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1. Executive Summary

The overall objective of this project was to study quantum computing (QC) concepts in an
integrated way and apply design automation techniques, such as synthesis, simulation and testing
to quantum logic circuits via mathematical and algorithmic models implemented in software. The
project considers the interplay between conventional and quantum logic design issues, with the
goal of obtaining a deeper understanding of both areas. The approach employed is not limited to
particular circuit styles, and is useful for a variety of implementation technologies. A key feature
of this effort is extensive computational experimentation at scales uncommon in QC research. In
the course of this project we obtained a deeper understanding of the relation between the
computer-aided design (CAD) requirements for classical and quantum computing. We concluded
that quantum design automation (QDA) is a necessary enabling factor in achieving scalable
classical and quantum circuits.

The project’s main accomplishments include the development of efficient and practical synthesis
methods for quantum circuits, new theoretical results on optimal quantum computations, and
improved high-performance simulation techniques. Our early work on reversible circuits
(quantum circuits are required to be reversible) proved that a well-known result of Toffoli’s on odd
permutations cannot be improved. We also contributed synthesis algorithms for reversible circuits
and statistical studies of optimal circuits that are now commonly cited. In July 2004, our paper on
reversible circuit synthesis in the IEEE Transactions on CAD received the IEEE’s Donald O.
Pederson Best Paper Award. For n-qubit operators, our algorithms can synthesize automatically
the best known circuit so far, and are within a factor of two of the optimum (which existing
techniques cannot yet find in general). For two-qubit circuits, we obtained a comprehensive
classification that allows one to achieve optimal CNOT counts for every possible input operator. In
quantum circuit simulation, we introduced a new data representation for QC vectors and matrices,
the quantum information decision diagram (QulDD). Using QulDDs, we implemented a
high-performance quantum simulation program QuIDDPro, which is being used by about 20
research groups in the U.S. and elsewhere. QuIDDPro remains the highest-performance simulator
in its class. We published a substantial number of papers on our research, and created a website
http://proton.eecs.umich.edu/UMQuS to facilitate the use of our algorithms via the Word Wide
Web. We interacted with experimentalists at the University of Michigan and elsewhere who work
on implementation of quantum circuits. We also cooperated with other QuIST-sponsored QC
researchers at NIST, LANL, MIT and Columbia. In addition, we made efforts to popularize QC
research in the broader CAD design community via talks and tutorials at various conferences and
universities in the U.S. and Europe.



2. Introduction

The physics Nobel Laureate Richard Feynman observed in the 1980s that simulating quantum
mechanical processes on a standard or classical computer seems to require super-polynomial
memory and time [8]. For instance, a complex vector of size 2" is needed to represent all the
information in n quantum states, and square matrices of size 2" are needed to model (simulate) the
time evolution of the states [11, 13]. Consequently, Feynman proposed quantum computing,
which uses the quantum mechanical states themselves to simulate quantum processes. The key
idea is to replace bits with quantum states called qubits as the fundamental units of information. A
quantum computer can operate directly on exponentially more data than a classical computer with
a similar number of operations and information units.

Since Feynman's day, various practical information processing applications that exploit quantum
mechanical effects have been proposed. QC algorithms have been discovered to quickly search
unstructured databases [7], and to factor numbers in polynomial time [15]. Implementing

such quantum algorithms has proven very difficult, however, in part due to errors caused by the
environment [9, 12]. Quantum mechanics has been successfully employed to enable secure key
exchange for encrypted communication since the act of eavesdropping can be detected as
destructive measurement on quantum states [2, 3]. A related application is the design of reversible
logic circuits. The operations performed on qubits in quantum computation must be unitary, so
they are all invertible and allow re-derivation of the inputs given the outputs. This phenomenon
gives rise to a host of potential applications in fault-tolerant computation. Since reversible logic,
secure quantum communication, and quantum algorithms can be modeled as quantum circuits [13],
the quantum analogue of digital logic circuits, quantum circuit simulation could be of major
benefit to these applications. In fact, any quantum mechanical phenomenon with a finite number of
states can be modeled as a quantum circuit. Unfortunately, the very problem which brought forth
quantum mechanics as a useful computational tool is the same problem which, in general, renders
quantum circuit simulation on a classical computer intractable.

We have investigated the synthesis of efficient quantum logic circuits which perform two tasks:
implementing generic quantum computations and initializing quantum registers. In contrast to
conventional computing, the latter task is nontrivial because the state-space of an n-qubit register
is not finite and contains exponential superpositions of classical bit strings. As a special case, we
have analyzed the case of 2-qubit circuits and identified circuit topologies that can implement any
unitary 2-qubit quantum computation with up to 3 CNOT gates. Our circuit synthesis work is
reported in detail in Section 3 of this report.

Software simulation has long been a valuable tool for the design and testing of classical digital
circuits. This problem too was once thought to be computationally intractable. Early simulation
and synthesis techniques for n-bit circuits often required O (2") runtime and memory, with the
worst-case complexity being typical. Later algorithmic advancements ushered in the ability to
perform circuit simulation much more efficiently in practical cases. One such advance was the
development of a data structure called the reduced ordered binary decision diagram (ROBDD) [5],



which can greatly compress the Boolean description of digital circuits and allow direct
manipulation of the compressed form. Simulation may also play a vital role in the development of
quantum hardware by enabling the modeling and analysis of large-scale designs that cannot be
implemented physically with current technology. Unfortunately, straightforward simulation of
quantum designs by classical computers executing standard linear-algebraic routines requires O
(2" time and memory [8, 13]. However, just as ROBDDs and other innovations have made the
simulation of large classical computers tractable, new algorithms can allow the efficient
simulation of quantum computers in many important cases.

Interestingly, if a classical computer can simulate a quantum computer that is solving a particular
problem, then the classical computer is computationally as powerful as the quantum computer for
the problem in question. Therefore, by discovering new classical algorithms that efficiently
simulate quantum computers in certain cases, we can probe the limits of QC. In light of this, it
might seem that simulation for the sake of improving quantum hardware introduces competing
goals. However, the error correction schemes developed via efficient classical simulation apply, in
principle, to other QC tasks that cannot be simulated efficiently. Such simulation can be used as a
tool to address the following issues:

1. Characterizing the effect of various errors in practical quantum circuits.
2. Developing and testing multi-qubit error correction techniques to cope with such errors.

3. Exploring the boundaries between the quantum and classical computational models.

In the course of this project, we conducted a large body of research addressing these topics. This
resulted in the development of the Quantum Information Decision Diagram (QulDD), which
facilitates efficient simulation of a non-trivial class of quantum circuits [17 - 21]. QulDDs are
discussed in detail later. We also devised significant extensions to the QuIlDD data structure that
enable efficient simulation with density matrices, which form's a useful tool for incorporating
error effects. In addition to QulDDs, we enlisted a variant of Vidal's simulation method [22] to
accurately characterize the effects of gate and systematic error in a quantum circuit that generates
remotely entangled EPR pairs. An interesting point about QuIDDs and Vidal's technique is that
they can achieve efficient simulation without approximation. Our quantum simulation research is
discussed further in Section 4 of this report.

Postulates. Next we outline the basic concepts of quantum computation and quantum circuits. We
also discuss the ROBDD data structure, which is required to understand our work involving
QulDDs. Quantum computing is grounded in quantum mechanics, which is governed by four
fundamental postulates. Any simulation of QC must implement these postulates in some form if
true quantum behavior is to be modeled [13, 14].

Postulate 1. Quantum states are represented as vectors in a Hilbert space.

Since the vectors that arise in quantum computing have finite size, the Hilbert space of quantum
states is a complex-numbered vector space with an inner product. This means that qubits, which
are quantum states, are represented as vectors for which we can compute inner products. Two
low-energy stable states are used to represent the classical values 0 and 1 and are referred to as



computational basis states. Like an analog signal, the range of qubit values is a continuum of
values between 0 and 1. However, unlike an analog signal, these values denote a probability of
obtaining a 0 or 1 upon measurement of a qubit. More formally, given a state vector for some qubit

W)= [“} in the standard Dirac notation, o and f are complex numbers (probability amplitudes)

and|a'|2 +| ,8|2 =1. |0(|2and | ,8|2 are the probabilities of measuring the qubit as a 0 and as a 1,

respectively. One can think of o as the amount of “zeroness” and P as the amount of “oneness"

1 0
that the qubit contains. The basis states O and 1 have the form |0> = {O} and | 1> = L} , respectively.

Postulate 2. Operations on quantum states in a closed system are represented using matrix-vector
multiplication of the quantum state vector by a unitary matrix.

This postulate describes special types of matrices that are analogous to logic gates in classical
computation. A unitary matrix has the property that its adjoint equals its inverse. (The adjoint of a
matrix is its complex conjugate transpose.) Unitary matrices are operators which can be used to
modify the values of qubits like logic gates, so the terms operator and gate are used
interchangeably. Unlike classical logic gates, however, all quantum operators are reversible. Thus,
by keeping track of the operations performed on a set of qubits, any quantum computation can be
reversed by applying the adjoint of each operation in reverse order. An example of a commonly
used operator in quantum computing is the Hadamard operator which has the form

1 1

2

This operator is frequently used to put a qubit into an equal superposition of 0 and 1.

Postulate 3. Measurement of a quantum state|‘P> involves a special set of operators. When such
an operator Q is applied to|‘P> , the result will be one of the eigenvalues  of € with a certain

probability. Measurement is destructive and changes the measured state |‘P> t0| a)> .

In the QC context, this postulate has two main consequences. The first is that measuring the value
of a qubit destroys its quantum state, forcing it to a classical 0 or 1 value. The second consequence
is that measurement is probabilistic. There are several different types of measurement, but the one
that is most pertinent to this discussion is measurement in the computational basis. This involves

measuring with respect to the |0> and |1> basis states of a qubit, forcing the qubit to a classical O or

1. The actual outcome depends on the probability amplitudes in the superposition of the qubit.
Another form of “measurement” can and often does occur prematurely in quantum systems. This
comes in the form of interference from the environment surrounding the qubits and is known as

decoherence. In practice, it is difficult to isolate stable quantum states from the environment, and
since measurement of any kind is destructive, a computation can easily be ruined before it

4



completes. This problem is one of the greatest technological hurdles facing the physical realization
of quantum computers [9, 12, 13].

Postulate 4. Composite quantum states are represented by the tensor product of the component
quantum states, and operators that act on composite states are represented by the tensor product of
their component matrices.

This postulate enables the description of multiple qubits and multi-qubit operators via a single
state vector and matrix, respectively. The tensor product is a standard linear algebraic operation.
Given two matrices (vectors) A and B of dimensions M4 X N4 and Mg X Np, respectively, the tensor
product A ® B multiplies each element of A by the entire matrix (vector) B to produce a new matrix
(vector) of dimensions MsMp X NaNp. To illustrate, the tensor product of two complex-numbered

vectors V = Ej and W = LCJ is given by

ac

ad
VW =
bc

bd

In general, there is no restriction on the dimensions of tensor product operands. Matrices of
different dimensions can be tensored together, as can vectors and matrices. However, in the
quantum domain, we typically compute the tensor product of square, power-of-two-sized matrices
to create larger operators (postulate 2), and also the tensor product of power-of-two-sized vectors
to create larger composite quantum states (postulate 1). Dirac notation offers a simple short-hand
description of composite quantum states in which the state symbols are simply placed side-by-side

within a single ket. For the preceding example, the Dirac form is |VW> To illustrate the
construction of composite quantum operators, we turn to an example involving the Hadamard
operator. A Hadamard operator that can be applied to two qubits is constructed via the tensor
product of two Hadamard matrices:

L L
V2o 2 2 2
B I T L
V2o 2 (g2 V2 |Z|V2 V2 V2 2
B I e I P
2 2 2 V2

The above examples show that n qubits can be represented by n - 1 tensor products of single qubit
vectors, and operators that act on n qubits can be represented by n - 1 tensor products of single
qubit operators. The size of a state vector resulting from a series of tensor products on n single
qubit vectors is 2". Similarly, the size of a composite operator which can be applied to n qubits is a



matrix of size 2%, It is postulate 4 which gives rise to the exponential complexity of simulation of
quantum behavior on classical computers. A straightforward linear algebraic approach to such
simulation would have time and memory complexity O (2**) for an n-qubit system.

Properties. An interesting property of quantum states is that they cannot be arbitrarily copied [13].
This points to another fundamental difference between quantum and classical computing. In
classical logic circuits, a wire can fan out from the output of a gate and feed into many other gates.
This is not possible in the quantum domain for an arbitrary qubit. However, this is not a limitation
because quantum states that are known to be orthogonal to each other (including the computational
basis states) can be copied. However, if it is known that the quantum states are orthogonal, they

can be copied. This implies that the computational basis states |O> and |1> can be copied. Since

these states are analogous to the classical bit values 0 and 1, the no-cloning theorem demonstrates
that quantum computers are at least as powerful as classical computers.

A standard quantum operator used to copy computational basis states (among other functions) is
called the CNOT or controlled-NOT operation. It is a unitary matrix (in accordance with postulate
2) that acts on two qubits. One is the control qubit while the other is the target qubit. When the

control qubit is in the |1> state, the CNOT is “activated”, and the state of the target qubit is flipped

from |0> to |1> or vice-versa. If the control qubit is in the |0> state, the target qubit is unchanged.

When both the control and target qubits are in the computational basis states, CNOT performs the
same function as the classical XOR gate where the target qubit receives the value of the XOR of
the control qubit and the old target qubit value. To demonstrate, a CNOT operator is shown below

changing the state vector |10> t0|11> .

1 0 0 ofo] fo
01 0 00| |0
000 1(1] |0
001 0f0] |1

An extension of CNOT is the Toffoli operator, which is basically a CNOT with two control qubits
and one target qubit. In this case, the value of the target qubit is flipped if both control qubits are in

|1> state. Hence given two control qubits a and b and a target qubit ¢, the Toffoli gate causes c to

become ¢ @ ab. The Toffoli gate is universal in the sense that it can affect any form of classical
computation.

