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PROC partition(VAR f:[int->nat], L:int, H:int, VAR P:int)

f_save: [int->nat] = f;
P_save: int = P;
VAR lo, hi: int;
VAR v: nat;

L0: SKIP;

L1: lo := L;

L2: hi := H;

L3: v := f(lo);

L4: WHILE (hi > lo) DO
L5: WHILE (f(hi) >= v & hi > lo) DO
L6: hi := hi - 1;
L7: ENDWHILE;
L8: IF (hi > lo) THEN
L9: f := f WITH [(lo) := f(hi), (hi) := v];
L10: WHILE (f(lo) <= v & hi > lo) DO
L11: lo := lo + 1;
L12: ENDWHILE;
L13: f := f WITH [(hi) := f(lo), (lo) := v];
L14: ENDIF;
L15: ENDWHILE;

L16: P := lo;

L17: RETURN;

ENDPROC;

partition_argsOK: L <= H
partition_post: permutation(f,f_save,L,H) & partitions(P,f,L,H)



PROC quicksort(VAR f:[int -> nat], L:int, H:int)

f_save: [int -> nat] = f;

VAR P: int;

L0: SKIP;

L1: IF (H > L) THEN
L2: EXECUTE(partition(VAR f, L, H, VAR P));
L3: EXECUTE(quicksort(VAR f, L, P - 1));
L4: EXECUTE(quicksort(VAR f, P + 1, H));
L5: ENDIF;

L6: RETURN;

ENDPROC;

quicksort_argsOK: L <= H
quicksort_post: sorted(f) & permutation(f,f_save)
quicksort_metric: H - L



partition_decls: THEORY

BEGIN

code_proof_lib: LIBRARY = "../code_proof_lib"
. . .
IMPORTING code_proof_lib@sorting_thy

LABEL: TYPE =
{L0,L1,L2,L3,L4,L5,L6,L7,L8,L9,L10,L11,L12,L13,L14,L15,L16,L17};

L,H: int;
f_save: [int->nat];
P_save: int;

partition_argsOK(L,H:int,f:[int->nat],P:int):bool = (L <= H);

partition_post(L,H:int, f_in,f_out:[int->nat], P_in,P_out:int):bool =
permutation(f_out,f_in,L,H) & partitions(P_out,f_out,L,H);

const_facts: AXIOM TRUE;

states: TYPE =
[# label: LABEL, f: [int -> nat], P: int, v: nat, lo: int, hi: int #];

f(i:int,s:states):nat = f(s)(i);

AT(l:LABEL, s:states):bool = (label(s) = l);

actions: DATATYPE BEGIN step(new_s:states): step? END actions;

OKstate?(s:states): bool = TRUE;

enabled_general(a:actions, s:states): bool = TRUE;

enabled_specific(a:actions, s:states): bool =
CASES a OF step(new_s): NOT(label(s)) = L17 ENDCASES;

trans(a:actions, s:states): states =
CASES a OF
step(new_s):
CASES label(s) OF
L0: s WITH [label := L1],

L1: s WITH [label := L2, lo := L],

L2: s WITH [label := L3, hi := H],

L3: s WITH [label := L4, v := f(lo(s),s)],

L4: IF (hi(s) > lo(s)) THEN s WITH [label := L5]
ELSE s WITH [label := L15] ENDIF,

L5: IF (f(hi(s),s) >= v(s) & hi(s) > lo(s)) THEN s WITH [label := L6]
ELSE s WITH [label := L7] ENDIF,

L6: s WITH [label := L5, hi := hi(s) - 1],

L7: s WITH [label := L8],

L8: IF (hi(s) > lo(s)) THEN s WITH [label := L9]
ELSE s WITH [label := L14] ENDIF,

L9: s WITH [label := L10, f := f(s) WITH [(lo(s)) := f(hi(s),s),
(hi(s)) := v(s)]],

L10: IF (f(lo(s),s) <= v(s) & hi(s) > lo(s)) THEN
s WITH [label := L11]

