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ABSTRACT

Analytical expressions for the horizontal and vertical forces
exerted by a floating ice sheet against a two-dimensional sloping struc-
ture are derived under the assunption that ice is an elastic, homogeneous

material. The specific conditions investigated are

1. Quasi-steady form of the governing equation.

a. The free end of the semi-infinite ice sheet is
subjected to a horizontal force, a vertical force,
and a bending moment. Failure of the ice sheet
occurs before its free edge becomes fully emerged
from or submerged into the water.

b. The free end of a semi-infinite ice sheet is sub-
Jjected only to a vertical force, but failure occurs
after the free end has fully emerged from or submerged
into the water.

c. Finite ice sheet subjected only to a vertical force
at one free end which remains at the water surface
until failure occurs.

2. Unsteady form of the governing equation for a semi-infinite
sheet subjected to only a vertical force at its free end which remains at
the water surface until failure occurs.

It appears that, for practical applications, the effect of the
horizontal force and bending moment at the free end of the ice sheet on
the sheet deformation is negligible. It is shown that a finite ice sheet
of length at least three times a characteristic length expressed in terms
of the ice mechanical properties can be treated as a semi-~infinite ice
sheet. Also it is shown that when the ice thickness is smaller than a
critical value which depends upon the ice mechanical properties and the
direction (upward or downward) of the vertical force exerted at the sheet
free end, the failure force of the ice sheet is independent of the ice
elastic modulus.
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The analytical results have been verified experimentally, and
used in the experimental determination of the bending strength and strain

modulus of urea-doped ice.
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I. INTRODUCTION

Man made structures erected in the high latitude regions of
the globe must be built so as to withstand the large forces exerted by
the ice which they may come in contact with. These structures may be
stationary, bridge piers, warves, dykes, light houses, drilling islands
etc., or mobile, tugs, icebreakers etc. The ice these structures may
have to interact with can be nmonolithic sheets or broken ice masses
either unconsolidated, ice rubble, or partially or totally refrozen, ice
ridges. Since the mechanical properties of monolithic ice show its
bending strength to be about half its crushing strength (e.g., Pounder
1965), ice thrust on structures can be reduced by inclining the face of
the structure to force the ice to fail by bending.

Because of its importance it is not surprising that numerous
studies have been denoted to the problem of ice forces on inclined struc-
tures, and related topics by an analytical approach, experimental simula-
tion and combinations of both. For example, Nevel (1979) and Sorensen
(1978) have followed the analytical route, while Tryde (1972), Ralston (1979)
Frederking (1979), among others, have followed an empirio-analytical
approach. Most of these researchers have treated the case of a three-
dimensional structure interacting with an infinite floating ice sheet,
where three-dimensional effects occur, and for which the analysis becomes
extremely complicated, even when only quasi steady conditions are considered.
The problem treated herein is that of a free-floating ice sheet pushing
against a two-dimensional inclined plane. The problem is tractable
mathematically, and it is believed that the results obtained can give
better insight into the general phenomenon of ice forces on structures of
more complicated shape. In particular it is shown that the relationship
between the maximum force exerted by an ice sheet on an inclined plane and
the ice properties, bending strength and elastic modulus, depends on
whether the ice sheet is lifted out of the water or pushed down into it,
or whether failure of the ice sheet occurs before or after its frontal
edge becomes fully emerged from or submerged into the water, and also
on how high the frontal edge emerges or how deep it submerges before
failure occurs.



II. STATEMENT OF PROBLEM

The problem to be considered is that of an ice sheet floating
at the surface of a body of water and which, under the influence of
external forces, such as wind shear, is climbing up or down a sloping
structure. Only the two-dimensional problem is considered here. The
ice sheet of uniform thickness h, and width b is assumed to be homogeneous
and to behave as an elastic material characterized by a modulus of
elasticity E, a bending strength 9% and a compression strength O
The chosen system of coordinates has its origin on the line of
intersection between the water surface and the end of the ice sheet.
The x-axis 1s horizontal in the plane of the water surface in the opposite
direction of motion of the ice; the y-axis is vertical upward (see
Figure 1). The origin of time is chosen as the instant when the ice
strikes the inclined structure. The horizontal displacement velocity of
the ice, Vo’ will be assumed to remain constant throughout the process.
For time t < O, the buoyancy force balances the ice weight,
such that the immersed depth of ice, ho’ is given by

he]

i

hO o h (L
where oy and Py are the densities of ice and water, respectively.

For time t > O, as the ice climbs up the structure, it is
subjected to a reaction force R of components N and T in the normal and
tangential directions, respectively, relative to the structure, and of
components P and F in the xy-system of coordinates (see Figure 1), such
that

F=Ncos 6 -T sin 6 (2)

P=Nsin 6 + T cos 8

where 6 is the angle of inclination of the structure with respect to the
horizontal plane.



t<0 -9

Figure 1. General Definition Sketch



When the dynamic friction coefficient, u, at the ice-structure
interface is introduced then

T = uN

and

- sind + ucoss
cosf - usineg

F= ¢F (3)

The reaction force R acts at the point of contact of the ice sheet with
the structure.

Under the action of F and P, the ice sheet undergoes a dis-
placement y(x,t) from its initial free floating position, and is sub-
Jected to a moment distribution M(x,t). The ice sheet will fail at a
distance x £ from the upstream end, where the stress at the top or bottom
of the ice sheet reaches either the bending strength, Gy» OF the com-
pressive strength, To? of the ice. However, since the tensile strength
of ice is approximately half its compressive strength (see, for example,
Pounder 1965, Weeks and Assur 1969), it will be assumed that the ice

sheet will fail in tension. The distance of failure xf is then determined
by

M.h
- £ _P
% =31 " bh (4)

or

Mch '

_ oF

% =3 " bh (4a)
3

where M, = M(x,,t) and I = %1— is the moment of inertia of the beam

cross—-section about the neutral axis.



ITI. PROBLEM ANALYSIS

A. Governing Equations
1. Ice Sheet in Contact with Water Along its Whole Length
Consider an elementary slice of the ice sheet of length dx as

shown in figure 2a. The ice element is displaced by the distance y
from its free floating position, and is subjected to the various forces
and moments indicated on figure 2a. Application of Newton's second law
in the y-direction leads to

2
(p.bhdx)iUzl=f+dB—dw—(f+ﬁdx) (5)
1 X
ot
where £ = shear force
dB = buoyancy force on ice element = YW'(hO“Y)bdX
dW = weight of ice element vy hdbx =“Y“Pobdx

Equation 5 gives

2
2 | (6)
€ ax

of v
X Y wbh'o(hO

The shear force distribution along the ice sheet is then given by

% of |
f(x,t) = F + é—?& dx (7

The transverse deformation y(x,t) of the ice sheet is related to the
moment M(x,t) exerted at any section by

M(x,t) 82 3x2

1
== (8)
EI r
3y 2|2

where r is the radius of curvature of the neutral axis. When it is

assumed that the transverse deformation is small enough for (By/ax)2

to be negligible with respect to 1, equation 8 reduces to



dB

Figure 2a. Force Analysis of an Elementary Slice of Ice Sheet
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M _ 3y

EI 2 9
X

The reactions F and P exerted at the bottom of the free end in contact
with the structure can be replaced by the same two forces exerted at the
neutral axis of the ice sheet plus a bending moment h%y as shown in
Figure 1. When moment equilibrium is applied to a sheet element of
length dx, or to a segment of ice sheet extending from the free end to a
distance x, the following relationship for the bending moment exerted at
any section x of the ice sheet is obtained
X