Yet another interesting property of quantum states is entanglement. Two quantum states are
entangled if the measurement outcome of one state affects the measurement statistics of the other
state. A simple example of entangled states is the Bell state or EPR pair. Suppose two parties,
Alice and Bob, each have their own qubit, and the state of both qubits together is given as

|‘P AB> = |O 40, >, where the subscript A denotes the portion of the state due to Alice's qubit, and the

subscript B denotes the portion due to Bob's qubit. An EPR pair can be generated from this state by
applying a Hadamard gate and a CNOT gate as follows:



1
¥ =(CNOT)(H®I)0,0,)=—(0,0 1,1
| EPR> ( X )| A B> ﬁ(| A B>+| A B>)

The utility of this state lies in the fact that if Alice measures her particle and obtains a 0, then Bob
will subsequently also obtain a 0 upon measurement of his particle (the same holds true for a
measurement of 1). Once the EPR pair is created, the measurement outcomes of each qubit are
correlated even if Alice and Bob physically separate their qubits by any distance. As a result,
entanglement has applications in quantum teleportation [4] and secure public key exchange [2,
3].

Density Matrix Representation. An important extension of the state vector is the density matrix.

In general, the density matrix for a quantum system is defined as p =X, pi|‘Pi ><‘Pl , where i

iterates over each state vector in the quantum system, and p; is the probability of obtaining some
state vector |‘Pl> from the system. For the purposes of quantum circuit simulation, however, it is

sufficient to define an n-qubit density matrix as p = |‘Pi ><‘Pl

, where |‘Pl> is a state vector for a
sequence of n initialized qubits, and <‘Pi | is its complex-conjugate transpose. In other words, p is a

2" x 2" matrix constructed by multiplying a 2"-element column vector by a 2"-element row vector.
This operation is also known as the outer product. To illustrate, when |‘Pl> is a single qubit,

/)=|‘P><‘P|:m[c‘*bﬂ:[Zzz ZZ:}

Like the state vector model, a gate operation U can be applied to a density matrix, but it takes the
form UpU™, where U", is the complex-conjugate transpose of the matrix for U.

Perhaps the most useful property of the density matrix is that it can accurately represent a subset of
the qubits in a circuit. One can extract this subset of information with the partial trace operation,
which produces a smaller matrix, called the reduced density matrix. To understand how this

extraction is done, consider the following example in which a 1-qubit operator U is applied to two

qubits |‘P> and|<1>> . The density matrix version of this operator is

U ®U)|YP)NYP|U ®U)" =|¥P') VPP’

The state of |CI>> alone after U is applied, for instance, can be extracted with the partial trace

operation tr(U |‘P><‘P|U U |CI>><CI>|U . Here tr is the standard trace operation, which produces a

single complex number that is the sum of the diagonal elements of a matrix. Note that the partial
trace “traces over” the qubit that is not wanted, leaving behind the desired qubit states. Using the
partial trace to extract information about subsets of qubits in a circuit is invaluable in simulation.
Many practical quantum circuits contain ancillary qubits which help to perform an intermediate
function in the circuit but contain no useful information at the output of the circuit. The partial
trace therefore allows a simulation to report the density matrix information only for the qubits that
contain useful data.



Another application of the partial trace in quantum circuits is the modeling of noise from the
environment. Coupling between the environment and data qubits can be modeled as the tensor
product of data qubits with quantum states controlled by the environment [13]. In such a situation,
the partial trace can be used to extract the state of data qubits after being affected by noise. For
these reasons and others, it is crucial that a quantum simulator support the density matrix
representation.

JA>__| ] : A
5 T Gate G2
B>___ Lo ¥ JAED B> = sum
! T NL
Gate G1 Prom--- !
jC>__ . ! |CEB (A AND B)> = carry

Figure 1: Reversible quantum half-adder circuit

Quantum Circuits. These are analogous to circuits at the logic design level of classical
computation, and it is standard practice to model quantum computation at the quantum circuit
level. The two major components in a quantum circuit are the qubits (postulate 1) and the operators
or gates (postulate 2). The values of the qubits are observed through measurement (postulate 3),
and multiple qubits and gates can be expressed via the tensor product (postulate 4). Clearly, the
postulates of quantum mechanics provide a complete set of properties with which to perform logic
design subject to the fanout constraint of the no-cloning theorem. In the remainder of this
subsection, we cover two small quantum circuit examples to familiarize the reader with the
standard quantum circuit notation.

The first example, shown in Figure 1 shows a quantum half-adder. It performs the same function
as the standard half-adder in classical logic circuits when the inputs are all in the computational
basis. Notice that the qubits are depicted graphically as parallel, horizontal lines. These lines can
be thought of as wires, but they actually represent the evolution of the qubits over time. Gates are
depicted as objects placed on top of the horizontal qubit lines, affecting only those qubits lines that
they are in contact with graphically, similar to a classical logic gate. The spacing between gates on
the qubit lines has no significance. The only important aspect of gate placement is whether one
gate appears before another, implying an order of operations to be performed on the affected qubits.
The quantum half-adder simply consists of a Toffoli gate G affecting all three qubits followed by
a CNOT gate G2) affecting the first two qubits only. The solid circles represent inputs for the
control qubits, while the unfilled circles represent inputs/outputs for the target qubits. In general,
the input qubits are placed at the left end of the qubit lines, with the final output state of the qubits
appearing at the right end. The matrix representation of the half-adder gates is given in Figure 2.
Note that although the circuit diagram flows in a left to right fashion, that is, gate G/ is applied
before gate G2, the matrices representing the unitary operators are applied in a seemingly reverse
order.



The Toffoli and CNOT gates play an important role in universal quantum gate sets. Analogous to
their classical digital counterparts, universal quantum gate sets can be used to implement any
quantum computation. However, discrete universal quantum gate sets can only approximate
arbitrary quantum computations, though the approximation can achieve any desired level of
accuracy. One example of a discrete universal quantum gate set consists of the Hadamard, phase,
CNOT, and 7/8 gates [13]. Another discrete universal quantum gate set consists of the Hadamard,
phase, CNOT, and Toffoli gates. In contrast, universal quantum gate sets containing an infinite
number of gates enable an exact decomposition of any quantum computation. One such gate set
consists of the CNOT gate and the infinite set of all 1-qubit unitary operators. Interestingly, given
a circuit consisting of gates from this infinite set, the Solovay-Kitaev theorem proves that an
approximation with accuracy € can be achieved using the aforementioned discrete gate sets with
only polylogarithmically more gates in terms of the number of CNOTs in the original circuit and €
[10].

1 000O0O0O0O
01 000O0O0O

1 000 001 00O0UO0O

Half _ Adder = (C® )T = 0100@(1 0}00010000
0 0 01 0 1)[0OOO1O0O0O

0010 000O0O0OT1UO0O0
000O0O0OUO0TO 01

000O0O0OO0OT1O0

Figure 2: Matrix form of the quantum half-adder.

Binary Decision Diagrams. The binary decision diagram (BDD) was introduced by Lee in the
1950s in the context of classical logic circuit design. This data structure represents a Boolean
function f(x;,x2,...,x,) by a directed acyclic graph (DAG); see Figure 3. By convention, the top node
of a BDD is labeled with the name of the function frepresented by the BDD. Each variable x; of fis
then associated with one or more nodes that each has two outgoing edges labeled then (solid line)
and else (dashed line). The then edge of node x; denotes an assignment of logic 1 to x;, while the
else edge represents an assignment of logic 0. These nodes are called internal nodes and are
labeled by the corresponding variable x;. The edges of the BDD point downward, implying a
top-down assignment of values to the Boolean variables.

At the bottom of the BDD are terminal nodes containing the logic values O or 1. They denote the
output value of the function f for a given assignment of its variables. Each path through the BDD
from top to bottom represents a specific assignment of 0-1 values to the variables x;,x,,...,x, of f,
and ends with the corresponding output value f(x;,x,...,X,) appearing at one of the BDD’s terminal
nodes.
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Figure 3: (a) A logic function, (b) its BDD representation, (c) its BDD representation after
applying the first reduction rule, and (d) its ROBDD representation.

The original BDD data structure conceived by Lee has exponential memory complexity G)(Z" ),
where n is the number of Boolean variables in a given logic function. Moreover, exponential
memory and runtime are required in many practical cases, making this data structure impractical
for simulation of large logic circuits. To address this limitation, Bryant developed the reduced
ordered BDD (ROBDD) [5], where all variables are ordered, and decisions are made in that order.
A key advantage of the ROBDD is that variable-ordering facilitates an efficient implementation of
reduction rules that automatically eliminate redundancy from the basic BDD representation and
may be summarized as follows:

1. There are no nodes v and v’ such that the subgraphs rooted at v and v’ are isomorphic.
2. There are no internal nodes with then and else edges that both point to the same node.

An example of how the rules transform a BDD into an ROBDD is shown in Figure 3. The
subgraphs rooted at the x; nodes in Figure 3b are isomorphic. By applying the first reduction rule,
the BDD in Figure 3b is converted into the BDD in Figure 3c. In this new BDD, the then and else
edges of the xp node now point to the same node. Applying the second reduction rule eliminates the
xo node, producing the ROBDD in Figure 3d. Intuitively it makes sense to eliminate the xo node
since the output of the original function is determined solely by the value of x;. An important
aspect of redundancy elimination is the sensitivity of ROBDD size to the variable ordering.
Finding the optimal variable ordering is an NP-complete problem, but efficient ordering heuristics
have been developed for specific applications. Moreover, it turns out that many practical logic
functions have ROBDD representations that are polynomial (or even linear) in the number of input
variables. Consequently, ROBDDs have become indispensable tools in the design and simulation
of classical logic circuits.

Even though the ROBDD is often quite compact, efficient algorithms are necessary to make it

practical for circuit simulation. Thus, in addition to the foregoing reduction rules, Bryant
introduced a variety of ROBDD operations whose complexities are bounded by the size of the
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ROBDDs being manipulated. Of central importance is the Apply operation, which performs a
binary operation with two ROBDDs, producing a third ROBDD as the result. It can be used, for
example, to compute the logical AND of two functions. Apply is implemented by a recursive
traversal of the two ROBDD operands. For each pair of nodes visited during the traversal, an
internal node is added to the resultant ROBDD using the three rules depicted in Figure 4. To
understand the rules, some notation must be introduced. Let v denote an arbitrary node in an
ROBDD f If v is an internal node, Var(vy) is the Boolean variable represented by vy, T(vy) is the
node reached when traversing the then edge of v, and E(vy) is the node reached when traversing
the else edge of vy.

Rule 1 Rule 7 Rule 3
_“\I =
® &)
i, =
......................... * e ozl
Apply(T(vehvg.op)| LApplvivs, Tivehapl | Apply(T(v, ). T(ve ).op) | h “
___________________________ i o . L
S, N —— \ . . -, :
L ApphE(vy e op) | t Applvive Efve ) op) | | APl E(vy ), Efve )op) |
Xi—= Xj Xi=— X;j Xi =X

Figure 4: The three recursive rules used by the Apply operation with x; = Var(vy), x; = Var(v,) and
x; < x;meaning that that x; precedes x; in the variable ordering.

Clearly the rules depend on the variable ordering. The recursion stops when both v and v, are
terminal nodes. When this occurs, the current operation op is performed with the values of the
terminals as operands, and the resulting value is added to the ROBDD result as a terminal node.
For example, if v, contains the value logical 1, v, contains the value logical 0, and op is defined to
be @ or XOR, then a new terminal with value 1 @ 0 =1 is added to the ROBDD result. Terminal
nodes are considered after all variables are considered. Thus, when a terminal node is compared to
an internal node, either Rule 1 or Rule 2 will be invoked depending on which ROBDD the internal
node is from.

The success of ROBDDs in making a seemingly difficult computational problem tractable in
practice led to the development of ROBDD variants outside the domain of logic design. Of
particular relevance to this work are multi-terminal binary decision diagrams (MTBDDs) [6] and
algebraic decision diagrams (ADDs) [1]. These data structures are compressed representations of
matrices and vectors rather than logic functions, and the amount of compression achieved is
proportional to the frequency of repeated values in a given matrix or vector. Additionally, some
standard linear-algebraic operations such as matrix multiplication are defined for MTBDDs and
ADD:s. Since they are based on Apply, the efficiency of these operations is proportional to the size
in nodes of the MTBDDs or ADDs being manipulated.
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3. Synthesis of Quantum Circuits

We have developed efficient quantum logic circuits which perform two tasks: (i) im-
plementing generic quantum computations and (ii) initializing quantum registers. In
contrast to conventional computing, the latter task is nontrivial because the state-space
of an n-qubit register is not finite and contains exponential superpositions of classical
bit-strings. As a special case, we have analyzed the case of 2-qubit circuits and identified
circuit topologies that can implement any unitary 2-qubit quantum computation with up
to 3 CNOT gates [27].

Our proposed circuits for n qubits are asymptotically optimal for respective tasks and
improve earlier published results by at least a factor of two. The circuits for generic
quantum computation constructed by our algorithms are the most efficient known today
in terms of the number CNOT gates. They are based on an analogue of the Shannon
decomposition of Boolean functions and a new circuit block, quantum multiplexor, that
generalizes several known constructions. A theoretical lower bound implies that our
circuits cannot be improved by more than a factor of two. We additionally show how
to accommodate the severe architectural limitation of using only nearest-neighbor gates
that is representative of current implementation technologies. This increases the number
of gates by almost an order of magnitude, but preserves the asymptotic optimality of
gate counts.

Relation to Existing Results in Quantum Circuits. Despite the well-known quan-
tum properties, quantum logic circuits exhibit many similarities with their classical coun-
terparts. They consist of quantum gates, connected (though without fan-out or feedback)
by quantum wires which carry quantum bits. Moreover, logic synthesis for quantum cir-
cuits is as important as for the classical case. In current implementation technologies,
gates that act on three or more qubits are prohibitively difficult to implement directly.
Thus, implementing a quantum computation as a sequence of two-qubit gates is of cru-
cial importance. Two-qubit gates may in turn be decomposed into circuits containing
one-qubit gates and a standard two-qubit gate, usually CNOT. These decompositions
are done by hand for published quantum algorithms (e.g., Shor’s factorization algorithm
[29] or Grover’s quantum search [16]), but have long been known to be possible for arbi-
trary quantum functions [12, 3]. While CNOTs are used in an overwhelming majority of
theoretical and practical work in quantum circuits, their implementations are orders of
magnitude more error-prone than implementations of single-qubit gates and have greater
gate delays. Therefore, the cost of a quantum circuit can be realistically calculated by
counting CNOT gates. Moreover, one of our results shows that if CNOT is the only
two-qubit gate type used, the number of such gates in a sufficiently large irredundant
circuit is lower-bounded by approximately 20% [27].

