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ON ROBUST CONTINUOUS-TIME DISCRIMINATION

Evaggelos Geraniotis and Yawgeng A. Chau

Department of Elecirical Engineering
and Systems Research Center
University of Maryland
College Park, MD 20742

ABSTRACT

Target discrimination problems are modeled as the testing of binary hypotheses character-
ized by continuous-time observations which (i) consist of distinct signals in additive white
Gaussian noise, or (ii) are the output of stochastic dynamical systems driven by white Gaussian
noise, and in both cases have partially known statistics. In particular, the signals in the first
model, the parameters of the dynamical systems in the second model, and the autocorrelation
functions of the noise in both models belong to one of the following distinct uncertainty
classes: classes determined by 2-alternating capacities and classes with minimum or maximum
elements. Robust discrimination tests with a fixed observation interval and sequential tests are
derived whose likelihood ratios depend on the least-favorable pairs of parameters in the
aforementioned uncertainty classes and are shown to have an acceptable level of performance
despite the uncertainty. For tests with a fixed observation interval the performance measures
considered are the actual error probabilities and the Chemoff upper bounds on them; the latter
are shown to preserve their desirable asymptotic properties in the presence of the uncertainties.
For sequential tests the performance measures are the error probabilities and the average
required length of the observation interval under each hypothesis.

This research was supponed in part by the Office of Naval Research under contract N00014-86-K-0013 and in part by the
Systems Research Center at the University of Maryland, College Park, through the National Science Foundation’s Engineering
Research Centers Program: NSF CDR 8803012



1. INTRODUCTION

In contrast to discrete-time robust detection problems (refer to the tutorial {1]), continuous-
time robust detection problems-although involved in several situations of practical interest-
have not received sufficient attention in the literature. The work of [2] on minimax
continuous-time ;iiscrimination from Poisson observations constitutes an exception to this.
Motivated by practical situations encountered in target discrimination, we investigate in
this paper detection problems from continuous-time observations with statistical uncer-
tainty and develop detectors (discriminators) with either fixed-observation-interval or
sequential processing which are immune (robust) to the uncertainty in the observations.

Two types of problems of testing binary hypotheses are considered here: the first type

pertains to observations that are signals in additive white Gaussian noise, namely
Py H; :Yy=s()+N,;; i=0,1

where 0 <t < T, s;(t) represents the signal under hypothesis H;, and N, is a Gaussian
noise process with covariance E[NyN,] = o(t)o(s)é(t — s).

The other type pertains to observations that constitute the path of the state in a
dynamical system driven by white Gaussian noise described by the following stochastic

equations under the two hypotheses

P, H;: Y=2X,

dXt = 3;(t)X¢dt + Nt; i = 0, 1

for 0 < ¢t < T, where N; is as described above, Xo is a normal process Xp ~ N(0,1),
and s;(t) is the parameter of the dynamical system. Throughout this paper we place

time variables in the subscript for the random processes and in the argument for the
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deterministic functions of time.

Both of the above formulations are motivated from problems of practical interest in
radar target discrimination or target identification. In such problems, the output of the
signal processor must indicate which of several targets is present or to discriminate between
an actual target and a decoy or chaff cloud. Usually, this discrimination is to be performed
after the initial decision that some object is present has taken place. As a special case
of the two models above, the radar detection of the presence of a target could also be
considered; in this case the signal under the null hypothesis is identically equal to zero.
The continuous-time fixed-observation-interval or sequential processing considered here
can model the processing of (i) each individual pulse of the radar return or (ii) of several
consecutive pulses of the radar return.

I the characteristics of the channel and the system are known, then s;(t) and o(t)
(defined above) are given. In reality, however, due to uncertainties in the the modeling of
the targets and the medium through which the radar signal and the radar return signal
propagate, the waveforms s;(t) and the second-order characteristics of the additive noise
are not completely known. To model the available partial knowledge about s;(t) and the
noise, we consider structured uncertainty classes and design minimax robust discriminators
for problems P; and Ps.

We consider two distinct types of uncertainty classes: (i) classes determined by two al-
ternating capacities and (ii) classes with minimum or maximum elements. The former un-
certainty models have been very popular among the robust statisticians and engineers (see
[1]-[6]) because they include several useful models of uncertainty such as e-contaminated

models, total variation models, band models; and p-point models and result in closed form



expressions for the least-favorable elements in the class for a variety of performance mea-
sures. The latter uncertainty models also describe useful classes of uncertainty and result
in convenient closed form expressions.

The design philosophy that we pursue is that of minimax robustness, which has received
considerable attention for in the past fifteen years (see the tutorial [1]). According to
it, the worst-case operational conditions are identified with regard to some performnace
criterion of the decision design and the optimal such design for these conditions is derived.
Subsequently this decision design is employed independently of actual conditions (which
are not known, except for the fact that they belong to some structured uncertainty classes)
and it is shown that it achieves desirable performance despite the uncertainty. In this paper
the design criteria for problem P; are the probabilities of false alarm and miss. For problem
Pa, since there is no closed form for the error probabilities under the two hypotheses, we
derive the Chernoff bounds on the error probabilities, identify their connection with the
discrimination measures known as the divergences, and use the divergences as the design
criterion.

This paper is organized as follows. In Section II, we first review the definition and
known properties of the uncertainty classes characterized by 2-alternating capacities and
derive some new useful results for our problems. Then we describe the uncertainty classes
with minimum and maximum elements. Finally, we cite the likelihood ratio functions
for problems P; and P,. In Section III, we derive the minimax robust fixed-observation-
interval (block) detector for Py under the probability of error criterion; we also show that
the error probabilities of the robust test converge to zero exponentially as the duration of

the observation interval increases, despite the uncertianty. In Section IV, we derive the



minimax robust block test for P, when the performance measures are the Chernoff bounds
on the error probabilities. In Sections III and IV both the uncertainty classes determined
by 2-alternating capacities and uncertainty classes with minimum and maximum elements
are considered. In Section V, we derive the minimax robust sequential detector for a
homogeneous P;—for which the signals s;(t) (i = 0,1) and the noise variance o(t) are time
invariant; the uncertainty classes considered here are of the minimum/maximum-element
type. Finally, in Section VI the results of the paper are summarized and conclusions are

drawn.



II. PRELIMINARIES

In this section we describe the two uncertainty class models that we use in this paper
and the associated results of minmax robustness. We also derive present the likelihood-
ratios for problems P; and Ps.
II.A Uncertainty.Classes Determined by 2-Alternating Capacities

First we provide a brief but self-contained review of knov'm results from the theory of
2-alternating capacities and the associated theory of robustness of [6]. This review is nec-
essary to introduce the concepts, notation, and fundamental results of minimax robustness
within these uncertainty classes, which we use repeatedly in this paper. Then we derive a
new result, Proposition 1, which extends the results of [6] and is used extensively in the
proofs of our results on robust discrimination described in Sections III, IV, and V.
Definition: A positive finite set function v on a sample s space § and associated o-field F
is called a 2-alternating capacity, if it is increasing, continuous from below, continuous
from above on a closed set, and satisfies the conditions v(#) = 0 and v(AUB)+v{ANB) <
v(A) + v(B); the set function v may not be a measure.

