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INTRODUCTION -
— The Parisi-Wu program of stochastic cuantization [8] involves con-

-~ struction of a stochastic process which has a prescribed Euclidean guan--.

tum field measure as its invariant measure. This program was rigorously

~—carried out Ffor a finite volume (¢ﬂ2 measure by G. Jona-ILasinio anc —
P. K. Mitter in [6]. These resulis vere extended in [2], which also -

proves a finite to infinite volume Iimit theorsm. The aim of this note
L _is to prove a related limit theorem, viz., that of fhe finite dimensi- &

onal processes obtained by stochastic cuantizazfion of ths lattice (&%
2

fields to their continuum limit, i.e., the (¢®) process o [2], [6].
: 2
<7 The proof imitates that of the limit theorem of [2] in brcad terms, -

though the technical details ¢&iffer. Note that this limit theorem can

I - . . L. - 1 c L —
also be construed as an alternative construczion o the (¢°) process
2
» in finite volume. - -
. The next section recalls the Firnite volume (3% orocess. Secticn -
L2 N 2 7 —
III summarizes the relevant Zacts about the lattice zpproximatiocn to
e g o - ~ - - - - —~ - .-
z e (¢'7 field from Sections 2.5 anéd 9.5 of [4]. Section IV proves =
the limit thecrem.
‘The research of the second author was suspor:sd in part v the U.S.
-= Army Research Office, Contract NO. TARLO3-86-X-0171 (Center foxr --
Inteliigent Control Sy Massachusetts Instituce c Ce:-nolojy),
. and by the Rir Porce OZfice of Scieztifiz Resszrch, Conitract No. -
=—AFDSR-83-0227. —=
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,:;-ree;:: exto! STSSnd and cussecding poges haie SonCT :eave aGLlitishal M&ioins iNdiae ihe § ame, ;
e - -
1 .
—— II. THE (¢“) PROCESS —1
2__ .. Let}'c:R2 be a flnltq;rectangle(wnlchfxfor sxmpll-lty, we take to__ 2
3 be the unit cube X = (xe° 'X") lo..< x:l_, _x7‘<eb icLet A denote the Dirichlet =
Laplace operator on A.  If lS d:.agouc.;lzed by the basis e (x) = 2 -
£ _sin (klx) sin (kzxz) , X = (x;', x), ke3 = {{ k ; k)('k.= nTt, n>1,- -
2 . 2 - —
i=1,2}. In Zact, —Aek'-x e where k=k? + kz. Fcr aegR, let HS
= 2 1 =
— denote the Hilbert space obtalnea by completing D(A) with respect B
&
; & to the inner product
o " . —_—
.o <f,g>, = 2 (k*)% <f, e, > <5, e, >
— g ¢ ke3 S :

i _ . . - . [s : :
T where <-,¢> is the L  scalar product. Topologize Q=|H Dy the countable:
—~— . . . - ey .o .
oz family of seminorms || - Hn= <e,+>% ang Q=UH = via duality. . -
o .- : . . Q. .
g Let C = (-A+2y7%, C(-, ») its integral kernel, C~ its ac-th
0w . ) -
= operator power, and Uc the centered Gaussian measure cn H™! with co- —
i variance C [2], [6]. Let :: denote the Wick ordering with respect to o
R o= i mi st ~1
C (see [4], Ch. 3, Zor a defini<ion). The (6% measurs on H is
e 2 -
7 defined by —
d 1 : . —
—=E = exp (-= | -¢- dx) / Z {2.1]
auc 4 o T e
where
B 1 4 R .- 1Z
Z = exs (- = T % s CX) quc <o . —_—
-3 L .
7 See [4], Section 8.6, for details. -

T Let 0<eg <1 and 8 (<), ke3, a collection of indeopendent standaxd

Brownian mcitions. De--ne
= vzy —(1l-¢ 2 . o - s
) THETEVZ s ey e (), £30. —
! _valued Wiener process with covariance C* % [2]1[6].
= Gp(t) = -3 (C7% ¢(£) + C %93 (=) ) &t + aw(t). [2.2]_:

ot
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1__III. LATTICE APPROXIMATION
2 Let A“{z"n' n 21} arx]léiu‘;c:rli]é_sgA ngﬂqfix}&ée lattice AG with spacing
§ is defined as follows:, LEtV‘E,ZZ {6 ZI‘EEZ “:,J int A= int A Ng2z2,
§—3A6= 3nNesz?, Ay = int- Ay U'c)A =ANGEZ2 “ 22 :(lntA )-is the Hilbert space Wlth —_

inner product

82| £(x)]2

8 xeint Aé

viewed as a subspace of £2(A6) .
. -1
: : )= g +
aé_’a in direction o by (85’ (x)= 8§ [f(x dua)

unit vector in the a -th direction for a=1,2.