The first quantum logic synthesis algorithm to so decompose an arbitrary n-qubit gate
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would return a circuit containing O(n?4") CNOT gates [3]. More recent work by Cybenko
[9] interprets this algorithm as the QR decomposition, well-known in matrix algebra.
Improvements on this method have used clever circuit transformations and/or Gray codes
20, 2, 31] to lower this gate count. More recently, different techniques [21] have led to
circuits with CNOT-counts on the order of 4" — 2™ + 1. The exponential gate count is
not unexpected: just as the exponential number of n-bit Boolean functions ensures that
the circuits computing them are generically large, so too in the quantum case. Indeed, it
has been shown that n-qubit operators generically require (4" — 3n — 1)/4 CNOTs [27].
Existing algorithms for n-qubit circuit synthesis remain a factor of four away from lower
bounds and fare poorly for small n. These algorithms require at least 8 CNOT gates for
n = 2, while three CNOT gates are necessary and sufficient in the worst case [27, 34, 33].
Further, a simple procedure exists to produce two-qubit circuits with minimal possible
number of CNOT gates [27]. In contrast, in three qubits the lower bound is 14 while the
generic n-qubit decomposition of [21] achieves 48 CNOTs and a specialty 3-qubit circuit
of [32] achieves 40.

We focus on identifying useful quantum circuit blocks. To this end, we analyze quantum
conditionals and define quantum multiplexors that generalize CNOT, Toffoli and Fredkin
gates. Such quantum multiplexors implement if-then-else conditionals when the control-
ling predicate evaluates to a non-classical state, e.g., coherent superposition of |0) and
|1). We find that quantum multiplexors prove amenable to recursive decomposition and
vastly simplify the discussion of many results in quantum logic synthesis. Ultimately, our
analysis leads to a quantum analogue of the Shannon decomposition, which we apply to
the problem of quantum logic synthesis.

We contribute the following key results:

e An arbitrary n-qubit quantum state can be prepared by a circuit containing no more
than 27! — 27 CNOT gates. This lies a factor of four away from the theoretical
lower bound.

e An arbitrary n-qubit operator can be implemented in a circuit containing no more
than (23/48)4™"—(3/2)2"+4/3 CNOT gates. This improves upon the best previously
published work by a factor of two and lies less than a factor of two away from the
theoretical lower bound.

e In the special case of three qubits, our technique yields a circuit with 20 CNOT
gates, whereas the best previously known result was 40.

e The architectural limitation of permitting only nearest-neighbor interactions, com-
mon to physical implementations, does not change the asymptotic behavior of our
techniques.

In addition to these technical advances, we develop a theory of quantum multiplexors
that parallels well-known concepts in digital logic, such as Shannon decomposition of
Boolean functions. This new theory produces short and intuitive proofs of many results
for n-qubit circuits known today and provides a foundation for our circuit optimization
techniques.
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Background on Quantum Logic Gates. Many quantum gates are specified by time-
dependent matrices that represent the evolution of a quantum system (e.g., an RF pulse
affecting a nucleus) that has been “turned on” for time #. In our work we use the
following families of one-qubit gates most commonly available in physical implementations
of quantum circuits.

e The z-axis rotation R,(0) = ( cos0/2 isin0/2 )

ising/2  cosf/2
: . B cosf/2 sinf/2
e The y-axis rotation R, (0) = < —sin0/2 cos0/2 )
efi0/2 0
e The z-axis rotation R,(0) = i0/2
0 e
An arbitrary one-qubit computation can be implemented as a sequence of at most three

R, and R, gates. This is due to the ZYZ decomposition: given any 2 X 2 unitary matrix
U, there exist angles @, «, 3,y satisfying the following equation.

U =e"R.(a)Ry(B)R:(7) (1)

The nomenclature R,, R,, R, is motivated by a picture of one-qubit states as points
on the surface of a sphere of unit radius in R3. This picture is called the Bloch sphere
[22], and may be obtained by expanding an arbitrary two-dimensional complex vector as
below.

1) = ag|0) +ay 1) = re/?| e7i¢/2 cosg |0) + %/ sing 1) (2)
The constant factor re’*/? is physically undetectable. Ignoring it, we are left with two
angular parameters 6 and ¢, which we interpret as spherical coordinates (1,6, ). In this
picture, |0) and |1) correspond to the north and south poles, (1,0,0) and (1, 7,0), respec-
tively. The R,(0) gate (resp. R,(#), R.(#)) corresponds to a counterclockwise rotation
by 6 around the z (resp. y, z) axis. Finally, just as the point given by the spherical
coordinates (1,6, ) can be moved to the north pole by first rotating —¢ degrees around
the z-axis, then —6 degrees around the y axis, so too the following matrix equations hold.

Ry(=0)R.(—) [¢) = re/? |0) (3)
Ry(0 = m)Ra(m — @) [i) = rei=m/2 1)

Basics of Quantum Circuits. A combinational quantum logic circuit consists of quan-
tum gates, interconnected by quantum wires — carrying qubits — without fanout or feed-
back. As each quantum gate has the same number of inputs and outputs, any cut through
the circuit crosses the same number of wires. Fixing an ordering on these, a quantum
circuit can be understood as representing the sequence of quantum logic operations on
a quantum register. An example is depicted in Figure 5, and many more will appear
throughout the paper.
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3
I

Figure 5: A typical quantum logic circuit. Information flows from left to right, and the
higher wires represent higher order qubits. The quantum operation performed by this
circuit is (U7 & Ug X Ug)([Q & V:g)(‘/g & IQ)(U4 (24 U5 & Uﬁ)([g & %)(Ul X U2 & U3), and the

last factor is outlined above.

Figure 5 contains 12 one- and two-qubit gates applied to a three-qubit register. Observe
that the state of a three-qubit register is described by a vector in Hjz (an 8-element
column), whereas one- and two-qubit gates are described by unitary operations on Ho and
H1 (given by 4 x 4 and 2 x 2 matrices, respectively). In order to reconcile the dimensions
of various state-vectors and matrices, we introduce the tensor product operation.
Consider an £+m = n-qubit register, on which an /-qubit gate V' acts on the top ¢ qubits,
with an m-qubit gate W acting on the remainder. We expand the state |¢)) € H,, of the
n-qubit register, as follows.

W)= alb) =D aw|b) V) (4)

beBn beEBL, b €B™

Then, denoting by V' ® W the operation performed on the register as a whole,

VoWl = Y aw (VI[b) (W) (5)

beB? b cB™

Here, V' |b) € H, and W |I) € H,, are to be concatenated, or tensored. Furthermore,
Equation 5 suggests that the 2" x 2" matrix of V ® W is given by

(V ® W)r-r’,c-c’ = ‘/T’,CWT/,C/ for r,Ce BE) T’/, C, € B™ (6)

Rather than begin the statement of every theorem with “let Uy, U, ... be unitary opera-
tors...,” we are going to use diagrams of quantum logic circuits and circuit equivalences.
An equivalence of circuits in which all gates are fully specified can be checked by multi-
plying matrices. However, in addition to fully specified gates, our circuit diagrams will
contain the following generic, or under-specified gates:

NOTATION. An equivalence of circuits containing generic gates will mean that for any
specification (i.e., parameter values) of the gates on one side, there exists a specification
of the gates on the other such that the circuits compute the same operator. Generic gates
used in our work are limited to the following:
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A generic unitary gate.

conventions for R,, R, are similar.

A generic diagonal gate.

An R, gate without a specified angular parameter;
z

S A generic scalar multiplication
(uncontrolled gate implemented by “doing nothing.”)

We may restate Equation 1 as an equivalence of generic circuits.

Theorem 1 : The ZYZ decomposition [3].

+ F=2—- ARHARHERE

Similarly, we also allow underspecified states.

NoTATION. We shall interpret a circuit with underspecified states and generic gates as
an assertion that for any specification of the underspecified input and output states, some
specification of the generic gates circuit that performs as advertised. We shall denote a
completely unspecified state as | ), and an unspecified bitstring state as |*).

For example, we may restate Equation 3 in this manner.
Theorem 2 : Preparation of one-qubit states.

) R —1n

We shall use a backslash to denote that a given wire may carry an arbitrary number of
qubits (quantum bus). We will seek backslashed analogues of Theorems 1 and 2.

Quantum Conditionals and the Quantum Multiplexor

(Classical conditionals can be described by the if-then-else construction: if the pred-
icate is true, perform the action specified in the then clause, if it is false, perform the
action specified in the else clause. At the gate level, such an operation might be per-
formed by first processing the two clauses in parallel, then multiplexing the output. To
form the quantum analogue, we replace the predicate by a qubit, replace true and false
by |1) and |0), and demand that the actions corresponding to clauses be unitary. The
resulting “quantum conditional” operator U will then be unitary. In particular, when
selecting based on a coherent superposition « |0) + 3|1), it will generate a linear combi-
nation of the then and else outcomes. Below, we shall use the term quantum multiplexor
to refer to the circuit block implementing a quantum conditional.

NoTATION. We shall say that a gate U is a quantum multiplexor with select qubits S
if it preserves any bitstring state |b) carried by S. In this case, we denote U in quantum
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logic circuit diagrams by “o” on each select qubit, connected by a vertical line to a gate
on the remaining data (read-write) qubits.

In the event that a multiplexor has a single select bit, and the select bit is most significant,
the matrix of the quantum multiplexor is block diagonal.

U:(UO U1> (7)

The multiplexor will apply Uy or U; to the data qubits according as the select qubit
carries |0) or |1). To express such a block diagonal decomposition, we shall use the
notation U = Uy & U; that is standard in linear algebra. More generally, let V' be a
multiplexor with s select qubits and a d-qubit wide data bus. If the select bits are most
significant, the matrix of V will be block diagonal, with 2° blocks of size 2¢ x 2¢. The
j-th block V; is the operator applied to the data bits when the select bits carry |j).

In general, a gate depicted as a quantum multiplexor need not read or modify as many
qubits as indicated on a diagram. For example, a multiplexor which performs the same
operation on the data bits regardless of what the select bits carry can be implemented as
an operation on the data bits alone. We give a less trivial example below: a multiplexor
which applies a different scalar multiplication for each value of the select bits can be
implemented as a diagonal operator applied to the select bits.

Theorem 3 : Recognizing diagonals.

Indeed, both circuits represent diagonal matrices in which each diagonal entry is repeated
(at least) twice. In the former case, the repetition is due to a multiplexed scalar acting
on the least significant qubit, and in the latter there is no attempt to modify the least
significant qubit.

We now clarify the meaning of multiplexed generic gates in circuit diagrams, like that in
the above circuit equivalence.

NOTATION. Let G be a generic gate. A specification U of a multiplexed-G gate can be
any quantum multiplexor which effects a potentially different specification of G on the
data qubits for each bitstring appearing on the select qubits. Of course, select qubits
may carry a superposition of several bitstring states, in which case the behavior of the
multiplexed gate is defined by linearity.

Quantum Multiplexors on Two Qubits. Perhaps the simplest quantum multiplexor
is the Controlled-NOT (CNOT) gate.

1000

CNOT =I& o, = L (8)
000 1 ]
0010 a
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On bitstring states, the CNOT flips the second (data) bit if the first (select) bit is |1),
hence the name Controlled-NOT. The CNOT is so common in quantum circuits that it
has its own notation: a “e” on the select qubit connected by a vertical line to an “®” on
the data qubit. This notation is motivated by the characterization of the CNOT by the
formula |b1) |b2) — |b1) |[by XOR bo).

The CNOT, together with the one-qubit gates defined earlier forms a universal gate
library for quantum circuits. In particular, we can use it as a building block to help
construct more complicated multiplexors. For example, we can implement the multiplexor

R.(0y) ® R.(61) by the following circuit.

L

z z P)

R (90+91) b
= 2

R (90—91) Jany
2t 2 /]

In fact, the exact same statement holds if we replace R, by R, (this can be verified by
multiplying four matrices). We summarize the result with a circuit equivalence.
Theorem 4 : Demultiplexing a singly-multiplexed R, or R..

T Re R

A similar decomposition exists for any U &V where U,V are one-qubit gates. The idea
is to first unconditionally apply V on the less significant qubit, and then apply A = UV,
conditioned on the more significant qubit. Decompositions for such controlled-A operators
are well known [3, 9]. Indeed, if we write A = "' R,(a)R,(3)R.(y) by Theorem 1, then
U &V is implemented by the following circuit.

N\

eit/2 R, (t) [

Rz(’Y)FRy(ﬁ/Q) D Ry(—ﬁ/Q)*Rz(—“Tﬂ)I Rz(g)k

Since V' is a generic unitary, it can absorb adjacent one-qubit boxes, simplifying the
circuit. We re-express the result as a circuit equivalence.

A\

Theorem &5 : Decompositions of a two-qubit multiplexor [3]

o
.......... ~ ~ A
| Jo{RHE} E Lh

Proof. The first equivalence is just a re-statement of what we have already seen; the
second follows from it by applying a CNOT on the right to both sides and extracting a
diagonal operator.

Multiplexor Extension Property. The theory of n-qubit quantum multiplexors begins
with the observation that whole circuits and even circuit equivalences can be multiplexed.
This observation has non-quantum origins and can be exemplified by comparing two
expressions involving conditionals in terms of a classical bit s.
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e if (S) AO'BO else Al'Bl

e A, - B,. Here A; means if (s) Ay else A;, with the syntax and semantics of
(s7Ap:Ay) in the C programming language.