M(x,t) = M+ P(yo-y) + {) f dx (10)
where A is the vertical displacement of the free end from its free
floating position. When equation 10 is differentiated twice with respect
to x, it yields

2 2

aM_ o, 3y, asf
5= P S5t (1)
X 9X

When equations 4, 5 and 9 are substituted into equation 11, the governing
equation for the deformation y(x,t) is obtained as

éﬁz oF 22 Y P ho 322
0% _ﬁaz A e A o

The following dimensionless variables are introduced

_ _ - 2
y/L, X = x/L, T = t/T, F = Fj_bL

< |

=l
I

where L is a characteristic length defined by

1 3 1
- (Eh®
L = (Y b) = (va) (13)

and T is a characteristic time defined by



1
2

T = (b /®) (14)

Then the dimensionless governing equation is:

L4 \2c -2

Y+ pFLrag+LiD =0 (15)
4 =2 =2

aX X at

2. Partially Emerged Ice Sheet

The above derivation and the resulting governing equation 15
are valid only as long as the ice sheet at any point along its length is
neither fully emerged from nor fully submerged into the water, i.e., for

-(h-h ) < y(x,t) < h/

In particular, if the free end emerges from the water prior to failure,
the above analysis needs to be modified over the emerged length X as
shown in Figure 2b. Newton's second law applied to an elementary ice
element dx in the region x < X yields

2
(p.bh dx) 2L = f — aW - (£ + L) ax (52)
i atz X
or
af 1 3%y
i N atz) (6a)

Equations 10 and 11 remain valid over O < x < X therefore the governing
equation for the displacement y(x,t) over the emerged length of ice
sheet becomes |

4 2 v_bh 2
2y Ly ‘VEI°(1+13—1)=0 (12a)
ox ax € 5t

or, in dimensionless form,
.
__311+4¢F—_§+4(h0+—:¥)=0 (15a)
ax ax ot

where h_ = N /L and, valid for 0< X < X
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Equations 12 and 15 remain valid for x > x_, i.e., X > EO.

3. Final Remarks

In the derivation of Equations 15 and 15a it was implicitly
assumed that the vertical force F exerted at the free end of the ice
sheet was directed upward. If, on the contrary, F is directed downward,
these equations are still valid provided that the displacement y
(x,T) be taken positive downward and that Eo be replaced by (E—EO) in
Equation 15a. In summary, the dimensionless governing equations are:

5 %5 = 2%y e
X +a¢FiL+ay+ED =0 (15)
X X 3t
for y < H
4~ _ a2— _ 82—
SV 44 ¢F2L+a@+2Y =0 (16)
-4 -2 -2
IX X ot
for y > H
where H = Eo if ice sheet subjected to a 1ift force,
g=

E—EO if ice sheet subjected to a downward push

B. Initial and Boundary Conditions
1. Initial Conditions

When the unsteady form of the governing equations are considered,
the initial condition is simply y(x,0) = O.

2. Boundary Conditions

There are three possible boundaries td be considered; the
upstream edge of the ice sheet, x = 0, which is in contact with the
structure and is submitted to the forces F and P, and a moment Mb;
the downstream end of the sheet corresponding to x = » for a semi-
infinite sheet, and to x = % for a sheet of finite length %; and finally,

in the case of a partially emerged (or submerged) sheet, the location x

=X
(o]
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a) at x = O the boundary conditions are

y=y,=u,t : (17)
O
L¥=ait (18)
X ©
3 -
2 ¥+ 44F L =4F (19)
axX 90X

where ﬁo is the dimensionless constant vertical velocity of motion of
ice edge in contact with the structure

b) at x -+ » for a semi-infinite ice sheet

n=0,1,2,... (20)

ficx=2) =0 or 2L =0 (21)

d) at x = X for the case of an ice sheet totally emerged, or submerged,
over a length X let yl(x,t) be the solution of Eguation (16), valid
for X < X_, and §z(§,f) the solution of Equation 15, valid for x > §b.

We shall require continuity of displacement, slope, moment and shear, at
X=X namely

v, = Vg = 1H (22a)
oy 3y

—+ === (22b)
ax 90X

2 2~

9y _ % (22¢)

aiz )34



all at x = x

Note that the boundary condition given by equation 19 expresses that the
shear force f at x = 0 must be equal to F, and can also be used to
calculate F, once the deformation function y(x,t) has been determined.
Note also that F can be obtained by combining Equations 7 and 8, with
the condition thait f is zero at the downstream end of the ice sheet, and
therefore is given in dimensionless form by

X

_ o _ 2 _ eor L 25 v
F= [ @A+ dx+ | ¥ + D) &k (23)
0 ot X of
or
_ B3s  _ 2] %=0
4F = - |2 ¥ +4 oF £y (23a)
X X | =

C. Problem Classification

The solution of the governing equation will depend upon the
boundary conditions imposed, whether the motion can be assumed to be
quasi-steady or not. The various problems are schematically represented
in Figure 3.

The problems treated in the following sections are

1. Quasi steady deformation of a semi-infinite ice sheet for
the case yo < H and for

a. F, P and MO all different from zero

b. Only F different from zero.

2. Semi-infinite ice sheet in quasi-steady deformation,
partially emerged or submerged (yo> H), with F# O but P = MO = 0.



3. Quasi steady deformation of a finite ice sheet for the
case yo<HandwithF7£O, P=MO=O.

4. Unsteady deformation of a semi-infinite ice sheet, such

thatyo<HandwithF7EO,P=Mo=0.

13
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IV.  SOLUTIONS OF THE QUASI-STEADY EQUATION

A. Semi-Infinite Ice Sheet in Contact with Water

Along its Whole Length
1. General Case (¥, P and MO # 0).

The governing equation 15 reduces to

9y a7 iErag=o0 (24)
dx dx

and the boundary conditions are

- dn_ -
y and —:X‘+ Oas x> =
dx
y = —o at x =0
20—
4y -4 iatx=0
dx

The solution of equation 24 which satisfies the boundary conditions are:

A X
- -1 — . -
y=e (k1 cos Az X + k2 sin AZ X) (25)

with
=1 -1

Al = (1 - ¢F) Ao = 1 + ¢F)

_ 2M_ + oFy
k = y k’_) = o o

From either equation 19 or equation 23, the vertical force F must satisfy

the relation
(1-2¢F)§O -2M

T _ 0 (26)
2/T3F

The bending moment distribution is given by



Quasi-steady Unsteady
Motion Motion
~
Semi-Infinite Finite
Ice Sheet Ice Sheet
T ><y0>H
o /
\ 7o
P=0 / \P#O
Mo=0 Mofo

Figure 3.

Problem Classification

15
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=
1l

AN
Ilf:l[\')
[\ol |

2 2
[Fxl - xz )k1 - 2A112k2] cos Xz X

e

4
2 2 o=
+ [(Al - kz )k2 + lexzkl] 81nA2xg

_)‘1}-E - _ MO ¢F + §O/2
=e M_ cos A, x + sin A, X (27
o} 2 Ao A 2
172
o
The location if of the maximum bending moment is obtained from a
as dx X—xf =0

__ —ﬂ ‘/1+¢F (2¢>F—1)2M +y
T-6F 2 (28)
(2¢F+1)21\4.o + Y5

The tensile stress at either the top or bottom of the ice

sheet at the section if is given in dimensionless form by

2

o =20k - %—— (29)

and the failure criterion is
o = 9, (30)
where

o = o/E

The following procedure is suggested for determining the forces
T and P exerted by an ice sheet on a two dimensional sloping structure.
1. The geometric and material characteristics of the ice
sheet (b,h,E,ob, pi), structure angle 6, and the friction coefficient u
are assumed to be known. Then the characteristic length L, time T, and

coefficient ¢, are known.
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2. Assume a value for y_ and therefore §b = yo/L.

