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Summary 
 

In present investigation, analyses for the damage evolution behavior of particulate 
composite materials by using the finite element method (FEM) and the s-version finite 
element method (s-FEM) were carried out. The analyses were carried out in particular 
interest in the phenomenon of crack propagation.  
 
Prior to crack propagation, material damage develops in the material. The material 
damage may be in the forms of microviod and/or microcracks in the binder (matrix) and 
in the form of binder (matrix)/particle separation that is known to be dewetting. In a 
macroscopic sense, the reinforcing particles distribute evenly in matrix. However, at 
microscopic level, the density of the distributed particles varies. This means that the 
stiffness and strength of the material also have some spatial variations. Material 
damages initiate at the weak material locations and then propagate the surroundings. 
When cracks are present in the material, the cracks interact with the surroundings and 
the material  
 
To simulate such scenarios, we adopted two kinds of damage constitutive models. One 
is isotropic damage model and the other is “separate dilatational/deviatoric damage 
constitutive model” in which the contributions of hydrostatic and of deviatoric stresses 
are accounted for independently. A parameter in the separate dilatational/deviatoric 
damage model can characterize which, hydrostatic or deviatoric stress component, has 
dominant influence to the damage behavior of the material.  
 
A series of analyses on uncracked and cracked specimen with statistically varying 
material stiffness at a microscopic level were carried out. The results revealed that the 
damage behavior is highly influenced by the damage mode.  
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1. Damage constitutive law 
 
In present investigation, we adopt the continuum damage constitutive law of Simo and 
Ju [1, 2]. The damage model was extended so that it can model the isotropic, deviatoric, 
dilatational and deviatoric/dilatational combined damages was adopted. The constitutive 
model was implemented in the in-house s-FEM computer program. The s-FEM 
computer program of Okada et al. [3] can model particulate composite materials by 
superposing the finite element models for the particles on that for the global structure or 
for the region of unit cell. A finite element model for a particle and its surrounding 
material region needs to be built only once. Such finite element model is called the 
“local model”. Then it is repeatedly superposed on the one that represents the global 
structure, that is called the “global model”. 
 
In present investigation, an ordinary finite element method is mostly used. The s-FEM 
computer program can also be used to carry out ordinary finite element analyses. To do 
so, we simply do not superpose any local finite element models on the global one.  
 
In this chapter, we first explore the damage constitutive model that is adopted in this 
research.  
 
1.1 Isotropic damage  
First, we describe the isotropic damage theory by following Simo and Ju [1]. In Simo 
and Ju [1], the effective stress concept and the hypothesis of strain equivalence are 
described. When they are applied to the case of elastic damage, the elastic potential 

energy of damaged material, in terms of the strains ijε  and the damage parameter  

is written to be: 

d

 
( ) ( ) ( ll k

o
k dd εψεψ −= 1, )

)

       (1) 
 
where  is the elastic-potential function for virgin material that is written to be: ( lk

o εψ

 

( ) lll kijijkk
o C εεεψ

2
1

=        (2) 

 
Just like equivalent stress concept in the theory of plasticity, a scalar parameter τ  that 
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measures the magnitude of stress/deformation is introduced.  
 

( )lko εψτ 2=         (3) 

 
Criteria for the damage evolution are written as follows. First, the effective stress needs 
to reach the critical value. 
 

( ) ( )( ) ( ) ( ) 0=−=− drdrg kk ll ετετ       (4)  
 
where  is the function of the damage parameter . The relationship between ( )dr d ( )dr  
and  needs to be determined based an experimental data. The material damage 
progresses when the damage parameter increases. Therefore, when the damage is 
ongoing, the time derivative of the damage parameter  must be positive. 

d

d&

 
0>d&          (5) 

 
d&  is determined through the evolution law, as: 
 

( ) ( ) ( dHdHrd k ,, τεττ l&&& == )       (6) 
 
The constant ( dH , )τ  characterizes the progress of damage with respect to the effective 
stress like term. Equations (4) and (5) must be satisfied when the progressive damage 
takes place. It is noted that the constant ( )dH ,τ  is always positive. Therefore, the 
equivalent stress-like term must increase to satisfy equation (6), while the material 
damage is in progress. 
 
Since the elastic potential energy is assumed in the form of equation (1), the stresses 

ijσ  are written in the following form. 

 

( ) ll kijkij Cd εσ −= 1        (7) 

 
The rates of stresses can be expressed by differentiating both the sides of equation (7), 
as: 
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( ) ( ) o
ijkijkkijkkijkij dCdCdCd σεεεσ &&&&& llllll −−=−−= 11     (8) 

 

where  are the stresses when the virgin material is assumed for the same 

strains. From equation (6), the rate  of damage parameter  can be derived to be: 

( ll kijk
o
ij C εσ = )

d& d

 

( ) ( ) ( )
lll

l &&&&
k

o
kk

o
k d,Hd,Hd,Hd εσ

τ
τε

τ
σ

τττ ===      (9) 

 
( d,H )τ  characterizes the rate of damage parameter  with respect to the rate of the 

effective stress-like parameter 
d

τ& . 
Substituting equation (9) in equation (8), we arrive at: 
 

( ) ( ) ( )

ll

llllll

&

&&&&&

k
ID
ijk

k
o
k

o
ijkijk

o
ijkijkij

D

dHCddCd

ε

εσσ
τ
τεσεσ

=

−−=−−=
,11

   (10) 

 
where  
 

( ) ( ) o
k

o
ijijk

ID
ijk

dHCdD lll σσ
τ
τ ,1 −−=       (11) 

ID
ijkD l  are the tangent moduli for the isotropic damage material and have the major and 

minor symmetries, i.e. ,  and . ID
ijk

ID
ijk DD ll =

ID
kij

ID
ijk DD ll =

ID
jik

ID
ijk DD ll =

 
1.2 Separate Isotropic/deviatoric damage model 
 
The damage evolution of some class of materials are more sensitive to hydrostatic 
pressure stress than shear stresses. A typical scenario is in a material containing 
microvoids. Microvoids grow under applied positive-hydrostatic pressure stress. But 
they do not grow under negative-hydrostatic pressure stress. The growths of the voids 
are assumed to be less sensitive to the shear (deviatoric) stresses than 
positive-hydrostatic stress.  
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One way to model such material is to separate the contributions of hydrostatic and 
deviatoric stresses to the damage growth. To do so with a very simple model, we 
separate the damage parameter  into the dilatational (volumetric) and deviatoric parts. 
Hence, the elastic potential energy function [equation (1)] is modified and is written to 
be: 

d

 

( ) ( ) ( ) ( ) ( )ij
o
DDkk

o
VVDVk dddd εψεψεψ ′−+−= 11,,l     (12) 

 

where kkε  and ijε ′  are the volumetric and deviatoric strains. The functions  and 

 are defined to be: 

o
Vψ

o
Dψ

 

( )2
2
1

kk
o
V K εψ =  and       (13) ijij

o
V εεµψ ′′=

 
where K  and µ  are the bulk and shear moduli. It is noted here that under a constraint 
condition , the separate dilatational/deviatoric damage model is the same as the 
isotropic damage model. We define two kinds of effective stress-like terms, as: 

DdVd =

 

( ) ( )22 kkkk
o
VV K εεψτ ==  and ( ) εεµεψτ ′′=′= ijij

o
DD 22    (14) 

 
When the damages are in progress, the following conditions must be satisfied.  
 

( vvV dr= )τ  and 0>kkσ  for the dilatational damage    (15) 
 

( DvD dr= )τ  for the deviatoric damage     (16) 
 
The evolution equations for the damage parameters are written, as: 
 

( ) ( ) ( )
( ) kk

qq

pp
VVVkkVVVVVVVV

K

K
dHKdHdHd ε

ε

ε
τετττ &&&&

2
,,, ===   (17) 
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( ) ( ) l
l&&

k
pqpq

k
DDDDDDDD dHdHd ε

εεµ

εµ
τττ ′

′′

′
==

2
2

,,     (18) 

 
The constants ( )VVV dH ,τ  and ( )DDD dH ,τ  govern the evolution laws for the damage 
parameters. The constants are the functions of the effective stress-like terms Vτ  and 

Dτ  and of the damage parameters  and . From equation (12), we can write the 
stresses, as: 

Vd Dd

 
( ) ( ) ( ) ijDkkijV

ij

DVk
ij dKd

dd
εµεδ

ε
εψ

σ ′−+−=
∂

∂
= 121

,,l     (19) 

 
By differentiating both the sides of equation (19) and making use of equations (17) and 
(18), we can write the rate form constitutive equation, as: 
 

( ) ( )

( ) ( ) ( ) ( ) ( )

ll

llll

&

&&&&

&&&&&

k
DV

ijk

kkij
D

DDD
kk

V

VVV
ijijDkkijV

ijDkkVijDkkijVij

D

dH
K

dH
dKd

dKddKd

ε

εεεµ
τ
τ

εε
τ
τ

δεµεδ

εµεεµεδσ

−=

′′′−−′−+−=

′−−′−+−=

22 ,4,
121

2121

 (20) 
and, 

( ) ( ) ( )
( ) ( ) ( )

ll

llll

kij
D

DDD
kijkk

V

VVV

ijkjikDkijV
DV

ijk

d,HK
d,H

dKdD

εεµ
τ
τ

δδε
τ
τ

δδδδµδδ

′′−−

+−+−=−

22 4

11
    (21) 

 

DV
ijkD −
l

DV
ijkD −
l

 are the tangent moduli that relate the rate of stresses to those of strains. It is noted 

that  have the major and minor symmetries, i.e. ,  and 

. 