Indeed, one can either make a whole expression conditional on s or make each term
conditional on s — the two behaviors will be identical. Similarly, one can multiplex a
whole equation (with two different instantiations of every term) or multiplex each of its
terms. The same applies to quantum multiplexing by linearity.

Multiplexor Extension Property (MEP). Let C'= D be an equivalence of quantum
circuits. Let C” be obtained from C' by adding a wire which acts as a multiplexor control
for every generic gate in C', and let D’ be obtained from D similarly. Then C" = D’.

Consider the special case of quantum multiplexors with a single data bit, but arbitrarily
many select bits. We seek to implement such multiplexors via CNOTs and one-qubit
gates, beginning with the following decomposition.

Theorem 6 : ZYZ decomposition for single-data-bit multiplexors.

N\\mmmT \\mmm@
« R

I

Proof. Apply the MEP to Theorem 1, and Theorem 3 to the result.

The diagonal gate appearing on the right can be recursively decomposed.

Theorem 7 : Decomposition of diagonal operators [8].
7 ,,,,,,,,, &
e
\ LI
Proof. The first equivalence asserts that any diagonal gate can be expressed as a multi-
plexor of diagonal gates. This is true because diagonal gates possess the block-diagonal
structure characteristic of multiplexors, with each block being diagonal. The second
equivalence amounts to the MEP applied to the obvious fact that a one-qubit gate given

by a diagonal matrix is a scalar multiple of an R, gate. The third follows from Theorem
3.

1

.

It remains to decompose the other gates appearing on the right in the circuit diagram of
Theorem 6. We shall call these gates multiplezed R, (or R,) gates,as, e.g., the rightmost
would apply a different R, gate to the data qubit for each classical configuration of
the select bits. While efficient implementations are known [8, 21], the usual derivations
involve large matrices and Gray codes.
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Figure 6: The recursive decomposition of a multiplexed R, gate. The boxed CNOT
gates may be canceled.

Theorem 8 : Demultiplexing multiplexed Ry gates, k =y, z [8, 21].

1
I
]

\ :
R} (R}

Proof. Apply the MEP to Theorem 4.

A

It is worth noting that since every gate appearing in Theorem 8 is symmetric, the order
of gates in this decomposition may be reversed. Recursive application of Theorem 8 can
decompose any multiplexed rotation into basic gates. In the process, some CNOT gates
cancel, as is illustrated in Figure 6. The final CNOT count is 2%, for k select bits.
Preparation of Quantum States. We present an asymptotically-optimal technique
for the initialization of a quantum register. The problem has been known for some time
in quantum computing, and it was considered in [11, 20, 26] after the original formulation
[10] of the quantum circuit model. It is also a computational primitive in designing larger
quantum circuits.

Theorem 9 : Disentangling a qubit. An arbitrary (n + 1)-qubit state can be converted
into a separable (i.e., unentangled) state by a circuit shown below. The resulting state is
a tensor product involving a desired basis state (|0) or 1)) on the less significant qubit.

REA JiD?H@

Proof. We show how to produce |0) on the least significant bit; the case of |1) is similar.
Let [¢) be an arbitrary (n + 1)-qubit state. Divide the 2""!-element vector [¢)) into 2"
contiguous 2-element blocks. Each is to be interpreted as a two-dimensional complex
vector, and the ¢-th is to be labeled [¢.). We determine 7, t., ¢., 0. as in Equation 3.

RZ(_QOC)R?J<_QC> |wc> = rceitc O) (9)

Let |¢') be the n-qubit state given by the 2"-element row vector with c-th entry r.e'e,
and let U be the block diagonal sum @, R,(—0.)R.(—¢.). Then U |¢) = |¢') |0), and U
may be implemented by a multiplexed R, gate followed by a multiplexed R,,.
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We may apply Theorem 8 to implement the (n + 1)-bit circuit given above with 27+
CNOT gates. A slight optimization is possible given that the gates on the right-hand
side in Theorem 8 can be optionally reversed, as explained above. Indeed, if we reverse
the decomposition of the multiplexed R, gate, its first gate (CNOT) will cancel with
the last gate (CNOT) from the decomposed multiplexed R, gates. Thus, only 2" — 2
CNOT gates are needed.

Applying Theorem 9 recursively can reduce a given n-qubit quantum state |¢) to a scalar
multiple of a desired bitstring state |b); the resulting circuit C' uses 2" — 2n CNOT
gates. To go from |b) to |¢), invert the gates of C' and apply in reverse order. We shall
call this the inverse circuit, CT.

The state preparation technique can be used to decompose an arbitrary unitary operator
U. The idea is to construct a circuit for UT by iteratively applying state preparation.
Indeed, an operator is entirely determined by its behavior on basis vectors. To this
end, each iteration needs to implement the correct behavior on a new basis vector while
preserving the behavior on previously processed basis vectors. This idea has been tried
before [20, 31], but with methods less efficient than Theorem 9. We outline the procedure
below.

e At step 0, apply Theorem 9 to find a circuit Cy that maps U |0) to a scalar multiple
of ‘O) Let U1 = C()U

o At step j, apply Theorem 9 to find a circuit C; that maps U |j) to a scalar multiple
of |7). Importantly, the construction of C; and the previous steps of the algorithm
ensure C; |i) = |i) for all ¢ < j. Define U;; = C;U;.

e U4 will be diagonal, and may be implemented by a circuit D via Theorem 7.
e Finally, U = C,'Cy"...Con_s'D

Thus 2" — 1 state preparation steps and 1 diagonal operator are used. The final CNOT
count is 2 x 4" — (2" 4+ 3) x 2" 4+ 2n. For n > 2, we improve upon the best previously
published technique to decompose unitary operators column by column [31], as can be
seen in Table 1.

Functional Decomposition for Quantum Logic

Below we introduce a decomposition for quantum logic that is analogous to the well-
known Shannon decomposition of Boolean functions (f = x; fz,=1 + Tifr,—0). It expresses
an arbitrary n-qubit quantum operator in terms of (n — 1)-qubit operators (cofactors)
by means of quantum multiplexors. Applying this decomposition recursively yields a
synthesis algorithm, for which we compute gate counts.

Cosine-Sine Decomposition. We recall the Cosine-Sine Decomposition from matrix
algebra.lt has been used explicitly and regularly to build quantum circuits [30, 21] and
has also been employed inadvertently [32, 6].
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The CSD states that an even-dimensional unitary matrix U € C*** can be decomposed
into smaller unitaries A;, As, By, B and real diagonal matrices C, S such that C? + S? =

()

For 2 x 2 matrices U, we may extract scalars out of the left and right factors to recover
Theorem 1. For larger U, the left and right factors A; @ B; are quantum multiplexors
controlled by the most significant qubit which determines whether A; or B; is to be
applied to the lower order qubits. The central factor has the same structure as the R,
gate. A closer inspection reveals that it applies a different R, gate to the most significant
bit for each classical configuration of the low order bits. Thus the CSD can be restated
as the following equivalence of generic circuits.

Theorem 10 : The Cosine-Sine Decomposition [15, 24].

Y i R—y\ i

It has been observed that this theorem may be recursively applied to the side factors
on the right-hand side [30]. Indeed, this can be achieved by adding more qubits via the
MEP, as shown below.

Theorem 11 : A multiplexed Cosine-Sine Decomposition [30].

We may now outline the best previously published generic quantum logic synthesis al-
gorithm [21]. Iterated application of Theorem 11 to the decomposition of Theorem 10
gives a decomposition of an arbitrary unitary operator into single-data-bit QMUX gates,
some of which are already multiplexed R, gates. Those which are not can be decomposed
into multiplexed rotations by Theorem 6, and then all the multiplexed rotations can be
decomposed into elementary gates by Theorem 8.

One weakness of this algorithm is that it cannot readily take advantage of hand-optimized
generic circuits on low numbers of qubits [34, 33, 27, 25]. This is because it does not
recurse on generic operators, but rather on multiplexors.

Demultiplexing Multiplexors, and the Quantum Shannon Decomposition. We
now give a novel, simpler decomposition of single-select-bit multiplexors whose two co-
factors are generic operators. As will be shown later, it leads to a more natural recursion,
with known optimizations in end-cases [34, 33, 27, 25].
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Theorem 12 : Demultiplexing a multiplexor.

& " oio

Proof. Let U = Uy @ Uy be the multiplexor of choice; we formulate and solve an equation
for the unitaries required to implement U in the manner indicated above. We want
unitary V, W and unitary diagonal D satisfying U = (I ® V)(D @& DT)(I ® W). In other

R G O TE I T B

Multiplying the expressions for U; and Us, we cancel out the W-related terms and obtain
U U, = VD2Vt Using this equation, one can recover D and V' from U; Uyt by a standard
computational primitive called diagonalization. Further, W = DV TU,. It remains only
to remark that for D diagonal, the matrix D @ D' is in fact a multiplexed R, gate acting
on the most significant bit in the circuit.

Using the new decomposition, we now demultiplex the two side multiplexors in the Cosine-
Sine Decomposition (Theorem 10). This leads to the following decomposition of generic
operators that can be applied recursively.

Theorem 13 : The Quantum Shannon Decomposition.

NN

aa i e Ml s = B o
Hence an arbitrary n-qubit operator can be implemented by a circuit containing three
multiplexed rotations and four generic (n — 1)-qubit operators, which can be viewed as
cofactors of the original operator.
Recursive Gate Counts for Universal Circuits. We present gate counts for the
circuit synthesis algorithm implicit in Theorem 13. An important issue which remains
is to choose the level at which to cease the recursion and handle end-cases with special
purpose techniques.
Thus, let ¢; be the least number of CNOT gates needed to implement a j-qubit unitary

operator using some known quantum circuit synthesis algorithm. Then Theorem 13
implies the following.

cj < dejq+3x271 (11)

One can now apply the decomposition of Theorem 13 recursively, which corresponds to
iterating the above inequality. If /-qubit operators may be implemented using < ¢, CNOT
gates, one can prove the following inequality for ¢, by induction.

cn < 4" e +3x 2 =3 x2n! (12)

We have recorded in Table 1 the formula for ¢, with recursion bottoms out at one-qubit
operators (I =1 and ¢; = 0), or two-qubit operators (I = 2 and ¢; = 3 by [27, 34, 33]). In
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Number of qubits and gate counts
Synthesis Algorithm 1]2]3] 4| 5 | 6 | 7 |n
Original QR decomp. (3, 9] — O(n34m)
Improved QR decomp. [20] — O(n4™)
Palindrome transform [2] —_— O(n4™)

QR [31, Table 1] 04764536 [ 4156 | 22618 [ 108760 [[ O(4™)
QR (Theorem 9) 0 | 8| 62| 344 | 1642 | 7244 | 30606 || 2x 4™ — (2" +3) X 2" 4+ 2n
CSD [21, p. 4] 0 [ 8] 48 [ 224 | 960 | 3968 | 16128 || 4™ —2x 2"
QSD (I=1) 06|36 | 168 | 720 | 2976 | 12096 || (3/4) x 4™ — (3/2) x 2"
QSD (1 =2) 0 ]3| 24| 120 | 528 | 2208 | 9024 || (9/16) x 4™ — (3/2) x 2"
QSD (I =2, optimized) || 0 | 3 | 20 | 100 | 444 | 1868 | 7660 || (23/48) x 4™ — (3/2) x 2" +4/3
[ Lower bounds [27] [o[3]1a] 61 [ 252 [ 1020 [ 4091 [ [z(4" —3n—1)] \

Table 1: A comparison of CNOT counts for unitary circuits generated by several algo-
rithms (best results are in bold). We have labeled the algorithms by the matrix decom-
position they implement. The results of our work are boldfaced, including an optimized
QR decomposition and three algorithms based on the Quantum Shannon Decomposition

(QSD).

either case, we improve on the best previously published algorithm in [21]. However, to
obtain our advertised CNOT-count of (23/48) x 4™ — (3/2) x 2™ + 4/3 we shall need two
further optimizations discussed in our upcoming publication in IEEE Trans. on CAD.
Note that for n = 3, only 20 CNOTs are needed. This is the best known three-qubit
circuit at present (a less efficient circuit is given in [32]). Thus, our algorithm is the first
efficient n-qubit circuit synthesis routine which also produces a best-practice circuit in a
small number of qubits.

Nearest-Neighbor Circuits. A frequent criticism of quantum logic synthesis (espe-
cially highly optimized circuits which nonetheless must conform to large theoretical lower
bounds on the number of gates) is that the resulting circuits are physically impractical.
In particular, naive gate counts ignore many important physical problems which arise
in practice. Many such are grouped under the topic of quantum architectures [5, 23],
including questions of (1) how best to arrange the qubits and (2) how to adapt a circuit
diagram to a particular physical layout. A spin chain s perhaps the most restrictive archi-
tecture: the qubits are laid out in a line, and all CNOT gates must act only on adjacent
(nearest-neighbor) qubits. As spin-chains embed into two and three dimensional grids,
we view them as the most difficult architecture from the perspective of layout. The work
in [14] shows how to adapt Shor’s algorithm to spin-chains without asymptotic increase
in gate counts. However, it is not yet clear if generic circuits can be adapted similarly.
As shown next, our circuits adapt well to the spin-chain limitations. Most CNOT gates
used in our decomposition already act on nearest neighbors, e.g., those gates implementing
the two-qubit operators. Moreover, Fig. 6 shows that only 2" % CNOT gates of length
k (where the length of a local CNOT is 1) will appear in the circuit implementing a
multiplexed rotation with (n — 1) control bits. Figure 7 decomposes a length & CNOT
into 4k — 4 length 1 CNOTs. Summation shows that 9 x 2"~! — 8 nearest-neighbor
CNOTs suffice to implement the multiplexed rotation. Therefore restricting CNOT gates
to nearest-neighbor interactions increases CNOT count by at most a factor of nine.
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Figure 7: Implementing a long-range CNOT gate with nearest-neighbor CNOTs.