ELSE s WITH [label := L12] ENDIF,

L11: s WITH [label := L10, lo := lo(s) + 1],

L12: s WITH [label := L13],

L13: s WITH [label := L14, f := f(s) WITH [(hi(s)) := f(lo(s),s),
(lo(s)) := v(s)]],

L14: s WITH [label := L4],

L15: s WITH [label := L16],

L16: s WITH [label := L17, P := lo(s)],

L17: s

ENDCASES

ENDCASES;

OKtrans?(a:actions, s:states): bool = TRUE;

enabled(a:actions, s:states): bool =
enabled_general(a,s) & enabled_specific(a,s) &
OKstate?(trans(a,s)) & OKtrans?(a,s);

start(s:states): bool = s = s WITH [label := L0, f := f_save, P := P_save];

IMPORTING timed_auto_lib@machine[states, actions, enabled, trans, start]

END partition_decls



quicksort_decls: THEORY

BEGIN

code_proof_lib: LIBRARY = "../code_proof_lib"
. . .
IMPORTING code_proof_lib@sorting_thy

L, H : int;

f_save : [int -> nat];

quicksort_argsOK(f:[int->nat],L,H:int):bool = (L <= H);

quicksort_post(L,H:int,f_out,f_in:[int->nat]):bool =
sorted(f_out,L,H) & permutation(f_out,f_in,L,H) &
eq_outside(L,H,f_out,f_in);

quicksort_metric(L,H:int,f:[int->nat]):nat =
IF quicksort_argsOK(f,L,H) THEN (H - L) ELSE 0 ENDIF;

const_facts: AXIOM TRUE;

states: TYPE = [# label: LABEL, f: [int -> nat], P: int #];

actions: DATATYPE BEGIN step(new_s:states): step? END actions;

f(i:int,s:states):nat = f(s)(i);

AT(l:LABEL, s:states):bool = (label(s) = l);

OKstate?(s:states): bool = TRUE;

enabled_general(a:actions, s:states): bool = TRUE;

enabled_specific(a:actions, s:states): bool =
CASES a OF
step(new_s):
CASES label(s) OF

L0: TRUE,

L1: TRUE,

L2: (L <= H)
=> (partitions(P(new_s),f(new_s),L,H) &

permutation(f(new_s),f(s),L,H)),

L3: (quicksort_metric(L,P(s)-1,f(s)) < quicksort_metric(L,H,f_save)
=> (quicksort_argsOK(f(s),L,P(s)-1) =>

quicksort_post(L,P(s)-1,f(new_s),f(s))))
& (NOT(quicksort_argsOK(f(s),L,P(s)-1)) => new_s = s),

L4: (quicksort_metric(P(s)+1,H,f(s)) < quicksort_metric(L,H,f_save))
=> (quicksort_argsOK(f(s),P(s)+1,H) =>

quicksort_post(P(s)+1,H,f(new_s),f(s)))
& (NOT(quicksort_argsOK(f(s),P(s)+1,H)) => new_s = s),

L5: TRUE,

L6: FALSE
ENDCASES

ENDCASES;

trans(a:actions, s:states): states =
CASES a OF
step(new_s):
CASES label(s) OF
L0: s WITH [label := L1],

L1: IF (H > L) THEN s WITH [label := L2]
ELSE s WITH [label := L5] ENDIF,

L2: s WITH [label := L3, f := f(new_s), P := P(new_s)],

L3: s WITH [label := L4, f := f(new_s)],

L4: s WITH [label := L5, f := f(new_s)],

L5: s WITH [label := L6],

L6: s
ENDCASES

ENDCASES;

OKtrans?(a:actions, s:states): bool = TRUE;

enabled(a:actions, s:states): bool =
enabled_general(a,s) & enabled_specific(a,s) &
OKstate?(trans(a,s)) & OKtrans?(a,s);

start(s:states): bool = s = s WITH [label := L0, f := f_save ];