ﬁf)

% o is its adjoint with respect to the 2, (6 22)

- *

*
Let -4.=3 3 + 3

6= %,1 %,1 T%,2 %,2- Then

(B, ) (x) =

-f(x)] where My the
The backward gradient

inner product.

672 (=42 (x) + D2_f(y))

the summation is over the nearest neighbours of x.

On £, (62%), define the forward gradient

et I »e the

-+ projection 2,(§22)+2;(int AAS). The Dirichlet difference Laplacian Ls .
is defined as I KGH and agrees with KG on int AG.

Choose a2s a basis on 2 (int A ) the

(6 1-1)2 functions

b4
'—“{ (x) =g (%) |xe int A. P k=, 21—,..., (6 -1)m; a=1,2}.
“._Zemma 3.1 ([4], p. 221) {e?} diagonalize -As with —
§ 8 ) -2 2 Ski
- -4, = =46 sin® (—=).
= sen =\ ek 2= > (=)
i=
:5 - 1) 1) . .
—aliso, <e, , &,>. =1 if k=2, =0 otherwise
r 7Tk T int A(g
PP Coa .+ O ~. . L. .
£ Lemma 2.2 ([4], p. 222) The map igeepre, defines an isometric imbed-
ding-of-% (int A ) ~+L (A).
1T 2 o 2
Let HG be the projection operator on Lz(A) which truncates the
——Fourier series at k /m=8*, so that —
- 19 .. s
\n ch _ZO op e, Wwhere$~ " denotes the summation over
B, ={k= “{ -k )] 1 <ﬂ_ik_~‘; §*-1, i=1,2}. . Then i.f = I;£],.. Wecan
S, - - )
consider C-= (—Ah 1) ': 2 (intA) -+ & (int i) &s an operatdr on L (&),
- o] o] 2 o) 2 0*- 2
~—viz the above isometry, i.e., let C(S: :'L5 Cé is where the C5 on the xigh%t
{resp.left) acts on £2(1n‘.1..)( D.Lz(:".,).AS an operator cnlsla), its kernel

is C.(x E 8() ._1\
0

- the matrix entries of C6 as an operator
Lemma 3.3 ([4], pp. 222-224) || C4;—c [l 2(0 &%)
_——’-- o FAr Syt
Moreover it;zi Il C5 (x, - )”Léf)< 0(8") for a < ({p
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= If ¢ is a Gaussian field with covariance ¢, ¢5(x) = (1 ¢) (x) for

—xe int AG defines a Gaussian lattice field with covariance C6- GCcS s
s The field ¢

2 can be realized by a Gaussian measiure on L (RlintAg]y .

6: ‘ .“'*—\‘ar "}Q"’\ ""S ‘ r\"\"""")"tc /

[N

Explicitly, lettin .46 (x)7 denote’ the. Lebesgue measure on
Ilnt A l s xe’ lﬁt“‘ RS Fvit u-—-' U el So S v )
S the above-measure- is-given by ————- - .z
: 0. = (& -l —lint Ay 8% 2 ey
| I d¢s (x).
. i _.

This is the lattice analog oI Me- The lattice analog of u can
now be defined as follows: Define for £ e £, (int A(S)’

P52 (f) =822

g () 2o £(x). —
xe int AG S

The lattice analog Hs is given by

;':':: P __]; L 4 rY o t - __3_'_ . L4 -t
z du; = exp ( 7 05 (x).é(l))dpac/ (jexp ( T s (l)duéc) [3.1]
- For k E:BCS ’ let{ )} be a collection of independent standard

-—Brown;an motions. For 0<e <1l, éefine
- a2 =8 (8 L g (1-g)/2 . :
..... B(S (t) =38 Z (Akvl) Bk(t) ek( ). t > 0. L

> This defines an L (A)rvalued Wiener process with covariance CSI—E . The
s -,

.analog of [2.2] in the lattice case is

d,(t) = 2 (Cs 0g(E) + € 1) () 1 ) Et+ a3, (¢) [3.21 "

*__where the operators act on L (A) ¢s (-) is viewed here as an | (A)-valued :f

2
>rocess. However, letting ¢ (t) —20 ¢y (£)ey , [3.2] tramslates into

N

an eguivalent stochastic dl::ere“:ial equaticn for

Ih
|J.

s
nitely many scalar
7 __processes e.. (¢«) with locallyv Lipschitz (in Zfact, polynomial) coeffici- _ *;

ents. ThlS ensures the existence c¢f an a-s- unigue strong solution

[¢H]
(88

to [3.2] up to an explosion time. That it does not explode a-s+ is

: rproved by a standard application of Khasminskii's test for non- -
exzleosion exactly.as in [G], Secticn. 3.