3. Determine the corresponding value of F by solving equation
26. '

4. Determine the location §f of the maximum tensile stress
from equation 28.

5. Calculate M, from equation 27 and Et from equation 29.

£

6. Compare % with %y

1f Et = Eb computations are stopped

If Et < Eb repeat steps 3 to 6 with a higher value
of Yo

If Gt > Bb repeat steps 3 to 6 with a smaller value of §5.

It should be noted that the determination of F from equation 26, requires
that Mb be estimated. The moment M_ is related to the horizontal force
P by

M = - Pe
o)

where e is the distance from the point of application of the reaction
force R to the neutral axis of the ice sheet, located at mid-thickness.
When the ice sheet comes in contact with the structure, its leading edge
will be somewhat crushed. However, the eccentricity e dan be approximated
by h/2, then

M = - ¢F h/2
M= - ¢F h/2

with this approximation, equation 26 becomes
_ (1-2¢F)y_ + ¢Fn

Ig
2/1 ~¢ F

(26a)
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2. Particular'Conditions (F£0, P= Mb = 0).

For practical application, or to determine a starting value of
§0, it may be sufficient to consider that the ice sheet is subjected
only to a vertical force F. The equations derived in the previous
Section gfeatly simplify to read

y =€ cos X (31)
F = ;9 (32)
Xp = tan 11 = —;”I (33)
Mf: iﬁf@ ‘o = 0.161 370 | | (34)
o = 0.322 hy_ (35)

and therefore the force at failure (i.e., when Ef = Eb) Ff can be obtained
directly in terms of Bb and h

F_= 1.5531'2 (36)
f h

while the value of §o at failure is given by

= 3.102 % (37)
y —
Of n

More commonly encountered dimensionless forms of F,, x, and Yo are

£ f £
then given by

F G
£ _ %% . “b.3/4
= 0.68 (=2)% (—) (382)
owhz E Ywh
e E.+ ,% .4
7 = 0.60 (——Gb) (—Ywh) (38b)



19

yO
£ _ %b1/2 % \1/2
& =10 GE) <QP

(38¢c)

It is worth noting that according to equations 38, the force
Ff is proportional to the bending strength % and inversely proportional
to the fourth root of E, only. Therefore, in model studies of ice
forces on structures, proper scaling of the bending strength is more
critical than that of the elastic modulus, since a 100 percent error on
E leads to an error on Ff of only sixteen percent.

It is recalled that equations 38a to 38c are valid as long as
the free end of the ice sheet does not either emerge from or become sub-

merged into the water, i.e., as long as

v
o I

HE<h <o (39)

ghere a 1is equal to pi/pw when the sheet is lifted, and « equals (1 -
63) when the sheet is pushed down. Therefore, the condition of appli-

cHtion of equations 38a to 38c, can be expressed from equation 38c as

2
h 3_3'30 Og =h (402.)
W2 Y max
or
%b _
E 3.20 (—=) (40b)
%B T 2 Y

3. Example of Application
Consider an ice sheet of thickness h = 40 cm, with b = 1 m,
and properties

O = 1x 106 Pa
E=50x 109 Pa

0, = 920 kg/m’ o, = 1000 ke /m>
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and climbing up an inclined structure of angle 6 = 30°. We will assume
a friction factor between the ice and the structure of u = 0.15.

It can be verified that equation 40 is satisfied. The corresp-
onding characteristic length L and coefficient ¢ are, respectively, L =
10.21 m, ¢ = 0.79. |

1st Method: If the effect of the horizontal force P and moment Mb are

neglected, then equations 38a to 38c are applicable and yield

F. = 8100 N

Failure is predicted to occur at a distance x

£ = 8.0 m and the maximum

horizontal force Pf on the structure is

P, = ¢F, = 6450 N

2nd Method: When P and Mb are not neglected, but under the assumption

that the excentricity e is equal to h/2, i.e., that MO = - ¢F h/2,
the problem requires the similtaneous solution of equations 26, 27, and
28, varying the value of §o until the bending stress given by equation
29 is found equal to the ice bending strength.

With the numerical data chosen in the present example, the
dimensionless values are found to be

- 2
Y, = 1.635 10
F = 8.225 1079
- -1
xf = 8,017 10

The corresponding dimensional values are
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Vo = 0.167 m

f
F = 8400 N
Xe =8.19 m
Pf = ¢Ff = 6700 N

This example indicates that the effect of P and Mo on the
failure force is relatively small, of the order of 5 percent in the
present case, and that they may be safely neglected and still obtain a
reliable estimate of the forces exerted on the structure.

B. Partially Hrmerged or Submerged Semi-Infinite
Ice Sheet (P =M =0, F # 0)
U

The case when the free end of the ice sheet becomes either

fully emerged from or fully submerged into the water, i.e., for Yo > H,
will be investigated only under the assumption of quasi-steady condition
and of zero horizontal force and moment at the upstream edge x = O.

Under these assumptions the governing equations 16 and 15 reduce to

4
3y _ - - - .
—~1—+4H=O O_<_x_<_xo;yl>H (41a)
9xX
a4§
2 = =.=. = .= ~
= +47y,=0 X > X ; 5 < H (41b)

where SEO is that length of the ice sheet which is entirely either below
or above water. The boundary conditions are given by equations 17 to 20
and 22a to 22d.

The solutions of equations 4la and 4lb have the forms:



- _}‘_{_.4 -3 — -

Y1 g X 03x + C2X2 + Clx + CO, (42a)
X < X
- "0

- _=x' . . .

Vo = € (k1 cos X +k281nx ), {(42b)
x'=%X-%x_ >0

O_.—

Note that equation 42b satisfies the boundary condition given
by equation 20. From the remaining boundary conditions, the coefficients
k1k2000andC are found to be

0% 3

k1=‘ﬁ

k2=—ﬁ—0

Co = Yo

c, =-T+ax)?
c, =0

_ 1 gex
C; = 3 B(14K)

and 5&0 is given by the relationship

14,23, =2, = _ .
- B—xo+§xo+xo+xo+1)—0 , (43a)

mllol

or

= 5 (R + 214%) + 3) | (430)

KI‘.IIO 1
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The force F exerted at the free end of the ice sheet is obtained

from equation 23, for quasi steady conditions, as

o0 }-E ’ oo
F={§d§<=jo° I_Id>—<+f_ 372d5£
o} XO
_ o x o
F=20H (44)

The expressions for the bending moment M obtained from the
dimensionless form of equation 9 are given by

M =

] fsa]

x (1 + X, - x) for x < X (45a)

_ L o -GER)
(xO oos(x_xo) + sm(x—xo))e ‘ (45b)

=l
0
o] i

for x > X
o

Failure of the ice sheet occurs when the first maximum of the
bending moment satisfies

M ;= ij (46)
2h
Examination of equations 45a and 45b shows that the maximum Mf
of M occurs at a distance }_(f less than ;io’ i.e., in the fully emerged

or submerged part of the ice sheet, when ;{o < 1, but greater than ;(o’

- for ;(o > 1. For illustration purposes the distribution of the bending
moment IVIX is shown in Figure 4 for the two particular values }_{O = 0.6

and X =1.4.