Summary and Open Questions. Our approach to quantum circuit synthesis empha-
sizes simplicity, a well-pronounced top-down structure, and practical computation via the
Cosine-Sine Decomposition. By introducing the quantum multiplexor and optimizing its
singly-controlled version, we derived a quantum analogue of the well-known Shannon de-
composition of Boolean functions. Applying this decomposition recursively to quantum
operators leads to a circuit synthesis algorithm in terms of quantum multiplexors. As
seen in Table 1, our techniques achieve the best known controlled-not counts, both for
small numbers of qubits and asymptotically. Our approach has the additional advantage
that it co-opts all results on small numbers of qubits — e.g., future specialty techniques
developed for three-qubit quantum logic synthesis can be used as terminal cases of our
recursion. We have also discussed various problems specific to quantum computation,
specifically initialization of quantum registers and mapping to the nearest-neighbor gate
library.
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4. Simulation of Quantum Circuits

We have developed a novel and practical software means of simulating quantum computers
efficiently on classical computers using the state vector representation [13 - 17]. It is based on a
new data structure called the Quantum Information Decision Diagram or QuIDD, which uses
decision diagram concepts that are well-known in the context of simulating classical computer
hardware [1, 6, 7]. We have demonstrated that QuIDDs allow simulations of n-qubit systems to
achieve run-time and memory complexities that range from O(1) to O(poly(n)2"), and the worst
case is not typical. In the important case of Grover's quantum search algorithm [9], we have shown
that our QuIDD-based simulator outperforms all other known simulation techniques.

QulIDD Theory. QulDDs arose from our observation that vectors and matrices encountered in
quantum computing contain repeated structures. Complex operators obtained from the tensor
product of simpler matrices continue to exhibit common substructures which certain BDD variants
can capture. The classical decision diagram structures MTBDDs and ADDs are particularly
relevant to the task of simulating quantum systems. The QulDD can be viewed as an ADD or
MTBDD with the following properties:

1. The values of terminal nodes are restricted to the set of complex numbers.

2. Rather than contain the values explicitly, QuIDD terminal nodes contain integer indices
that map into a separate array of complex numbers. This allows the use of a simpler integer
function for Apply-based operations, along with existing ADD and MTBDD libraries,
greatly reducing implementation overhead.

3. The variable ordering of QulDDs interleaves row and column variables, which favors
compression of block patterns.

4. ADDs are usually padded with O's to represent arbitrarily sized matrices. No such
padding is necessary in the quantum domain where all vectors and matrices have sizes that
are a power of 2.

As we demonstrate using our QuIDD-based simulator QuIDDPro, these properties greatly
enhance performance of quantum computational simulation.

Figure 8 shows the QuIDD structure for three 2-qubit states. We treat the indices of the four vector
elements as binary numbers, and define their bits as QuIDD decision variables; a similar definition
is used for ADDs. For example, traversing the then edge (solid line) of node I, in Figure 8c is
equivalent to assigning the value 1 to the first bit of the 2-bit vector index. Traversing the else edge
(dotted line) of node I in the same figure is equivalent to assigning the value O to the second bit of
the index. These traversals bring us to the terminal value -1/2, which is precisely the value at index
10 in the vector representation.
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Vector representation
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Figure 8: Sample QuIDDs for state vectors of (a) best, (b) worst and (c) mid-range size.

QulDD representations of matrices extend those of vectors by adding a second type of variable
node; they enjoy the same reduction rules and compression benefits. Consider the 2-qubit
Hadamard matrix annotated with binary row and column indices shown in Figure 9a. In this case
there are two sets of indices, the first (vertical) set corresponds to the rows of the matrix, while the
second (horizontal) set corresponds to the columns. We assign the variable names R; and C;to the
row and column index variables respectively. Figure 9b shows the QuIlDD form of this sample
matrix where it is used to modify the state vector 100) = (1,0,0,0) via matrix-vector multiplication.

RI:IRI
M1 1 1 17
00 2 71 I 2
1 1 1 1
oo |23 372
1 1 1 1
o |3 37373
1 1 1 1
w373 2 7
00 01 10 11
CoCh
(a) (b)

Figure 9: (a) A 2-qubit Hadamard matrix and (b) its QuIDD multiplied by 100) = (1,0,0,0).

The top-down ordering of the decision variables can drastically affect the level of compression
achieved in BDD-based structures such as QulDDs. The University of Colorado Decision Diagram
(CUDD) programming library, which is incorporated into

QulDDPro, has sophisticated dynamic variable-reordering techniques that
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achieve performance improvements in BDD applications. However, dynamic variable reordering
has significant time overhead, so finding a good static ordering in advance may be preferable in
some cases. Variable orderings are highly dependent upon the structure of the problem at hand, so
one way to obtain a good ordering is to study the problem domain. In the case of quantum
computing, we notice that all matrices and vectors contain 2" elements where 7 is the number of
qubits represented. Additionally, the matrices are square and non-singular.

Interleaving implies the following variable ordering: Ry < Co<R; < C; <...< R, < C,. Intuitively,
the interleaved ordering causes compression to favor regularity in block sub-structures of the
matrices. Such regularity is created by tensor products that are required to allow multiple quantum
gates to operate in parallel and also to extend smaller quantum gates to operate on larger numbers
of qubits. The tensor product A ® B multiplies each element of A by the whole matrix B to create a
larger matrix; thus, by definition, the tensor product will propagate block patterns in its operands.
To illustrate the notion of block patterns and how QulDDs take advantage of them, consider the
tensor product of two 1-qubit Hadamard operators:

v lawvn ]
NI AN ( 12 1,2 ) ‘ )
, / 1/2

=

The matrices have been separated into quadrants, and each quadrant represents a block. For the
Hadamard matrices depicted, three of the four blocks are equal in both of the one-qubit matrices
and also in the larger two-qubit matrix (the equivalent blocks in parentheses). This repetition of
equivalent blocks demonstrates that the tensor product of two equal matrices propagates block
patterns. In this example, the pattern lies in the fact that all but the lower-right quadrant of an

n-qubit Hadamard operator are equal. Furthermore, the structure of the two-qubit matrix implies a
recursive block sub-structure, which can be seen by recursively partitioning each of the quadrants

in the two-qubit matrix thus:
(1/2) | (1/2) (1/
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The only difference between the values in the two-qubit matrix and the values in the one-qubit
matrices is a factor of 1/N2. Thus, we can recursively define the Hadamard operator as follows:

1 H n—1 y H n—1

Hn—1®Hn—l — /\/5 \/5
y H n-1 _ y H n-1

V2 V2

Other operators constructed via the tensor product can be defined recursively in a similar fashion.
Since three of the four blocks in the n-qubit Hadamard operator are the same, significant
redundancy is present for QuIDDs to exploit. The interleaved variable ordering property allows a
QulDD to explicitly represent only two distinct blocks rather than four. As we demonstrate later,
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compression of equivalent block sub-structures using QulDDs offers major performance
improvements for many of the operators that are frequently used in quantum computation.

QulDD Operations. With the structure and variable ordering in place, operations involving
QulIDDs can now be defined. Most operations defined for ADDs also work on QuIDDs with some
modification to accommodate the QuIDD properties. Here we describe an algorithm for the tensor
product of QuIDDs based on the Apply operation. In general, the tensor product A ® B produces a
new matrix which multiplies each element of A by the entire matrix B. Hence rows (columns) of
the tensor product matrix are component-wise products of rows (columns) of the argument
matrices. Therefore it is straightforward to implement the tensor product operation on QuIDDs
using the Apply function with an argument that directs Apply to multiply when it reaches the
terminals of both operands. The main difficulty here lies in ensuring that the terminals of A are
each multiplied by all the terminals of B. From the definition of the standard recursive Apply
routine, we know that variables which precede other variables in the ordering are expanded first.
Therefore, we must first shift all variables in B in the current order after all of the variables in A
prior to the call to Apply. After this shift is performed, the Apply routine will then produce the
desired behavior. Apply starts out with A * B and expands A alone until Aemina * B 1s reached for
each terminal in A. Once a terminal of A is reached, B is fully expanded, implying that each
terminal of A is multiplied by all of B. The size of the resulting QuIDD and the runtime for
generating it given two operands of sizes a and b (measured by the number of nodes) is O(ab),
because the tensor product simply involves a variable shift of complexity O(b) followed by a call
to Apply, which have time and memory complexity O(ab).

Matrix multiplication can be implemented very efficiently by using Apply to implement the
dot-product operation. This follows from the observation that multiplication is a series of
dot-products between the rows of one operand and the columns of the other operand. One call to
Apply will not suffice because the dot-product requires two binary operations to be performed,
addition and multiplication. To implement this, we simply use the matrix multiplication algorithm
previously defined for ADDs [1] but modified to support the QuIDD properties. The algorithm
makes two calls to Apply, one for multiplication and the other for addition.

Another important issue in efficient matrix multiplication is compression. To avoid the problem
that MATLAB encounters with its “packed” representation, ADDs do not require decompression
during matrix multiplication. Bahar et al. address this by tracking the number i of skipped
variables between the parent node and its child node in each recursive call. Their pseudo-code
suggests time-complexity O((ab)?) where a and b are the sizes, i.e., the number of decision nodes,
of two ADD operands. As with all BDD algorithms based on the Apply function, the size of the
resulting ADD is on the order of the time complexity, meaning that the size is also O((ab)?). In the
context of QuIDDs, we use a modified form of this algorithm to multiply operators by the state
vector, meaning that a and b will be the sizes in nodes of a QuIDD matrix and QulDD state vector,
respectively. If either a or b or both are exponential in the number of qubits in the circuit, the
QulDD approach will have exponential time and memory complexity. However, many of the
operators which arise in quantum computing have QulDD representations that are polynomial in
the number of qubits.
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Two important modifications must be made to the ADD matrix multiply algorithm in order to
adapt it for QuIDDs. To satisfy QuIDD properties 1 and 2, the algorithm must treat the terminals as
indices into an array rather than the actual values to be multiplied and added. Also, a variable
ordering problem must be accounted for when multiplying a matrix by a vector. A QuIDD matrix
is composed of interleaved row and column variables, whereas a QuIDD vector only depends on
column variables. If the ADD algorithm is run as described above without modification, the
resulting QulDD vector will be composed of row instead of column variables. The structure will
be correct, but the dependence on row variables prevents the QuIDD vector from being used in
future multiplications. Thus, we introduce a simple extension which transposes the row variables
in the new QuIDD vector to corresponding column variables. In other words, for each R; variable
that exists in the QuIlDD vector’s support, we map that variable to C;.

We briefly consider some other linear-algebraic operations. Matrix addition is easily implemented
by calling Apply with op defined to be addition. Unlike the tensor product, no special variable
order shifting is required for matrix addition. Another interesting operation which is nearly
identical to matrix addition is element-wise multiplication c¢;; = a;b;;. Unlike the dot-product, this
operation involves products and no summation. It is implemented like matrix addition except that
op is defined to be multiplication rather than addition. In quantum computer simulation, this
operation is useful for matrix-vector multiplications with a diagonal matrix like the conditional
phase shift in Grover’s search algorithm. Such a shortcut considerably improves upon full-fledged
matrix multiplication. Interestingly, the element-wise multiplication and matrix addition
operations for QuIDDs can perform, without the loss of efficiency, the corresponding scalar
operations. That is because a QuIDD with a single terminal node can be viewed both as a scalar
value and as a matrix or vector with repeated values. Since matrix addition, element-wise
multiplication, and their scalar counterparts are nothing more than calls to Apply, the runtime
complexity of each operation is O(ab) where a and b are the sizes in nodes of the QuIDD operands.
Likewise, the resulting QuIDD has memory complexity O(ab).

Another very relevant operation on QulDDs is the transpose. It is perhaps the simplest QuIDD
operation because it is accomplished by swapping the row and column variables. The transpose is
easily extended to the complex conjugate transpose (also known as the Hermitian conjugate or
adjoint) by first obtaining the transpose of a QuIDD and then conjugating its terminal values. The
runtime and memory complexity of these operations is O(a) where a is the size in nodes of the
target QulDD.

To perform quantum measurement, one can use the inner product, which is often faster than
multiplying by projection matrices and computing norms. The inner product <A| B> of two QuIDD

vectors is computed by matrix multiplying the transpose of A with B. Since matrix multiplication
is involved, the runtime and memory complexity of the inner product is 0((ab)2), where a and b
are the sizes in nodes of A and B respectively. QuIDDPro currently supports matrix multiplication,
the tensor product, measurement, matrix addition, element-wise multiplication, scalar operations,
the transpose, the complex conjugate transpose, and the inner product. Measurement is defined
using a combination of QuIDD operations. After measurement, the state vector is described by

M, |

.lyl."l | A ;‘ﬂy_{ i | w
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Here M,, is the measurement operator; it can be represented by a QuIlDD matrix, and the state
vector |‘I’> can be represented by a QulDD vector. The expression in the numerator involves a

QuIDD matrix multiplication. In the denominator, M, is the complex conjugate transpose of M,,,
which is also defined for QuIDDs, and <‘P‘M M m|‘P>is an inner product which produces a

QulIDD with a single terminal node. Taking the square root of the value in this terminal node is
straightforward. To complete the measurement operation, scalar division is performed with the
QulDD in the numerator and the single terminal QuIDD in the denominator as operands.

Let a and b be the sizes in nodes of the measurement operator QuIDD and state vector QulDD,
respectively. Performing the matrix multiplication in the numerator has runtime and memory
complexity 0((ab)2). The scalar division between the numerator and denominator has the same
runtime and memory complexity since the denominator is a QuIDD with a single terminal node.
However, computing the denominator will have runtime and memory complexity 0(a"®p®) due to
the matrix-vector multiplications and inner product.

Complexity Analysis. Next we show that the QuIDD data structure can represent a large class of
state vectors and operators using an amount of memory that is linear in the number of qubits rather
than exponential. Further, we show that the main QulDD operations required in quantum circuit
simulation, i.e., matrix multiplication, the tensor product, and measurement, have both runtime
and memory that is linear in the number of qubits for the same class of state vectors and operators.
We also analyze the runtime and memory complexity of simulating Grover's algorithm using
QulDDs.

Figure 10: General form of a tensor product between two QulDDs A and B.
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The key to analyzing the runtime and memory complexity of the QuIDD-based simulations lies in
the mechanics of the tensor product. In the following analysis, the size of a QuIDD is represented
by the number of nodes rather than the actual memory space used. Since the amount of memory
used by a single QulDD node is a constant, size in nodes is relevant for asymptotic complexity
arguments. Actual memory usage in megabytes of QuIDD simulations is reported later.