Suppose now that M is the class of measures on (2,F) and m € M is a measure.
Consider the uncertainty class which is determined by the 2-alternating capacity v as

foﬁows

My = {m € M|m(A) < v(4), VA € F, m(Q) = v(Q)} (1)

Thus all measures in the above uncertainty class have the same upper set function v. When
{1 is compact, several popular uncertainty models like e-contaminated neighborhoods [3],
total variation neighborhoods [3], band classes [4], and p-point classes [5] are special cases

of this model. The complete description of one of these classes, the e-contaminated mixture



model will be provided later in this section. Fundamental properties of the uncertainty
model (1) have been studied by Huber and Strassen {6] which- enable the robustification
of the average risk criterion to these uncertainties. We state the relevant properties as

Lemma 1.

Lemma 1: Suppose vg an‘d vy are 2-alternating capacities on (9, F), (Mg, M;) are the
uncertainty classes determined by (vo, ;) as in (1), and the two classes do not overlap.
Then there exists a Lebesgue-measurable function 7, : § — [0, 00] such that the average

(Bayes) risk is minimized
Buo({ms > 8)) + va({my < 8}) < Buo(A) + v1(4%) (2)

for all A € F and 6 > 0; 6 can be interpreted as the ratio of the prior probabilities of the
two hypotheses Hy and Hq, whereas {7, > 0} can be interpreted as the likelihood ratio

test for vy versus vy. Clearly, (2) together with (1) imply that
bmo({r, > 0}) + ma({r, < 8}) < Guo({m, > 63) + mr({m, < 83) < Buo(A) + 13 (A)K)

for all mg € Mg, m; € My, and A € F; this inequality establishes the minimax robust-
ness of the test based on r,. Furthermore, there exist measures (79,71) in Mg X M,

such that

to({my > 0}) = vo({my, > 6}) > mo({m, > 6}) (3)
iy ({m, < 6}) = v ({my < 6}) > ms({m, < 6}) (4)
The quantity r,, which is termed the Huber-Strassen derivative of the classes Mg X

M;, is a version of diy /diig and is unique a.e. [ri1g); it plays the role of the worst-case

likelihood ratio for the two uncertainty classes Mg and Mj. The dominance properties



(3) - (4) establish the existence of measures in the classes Mg and M; that achieve the
upper values provided by vp and v; for sets of the form {r, < 6} and their complements.
The measures (79,11, ) are termed the least-favorable measures over My va1.v

Example: Consider the e-contaminated mixture uncertainty classes of probability mea-

sures described by [2]
M_] = {mj € M|m_,~ =(1- e_,-)m? + ejﬁ‘tj,fhj(ﬂ) = mg(Q) =1}, 7=0,1.

which are determined by the known nominal measures m3 and m¢ and the degrees of
uncertainty ¢ and ¢ (0 < ¢ < 1 for i = 0,1); the unknown probability measures 7;
(7 = 0,1) are allowed to take any arbitrary values. This uncertainty class is appropriate for
modeling situations in which the probability measures (or pdfs) governing the observations
are convex combinations of known probability measures (pdfs) and arbitrary probability

measures (pdfs). Then the associated 2-alternating capacities are for j = 0,1

) = (1-9md(A) +¢;, A#£D

0, A=0
and the least-favorable distributions are

dring /dA (1 — €o)dm3/d), dml/dmd < co
mo =

1zadmi/d), co < dm?/dm},

(1-e)dmi/dX, ¢ <dm/dmd
diny Jd) = ' wee
ci(l — )dmd/dX, dm?/dm$ < ¢4,

where A is the Lebesgue measure and 0 < ¢; < ¢g < o0 are constants such that m,(Q) =

mo(2) = 1. The Huber-Strassen derivative x, has the form

-~ €

Ty = diy [ding = i min{co, max(c;, dm?/dm3)}.



which consists of a censored version of the nominal likelihood-ratio dm?/dm.

The following proposition extends the dominance properties (3) and (4) of {6] to more
general functionals than the error probabilities of the robust test:
Proposition 1: Suppose that the measures (mg,m;) on (2, F) belong to Mg x My
characterized by (1) an(i £hat z is a real variable.
(i) If one of the following situations holds:
(a) both g(m,) and h(z) are nonnegative, increasing functions of m, (the Huber-Strassen
derivative) and z, respectively;
(b) g(my) is a nonnegative, decreasing function of «, and h(z) is a nonpositive and in-
creasing function of z;
(c) g(my) is a nonpositive, increasing function of 7, and h(z) is a nonnegative and decreas-
ing function of z;
(d) both g(=,) and h(z) are nonpositive and decreasing functions of 7, and z, respectively,

then

[ s(rueN(@Imalda) < [ glm(a)hiz)mo(dz) %)
[ s @ h@ym(ds) 2 [ o(r(@)hizyim(dz) ©)

(ii) If one of the following situations holds:

(a) both g(7,) and h(z) are nonnegative, decreasing functions of 7, and z, respectively;
(b) g(my) is a nonnegative, increasing function of x, and h(z) is a nonpositive, decreasing
function of z;

(c) g(m,) is a nonpositive, decreasing function of =, and A(z) is a nonnegative a.nd increas-
ing function of z;

(d) both g(m,) and h{z) are nonpositive and increasing functions of 7, and z, respectively,
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then

[ s(re)h@ymolds) 2 [ a(ro(a)hayine(da) ™

| stru(eNh(eIm(da) < [ a(mla)ite)im(ez) ®
where 1 and 7y are singled out by Lemma 1.
Proof: We only prove (6) of part (i) for situation (a), since (6) for other situations, (5)
and part (ii) can be proved in a similar way. Applying the transformation z = 7r,,(:c) we
have

[ strute)iizm(ds) = [ oIl @)ma(de)
for i = 0,1, where 71 is the inverse image of 7. In our notation, m(dz) = m{r< X<
z + dz}) = dM;(z), where the associated distribution function is Mi(z) = m({X < z}).
Now, assuming that the conditions in (i) hold (i.e., g'(z) > 0, k'(z) 2 0, g(z) 2 0 and
h(z) > 0, with the prime denoting a derivative with respect to the argument) and using

the above transformation and integration by parts, we have

[ srutahams(da) - [ oru(z))hz)im(de)
| stz ema(dz) - [ ol )m(d2)
= [ (7 < DlghE DN - [ miZ < Ddlg@h(r3 )]

= /n ({2 < 2}) - m({Z < 2})h(r;*(2))dg(2)
+ /Q (1({Z < 2}) - m({Z < 2}))g(2)dh(n; ()
/ﬂ (a({mo(X) < 2}) = mi({mu(X) < 2})A(r7(2))g(2)dz

+ [[(m(m(X) € mlt)) = mal{r(X) < TN (Bt 2 0

where Z = m,(X); the last inequality derives from (4) since z = 7y(t) > 0 for all £.



Remark 1: If either g(z) = 1 or h(z) = 1 for all z, i.e., one of the functions g or z
is absent from the integrands of (5)-(8), the inequalities in (5)-(8) still hold; in this case,
the nonnegativity or nonpositivity of the function involved is not a necessary condition.

