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Abstract 

On-board sensors that can detect and size a crack in a structural component are being developed and will be 

deployed to enhance structural health monitoring and prognosis. This research examines the simulation of 

recurring automated inspections resulting from simulated on-board “crack” sensors, and their potential effect on 

reducing the probability-of-fracture of structural components. The concept of a probability of detection (POD) 

curve is used to characterize the performance of the sensor, as done for traditional inspections. However, we 

assert that recurring inspections for an automated system should be modeled as dependent with respect to the 

first inspection due to the largely repeatable aspects of the sensor and data collection system. This assertion has 

a large effect on the computed probability of detecting a crack and alleviates the substantial over prediction of 

sensor efficacy generated using the assumption of independent inspections for automated systems.  

Furthermore, it is demonstrated that the fundamental feature that determines the efficacy of a recurring 

automated on-board sensor is the probability of detecting a crack of critical size, i.e., the size that will cause 

fracture, and this feature is by and large separate from the shape of the POD curve. This information can be 
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used to determine the required accuracy of an on-board automated inspection to achieve a specified reliability of 

a structural component. The methodology is demonstrated using fatigue and fracture of a representative 

titanium compressor disk from a gas turbine aircraft engine but is applicable to any structural system with 

recurring automated inspections.  

 

Introduction 

Direct on-board detection of material defects and subsequent sizing and damage prognosis has the potential 

to revolutionize the assessment and use of structural systems. This technology will extend current structural 

health monitoring by providing a much-improved assessment of the state of the material. This assessment, 

obtained by the coupling knowledge of the loading history of the component with the ability to size, monitor 

and assess the criticality a defect through well-developed fracture mechanics, provides the necessary 

information to manage the a fleet of structures and to prognose its current and future health.  

The Defense Advanced Research Projects Agency (DARPA) has initiated a “prognosis” effort to develop 

the technology to make the on-board prognosis of material health a reality. The prognosis program will use 

advanced, physics-based and data-driven models supplemented by advanced sensors to assess the health of 

individual weapon systems as they are subjected to damage, stresses, and corrosion during operational use. This 

capability will enable management and deployment of critical assets based on their real remaining useful life 

and capability rather than on assumptions. The current focus is for aircraft structures and engines. The 

anticipated benefit is to double the useful life of gas turbine engine components and increase by five-fold the 

accuracy of estimating aircraft fatigue life[DARPA News Release,(2003); Larsen, and Christodoulou,(2004); 

Christodoulou and Larsen,(2004)].  

A portion of the DARPA effort is to develop wireless magnetostrictive thin-film sensors for “direct” 

detection and monitoring of fatigue cracks at elevated temperatures[Hudak, et al.,(2004)]. This technology has 

the potential to provide the feedback on the material damage state needed to achieve real-time or near real-time 

prognosis.  
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Current research summarized in this paper is focused on the probability of detecting a material defect as a 

function of recurring automated inspections, herein referred to as “continual” inspections. In particular, we 

attempt to answer questions such as: how much benefit is obtained through the use of on-board sensors that 

provide continual interrogations of the material? What accuracy of the on-board sensor is required to improve 

upon the current practice of a single detailed mid-life inspection? 

The traditional approach to inspection simulation is to assume each inspection is independent from the 

previous. This assumption is appropriate for the traditional application of inspections, i.e., different operators, 

equipment, and location, and widely separated by the time of inspection. Well-established computer models for 

determining probability-of-fracture (POF) estimates for aircraft structures [Berens, et al.,(1991)];  and gas 

turbine rotor disks [Leverant, et al.,(2004)] consider infrequent or opportunity inspections, and; therefore, model 

the inspections as independent. 

However, the assumption of independent inspections leads to dramatic predictions of non-realizable efficacy 

for continual inspections and the results are frequency dependent; almost any size crack can be detected by 

inspecting more and more frequently. The assumption of independent inspections is severely non-conservative 

and provides a false estimate of the accuracy of continual inspections. 

Conversely, it is asserted and discussed below that continual inspections should not be treated as 

independent from previous inspections but as dependent; since the same sensor is performing subsequent 

inspections, the sensitivity of the sensor in detecting the crack should be the same as for previous inspections, or 

nearly so. Dependant inspections enforce that the sensitivity of a sensor at one inspection is the same at 

subsequent inspections.  

An examination of redundant fluorescent penetrant inspection (FPI) substantiates the fact that repeated 

inspections should not be treated as independent and that doing so is nonconservative [Erland, (1988)]. In this 

study, data from a group of specimens are inspected in the same FPI processing situation by two inspectors of 

approximately the same skill level. The resultant probability-of-detection from both inspections is quantified 

using data and compared with the independent assumption. The data-based POD is significantly lower than the 

independent-based POD. As stated, “The fluorescent penetrant inspection process is not independent inspection-



 4  

to-inspection and therefore the probability of detection for redundant FPI cannot be obtained by a simple 

multiplication of probabilities. The correct POD in a multiple inspection system is determined assuming 

dependence.” 