DV
ijkD −
l

V
jikD=

DV
ijk

DV
ijk DD −− = ll

DV
kij

DV
ijk DD −− = ll

D−
l

 
 
1.3 Determining damage evolution law for the isotropic damage material 
 
The damage evolution law of equation (9) has a scalar function ( )d,H τ  of τ  and . d

( d,H )τ  characterizes the damage evolution behavior and should be derived from a set 
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of experimental data. In this section, how the scalar function ( )d,H τ  is determined is 
described. 
 
First, we assume that we have a stress-strain curve which was measured in an 
experiment. Let us assume that we have a uniaxial stress-strain curve, as shown in 
Figure 1. Stress is written by the following equation: 
 

( ) εσ Ed−= 1         (22) 
 
Therefore, the damage parameter  is expressed by the stress and strain, as: d

 

ε
σ
E

d −= 1         (23) 

 
The value of the effective stress-like parameter τ  can be written in terms of the 
uniaxial stress and strain, as: 
 

2
11

εεσεσε
σ

εσεετ E
dd

C o
k

k
k

o
kkijijk ==

−
=

−
=== l

l
llll    (24) 

 
Therefore, once the uniaxial stress-strain curve is given, relationship between the 
effective stress-like and the damage parameter can be obtained. In present investigation, 
a uniaxial stress-strain curve is approximated by a series of piecewise straight lines, as 
depicted in Figure 2. In Figure 2, points on the stress-strain curve ( )11,εσ , ( )22 ,εσ , 
( )33,εσ , , ••• ( )ii εσ , , ( 11, ++ ii )εσ , •••  connect straight line segments. From a set of 
data ( )1,1 εσ , ( )22 ,εσ , ( )33,εσ , ••• , ( )ii εσ , , ( )11, ++ ii εσ , ••• , we can compute 
( )11, dτ , ( )22 , dτ , ( )33 , dτ , , ••• ( )id,iτ , ( )11, ++ ii dτ , •••  by using equations (23) and 
(24). Thus, the relationship between τ  and  is also approximated by a series of 
piecewise straight lines. The function 

d

( )d,H τ  which governs the damage evolution law 
of equation (6) is approximated by: 
 

( ) ( 11
1

1 ,              , ++
+

+ <<<<
−
−

≈= iiii
ii

ii ddd
ddddH τττ
τττ

τ
&

&
)    (25) 

 
The function ( dH , )τ  whose value is determined by equation (25) is used in the 
stress-strain relationship of equation (10). 
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Fig. 1 Uniaxial stress-strain curve 

 
1.4 Determining damage evolution law for the separate Isotropic/deviatoric 

Fig. 2 Piecewise linear approximation for uniaxial stress-strain curve 

damage model 
 
In this section, the damage evolution law for the separate isotropic/deviatoric damage 
model is dealt with. As seen in equations (17) and (18), there are two different damage 
evolution laws and two damage variables ( )VVV dH ,τ  and ( )DDD dH ,τ . In order to fully 
determine ( )VVV dH ,τ  and ( )DDD dH ,τ , we need at least tw
When only one stress-strain curve is available, we need to introduce at least an 
additional condition. Procedures to determine the damage evolution laws from only one 
set of uniaxial stress-strain curve are described in this section. 
 

o sets of stress-strain curves. 

e assume that a uniaxial stress-strain curve, as shown in Figure 1, is available. As an W
additional condition to uniquely determine the damage evolution law, we postulate that 
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the ratio ( DV dd ) between the dilatational and deviatoric damage parameters remains to 
be the sam ng the uniaxial deformation. We write: 
 

e duri

VD dd α=         (26) 
 

ere, H α  is a positive constant ( ∞≤≤ α0 ). When α  equals zero, only the dilatational 
damage is present. When 1=α , the m gnitudes  dilatational and deviatoric parts 
equal each other and, therefo this case is very similar to that of the isotropic damage. 
When 

a of
re, 

α  is infinitely large, the dilatational damage parameter Vd  is zero. Therefore, 
material undergoes deviatoric damage only. 
 
We assume a uniaxial deformation in  direction. We can write the following 1x

statements. 
 

( ) ( )
( ) ( )unknown         ;known      0     ,0

known      0    ;unknown       0

332231231211

312312332211
εεεεεε
σσσσσσ

====≠

=====≠    (27) 

 
herefore, by substituting equations (26) and (27) in equation (19), we have: T

 

( ) ( ) ( ) (

( ) ( )

)

( ) (

( ) ( )

)

( ) ( 22113333221111

11332233221122

33221133221111

21
3
21

21
3
21

21
3
21

εεεµαεεεσ

εεεµαεεεσ

εεεµαεεεσ

−−−+++−=

−−−+++−=

−−−+++−=

VV

VV

VV

dKd

dKd

dKd

)

   (28) 

 
rom the second and the third of equation (28) and F 3322 εε = , one can obtain: 

 

( ) ( ) ( ) ( 2211332211 1
3
210 εεµαεεε −−+++−= VV dKd )    (29) 

 
 

he first of equation (28) and equation (29) lead to: T
 

( ) 11
11

22 12
ε

µα
σ

ε +
−
−

=
Vd

       (30) 
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By substituting equation (30) in the first of equation (28), we can establish a 
relationship between 11σ  and 11ε , as: 
 

( )( ) ( ) ( ) 011
3
1113 1111 =







 −+−−−− σµαεµα KddKdd VVVV    (31) 

 
y rearranging equation (31), we can establish: B

 

( ) 011
9

3

11

11

11

112 =







−+









+−
+

+
ε
σ

α
ε
σ

µ
αµα

E
d

K
Kd VV     (32) 

 
herefore, for a given set of variables T 11σ , 11ε  and α , we can solve for . Vd

Two special cases ( 0=α  and 1=α ) ar re ted firs . When 0e p sen t =α , we h e: av
 

( ) 0101
9

300
11

11

11

112 =







−+









+−
+⋅

+⋅
ε
σ

ε
σ

µ
µ

E
d

K
Kd VV     (33) 

and, 









−

−=

µ
σ

ε

σ

11
11

11

33
1

K
dV   ( 0=α )     (34) 

 
hen W 1=α , we have: 

 

012
9

3

11

11

11

112 =







−+









−
+

+
ε
σ

ε
σ

µ
µ

E
d

K
Kd VV      (35) 

and, 

11

111
ε
σ
E

dV −=     ( 0=α )    (36) 

 
 is noted that there are two solutions that satisfy equation (35) and they are In

11εEV
111

σ
d −=  and 1=d . The second one takes a constant value and, therefore, is not a V

feasible solution. For more general case ( 1,0≠α ), we solve equation (32) for , by 

       (37) 

Vd

letting: 
 

02 =++ BAdd VVα
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ε
σ

µ
αµ

−
+

=
9

3

11

11
K

KA
11εE

( )+1    and 111
σ

B −=      (38) α

 
herefore, the value  is determined to be: T Vd

 

α
α

2
42 BAAdV

−±−
=        (39) 

 

In equation (39), the sign associated with BA α42 −

1

 needs to be determined. To 

determine the sign, we check a special case ( =α ). By letting 1=α , in equation (39), 
we have: 
 













±







−−=

11

11

11

11 2
2
1

ε
σ

ε
σ

EE
dV       (40) 

 
hen we take the positive sign, equation (40) results in: W

 

12
2
1

11

11

11

11 =












+







−−=

ε
σ

ε
σ

EE
dV       (41) 

 
his is a constant value ( ) and, therefore, is inappropriate. When the negative sign T 1=Vd

is assumed, we obtain: 
 

11

11

11

11

11

11 12
2
1

ε
σ

ε
σ

ε
σ

EEE
dV −=













−







−−=      (42) 

 
his result is the same as the case of isotropic damage material (equation (23)). T

Therefore, we choose the negative sign in equation (39). 
 