By identifwving the vector {és (x), e int As} with ¢5 (+)e L2 (int AS) p

=—— Y. can be considered as a probability measure on fL:{int A )and via the _

iscmetry;i., as a crobability measure on L (A). Ve retain +the notation
2

atter interpretation, as only this interpretation will be

[ : 3
2: ussd henceforth. & computation similar to that of [2], Section 3, s
shows that the generator of the Markov.proce

s described by [3.2] is
]
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for tt:&(,'). In fact, the resulting process will be ergodic. We won't

need this fact here, so we omit the details. From now on, {[3.2] will ——
2 _always be considered with_initial, law v bene 2
—— e nc._f ciorrce gl LS | 5‘01"&13 iSH —

= T
3 +

14 ime fmrmmpamim~al A rterss here

LUl 1D7CTLeEinsr centerse e
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IV. THE CONTINUUM LIMIT : SR

This section establishes the main result of this paper, viz., the_
i convergence of ¢6( )+to the (c“)znrocess as6+0 in A, iﬁ- the sense of weak
—*: convergence of ¢’ -—valued processes." Thus we conSJ.cer ¢s {(-)as aQ’ —valued
>process and P as. a measure on ¢’ via the 1njectlon of L, (!x) into ¢! From
: ‘theorem 9.6.4,p.228, [4], it follows that the finite dimensional marginals of the
, collection {cb&(ek) ’ kaB} under Hg converge weakly to the correspoz{ding
_.;’ ones under 4 as 6+0 in A. Since Hgr M are sup sported on H !, it follows
that Mg+ M weakly as probability measures on Q~ (A proof of the
: former assertion would go &s *’ollows- Since H 1:.s Polish, it is homeo-
Tmorphic to a G, subset of [0,1]17 whose closure H !

~a compactification of H!. 2s a measure on H ?, {'.16} are tight and for

can be consicdered

ISR 'rn

——any weak limit point v thereof, its restriction v” to H 'must yield the_

., same finite dimensional marginals for {$(e ), keBlas u. Thus v=vu"=y.)
-z e}s .

As a first step towards proving the continuum limit, we prove some

"t tightness resul<ts.

- et
) q’51 () = @*(t?‘
= 5) == | e (s)a
= e— (e}
%, (8 =% ) G o%leras
2 Lt amel s —=
I ¢ (t) = B (%) ——
Oy
.z for t<0. Pick ti<_t20 in [0,T], ©>T>0. ZIn what follows, K denctes a ..
positive constant (not alwayvs the same) that may depend on 7, but not
—on 6. Let f=Q Lk
fad “2 Sl 4 ® ] "
== Lemma 4.1 :[(i C{3 ¢ (E)(£)ds) 1< K;t--f:1 I ‘ [4.11 -
—— b 2
c1

—Proof Using Jensen's inequality and stationarity o:’.tba(') » One obtains _I-

.2 E[(ftz Co™ (e () )] < kle-5 P 2lGT g0 (D1, - E
e right is bounded by —

gbove i1s bounded uniformly

in Theorem 2.5.32, »..1921,
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= f]ca 6 ()" dug () <K || 35
3 =

. Now .
N [ = sz —v§}~.<f, e >? (u o+ D5 T{keBs} -0+ 1F). -

ﬂﬂ-ﬂ-l\n—’\” n-..-

inated in. absolute value by .=

2 __The summand on the. rlght can. be_dom
K< .|.,ek>z AZ]{ which is summable for £eQ. DBy the dominated convergence

theorem,

lim |5 £ -C° ¢ Il =0, o
© implying sup | Ci- £l <=.  14.11 follows. QED
"'T 1, —
Lemma 4.2 EI( cg e 163 ()= (£) ae)*l < Kle -t . [4.2]

- —_— 2

This follows along similar lines.

o bl e

T Lemma 4.3 E[([B(5) (£) =B (£) () ['] < Kig-t, P [4.3]

;’ Proof The lefthand side ecuals |
- A 3IC. (£, |t,-51%2< 3 sup HC me) /2 :'Hz €, tllz. Zs in the proof—
. of Lemma 4.1, one can prove .