The location x ¢ Of the maximum bending moment corresponding to
(dl‘TdX/d)_c)—_‘—f_= 0 is then given by

X=Xy _
- - -1 1~xo ~ T o =
xf=x0+tan ( _)=xo+z—tan (xo), forxo<1(47a)

1+xo

or

14X _
£ 5 for X, > 1 (47b)

i.
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and the corresponding expressions for M. are

£

- Tj-"D ﬁ 1+ ;<2 T -1 - =

W=-—2=3% 5— exp (- +tan x ) for x <1 (48a)
2h

and

S = I+x 2 _

Mf =-b =-§ (— =) for x_> 1 (48b)
oh ©

Equations 48a and 48b are plotted as Zﬂf/ﬁ versus §O on
Figure 5. When §b = 1 then

X, =X =1
o)

Mf =

o] fasi]

The results of the analysis for the case §b> 1 deserve further
attention. Combination of equations 44 and 48b yields

F= Ef H (492)
which can also be expressed as

Fe

YwbHXf

Furthermore by eliminating Eb between equations 44 and 48b one obtains

=1 ’ (49b)

F = \/‘;b h (0

which, when the definition for L is introduced, can be written

1 H
37,8 b (51a)
w
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while the expression for x p can be reduced to

X
Ti' (51b)

W

=<
S:ricg

=nlfay

The above expressions show that, when Xo/L > 1, both F and x ¢ are independent
of the elastic modulus E of the ice, and therefore of the ratio E/C ,

and are proportional té the square root of (cb/Y Wh) . Only the displacement
A will be function of E/o,_ , namely

i 2/2 40, 4 % 1H
=2 G )( )(Y h)+ f\/— ViE tzm O

The condition of application of equations 5la to 5lc, namely, xO/L > 1,

can also be written, according to equation 48b, as

— > 1 (52a.)

1/2 o, 1/2
- W (52b)
B B R
that is
g, 2
he3B Doy (53a)
a YW min
or
E _0.33 %
e —-) (53b)
%, ocZ_ (yWh

where o = H/h and can be expressed in terms of the ice specific gravity.
In summary, when the free end fully emerges from or submerges

into the water, i.e., for h > hmax as defined by equation 40, the maximum

forces Ff and Pf exerted by or on the ice can be determined as follows.
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1. Calculate ¢, o, L, ¢

hmin (equation 53a).

b= o/, i = h/L, §=H/L=och, and

2. Ifh>h ., determine §O from equation 49a, if from

equation 47a, y_ from equation 43b, and Ff from equation 44. Convert
. . Of .
to dimensional qliantities x., vy and F_.
£ of b
3. Ifh<h _,, then F,, x_, and y_ are obtained directly from
min 2 7t Of

equations 5la to 5le.

4. Calculate Pf = ¢F

P
Example: An ice sheet of thickness h = 15 cm is being pushed up a beach

inclined at 8 = 300. The coefficient of friction u is 0.15, and the ice
properties are

0s/p, = 0.92
. o pi/pw 0.92; ¢ oos 6 = sin 6 0.80
3
L =4 %‘—‘- = 3.89m
Y.
W

H=ah = 13.80 cm

2)
_3.20 %“_
hma.x = 2 —\}-—3 = 0.193 m
¢ w
hmin = 0,02 m

2. Since h < hmax’ the edge of the ice sheet will emerge from
the water before failure occurs, however, h > hmin and the equations for
io < 1 are to be applied.



Equation 48a yields io 0.120

Fquation 47a yields §f = 0.786

Equation 43b gives Y, /H=1.14
f

=2

Equation 44 gives Ff = 1.99 10

The dimensional values are
Ff = 2950 N/m
y = 15.7 em
Of

Xp = 3.06 m

C. Finite Ice Sheet (P = Mb =0, F#0)

1. Introduction. We have examined so far the case of a semi-
infinite ice sheet moving against a sloping structure. However, in
practical cases the ice sheet is seldom semi-infinite. Its actual size
can vary from that of a river ice floe of relatively smll dimensions
striking a bridge pier or other structure, to that of a lake ice cover
of very large dimension being pushed up a beach by wind shear. We will
now examine the case of a finite ice sheet, to determine the length
beyond which the ice sheet can be considered semi-infinite, and the

equations derived in the previous chapter are applicable.

2. Governing Equation. The analysis of the deformation of a
finite ice sheet of finite length & will be limited to the quasi-steady
case, under the assumption that the lifting edge of the ice sheet never

emerges from the water (i.e., g g_ho) and is subjected to only a 1lift

29

force F. The horizontal force P = 0 and therefore Mb = 0. The corresponding

governing equation in dimensionless form is
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&5
I+ 4y
dx

Il
)

(54)

The edge X = § is a free end and is therefore subjected to no
moment and no shear force. The boundary conditions at that location are

2~ 3-
93-93-0 atx-% (55)
& dx

At the lifting edge the boundary conditions are

o
i =0ord¥=0 atx=o0 (56)
o] -2
ax
and
3- )
9:%] = [ § dx = 4F (57)
& =0 °

This last equation results from the combination of equations 23 and 23a
with equation 55.

The general solution of equation 54 is of the form

- _ X - - X . -

y=e (Ki cos x + K2 sin x) + e (K3 cos x + K4 sin x)  (58)
The coefficients Kl’ K2, K3 and Ké are obtained in terms of F from the
above boundary conditions as

I<1 = 822 — Sm(zz) -1 F
cosh(22) + cos(21) - 2
- - 1 - cos(21) =
K =X = GsnE) T oos@y =2 T (59)
1 - sin (27) - e 2% .

K3 = Sosh(2i) * cos(at) =3

and the lifting edge displacement, §6, is obtained from
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_ sinh(2%) - sin(22)

- = cosh(2L) ¥ cos(2n) - 2

! 2F (60)
(@]

A semi-infinite ice sheet subjected to the same lifting force

F as the finite ice sheet now considered has a displacement §o given by

Yy = 2F
therefore
Yo _ sinh(20) - sin(22)
?O cosh(22) + cos(22) - 2 (61)

Also for a semi-infinite ice sheet it has been shown that Kl = oF

while Ké, K3 and K4 are zero. Equations 59 do show that when 2
increases, K, tends towards 2F and K, KS, K4 tend to zero.
Table 1 presents the results of computations of §é/§o’ Ki/F

(i =1,2,3,4) for increasing value of . It can be seen that for & =
3.0, §6 and K, are practically equal to §o and 2F respectively, and
KQ, K3, K4 are negligibly small. Therefore, an ice flow of length

31/4
4 =3.0L = 3.0 %— (62)
w

can be considered to behave as a semi-infinite ice sheet.

When the length of the ice floe is less than 3.0L, the force
exerted on the structure can be calculated as follows:

1. The quantities a; = Ki/F (i =1,2,3,4) are calculated
according to equations (59).

2. The location, x., of the maximum bending moment M,, is
determined from dM/dx = O by solving numerically the equation

- _ < — + in %
2K (a, a5) COSX, (a, a3) sin x, (80)

(a1 - 32) sinx, - (a1 + a,z)cosxf

3. The corresponding value of Mf/F is then given by

MIIH’|
1]
B [
1S

W
It
fol
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= - 1, =% X -
= g, COS X, sinh x +§(a1ef—ae)sinx

2 £ f 3 (61)

f
4. The maximum bending moment at failure is related to the
bending strength of the ice by
% =20, &

which yields the expression for the failure force

= %

. = (62)
zﬁ(ﬁf/F)

5. The corresponding displacement of the lifting edge is then
obtained as

(63)

D. Discussion

Since the influence of the horizontal force P and moment MO on
the vertical failure force F £ appears to be minor, the following discussion
is limited to the case P = Mo = 0, and is expected to be valid when P and
MO are non zero.

