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ABSTRACT 
A probabilistic micromechanics model had been 

developed for the unidirectional fiber-reinforced composite 
material design screening.  In which, we used the predicted 
mechanical properties of IM-7 carbon fiber from the existing 
IM-7/5250-4 composite material system together with the 
observed 977-3 matrix mechanical properties to predict the 
probability density functions for the mechanical properties of 
IM-7/977-3 unidirectional composite.  To include the material 
design in the structural design process, we had extended the 
probabilistic analysis to predict the probability density 
functions for the off-axis mechanical properties.  The angle-ply 
and cross-ply laminates have been used extensively in 
aerospace structural designs.  It is logical to extend the 
probabilistic analysis to predict the probability density 
functions for the mechanical properties of the laminated 
composite.  We had provided the probabilistic analysis for a 
symmetric regular angle-ply laminate of IM-7/5250-4 
composite laminate.  

In this report, we will focus on the probabilistic 
analysis of symmetric and anti-symmetric regular cross-ply 
laminates of IM-7/5250-4 fiber-reinforced composite with odd-
number plies parallel to and even-number plies perpendicular to 
the laminate principal axes. 

These probabilistic micromechanics models provide a 
design-screening tool to help material producers to eliminate 
the unnecessary time-consuming and costly material 
fabrications and to reduce the numbers of testing to a minimum 
but enough to verify the model prediction.  They also provide a  
structural analysis tool to help the structural designer to manage 
the structural and material uncertainties during the structural 

design process.  And consequently, it provides a means to 
accelerate the insertion of materials into AF productions. 
 
KEYWORDS:  Probabilistic Analysis, Laminated Composite 

 
INTRODUCTION 

 Insertion of advanced composite materials into Air 
Force (AF) productions requires extensive testing of 
mechanical and other physical properties at the coupon, 
element, subcomponent, and component levels.  The material 
development becomes a time-consuming and costly task, and 
new material insertion into productions is extremely difficult, 
typically taking 15 to 20 years.  To accelerate the insertion of 
composite materials into AF productions at a much lower cost, 
a means must be established to preclude premature material 
fabrications and reduce material testing to a minimum but 
enough to manage the uncertainties in material development.  

A probabilistic micromechanics model had been 
developed [1] for the unidirectional fiber-reinforced composite 
material design screening.  In which, we used the predicted 
mechanical properties of IM-7 carbon fiber from the existing 
IM-7/5250-4 composite material system together with the 
observed 977-3 matrix mechanical properties to predict the 
probability density functions for the mechanical properties of 
IM-7/977-3 unidirectional composite.  This probabilistic 
micromechanics model provides a design-screening tool to help 
material producers to eliminate the unnecessary time-
consuming and costly material fabrications and testing.  And 
consequently, it provides a means to accelerate the insertion of 
materials into AF productions. 
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To include the material design in the structural design 
process, we had extended the probabilistic analysis [2] to 
predict the probability density functions for the off-axis 
transformed reduced stiffness, Young’s modulus, transverse 
Young’s modulus, shear modulus and Poisson’s ratio.  In which, 
the probabilistic analysis of the classical lamination theory 
were utilized to demonstrate the variation of the predicted 
probability density functions for these mechanical properties of 
IM-7/5250-4 unidirectional composite for a sequence of off-
axis angles from the material principal direction.  

The angle-ply and cross-ply laminates have been used 
extensively in aerospace structural designs.  It is logical to 
extend the probabilistic analysis to predict the probability 
density functions for the extensional, coupling and bending 
stiffness, Young’s modulus, transverse Young’s modulus, shear 
modulus and Poisson’s ratio of fiber-reinforced composite 
laminates.  In which, the probabilistic analysis of the classical 
lamination theory are utilized to demonstrate the variations of 
the predicted probability density functions for these mechanical 
properties of the laminated composites with thickness, stacking 
sequence, and the angles off-axis from the laminate’s principal 
direction.  In [3], we had provided a probabilistic analysis on a 
symmetric regular angle-ply laminate.  In this report, we will 
focus on the probabilistic analysis of symmetric and anti-
symmetric regular cross-ply laminates of IM-7/5250-4 fiber-
reinforced composite with odd-number plies parallel to and 
even-number plies perpendicular to the laminate principal axes. 