α
α

2
42 BAAdV

−−−
=        (43) 

 
hus, the deviatoric damage parameter is also determined to be: T Dd  
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α
ααα

2
42 BAAdd VD

−−−
==       (44) 

 
Once uniaxial stress-strain curve as depicted in Figure 1 is given, we collect a series of 
points ( )11,εσ , ( )22 ,εσ , ( )33 ,εσ , ••• , ( )ii εσ , , ( )11, ++ ii εσ , ••• , on the curve, as 

shown in Figure 2. Damage parameters ( iVd  and iDd ) corresponding to the stress 

and strain ( )ii εσ ,  are obtained. Thus, by using equations (27) and (28), unknown 
strains 22ε  and 33ε  ( 3322 εε = ) are derived. Therefore, we can compute the effective 

stress-like terms ( )kkKεVτ =  and ( )ij′= ijεεµ ′Dτ . Thus, we have a series of data 

( )1Dτ11 ,, VD τ1,V dd , ( )2D2 ,D τ2 , Vτ2 ,V dd , ( )3,, DDd τ33 , Vτ3Vd , , •••

( )iDτiViD τ ,,iV dd , , ( )1+i1,+iVτ11, ++ iDd , DτiVd , ••• . The scalar functions, ( )VVH V d,τ  

and ( DDD d, )H τ  are derived to be: 
 

( ) ( )

( ) ( )11
1

1

11
1

1

,              ,

,                ,

++
+

+

++
+

+

<<<<
−

−
≈=

<<<<
−

−
≈=

iDDiDiDDiD
iDiD

iDiD

D

D
DDD

iVViViVViV
iViV

iViV

V

V
VVV

ddd
ddd

dH

ddd
ddd

dH

τττ
τττ

τ

τττ
τττ

τ

&

&

&

&

 (45) 
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2. Numerical Implementation of the Damage Constitutive Laws in an 
In-House Finite Element Program 
 
The isotropic and the separate isotropic/deviatoric damage models were implemented in 
an in-house finite element program. In this chapter, the numerical implementations of 
the damage constitutive laws are described. The in-house finite element program that is 
used in present investigation is based on the s-version finite element method (s-FEM). 
In this chapter, (i) the in-house finite element program based on s-FEM, (ii) the 
implementation of nonlinear constitutive laws in the s-FEM program, (iii) the 
implementation of isotropic damage constitutive model and (iv) the implementation of 
isotropic/deviatoric damage model are discussed. 
 
2.1 The s-version finite element method (s-FEM) 
 
In present investigation, the s-FEM program that has been developed in Kagoshima 
university was adopted as the base program. As described in Okada et al. [3] and Tanaka 
et al. [4], the s-FEM is the most useful in the analyses of composite material. However, 
the code can be used as an ordinary finite element program. In this section, the s-FEM 
for nonlinear analysis is briefly described. 
 
The s-FEM was first proposed by Fish [5] and has been applied to various engineering 
problems [5,6,7,8]. In the s-FEM, two types of finite element models are used. One is 
called “global finite element model” or “global model” that covers the whole analysis 
region. The other is called “local finite element model” or “local model” that is 
superposed on the global model, as depicted in Figure 3. Typically, the local model has 
a finer spatial resolution than the global model and is typically placed at the portion of 
stress concentration, such as crack (see Okada, Endoh and Kikuchi [7]), and second 
phase material and its vicinity (see Okada et al. [8] and Okada et al. [9]). In Okada et al. 
[3], an s-FEM formulation that allowed the local models to multiply overlap, as shown 
in Figure 4. 
 
Let us denote the regions of global model and local models to be Ω  and  G LiΩ  

, respectively. Here, as done in Okada et al. [3], there are many local 
models that are superposed on the global model and they are allowed to multiply 
overlap each other. Displacements are expressed by the shape functions of finite 
elements of global and local models independently. This means that we do not need to 

( ni ,,3,2,1 L= )
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maintain any relationships between the locations of nodes and elements of the global 
and local models. Therefore, it is quite tractable to enhance the spatial resolution of 
analysis model locally, by superposing the local models on the global model. It is noted 
that if there were no overlaid local models, the program performs an ordinary finite 
element analysis.  
 
When the damage constitutive law is adopted in an analysis, we perform an incremental 
analysis, just like the case of elastoplasticity (see Okada et al. [9]). We briefly describe 
the formulations of present s-FEM. 
 
We denote the displacement increments to be  and ∆  G

iu∆ Li
iu ( )ni ,,3,2,1 L=  that are 

based on the shape functions of finite elements of the global and the local models. The 
displacement functions are superposed when the global and the local mesh regions 
overlap each other. For example, for a region, where the global and the local mesh 
regions ( ,  and ) overlap, we write the displacement increments , as: LpΩ LqΩ LrΩ iu∆

 

Lr
i

Lq
i

Lp
i

G
ii uuuuu ∆+∆+∆+∆=∆      (50) 

 
At a point, where any local models do not overlap with the global model, the 
displacements  equal  ( u ). The continuities of the displacements are 
enforced by letting the functions u , , , ,  be zero at the outer 
boundaries  of the local model regions 

iu G
iu G

ii u=
L
i

1 2L
iu 3L

iu L Ln
iu

LiΓ LiΩ . The statement of principle of virtual 
work in an incremental formulation is written to be: 
 

∫ Γ∆∆=∫ Ω
∂
∆∂

∂
∆∂

ΓΩ G
t

G
G
tii

GkDamage
ijk

j

i tu
x
u

D
x

u
dd δ

δ

l
l      (51) 

 
where the variations of the displacements are defined in the same manner as the 
displacements.  denotes the boundary where the tractions G

tΓ it  are prescribed. 

 are the forth order tensor representing material’s stress-strain relationship 

(incremental constitutive law). We then substitute the displacements and their variations 
in the statement of principle of virtual work. After some algebraic manipulations, we 
have: 

Damage
ijkD l
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∫ Γ∆=∑ ∫ Ω
∂

∆∂

∂
∆∂

+∫ Ω
∂

∆∂

∂
∆∂

Γ
=

ΩΩ G
t

LG
G
tii

n

q

Lq
Lq
kDamage

ijk
j

G
iG

G
kDamage

ijk
j

G
i tu

x
u

D
x
u

x
u

D
x
u

ddd
1

1 δ
δδ

l
l

l
l

 (52) 

( )np
x
u

D
x
u

x
u

D
x
u

x
u

D
x
u

n

pq
q

LqLp
Lq
kDamage

ijk
j

Lq
i

Lp
Lp
kDamage

ijk
j

Lp
iLp

G
kDamage

ijk
j

Lp
i

LqLp

LpLp

,,3,2,1              0d

dd

1
L

l
l

l
l

l
l

==∑ ∫ Ω
∂

∆∂

∂

∆∂
+

∫ Ω
∂

∆∂

∂

∆∂
+∫ Ω

∂

∆∂

∂

∆∂

≠
=

Ω
−

ΩΩ

−
δ

δδ

   (53) 

 
It is noted here that the right hand side of equation (53) equals zero, since the local 
model regions do not intersect with the outer boundary of the structure.  
( ) denote regions sheared by 

LqLp−Ω

qpnqp ≠=   ;,,3,2,1, L LpΩ  and  (i.e., 
). When , the related terms in equation (53) disappear. 

After the global and local regions are discretized by appropriate finite elements, we can 
write a matrix formulation, as: 

LqΩ

LqLpLqLp Ω∩Ω=−Ω LqLp Ω∩Ω=0

 





















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∆
∆
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0
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21
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    (54) 

 
where  and  are the column vectors of unknown nodal displacements of the 
global and the local meshes. Matrices 

Gu∆ Lpu∆
GK , LpK , LpG−K , LqLp−K  arise from the 

integrals in the left hand sides of equations (52) and (53). Since, ( )TGLp−= KLpG−K  and 

( )T

Gf∆

LpLqLqLp −−K = K , the global stiffness matrix in the right hand side of equation (54) is 

symmetric. However, the global stiffness matrix is not banded, unlike an ordinary finite 
element method.  is the consistent nodal force vector arising from the right hand 
side of equation (52). 
 