IMPORTING timed_auto_lib@machine[states, actions, enabled, trans, start]

END quicksort_decls



(unifiable: bool, sigma: subst_list) Unify2Lits(l1,l2:literals):

if (NOT(sign(l1) = sign(l2)) or NOT(pred(l1) = pred(l2)))
then unifiable:= false
else mismatch := false

i := 1
while (i <= arity(l1) & not(mismatch))

if (arg(i,l1) notequal arg(i,l2))
then mismatch := true
else i:= i+1

if mismatch
then u_result,s_result := UnifyTerms(arg(i,l1),arg(i,l2))

if u_result = false
then unifiable:= false
else u_result2, s_result2 := Unify2Lits(l1 s_result, l2 s_result)

if u_result2 = false
then unifiable:=false
else unifiable:= true

sigma := s_result s_result2
else unifiable:= true

sigma:= sigma_id

Unify2Lits_argsOK: l1, l2 are literals

Unify2Lits_post: ((NOT(EXISTS(s:subst_list): substitution(l1,s) = substitution(l2,s)))
<=> (unifiable = false))

AND ((EXISTS(s:subst_list): substitution(l1,s) = substitution(l2,s))
<=> ((unifiable = true) AND (substitution(l1,sigma) = substitution(l2,sigma))))

Unify2Lits_metric: each time the recursive call is made l1.arity -i is smaller

PROC Unify2Lits(VAR unifiable:bool, VAR sigma:subst_list, n:nat, l1,l2:literal):
unifiable_save: bool = unifiable;
sigma_save: subst_list = sigma;
VAR u_result, u_result2: bool;
VAR s_result, s_result2: subst_list;
VAR l1_sigma, l2_sigma: literal;
VAR i: nat;
L0: SKIP;
L1: IF (NOT(l1.sign = l2.sign) OR NOT(l1.pred = l2.pred)) THEN
L2: unifiable:= FALSE;
L3: ELSE mismatch := FALSE;
L4 i := n;
L5: WHILE ((i <= l1.arity) AND NOT(mismatch)) DO
L6: IF NOT(l1.arg[i] = l2.arg[i]) THEN
L7: mismatch := TRUE;
L8: ELSE i:= i+1;
L9: ENDIF;
L10: ENDWHILE;
L11: IF mismatch THEN
L12: UnifyTerms(VAR u_result, VAR s_result, l1.arg[i],l2.arg[i]);
L13: IF u_result = FALSE THEN
L14: unifiable:= FALSE;
L15: ELSE IF (i < l1.arity) THEN
L16: EXECUTE(apply_sub(VAR l1_sigma,l1,s_result));
L17: EXECUTE(apply_sub(VAR l2_sigma,l2, s_result));
L18: EXECUTE(Unify2Lits(VAR u_result2, VAR s_result2, i+1,

l1_sigma, l2_sigma));
L19: IF u_result2 = FALSE THEN
L20: unifiable:= FALSE;
L21: ELSE unifiable:= TRUE;
L22: EXECUTE(compose(VAR sigma, s_result, s_result2));
L23: ENDIF;
L24: ELSE unifiable:= TRUE;
L25: sigma:= s_result;
L26; ENDIF;
L27: ENDIF;
L28: ELSE unifiable:= TRUE;
L29: sigma:= sigma_id;
L30: ENDIF;
L31: ENDIF;
L32: RETURN;
ENDPROC;
Unify2Lits_argsOK: n <= l1.arity
Unify2Lits_post: ((NOT(EXISTS(s:subst_list): substitution(l1,s) = substitution(l2,s)))

<=> (unifiable = FALSE))
AND ((EXISTS(s:subst_list): substitution(l1,s) = substitution(l2,s))

<=> ((unifiable = TRUE) AND
(FORALL(i:int): (n<=i AND i<=l1.arity)

=> (substitution(l1.arg[i],sigma) = substitution(l2.arg[i],sigma)))))
Unify2Lits_metric: l1.arity - n