Remark 2: Lemma 1 and Proposition 1 hold even if the 2-alternating capacity v is
itself a measure. In this case, the uncertainty class Mg has a single element .

II.B Uncertainty Classes with Minimum or Maximum Elements

In our cases of interest these uncertainty classes are of the form

So0,u = {s0(t)]s0(t) < s0ps(t), 0 <t < T}, 9)
S1.L = {s1(t)]s1(t) 2 s1p(t), 0 <t < T, (10)

and
By = {o(t)|o(t) < ou(t), 0 <t < T}. (11)

Uncertainty classes (9) and (11) are characterized by maximum elements sy(t) and oy(t),
respectively, while (10) is characterized by the minimum element sz,(t). These uncertainty
classes are easy to characterize and for the performance measures of interest their least-
favorable elements turn out to be the maximum and minimum elements involved in
the definition of the classes. These classes are appropriate in situations in which upper
and/or lower bounds on the range of the system and noise parameters are available (can
be estimated). To guarantee that the classes Sg yy and Sy 1, do not overlap we impose
the condition:

sip(t) 2 sou(t), 0 <t LT (12)
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II.C Likelihood Ratios for Problems P; and P;
In the following we derive the likelihood ratio functions for P; and P;. Notice that

the observation process in P; can be written in differential form as follows:-
H;: dYy=s;()dt +dW,, i=0,1;0<t<T

where W, is a Wiener process with zero mean function and intensity function o(t). Using
this differential form of observations and manipulations analogous to the derivation of
generalized likelihood ratio (see [7] and [8]), we give Lemma 2 without proof for the
likelihood ratio function of P;.

Lemma 2: The likelihood ratio function for P; has the following form

InLr=In

b _ [T s1(®) - so(t) T [s1 (1)) ~ [so(®))?
dPo_/o GO ./o e (13)

where P; for 1 = 0,1 are the joint probabilities of the observations {Y;, 0 < ¢t < T'} under
H;.

By using the explicit form of the solution for X; (and thus for ¥;) to the stochastic
differential equation in P, (see Section 4.4 of [9]), we can derive the likelihood ratio function
of P, which is stated here as another lemma and its proof is omitted.

Lemma 3: Thevlikelihood ratio function for P, has the following form

dPy _ [ 51(2) - s0(t) T s - [SO(t)]
In Lz =In 72t = /0 e YedYe - / 1 R e (4)

where P; denotes the joint probabilities of the observations {Y;, 0 <t < T} under H;, for
1=0,1.
The likelihood ratio test is used as the decision rule, sinée it minimizes the expected

risk and provides one side of the inequality for the saddle-poi'nt description of the minimax
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robust scheme [refer to equation (*)]. The criterion used for deriving the minimax robust
scheme for P is the probability of false alarm, a(mqg, L), and the probability of miss,
B(my, Lt). Under mismatch, that is when the statistics g and , for which-f,T =
diny [T is derived are diﬂerent than the actual mg and m; governing the observations,
the probabilities of false alarm and miss become a{my, LT) and B(my, Lt). For 'Pé we use
the Chernoff bounds on a and § as the criterion for robustness.

To prove minimax robustness one has to show that
a(m()’-i/T) S C!(ﬁlo,.zT) S a(mOaGT) (15)

and

B(my, Lt) < By, Lr) < B(1in, Gr) (16)
over all mg € Mg, m; € M1, and arbitrary decision tests Gt based on the observation
interval [0, T'}; the right-hand inequalities in the equations above are satisfied immediately
once the likelihood-ratio L1 has been derived. Therefore, in the following sections we only
need to prove the left-hand inequalities in (15)-(16) for the various cases of interest in
order to establish the minmax robustness of the likelihood ratio tests.

For convex classes My and My the above inequalities are equivalent to
mazm,a(mo, Lt), mazy,, f(my, L) (17)

As shown in [6] the least-favorable pair (g, 7h;) for general classes of probability

measures Mg and M of the form of (1) for the problem
max a(mo, L), maxf(ma, L)

where L = dm; [dmy, is also the least-favorable pair for each one of the following problems:
_ (i) max{maxy,, a(mg, L), maxn, f(my, L)};

12



(i) maxm, B(m, L) subject to maxm,, a(me, L) < ao;

(i) maXmg,m, (Aa(mo, L) + (1 = X)B(m1, L)) with A the known prior probability of Hy.
In the above discussion we omitted sg,3; and ¢ in the argument of « aﬁd B. Howéver,

when we consider the uncertainty classes (9)-(11), so, 81 a,n‘d'a are the variables to be

robustified and the above statements are still valid. In the following, we will show expﬁcitly

in our notation only the arguments of a and 8 that are to be robustified.
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III. MINIMAX ROBUST BLOCK DISCRIMINATION FOR P,
ITII.A Uncertainty in the Signal
1. Uncertainty Class Characterized by 2-Alternating Capacities |

In order to apply Lemma 1 and Proposition 1, the space (2, F,m;) ¢ = 0, 1 is identified
as the observation interval [0,T] and the o-field F is the one generated by all subs;sts of
[0,T]. In this subsection, we consider the particular case where so(t) is a known nonnega-
tive time-varying functioﬁ; thus there is now uncertainty under hypothesis Hyo. Then the

class Sg contains a single measure and is defined as

So = {solmo(4) = /A so(t)A(dt), VA € F, } (18)

where A € F and ) is the Lebesgue measure. Therefore, in this case, the probability of
false alarm remains unchanged over Sq: a(so(t), LT) = a(30(t), L), so that we only need
to consider the probability of miss. The uncertainty class under hypothesis H; is defined

as

Sy = {s1(8)|ma(4) = /A |s1(8)|A(dt) < v1(A), VA € F, /ﬂ Is1(D)|dt = vu(Q) = p,} (19)

This definition allows for s;(t) to take both positive and negative values, since it is |s1(2)]
which is involved in the definition of the measure m; and not s;(t) itself. It is assumed
that s;(t) # so(t) for some t € [0,T] for all elements of the class (19) so that there is no
overlap between Sy and Sp.

As mentioned in Section II, the uncertainty class (19) includes several useful uncer-
tainty models (including four of the most popular uncertainty class models). In adition to

those classes, the following two other uncertainty classes based on norms can be considered:
Sz = {s1(0)] [ lsa(t) — S(0)ldt < 6, VA € F} (L'norm) (20)
A
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and

Ss = {sx(8)| suplsy(8) ~ $2(0)| € 8} (Lnorm) (21)

We can show that S; C S; for j = 2,3 as follows. For any s;(t) € S2 we have

J sl [ 188ldt < | fsat) - o <,

therefore, if we define v2(A) = [, [s{(t)|dt + 6, then s;(t) € Sy as well. Similarly, for any

s1(t) € Sg we have
[ slar— [ 1s80de < [ Jaxo) - s3(2)lde < suplas(t) - OINA) € X(4),

therefore, if we define v3(A) = [, [s3(2)|dt + 6A(A), where A(4) < A(Q) = T, then s,(t) €

S1, as well. Subsequently, since S5 C S; for j = 2,3, the following inequality holds

t),Lr) < t),L7), 1 =2,3. 22
sllgﬁsxsjﬂ(sl() T)_sll(?)aéglﬂ(sl() ) J (22)

where 3;(t) = |3,(t)] and so(t) are the least-favorable densities for Sy vesus Sg and Lr
is the likelihhod ratio for signals 3;(t) and so(t) obtained from (13). Since there is no

uncertainty under Hy, the probability of false alarm trivially satisfies

t),Lr) < 3(t), LT), 1= 2,3,
SII(I}aij a(so(t), LT) < a;l(l;l)ae)él o(3o(t), L), § = 2,

with equality for 80(t) = so(t).