The coefficient matrix of equation (54) is symmetric. However, the coefficient matrix 
looses its band structure, as there are many off-diagonal components. In such a case, use 
of iterative equation solver is advantageous over direct solvers. Thus, we adopted an 
Incomplete Cholesky-decomposition-preconditioned conjugate gradient (ICCG) method 
[10].  
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Figure 3 A schematic illustration for s-FEM (s-version finite element 
method) modeling. A crack problem is presented as an example. 

 

 
 

Figure 4 The s-FEM model with multiple local model regions that overlap each other.

(a) s-FEM discretization (b) Global and local model regions 

2.2 Incremental algorithm 

he constitutive equations were implemented in the s-FEM computer program. In 
 
T
present analysis, we did not implement equilibrium iteration scheme. The reason why 
we did not do so was that computations for nodal reaction forces became sometimes 
erroneous. Hence, equilibrium iteration algorithms such as Newton-Raphson scheme 
may not converge or may converge to wrong solutions. The displacements ( )xui , 

stresses ( )xijσ  and strains ( )xijε  at a point are expressed by the sum of r thei
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increments ,  and ( )xu I
i∆ ( )xI

ijσ∆ ( )xI
ijε∆ , as: 

(∑∆
I

I
i xu ) ( ) ( )I

ij xσij xσ

• i( )iσ , )1+iσ •••

1σ

( )11,εσ

( 1 )σ

( 11, ++ i )ε •••

 

( ) =i xu , ∑∆=
I

  and  ( ) ( )∑∆=
I

I
ijij xx εε    (55) 

 
All the other deformation parameters are treated in the same fashion.  
 
2.3 Evaluation of relationship between the effective stress-like parameters and the 
damage parameters 
 
The procedures that are described in sections 1.3 and 1.4 are implemented in the s-FEM 
computer program. Therefore, an analyst only needs to specify a one dimensional 
stress-strain relationship, Young’s modulus and Poisson’s ratio. The stress-strain 
relationship is given by specifying a series of data points on the curve [ ( )11,εσ , ( )22 ,εσ , 
( )33 ,εσ , , •• ε , ( 1, +iε , ]. The first data point ( )11,εσ  must be on the 
line of elastic slope, i.e.; 1εE= , where E  is the Young’s modulus. 
 
Thus, the analyst does not have to deal with the tedious procedures of sections 1.3 and 
1.4 and the input data structure is very analogous to that of isotropic elastoplasticity. 
 
2.4 Some other issues associated with the damage constitutive law-initiation of 
nonlinear deformation 
 
Material initially undergoes elastic deformation and then follows nonlinear deformation 
path. That is analogous to the case of elastoplasticity. In this section, algorithms when 
the nonlinear deformation initiates at a point during an increment are discussed. First, 
we deal with the case of isotropic damage. 
 
Let us assume that uniaxial stress-strain curve is given as shown in Figure 5. The 
stress-strain relationship upto  is linear (no damage) and the nonlinear 
deformation initiates at 1,ε . Then, by following the procedures in section 1.3, the 
sets of effective stress and damage parameter corresponding to ( )22 ,εσ , ( )33 ,εσ , ••• , 
( )ii εσ , , iσ ,  are determined to be ( )11, dτ , ( )22 , dτ , ( )33 , dτ , , ••• ( )ii d,τ , 

( 1,+ ii d )1+τ , . We assume that the state of stresses  and strains  at the ••• I
ijσ I

ijε
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beginning of I th incremental step satisfies: 

I
kl

+

+

B

ij

ij

α

ε

ε

±

 

2
1τεε <I

ijijkC l          (56) 

 
It is also assumed that during the I th incremental step, material damage starts taking 
place. Therefore, we can write: 
 

( )( ) 2
1 τεεεε >∆+∆ I

k
I
k

I
ij

I
ijijkC lll       (57) 

 
Thus, the I th incremental step can be split into elastic and nonlinear part. We let the 
their fractions to be α  and α−1 . Hence, the following equation holds: 
 

( )( ) 2
1 τεαεεαε =∆+∆ I

k
I
k

I
ij

I
ijijkC lll       (58) 

 
From equation (58), we can determine the value of α . 
 

( )( )
( )

AC

CCC

C

kijijkkijijkkijk

kkijijk

2

22
1

2
1

2

2

0

α

εεαεεατε

τεαεεα

++=

∆∆+∆+−=

−∆+∆+=

llllll

lll

    (59) 

 
where  and , since the damage state has not yet been reached and the 

quadratic form of  is positive definite. 

0<C 0>A

lijkC α  can be determined to be: 

 

A
ACBB

A
ACBB −±−

=
−−

=
22

2
442α      (60) 

 
Since  and , . We take the positive sign, in order for 0<C 0>A 0<AC α  to be a 
positive number. Therefore, we have: 
 

A
ACBB −+−

=
2

α        (61) 
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Thus, the increments  of stresses during the I
ijσ∆ I th incremental step can be written 

to be: 
 

( ) ( ) ( )( )












∆∆+∆+−∆−+∆=∆ I
k

I
pqpqk

I
k

I
mnijmn

I
ij

I
kijk

I
ijijk

I
ij CCHCC llllll εεασεασ

τ
εαεασ 1

1
1  (62) 

 
For the separate Isotropic/deviatoric damage model, the similar procedures can be 
established. They are described below. 
 
First, we assume that a uniaxial stress-strain curve as depicted in Figure 5 is given. We 

extract a series of data on effective stresses and damage parameters ( )1111 ,,, DVDV dd ττ , 

( )2222 ,,, DVDV dd ττ , ( )3333 ,,, DVDV dd ττ , ••• , ( )iDiViDiV dd ττ ,,, , 

( )1111 ,,, ++++ iDiViDiV dd ττ ,  from the stress and strain data ( )••• 11,εσ , ( )22 ,εσ , 

( )33 ,εσ , , ••• ( )ii εσ , , ( 11, ++ i )i εσ , ••• . We assume that the states of stresses and 

strains ( , ) and ( , ) at the beginning of I
ijσ I

ijε σ J
ij

J
ijε I th and th incremental step 

satisfy: 

J

 

( )212 V
I

ij
I

ij τεεµ <′′         (63) 

( ) ( )21
2

D
J
kkK τε <         (64)  

 
Then, it is also assumed that, during the I th and th incremental step, deviatoric and 
dilatational damage start taking place. Thus, we can write: 

J

 

( )( ) ( )212 V
I

ij
I

ij
I

ij
I

ij τεεεεµ >′∆+′′∆+′       (65) 

( ) ( )21
2

D
J
kk

J
kkK τεε >∆+        (66)  
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The I th and th increments are split into two portions that are elastic and nonlinear 
parts. The fractions of the elastic parts are specified to be  and . Thus, we can 
write: 

J
Iα Jα

 

( )( ) ( )212 D
I

ij
II

ij
I

ij
II

ij τεαεεαεµ =′∆+′′∆+′      (67) 

( ) ( )21
2

V
J
kk

JJ
kkK τεαε =∆+        (68) 

 
Then,  and  can be determined. From equation (67), we obtain: Iα Jα

 

( ) ( )
0

2
2

2
12

=−′′+′∆′+′∆′∆
µ

τ
εεεεαεεα DI

ij
I

ij
I

ij
I

ij
II

ij
I

ij
I     (69) 

 

By letting ,  and I
ij

I
ij

DA εε ′∆′∆= I
ij

I
ij

DB εε ′∆′=
( )

µ

τ
εε

2

2
1DI

ij
I

ij −′′=C , we arrive at: 

 

( ) ( )
D

DDDD

D

DDDD
I

A

CABB

A

CABB −±−
=

−±−
=

22

2

442
α    (70) 

 
In equation (70), it is appropriate to choose the positive sign. Therefore, we have: 
 

( )
D

DDDD
I

A

CABB −+−
=

2

α       (71) 

 
From equation (68), we obtain: 
 

( ) ( ) ( ) ( )
02

2
1222

=−+∆+∆
K

VJ
kk

J
kk

J
kk

JJ
kk

J τ
εεεαεα     (72) 

 

Thus, equation (72) is solved for  by letting Jα ( )2J
kk

VA ε∆= ,  and JJ
kk

VB llεε ∆=

( ) ( )
K

C VJ
kk

V
2

12 τ
ε −=  and we have: 
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( )
V

VVVV
J

A

CABB −+−
=

2

α       (73) 

 

In equation (73), the appropriate sign associated with ( ) VVV CAB −
2  has already been 

chosen. The increments of the deviatoric and hydrostatic stresses during the I th and 
the th incremental steps are written to be: J

 

( ) ( ) ( ) I
k

I
k

I
ij

D

DDDI
ijD

I
ij

dH
d ll εεεµ

τ
τ

αεµσ ′∆′′−−′∆−=′∆ 2,4
112    (74) 

( ) ( ) ( ) ( ) JJ
kk

V

VVVJ
kkV

J
kk K

dH
Kd llεε

τ
τ

αεσ ∆−−∆−=∆
2,

11
3
1     (75) 

 

 
 

Figure 5 An illustration of stress-strain curve and its transition from the linear 
(elastic) to nonlinear (damage) deformation. 
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3. Numerical demonstrations of s-FEM computer program with the 
damage constitutive laws 
 
In this chapter, the s-FEM program that is developed during this course of study is 
demonstrated. Example problems that contain one or two particles in a unit cell region 
are solved.  
 