Mathematical bounds are developed that prove that independent and dependent inspections provide the 

upper and lower bounds, respectively, on the cumulative probability of detecting a defect. That is, assuming 

dependent inspections is a conservative assumption. Intermediate results can be obtained by correlating the 

inspections with a correlation coefficient between zero (independent) and one (dependent). 

Given the assertion of dependent inspections, it is shown that the efficacy of an on-board sensor is 

principally determined by the probability of detecting a crack of critical size, (the size of the crack that will 

fracture the material) and, by and large, unaffected by the shape of the POD curve. This information can be used 

to: a) determine the effectiveness of implementing a particular sensor on a structural component, or b) 

determine the necessary design specification a sensor must satisfy to make an implementation effective for 

component safety and management of the asset. 

The concept of a POD curve is still viable for an on-board sensor although it may be developed differently 

than for traditional inspection systems. The POD curve for a particular on-board sensor will be unknown; 

therefore, a POD curve for a specific manufacturing and application “process” will most likely be developed.  A 

POD curve for a sensor indicates that not all sensors are manufactured and operate identically; there is variation 

in the detectability between sensors. For example, the POD for an embedded sensor would be developed based 

on the manufacturing process of the sensor, the corresponding electronics, and the in situ environment of 

application. Development of the POD would involve a test article with multiple embedded sensors and a series 

of cracks of various sizes. Multiple test articles would be used in order to determine the POD as a function of 

crack sizes. Potentially, in the future, computational methods incorporating the physics of the sensor mechanics, 

structural mechanics, and probabilistic methods will be used to develop computational POD curves[Rajesh et 

al., 1993]. 

The paper is organized as follows.  A short description of a probability of detection curve is given, followed 

by a detailed discussion of the numerical procedure for simulating single and subsequent recurring inspections 
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using Monte Carlo sampling. This section also includes a discussion and justification for using “dependent” 

inspections for recurring inspection systems. Mathematical bounds for the cumulative probability of detection 

are defined next, followed by the equations for evaluating the probability-of-failure, and a methodology for 

estimating the efficacy of an on-board sensor system. Subsequently, numerical examples are presented that 

demonstrate the differences in cumulative probability-of-detection as a function of correlation coefficient and 

the parameters of the POD curve, and finally, a comparison is presented between continual inspections and a 

more accurate single mid-life depot inspection. The numerical examples used to support the conclusions 

consider a crack at the bore of a titanium gas turbine disk; however, the technology is not limited to this 

structural component and is broadly applicable to on-board sensing systems in general. 

Inspection Simulation 

The accuracy and variability of an inspection system is embodied in the concept of a Probability-of-

Detection curve. The POD curve relates the probability of detecting a flaw to the flaw size [Simola and 

Pulkkinen, (1998)] and is determined through statistical experimentation and calibration involving a sufficiently 

large number of randomized trials [Berens, 1989]; however, some effort is being made towards “model-

assisted” POD development[Rajesh, S. N., Udpa, 1993; Model-assisted working group(2004)]. Factors that 

affect a POD curve include the physical properties of cracks with the same size (location, orientation to test 

equipment, etc.), repeatability of the signal response data for a given crack, human factors, differences in 

inspection hardware, environmental conditions, and surface conditions, among others. An industry accepted 

ultrasonic POD curve and its derivative are shown in Figure 1.  Typical equations used to model POD curves 

are log-odds, log-logistic, or lognormal distributions[Berens, (1989)].   

Simulation of inspections can be accomplished using Monte Carlo sampling. The variation in sensor 

sensitivity, represented by the POD curve, is simulated through repeated realizations generated from the POD 

curve. Each realization represents a sensor of a specific sensitivity of detectible crack size (DCS), i.e., n aDCS . 

The sensor represented by realization n will detect all cracks of size larger or equal to its DCS ( aDCS ) and miss 
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cracks of smaller size. The realizations, nSk , are generated independently from a uniform probability 

distribution and represent POD(naDCS ). n aDCS  is then generated as  

n aDCS = POD−1(nSk )          (1) 

For each realization, the size of the crack at the time of inspection, ak, is compared against n aDCS . If  

n aDCS ≤ ak             (2) 

the inspection (sensor, equipment, human operator, etc.) is adequately sensitive and the crack is detected; 

otherwise the crack is missed.  An equivalent probability statement is 

POD(naDCS ) ≤ POD(ak )          (3) 

and this statement is often used in place of Equation 2 since the inverse operation, Equation 1, is avoided. 

Sampling is repeated sufficiently such that a converged solution is obtained. A schematic of the procedure using 

a single sample is shown in Figure 2 for realization n. Note, this approach for generating inspection sensitivities 

from the POD curve is the same as used for generating independent random variables in general[Millwater and 

Wirsching, (2003)] 

Simulation of Continual Inspections 

Frequent, recurring inspections using automated inspection systems are herein called “continual” 

inspections. Simulation of continual inspections is important in order to determine the efficacy of proposed 

inspection systems and, ideally, to determine the sensor accuracy necessary to make the automated inspection 

system worth developing and deploying. 

