))]}

Figure A-1. Transeript of Mathematica (continued).
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alius13.nh

Compute results:

err{square]

{o, f . 0.202642}

err2 [hanning]

"44, 0.845586, 4, 1 . 1.16134}
<

{2, o 024
‘v T5a2 T

err2 [hamming]

64 , 33856
B 228 0B R6BAT, By
\Yr 75987 a0 0% I0R68 ' 9935 n~

0.808414;
err2[blackman]

518 173056
2 £t . et e 1
{2, iy 0-585786, 4, gemmm, 1.31193)

err2(reisz]

1, 24 o 0589843, 25 A8 , 0.549121
{ a -
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Figure A-1. Transcript of Mathematica (continued).
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