) 1im P77 £ c (-el/z 2]l = o.

Thus sup ”CG(.E—E) f]l,<» and the claim follows. Q‘::Z;——
" corollary 4.1 E[]¢(t,) (£) -6(ty) ()] < Klest, P [£.4]
__Tf_r_og_f_ Follows from [3.2] and [4.1] --[4.3]. QD
~—TLemma 4.4 The laws of the processes [¢. (+), ¢52('), ¢63('), ¢65')] —
: VieW?d_ as (C(0,2); Q7)) *-valued random va:::.ables remain tiight as § s

varies over A.
- Proof By Theoxem 3.1 of [7], it suffices to establish the tighitness

. of [¢01()(),w () (), 9 ()(),¢6,‘(')(f)] on [0,T] as s
~(C(10,T]; R))*-valued ranciom variables fcr arbitrary T>0 and £cQ. T
This, however, is immedizte Zrom the tighiness oI {1.15} (since u.~u .
weakly as a msasure on H-l) ; the estimates [4.1]1-14.4] ané the .
" criterion of [1], o. S3. QED—
e Recall that a family of probability measures on a D"'O’“U.Cs. oz —

-~ Polish spaces is tight if and only if its images under projection onto __

- —

s
each factor space are. Letting {é.-} denote an enumeration of {‘”w.}'
im n o g
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:—”’_—.joint laws of {;51 (_tj) (gj) P l<i<4,1<3< x} converge. Consider a T

! _collection f ,...,%{ in Q. Using the kind of estimates used in the -

, proofs of Lemmas 4.1-4°3, we have™ 7 T .

— Cnzpier he --" e impnograshe!/ -
E D (F. —g.) PL< M EL ~gL ] ? i~ ho-s [4.5

. [les, (£5) (£ 53)1-1_., gy e [4.5]

S g 9 e - - =

- T2y UMl RETE LT -
], (£5) (£5-95) ] isMal G (£5-9 (4.6]
I RES

) |71

IA

| ci"e':’.- Y (4.71
Mi] G (=5-94), [4.7]

Elle, (e5) (£5-
(1-e)/2 _ 2 i
MIT cg (£5 -5, [4.8]

l.._l.

J

\Q
|A

— E{]%k(tj)_(f 5

_, for a suitable constant ¥ depending on max {: ,...,tk) . &As §~+0 in A,

. the righthand sides cof [4.6] - [4.8] converge \.-O the corresponding cuan-
'ftitles with C replacing Cs- Since gj can be obtained by suitably frun-
~ cating the Fourier series of fj in .:el} , each of these limiting expres-
:_SlO‘¢S and the righthand si of [4.5] can be made smaller than any pre-

- scribed n >0 uniformly in l_<_j <k by a suitzble choice of {gj} . Iz
fo'”ows that the righthand sides of [4.5] - [4.8] can be mace smaller

than any prescribed n+ 0 uniformly in §eA and 1 <j<k by a suitable

| A
‘ |\r|\){1 ‘

——choice of {gj } —
Let {hﬂ,} be an enumeration of finite linear combinations o= {_e—i} )
with rational coefficients. By a well-known theorem of Skorohod (([53],

p. 9), we can construct on some prosmability space random variables

Xé'j&’ Yijf;'SSA' 1<i<4, 1<ji<k, 2 -l suc.h that {X“ijﬁ} agrees in
law with {¢6i(tj) --o)} Zor each Zixed § and X 507 Yij2 a-se as 6+0

“—in A. 3By augmenting this orobability space, if necessary, we may con- -
struct con it random variables Zaij’ (8,1,3j) as above, such that the

joint law of (05 (t.) (£ .) ’ é.. (tj) (hli, sy (tj) (h ) ;-..] agrees with that

—of . ns ee-..] for each §,%i,3. .___“.eX,. Y. ., &"5¢
[2613’ X:le’ XC"jz' ] Zor ez rtrd - 1307 132
. and EHX:;;Q f] o= Uc.. (u. ) (h )] ] can be bounded unifo:mWy in 6 for each _
e -
. - - ~ 3 - !2
i,3,2 by estimates analog cus to [4.3] - [4.8], we have _[IXC 32 Y‘jgl 1+0
x_as 6+0 in A foxr each i,5,2. On the other hand, given n—+0, we can :
pick 2(3), 1 <3<k, such that setting gj h, (j);n [£4.5] - [£.8] makes
“Tall the cuantities on the righthand side there less than n. Thus -
o liz E[}z,,-j ~z,_.j]2' <20+ 1im E0Xgiap05y Xesdn (17P] = on .
§,a—+0 o o - 5,0 +0 SR ALS T BAS b= ehe
== 8,z ek 8,2 A L