For subsequent inspections, traditionally it is assumed that the inspection process is significantly different 

from any previous inspections: different inspection equipment, operator, environmental conditions, etc. 

Therefore, during the inspection simulation, samples representing sensor sensitivity are drawn statistically 

independent from samples from previous inspections.  That is, the samples generated and used from the 

previous inspection have no effect on the samples generated for subsequent inspections. For example, the first 
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realization drawn for inspection k is independent from the first realization for inspection k-1, i.e., 1Sk  is 

generated independently from 1Sk−1. If the samples represent inspections performed at significantly different 

times by different operators, using different equipment etc., then the independent sampling approach is 

appropriate.   

For recurring automated inspections, subsequent inspections involve realizations of the same sensor(s), 

inspection equipment, and operator. The simulation of an automated inspection system is accomplished by 

simulating the sensor each time it is actuated. nSk  represents the realization of the nth sensor at the kth 

inspection and has associated with it a DCS of n aDCS(k ) = POD−1(nSk ). The detectible crack size for subsequent 

inspections for the same sensor should not be significantly different from the detectible crack size at the first 

inspection, that is n aDCS(k )≈
naDCS(1), or, POD(naDCS(k )) ≈ POD(naDCS(1)) , and; therefore, nSk≈

nS1. Stated 

differently, on the first inspection, the realization nS1 selects a sensor from the range of all possible values from 

the sensor manufacturing process and in-situ application, represented by the POD curve. For a subsequent 

inspection by the same sensor, the sensor has already been selected from the pool of potential values that 

describe the variation in the inspection process and subsequent sampling only represents the variation between 

inspections given the same sensor, e.g., environment, electronics. As such, a subsequent realization representing 

the same sensor should not be generated independently from a realization from the previous inspection since the 

sensor sensitivities should not be far apart, i.e., n aDCS(k )≈
naDCS(1).   

In the limiting case, the realizations are dependent, i.e., the variation in the sensitivity for a particular sensor 

across inspections is zero, n aDCS(k )=
naDCS(1), or POD(naDCS(k )) = POD(naDCS(1)), and therefore, nSk=

nS1. Thus, the 

samples are fully dependent across inspections. Given an initial realization for inspection 1, the same value is 

used for a particular sensor for all subsequent inspections.  

The contrast between simulation of independent and dependent inspections is shown in Figures 3 and 4 for a 

hypothetical crack growth and inspection scenario. Four inspections are represented with four realizations for 

each inspection. Each realization is represented by a different symbol (circle, diamond, triangle, square). The 

continuous line represents POD(ak ).  
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The differences in the mechanics and the results of the independent and dependent assumptions for 

continual inspections are dramatic with independent inspections predicting a far larger, perhaps a factor of many 

times, reduction in POF. As show in Figure 3, for independent inspections, the sensitivity for a particular 

sensor, say the sensor represented by the red square symbol, will vary dramatically from inspection to 

inspection; initially not sensitive (POD=0.85), then fairly sensitivity (POD=0.18), then very sensitive 

(POD=0.03), then very insensitive (POD=0.97). Clearly, this modeling assumption is illogical for recurring 

automated inspections. By contrast, Figure 4 shows that the sensor sensitivity does not change for different 

inspections, that is, POD(naDCS(k )) = POD(naDCS(1)), and; therefore, n aDCS(k )=
naDCS(1). 

The reason the modeling assumption of independent inspections over predicts the inspection efficacy is that 

the defect is assumed found for a sensor realization if at any time during the course of inspections 

POD(naDCS ) ≤ POD(ak ). That is, for the simulation of one particular sensor, if the samples are generated 

independent of any previous inspections, the probability of detecting the defect increases dramatically as the 

number of inspections increase; each realization is highly likely to detect the defect if sufficient inspections are 

simulated even for very small defects compared to the POD curve. In contrast, samples generated dependently, 

shown in Figure 4, do not show any increase in the probability of detecting a defect due the frequency of 

inspection; the increase is only due to the growth of the defect and the corresponding increase in POD(ak ). 

In operation, multiple inspections of on-board systems will not be completely repeatable; there will be some 

variation in sensitivity between inspections due to the sensor electronics, thermal cycling of the sensor, 

environment, etc., although we expect the variation to be relatively minor compared to the variation represented 

by the POD curve since this is an “intra-sensor” variation for a particular sensor across inspections, versus an 

“inter-sensor” variation across sensors. Clearly there will be an underlying mechanism for variations in the 

sensor sensitivity and a model based on physical effects may be possible. An alternative approach that is 

straightforward to implement and efficient is to use statistical “correlation” between subsequent sampling 

realizations during the numerical simulation process; a correlation coefficient of “one” denotes dependent 
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inspections and a correlation coefficient of “zero” denotes independent inspections. Once nS1 is generated, nSk  

is generated such that ρ1k = ρ , where ρ  denotes the correlation coefficient and here 0 ≤ ρ ≤1.  