The probabilistic micromechanics model for 
composite laminates provides a tool for performing preliminary 
material design analyses and screening as commonly used by 
the structural design engineers in the general derivation of 
probability of failure as depicted in Figure 1 [4].  The 
predictions by the probabilistic structural and material analysis 
models will provide the means for the structural designers to 
manage the structural and material uncertainties during the 
structural design process. 
 

 
 
 
 
 

PROBABILISTIC ANALYSIS 
The orthotropic unidirectional composite laminas   [5, 6] 
satisfies 
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(A) SYMMETRIC CROSS-PLY LAMINATE 

For an odd number N-layered regular cross-ply 
laminate, which is symmetric in both geometry and material 
properties about the middle surface, with equal thickness t of 
orthotropic lamina and has an overall thickness of h=Nt, the 
resultant forces and moments per unit length satisfies the 
following stiffness equations 
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and 
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in which the extensional stiffness Aij and bending stiffness Dij 
of the orthotropic fiber-reinforced cross-ply laminate are 

 

 Figure 1.  General Derivation of Probability of Failure 
     (From Technical Report DOT/FAA/AR-95/17) 
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and 
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in which the cross-ply ratio M, the ratio of the total thickness of odd-numbered layers to the total thickness of even-numbered layers, 
is defined as 
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And the mechanical properties of the orthotropic fiber-reinforced cross-ply laminate in the principal direction satisfies 
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(B) ANTI-SYMMETRIC CROSS-PLY LAMINATE 

For an even number N-layered regular cross-ply laminate, which is anti-symmetric in both geometry and material properties 
about the middle surface, with equal thickness t of orthotropic lamina and has an overall thickness of h=Nt, the resultant forces and 
moments per unit length satisfies the following stiffness equations 
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in which the extensional stiffness Aij, coupling stiffness Bij, and bending stiffness Dij of the orthotropic fiber-reinforced cross-ply 
laminate are 
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And the mechanical properties of the orthotropic fiber-reinforced cross-ply laminate in the principal direction satisfies 
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With the probability density functions (PDFs) )(),(),( 1221 1221

GfEfEf GEE  and deterministic value 12ν  obtained from 
unidirectional composite analysis, the PDFs for random variables Xij = Aij in Equations (5 and 12) and Xij = Dij in Equations (6 and 
14) in the format of 1221 GcEbEaX ijijijij ++=  for ij = 11, 12, 22, 66, and  Xij = Bij in Equation (13) for ij = 11 and 22 
respectively are 
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based on the probability and random variable analysis [7]. 
 

The PDFs for random variables Xi = xyyx orGEE ,  in the format of 
1221
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The PDF for random variable xyν  in Equation (9) is 
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OBSERVED MECHANICAL PROPERTIES 
 To apply and demonstrate the probabilistic model 
developed in Section 2 for predicting the probability density 
functions for the extensional stiffness Aij, coupling stiffness Bij, 
bending stiffness Dij, Young’s modulus Ex, transverse Young’s 
modulus Ey, shear modulus Gxy, and Poisson’s ratio ν xy for the 
regular angle-ply laminate with IM-7/5250-4 unidirectional 
fiber-reinforced orthotropic layers, an AFRL/MLBC in-house 
test program was established to measure the mechanical 
properties E1, E2, 12ν and G12 of IM-7/5250-4 unidirectional 
fiber reinforced composite.  

The longitudinal unidirectional composite specimens 
were prepared with the configuration of eight-ply rectangular 
test specimen that was 0.5 inch wide and 10 inches long, and 
were tested in accordance with ASTM test procedure D3039.  
There are 63 specimens, with fV = 0.63, tested at room 
temperature. A FORTRAN computer program was used to 
detect the outliers of the test results [8], and to calculate the 
frequencies of the histograms for the remaining 62 specimens.  
The test data were presented in the Appendix B of AFRL-ML-

WP-TR-2002-4055.  The histograms for σ 1 ,ε 1 , and E1  of 
IM-7/5250-4 composite specimens are shown in Figure 2, 
together with the fitted normal PDFs.  The means and standard 
deviations of these fitted normal PDFs are listed in Table 1. 