3.1 Stress-strain relationship 
 
Stress-strain curve was taken from Kwon and Liu [11] and is shown in Figure 6. We 
then extract a series of data points ( )11,εσ , ( )22 ,εσ , ( )33 ,εσ , ••• , ( 77 , )εσ , as also 
shown in Figure 6. As an example, the relationship between the uniaxial strain and the 
damage parameter for the case of isotropic damage is depicted in Figure 7. Thus, the 
uniaxial stress-strain curve is reconstructed by a series of linear approximations, as 
shown in Figure 8. 

 

Figure 6 Uniaxial stress-strain curve of polymeric particulate composite material 
that was given in Kwon and Liu [11] 
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Figure 7 Relationship between the strain and the damage parameter for the isotropic 
damage constitutive model, which was extracted from the stress-strain curve of 
Figure 6. 
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Figure 8 Uniaxial stress-strain curve that was reconstructed after the relationship 
between the effective stress-like and the damage parameters is established by the 
proposed procedures. 

 
 
3.2 Example problem-isotropic damage model 
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In this section a simple example problem that demonstrates the isotropic damage 
constitutive model is presented. A block containing two hard particles subject to tension, 
as depicted in Figure 9, is solved. To model it, we used the s-FEM approach. The 
particle and its vicinity were discretized by local model and the block as whole was 
modeled by the global one. They are shown in Figure 10.  
 
In Figure 11~14, the distributions of stress and the evolution of damage parameter at a 
section cutting through the center of the particle are shown. It is seen that the material 
damage develops at the top and bottom of the particles. The damage region connects the 
particles.  

 
Figure 9 A cubical block containing two particles, subject to tensioin. 

 
finite element models for the s-FEM analysis. 

(a) Global finite element model 

Overview Section 

ocal finite element (b) L model 
Figure 10 The global and local 
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Figure 11 Tensile stress distribution Figure 12 Distribution of the damage 
at the tensile strain 6.32x10-2 parameter at the tensile strain 6.32x10-2 

 
parameter at the tensile strain 10.0x10-2 

 

Figure 13 Tensile stress distribution Figure 14 Distribution of the damage 
at the tensile strain 10.0x10-2 

3.3 Example problem-separate Isotropic/deviatoric damage model 

he separate isotropic/deviatoric damage model is also tested for the same problem. The 
 
T
constants α  which determines the ratio of contributions of hydrostatic pressure and 
deviatoric stress was varied (0.1, 1.0, 10.0). When 1.0=α , the contribution of the 
hydrostatic pressure dominates that of the deviatoric stresses. When 0.1=α , the 
material response should be very similar to that of the isotropic damage case. When 

0.10=α , the deviatoric stress components should have the major contribution. 
 

 Figures 15, 16 and 17, the distributions of stress and the damage parameters in a In
section that cuts through the center of the particles are depicted for 1.0=α , 99.0=α  
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and 0.10=α , respectively. The reason why we did not let α  be 1.0 atwas th  0.1=α  
requires a special program implementation in the procedur  which are described in 
section 1.4.  
 

es

e case of eter is 

 

Tensile ge 

Tensile

Figure 15 T

ge 

ge param

In th 1.0=α

much larger th  of the deviatoric one. Therefore, as we intended, the dilatational 
damage is the major damage mode. When 99.0

an that
=α , the magnitudes of the dilatational 

and deviatoric damage parameters are simila 0.10r. For =α , the value of the deviatoric 
damage parameter is much larger than that of the di al one. In this case also, the 
material behaves as we intended. 

, it is seen that the magnitude of dilatational damage param

latation

 stress Volumetric damage Deviatoric dama

(a) Tensile strain 6.32x10-2 
parameter parameter 

Volumetric damage 

(b) Tensile strain 10.0x10-2 

 stress Deviatoric dama

he distribution a eters in the section 

parameter parameter 

s of tensile stress and the dam
cutting through two particles when the separate dilatational/deviatoric damage 
constitutive model with 1.0=α  is used. 
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Tensile stress 

(a) Tensile strain 6.32x10-2 

Deviatoric damage 
parameter 

Volumetric damage 
parameter 

Tensile stress 

(b) Tensile strain 10.0x10-2 

Figure 16 The distributions of tensile stress and the damage parameters in the section 
cutting through two particles when the separate dilatational/deviatoric damage 
constitutive model with 99.0=α  is used. 
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(a) Tensile strain 6.32x10-2 

Deviatoric damage 
parameter 

Volumetric damage 
parameter 

Tensile stress 

(b) Tensile strain 10.0x10-2 

Figure 17 The distributions of tensile stress and the damage parameters in the section 
cutting through two particles when the separate dilatational/deviatoric damage 
constitutive model with 0.10=α  is used. 

 
3.4 Summary-Numerical demonstrations on the damage constitutive models and 
the s-FEM computer program 
 
The damage constitutive models are tested in this chapter. We found that material 
damages accumulate at the locations of the stress concentration. The damage regions 
connect between the particles.  
 
The separate isotropic/deviatoric damage model could control the damage mode. The 
intended damage mode (dilatational or deviatoric) dominates the other. 
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4. Investigating the Effects of Micro-Structure on the Tensile Behavior 
of a Solid Propellant 
 
Having developed the damage models and the s-FEM computer program, we carried out 
a series of analyses on the tensile behavior of a block made of polymeric particulate 
composite material. Thought the particles distribute evenly in a macroscopic sense, they 
have some distributions at a microscopic level. In order to investigate the effects of the 
locally uneven distributions of the particles, we assume that the variations in material 
stiffness at a local level. Experimental evidences showed that when representative 
volume of larger than 2.0 mm by 2.0 mm the material could be treated as a 
homogeneous material. This means that if one took the representative volume equal to 
or larger than 2.0 mm by 2.0 mm the volume fraction of particles is approximately the 
same throughout the block. 
 
The reference stress-strain curve was taken from Kwon and Liu [11]. Magnification 
factors are multiplied and six different stress-strain curves (level -2.5, -1.5, -0.5, 0.5, 1.5, 
2.5) were generated as shown in Figure 18. Then, by using a random number generator 
with Gaussian distribution, a series of random numbers are generated and are assigned 
to finite elements. Material data is assigned to each finite element according to the value 
of assigned random number. For example, when the value of assigned random number 
is between ρ−  and 2ρ− , the stress-strain curve of level -1.5 is assigned to the 
element. The relationships between the assigned random number and the level of 
stress-strain curve to be used are shown in Figure 19 and Table 1. 
 

Table 1 The relationship between the assigned random number and the level of 
stress-strain curve to be adopted. 

Random 
number  V

ρ−<V  ρρ 5.0−<≤− V 05.0 <≤− Vρ ρ5.00 <≤V ρρ <≤ V5.0  V≤ρ

Level -2.5 -1.5 -0.5 0.5 1.5 2.5 
Magnification 

Factor 
0.75 0.85 0.95 1.05 1.15 1.25 

 
 
Two different analysis models were generated by specifying different initial values to 
the random number generator. They are different but are statistically the same. The 
models are shown in Figure 20. The finite element model is shown in Figure 21. There 
are 20000 finite elements. The size of finite element is less than 0.2 mm. Therefore, 
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there are at least 100 elements inside the 2.0 mm by 2.0 mm representative area. 

Figure 18 Six level stress-strain relationships that were postulated in present 
investigation. 

 

 

Figure 19 Relationship between the levels of the postulated stress-strain curves 
and the value of generated random number. 
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Levels Levels

(a) Model #1 (b) Model #2 

Figure 20 Two different analysis models that have the statically the same 
distributions of material stiffness. 