The “sum-of-uniforms” (SOU) method is ideal for efficiently generating correlated realizations[Willemain 

and Desautels, (1993); et al., Chen]. The sum-of-uniforms method adds uniformly distributed random numbers 

then transforms the sum to obtain a new uniformly distributed random number with the desired  correlation 

between the original and generated random numbers. The newly generated correlated sample is then used to 

generate the next value, etc. Using the SOU method, it is simple procedure to generate nSk  given nS1 such that a 

desired correlation coefficient, ρ1k = ρ , is enforced by continually using the value of nS1 as the base number in 

the algorithm. SOU is very fast and requires minimum storage. Thus, realizations for any number of samples 

and inspections can be easily generated.  

Mathematics of Continual Inspections 

Multiple inspections can be modeled as a “series” system. That is, the probability of detecting a defect after 

k inspections is the probability that the crack is detected at inspection 1, or inspection 2, etc. First order bounds 

based on “dependence” or “independence” of the inspections are given by[Cornell, 1967] 

max[POD(ak )] ≤ CPOD(a1−k,k) ≤1− (1− POD(ai))
i=1

k

∏       (4) 

where POD denotes the parent POD of the sensor process, ai  denotes the crack size at inspection i, k denotes 

the number of inspections and also inspection k, a1−k  denotes dependence on the crack sizes at inspections one 

through k, and CPOD denotes the cumulative probability of detection, that is, the probability of detecting a 

defect after k inspections. The lower bound corresponds to dependent inspections and the upper bound 

corresponds to independent inspections[Millwater & Wirsching,(2003)]. In general, the CPOD is a function of 

the number of inspections k and the crack sizes at the time of all inspections, a1−k . 
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Dependent Inspections 

If the inspections are fully dependent then the cumulative POD value at inspection k is the POD value of the 

parent POD for a defect size of ak, since for all previous inspections the defect is always smaller than at 

inspection k. This situation is denoted by the lower bound in Equation 4. That is, 

max[POD(ak )] = POD(ak ) = CPOD(ak )        (5) 

Under this condition, the cumulative POD collapses to the parent POD. The cumulative probability of 

detecting a crack is not dependant on the number of inspections or the size of the crack at previous inspections; 

it is only dependant on the POD value at the time of inspection k; the last inspection. Thus, the CPOD increases 

only as defect size increases and at a rate defined by the parent POD. The probability of detecting a defect does 

not increase due to multiple inspections, only due to an increase in the defect size. 

Independent Inspections 

If the inspections are independent, the probability of detecting a crack after k inspections is the probability 

that the crack is detected at inspection 1, or inspection 2, or … or  inspection k. Mathematically, this is given by 

  CPOD(a1−k,k) = POD(ak ) POD(akM 1)U POD(akM 2)U LU POD1(a1)U     (6) 

where ak indicates the crack size at inspection k, akM 1 indicates the size of the crack at one inspection before k, 

akM 2  indicates the size of the crack at two inspections before k, a1 denotes the size of the crack at the initial 

inspection, a1−k  denotes dependence on the crack sizes at inspections one through k, the symbol  U indicates 

the “union” operator, POD(ak ) indicates the probability of detecting a crack at inspection k from the parent 

POD, and CPOD(a1−k,k)  indicates the cumulative probability of detecting a crack of size ak after k inspections.  

The cumulative probability of detection is calculated more easily as one minus the probability of not 

detecting a crack at any inspection. Mathematically, this is 

  CPOD(a1−k ,k) =1− (1− POD(ak )) (1− POD(akM 1)I )I L (1− POD(a1)I )}   (7) 

where the symbol   I indicates the “intersection” operator. 

If the probability of detecting a crack at any one inspection is independent from any other inspection, 

Equation (7) becomes 
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  CPOD(a1−k,k) =1− (1− POD(ak ))• (1− POD(akM 1))•L• (1− POD(a1))    (8) 

where “•” indicates multiplication. 

Equation (8) is represented by the right hand equality of Equation (4), that is 

CPOD(a1−k,k) =1− (1− POD(ai))
i=1

k

∏        (9) 

Therefore, the cumulative probability of detecting a crack at “any time” before and including inspection k, is 

one minus the product of missing the crack at the current and all previous inspections. 

Evaluation of the Probability-of-Fracture 

The probability-of-fracture is determined using a probabilistic fatigue analysis to determine ak, integrated with 

the inspection simulation process described in previous sections[Leverant et al., (2004); Millwater, et al. 

(2000)]. Randomness in variables that govern the fatigue process, e.g., initial crack size, stress amplitude, life 

prediction accuracy, etc., is reflected in the stochastic nature of ak and can be considered combined with the 

POD curve.  Monte Carlo sampling can be used to address both the random fatigue and the random inspection 

processes.  

For an airframe structure the crack may be removed by repair. A “repair” initial crack size distribution is 

then used to proceed forward in time [Berens, et al., (1991)]. For engine structures, repair is typically not 

possible and the simulation removes the disk from service[Leverant, et al., (2004)]. In this case, the POF is 

monotonically increasing with the number of flight cycles, and the POF without and with inspection are 

computed as 

PF ,woi ≈
N f ,woi

N
            (10) 

PF ,wi ≈
N f ,wi

N
            (11) 
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where woi indicates “without inspection”, wi denotes “with inspection”, N f ,woi denotes the number of samples 

that have failed without inspection, N f ,wi  denotes the number of samples that have failed with inspection, and N 

denotes the total number of samples. The reduced POF can be determined as 

PF ,reduced =
PF ,wi

PF ,woi

=
NF ,wi

NF ,woi

          (12) 

The number of failures, and; therefore, the POF's, are a function of the number of flight cycles due to fatigue 

crack growth. 