Proposition 2 provides the minimax robust test for signal uncertainty in P;.
Proposition 2: For problem P; and signal uncertainty within classes (19) and (18), if
0 < 31(2) < so(t), s5(t) £0,and o'(t) > 0for 0 <t < T, then the likelihood ratio test

.based on

P /T 81(t) — 3°(t))’,dt _ /T [5:1(0))? - [so(t)]zdt (23)
o o

Inlr=In E—Pz = [a(t)P 2[o(1))?

15



where 3;(2) and 3p(t) = so(t) are the least-favorable elements for S1 vs Sg of (19) and (18)
singled out by Lemma 1, is minimax robust; that is, the two types of error probabilities

for this test satisfy

a(so(t), flr) < o(3o(t), L)
and

B(s1(t), Lr) < B(41(t), L1) (24)
Proof: From Lemma 2 we can obtain (23) under worst-case operational conditions. Since

so(i) is known, the inequality about the probability of false alarm is trivially satified with

equality. Next we prove (24). Let

I N 10) i1 O10) P P O Iar O IR
= g s = [ QT eora,

and define

CTa =) a2 [T 8= so(t),
fi= /0 Tompn0ds fi= / Loap a0

From 3,(t) < so(t) we have

_ T él(t) -—_ So(t)
h = /0 —-mz——sl(t)dt

T él(t) - So(t) s
/0 L ool

If s0(t) # 0, then since o'(t) > 0 and s§(t) < 0 from (c) of part (i) in Proposition 1, we
0

use (6) to obtain

T gl(t) —_ So(t)
/0 [(7(t)]2 'sl(t)ldt

- / (::,8; 1) [szg;])glﬁ(t)ldt
/o (::,Eg - 1) [szggg $1(t)dt =

16
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Finally, since f; > fi, it is easily observed that

Blsthlr) = P (ln%l <Iln n) =% (Eli\/.’_é_:ﬁ)
0
S Q [!Eﬁ_%ﬁ] — ﬂ(-§1(t), i/T)

since ®[(In 4+ r; — 2)/,/r3) is a decreasing function of z.
2. Uncertainty Classes with Minimal and Maximal Elements
The minimax robust discrimiﬁator for the uncertainty classes (9) and (10) is given by
the following proposition.
Proposition 3: For P; and the uncertainty classes (9) and (10), if s11.(¢) > soy(t) for

0 <t < T, then the likelihood ratio test based on

dP, 51(2) - 30(t) T [31(8))* - [3o(1)]?
R e o e e

where 3¢o(t) = sou(t) and 3;(t) = s1L(t), is minimax robust, that is, the error probabilities
satisfy

ofso(t), L1) < o3o(t), LT) (26)

and
B(s1(t), L1) < B(5:(t) L), (27)

Proof: We only give the proof of (26), since (27) can be proved in an identical manner.

Let

T [, (0F = o)) T (1) = d0) 2 i
S ar s = [, gy YT

=

-and define

_ [T 5(1) ~ 30() Ca_ [Tar) - S).
fo—/o ————————[a(t)]z so(t)dt; fo—‘/0 _————[a(t)]2 3o(t)dt.
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Then fo S fg and

a(SO(t)’i'T) = PO( %%)lﬂf]):Q[Mi‘/_%_-_lé]

Q [k‘—ﬁ\/%—'—f—”] = a(éo(t), L1)

where we used the fact that Q[(In g+ ry — z)/,/72] is an increasing function of z and that

IA

81() = s11.(t) 2 sou(t) = 3o(2).

Notice that the distance of the least-favorable pair |3;(t) ~ 3o(t)] = s1.(t) — sou(?) is
the shorest of all distances of the pair (so(2), 81(¢)) € Sg,u X S1,1,- This result is intuitively
pleasing, since the closer the two signals (so(t), s1(t)) are, the higher the error probabilities
are expected to be.

I11.B Uncertainty in the Noise Variance

1. Uncertainty Classes Characterized by 2-Alternating Capacities

In this subsection, we consider the following uncertainty class for o(t)
® = {o@imA) = [ [o(OPA@) < w(d),VA € 7, [P = v(@ =pn) (28)

where m(A) defines a measure on (2, F) with Q and F interpreted as in IILA. In this case

M; = ¥ and Mg = {1} and we assume that o(t) # 1 for some t € [0, such that there
'is no overlap between My and Mg. Note that the constraint fy[o(¢)]*A(dt) = v(2) = py

implies a fixed noise power. The minimax robust discriminator for P; is characterized by

the following proposition.

Proposition 4: For problem P; and noise uncertainty within the class (28), if (i) s(() >

so(t) and (1) < sh(t) or (ii) s1(2) < so(t) and 8(t) > sh(t) for 0 < t < T, then the

likelihood ratio test based on

c o dP T st = so(t)y, [T [ - [se(t)]
InIp = 1In 2 = i T / L (29)
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where [5(t)]? is the Huber-Strassen derivative for My = X vs Mg = {2} singled out by

Lemma 1, is minimax robust; that is, the error probabilities satisfy

ofo(t), Lt) < (8(t), L1) (30)
and
Bo(t). Ir) < Boteh B} - (31)
for all thresholds 7 satisfying
[1() = so(D)]? .
janl < [ 1200 (32)

Proof: We only prove the part with assumption (i), since under (ii) it can be proved in

a similar way. Let

r = /0 g C10) il 1O PR / " =B ety 1y,

2[6(1))? [6())?
_ [Tal)- 30(03 _ [Tsa()- So(t)s
fo= /0 B o(t)dt, fr= /0 R 1(t)dt,

and

= [ 2ot

Under the assumption (i) [s1(t) - s0(t)]? is a decreasing function of ¢, thus from (a) of part

(ii) in Proposition 1 we use (8) to obtain r2 < 2. Then (30) follows by noticing that

3 dP, 1 _

Innp+ri—fol _ ..+
e BECONZ

IN

where we used the fact that, under (32), in n+ 11— fo > 0 and thus Q{(lnn + ry — fo)/=]

is an increasing function of z. The inequality in (31) can be proved in a similar way by
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using the fact that r; < #2 and that, under (32),Inn+r - fi €0, which in turn implies
that ®[(Inn + r1 — f1)/%] is an increasing function of z.
2. Uncertainty Classes with a Maximal Element

The minimax robust scheme for the uncertainty class (11) is given as the following
proposition.