 

 
4.1 The behavior of a tensile block-Isotropic damage constitutive model 

(a) Tension block (b) With a crack 
Figure 21 The finite element analysis models 

 
In this section, the tensile behavior of a block that was made of the isotropic continuum 
damage solid is presented. Stress-strain curve at a material point was set by the 
procedures that are presented in the previous section. The block was subject to 15% of 
tensile strain. 
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In Figure 22, the distributions of stress in the tensile direction when the block is subject 

 Figure 23, the distributions of the stress when the block is subject to 10% of tensile 

 Figure 25, the distributions of the stress when the block is subject to 15% of strain 

 

to 0.3% of the strain are depicted. In this step, all the material points in the blocks have 
not undergone any material damage. Stress distributions show that the regions of low 
and high stresses run in the direction of loading. 
 
In
strain are shown. The trends in the figures are the same as those in Figure 22. In Figure 
24, the distributions of the isotropic damage parameter are presented. Figure 24 shows 
that major trends in two different statistically the same blocks are the same. The regions 
of relatively sever damage run in about 45 degree from the axis of loading. However, it 
is seen that the regions of very sever damage run perpendicular to the tensile axis. 
 
In
are depicted. The major trends are the same as Figures 21 and 23. The regions of high 
and low stresses run vertically. The distributions of the damage parameter are shown in 
Figure 26. The major trends are the same between two cases that are statistically the 
same. It is seen that many regions of sever damage run in short distances, typically 
equal or shorter than 1 mm, perpendicular to the direction of loading. Then, they link 
each other making larger damaged regions. The larger damaged regions run in various 
directions.  

(a) Model #1 (b) Model #2 
Figure 22 Tensile stress distributions when the blocks are subject to 0.3% of strain 

(elastic stage). 
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Figure 23 Tensile stress distributions when the blocks are subject to 10% of strain. 

(a) Model #1 (b) Model #2 

 

(a) Model #1  

10% of strain.

(b) Model #2
Figure 24 The distributions of the damage parameter when the blocks are subject to 
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(a (b) Model #1 ) Model #2 
Figure 25 Tensile stress distributions when the blocks are subject to 15% of strain. 

 

(a) Model #1 (b) Model #2 

15% of strain.
Figure 26 The distributions of the damage parameter when the blocks are subject to 

 

4.2 The behavior of a tensile block- separate Isotropic/deviatoric damage model 
 
In this section, the tensile behavior of the block that was analyzed by the separate 
isotropic/deviatoric damage model is presented. The parameter α  which characterizes 
the ratio of contribution of the volumetric and deviatoric damage modes was set to be 
0.1, 0.99 or 10.0. These values correspond to the cases (1) the volumetric damage 
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dominates the deviatoric one, (2) both damage modes have the same levels of 
contributions and (3) the deviatoric damage mode dominates the volumetric one. They 
are compared with each other.  
 
In Figures 27 (a) and (b), the effective stress-strain curves when model #1 and #2 are 
used are presented, respectively. It is seen that the macroscopic behavior of both the 
models are almost the same. In Figures 28-33, the distributions of stress and the damage
parameters for model #1 are depicted. The stress distributions at 10% of strain are 
shown in Figure 28 (a)-(d). The distributions look alike. However, the distributions of 
the volumetric damage parameters are quite different from each other, as shown in
Figures 29 (a)-(d). The value of damage parameter for =α  is very small. For the 
cases of  α 99.0 , regions with rel volumetric damage 
pa e 
distributions of the deviatoric damag D , when the block is subject to 10% 
of tensile strain, are depicted. The damage parameter throughout the block is very smal

 

 
010.

a r all the case

case of 0.10=α  than the other cases. The distributions in Figures 31 (a), (b) and (c) 
look very similar. In Figures 32 (a)-(d), the distributions of the volumetric damage 
parameter are depicted. Volumetric damage regions run in the horizontal direction when 

1.0=α  is assumed. For the cases of 99.0=α  and 0.10=α , the distributions look more 
uniform than that of 1.0=α . There are localized areas with relatively small value of the 
damage parameter. When 0.10=α  is adopted, the value of the damage parameter is 
small throughout the block. In Figures 33 (a)-(d), the dist s of deviatoric damage 
parameter are depicted. As expected, the value is small throughout the block when 

1.0=α . In the cases of 99.0=α  and 0.10=α , the distributions are similar to each other. 
There are the bands of large value of the damage parameter that run along 45 degree 
direction from the loading axis. The directions of the bands are slightly different from 

1.0=  and =α atively large 
rameter Vd  run perpendicular to the loading axis. In Figures 30 (a)-(d), th

e parameter d

l 
as shown in Figure 30 (b) for the choice of parameter 1.0=α . The locations/shapes of 

latively low and high dam ges are the same fo s. However, it is clear that, re
for 0.10=α , the regions of large damage parameter run in 45 degree direction form the 
loading axis. The trends are similar to the case of isotropic damage. However, the 
separate volumetric/deviatoric damage model with 0.10=α  gives more pronounced 
result.  
 
Figures 31 (a)-(d) show the distributions of tensile stress when the block is subject to 
15% of strain. For all the cases in Figure 31 (a)-(d), the regions of high and low stresses 

n in the vertical direction. The concentrations of the stress are more pronounced in the ru

ribution
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the case of the isotropic damage model.  
 
From sults presented in this section, it is clear that the bands of large volumetric 
damage parameter run in perpendicular to the loading direction, whereas those of large 
deviatoric damage parameter are along the 45 degree direction from the tensile axis. The 
results al

 the re

so show that the constant α  can control which damage mode, volumetric or 
eviatoric, dominates the other. In Figures 34-39, the results obtained based on the d

model #2 are shown. The overall trends are the same as those obtained based on the 
model #1.  
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Figure 27 Effective stress-strain behaviors that were generated by the damage 
constitutive models with the material stiffness distribution models #1 and #2. 
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(a) Isotropic damage 
model 

(b) 1.0=α (c) 99.0=α  (d) 0.10=α  

Figure 28 Tensile stress distributions at 10% overall tensile strain [(a) isotropic 
damage model, (b) separate dilatational/deviatoric damage model with 1.0=α , 
(c) with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic damage (b) 1.0=α  (c) 99.0=α (d) 0.10=α  

Figure 29 The distributions of dilatational damage parameter at 10% overall 

99.0=α
ith =α

model 

tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with 1.0=α , (c) with 
and (d) w 0.10 ]. 
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) 0=α ) 99.0=α (d) 0.=α  

1.0=α 99.0=α
0.10=α

(a) Isotropic damage 
model 

(c(b 1. 10

Figure 30 The distributions of deviatoric damage parameter at 10% overall 
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with , (c) with 
and (d) with ]. 

ropic damage 
m

age 1.0=α , 
99.  and (d) with 0.10=α ]. 

(a) Isot
odel 

(b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 31 Tensile stress distributions at 15% overall tensile strain [(a) isotropic 
damage model, (b) separate dilatational/deviatoric dam model with 
(c) with 0=α
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(b 1.0= 99.0=α 0.10=α

Figure 32 The distributions of dilatational damage parameter at 15% overall 

99.0=α
ith =α

(a) Isotropic damage 
model 

) α (c) (d)  

tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with 1.0=α , (c) with 
and (d) w 0.10 ]. 

(a) Isotropic damage (b) 1.0=α (c) 99.0=α (d) 0.10=α  

1.0=α 99.0=α
0.10=α

model 

Figure 33 The distributions of deviatoric damage parameter at 15% overall 
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with , (c) with 
and (d) with ]. 
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(a) Isotropic damage (b) 1.0=α (d) 0.10=α  (c) 99.0=α  
model 

Figure 34 Tensile stress distributions at 10% overall tensile strain [(a) isotropic 
damage model, (b) separate dilatational/deviatoric damage model with 1.0=α , 
(c) with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic damage 
model 

(b) 1.0=α  (c) 99.0=α (d) 0.10=α  

Figure 35 The distributions of dilatational damage parameter at 10% overall 
isot c damage model (the isotr pic dama aramete ), (b) 

separate dilatational/deviatoric damage model with 1.0=α , (c) with 99.0=α
tensile strain [(a) ropi o ge p r

and (d) with 0.10=α ]. 
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(a) Isotropic damage (b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 36 The distributions of deviatoric damage parameter at 10% overall 
model 

tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with 1.0=α , (c) with 99.0=α
and (d) with 0.10=α ]. 