Estimating the Required Sensor Accuracy for Continual Monitoring 

A critical piece of information for designing an on-board inspection system is the required accuracy of the 

sensor such that continual inspections offer an improvement over the traditional mid-life inspection. Consider a 

deterministic crack growth analysis that would result in a single representative crack growth curve (cycles 

versus size) shown in Figure 5. Fracture of the part occurs when a crack reaches the critical size after being 

missed by the continual inspections.  

For dependent inspections, the probability of a crack being missed by all inspections and fracturing the part 

is given by one minus the POD at the last inspection, i.e., 1− POD(alast ) , where last indicates the last inspection 

before fracture. A sufficient frequency of continual inspections would insure alast ≈ acrit . As a result, the 

“reduced” POF is approximately 1− POD(acrit ) . In other words, for the cracks that would cause fracture, the 

reduced POF is 

PF ,reduced =
PF ,wi

PF ,woi

≈1− POD(acrit )         (13) 

and since no cycle values are preferential,  

PF ,wi(M) ≈ PF ,reduced ⋅ PF ,woi(M) = [1− POD(acrit )] ⋅ PF ,woi(M)       (14) 

where M indicates the number of flight cycles. That is, the scale factor, 1− POD(alast ) , can be used to determine 

PF ,wi(M)  at any number of cycles.   
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If the crack growth is non-deterministic, multiple crack growth curves will occur. However, it is still true 

that a part will fracture only when a crack reaches the critical size after being missed by the continual 

inspections. If the frequency of continual inspections is sufficient, again alast ≈ acrit , then Equations 13 and 14 

also hold for non-deterministic crack growth. 

In practice, the crack size at the last inspection, alast , will be less than acrit  and, therefore,  

PF ,reduced
Actual ≥ PF ,reduced

Theoretical            (15) 

where PF ,reduced
Actual  indicates the realized reduced POF during numerical application, and PF ,reduced

Theoretical  is given by 

Equation 13. Thus, PF ,reduced
Theoretical  represents a lower bound to the POF after continual inspections. 

The ability of POD(acrit ) to determine the effectiveness of the sensor in reducing the POF is determined by 

the value of the crack size at the time of the last inspection, alast , which depends upon the frequency of 

inspections relative to the crack growth rate near the critical crack size. Thus, a sufficient frequency of 

inspection would ensure that PF ,reduced
Actual  is close to its theoretical limit of PF ,reduced

Theoretical and Equations 13 and 14 would 

be high-quality indicators of the reduced POF due to the particular sensor under consideration. This theoretical 

limit will be more easily obtained the “flatter” the POD curve at the critical crack size, that is, a POD curve with 

a small value of slope, dPOD(a) /da acrit
 will be less sensitive to the time of the last inspection and vice versa.  

 

Predicting the Reduced POF with Non-Deterministic Critical Crack Size 

The previous section outlined the approach for determining the reduced POF due to inspection based solely 

upon the value of the POD curve at the critical crack size. However, the critical crack size, acrit , may be random 

due to randomness in stresses or fracture toughness, for example. In this situation, the reduced POF can be 

computed by integrating over the probability density functions (pdfs) as 

PF ,reduced =1− POD(acrit (σ,KC )) fσ fKC
 dσ dkc∫ =1− E[POD(acrit )]     (16) 
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where σ  represents stress scatter with pdf fσ , KC  represents fracture toughness with pdf fKC
, and 

E[POD acrit( )] is the expected value of POD(acrit ). Equation 16 reduces to Equation 14 if acrit  is deterministic. 

The effect of a non-deterministic critical crack size is less pronounced the “flatter” the POD curve and more 

pronounced the “steeper” the POD curve, that is dPOD(a) /da acrit
= pod(acrit ) determines the sensitivity of the 

sensor to variations in acrit , where we use the notation pod  to indicate the pdf of the POD curve. In effect, a 

small value, and a large value of pod(acrit ), indicates that the sensor will not be, and will be, sensitive to 

variations in acrit , respectively. For example, if the POD curve is flat over the region defined by the range of the 

pdf, e.g., fσ , and  fKC
, then POD(acrit ) will be nearly constant for the integration given in equation 16, and; 

therefore, PF ,reduced  will be minimally affected.  

Numerical Examples: Effects of Variations in Inspection Frequency, Correlation, POD 

Parameters –  

The difference in inspection efficacy between an assumption of independent and dependent inspections 

is dramatic and is a function of a number of parameters, most prominent being the frequency of inspection. A 

numerical example of a crack in a compressor disk is used as a template to examine various effects. The sum-

of-uniforms method is integrated into a probabilistic fatigue analysis program [Leverant, et al., (2004)] to 

facilitate analyses given an arbitrary correlation coefficient between recurring inspections  Shook, et al, (2005)]. 