Proposition 5: For problem P; and the uncertainty class (11) the likelihood ratio test

based on
. db s1(t) — so(t) T [s; ()] [So(t)]
InLy =In— Ty = /(; _———[a(t)]z Y.dt - /0 O (33)

where 6(t) = oy(t), is a minimax robust test; that is

o(o(t), L) < a(6(t), L1) (34)
and
B(o(t), L1) < A(6(2), L1) (35)
for all thresholds 7 satisfying
[51(8) = so(®)]?
[nn| < / PR (36)

Proof: We prove (34) and (35) following steps similar to those in the proof of Proposition

4 and using the inequality

_ s1(t) = s0(t) 12 f_l(_t)___s_o(t_)25 2dt = 7
= [ B )= yoqpa< [ 0P =2

II1.C Uncertainty in the Signal and Noise Variance

In this subsection, we treat the general case where the signals and the variance of the

noise are only known to belong to the uncertainty classes described in II. By examining
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Propositions 2-5 we notice that the minimax robust scheme for this general case can be
derived directly from the combination of their results. Let us now address the minimax
robust tests for different combinations (different uncertﬁnty classeé corresponding to the
signal and the noise) as four corollaries. Their proofs are omitted, since they can be
deduced from the proofs of Propositions 2-5.

Corollary 1: For problem P; with signal and noise uncertainty within classes (19) and
(28), suppose that sp(t) is a known time-varying function, 0 < 3;(t) < so(t), §;(t) > sg(1),
so(t) £ 0, and 6'(t) > 0 for 0 < t < T, where 5;(t) and &(t) are the least favorable
elements of classes (19) and (28) singled out by Lemma 1 [applied to (19).vs (18) and (28)

vs {A}], then the likelihood ratio test based on

P 4B [T ()~ so(t) T [81()]” ~ [so(®)]?
Inly =ln 22t = / B et - / e (37)

is minimax robust; this implies that the error probabilities satisfy

a(o(t), Lr) < a(6(t), L1) (38)
and
B(s1(t),o(t), L7) < B(31(2),6(2), L1) (39)
for all thresholds 7 satisfying
|Inn| < /ﬂ Iﬁ‘g{g(ﬁ‘;ﬁdt. (40)

Corollary 2: For problem P; with signal and noise uncertainty within classes (19) and
(11), suppose that so(t) is known, 0 < 3;(t) < so(t), so(t) < 06'(t) > 0for 0 <t < T,
where 3;(t) is the least-favorable element of (19) [for testing (19) vs (18)] singled out by
Lemma 1 and 6(¢) = oy(t), then the ﬁkeﬁl'mood ratio test based on (37) is a minimax fob(xst

test; that is, the error probabilities satisfy (38) and (39) for all thresholds 7 satisfying (40)
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Corollary 3: For problem P; with signal and noise uncertainty within classes (9}, (10),
and (28), if 8;.(t) > sou(t) and s} (t) < sfy(t) for 0 < t < T, where 30(t) = sou(t),
81(t) = s;1(t) and () is singled out by Lemma 1 [for testing (28) vs {\}], then the

likelihood ratio test based on

o dPy [T (1) - so(t) T [5,(0))2 - [so(0)?
Inlr =ln o = /o P Xt - L IEO: dt (41)

is minimax robust; in this case the error probabilities satisfy

a(s0(t),o(t), L) < af30(t),6(), LT) (42)
and

B(s1(t),0(t), LT) < B(3:1(1),8(t), L) (43)

for all thresholds i satisfying

fanl < [ Bl =S (44

Corollary 4: For problem P; with signal and noise uncertainty within classes (9)-(11),
suppose 81,(t) > sou(t) for 0 < t < T, then the likelihood ratio test based on (41) with
3o(t) = sou(t), 31(2) = 811(t) and 6(t) = ou(t), is minimax robust; that is, (42) and (43)

hold for all thresholds satisfying (44).
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ITI.D Asymptotic Performance

It is interesting to examine for the general case of III.C the behavior of the two types of
error probability as 7' (the length of the observation interval) increases. It is particularly
desirable to ascertain that the robust likelihood ratio tests described in Corollary 1-4
maintain their robustness asymptotically (for large T). Under mismatch and for the

threshold 7, the Chernoff bounds on the two error probabilities have the forms
ay(s, so(t), o(t), L) = exp{—sn — TCo(s, LT)} (45)
and
Bu(s,s1(t),0(1), L1) = exp{sn ~ TC:(s, L1)} (46)

for all s € [0,1]. In (45) and (46), the Chernoff distances C;(s,Lt) (j = 0,1) under
mismatch are defined as

Co(s, L) = ~ In[Eo{ L£})/T (47)

and

Ci(s, L1) = - W[E{L7"})/T. (48)

For P, we can easily obtain that E;{L*} are given by

51(t) ~ 8 )P -5
E;{L*} = Ej{expls /0 i ﬂﬁ%(?).]_;’ﬁlndt]} exp|—s /0 'l ‘(’)2][6 (t)[]f(t)Pdt] (49)

for j = 0,1. If we define Zr = [ T ﬂﬁ%}ﬁgmﬁdt, then Zr is normally distributed with

mean

T 51(1) - §o(i) . '
./0 ————[&(t)]z s;i(t)dt

under H;, and variance

§1(t) — 30(t) 12, v12
[t p Vlere:
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Upon substitution into (47)-(49) we obtain

Co(s,L1) = %[cls"' +co8—3 /0 i il—(g—(—:)—‘]‘},&(QSO(t)di] (50)
and

CI(S, Lr)= —qu[clsz — €8+ 8 /OT Wa(t)dt] : (51)
where

o LT a0 =30) o oy, [T B~ [5o(t)]
1= 2/ = EOR } [o(t)]"at, 2—_/0 0N dt. (52)

The foilowing proposition guarantees the robustness of the likelihood ratio tests in
Corollaries 1-4 for the Chernoff bounds on the error probabilities.
Proposition 6: For problem P; with the uncertainty models for the signal and the noise
described in Corollaries 1-4, the likelihood ratio tests and the least favorable pairs provided
there are minimax robust and least-favorable, respectively, for the Chernoff bounds on

error probabilities; that is, the following inequalities are satisfied for all s in [0, 1}:

ay(s, so(t), o(t), L1) < ay(s,30(t), 8(), L1), (53)
and

Bu(s, s1(t),o(t), LT) < Bu(s,3:(t), (1), L1). (54)
Proof: In order to prove (53) and (54) under the conditions of Corollary 1, it suffices to

show that the following inequality involving the Chernoff distances is true
CJ'('S’ i’T) 2 éj(s, iT) (55)

for j = 0,1, where C;(s, L1) are the Chernoff distances for the matched case. Indeed, this

is satisfied for j = 0,1, because as shown in the proofs of Propositions 4 and 2:

[ eras [ Gt
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and

T 3,(t) - 30(t) T 5,(t) — do(t) ,
/0 R MOLE /0 e YO

where 3o(t) = so(t).

Similarly we can prove the above proposition under the conditions of Corollaries 2, 3,
and 4. The following proposition holds for any of the robust tests described in Corollaries
1-4.

Proposition 7: For problem P; with the uncertainty models for the signal and the noise
described in Corollaries 1-4, if the likelihood ratio tests of (37) or (41) are employed, then
the Chernoff upper bounds on the error probabilities of approach zero exponentially with
increasing T' despite the uncertainty .

