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Summary

In present investigation, analyses for the damage evolution behavior of particulate
composite materials by using the finite element method (FEM) and the s-version finite
element method (s-FEM) were carried out. The analyses were carried out in particular
interest in the phenomenon of crack propagation.

Prior to crack propagation, material damage develops in the material. The material
damage may be in the forms of microviod and/or microcracks in the binder (matrix) and
in the form of binder (matrix)/particle separation that is known to be dewetting. In a
macroscopic sense, the reinforcing particles distribute evenly in matrix. However, at
microscopic level, the density of the distributed particles varies. This means that the
stiffness and strength of the material also have some spatia variations. Material
damages initiate at the weak material locations and then propagate the surroundings.
When cracks are present in the material, the cracks interact with the surroundings and
the material

To simulate such scenarios, we adopted two kinds of damage constitutive models. One
IS isotropic damage model and the other is “separate dilatational/deviatoric damage
constitutive model” in which the contributions of hydrostatic and of deviatoric stresses
are accounted for independently. A parameter in the separate dilatational/deviatoric
damage model can characterize which, hydrostatic or deviatoric stress component, has
dominant influence to the damage behavior of the material.

A series of analyses on uncracked and cracked specimen with statistically varying
material stiffness at a microscopic level were carried out. The results revealed that the
damage behavior is highly influenced by the damage mode.



1. Damage constitutive law

In present investigation, we adopt the continuum damage constitutive law of Simo and
Ju [1, 2]. The damage model was extended so that it can model the isotropic, deviatoric,
dilatational and deviatoric/dilatational combined damages was adopted. The constitutive
model was implemented in the in-house s-FEM computer program. The s-FEM
computer program of Okada et al. [3] can model particulate composite materias by
superposing the finite element models for the particles on that for the global structure or
for the region of unit cell. A finite element model for a particle and its surrounding
material region needs to be built only once. Such finite element model is called the
“local model”. Then it is repeatedly superposed on the one that represents the global
structure, that is called the “global model”.

In present investigation, an ordinary finite element method is mostly used. The s-FEM
computer program can aso be used to carry out ordinary finite element analyses. To do
so, we simply do not superpose any local finite element models on the global one.

In this chapter, we first explore the damage constitutive model that is adopted in this
research.

1.1 I sotropic damage

First, we describe the isotropic damage theory by following Simo and Ju [1]. In Simo
and Ju [1], the effective stress concept and the hypothesis of strain equivalence are
described. When they are applied to the case of elastic damage, the elastic potential

energy of damaged materia, in terms of the strains &; and the damage parameter d

iswritten to be:

w(ew . d)=0-dp (e ) (1)

where y°(sy,) isthe elastic-potential function for virgin material that is written to be:
O 1
v (sz)ZECijszijgkz (2

Just like equivalent stress concept in the theory of plasticity, a scalar parameter 7 that



measures the magnitude of stress/deformation is introduced.

7 =120 () 3

Criteria for the damage evolution are written as follows. First, the effective stress needs
to reach the critical value.

9(Flew)-r(d)) = 7(e )-r(d) =0 4

where r(d) isthe function of the damage parameter d. The relationship between r(d)
and d needs to be determined based an experimental data. The material damage
progresses when the damage parameter increases. Therefore, when the damage is
ongoing, the time derivative of the damage parameter d must be positive.

d>0 5
d isdetermined through the evolution law, as:

d =rH(7,d)=¢(g JH(7,d) (6)
The constant H(z,d) characterizes the progress of damage with respect to the effective

stress like term. Equations (4) and (5) must be satisfied when the progressive damage
takes place. It is noted that the constant H(7,d) is always positive. Therefore, the

equivalent stress-like term must increase to satisfy equation (6), while the material
damageisin progress.

Since the elastic potential energy is assumed in the form of equation (1), the stresses

ojj arewritten in the following form.

oij = (1-d)Cijw ek (7)

The rates of stresses can be expressed by differentiating both the sides of equation (7),
as.