Figure 10 illustrates the general form of a tensor product between two QulDDs A and B. In(A)
represents the internal nodes of A, while a; through a, denote terminal nodes. The notation for B is
similar. In(A) is the root subgraph of the tensor product result because of the interleaved variable
ordering defined for QulDDs and the variable shifting operation of the tensor product. Suppose
that A depends on the variables Ry < Cy< ... < R; < C;, and B depends on the variables Ry< Cy < ...
< R;< C;. In computing A ® B, the variables on which B depends will be shifted to Riy; < Ciyq < ...
< Ritis1 < C yir1- The tensor product is then completed by calling Apply(A, B, *). Due to the
variable shift on B, Rule 1 of the Apply function is used after each comparison of a node from A
with a node from B until the terminals of A are reached. Using Rule 1 for each of these
comparisons implies that only nodes from A will be added to the result, explaining the presence of
In(A). Once the terminals of A are reached, Rule 2 of Apply is invoked since terminals are defined
to appear last in the variable ordering. Using Rule 2 when the terminals of A are reached implies
that all the internal nodes from B are added in place of each terminal of A, causing x copies of In(B)
to appear in the result (recall that there are x terminals in A). When the terminals of B are reached,
they are multiplied by the appropriate terminals of A. Specifically, the terminals of a copy of B
will each be multiplied by the terminal of A that its In(B) replaced. The same reasoning holds for
QulDD vectors as vectors differ in that they depend only on R; variables.

Figure 10 suggests that the size of a QulDD constructed via the tensor product depends on the
number of terminals in the operands. The more terminals a left-hand tensor operand contains, the
more copies of the right-hand tensor operand’s internal nodes will be added to the result. More
formally, consider the tensor product of a series of QulDDs:

®,0=0..(0,®0,)®0,)®...®0,)
The ® operation is associative so parentheses do not affect the result, but it is not commutative. If
the number of terminals in ®}_ O, increases by a certain factor with each Q;, then ®_, Q. must

grow exponentially in n. If, however, the number of terminals stops changing, then ®, O, grows

linearly in n. Thus, the growth depends on the matrix entries because terminals of A ® B are
products of terminal values of A by terminal values of B, and repeated products are merged. If all
QulDDs Q;’s have terminal values from the same set I, the product's terminal values are products
of elements from I".

Consider finite non-empty sets of complex numbers I'; and I, and define their all-pairs product as
{xylxe I, ye I'b}. One can verify that this operation is associative, and therefore the set I"" of
all n-element products is well defined for n > 0. We then call a finite non-empty set ' ¢ C
persistent iff the size of I'" is constant for all n > 0. For example, the set I = {c,-c} is persistent
forany ¢ because I ={c",-c"}. In general, any set closed under multiplication is persistent, but
that is not a necessary condition. An important example of a persistent set is the set consisting of 0
and all n-th degree roots of unity U,= {¢*™" | k= 0...n - 1}, for some n. Since roots of unity form a
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group, they are closed under multiplication and form a persistent set. The importance of persistent
sets is underlined by the following result.

Theorem 14: Given a persistent set I" and a constant C, consider n QuIDDs with at most C nodes
each and terminal values from a persistent set I'. The tensor product of those QuIDDs has O(n)
nodes and can be computed in O(n) time.

Importantly, the terminal values do not need to form a persistent set themselves for the theorem to
hold. If they are contained in a persistent set, then the sets of all possible m-element products (i.e.
m < n for all n-element products in a set I') eventually stabilize in the sense that their sizes do not
exceed that of I'. However, this is only true for a fixed m rather than for the sets of products of m
and fewer elements.

Theorem 15: Consider measuring an n-qubit QulIDD state vect0r| ‘P> using a QuIDD measurement

operator M, where both |‘P> and M are constructed via the tensor product of an arbitrary

sequence of O(1)-sized QulDD vectors and matrices, respectively. If the terminal node values of
the O(1)-sized QulDD vectors or operators are in a persistent set I, then the runtime and memory
complexity of measuring the QulDD state vector is O(n22).

The class of QuIDDs described by Theorem 15 above encompasses a large number of practical
quantum state vectors and operators. These include, but are not limited to, any equal superposition
of n qubits, any sequence of n qubits in the computational basis states, n-qubit Pauli matrices, and
n-qubit Hadamard matrices. These results suggest a polynomial-sized QulDD representation of
any quantum circuit on n qubits in terms of such gates if the number of gates is limited by a
constant. In other words, the above sufficient conditions apply if the depth (length) of the circuit is
limited by a constant. Our simulation technique may use polynomial memory and runtime in other
circumstances as well, as shown next.

Grover’s Algorithm. To investigate the power of the QuIDD representation, we used QuIDDPro
to simulate Grover’s algorithm, one of the two major quantum algorithms developed to date [9].
Grover’s algorithm searches for a subset of items in an unordered database of N items. The only
selection criterion available is a black-box predicate that can be evaluated on any item in the
database. The complexity of this evaluation (query) is unknown, and the overall complexity
analysis is performed in terms of queries. In the classical domain, any algorithm for such an
unordered search must query the predicate Q(N) times. However, Grover’s algorithm can perform
the search with quantum query complexity O(NN}), a quadratic improvement. This assumes that a
quantum version of the search predicate can be evaluated on a superposition of all database items.

A quantum circuit representation of the algorithm involves five major components: an oracle
circuit, a conditional phase shift operator, sets of Hadamard gates, the data qubits, and an oracle
qubit. The oracle circuit is a Boolean predicate that acts as a filter, flipping the oracle qubit when it
receives as input an n bit sequence representing the items being searched for. In quantum circuit
form, the oracle is represented as a series of controlled NOT gates with subsets of the data qubits
acting as the control qubits and the oracle qubit receiving the action of the NOT gates. Following
the oracle circuit, Hadamard gates put the n data qubits into an equal superposition of all 2" items
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in the database where 2" = N. Then a sequence of gates H®"'CH®"", where C denotes the
conditional phase shift operator, are applied iteratively to the data qubits. Each iteration is termed a
Grover iteration.

Grover’s algorithm must be stopped after a certain number of iterations when the probability
amplitudes of the states representing the items sought are sufficiently boosted. There must be
enough iterations to ensure a successful measurement, but after a certain point the probability of
successful measurement starts fading, and later changes periodically. In our experiments, we used
the tight bound on the number of iterations formulated by Boyer et al. [5], when the number of

solutions M is known in advance to be |7/46 | where 8 =+/M /N . The power of Grover’s
algorithm lies in the fact that the data qubits store all N items in the database as a superposition,

allowing the oracle circuit to find all items being searched for simultaneously. A circuit
implementing Grover's algorithm is shown in Figure 11.
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Figure 11: Circuit-level implementation of Grover’s algorithm.

The target algorithm can be summarized as follows, where N denotes the number of elements in
the database.

1. Initialize n qubits to 10) and the oracle qubit to 1) .

2. Apply the Hadamard transform to all qubits to put them in a uniform superposition of basis
states.

3. Apply the oracle circuit, this can be implemented as a series of one or more CNOT gates
representing the search criteria. The inputs to the oracle circuit feed the control parts of the CNOT
gates, while the oracle qubit is the target qubit for all the CNOTs. If the input to this circuit
satisfies the search criteria, the oracle qubit is flipped. For a superposition of inputs, those input
basis states that satisfy the search criteria flip the oracle qubit in the composite state-space. The
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oracle circuit uses ancillary qubits as its workspace, reversibly returning them to their original
states (shown as 10) in Figure 11).

4. Apply the H gate to all qubits except the oracle qubit.

5. Apply the conditional phase-shift gate on all qubits except the oracle qubit. This operation
negates the probability amplitude of the 1000... 0) basis state, leaving that of the others unaffected.
It can be realized using a combination of X, H and C"'-NOT gates as shown. A decomposition of
the C"'-NOT into elementary gates is given in [2].

6. Apply the H gate to all gates except the oracle qubit.

. . . N | . .
7. Repeat steps 3-6 (a single Grover iteration) R = K \/% J times, where M is the number of keys
matching the search criteria.
8. Apply the H gate to the oracle qubit in the last iteration. Measure the first n qubits to obtain the
index of the matching key with high probability.

Using explicit vectors and matrices to simulate the above procedure would incur memory and
runtime complexities of Q(N). However, this is not necessarily the case when using QulDDs. To
show this, we give a step-by-step complexity analysis for a QulDD-based simulation of the
procedure.

Steps 1 and 2: Theorem 15 implies that the memory and runtime complexity of step 1 is O(n).
Step 2 is simply a matrix multiplication of an n-qubit Hadamard matrix with the state vector
constructed in step 1. The Hadamard matrix has memory complexity O(n) by the theorem. Since
the state vector also has memory complexity O(n), further matrix-vector multiplication in step 2
has O(n*) memory and runtime complexity because computing the product of two QulDDs A and
B takes O((lAlIBI)®) time and memory [1]. This upper-bound can be trivially tightened, however.
The function of these steps is to put the qubits into an equal superposition. For the n data qubits,
this produces a QulDD with O(1) nodes because an n-qubit state vector representing an equal
superposition has only one distinct element, namely 1/2"%. Also, applying a Hadamard matrix to
the single oracle qubit results in a QuIDD with O(1) nodes because in the worst-case, the size of a
1-qubit QuIDD is clearly a constant. Since the tensor product is based on the Apply algorithm, the
result of tensoring the QulDD representing the data qubits in an equal superposition with the
QulDD for the oracle qubit is a QuIDD containing O(1) nodes.

Steps 3-6: In step 3, the state vector is matrix-multiplied by the oracle matrix. Again, the
complexity of multiplying two arbitrary QuIDDs A and B is O((IAlIBI)*). The size of the state
vector in step 3 is O(1). If the size of the oracle is |Al, then the memory and runtime complexity of
step 3 is O(IA%). Similarly, steps 4, 5 and 6 have polynomial memory and runtime complexity in
terms of |Al and n. (As noted in step 5, the conditional phase-shift operator can be decomposed into
the tensor product of single qubit matrices, giving it memory complexity O(n).) Thus we arrive at
the O(IAI"°n1%) worst-case upper-bound for the memory and runtime complexity of the simulation
at step 6. Our empirical data suggests that this bound is typically very loose and pessimistic.

Step 7: This step does not involve a quantum operator; rather it repeats a Grover iteration R =
E\/gJ times. As a result, step 7 induces an exponential runtime for the simulation, since the
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number of Grover iterations is a function of N = 2". This is acceptable though because an actual
quantum computer would also require exponentially many Grover iterations in order to measure
one of the matching keys with a high probability. Ultimately, this is the reason why Grover’s
algorithm only offers a quadratic and not an exponential speedup over classical search. Since we
showed that the memory and runtime complexity of a single Grover iteration is polynomial in the
size of the oracle QuIDD, one might guess that the memory complexity of step 7 is exponential
like the runtime. However, it turns out that the size of the state vector does not change from
iteration to iteration, as shown below.

We now state without proof a few useful properties of QulDDs. The internal nodes of the state
vector QuIDD at the end of any Grover iteration i are equal in number to the internal nodes of the
state vector QulDD at the end of iteration i + 1. Also the total number of nodes in the state vector
QulDD at the end of iteration i is equal to the total number of nodes in the state vector QuIDD at
the end of iteration i + 1. Consequently, in a QulDD-based simulation the runtime and memory
complexity of any Grover iteration i is equal to the runtime and memory complexity of iteration i
+ 1. This means that step 7 does not necessarily induce memory complexity that is exponential in
the number of qubits. This important fact is captured in the following theorem.

Theorem 16: The memory complexity of simulating Grover’s algorithm using QuIDDs is
polynomial in the size of the oracle QuIDD and the number of qubits.

Here we do not account for the resources required to construct the QuIlDD of the oracle. The
overall memory complexity of simulating Grover’s algorithm with QuIDDs is O(IAI'®2'*), where A
is the number of nodes in the oracle QuIDD and 7 is the number of qubits.

While any polynomial-time quantum computation can be simulated in polynomial space, the
commonly-used linear-algebraic simulation requires €(2") space. Note that the case of an oracle
searching for a unique solution (as originally considered by Grover) implies that |Al = n. Here
most of the searching will be done while constructing the QuIDD of the oracle, which is an entirely
classical operation.

As we demonstrate experimentally below, for some oracles, simulating Grover’s algorithm with
QulDDs has memory complexity O(n). Furthermore, simulation using QuIlDDs has worst-case
runtime complexity O(RIAI"®2'"), where R is the number of Grover iterations as defined earlier. If
A grows polynomially with n, this runtime complexity is the same as that of an ideal quantum
computer up to a polynomial factor.

Empirical Validation: Next we discuss problems that arise when implementing a QuIDD-based
simulator. We also present experimental results obtained from actual simulation.

Full support of QulDDs requires the use of complex arithmetic, which can lead to serious
problems if numerical precision is not adequately addressed. At an abstract level, ADDs can
support terminals of any numerical type, but CUDD’s implementation of ADDs does not. For
efficiency reasons, CUDD stores node information in C “unions,” which are interpreted
numerically for terminals and as child pointers for internal nodes. However, it is well-known that
unions are incompatible with the use of C++ classes because their multiple interpretations hinder

40



the binding of correct destructors. In particular, complex numbers in C++ are implemented as a
templated class and are incompatible with CUDD. This was one of the motivations for storing
terminal values in an external array.

Another important practical issue is the precision of complex numeric types. Over the course of
repeated multiplications, the values of some terminals may become very small and induce
round-off errors if the standard IEEE double-precision floating-point types are used. This effect
worsens for larger circuits. Such round-off errors can significantly affect the structure of a QuIDD
by merging terminals that are only slightly different, or not merging terminals whose values should
be equal, but differ by a small computational error.