Proof: Because of the definitions (45)-(46) and (55) (which was essential for proving

Proposition 6), it suffices to show that

- a

Ci(s,L1) >0 (56)

for all s in [0,1]. Indeed, from (50) with ¢1 and ¢; as defined there but with s;(t) replaced

by 3; for j = 0,1 we obtain

Co(s, L) = -}-[c,s2 + co8 ~ s/o f—l(—fl(:t)%)g—) So(t)dt)

T 31 - 2

and similarly from (51)

rs Ir) = %w st [ T—’—(—[‘—)E-;g“—) 52(1)d4

- T [51(2) = o(t)]?
= )/ ‘2[ (t)‘])z I Z TN dt > 0.

Notice that the Chernoff distances in the matched case are strictly nonzero for 3,(t) #
30(t), 0 <t < T. Also, Cy(s, L) = Co(s, L) for all s in [0,1].
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If the limit limz o0 7 foT %"}%dt exists, then C;(s, L) (j = 0,1) becomes inde-
pendent of T and thus the Chernoff bounds on the error probabilities decrease exponen-

tially to zero with constant rate, as T increases.
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IV. MINIMAX ROBUST BLOCK DISCRIMINATION FOR P;
The criteria employed for the robust design in this section are the Chernoff bounds
on the error probability and the divergences induced by them. The divergences under

mismatch are defined as follows:

T(E) = Cifs, Dlumo = ~ 10 THam, (57)
dP,
and
. . dP
L(E) = Ci(8, L)]smo = j In EFZM, (58)

where ’ denotes derivative with respect to s; similarly the regular (matched) diver-

gences are defined as

Io(L) = Clh(s, L)|s=0 = - / In iﬁdﬁo > 0, (59)
dpP,
and
f(E) = C(s, L)lomo = / m%ap 50, (60)
dFP,

The strict positivity of the matched divergences for P, # Py can be easily established
with the help of Jensen’s inequality. In [10] the divergences were considered in the context
of robust discrimination problems from discrete-time observations. The usefulness of the
‘divergence distance measures lies in (i) their relation to the Chernoff bounds on the error
probabilities of the hypothesis testing problems, which enables us to carry over inequal-
ities valid for the divergencxes to similar inequalities on the Chernoff distances, and (ii)
the simplicity of their form which enables us to prove dominance properties (inequalities
for minimax robustness) for them, which are impossible to prove directly for the error
probabilities or the Chernoff bounds on them for a variety of pfoblems with statistical

uncertainty.
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From the form of the Chernoff bounds (45)-(48), we notice that the the exponents of
the bounds are convex functions of s in [0, 1]. Therefore, in order to prove inequalities of

the form (53)-(54) which are equivalent to inequalities of the form (55)
Ci(s, f/T) 2> C'j(s, i/T)

Vs € [0,3] for some § > 0, we need to prove the equivalent inequalities between the

mismatch and matched divergences:

a

Ii(Lr) = Ci(s, Lr)ls=o0 = Ci(s, L1)ls=o = Li(Lr); §=0,1, (61)

Thus the final criterion turns out to be the divergences under two hypotheses, which
can be easily obtained from the likelihood ratio function (14) and the following form of

solution of Y; in P; (see [4.4 of 9]) under H; (7 =0,1)
t t t
Y, = exp[/ s;(t)dt] Xo +/ exp[/ si(n)dn)dW,, 0<t<T (62)
0 0 T

Xo has a standard normal distribution and Y, is independent of the noise N, = W(r) for
T > t under either hypothesis. Substituting (62) into (14) and using the independence of
Y; and W, for 0 < 7 < 1, we have the following general forms for the mismatch divergences

of P2 under the assumption E;[Y{?] < oo for j =0,1:

Io(so(t), s1(t),0(t), L) = —Eo{lnlr}

= —Eof- j 8‘(2? (t)’j‘;(t) 81(2) + 3o(1) — 2s0(2))Y,2d

31(2) — 36() o, 14
+/0 A A4t thtdt}

a(t)
/OT f_x%z_t%;(ﬁ [81(2) + 30(t) — 250(1)] Eo{ ¥ }dt
/OT %8}.(;_(2 [61(2) + Bo(t) — 250(t)]
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{exp[2 ./o ‘ so(n1)dn] + ./o ‘ exp[2/1: so(m1)dn)[o(r2))?dr, ) dt

(63)
Ii(so(t), 1(1),0(t), Lr) = Ei{InLr}

= B / 31(2? t)sjg(t)[z 1(2) = 31(t) = 3o(t))V2d2 |

+/ i (t;O(t)Y‘Wtdt} |

= [ 20 - a0 - sl

= /0 ’ ————-élgli}zt;‘;(t)[zs,(t) = 35(2) - 50(2)]

{exsl2 | si(r)dn] + / ‘ expl2 / :sl('rl)drl o (ra)Pdra}dt
(64)

where E;[W,W,] = o(u)a(v)é(x ~ v) (j = 0,1). Furthermore, the matched divergences

are

10(50(1),31(t),&(t),i1‘) = —Eo{ln.ilr}

T [81(8) - So(0)}
o 2[6()

{exp|2 /0 t 3o(m1)dn) + /o texp[2/1: 30(71)dn)[6(72))2dr; ) dt

(65)

Ey{in Lt}

T [8:(1) - &)
o 2(6()

L(30(t), 31(2), 8(t), L1)

]

{exp[2 /0 ‘ 31(n)dn)+ /o'exp[2-/: sl(Tl)dTI][a(tg)]szg}dt\ o

(66)
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Within this framework, we pursue the least-favorable pair within the class of likeli-
hood ratio tests for the divergences, and thus for the Chernoff bounds on the two error
probabilities, for different uncertainty classes. It turns out that we can prove the following -
proposition, in which the signal so(t) under hypothesis Hy is a known time function and

the noise quantity o(t) in P; belongs to the class:
B = {a(t)lo(t) 2 or(t), Vt€[0,T]} (67)

In comparing this class to that of (11) we notice that it is characterized by a minimum
r:ather than a maximum element.

Proposition 8: For problem P, with signal uncertainty within the class (10) and noise
uncertainty within the class (67), if 3;(t) = s3,1(t) > s0(t) = 3o(t) and &(t) = or(t), then

the likelihood ratio test based on

i g 8P _ T 81 - %) T 1@ ~ [Bo(1))?
bir =gt = /0 AR Y- i T A C)

is minmax robust for the divergences and thus for the Chernoff bounds on the error

probabilities under two hypotheses; that is
Li(so(t), s1(t)a(t), LT) > I;i(30(t), 3:(2),8(t), LT); j=0,1 (69)

Proof: By comparing (63) with (65) and (64) with (66), respectively, we can readily
establish the desired inequalities (69) for j = 0, 1.