Gij =(1- d)Cijrékr — dTijree =(1—d)Cijréie — do) (8)
where of(=Cjyz) are the stresses when the virgin material is assumed for the same
strains. From equation (6), therate d of damage parameter d can be derived to be:

. )
d=H(F.d)= H(F.d) 2% g, < HED o ©)
T T

H(r,d) characterizes the rate of damage parameter d with respect to the rate of the
effective stress-like parameter 7.
Substituting equation (9) in equation (8), we arrive at:

. . ; . H(7,d .
Gij = (1-d)Cijy e —doij = ([L—d)Cijs i ——(Z_ )Ui?dﬁgfu (10)
= Dilek‘ék/(
where
H(z,d
Dl = [1-d)Cij - (T_ )O'i(j)o'f()pj (11)

T

Diji are the tangent moduli for the isotropic damage material and have the major and

H i H 1D 1D 1D 1D ID ID
minor SymmetrIeS, l.e. Dijkf = Dk[ij y Dijkf = Dij[k and Dijké = Djik€ .

1.2 Separate | sotropic/deviatoric damage model

The damage evolution of some class of materials are more sensitive to hydrostatic
pressure stress than shear stresses. A typical scenario is in a material containing
microvoids. Microvoids grow under applied positive-hydrostatic pressure stress. But
they do not grow under negative-hydrostatic pressure stress. The growths of the voids
are assumed to be less sensitive to the shear (deviatoric) stresses than
positive-hydrostatic stress.



One way to model such material is to separate the contributions of hydrostatic and
deviatoric stresses to the damage growth. To do so with a very simple model, we
separate the damage parameter d into the dilatational (volumetric) and deviatoric parts.
Hence, the elastic potential energy function [equation (1)] is modified and is written to
be:

w(ek . dy . dp) = (1-dy W) (e )+ (- dp )'//I%(gi'j) (12)

where ¢ and & are the volumetric and deviatoric strains. The functions yy and

wB aredefined to be:
1 1 !
Y :EK(gkk)z and yy = usfjéi] (13)

where K and x arethe bulk and shear moduli. It is noted here that under a constraint
condition dy =dp, the separate dilatational/deviatoric damage model is the same as the
isotropic damage model. We define two kinds of effective stress-like terms, as:

v :\/Zy’\cf)(gkk):\/K(gkk)Z and 7p ZMZW (14)

When the damages are in progress, the following conditions must be satisfied.
7y =ry,(dy) and o >0 for thedilatational damage (15)
7p =r,(dp) for the deviatoric damage (16)

The evolution equations for the damage parameters are written, as.

——— %k (17)



. ~ 3 246l '
dD:TDHD(TD!dD):HD(TD'dD)¢5k€ (18)

\2HE pa€pg

The constants Hy (7,,dy) and Hp(7p,dp) govern the evolution laws for the damage
parameters. The constants are the functions of the effective stress-like terms 7, and
7p and of the damage parameters dy, and dp. From equation (12), we can write the
stresses, as:

oy (s, dv,dp)

ojj = . = (1-dy )ojj Keyg + 2(1-dp Juz] (19)
ij

By differentiating both the sides of equation (19) and making use of equations (17) and
(18), we can write the rate form constitutive equation, as:

Gij = (L—dy )6ij Kéye +2(1-dp Jusf; — dy Keyg - 2dp pisj
4Hp(7p.dp)

, s Hy (% 'd s AN
= (1-dy o Kéw + 21— dp Juélj - 5 M(ngk)zgu - = ﬂzsij Ekoél
-D -
= Di\j/kf Exy
(20)
and,

Di\j/kED = (1— dy )K5ij Ok +(1_dD):u(5ik5jé +5jk5i()
T T 21
_HV(iV'dV)(ngk)25ij5kg—4HD(TD'dD) 2 (21)

- H&jj
Tv D

!
Ex

Di.” are the tangent moduli that relate the rate of stresses to those of strains. It is noted

that Dy,° havethe mgjor and minor symmetries, i.e. Dy.° =Dy;°, Dj.° =Dy, and
V-D V-D

Dijk/z = Djiké .