The problem consists of a surface crack on the bore of a gas turbine disk. The stress spectra applied to 

the crack is derived from RPM values versus time obtained from a flight data recorder representative of an Air-

to-Ground military mission which contains 115 damage pairs. The initial crack size is a semi-circular defect 

with an initial crack depth specified by an exponential probability distribution and a 1-to-1 aspect ratio with a 

mean 0.432 mm (17 mils). The initial crack size distribution is representative of the cracks initiated on holes in 

compressor disks due to machining. Other initial defect size distributions can be considered without altering the 

main conclusions. Material properties for a titanium material are used. The material fractures at a critical crack 
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surface length of approximately 15.24 mm (600 mils) under the applied loading. See Table 1 for a summary of 

the problem definition. 

The POD curve is modeled with a lognormal distribution, 

POD A ≤ a( )= Φ ln(a / ˜ X ) /σ y[ ]         (17) 

where a  represents crack size, ˜ X  is the median, COV  is the coefficient of variation, σ y
2 = ln 1+ COV 2[ ], and Φ 

represents the standard normal cumulative distribution function. The COV used for the POD curves is chosen as 

thirty-two percent based on analysis of existing industry ultrasonic POD curves[TRMD final report, (2000)]. 

(Multiple industry ultrasonic POD curves of varying sensitivity calibrations are available for ultrasonic 

inspections; remarkably, they all exhibit a COV of approximately thirty-two percent.) Since an on-board crack 

sensor does not yet exist, the descriptive parameters of the POD curve are speculative but are useful to 

demonstrate and support conclusions. The median value and COV values for the POD curve are varied to 

represent sensors of varying sensitivity, as discussed below.  

 

Effects of Changes in Inspection Correlation Coefficient, and POD Sensitivity on the CPOD 

Figure 6 shows the effect of various levels of correlation between inspections, with an inspection simulated 

after each flight. A correlation coefficient of one corresponds to fully dependent inspections and a correlation 

coefficient of zero corresponds to independent inspections. As expected, a correlation coefficient of one 

(dependent continual inspections) shows that the CPOD equals the parent POD, whereas a correlation 

coefficient of zero (independent continual inspections) shows a dramatic benefit. For example, the CPOD after 

1000 flight cycles is approximately 1% and 93% for the for the dependent and independent models, 

respectively; a ratio of over ninety. 

Correlation coefficients between zero and one yield CPOD values between the dependent and independent 

inspections.  The figure shows that even for a correlation coefficient equal to 0.8, a significant improvement in 

the cumulative probability of detection can be achieved by performing continual inspections. However, since 

the correlation will not be know a priori, Figure 6 makes it clear that the most conservative estimate for the 
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benefit achievable with multiple inspections, and the procedure recommended based on this study, is obtained 

with the fully dependent (ρ=1) simulations. In this case the sensor behaves identically with each inspection. 

 

Effects of Changes in POD parameters 
The effects of changing the COV and the median of the POD curve for independent and dependent 

inspections are shown in Figure 7. As the figure shows, it is possible to obtain a 100% CPOD even with fully 

dependent inspections. For this example the critical defect size is approximately 15.24 mm (600 mils). Thus, if 

the median of the POD is lower than the critical defect size and the COV is small enough such that the entire 

distribution is contained below the critical defect size, the flaw will always be detected. With a median value of 

15.24 mm (600 mils), Figure 7 indicates that the CPOD at failure (1978 cycles) will be 0.5 regardless of the 

COV value. 

Comparison of Depot Inspection versus Continual Inspection 

A single but precise mid-life inspection is compared to a less-precise continual inspection. The issue under 

study is whether the use of continual monitoring will provide advantages over present day “depot” inspections. 

Figure 8 shows the normalized POF versus flight cycles (the results are normalized to the POF without 

inspection at 8000 flight cycles) considering: a) no inspection, b) a single mid-life inspection with a median 

POD value of 0.762 mm (30 mils) and a COV of 32%, c) continual inspections (once per flight) with a median 

POD value of 5.080 mm (200 mils) and a COV of 32%, d) continual inspections with a median POD value of 

10.16 mm (400 mils) and a COV of 32%, e) continual inspections with a median POD value of 15.24 mm (600 

mils) and a COV of 32%.  

Figure 8 demonstrates that a single mid-life inspection reduces the POF to approximately 22% relative to 

the POF without inspection and effectively detects almost all defects that could case fracture within the ensuing 

4000 flight cycles. Continual inspections with a sensor that exhibits a POD of median value equal to 5.080 mm 

(200 mils) and a COV equal to 32% is far superior than a single more precise mid-life inspection, reducing the 

POF to near zero even though the precision of the on-board sensor is far less than the depot inspection. 
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Continual inspections with a sensor that exhibits a POD of median value equal to 10.16 mm (400 mils) and a 

COV equal to 32% reduces the POF to 11% relative to the POF without inspection. Continual inspection with 

this POD is still superior to a single more precise mid-life inspection through 8000 cycles although the slopes 

indicate that at some number of flight cycles the single mid-life inspection will be superior. Continual 

inspections with a sensor that exhibits a POD of median value equal to 15.24 mm (600 mils) and a COV equal 

to 32% reduces the POF to 50% relative to the POF without inspection and clearly is inferior to the single mid-

life inspection. Table 2 summarizes the results. The results agree closely with Eq. (14). 