The following proposition follows directly from Proposition 8 in the same way that
Proposition 7 followed from Proposition 6:
Proposition 8: Under the conditions of Proposition 8 the Chernoff upper bounds on the

error probabilities approach zero exponentially with increasing T despite the uncertainty.
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V. MINIMAX ROBUST SEQUENTIAL DISCRIMINATION FOR HOMO-
GENEOUS P,

Here we design a minimax robust sequential discriminator based on a robust version
of the sequential probability ratio test (SPRT) for the case that the signals and
the variance of noise in P; are time invaria.ﬁt, that is, when so(t) = $o, 81(t) = 8; and

o(t) = o; in this case the observations follow the equation
dY; = s;dt + dW;, i=0,1

where W’, is a Wiener process with zero mean and intensity function o. As in the previous
sections, symbols with a hat denote least-favorable pairs of probabilities and the likelihood
ratios based on them, symbols without a hat denote the actual operating conditions of
P1. From Lemma 2 [eq. (13)] we know that for this particular case, the likelihood ratio

function has the following form

Inl, = m-‘z‘-
dP,

= %}ﬁlfndt— f%gzigr (70)
for observations over the interval [0,7]. In this section we also assume, without loss of
generality, that Yo = 0. Let & and B be the error probabilities under hypotheses Ho and
Hy, respectively, and A, B be the two thresholds involved in the SPRT when the actual
operating conditions are matched to the assumed signals and noise variance 3;, 5o, and 4.

The SPRT operates as follows: if L, > B hypothesis H, is decided; if L, < A hypoth-
esis Hy is favored; finally, if A < I, < B more observations are collected. The time 7 that

tany of the two thresholds is crossed is termed the stopping time. According to [11] for
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continuous-time SPRTs, &,3, A and B are related as follows

._ B

A=1-3 (71)
and

- 1-8

B=2- (72)

As usual, we make the regularity condition that
‘a+pB<1 (73)

i.e., the false-alarm probability (a) is smaller than the power (1 — B) of the test. From
(71)-(73) one obtains that 0 < A < 1 < B.

Under mismatch, we have the following definitions for the error probabilities
a = Py(L, > B), 8= P(L, < A),
while for the matched case
6=Po(Lr 2 B), f=P(L. < A)

Under mismatch the expected stopping times under the two hypotheses are denoted
by E;{r|L.} (j = 0,1); for t'he matched case they are denoted by E;{r|L,} ( = 0,1).
Next we derive the following proposition for the situation characterized by mismatch:

Proposition 10: Suppose A and B (0 < A < 1 < B) are the thresholds of the SPRT for
a homogeneous P;. If the signals and the noise variance (éo, 3;,6) are used in determining
the likelihood ratio of (70) which is employed by the SPRT, while the actual operating

conditions are characterized by (sg, $;,0), then the following identities hold

7 _2&2“)(&’ 59 a)
EO{TILT} - (51 - 50)(230 - 51 - 50)’

(74)

32



26%w(B, &, B)
(31 — 80)(281 — 81 —~ &)’
Ar 1

El{rli;‘r} =

0(80, 0, LT) == m
and
s Bn—1
ﬂS,U,I/ e T W
ol = Gogm 1
where
1-% i
wii,j,z)=(1-2)ln——+2zln -,
(6,2 = (1= 2)n == 4 oln
5’2(280 o 50)
Yo = — 53—
0%(3; — 3p)
and
6%(2s; — §; - 3
o = (281 — 81 — 30)

02(51 - 50)

Proof: First we prove (74) and (75). Let

1 ift<r

I
0 ift>r

be the indicator function of the set {t < r}, then

Fof /TY,dt} = Eof / Yel,dt)
0 0

/0 * Eo{Y:} Eo{L}dt

= s / Po(r > t)dt
0

= soEo{r}

(75)

(76)

(7

(78)

(79)

(80)

where we used the fact that Y; and I; are independent (this is a result of the independence

of Y and Y, _for t # u, the stopping time 7 depends on all Y, for 0 < u < 7 but not on
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the current value ¥;). Then, under the actual operation conditions, we have

P 252

b, _ pidr=do [Ty, 8-
Bofn 5} = Eo(?ig /o Yidt - L=70r)
CEL GRS
and
dp . L. . sl s
Eo{ln-;i—}:)— = Po(L-r Z B)IIIB + Po(LT S A) InA
0 .
_ 1-8 B
= aln—=+(1-a)n—
= —w(d,ﬁ,a)

Thus (74) follows from the above two expressions for Eo{ln L,}. Eq. (75) can be shown
in a similar way; the proof is omitted.

Next we prove (76) by using the method provided in Section 6.4 of [12] and omit the
proof of (77). Let us define h; = (§; — 39)/6> and hy = (% — 53)/26%. Then under the

assumption Yy = 0, we have

(30,0 30,81,6) = Po({L, crosses InB before In A}|Y; = 0)

Py({Z; crosses In B before ln/i}|ZO=0)

where Z; = h fg Y,du — hyt and, under Hy, Z; has normal distribution with mean (h;30 -
hs)t and variance h?02t. Then according to Section 6.4 of [11] we can think of & as &(0),

where a(z) is a function of the initial condition Zy = z and write the following expression
a(z) = Eola(z+ Z)} + o(h)

. where o(h) denotes t.hé probability that the process would have already crossed one of th_'e
barriers by the time'h and Z = Zp~2p = Zp ~z. Notice that Z has a normal distribution
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with mean (hyso — ho)h — z and variance hio?h. Expanding oz + Z) around 2z + Z = 2

inside the expectation Eo{} in the previous equation we obtain
a(2) = Egla(2) + &/(2)Z + &"'(2)Z* /2 + - - | + o(h)

where o/(z),a”(2)--- denote the nth-derivative (n = 1,2,--) of a(z) with respect to z.

Letting A — 0 and taking the expectation, we have the following differential equation

5’(230 - .§0 - 31) ' 1 "
= =0
22— )50 ()

By solving this differential equation with respect to a(z) and using the appropriate bound-
ary conditions for the two barriers, a(ln B) = 1, a(ln A) = 0, we obtain for z = Zy = 0

An -1
T (B-1A)r -1

a = af0)
with 7o defined in (79). This completes the proof of this proposition.
Equipped with the above proposition, we now state and prove the main result of this
section for the minimax robust discriminator of homogeneous P;.
Proposition 11: For problem P; with signal and noise uncertainty within the homoge-

neous classes (9)-(11), suppose 31 = s11, > sou = S0 and & = oy, and that the (73) and

the following conditions on the desired error probabilities of the SPRT are satisfied:
In[(1 - B)/a] > Bin[(1 - &)(1 - §)/(aB)] (81)
In[(1 - &)/B] > an[(1 - &)(1 - B)/(aB)] (82)

then the SPRT based on the likelihood ratio of (70) is minimax robust with respect to

both the error probabilities and the expected stopping times under the two hypotheses;

that is

A

(80,0, L) < a(80,0,L,) =

[unry
{
Y

&
[l

, (83)

m>
I
b
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A(B -1)

ﬂ(sha) ilf) < ﬂ(él’&’ L‘r) = [‘; = ﬁ _ /i ’ (84)
and -
Ej{r|L} % Ej{r|L.}, §=0,1 (85)

Remark 1: Conditions (81)-(82) are not too restrictive, they are easily satisifed if both
& and f are smaller than 10’,‘2.-

.Rer:ﬁark 2: The ixiequa.lity in t85) is not an inequality in the strict sense; it is however a
'valid inequality for all practica.l' purposes when (81) and (82) are satisified.