The transverse composite specimens were prepared 
with the configuration of eight-ply rectangular test specimen 
that was 0.5 inch wide and 10 inches long, and were tested in 
accordance with ASTM test procedure D3039.  There were 61 

specimens, with fV =0.56, tested at room temperature. A 
FORTRAN computer program was used to detect the outliers of 
the test results and to calculate the frequencies of the histogram 
for the remaining 59 specimens.  The test data were presented 
in the Appendix B of AFRL-ML-WP-TR-2002-4055.  The 
histogram for E 2 of IM-7/5250-4 composite specimens is also 
shown in Figure 2, together with the fitted normal PDFs. The 
means and standard deviations of these fitted normal PDFs are 
listed in Table 1. 

The o45 angle-ply composite specimens were 
prepared with the configuration of eight-ply rectangular test 
specimen that was 0.065 inch thick and 8 inches long, and were 
tested in accordance with ASTM test procedure D3518 to 
measure 12G of IM-7/5250-4 composite.  There were 57 

specimens, with fV =0.56, tested at room temperature. A 
FORTRAN computer program was used to detect the outliers of 
the test results, and to calculate the frequencies of the histogram 
for the remaining 52 specimens.  The test data were presented 
in the Appendix B of AFRL-ML-WP-TR-2002-4055.  The 
histogram for G 12 of IM-7/5250-4 composite specimens is 
shown in Figure 2, together with the fitted normal PDF. The 
means and standard deviations of these fitted normal PDF are 
listed in Table 1. 

 
 
 

IM-7 /5250-4 Unidirectional Composite 
      --------------------------------------------------------------------------------------------- 

           σ 1           ε 1          E 1          12ν           E 2          G1              12τ           21ν  

       (KSI)           (%)       (MSI)          (MSI)     (MSI)       (KSI) 
      --------------------------------------------------------------------------------------------- 

Mean (m)     419.22      1.563       24.23       0.313      1.37        0.917     12.3254    0.0177 
Standard Deviation (s)            16.05      0.06           0.5          0.015      0.03        0.015       0.3263    0.00085 

 
Table 1.  Means and standard deviations for IM-7/5250-4 unidirectional composite 
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APPLICATION 

As shown in Section 3, the observed mechanical properties 
of IM-7/5250-4 BMI unidirectional lamina fit normal 

distribution fairly well. In this section, the PDFs for E 1, E 2 , 

12ν and 12G of IM-7/5250-4 unidirectional fiber reinforced 
composite in normal distribution formats are input to the 
equations in Section 2 to derive the PDFs for the mechanical 
properties of the IM-7/5250-4 fiber-reinforced composite 
laminate. 

The normal distribution curves and their means and 
standard deviations for the above PDFs are shown in Figure 2.  
These PDFs are presented in the normal PDF format. 

 

 ⎥
⎦

⎤
⎢
⎣

⎡ −
−= 2

2

2
)(

exp
2
1)(

x

x

x
x s

mx
s

xf
π

 (21) 

 
The means m and standard deviations s for the above PDFs are 
listed in Table 1. 

In general, Equation (21) with specific mean and 
standard deviation values for each mechanical property of IM-
7/5250-4 unidirectional fiber-reinforced lamina can be input 
into equations in Section 2 to obtain the predicted PDFs for IM-
7/5250-4 fiber-reinforced composite laminate in closed form or  
 
 

 
 
 
in integration formulas.  However, there is a simple way to 
derive these solutions in the case of normal distributions based 
on the following random variable analyses and theorem [7].   

If nandXXX ,......, 21  are n normally distributed random 

variables, then nn XaXaXaY +++= ........2211  is 

normally distributed.  Also, if nandXXX ,......, 21  are 
mutually independent random variables, then the mean of the 
sum is the sum of the means, i.e., 

 

nny mamamam +++= .......2211  (22) 
 
and the variance of the sum is the sum of the variance, i.e., 
 
 222

2
2
2

2
1

2
1

2 .......... nny sasasas +++=  (23)  
 
Therefore, the PDFs for 1221 GcEbEaX ijijijij ++= , ij = 
11, 12, 22, 66 in Equations (5, 6, 12, 13, 14) are 
 

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
−= 2

2

2
exp

2
1

ij

ij

ij
X

Xij

X
ijX s

mX

s
Xf

π
          (24) 

with

Figure 2. Histograms and Fitted Normal Probability Density Functions for IM-7/5250-4 Unidirectional Fiber-Reinforced 
Composite Mechanical Properties Test Results 
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1221 GijEijEijX mcmbmam
ij

++=        (25) 