Thus 25-'-: converge in mezan sguare fcx each i,j as 6+ 0 in A. It £fcllows
-
thzt the doint lzws cZ { .. (2.)(F.),1<i<¢, 1 <j <k} converge. Thsoren
d 51\ 3 <1< <3J= S
2= 5.3, [71, now implies that {¢., (*), ceeue 5. {(*)1 converge =zs L
(C([0,»}; 7)) -valued random variables. ILez [6 (<), ¢,(*), 0,(*), ¢ ()]
TR -2
“——dencte i<ts limizT in lzw {zxhreviztsed as "1.i.l1l" henceforth). By tazking—
s5 tha 1,i.2, in [3.2] along =zn approorizte subseguance, }
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— 6, (8)= ¢, (0) + 2 ¢ (£) a-s- [4.9]

Theorem 4.1

6,(+) 1

Proof We prove the '
By ensen s 1nequa1*ty :.-.n'q sba+1ona‘-ty, R
- | e, 5(5)(CF2) asl < tEl]¢,(0) (c %z-c =)0

J
The righthand side tends to

zer

~ T

~employed in the proof of Lemma 4.1. Thus

< ekllcSs c‘Ef[

) (€ €=y as).

-£

6+ 0in A,

= Loicle (6, (5D 8, () (£) = (8,(+), -2¢ (£) ()
ol §+0 : -
= 1.i.1 (¢
bt &+ 0
i = 1.1
= = (&), fﬁl (s
It follows that
—_— 1 t -
$,(t) () = 5 j ¢, (s) (C €y ds a-s-
T Similarly ¢
=1 |t el as - [Frel (o (@
B B PO 'S0
g StEL: &0 ;7% -1+ 0 as in
anazlogous to those above. Hence

= . =
1.i01. (c;':a('), j’ .o~ (s) 3 (Cn “fryas) = (6, (=), =29, (£) (£))
i s+ 0 g iz
. < K 1 _ - . -
) = 1.i.1. (¢6(-), J :q:'c.)(s):6 (C £) &ds)(4.10] ..
R 0 ; =
= et ¢a>6 in A. Then =
— t 3 1—5- + K 1_’._ 12 o
3 :ilf“:;g (s):, (C £)ds - P”% (s):, (C £)asi:
—_—— ¢ o) . o4 e —
; SEELIT¢0)5 (C 7)) = 4] (05, (C 7)1 <0(5) Zor a suitable :-
5>0 uniformly in & as 8 =0, bv virtue of (3.6.9), . 228, [4]. Thus
T the righthand side cf [£.10] eguals ) - —
= Toi0l. i1l (6 (=), | red (s) (€755 as) i
«+0 &=+90 8 *
= 1l.i.1. (9, (), j" T (s): (€T ds)
= o =+ 0 S = i
where-z-(+) is defined by
S S dB)R) =377 6 (£) () <oy, B>, he@.

0 as § + 0 by arguments similar to

t —c
KOP j%(s)(%“f)ds)

1. (¢ ( )I j¢5(5)(c :)dS)
0

by axr

L . Let feAQ.
¢6(s) (C f) cs[ T

those

guments




-~ - - - - -

""“"EECNH 18X1 01 se2on

ol
ngc

end suc

7 fThe above limit equals

3 +t N B
(¢, (), f ¢, (s)z

2 : ¢ 5

— Thus —

= A = _l_ o

_— ¢, (£) (£) = > .

v

-‘Finally, it is easy to check that ¢u(-)will be a Wiener process with o
covariance C~%. Thus ¢, (+) satisfies [3.2] with initial law u. By the.
.unigueness in law of this equation (proved in [2], Section IV), we con-

”fclude that ¢1(-)is the (¢k)2 process. QED

i;Corrollary 4.2 Q7 -valued —

- random variables as § -+

¢6(°)converge in law to ¢ (+) as C([0,=];

0 in A, as defined originally.

{Proof A careful look at the foregoing shows that any subsequence of A

~will have a further subsequence along which the above convergence holds.
QED --
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