Remark 3: As & — 0 and i ——~> 0 the stopping time 7 — oo and (85) become inequalities

in the strict sense:

. 262In A ~252InA . . s
E, 7§ = = T
oL} (51 — 30)(2s0 — 31 — 30) ~ (51— %0)? Eo{riL-} (86)
- .2 : “2 z -~ -
E{r|i.} = 26“In B 26“ln B = Ey{r|L.) (87)

(31 — 30)(281 — 31 ~ 30) ~ (51 — 0)?
The above expected stopping times under the conditions @ — 0 and B — 0 are termed
the asymptotic speeds of the SPRT.

Proof: We only show (83) and (85) for j = 1; a similar proof can be obtained for (84)
and (85) for j = 0. First we prove (83). From Proposition 10 we notice that o depends

on (sg,0) only through 7o. Taking the derivative with respect to 7o, we have

do(10) _ _ (B1A)
0 ((BAm 1)

[(1- B®)In A 4 (A® —1)In B].

Let G(70) = (1 — B®)In A 4 (A™ — 1)In B. Then the sign of the above derivative is
determined by the sign of G(70). Since the derivative of G(yo) with respect to 7o is
nonpositive

4G(0) _ 1y i B(A™ - B®) <0
. d“)‘O ‘ 7
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4G(0) _ 1 A B(A™ - B™) <0
dvo

for 0 < 0 (InA < 0 < In B), then G(70) is a decreasing function of yo for 49 < 0, and
thus G(70) > G(0) = 0 for 4o < 0. Consequently, a(yo) is an increasing function of 4o for
7o < 0. From the uncertainty classes (9) and (11) in the homogeneous case: sp < Sou = 3o
and o <oy =6, anc:I thus we can easily show that
Y% < -1
where the equality holds when (\;o,a) = (80,0). Therefore,
a=a(y)La(-1)=a

which proves (83). Similarly, to prove (84) we first show that 8 is a decreasing function
of 4; and that 1, > 1.
Next we show (85) for j = 1. Since from (84) f <  we use the assumption (81) to

obtain

In[(1 - B)/&] > Alul(1 - &)(1 - B)/(&B)] = BIn[(1 - &)(1 - B)/(aB))

Then by using this inequality and the form of E,[r|L,] from Proposition 10, we have

. 26 | 1-4 B
ErfrlL] (31— 30)(2s1 — 31 — 30)[(1 el el -l
- 257 o 1=8

(31-30)(2s1-81-3) &

Using (81) directly and the form of E;[r|L,] from Proposition 10 for the matched case,

we obtain
o] = 20 v 1B . 5y B
'E1[7'|L+] T_W[(l-ﬂ)hl 3 +ﬂln1~&]
262 1-8
(51-—50)21n &
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Both the above equations are approximations. However, as noted in Remark 1 above,
conditions (81)-(82) are easy to satisfy, and this guarantees that the deviations of the
numerators in both of the above equations from the common value In l—f;é are negligible.
Since the denominators are expected to be substantially different for almost all elements
8p and 8 -in the uncertainty g;lasses, for all practical purposes the above approximations
maintain the di:\stix'lct features pf the two quantities and allow us to compare them with each
other with@ut ;ny measurable ';loss in accuracy. Indeed, by using the fact that s; > 81, = §;

we obtain

El[rlf,,] < E [‘rlf,,]

which completes the proof.
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V1. CONCLUSIONS

In this paper motivated by practical situations in target discrimination we consid-
ered binary hypothesis testing problems in continuous-time characterized by observations
which (i) consist of distinct signals in additive white Gaussian noise or (ii) are the output
of stochastic dynamical systems dri\-'en by white Gaussian noise. The statistics of the
observations in both proBlems were ;only partially known. The goal of the paper was to
robustify the continuéms-time djscrii;nina,tion tests against statistical uncertainty in the
observations. In pa.rti':cular, the signals in the ﬁrgt model, the parameters of the dynam-
ical systems in the second model, and the autocorrelation functions of the noise in both
models were modeled to belong to one of the following distinct uncertainty classes: (1)
classes determined by 2-alternating capacities and (2) classes with minimum or maximum
elements. These uncertainty classes include many popular models as subcases and can
model effectively many practical situations. In the course of reviewing the theory of 2-
alternating capacities we also extended Huber’s results on minmax robustness within such
classes to more general functionals than the average risk.

We then derived minimax robust discrimination tests (a) with a fixed observation
interval and (b) sequential tests. The likelihood ratios of all the robust tests depended on
the least-favorable pairs of parameters in the aforementioned uncerta;inty classes and were
shown to have an acceptable level of performance despite the uncertainty. For the robust
tests with a fixed observation interval the performance measures considered for problem
(i) were the actual erfor probabilities under the two hypotheses and the Chernoff upper
bounds on them; the létter were shown to pr:eserve their desirable asymptotic properties

(in the sense that they approach zero exponentially as the observation interval increases)
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in the presence of the uncertainties. For problem (ii) we provided results only for the
Chernoff bounds and the associated divergences. Finally, we derived the robust sequential
test for problem (i) v‘vith time-invariant parameters; in this case we used as performance
measures the error probabilities and the average required length of the observation interval

under each hypothesis.

40



References

{1] S. A. Kassam and H. V. Poor, "Robust techniques for signal processing: a survey,”

Proc. IEEE, pp. 433-481, Mar. 1985.

[2] E. A. Geraniotis and H. V. Poor, “Minimax discrimination for observed Poisson
processes with uncertain rate functions,” IEEE Transactions on Information Theory,

Vol. IT-31, pp. 660-669, September 1985.

[3] P. J. Huber, “A robust version of the probability ratio test,” Ann. Math. Stat., vol.

36, pp. 1753-1758, 1965.

{4] S. A. Kassam, "Robust hypothesis testing for bounded classes of probability densi-

ties,” IEEE Trans. Inform. Theory, vol. IT-27, pp. 242-247, 1981.

[5] K. S. Vastola and H. V. Poor, "On the p-point uncertainty class,” IEEE Trans.

Inform. Theory, vol. IT-30, pp. 374-376, Mar. 1984.

[6] P. J. Huber and V. Strassen, "Minimax tests and the Neyman-Pearson lemma for

capacities,” Ann. Statist., vol. 1, pp. 251-265, 1973.

[7] T. Kailath, ”A general likelihood-ratio formula for random signals in Gaussian noise,”

IEEFE Trans. Inform. Theory, vol. IT-15, pp. 350-361, May 1969.

[8] T. E. Duncan, "Probability densities for diffusion processes with applications to non-
linear filtering theory and detection theory,” Ph. D. dissertation, Dep. Elec. Eng.,

Stanford Univ., Stanford, Calif., May 1967.

[9] H.J. Larson and B. 0. Shuberf, Probabilistic Models in Engineering Sciences: Volume

II. New York: John Wiley & Sons 1979.

41



[10] E. A. Geraniotis, "Performance bounds for discrimination problems with uncertainty

statistics,” IEEE Trans. Inform. Theory, vol. IT-31, pp. 703-707, September 1985.
[11] A. Wald, Sequential Analysis. New York: John Wiley & Sons 1974.

[12] S. M. Ross, Stochastic Processes. New York: John Wiley & Sons 1983.

42