 [ ]222222
1221 GijEijEijX scsbsas

ij
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The PDFs for random variables xyyx orGEE ,  in the format of 
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1
G
c

E
b

E
a

X
iii

i

++=  for      i = 1, 2, 4 respectively in Equations (9 

and 15) are 
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The PDF for random variable xyν  in Equations (9 and 15) is 
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MODEL PREDICTION 

In this section, the parameters of the fitted normal 
distributed PDFs for the test data of E1, E2, 12ν and G12 of IM-
7/5250-4 unidirectional fiber-reinforced composite, as listed in 
Table 1, are input into the equations developed in Section 4 to 
predict the probability density functions for the extensional 
stiffness Aij, coupling stiffness Bij, bending stiffness Dij, 
Young’s modulus Ex, transverse Young’s modulus Ey, shear 
modulus Gxy, and Poisson’s ratio ν xy for the regular cross-ply 
laminate with IM-7/5250-4 fiber-reinforced orthotropic layers.  
 The probability density functions (PDFs) for 
extensional stiffness Aij and bending stiffness Dij , ij = 11, 12, 
22 and 66, for the 3, 9, 15, 21 and 27-layered symmetric regular 
cross-ply laminate of IM-7/5250-4 fiber-reinforced composite, 
and their trend of variations with the number of layers, are 
predicted from the analysis.  Those predicted PDFs for 
extensional stiffness A11 are shown in Figure 3.   

For easy reference, the PDFs of these stiffness are 
rearranged so that the PDFs of all different stiffness of the same 
laminate thickness are put together on one page. Predicted 
probability density functions (PDFs) for extensional stiffness 
Aij and bending stiffness Dij, ij = 11, 12, 22 and 66, for the 15-
layered symmetric regular cross-ply laminate of IM-7/5250-4 
fiber-reinforced composite, and their trend of variations with 
the number of layers, are shown in Figure 4.   

The probability density functions (PDFs) for the 
extensional stiffness Aij, coupling stiffness Bij and bending 
stiffness Dij , ij = 11, 12, 22 and 66, for the 4, 8, 16, 20 and 28-
layered anti-symmetric regular cross-ply laminate of IM-
7/5250-4 fiber-reinforced composite, and their trend of 
variations with the number of layers, are predicted from the 
analysis.  Those predicted PDFs for the extensional stiffness A11 
or A22 are shown in Figure 5.   

 

 
 
For easy reference, the PDFs of these stiffness are 

rearranged so that the PDFs of all different stiffness of the same 
laminate thickness are put together on one page. Predicted 
probability density functions (PDFs) for extensional stiffness 
Aij, coupling stiffness Bij and bending stiffness Dij, ij = 11, 12, 
22 and 66, for the 16-layered anti-symmetric regular cross-ply  
laminate of IM-7/5250-4 fiber-reinforced composite, and their 
trend of variations with the number of layers, are shown in 
Figure 6.   
   The PDFs for Young’s modulus Ex , transverse Young’s 
modulus Ey , Poisson’s ratio ν xy , and shear modulus Gxy for 
the 3, 9, 15, 21 and 27-layered symmetric regular cross-ply 
laminate of IM-7/5250-4 fiber-reinforced composite are 
predicted from the analysis.  Those predicted PDFs for Young’s 
modulus Ex for the 3, 9, 15, 21 and 27-layered symmetric 
regular cross-ply laminate are shown in Figure 7.  Those 
predicted PDFs for Young’s modulus Ex, transverse Young’s 
modulus Ey, Poisson’s ratio ν xy and shear modulus Gxy for the 
15-layered symmetric regular cross-ply laminate of IM-7/5250-
4 fiber-reinforced layers are shown in Figure 8. 