The use of approximate comparisons with an epsilon works in certain cases but does not scale well,
particularly for creating an equal superposition of states, a standard operation in quantum circuits.
In an equal superposition, a circuit with n qubits will contain the terminal value 1/2" in the state
vector. With the IEEE double-precision floating-point type, this value will be rounded to zero at n
= 2048, preventing the use of epsilons for approximate comparison past n = 2048. Furthermore, a
static value of epsilon will not work well for different sized circuits. For example, € = 10 may
work well for n = 35 but not for n =40, because at 40 all values may be less than 10°°, Therefore,
to address the numerical problem, QuIDDPro uses an arbitrary precision floating-point type from
the GMP library with the C++ complex template. Precision is then limited only by the available
amount of memory in the system.

Finally, we present the results for an extensive set of experiments using QuIDDPro to simulate
Grover’s Algorithm. Before starting simulation of an instance of the algorithm, we construct the
QulDD representations of Hadamard operators by incrementally tensoring together 1-qubit
versions of their matrices n - 1 times to get n-qubit versions. All other QuIDD operators are
constructed similarly. Table2 shows sizes (in nodes) of respective QulDDs at n qubits, where n =
20...100. We observe that memory usage grows linearly in n, and as a result QulDD-based
simulations of Grover’s algorithm are not memory-limited even at 100 qubits. Observe that this is
consistent with Theorem 16.

Circut Hadamards Conditional | Oracles

Size n | Imitial | Repeated | Phase Shaft | 1 2
20 a0 83 21 99 | 108
30 120 123 31 149 | 168
40 160 163 41 199 | 228
50 200 203 51 249 | 288
a0 240 243 61 299 | 348
70 280 283 71 349 | 408
80 320 323 81 399 | 468
a0 360 363 91 449 | 528
100 400 403 101 499 | 588

Table 2: Size of QuIDDs (number of nodes) for Grover’s algorithm.
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Oracle 1: Runtime (s) | | Oracle 1: Peak Memory Usage (MB) |

i Oct MAT B++ QP ] Oct MAT B++ QP
10 80.6 6.64 0.15 0.33 10 | 2.64e-2 | 1.05e-2 | 3.52e-2 | 938e-2
11 | 2.65e2 22.5 0.48 0.54 11 | 5.47e-2 | 2.07e-2 | B8.20e-2 0.121
12 | 8.36e2 74.2 1.49 0.83 12 | 0105 | 4.12e-2 0.176 0.137
13 | 2.75e3 2.55e2 4.70 1.30 13 | 0213 | 8.22e-2 0.309 0.137
14 | 1.03e4 1.06e3 14.6 201 14 | 0426 0.164 0.559 0.137
15| 4.82e4 6.76e3 44.7 3.09 15 | 03837 0.328 1.06 0.137
16 | = 24hrs | > 24hrs | 1.35e2 4.79 16 1.74 0.656 2.06 0.145
17 | = 24hrs | > 24hrs | 4.09e2 7.36 17 334 131 4.06 0.172
18 | = 24hrs | = 24hrs | 1.23e3 11.3 18 4.59 2.62 8.006 0.172
19 | = 24hrs | > 24hrs | 3.67e3 17.1 1% 134 524 16.1 0172
20 | = 24hrs | = 24hrs | 1.0%e4 26.2 20 278 10.5 321 0.172
21 | = 24hrs | > 24hrs | 3.26e4 39.7 21 356 NA 64.1 0.195
22 | = 24hrs | > 24hrs | = 24hrs | 603 22 NA NA 1.28e2 0.207
23 | > 24lus | > 24hrs | > 24hes | 927 23 NA NA 2.56e2 0.207
24 | = 24hrs | > 24hrs | > 24hrs | 1.40e2 24 NA NA 5.12e2 0.223
25 | = 24hrs | > 24hrs | = 24hrs | 2.08e2 25 NA NA 1.02e3 0.230
26 | = 24hrs | > 24hrs | = 24hrs | 3.12e2 26 NA NA > 1.5GB | 0238
27 | = 24hes | > 24hrs | = 24hrs | 4.72e2 27 NA NA >1.5GB | 0254
28 | = 24hrs | = 24hrs | = 24hrs | 7.07e2 28 NA NA > 1.5GB | 0262
29 | = 24hrs | > 24hrs | = 24hrs | 1.08e3 29 NA NA = 1.5GB | 0277
30 | > 24hrs | > 24hrs | > 24hrs | 1.57e3 30 NA NA = 1.5GB | 0297
31 | = 24hrs | = 24hrs | = 24hrs | 2.35e3 31 NA NA > 1.5GB [ 0301
32 | = 24hrs | > 24hrs | > 24hrs | 3.53e3 32 NA NA = 1.5GB | 0.305
33 | > 24hus | > 24hrs | > 24hrs | 5.23e3 33 NA NA = 1.5GB | 0320
34 | > 24hus | > 24hrs | > 24hrs | 7.90e3 34 NA NA = 1.5GB | 0324
35 | = 24hrs | > 24hrs | = 24hrs | 1.15e4 35 NA NA > 1.5GB | 0348
36 | = 24hrs | > 24hrs | > 24hrs | 1.71e4 36 NA NA > 1.5GB | 0352
37 | > 24hrs | > 24hrs | > 24hrs | 2.57e4 37 NA NA = 1.5GB | 0371
38 | = 24hrs | = 24hrs | > 24hrs | 3.82e4 38 NA NA > 1.5GB | 0375
39 | = 24hrs | > 24hrs | = 24hrs | 5.64e4 39 NA NA > 1.5GB | 0395
40 | = 24hrs | = 24hrs | = 24hrs | 8.23e4 40 NA NA = 1.5GB | 0398

(@) (b)

Table 3: Simulating Grover's algorithm with n qubits using chave (Oct), MATLAB (MAT),
Blitz++ (B++) and QuIDDPro (QP) with Oracle Design 1.

With the operators constructed, simulation can proceed. Tables 3 and 4 compare QuIDDPro (QP)
against qubit-wise implementations of Grover’s algorithm using MATLAB, Blitz++ (a
high-performance numerical linear algebra library for C++), Octave (a mathematical package
similar to MATLAB), and QuIDDPro using two different oracle types. Here “>24hrs” indicates
that the runtime exceeded 24 hours, and “>1.5 GB” indicates that memory usage exceeded 1.5GB.
Simulation runs that exceed the memory cutoff can also exceed the time cutoff, though we give
memory cutoff precedence. NA indicates that after a cutoff of one week, the memory usage was
still steadily growing, preventing a peak memory usage measurement. Results were produced on a
1.2GHz AMD Athlon with 2GB RAM running Linux. Memory usage for MATLAB and Octave is
lower-bounded by the size of the state vector and conditional phase shift operator; Blitz++ and
QulDDPro memory usage is measured as the size of the entire program. Simulations using
MATLAB and Octave past 15 qubits timed out at 24 hours.

Table 3 shows performance measurements for simulating Grover's algorithm with an oracle circuit

that searches for one item out of 2". It can be seen that QuIDDPro achieves asymptotic memory
savings compared to Blitz++, MATLAB and Octave. The overall runtimes are still exponential in
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n because Grover’s algorithm entails an exponential number of iterations, even on an actual
quantum computer. We also studied a “mod-1024" oracle circuit that searches for elements whose
ten least significant bits are 1 (Table 4).

| Oracle 2: Runtime (s) | | Oracle 2: Peak Memory Usage (MB) |
i Oct MAT B++ QF n | Oct MAT B++ QF
13 | 1.39e3 1.31e2 247 0.617 13 | 0.218 | 8.22e-2 252 0.137
14 | 3.75e3 7.26e2 542 0.662 14 | 0436 | 0.164 0.563 0.141
15 ] 1.11e4 427e3 11.7 0.705 15 | 0.873 0.328 1.06 0.145
16 | 3.70e4 2.23e4 249 0.756 16 | 1.74 0.656 2.06 0.172
17 | = 24hrs | > 24hrs 534 0.805 17 | 334 1.31 4.06 0.176
18 | = 24hrs | > 24hrs 1.13e2 0.863 18 | 459 2.62 8.06 0.180
19 | = 24hrs | > 24hrs 2.39e2 0910 19 | 134 524 16.1 0.180
20 | = 24hrs | > 24hrs 5.15e2 0.965 20| 278 10.5 32.1 0.195
21 | = 24hrs | > 24hrs 1.14e3 1.03 21| 556 NA 64.1 0.199
22 | = 24hrs | > 24hrs 2.25e3 1.09 22 | NA NA 1.28e2 0.207
23 | > 24hrs | > 24hrs 5.21e3 1.15 23 NA NA 2.56e2 0.215
24 | = 24hrs | > 24hrs 1.02e4 121 24 | NA NA 5.12e2 0.227
25 | = 24hrs | > 24hrs 2.1924 1.28 25| NA NA 1.02e3 0.238
26 | = 24hrs | > 24hrs | > 1.5GB | 1.35 26 | NA NA = 1.5GB | 0.246
27 | = 2dhrs | = 24hrs | > 1.5GB | 1.41 27 | NA NA = 1.5GB | 0.256
28 | = 24hrs | > 24hrs | > 1.5GB | 149 28 | NA NA = 1.5GB | 0.266
29 | = 24hrs | > 24hrs | > 1.5GB | 1.55 29 | NA NA = 1.5GB | 0.297
30 | = 24hrs | > 24hrs | > 1.5GB | 1.63 30 | NA NA = 1.5GB | 0.301
31 | = 24hrs | > 24hrs | > 1.5GB | 1.71 31 | NA NA = 1.5GB | 0.305
32 | > 24hrs | > 24hrs | > 1.5GB | 1.78 32| NA NA = 1.5GB | 0.324
33 | = 24hrs | > 24hrs | > 1.5GB | 1.86 33 NA NA = 1.5GB | 0.328
34 | = 24hrs | = 24hrs | > 1.5GB | 1.94 34 | NA NA = 1.5GB | 0.348
35 | = 24hrs | > 24hrs | > 1.5GB | 2.03 35 NA NA = 1.5GB | 0.352
36 | = 24hrs | > 24hrs | > 1.5GB | 2.12 36 | NA NA = 1.5GB | 0.375
37 | > 2dhrs | > 24hrs | > 1.5GB | 2.2 37 | NA NA = 1.5GB | 0.375
38 | = 2dhrs | > 24hrs | > 1.5GB | 2.2 38 | NA NA = 1.5GB | 0.395
39 | = 24hrs | > 24hrs | > 1.5GB | 2.37 39 | NA NA = 1.5GB | 0.398
40 | = 24hes | > 24hrs | > 1.5GB | 247 40 | NA NA = 1.5GB | 0.408

(a) (b)

Table 4: Simulating Grover's algorithm with n qubits using Octave (Oct), MATLAB (MAT),
Blitz++ (B++) and QuIDDPro (QP) with Oracle Design 2.

To verify that the QuIDDPro simulation resulted in the exact number of Grover iterations required
to generate the highest probability of measuring the items being sought as per the Boyer et al.
formula, we tracked the probabilities of these items as a function of the number of iterations. For
this experiment, we used four different oracle circuits, each with 11, 12 and 13 qubit circuits. The
first oracle is called Oracle N' and represents an oracle in which all the data qubits act as controls to
flip the oracle qubit. The other oracle circuits are Oracle N - 1, Oracle N - 2, and Oracle N - 3,
which all have the same structure as Oracle N minus 1, 2 and 3 controls, respectively. As described
earlier, each removal of a control doubles the number of items being searched for in the database.
For example, Oracle N - 2 searches for 4 items in the data set because it recognizes the bit pattern
111...1dd.
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Oracle | 11 Qubits | 12 Qubirs | 13 Qubits
N 25 35 50
N—-1 17 25 35
N-2 12 17 25
N-3 g 12 17

Table 5: Number of Grover iterations at which [5] predict the highest
probability of measuring one of the items sought.

Table 5 shows the optimal number of iterations produced with the Boyer et al. formulation for all
the instances tested. Figure 12 plots the probability of successfully finding any of the items sought
against the number of Grover iterations. In the case of Oracle N, we plot the probability of
measuring the single item being searched for. Similarly, for Oracles N - 1, N -2, and N - 3, we
plot the probability of measuring any one of the 2, 4 and 8 items being searched for, respectively.
By comparing the results in Table 5 with those in Figure 12 it can be easily verified that
QulDDPro uses the correct number of iterations at which measurement is most likely to produce
items sought. Also notice that the probabilities, as a function of the number of iterations, follow a
sinusoidal curve. It is therefore important to terminate at the exact optimal number of iterations not
only from an efficiency standpoint but also to prevent the probability amplitudes of the items being
sought from lowering back down toward 0.
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1 1
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Figure 12: Probability of successful search for one, two, four and eight items as a function of
the number of iterations after which the measurement is performed.

In summary, we have proposed and tested a new technique for simulating quantum circuits using a

data structure called a QuIDD. We have shown that QulDDs enable practical, generic and
reasonably efficient simulation of quantum computation. Their key advantages are faster
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execution and lower memory usage. In our experiments, QuIDDPro achieves exponential memory
savings compared to other known techniques.

This result is a useful contribution to ongoing research that explores the limitations of quantum
computing. Classical computers have the advantage that they are not subject to quantum
measurement and errors. Thus, when competing with quantum computers, classical computers can
run ideal error-free quantum algorithms, allowing techniques such as QulDDs to exploit the
symmetries found in ideal quantum computation. On the other hand, quantum computation still
has certain operators which cannot be represented using only polynomial resources on a classical
computer, even with QulDDs. Examples of such operators include the quantum Fourier
Transform and its inverse, which are used in Shor’s number factoring algorithm. Since N = 2"
where n is the number of qubits, QulDDs for the quantum Fourier transform will exhibit
exponential growth with a linear increase in qubits. Therefore, the Fourier transform will cause
QulDDPro to have exponential runtime and memory requirements when simulating Shor’s
algorithm.