Further confirmation of Equations 14 and 15 can be obtained by considering an analysis with four vastly 

different contrived POD curves developed such that POD(acrit ) = 70% for each curve, see Figure 9. In this case 

PF,reduced =1− POD(acrit ) = 30% for each POD curve. The POD curves are not actual POD curves but only 

constructed to illustrate a concept. Table 2 shows the expected results ( PF ,reduced
Theoretical ), based on Equation 14, and 

computed results ( PF ,reduced
Actual ) based on Monte Carlo sampling with 20,000 samples and inspection after each 

flight. The numerical comparison at 8000 flight cycles is shown in Table 3. It is remarkable that the data 

indicate that all four POD curves predict the same reduced POF even though the POD curves are drastically 

different. These results verify Equations 13 and 14. These results are significant because they indicate that an 

estimate of the reduction in POF due to continual inspections can be ascertained by knowing the sensor’s POD 

value at the critical defect size.  

As an example problem, variations in stress scatter are considered with inspections with stress scatter 

modeled using a lognormal distribution; however, any distribution can be used. PF ,reduced
Actual  is determined using 

Monte Carlo sampling. To get the theoretical expected value, Equation 17 is evaluated between the limits of the 

pdfs. To facilitate this calculation, the acrit = f (σ ) function is determined by developing a regression analysis 

(6th order), then developing the function POD(acrit (σ )) = POD( f (σ )). Using these functions, Equation 17 was 

evaluated numerically for the case where stress scatter, and; therefore, acrit , is a random variable. 

 Results from several different cases are summarized in Table 4. As indicated, the reduced POF is always 

greater than the theoretical value. Further, the difference between the expected and predicted value decreases as 
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the COV of the stress scatter decreases because the variation in acrit  decreases. As the COV of stress scatter 

goes to zero, acrit  becomes deterministic and the results converge to the values in the previous section.  

Summary and Conclusions 

During this research, a methodology was developed and implemented to compute the reduction in POF due 

to continual (once per flight) inspections based upon the concept of on-board crack sensors. A critical outcome 

of the research is that accurate Monte Carlo simulation of continual inspections requires that samples be 

generated as “dependent’ across inspections.  This modeling approach alleviates the substantial over prediction 

of sensor efficacy generated using the traditional assumption of independent inspections. Failure to do so results 

in much higher and unconservative estimates of POF reduction due to continual inspections. Mathematical 

bounds specify that the cases of dependent and independent inspections bound the cumulative probability of 

detection with dependent being most conservative and independent being the least conservative. If correlation 

between inspections is to be considered, the sum-of-uniforms method is ideal. 

Numerical examples demonstrate the large differences that occur in cumulative probability of detection 

when comparing the results from dependent and independent inspections. After many inspections, say 

thousands, the differences can be orders of magnitude. 

A second critical outcome is that the reduction in POF obtained by continual inspections depends almost 

solely upon the probability of detection of the sensor at the critical crack size, i.e., how reliably can the sensor 

detect the critical crack size. This information can be used to determine the required accuracy for an on-board 

sensor to prove effective. A straightforward expected value operation can be used for situations where the 

critical crack size is non-deterministic. This observation is borne out by the comparison of the reduction in POF 

by continual inspections versus a single, more accurate mid-life inspection. Continual inspections may be more 

effective than the accurate but single mid-life inspection if the continual monitoring system’s POD is 

sufficiently reliable at the critical crack size. Further collaboration is obtained from the analyses of four 

drastically different POD curves that all have the same POD value at the critical crack size. The results from the 

analyses are in effect the same. 
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The ability to correlate the reduction in POF to a simple measure such as the POD at the critical crack size is 

a major step in being able to determine the required sensitivity of a crack sensor to be beneficial. The 

consistency of POD(acrit )  in determining the reduction in POF depends somewhat on the steepness or flatness 

of the POD curve within a region around acrit  with a flatter curve being less sensitive to variations in acrit . Even 

for a steep POD; however, POD(acrit ) still provides an excellent metric for determining the required accuracy 

of a sensor. 

The issue of on-board inspections was investigated through the analysis of fracture of a gas turbine disk. 

However, the major conclusions are independent of structural component and are applicable to any other 

structural system that would benefit from on-board crack sensors such as off-shore structures, aircraft, 

automotive, refinery, nuclear structures, etc. 