Predicted PDFs for Young’s modulus Ex, transverse 
Young’s modulus Ey, Poisson’s ratio ν xy and shear modulus 
Gxy are the same respectively for all anti-symmetric cross-ply  
laminate of IM-7/5250-4 fiber-reinforced composite, and are 
shown in Figure 9.  
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Figure 3.  Predicted PDFs for the Extensional Stiffness A11of 3, 9, 15, 21 and 27-Layered Symmetric Cross-Ply IM-7/ 
5250-4 Laminated Composite from the Unidirectional Composite with Normally Distributed Mechanical Properties 

Figure 4.  Predicted PDFs for the Extensional Stiffness Aij and Bending Stiffness Dij of 15-Layered Symmetric Cross-Ply 
IM-7 /5250-4 Laminated Composite from the Unidirectional Composite with Normally Distributed Mechanical Properties 
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Figure 5.  Predicted PDFs for the Extensional Stiffness A11 or A22 of 4, 8, 16, 20 and 28-Layered Anti-Symmetric 
Cross-Ply IM-7/5250-4 Laminated Composite from the Unidirectional Composite with Normally Distributed 
Mechanical Properties 

Figure 6.  Predicted PDFs for the Extensional Stiffness Aij , Coupling Stiffness Bij  and Bending Stiffness Dij of 
16-Layered Anti-Symmetric Cross-Ply IM-7/ 5250-4 Laminated Composite from the Unidirectional Composite 
with Normally Distributed Mechanical Properties 
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Figure 8.  Predicted PDFs for the Young’s Modulus Ex,   TransverseYoung’s Modulus Ey , Poisson’s Ratio Vxy and 
Shear Modulus Gxy of  15-Layered Symmetric Cross-Ply IM-7/ 5250-4 Laminated Composite from the 
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SUMMARY 
 Nowadays, the structural design of aerospace 
structural components using advanced composite materials will 
include materials design as a part of the structural design 
process to provide the optimal utilization of the advanced 
composites in the structural design.  Material development is a 
time consuming and costly task, and new material insertion into 
production is extremely difficult.  To accelerate the insertion of 
composite materials into AF productions at much lower cost 
and shorter time, a means must be establish to preclude 
premature material fabrications and reduce material testing to a 
minimum but enough to manage the uncertainties in material 
development. 
 The angle-ply and cross-ply laminates have been used 
extensively in aerospace structural designs.  It is logical to 
extend the probabilistic analysis to predict the probability 
density functions for the extensional, coupling and bending 
stiffness, Young’s modulus, transverse Young’s modulus, shear 
modulus and Poisson’s ratio of laminated composites.  In 
which, the probabilistic analysis of the classical lamination 
theory are utilized to demonstrate the variations of the predicted 
probability density functions for these mechanical properties of 
the laminated composites with the numbers and thickness of 
layers, stacking sequence, and the angles off-axis from the 
laminate’s principal direction.  In [3], we had provided a 
probabilistic analysis on a symmetric angle-ply laminate.  In 
this article, we will focus on the probabilistic analysis for cross-
ply laminate of IM-7/5250-4 fiber-reinforced composite with 
odd-number plies parallel to and even-number plies 
perpendicular to the laminate principal axes.  The probabilistic 
analysis on anti-symmetric angle-ply composites and composite 
laminates with various stacking sequences will be discussed in 
subsequent technical reports. 

In this article, a probabilistic laminate mechanics 
model is developed in Section 2, based on the classical 
lamination theory and probability and random variable analysis, 
to predict the probability density functions of these laminate 
mechanical properties. An AFRL/MLBC in-house test program 
is established in Section 3 to measure the principal axis 
mechanical properties of IM-7/5250-4 unidirectional fiber-
reinforced composite.  The histograms of the test data of the 
mechanical properties of IM-7/5250-4 composite are fitted very 
well with normal probability density functions.  In Section 4, 
the assumption of normal probability density functions for the 
principal axis mechanical properties of IM-7/5250-4 
unidirectional composite are used in the development of the 
probabilistic laminate mechanics model, based on the classical 
lamination theory, for the probability density functions of the 
mechanical properties of IM-7/5250-4 cross-ply laminate.  In 
Section5, the numerical values of the fitted normal probability 
functions for the mechanical properties of IM-7/5250-4 
unidirectional composite are inserted into the equations in 
Section 4 to present graphically the predicted probability 
density functions for the mechanical properties of the IM-7 
/5250-4 cross-ply laminate.   

The probabilistic micromechanics model for 
composite laminates provides a tool for performing preliminary 
material design analytically as commonly used by the structural 
designers in the general derivation of probability of failure [4].  
The predictions by the probabilistic model will help material 
producers to eliminate the unnecessary time-consuming and 
costly material fabrications and to reduce the number of testing, 
if fabricated, to a minimum but enough to verify the model 
prediction.  And consequently, it provides a means to accelerate 
the insertion of materials into AF weapon systems 
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