(a) Isotropic damage (b) 1.0=α (c) 99.0=α (d) 0.10=α  
model 

Figure 37 Tensile stress distributions at 15% overall tensile strain [(a) isotropic 
damage model, (b) separate dilatational/deviatoric damage model with 1.0=α , 
(c) with 99.0=α  and (d) with 0.10=α ]. 
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(a) Isotropic damage (b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 38 The distributions of dilatational damage parameter at 15% overall 

99.0=α
ith =α

model 

 
 
4.3 r of a cracked specimen – isotropic damage model 

(a) Isotropic damage 
model 

(b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 39 The distributions of deviatoric damage parameter at 15% overall 
iso pic damage model (the isotropic dama aramet ), (b) 

tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b) 
separate dilatational/deviatoric damage model with 1.0=α , (c) with 
and (d) w 0.10 .]

 The behavio

separate dilatational/deviatoric damage model with 1.0=α , (c) with 99.0=α
and (d) with 0.10=α ]. 

tensile strain [(a) tro ge p er
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In this section, we present results for cracked specimen. Finite element model is shown 
in Figure 21. Very fine meshes are placed at the vicinity of the crack tip and relatively 
small meshes are distributed throughout the analysis domain unlike the cases of 
ordinary crack analyses. In present analysis, we assume the spatial distribution of 
material stiffness and therefore it must be represented by the fine mesh discretization. 



The distributions of material stiffness are assumed as shown in Figure 20. 
 
The distributions of tensile stress for the material distribution models #1 and #2 and for 
homogeneous material case are shown in Figures 40 (a), (b) and (c), respectively, when 
the cracked blocks are subject to 0.3 % of overall tensile strain. In this loading step, 
entire analysis region has not undergone any nonlinear deformation. For the cases, in 
which the material distributions are assumed, we can see that there are the bands of 
relatively high stress regions running in vertical direction. In Figures 41 (a), (b) and (c) 
and 42 (a), (b) and (c), the distributions of tensile stress are presented for 5% and 7.5 % 
of overall strain, respectively. The bands of relatively high stress are seen in Figures 41 
(a) and (b) and 42 (a) and (b). Other than these points, we do not see much difference 
bet n 
Fig ll 
strain. It is seen in Figur 43 (a) and (b) that damage zones develop at the crack tip and 
their shapes seem to be influenced by the material stiffness distributions. When the 

aterial is assumed to be homogeneous (Figure 43 (c)), the value of damage parameter 
the cases of the 

istributed material stiffness models, the distributions of the damage parameter are more 

re somewhat 
regular.  

ween the distributed material stiffness models and the homogeneous model. I
ure 43, the distributions of the damage parameter are presented for 5% of overa

es 

m
gradually decreases as distance from the crack tip increases. In 
d
complex. We can see that, apart from the crack tip damage region, there are some 
scattered spots with relatively large value of the damage parameter. The shapes of crack 
tip damage regions are influenced by the distributed material stiffness. In Figure 44, the 
distributions of the damage parameter are shown for overall strain 7.5%. In the cases of 
the distributed material stiffness models, there are many scattered spots having large 
values of the damage parameter. The shapes of crack tip damage zones a
ir
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(a) Model #1 (b) Model #2 (c) Homogeneous 

Figure 40 Tensile stress distributions at overall tensile strain 0.3% for (a) the 
distributed material stiffness model #1, (b) model #2 and (c) homogeneous 
material, with the isotropic damage constitutive model. 

(a) Model #1 (b) Model #2 (c) Homogeneous 

Figure 41 Tensile stress distributions at overall tensile strain 5% for (a) the 
distributed material stiffness model #1, (b) model #2 and (c) homogeneous 
material, with the isotropic damage constitutive model. 



2 and (c) homogeneous 
material, with the isotropic damage constitutive model. 

(a) Model #1 (b) Model #2 (c) Homogeneous 

Figure 42 Tensile stress distributions at overall tensile strain 7.5% for (a) the 
distributed material stiffness model #1, (b) model #

(a) Model #1 (b) Model #2 (c) Homogeneous 

Figure 43 The distributions of the damage parameter at overall tensile strain 5% 
for (a) the distributed material stiffness model #1, (b) model #2 and (c) 
homogeneous material, with the isotropic damage constitutive model. 
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(a) Model #1 (b) Model #2 (c) Homogeneous 

Figure 44 The distributions of the damage parameter at overall tensile strain 7.5% 
for (a) the distributed material stiffness model #1, (b) model #2 and (c) 
homogeneous material, with the isotropic damage constitutive model. 

4.4 The behavior of a cracked specimen – separate isotropic/deviatoric damage
model 
 
In this section, the results of the separate isotropic/deviatoric damage model for the 
cracked block subject to tensile deformation are described. The constant α  which
controls the damage mode (volumetric, deviatoric or both of them) is set to be 0.1, 0.99 
or 10.0. 
 
In Figure 45, the distributions of tensile stress are presented for the distributed material 
stiffness model #1 when the cracked block is subject to 5% of tensile deformation. 
Figure ) and (d) s s of the iso el and the
sep , 
res
 
In Figure 46, the distributions of the volumetric damage parameter are presented. For a

 

 

 s 45 (a), (b), (c how the result tropic damage mod
arate isotropic/deviatoric damage model with 1.0=α , 99.0=α  and 0.10=α

pectively. For all the material models, we do not find much difference. 

 
comparison purpose, the result for the isotropic damage model is also shown in Figure 
46 (a). In Figures 46 (b), (c) and (d), the results for 1.0=α , 99.0=α  and 0.10=α  are 
depicted, respectively. The shapes of crack tip volum ge regions are alm st the 

me in Figures 46 (b), (c) and (d). Their levels are d stant 
etric dam
iff

a
erent as the con

o
α  sa is set to 

be 0.1, 0.99 or 10.0. In Figure 47, the distributions of the deviatoric damage parameter 
are shown. For a comparison purpose, the result of the isotropic damage model is also 
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depicted. The shapes of crack tip damage zones are similar to each other, including the 
case of the isotropic model. However, it is seen that as the value of the constant α  

en 

ate
o res 

49 (b), (c) and (d), the distributions of the volumetric damage parameters are presented. 
The case of the isotropic damage is also depicted in Figure 49 (a), for a comparison 
purpose. The shapes of crack tip volumetric dam on almost ame. 
However, their levels are different from each other, as the values of the constant α  are 
set to be 0.1, 0.99 and 10.0. In Figures 50 (b), (c) and (d), the distributions of the 
deviatoric damage parameter are depicted. The shapes of crack tip deviatoric damage 
zones in the cases of 99.0=α  and 0.10=α  are similar. The damage zones extend in 
upward and downward directions from the crack tip. In the case of 1.0=α , the damage 
zone extends in the forward direction from the crack tip. However, the value of the 
damage parameter is very small compared with those of 99.0=α  and 0.10=α  

In Figures 51-56, the re
 

o
sults that were obtained by the distributed material stif

del #2 are presented. We find the same observations as the case of the model #1. 
fness 

increases, the damage zone tends to extend to upward and downward directions. Wh
α  is set to be 10.0, the shape of the damage zone is similar to that of plastic zone of 
elastic-plastic analysis.  
 
In Figure 48, the distributions of tensile stress are prese e 
do not find much difference between the cases of the isotropic model an

nted for 7% of overall strain. W
d the separ  

lumetric/deviatoric damage model with v 1.0=α , 99.0=α  and 0.10=α

age z re 

 

(a) Isotropic (b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 45 Tensile stress distributions of crack model #1 at 5% overall tensile 
strain [(a) isotropic damage model, (b) separate dilatational/de c damage 
model with 1.0=

viatori
α , (c) with 99.0=α  and (d) with 0.10=α ]. 

. In Figu

es a  the s

m
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(a) Isotropic (b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 46 The distributions of the volumetric damage parameter of crack model 
#1 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage 

), (b) separa ilatational/deviatoric damage model with 1.0=αparameter te d , (c) 
with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic (b) 1.0=α (c) 99.0=α (d) 0.10=α  

Figure 47 The distributions of the deviatoric damage parameter of crack model 
verall tensile strain [(a) isotropic damage model (the isotropic damage #1 at 5% o

parameter), (b) separate dilatational/deviatoric damage model with 1.0=α , (c) 
with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic (b) (c) (d) 0.10=α  1.0=α 99.0=α

Figure 48 Tensile stress distributions of crack model #1 at 7% overall tensile 
strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage 
model with 1.0=α , (c) with 99.0=α  and (d) with 0.10=α ]. 
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  1.0=α 99.0=α  0.10=α  

Figure 49 The distributions of the volumetric damage parameter of crack model 
(a) Isotropic (b) (c) (d)

#1 at 7% overall tensile strain [(a) isotropic damage model (the isotropic damage 
parameter), (b) separate dilatational/deviatoric damage model with 1.0=α , (c) 
with 99.0=α  and (d) with 0.10=α ].