In the experimental studies and modelling of forces exerted
by monolithic ice sheets on inclined structures, in particular in ice
breakers model tests, it has been recognized that the two parameters E/ob
and cb/ywh were to be the same at model and prototype scales. From the

previous analysis, the force Ff, length x_ and displacement Yo for the

b

2
case of two—dimensional structure can, in their dimensionlessfforms F f/ow

Xf/h and A /h, indeed be expressed as functions of these two parameters
only, namely

3.20 ‘b
2 YWh

1. Tor E/cb>__
a

b



33

3 71 a1 LT 000°Z 00°'1T 0°'S
91 6°9 LA 200°'g 00T 0¥
4 €9 4 g 200°% T00' T g'g
e-q ¥'9 4 0°2- L00°2 L00° T 0'¢
L20°0 1 6°6- L¥0°2 280°T S'g
120°0 L90"0~ G0Z°3 8eT'1 0%
FI1°0 182 0~ L29°G g6 T g1
€00~ 7G0TI~ 120°% 610°% 0'1
1153~ £18° 6~ 2901 go0'% S0
@\mm m\wm.mm m\ﬁm om\o> 3
Syo0Ug 90] SITUTFUI-TUOS Pue SJTUL] Uoomiog UOSTIRdwo) T STqBL



Ff -1/4 %, 3/4
= 0.68 (= —
B
w
X 1/4 © 1/4
£ E_ b_
- = 0.60 (3 Qwh)
y -
—L-1.70 &y i (——Obh)l/2
Tw
with also the relationship
y
F___2°¢
owhxf T h
o. o}
2. TFor 0233 bh < E/o 5'3'30 —EH
o w b af Yw
Y bhz 2 h h
w
x h
ff.:iQ+%{ - tan—l('ﬁg—f’)
h h
yof o Xb 4 xO
-h——='é' [(1 +-L—) + 2(1 +-E-') +3.]
% * h
where I~ 5 'L 1s solution of
2
+
% h,2 ! (XO/L) il
7 = a(¥) exp (- —t ta
E L 2 4

and

(64a)

(65a)

(66a)

(67)

(64b)

(65b)

(66b)

(68)

(69)



and « = H/h

No explicit expression similar to equation (67) could be

obtained in the present range of E/ 0

0.33 ©
3. For E/q_< —
=72 y.h
F oo 172
f = %(Y_._bh) (64c)
Y bh w
X — o, 1/2
2= 2 (65¢)
Yw
y o, O % 1/4 %, 1/4
0.8 by b +
= B )(Ywh) +0.358 Yo () (Y h)
0.50 o (66c)
while
X X
and also
Ff
—————— = g (7))
owth
F x
- % _
Tor future use, the quantities F bx fH and —=

were plotted versus y* = Y, /H on figure 6.

An important resu{t is that when the ice stiffness S= E/ @
is below the critical value SC = 0.33 bh, the failure force F_ and the

2 Y f
break length x » become mdependent of S only the displacement Yo

Consider in particular the dynamics of ice breakers and the problem of

35

remains
dependent upon the stiffness E/ Gy The result has important :unplicatlons
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ice breakers model tests. There exists a long running controversy on the
proper reduction to model scale of the mechanical properties of ice. The
correct scaling of the ice bending strength Ob is usually achieved by |
using doped ice (either saline or urea ice), however the elastic modulus at
scales less than 1/20 becomes too small and the ratio E/ab in the model is
much lower than that in the prototype. But if the prototype value of S =
E/ab is less than its critical value Sc’ then the model-ice stiffness could

be lower than the prototype value without affecting the force F., as long as

the model ice behaves elastically since all the above results wére obtained

assuming that elastic theory applied. For example, if for sea-ice the

values Op = 103kPa, pi/pw = 0.91, and vy = 9510 N/m3 are

adopted)since ice breakers exert a downward force on the ice the corresp-

onding value of o is a =1 - pi/pW = 0.09. Tor an ice thickness h of 2 m,

Ff is independent of E/ob if E/ob is less than 2000; when E/cxb = 5000, the

force Ff will become independent of E/Ob for ice thicknesses less than 0.80 m.
The dimensionless force F° = Ff/Yth2 has been plotted versus

& = cb/ywh, with E/ab as a parameter, on Figure 7, and versus E/Ob’ with

o as a parameter, on Figure 8. In these figures the value o = 0.09 was

selected.

IV. SOLUTION OF THE UNSTEADY EQUATION (Mb =P=1, F # 0)

Since according to the analysis of the steady form of equation
15, the effect of Mb and P on the horizontal force F exerted by an ice
sheet on an inclined plane is relatively minor, only the case Mb =P =20
will be treated here. Furthermore only the case when failure occurs
prior to the complete emergence or submergence of the leading edge will
be considered. The governing equation is then

a4y" - azz'
5 T4y + =) =0 (72)
9X ot

with the initial conditions

¥(x,0) = 0 all x (73a)
%{1' =0 all x | (73b)
CU

and the boundary conditions
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© an
y=—2=0asx>e (74)
aX
225
—_g_ =0 (753')
aX =0
- dy_(t) - I
3y =2 " -5 e (75b)
ot =0 dt
where k is some arbitrary large coefficient.

The form of the boundary condition given by equation 75b was
chosen so that it can be compatible with equation 73b, and that the ver-
tical velocity of the leading edge reaches a practically constant value

after a short time.
The Laplace transform

4

with respect to time of equation 72 is

3y
—8 441 + &) y, =0 (76)
3x4
with
— L [o.0] _ E — o w—
7o) =L [fGD] = f & YD
O
The boundary conditions become
an-—
Ys=—l_n=0asx—>m (77)
X
82y
-5 _ (78a)
X x=0 =0
y,(0,8) =y = ——— (78b)
s s (s+k)

Introducing the change of variable X

75 one obtains

(79)

40
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which, for the given boundary conditions, has the solution

uk -
o e ° cos xS (80)

y=
S s2(s+k)

According to equation 23 with §o = 0, the force F is given by

= - "o 0% - 13%
FO =) G+ PH =3 _
o ot ax~ x=0

the Laplace transforang of F(t) is then

k@Dt Tk D)
F =5 = —> < (81)
S 25%(s+k) 25" (s+k) V1+s
or
u 2
: 1 1 1 | 14K 1
F =32 o (5 -+ 2 . (82)
s 2 /A2 ks X Stk

The inverse Laplace transforms of the various functions appearing in equa-
tion 82 are

- r —1/4 _ _
L 1 [——%—1—/2} = /r (g') J_1/4(t) = /1 G(t)

r(1/4) r(1/4)

where JA (t) is the Bessel function of the first kind of order . There-

fore the force F(t), obtained as the inverse Laplace transform of Fs’ is
given by

u V/r t T 2 -
FO =2—— [ foa - L2+ B e kED g g5
ar(1/a) . o |

Bessel functions of the first kind Jx(x) can be expressed as infinite
series in x, namely



n
(-1) X\ 2n+i (84)

NN T oL

therefore the function G(t) can be expressed as

_ - -1/4 : - 1\ 1
GH = I ® = F L P (85)

n=0 n!T (n+3) 2

When this expression for G(t) is introduced into equation 83, the various
integrations may be performed to yield
- 21—1 /TT @ n
FE) = —2—  » —L

r(1/4) n=0 n!l‘(n-i—zl-)