Density Matrix Simulation. We have extended our QuIDD-based quantum circuit simulation to
handle the density matrix representation [13]. As noted earlier, density matrices are crucial in
capturing interactions between quantum states and the environment, such as noise. In addition to
the standard set of operations required to simulate with the state-vector model, including matrix
multiplication and the tensor product, simulation with the density matrix model requires the outer
product and the partial trace. The outer product is used in the initialization of qubit density
matrices, while the partial trace allows a simulator to differentiate qubit states coupled to noisy
environments or other unwanted states. The partial trace is invaluable in error modeling since it
facilitates descriptions of single qubit states that have been affected by noise and other phenomena
[11]. As a result, this work presents algorithms which implement the outer product and the partial
trace using QulDDs.

We also describe a set of quantum circuit benchmarks that incorporate errors, error correction,
reversible logic, quantum communication, and quantum search. To empirically evaluate the
improvements offered by QulDD-based density matrix simulation, we use these benchmarks to
compare QuIDDPro with an optimized array-based density matrix simulator called QCSim [4].
Performance data from both simulators show that our new graph-based algorithms far outperform
the array-based approach for the given benchmarks. It should be noted, however, that not all
quantum circuits can be simulated efficiently with QuIDDs. A useful class of matrices and
vectors which can be manipulated efficiently by QuIDDs was formally described in the previous
section and is restated below. For some matrices and vectors outside of this class, QuIDD-based
simulation can be up to three times slower due to the overhead of following pointers in the
QulDD datastructure.

Although the density matrix representation can be invaluable for simulating environmental noise
in quantum circuits, like the state vector representation, it is plagued by a simulation complexity
that grows exponentially with the number of qubits in the worst case. A straightforward
linear-algebraic simulation using density matrices requires O(2*") time and memory resources.
Since QulDDs have proven useful in reducing this complexity in the state vector paradigm, it is
only natural to extend QulDDs to the density matrix model in an attempt to reduce the simulation
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complexity of this important model in practical cases. Before proceeding to the new extensions,
we first review what is already in place that can be re-used in the density matrix representation.

| Ujo1=<01]U" | Ujo1=<01|U*
C,C,
o 01 10 11
w| 025 -025 025 -0.25
a| -025 025 -025 025
RaFy
o 025 -025 025 -0.25
u| -025 025 025 025
(a) (b)

Figure 13: (a) QuIDD for the density matrix resulting from Ul01) 011U’, where U= H ® H, and
(b) its explicit matrix form.

Figure 13a shows the QuIDD that results from applying U to an outer product as Ul01){ 011U,
where U = H ® H. The R;nodes of the QuIDD encode the binary indices of the rows in the explicit
matrix. Similarly, the C; nodes encode the binary indices of the columns. Solid lines leaving a node
denote the positive cofactor of the index bit variable (a value of 1), while dashed lines denote the
negative cofactor (a value of 0). Terminal nodes correspond to the value of the element in the
explicit matrix whose binary row/column indices are encoded by the path that was traversed.

Notice that the first and second pairs of rows of the explicit matrix in Figure 13b are equal, as are
the first and second pairs of columns. This redundancy is captured by the QuIDD in Figure 13a
because the QulDD does not contain any Ry or Cp nodes. In other words, the values and their
locations in the explicit matrix can be completely determined without the superfluous knowledge
of the first row and column index bits. Measurement, matrix multiplication, addition, scalar
products, the tensor product, and other operations involving QulDDs are variations of the
well-known Apply algorithm discussed earlier [15, 16]. Vectors and matrices with large blocks of
repeated values can be manipulated in QuIlDD form quite efficiently with these operations. In
addition, it has been proven that by interleaving the row and column variables in the variable
ordering, QuIDDs can represent and operate on a certain class of matrices and vectors using time
and memory resources that are polynomial in the number of qubits. This class includes, but is not
limited to, any equal superposition of n qubits, any sequence of n qubits in the computational basis
states, n-qubit Pauli operators, and n-qubit Hadamard operators. Specifically, this class includes
any vector or matrix created from the tensor product of vectors or matrices whose elements are in a
persistent set. Informally, a persistent set is a set of complex numbers whose set of all-pairs
products is the same size as the original set. We explicitly characterized persistent sets [15]; they
can include arbitrary roots of unity, zero, and other complex numbers. Since QuIDDs already have
the capability to represent matrices and multiply them, extending QuIDDs to encompass the
density matrix representation requires algorithms for the outer product and the partial trace.
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Outer Product and Partial Trace. The outer product involves matrix multiplication between a
column vector and its complex-conjugate transpose. Since a column vector QuIDD only depends
on row variables, the transpose can be accomplished by swapping the row variables with column
variables. The complex conjugate can then be performed with a DES traversal that replaces
terminal node values with their complex conjugates. The original column vector QulDD is then
multiplied by its complex-conjugate transpose using the matrix multiply operation for QuIDDs [16,
16]. Pseudo-code for this algorithm is given in Figure 14.

Outer_Product(Q, numgubits) { Complex_Conj(Q) {
QO _cctrans = Swap Row_Cal_Vars(Q); if (Is_Canstant(Q))
QO _cctrans = Complex_Conj(Q _cctrans); raturn New_Terminal(Real(Q),
R = Matrix Multiply(Q, Q_cctrans); —1+Imag(0)):
R = Scalar_Div(Q_cctrans, 2Mm-qubits) - if (Tahle Lookup(computed table, O,R)
return R; returnk;

1 v = Top_Var(Q);

T = Camplex_Conj(Q,):

E = Complex_Conj(Qy):
R=ITE(v.T.E);
Table_Insert{computed table, O, R);
return R

(a) (b)

Figure 14: Pseudo-code for (a) the QuIDD outer product and (b) its complex conjugation helper
function Complex_Conyj.

Although QuIDDs enable efficient simulation for a class of matrices and vectors in the state-vector
paradigm, it must be shown that the corresponding density matrix version of this class can also be
simulated efficiently. Since state-vectors are converted to density matrices via the outer product,
this can be shown by proving that the outer product of a QulDD vector in this class with its
complex-conjugate transpose results in a QuIDD density matrix with size polynomial in the
number of qubits.

Theorem 17: Given an n-qubit QulDD state-vector whose terminal values are in a persistent set,
the outer product of this QuIDD with its complex-conjugate transpose produces a QuIDD matrix
with polynomially many nodes in n.

To motivate the QuIDD-based partial trace algorithm, we note how the partial trace can be
performed with explicit matrices. The trace of a matrix A is the sum of A’s diagonal elements. To
perform the partial trace over a particular qubit in an n-qubit density matrix, the trace operation can
be applied iteratively to sub-matrices of the density matrix. Each sub-matrix is composed of four
elements with row indices rOs and rls, and column indices cOd and cld, where r, s, ¢, and d are
arbitrary sequences of bits which index the n-qubit density matrix. Tracing over these
sub-matrices has the effect of reducing the dimensionality of the density matrix by one qubit. A
well-known ADD operation which reduces the dimensionality of a matrix is the Abstract operation
[1]. Given an arbitrary ADD f, abstraction of variable x; eliminates all internal nodes of f which
represent x; by combining the positive and negative cofactors of f with respect to x; using some
binary operation. In other words, Abstract(f, x;, op) = fi op fui-
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For QuIDDs, there is a one-to-one correspondence between a qubit on wire i (wires are labeled
top-down starting at 0) and variables R; and C;. So at first glance, one may suspect that the partial
trace of qubit i in f can be achieved by performing Abstract(f, R;, +) followed by Abstract(f, C;, +).
However, this will add the rows determined by qubit i independently of the columns. The desired
behavior is to perform the diagonal addition of sub-matrices by accounting for both the row and
column variables due to i simultaneously.

As in the case of the outer product, the QuIDD partial trace algorithm has efficient runtime and
memory complexity in the size of the QuIDD being traced-over, as we state next.

Theorem 18: Given an n-qubit QuIDD density matrix A with IAl nodes, any qubit represented in
the matrix can be traced-over with runtime complexity O(lAl) and results in a QulDD density
matrix with O(lAl) nodes.

Experimental Results. We consider a number of quantum circuit benchmarks which cover errors,
error correction, reversible logic, communication, and quantum search. We devised some of the
benchmarks, while others are drawn from NIST [4] and from a site devoted to reversible circuits
[10]. For every benchmark, the simulation performance of QulDD\-Pro is compared with
NIST's QCSim quantum circuit simulator, which utilizes an explicit array-based computational
engine. The results indicate that QulDD-Pro far outperforms QCSim. All experiments are
performed on a 1.2GHz AMD Athlon workstation with 2GB of RAM running Linux.

Here we analyze the performance of QuIDDPro on simulations that incorporate errors and error
correction. We consider some simple benchmarks that encode single qubits into Steane's 7-qubit
error-correcting code [12] and some more complex benchmarks that use the Steane code to correct
a combination of bit-flip and phase-flip errors in a half-adder and Grover's quantum search
algorithm [9]. Secure quantum communication is also considered here because eavesdropping
disrupts a quantum channel and can be treated as an error.

The first set of benchmarks steaneX and steaneZ each encode a single logical qubit as seven
physical qubits with the Steane code and simulate the effect of a probabilistic bit-flip and
phase-flip error, respectively [4]. steaneZ contains 13 qubits which are initialized to the mixed
state  0.866025/0000000000000) + 0.510000001000000). A combination of gates apply a
probabilistic phase-flip on one of the qubits and calculate the error syndrome and error rate.
steaneX is a 12-qubit version of the same circuit that simulates a probabilistic bit-flip error. A
more complex benchmark that we simulated is a reversible half-adder with three logical qubits that
are encoded into twenty one physical qubits with the Steane code. Additionally, three ancillary
qubits are used to track the error rate, giving a total circuit size of twenty four qubits. hadder1_bf1
through hadder3_bf3 simulate the half-adder with different numbers of bit-flip errors on various
physical qubits in the encoding of one of the logical qubit inputs. Similarly, hadderl_pfI through
hadder3_pf3 simulate the half-adder with various phase-flip errors.

Another large benchmark we simulated is an instance of Grover's quantum search algorithm.
Whereas the simulations of this algorithm described in the last section utilize the state vector
representation, this benchmark utilizes the density matrix representation. The oracle used in this
benchmark searches for one element in a database of four items. It has two logical data qubits and
one logical oracle ancillary qubit which are all encoded with the Steane code. Like the half-adder
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circuit, this results in a total circuit size of twenty four qubits. grover_s1 simulates the circuit with
the encoded qubits in the absence of errors. grover_s_bf1 and grover_s_pfI introduce and correct a
bit-flip and phase-flip error, respectively, on one of the physical qubits in the encoding of the
logical oracle qubit.
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Figure 15: Quantum circuit for the bb84Eve benchmark.

In addition to error modeling and error correction for computational circuits, another important
application is secure communication using quantum cryptography. The basic concept is to use
entanglement to distribute a shared key. Eavesdropping constitutes a measurement of the quantum
state representing the key, disrupting the quantum state. This disruption can be detected by the
legitimate communicating parties. Since actual implementations of quantum key distribution have
already been demonstrated [8], efficient simulation of these protocols may play a key role in
exploring possible improvements. Therefore, we consider two benchmarks which implement
BB84, one of the earliest quantum key distribution protocols [3]. bb84Eve accounts for the case in
which an eavesdropper is present (see Figure 15) and has 9 qubits, whereas bb84NoEve accounts
for the case in which no eavesdropper is present and contains 7 qubits.

Performance results for all of these benchmarks are shown in Table 6. Again, QulDDPro
significantly outperforms QCSim on all benchmarks except for bb84Eve and bb84NoEve. The
performance of QuIDDPro and QCSim is about the same for these benchmarks. The reason is that
these benchmarks contain fewer qubits than all of the others. Since each additional qubit doubles
the size of an explicit density matrix, QCSim has difficulty simulating the larger Steane encoded
benchmarks.

To analyze scalability with the number of input qubits, we turn to quantum circuits containing a
variable number of input qubits. In particular, we reconsider Grover's quantum search algorithm.
However, for these instances of quantum search, the qubits are not encoded with the Steane code,
and errors are not introduced. The oracle performs the same function as the one described in the
last subsection except that the number of data qubits ranges from five to twenty. Again, we found
that QulDDPro has significantly better performance. These results highlight the fact that QCSim’s
explicit representation of the density matrix becomes an asymptotic bottleneck as n increases,
while QuIDDPro’s compression of the density matrix and operators scales extremely well.
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Benchmark | No. of | No. of CulDDPro QCS5im
Qubits | Gates || Runtime (5) | Peak Memory (MB) (| Eunfime (3) | Peak Memory (ME)
steaneZ 13 143 0.6 0.672 287 512
steaneX 12 120 027 0.68 532 128
hadder bfl 2 49 183 1.48 MEM-OUT MEM-OUT
hadder bf2 2 49 18.7 1.48 MEM-OUT MEM-OUT
hadder bf3 2 49 18.7 1.48 MEM-OUT MEM-OUT
hadder_pfl 2 31 212 1.50 MEM-OUT MEM-OUT
hadder_pf2 2 31 212 1.50 MEM-OUT MEM-OUT
hadder_pf3 2 31 207 1.50 MEM-OUT MEM-OUT
grover_sl 2 50 2301 942 MEM-OUT MEM-OUT
grover_s_bfl 2 71 2208 943 MEM-OUT MEM-OUT
grover_s_pfl 2 73 2258 942 MEM-OUT MEM-OUT
bb84Eve 0 26 0.02 0.129 0.19 2.0
bb&4NoEve 7 14 0.01 0.0313 = 0.01 0.132

Table 6: Performance results for QCSim and QuIlDDPro on error-related benchmarks
(MEM-OUT indicates that a memory usage cutoff of 2GB was exceeded).

Summary. We have developed a new graph-based simulation technique that enables efficient
density matrix simulation of quantum circuits. We implemented this technique in the QuIDDPro
simulator. QuIDDPro uses the QuIDD data structure to compress redundancy in the gate operators
and the density matrix. As a result, the time and memory complexity of QuIDDPro varies with the
structure of the circuit. However, we demonstrated that QuIDDPro exhibits superior performance
on a set of benchmarks which incorporate qubit errors, mixed states, error correction, quantum
communication, and quantum search. This result indicates that there is a great deal of structure in
practical quantum circuits that graph-based algorithms like those implemented in QuIDDPro
exploit. We are currently seeking to further improve quantum circuit simulation with QuIDDs.
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