(b) (c) (d) 0.10=α  1.0=α 99.0=α(a) Isotropic 
Figure 50 The distributions of the deviatoric damage parameter of crack model 

erall tensile strain [(a) isotropic da odel (the isotropic dam#1 at 7% ov mage m age 
parameter), (b) separate dilatational/deviatoric damage model with 1.0=α , (c) 
with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic (b) (c) (d) 0.10=α  1.0=α 99.0=α

Figure 51 Tensile stress distributions of crack model #2 at 5% overall tensile 
strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage 
model with 1.0=α , (c) with 99.0=α  and (d) with 0.10=α ]. 
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( ( 1.0=α ( 99.0=α ( 0.10=α  

F
#
p 1,
w 99.0  0.10 ]

a) Isotropic b) c) d) 

igure 52 The distributions of the volumetric damage parameter of crack model 
2 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage 
arameter), (b) separate dilatational/deviatoric damage model with .0=α  (c) 
ith =α and (d) with =α . 

(a) Isotropic (b) (c) (d) 0.10=α  1.0=α 99.0=α

Figure 53 The distr ons of the deviatoric damage parameter crack m  
 

ibuti  of odel
#2 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage
parameter), (b) separate dilatational/deviatoric damage model with 1.0=α , (c)
with 99.0=

 
α  and (d) with 0.10=α ]. 

(a) Isotropic (b) (c) (d) 0.10=α  1.0=α 99.0=α

Figure 54 Tensile stress distributions of crack model #2 at 7% overall tensile 
strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage 
model with 1.0=α , (c) with 99.0=α  and (d) with 0.10=α ]. 
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F
#2  dama
pa er), (b) tional/deviatoric damage model with 1.0=α , (c) 

with 99.0=α  and (d) with 0.10=α ].

(d) 0.10=α  (c) 99.0=α(b) 1.0=α(a) Isotropic 
igure 56 The distributions of the deviatoric damage parameter of crack model 
 at 7% overall tensile strain [(a) isotropic damage model (the isotropic ge 
ramet  separate dilata

with 99.0=α  and (d) with 0.10=α ]. 

(a) Isotropic  (b) (c) (d) 0.10=α  1.0=α 99.0=α

Figure 55 The distributions of the volumetric damage parameter of crack model 
#2 at 7% overall tensile strain [(a) isotropic damage model (the isotropic damage 
parameter), (b) separate dilatational/deviatoric damage model with , (c) 1.0=α



5. Remarks 
 
5.1 Summary of present investigation 
 
In this report, the results of analyses in which material is assumed to be polymeric 
particulate composites and their spatial distributions are not homogeneous are presented. 
The uneven distributions of the particles are assumed to influence the stiffness of the 
material. The material undergoes damages due to dewetting between the particles and 
t  matrix mat l and due to the growth of microvoids. They are accounted 
f les, 
w
 
Two types of damage models were implemented in our in-house finite element 
computer program. One is the isotropic damage model and the other is the separate 
volumetric/deviatoric damage model. Both the constitutive models are based on the 
theory of Simo and Ju [1]. The separate volumetric/deviatoric model was developed 
during this course of study in order to model material damage due to the dilatational 
deformation of material. This damage mode is mainly due to the growth of microvoids 
and dewetting between the particles and matrix material.  
 
Si rial properties of each material c tituents were not k n, we f ed the 
exp e 
con e 
stress-like parame mage parameters were developed.  
 
The damage constitutive models (the isotropic and the separate volumetric/deviatoric 
damage constitutive models) were implemented in our in-house s-version finite element 
(s-FEM) program. The s-FEM computer program was used to perform the analyses of 
tensile block and that with a crack. The particles in the polymeric composites distribute 
unevenly at a local level but evenly at larger scale level. The distribution of the particles 
is statistically uniform but varies locally. Experimental evidences show that 
representative area of 2 mm x 2 mm is large enough so that the particle volume fractions 
of different 2 mm x 2 mm representative areas are almost the same. Thus, we built two 
different statistically the same distributed stiffness models. The variations of the 
stiffness of the material reflect the variations of particle volume fraction. 
 

he polymeric eria
or by the damage models. In order to model the uneven distributions of the partic
e assumed the spatial distributions of overall material stiffness.  

nce the mate ons now itt
erimental one-dimensional stress-strain curve of Kwon and Liu [11] by the damag
stitutive models. Detailed procedures to obtain relationships between the effectiv

ters and the da
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Finite element analyses were performed and the distributions of the tensile stress and 
the damage parameters were visualized. 
 
5.2 Findings from the analyses 
 
From the results of tension blocks, regions of high and low stresses connect in vertical 
direction. The distributions at the same overall strain are similar to each other except for 
the case of 0.10=α  at 15% of overall strain. The differences in stress values at high 
and low locations are more pronounced in the case of 0.10=α  

0.10=α

at 1 of over l strain 
t  by 
t  the 
d tatic or deviatoric stress. That is why 

5% al
han the other case. It is considered that the distributions of the stress are governed
he spatial variation of material stiffness. However, the values are influenced by how
amage is sensitive to hydros , in which 

the material damage is much more sensitive to the deviatoric stress gives somewha
different result from the others. 
 
The distributions of damage parameters give us very interesting insights. In all the cases, 
we find the bands of large values of the damage parameters. When the isotropic damage 
model is adopted, the bands tend to run in the direction 40~50 degrees from the loading 
axis. When the separate volumetric/deviatoric damage model is applied to the analyses, 
the bands of large value of the deviatoric damage parameter run in about 45 degree 
direction from the tensile axis and those of the volumetric damage parameter are 
perpendicular to the loading direction. This means that the bands of highly damaged 
regions are influenced not only by the spatial variation of material stiffness but also by 
the mode of damage. In the case of 

t 

0.10=α  in which the deviatoric damage is 
considered to dominate the volumetric m , the direction of maximum shear stress. 
When the volumetric damage mode dom er (

ode
inates the oth 10.=α ), the damage zones 

extend in the section of maximum tensile stress. It is considered that once a spot of 
damaged zone is present, it raises the tensile stress at the vicinity of the weakened spot 
in the direction perpendicular to the loading axis, as shown in Figure 57. Thus, the 
hydrostatic stress at that position enlarges, resulting in the progressive material damage. 
For the case of deviatoric damage, it is considered that the damage zones tend to have 
the 45 degree directions from the loading axis for the similar reason. 
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5.3 Relevance to the case of polymeric particulate composite 

Figure 57 High stress spot adjacent to the damage zone 

 
Though in this research, we have conducted an investigation on the damage behavior of 
continuum damage solids. The growth of microvoids is considered to be governed by 
the hydrostatic stress. Therefore, the volumetric damage mode takes the central role in 
such a case. When the dewetting between the particles and the polymeric matrix 
material is considered, the damage mechanisms may be more complex than the case of 
the growth of microvoids. However, after a particle is separated from matrix material 
completely, it behaves as a void. Therefore, the growth of voids plays a major role in the 

eformation mechanisms of the composite.  

lumetric/deviatoric 
amage model with small value of constant 

d
 
The contributions of deviatoric stress components to the material damage are not known. 
If the growth of microvoids and the dewetting of the particles were the major 
phenomena in the damage processes, we should use the separate vo

. d α
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6. Conclusions 
 
In this investigation, we have used the damage constitutive models and the results of 

ared with each other. Blocks with and without a crack 
bject to tensile deformation were analyzed by the finite element method. The major 

different models have been comp
su
findings are: 
 
(1) Bands of highly damaged zones develop in the tensile block and their directions 
depend on the constitutive model. They have about 30, 45 and 90 degree directions 
when the isotropic and the separate volumetric/deviatoric damage model with the 
constant α  being 10 and 0.1, respectively. The cases of 0.10=α  and 1.0=α  almost 
correspond to those of deviatoric and dilatational damage models, respectively. 
 
(2) Two different statistically the same material stiffness variations in the tension blocks 

ere assumed. The overall trends did not change as long as the distributions were w
statistically the same.  
 
(3) The shapes of crack tip damage zones depend on the local variations of the material 
stiffness at the crack tip. However, the overall trends were the same for the same 
statistical distributions of material stiffness. 
 
(4) The shapes of the crack tip damage zone depended on the constitutive models. 
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