1 -
£ 20 | 452 1

l(4n+1)(4n+3) ~ k(4n+1)

w2 = - P
e ke (kE)
Y TR pko pidn2prD) (86)

The moment distribution in the ice sheet is given by

Wk, D= 5 2%
X

the Laplace transform of which is

2 - 2
- 19374 uok +s X
Ms(x,t)= I = 5 e sin X (87)
0x 2s” (s*k)
the maximm of MS' is then given by
M__ = 0.161 HArs 0.161 U —= {1 1, 1 1 } (88)
= 0.161 —5=—— = 0. T2\ 2 T TE sk
st S2(S+k) O Aais S2 ks k stk

The maximum bending moment M » is obtained as the Laplace transform of

Msf’ i.e.,
t T J (1) 2 -k(t-1)
= _ - j f _ 0 1+K
M 0.161 u/ {O Jo(x) da = + 5 JO(T) e

When JO is replaced by its infinite series expansion

b (—l)n 2n

- X
JO(X) n=0 (n!)z (5)

(90)

dt (89)



equation 89 becomes

0 n - 2n+l =2
o oaed 3 D) 2 P12 2
Mf 0.161 uo n=0 (n!)z {21’1"‘1 (2) (4 k) +

1+k2 (2n)! [Zn (—1)P(kE)2n—p _e_kt]} (90)

% Y
k2n+2 22n =0 (2n-p)!

which can also be written as

- 2
o ~ e (D J 2 EFema B 1, _
M =0.161 u_ 3, an? |5 ) G -

142 (©en)! K P2ngp }

p
K2 o2n  p=2n+l -1 p! (91)

when the expansion of e_kt is used, namely

—kt fee) -
e = 7 (-1)“(—1;?-113

p=0

Failure of the ice sheet occurs when the maximum bending
moment satisfies the relationship
_ 9
M P (92)
2h

where Eb is the bending strength of the ice.

Thus, the time of failure t g can be determined from equating

the right-hand sides of equations 91 and 92. Once t £ is determined the

force exerted by the ice on the structure is given by equation 86 for t

= tf.
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VI. EXPERIMENTAL VERIFICATION AND APPLICATION

A. Preliminary Considerations

The foregoing analysis enable to predict the maximum force, F £
exerted by an ice sheet on an inclined structure, the vertical displacement
y0 at failure of the edge of the ice sheet and the length Xe of the

brgken floe once the mechanical properties, o, and E, of the ice are

b
known. Conversely, the strength index and elastic index of the ice can
be determined from lift-up or push~down experiments in which at least
two of the three quantities Ff, Y, and X, are measured. In fact, if

these three parameters are mea,surea simultaneously, then each pair F g

Vo 0 Yo ~ Ep and xf—Ff can be used to calculate E and ob. The three

se;Es offE and R determined should be nearly identical, within the
limits of experimental accuracy, if the assunptions 'underlying the
analysis are satisfied, in particular if the ice behaves like an elastic
material.

The experimental program undertaken at the Iowa Institute of
Hydraulic Research to verify and apply the previous analyses was divided

into three phases.

Phase 1.

In a series of initial experiments the bending strength and
elastic modulus of freshwater ice were determined and compared with
values available in the literature. Freshwater ice under sufficiently
high rate of strain has been shown to behave elastically and its mechanical
properties are well documented.

Phase 2.
In a second experimental phase, an instrumented inclined plane
of variable angle of inclina‘gion was built. Forces exerted by a freshwater
ice sheet pushed at constant speed against this structure were measured
and compared with the theoretical predictions where the values of o

b
and E determined in the initial experiments were used.
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Phase 3.

The results of experimental phases 1 and 2 were judged satis-
factory. The third phase was concerned with the determination of the
strength index and modulus index of carbamide (urea)-doped ice which has
been proposed by Timco (1979) as a substitute for saline ice as model ice
in model studies of ice forces on structures. This third experinental
phase is still underway and only preliminary results are presented
here.

A1l the experiments conducted to date have been performed in
the 19 ft x 3 ft x 2 ft (5.80 m x 0.91 m x 0.61 m) ice force tank of the
Low Temperaturé Flow Facility (LTFF) of IIHR. The ice sheets grown in
the tank were made free from the tank walls by placing a heating tape in
a narrow sheet-metal trough mounted at water level along the perimeter
of the tank. The experimental apparatus and procedures specific to each
series of tests are described in the following relevant sections.

Since phases 1 and 3 above are concerned with the experimental
determination of the mechanical properties, % and E, of ice, the
various methods of data analysis used to that purpose and based on the
analytical approach developed in the previous chapter are first presented
in the following section.

B. Methods of Calculations of o and E

As mentioned in Section A above, the mechanical properties of
an ice sheet, namely the bending strength index %, and the elastic
modulus index E, can theoretically be calculated from experiments in
which the free floating ice sheet is subjected to a pure 1lift or push at
one end, and when two of the three parameters, yof, the displacement at
failure of the lifted or pushed end, Ff, the force at failure exerted on
the ice, and Xes the breaking length of the ice sheet are measured.

It is assumed that the following data are known

2: initial length of ice sheet

b: width of .ice sheet

h: thickness of ice sheet

p.: 1ce density

p_: water density




therefore the quantity H can be calculated

H
H

1l

pi/pw h (lifting case)

1 - oi/pw)h (pushing case)

In the following only quasi-steady conditions are considered,
and the length £ is assumed to be sufficient for the ice sheet to be
considered as semi infinite.

The results of the preceding analyses with MO =P =0 are
collected below for future reference

/ 3 f
_ |/ Eh
- 3% 3Y 3y n (13)

h 1/4
y, /il F_=0.68 (—) q bh (38a)
f
y.h1l/2 ¢
y =1.79 (_W.._) b (38b)
O E Y w
. E 1/4 T
Xf = 0.60 h(——ﬁ) = Z L (380)
Yy
bL
_2 _Tw
also ]5‘f = ow_ Xp yof = 5 yof (93)
y_ /Bl
°r
yo 1 x 4 X
5 =5 [(1+ =2y + 2(1+ —Q) + 3:) (43b)
F X
£ =1 (1+ =2) (44)
YWbLH 2 L
XO/L <1
X X X
-1
L=+ I tan™ 59 (472)
L
% H b ¢SO/ x 1 X
T T I —f—i——exp[—z+tan (L):l (48a)
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XO/L >1
X 1+ x /L
f _ (o]
=5 (47b)
a 1+x /L 2
b_Hh 0 (48b)
E LL 2
_ For the latter case (yo JH > 1, Xb/L > 1), it has been shown
that f
Ff
b_— =1 (49b)
Yot

and combination of equations 13, 68b and 69b results in
foz xf2
% T Ny T2 T My The (84)

1. The y-F method:

The deflection Y, and force Ff are measured. The unknowns

f
are X, 1L, E and Gy and X when yof/H>1.
a) Y, J/H<1: The characteristic length L is obtained from
equation 93 £
2Ff R
L= by (95)
w of
then E is obtained from equation 13 as
QYWL4
E= 3 (96)
h
and % and X, are g%ven by
_ Ff FfL
= 7 = (97)
% Y PR, 52

f
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Ty =L
. 4L 5 by (38c)

b) y /H> 1: the ratio x /L is calculated from equation 43b.

Then L can be ogtalned from equation 44 E from equation 13, xf from

equation 47a or 49b, and Ob from equation 69b or 84, depending whether

XO/L is smaller or greater than 1, respectively.