Notation 

a - crack size 

acrit   - critical crack size that fractures the material (load and material dependent) 

n aDCS  - detectible crack size for a realization n of an inspection system 

n aDCS(k ) - detectible crack size for a realization n for inspection k 

a1−k  - crack sizes from inspections 1 through k 

ak  - crack size at inspection k (estimated by fracture mechanics algorithms) 

alast  - crack size at the last inspection of a continual monitoring system 

akMi  - crack size at inspection k minus i 

COV  - coefficient of variation of lognormal POD function 

CPOD - cumulative probability-of-detection 

E[⋅] - expected value operator 

fσ  - probability density function of stress scatter random variable 

fKC
 - probability density function of fracture toughness 
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KC  - fracture toughness random variable 

M - number of flight cycles 

N - number of Monte Carlo samples 

N f ,woi  - number of samples that have failed without inspection 

N f ,wi   - number of samples that have failed with inspection 

POD - probability-of-detection 

POF - probability-of-fracture 

PF ,woi - probability-of-fracture without inspections 

PF ,wi  - probability-of-fracture with inspections 

PF ,reduced  - ratio of the POF with inspection and the POF without inspection 

PF ,reduced
Actual  - actual realized reduced POF due to inspection 

PF ,reduced
Theoretical  - theoretical reduced POF due to inspection 

nSk  - U(0,1) random number representing POD(naDCS ) for realization n 

SOU - sum-of-uniforms method 

U(0,1) - uniform random number with range zero to one 

˜ X   - median of lognormal POD function 

ρ1k  - correlation coefficient between a realization of nS1 and nSk  

Φ - standard normal operator 

σ - stress scatter random variable 

σ y  - standard deviation of the lognormal POD function 
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Property Description  Comment 

Loading Spectrum loading representative of 

an Air-to-Ground mission 

11600 time points, 231 load pairs 

da/dN-ΔK C=5.248E-11 (9.25E-13 SI),  

m=3.87, Kc=58.7 ksi-in^-1/2 (64.6 

MPa-m^-1/2) 

Paris law with no threshold (C – constant, m – 

exponent, Kc – fracture toughness) 

US – units: da/dN (in/cycle), ΔK (ksi-in^-1/2) 

SI  - units: da/dN (m/cycle), ΔK (MPa-m^-1/2) 

Initial crack size Probability distribution 

representative of crack at holes of 

compressor disks 

Surface crack in the bore of a gas turbine disk. 1-

1 aspect ratio 

Propagation scatter Median = 1, cov = 0.1 lognormal distribution – for all zones 

Stress Scatter Median = 1, cov = 0.1 lognormal distribution 

Table 1 Example Problem Definition 
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POD Mediana 

mil/mm 

Expected % Computed %

200/(0.508) 0.03 0.00 

400/(1.016) 11.2 9.8 

600/(1.524) 53.3 47.7 
aCOV constant at 32% 

Table 2 Predicted vs. Computed PF ,reduced from Air-to-Ground Mission 
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Mediana 

mil/mm Expected % Computed % 

200/(5.08) 30.0 30.0 

400/(10.16) 29.9 33.6 

500/(12.70) 30.0 33.7 

600/(15.24) 30.1 33.8 

aCOV constant at 32% 

Table 3 Predicted vs. Computed PF ,reduced  from Contrived POD Curves 
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POD Median 

mil/(mm) 

Stress Scatter 

Median 

Stress Scatter 

COV (%) 

Expected POF 

Reduction (%) 

Computed POF 

Reduction (%) 

400/(10.16) 1 5 8.1 10.7 

400/(10.16) 1 10 9.2 13.0 

400/(10.16) 1.2 5 22.9 24.4 

400/(10.16) 1.2 10 25.0 32.5 

600/(15.24) 1 5 45.3 52.4 

600/(15.24) 1 10 46.2 59.1 

600/(15.24) 1.2 5 71.2 71.0 

600/(15.24) 1.2 10 69.8 75.8 

aCOV constant at 32% 

Table 4 Predicted vs. Computed PF ,reduced  for Non-Deterministic Critical Crack Size 



 29  

List of Figures 

1. Example POD curve  

2. Single Inspection Simulation Schematic  

3. Inspection Sampling Schematic for Independent Inspections 

4. Inspection Sampling Schematic for Dependent Inspections 

5. Effect of Critical Crack Size on Dependent Inspections 

6. Effect of Inspection Correlation on Cumulative Probability of Detection 

7. Effect of Variations in POD Parameters - Independent and Dependent Cases 

8. Comparison of Continual and Single Mid-Life Inspection 

9. Contrived POD Curves  

10.  Reduced POF Resulting from Contrived POD Curves 

 

 

 



1

Figure 1 Example POD Curve
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Fig 2 Single Inspection Simulation 
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3

Fig 3 Inspection Sampling Schematic for 
Independent Inspections
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4

Figure 4 Inspection Sampling Schematic for 
Dependent Inspections
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5

Fig 5 Effect of Critical Crack Size on 
Dependent Inspections
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6

Figure 6 Effect of Inspection Correlation on 
Cumulative Probability of Detection
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7

Figure 7 Effect of Variations in POD Parameters -
Independent and Dependent Cases
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Figure 8 Comparison of Continual and Single Mid-
Life Inspection
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9

Figure 9 Contrived POD Curves
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10

Figure 10 Reduced POF Resulting from Contrived 
POD Curves
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