2. The x~y method:
The deflection yof and length Xe

measured. The unknowns are F_.,L, E and Ty and x ify /H> 1.
f o} Op

of the broken floes are

a) yof/H < 1: The length L and elastic modulus E are calculated

from 38c, % from equation 38b, and F,. from equation 38a.

f

b) v, /H>1: x /L is calculated from equatlon 43b, L can
then be determlﬁed from equatlon 47a if x /L < 1, or equation 47b if
XO/L > 1. Ff is calculated from equation 44 and E from equation 13.
Finally Ob is calculated from equation 48a if x /L < 1, or from equation

841fx/L>1

3. The x-F method:
The floe length Xp and force Ff are measured. The unknowns are
yo , L, E, and a, and XO when applicable.
T The quantity F* = FfA'Wbef is calculated, three cases are
possible
a. F* < 2/n: then Y, /H must be less than 1. L and E are

determined from equation 38c, Oi from equation 382 and y  from equation
°f
38b.
b. 2/m < Fk < 1: /H must be greater than 1, but x /L
less than 1. Combining equatloés 44 and 47a one obtains the follow1ng

equation for xb/L

t"loN

X
= tan [19 (1 - o) + /4 - -2-%1—4 (98)

which yields a unique solution for O < Xo/L < 1.
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Then L can be determined from equation 44, yo from equation

43b, E from equation 13, and o, from equation 48a. £

c. ¥¥x=1: Then XO?L must be greater than or equal to 1,
and yof/H equal to or greater than 23/6. The only quantity which can
be detérmined is % from equation 94. The elastic modulus E is undeter-
minate since both Ff and Xe are independent of E.

C. Initial Experiments
1. Experimental Apparatus and Procedures:

The initial series of tests (Phase 1, above) consisted in
lifting one end of a freshwater ice sheet at a constant speed Uo' Each
ice sheet tested was grown in the LIFF force tank at a room temperature of
—IOOC, approximately. Since it was not the purpose of these tests to
model a particular ice, the ice sheet was not initially seeded but left to
grow naturally.

The instrumented lifting device consisted of a horizontal angle
iron spanning the width of the tank and suspended to a moment-insensitive
dynamometer by two vertical bars. The dynamometer was attached to a
vertical, square-threaded rod passing through a threaded bevel gear
forming one part of a right angle speed reducer. The bevel gear was
entrained by a smaller gear mounted on the shaft of a variable speed,
D.C. motor. The motor speed was measured by a light-interruptor sensor
set over the perforated edge of a disk mounted on the motor shaft.
A specially designed and built counter counted the number of holes sensed
by the light-interruptor and converted it into a voltage proportional to
the vertical displacement of the lifting apparatus. The 10-volt full scale
of the counter corresponded to 5 mm of vertical displacement. The counter
reset itself to zero when reaching its full scale, so that the vertical
displacement was obtained as multiple of 5-nm increments and portions.
The vertical force ¥ exerted on the lifting devices was measured by a com-
bination of a load cell (Statham #UL-4) and a transducer (Statham #UC-2)
mounted on the dynamometer. Both the vertical displacement yo and the
force F were continuously recorded on a Beckman multiple channels recorder.
A sketch of the experimental apparatus is shown in Figure 9.

Failure of the ice sheet was indicated by a sudden drop in

the force record. Maximum force, Ff, and corresponding displacement,
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yo , were measured from the records. The length of the broken floe, Xe

wag also measured. From these data, the characteristics SIN and E of the

ice were evaluated by the three methods discussed in the preceding section.

2. Experimental Results

Six freshwater ice sheets 6f various thicknesses were tested.
Since all the ice sheets were grown in the same manner, their mechanical
properties ought to be the same within the limits of experimental accuracy
and validity of the analysis.

The experimental data and results of the analyses are presented
in Table 2. Since all the sheets were relatively thin and stiff, failure
always occurred after the lifted end had fully émerged from the water.
All sheets had a width b of 0.80 m and an initial length £ of 4.40 m.

From the results listed in Table 2, it can be seen that the
calculated values for<5b given by the three methods are very cgnsisgent
and remain within ten percent of an average value of 10.9 x 10° N/m .
On the other hand, the x-F method gives usually larger values of E than
either the y-F or the x-y method, both of which predict E values nearly
equal. The y-F method predicts an average value for E of (1.74 + 0.35)
x 107 N/m?, the x—y method a value of (2.06 + 0.37) x 10° N/m, and the
x-F method a value of (4.0 + 1.9) x 109 N/m2. Since E is proportional
to L%, relatively small discrepancies in the calculated value of L lead
to large variations in E. As can be seen from figure 6, in the neighborhood‘
of F* = 1, small changes in F* correspond to large variations in Xb/L
and yO/H, and therefore in L; for example, as F* varies from 0.95 to
1.0, a change of only five percent, xo/L varies from 0.6 to 1.0, a forty
percent change, and yb/H varies from 2.1 to 3.8, an eighty percent
change. To illustrate further the above remarks, let us consider experiment
F-1. With the given values of h, F and xf, F* is calculated to be
0.989, and the corresponding values of L and E are 0.77 m and 4.6 x 10
N/m2, respectively. However, X, can be measured at best within one
centimeter, since the break in the ice sheet is never perfectly straight,
and Xp represents an average floe length over the width of the ice |
sheet. F* could have been taken equal to 1.0, just as well; the corresponding
values for L and E would have been, L = 0.69 m and E = 3.0 x 109 N/mz.

9
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In conclusion to the above discussions, it is suggested that the x-F
method be used to determine the elastic modulus index E only when the
quantity F* is less than 0.85 to 0.90. TFor values of I* greater than
0.85, the y-x and y-F methods are to be preferred, even though it is

£ f
methods can be used to obtain reliable estimates of the strength index

-~

CItb.

likely that x_, and F_ are more easily measured than yof. All three

D. Experiments with Sloping Planes

In the second experimental phase of the study, a sloping
structure was mounted in the tank. Its slope could be varied from 10°
to 80°. This structure, constructed of aluminum angles, spanned the
entire width of the tank and was instrumented with two moment insensitive
dynamometers to measure the horizontal and vertical force, F and P
exerted by an ice sheet pushed at constant speed against it. A sketch
and photograph of the instrumented sloping plane are shown in Figures 10
and 11, respectively.

Five experiments were conducted, three with the plane inclined
at 6 = 370, and two at 6 = 45°. In each test, continuous records of the
forces F and P were obtained from which the failure forces F, and P_,

f f

and the time of failure t ¢ Were measured. In addition the length of the

broken floe was also measured.

Since the ice sheets used in these experiments were grown in
the same way as those tested in the first experimental phase, the value of
% adopted in the prediction of F f
listed in Table 1, while that of E was the average of the values of E in

Table 1 predicted by the Y-F and X-Y method, namely

and P ¢ Was the average of all values

10.9 x 105 N/mz

9 2

%
E 1.9 x 10 N/m

The theory developed earlier for the conditions P = 0, MO =0,
F # 0, was applied to predict the value of F
of Pf was then calculated as

£ the corresponding value

Pf=Ffta.ne
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Figure 11.

Close-up view

Photographs of Experimental Sloping Plane
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that is that the friction factor p between ice and structure was assumed
to be zero. This approximation was based on the fact that, by construction
of the experimental structure, the ice sheet was supported by only five
smooth, narrow aluminum angles, as can be obsefved on Figure 11. Also
the angle 8 could be measured at best within an accuracy of one degree,
and therefore tan 6, for 6 = 37O or 450, was known within an accuracy
of + 4 percent. Finally repeated calibration of the force measuring
‘systems indicated an accuracy in the measured values of F p and P
of approximately 5 percent.

The experimental data and the predicted values of F £ P £
; are listed in Table 3. All the ice sheets were thin enough for the
riding edge to emerge from the water since, the minimum thickness for

and

X

the sheet not to emerge is

oy 2 %
h=32() 2=024mn
Py YwE

which is one order of magnitude larger than the thickness of the experimental
ice sheets.

From the results of Table 3, it can be seen that the predicted
values of Ff are in very good agreement with its measured values with a
maximum difference of ten percent for the last and thickest ice sheet.
The calculated values of Pf are in good agreement with the measured
ones for 6 = 450, but are twenty to twenty five percent smaller than the
measured values for 6 = 37°. Besides experimental errors, it is likely
that part of the discrepancy is due to the neglect of friction. For 6 =
370, then ¢ = 0.75 if u is assumed to be zero. The average measured
value of ¢ for 6 = 37° is 0.97 corresponding to a value of u = 0.13.
With the latter value of u, the calculated P, would fall within five

f
percent of the measured one.

E. Experimental Determination of % and E for Urea-Doped Ice

Timeo (1980) proposed that urea-doped ice pe used instead of

saline ice as model ice in laboratory modeling of ice-structure interac-

tion such as ice breakers model studies. The results of his experiments
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on urea~doped ice indicate that the ratio E/o remains equal to or larger
than 2000 for a flexural strength oy, as low as 20 kpa, for ice grown from

a 1.3% solution of carbamide (urea) in water. These values of the mechani-
cal properties of the model ice would allow a model scale up to A = 50,
while the maximum value of A is of the order of 20 when saline ice is used
as model material. In Timco's experiments, the strain modulus E was
measured by the plate method, and the flexural strength Ob was measured

by the cantilever beams method, with the beams loaded downward.

It was then decided to determine the mechanical properties of
urea~doped ice by the method of the floating ice sheet described in
section VI-C above and previously applied to freshwater ice sheets.

A first series of experiments was conducted with the lift-push apparatus
used in the freshwater ice experiments. This apparatus permitted to
achieve a maximum vertical speed of approximately 3.5 mm/sec. Because of
concern that at large urea concentration the rate of deformation might not
be high enough to insure elastic deformation of the ice, the apparatus

was later modified by eliminating the right-angle speed reducer and connec—
ting the motor shaft directly to the threaded rod supporting the
instrumented lift-push device. The maximum vertical speed was then in-
creased to about 30 mm/sec. A photograph of the direct drive lift-push
apparatus is shown in Figure 12.

The experimental program was designed to investigate the effect
of initial urea concentration in the water bath, test temperature, and
load direction (push or 1ift). The tests performed so far have all been
conducted in the 1ift mode, and only three urea concentrations have been
tested, namely 0.3, 0.6 and 0.75%. Therefore the results presented
in Table 4 are to be considered as preliminary. The general experimental
procedure was as follows.

1. The air temperature was brought to about ~7.5°C and the
water bath, except for the first sheet tested, was constantly circulated
in order to achieve a homogeneous temperature throughout. When the
initial ice layer formed naturally at the water surface, the layer was
skimmed off and the bath was wet seeded by spraying a fine mist above
the tank. The resulting ice crystals formed in the air deposited at the
surface of the water and initiated the test ice sheet. The ice sheet
was grown for twenty four to thirty six hours to reach a thickness of

several centimeters.



Figure

12.

Front View

Photograph of Direct Drive Lift-Push Apparatus
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2. Once the ice sheet had reached the desired thickness it
was either tested immediately at a room temperature of —7.5OC, or the
refrigerated system was turned off and the room temperature let to rise
slowly to about -1°C at which time the tests were conducted. The warm
up time varied from twelve to eighteen hours.

No thin sections of the ice were made to examine its structural
features; however, it was observed that the urea ice was quite unhomo-
geneous with a hard, thin top layer very similar to freshwater ice,
and a thicker, mushy bottom layer similar to saline ice. Overall, urea
ice appeared to be more "porous' than saline ice; when removed from the
melt, an ice sample would be drained very rapidly of its liquid constituent.
Also, freeboard observations indicated that urea ice is denser than both
freshwater and saline ice in agreement with Timco's observations. This
latter feature became apparent for urea concentration of 0.5% and larger.

The experimental records of lift-force versus time often
showed the force increasing then leveling off with no sudden drop, which,
in the case of freshwater ice, was indicative of failure. However,

a line of fracture across the ice sheet could be observed to form approxi-—
mately at the time the 1ift force started to level off. Because of this
feature, the displacement Y, of the free end at failure could not be
determined with certainty. ft was then decided that o, and E would be

b
determined by the X-F method, taking F_. as the maximum force recorded

and Xe the length of the broken floe. :

The experimental data and the results of the computations are
shown in Table 4. It can be observed that % decreases slowly with
increasing urea concentration, is only slightly affected by the air
temperature, and that its values for nominally identical experimental con-
ditions remain reasonably constant, with maximum deviation of about 50%.
On the other hand, the calculated values of E can vary widely between
experiments conducted under the same nominal conditions. It can also be
noted that for the same urea concentration and air temperature, the
thinner ice sheets yield larger values of both % and E (for example,
ice sheets #5 and 6 or 7). It can be conjectured that most of the strength
and stiffness of the ice sheet arises from the top layer which occupies
a larger percentage of the total ice thickness for thin ice sheets.

As mentioned previously, the experiments with urea doped ice are
still underway, and more comprehensive results will be available when the
experimental program is campleted.
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VII. SUMMARY AND CONCLUSIONS

Under the assumption that ice is a homogeneous, elastic material,
analytical expression for the horizontal and vertical forces exerted by
an ice sheet on a two-dimensional sloping plane have been derived. It
has been shown that an ice sheet of length three times or more a charac-
teristic length L, defined as (EhS/SYW)%, can be considered as semi-infinite.
Also the analytical results indicate that the horizontal force and bending
moment at the frontal edge of the ice sheet have little influence on the
deformation of the ice sheet. The ice sheet can then be treated, for
practical application, as subjected only to a vertical force. The resulting
analysis and final expressions for the maximum force exerted on the sloping
plane are considerably simplified without significant loss in accuracy.

Two critical ice thicknesses have been identified, hmin and hmax'
They have been expressed in terms of the mechanical properties o and E of
the ice, and its specific gravity, and have been shown to depend on the
direction of application, upward or downward, of the vertical force F exerted
at the frontal edge of the ice sheet. When the ice thickness is larger than
h , the failure force F_. is proportional to o _, inversely proportional to
E4, and proportional Eo h£/4. When the ice thickness is less than hpjp, F%
is proportional to cbg and to h3/2, but independent of E. This latter result
has the important consequence that in model studies of ice forces on
inclined structures, where the condition h < hmin is satisfied, only the
bending strength 9%, of the ice need be properly scaled, while the elastic
modulus of the model ice may take any value, as long as the model ice
behaves as an elastic material.

The analytical expressions have been verified satisfactorily
in experiments conducted with freshwater ice sheets. An experimental
program has been initiated, where the analytical expressions are used in
the determination of the mechanical properties of urea-doped ice. Only
preliminary results of this experimental program, which is still underway,
have been presented.

It remains to be verified, either analytically or experimentally,
that the main results obtained here remain valid for the case of ice forces on
three-dimensional structures such as sloping planes of finite span and conical

structures. In particular if there exists a critical ice thickness below



which the maximum ice force is independent of the ice elastic modulus,
model studies could be performed without concern about the elastic modulus
of the model ice.
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