1.3 Determining damage evolution law for the isotropic damage material

The damage evolution law of equation (9) has a scalar function H(z,d) of 7 and d.
H(r,d) characterizes the damage evolution behavior and should be derived from a set



of experimental data. In this section, how the scalar function H(7,d) is determined is
described.

First, we assume that we have a stress-strain curve which was measured in an
experiment. Let us assume that we have a uniaxial stress-strain curve, as shown in
Figure 1. Stress is written by the following equation:

o=(1-d)Es (22

Therefore, the damage parameter d isexpressed by the stress and strain, as.

d=1-2 (23)

Ee

The value of the effective stress-like parameter 7 can be written in terms of the
uniaxial stress and strain, as:

— I o o / [
T:dCijk(gijgkf = O-I?l%gkg :\/ﬁgké =\/1_d8 = O'O = EEZ (24)

Therefore, once the uniaxial stress-strain curve is given, relationship between the
effective stress-like and the damage parameter can be obtained. In present investigation,
a uniaxia stress-strain curve is approximated by a series of piecewise straight lines, as
depicted in Figure 2. In Figure 2, points on the stress-strain curve (oy,¢1), (02,52),
(03.63), e, (0i,5), (01:1.61:1), eee connect straight line segments. From a set of
data (o1,61), (02,62), (03,63), *ee, (0i,5), (oi1,611), *es, We can compute
(7,d1), (72,d2), (73,d3), eee, (5.,di), (Fi;1,disa), oo by using equations (23) and
(24). Thus, the relationship between 7 and d is aso approximated by a series of
piecewise straight lines. The function H(z,d) which governs the damage evolution law

of equation (6) is approximated by:

H(rd)= 3~ din=d

T

(di <d <diy, 7 <‘;<;i+l) (25)

Tixl — 7T

The function H(7,d) whose value is determined by equation (25) is used in the
stress-strain relationship of equation (10).



Slope: E (Young's modulus)

€
Fig. 1 Uniaxial stress-strain curve

Slope: E (Young's modulus)

Fig. 2 Piecewise linear approximation for uniaxial stress-strain curve

1.4 Determining damage evolution law for the separate Isotropic/deviatoric
damage model

In this section, the damage evolution law for the separate isotropic/deviatoric damage
model is dealt with. As seen in equations (17) and (18), there are two different damage
evolution laws and two damage variables Hy (7, ,dy) and Hp(7p,dp). In order to fully
determine Hy (7,,dy) and Hp(7p,dp), we need at least two sets of stress-strain curves.
When only one stress-strain curve is avalable, we need to introduce at least an
additional condition. Procedures to determine the damage evolution laws from only one
set of uniaxial stress-strain curve are described in this section.

We assume that a uniaxia stress-strain curve, as shown in Figure 1, is available. As an
additional condition to uniquely determine the damage evolution law, we postul ate that

10



theratio (dy /dp ) between the dilatational and deviatoric damage parameters remains to
be the same during the uniaxial deformation. We write:

dp = ady (26)

Here, « isapositive constant (0<a <x). When o equals zero, only the dilatational
damage is present. When « =1, the magnitudes of dilatational and deviatoric parts

equal each other and, therefore, this case is very similar to that of the isotropic damage.
When « isinfinitely large, the dilatational damage parameter d,, is zero. Therefore,

material undergoes deviatoric damage only.

We assume a uniaxia deformation in x, direction. We can write the following
statements.

o171 # 0 (unknown); O9p =033 =012 =093 =031 = 0 (known) (27)
&11 # 0, E12 =823 =&E31 = 0 (knOWﬂ); Eop =E&33 (unknown)

Therefore, by substituting equations (26) and (27) in equation (19), we have:

(1—ady )u(2611 - e2p — £33)

(1-ady Ju(225p — £33 — £11) (28)

011 =(1—dy JK(e1g + 6 + £33)+
o =(1-dy JK(eyg + e +£33)+

(1-ady )u(2e33 — €11 — £22)

wliNwIvwN

o1p = (1-dy K(e11 + 620 + 33)+
From the second and the third of equation (28) and ¢,, = £33, One can obtain:

2
0=(1-dy )K(egg + &2 +&33)+ 5(1— ady Julery —22) (29)

Thefirst of equation (28) and equation (29) lead to:

___ ~ou 30
€22 —2(1_adv)ﬂ+€11 (30)

11



By substituting equation (30) in the first of equation (28), we can establish a

relationship between o4; and &, as:

1
31— ady J1-dy JuKey — {5(1— ady Ju+(1-dy )K}Cfn =0

By rearranging equation (31), we can establish:

ad\§+ Mm—(1+oz) dy +|1- S
9/IK &11 Egll

Therefore, for agiven set of variables o1, &, and «,wecan solvefor dy .
Two special cases(a =0 and « =1) are presented first. When « =0, we have:

0-d2 +{Mﬂ—(1+ O)}dv +(1— Eall J:o

UK &y €11
and,
dy =1-— 21 (a=0)
3K(3511 —"ﬂj
7,

When « =1, we have;

a2 443K om oy i [1-o1 g
gﬂK &11 Egll

and,

dy =1- 211 (a=0)
Egll

(31)

(32)

(33)

(34)

(35

(36)

In is noted that there are two solutions that satisfy equation (35) and they are

dy =1-21 and d, =1. The second one takes a constant value and, therefore, is not a

Egll

feasible solution. For more general case (« #0.1), we solve equation (32) for dy, by

letting:

ad? + Ady +B=0

12

(37)



A-CHF3K o . ,)  and B-1-T1 (38)
gﬂK &11 Egll

Therefore, the value d,, isdetermined to be:

~A+/AZ _40B
dy = o (39)

In equation (39), the sign associated with A% -40B needs to be determined. To

determine the sign, we check a special case (« =1). By letting « =1, in equation (39),
we have:

1 o11 o11
=={- -2+ 40
dV 2{ (Egll j—i_ Egll} ( )

When we take the positive sign, equation (40) resultsin:

1 o011 o1
i -2 =1 41
dV 2{ (Egll J+ Egll} ( )

Thisisaconstant value (dy =1) and, therefore, isinappropriate. When the negative sign
Is assumed, we obtain:

T N @

2 Egll Egll Egll

This result is the same as the case of isotropic damage materia (equation (23)).
Therefore, we choose the negative sign in equation (39).

_-A-VA?-44B (43)

d
v 2c

Thus, the deviatoric damage parameter dp isalso determined to be:

13



~A-AZ _ 4B

2c

dD Zadv =a (44)

Once uniaxial stress-strain curve as depicted in Figure 1 is given, we collect a series of
points (o1,&1), (02.62), (03,63), eee, (oi,&), (oi;1.6i:1), ¢ee, ON the curve, as

shown in Figure 2. Damage parameters (dy|, and dp| ) corresponding to the stress

and strain (oj,5) are obtained. Thus, by using equations (27) and (28), unknown
strains ¢,, and ¢33 (&9 = £33) are derived. Therefore, we can compute the effective

stress-like terms ?V(:\/Kskk) and fD(:,/ygi'jgi’j). Thus, we have a series of data

(dV|1’dD|1';V|1'fD|1) ' (dV|2'dD|2’;V|2'fD|2) ' (dV|3’dD|3';V|3'fD|3) %0

(dv|i,dD|i,va|i,ZTD|i), (dV|i+1’dD|i+1’;V|i+1’fD|i+1)' OOOThESCdaI' funCt'onS, Hv(fv,dv)

and Hp(7p,dp) arederived to be:

_ d dy|. . —dy| 3 o
HV (Tv,dv)z;—sz (dV|i <dV <dV|i+l’TV|i <7y <TV|i+1)
v Wl -
d d |+ d | (49)
— Dljs1 ~ YDJj — — —
HD(TD,dD)Zizﬁ (dD|i <dD <dD|i+l'TD|i <7p <TD|i+1)

14



2. Numerical Implementation of the Damage Constitutive Laws in an
In-House Finite Element Program

The isotropic and the separate isotropic/deviatoric damage models were implemented in
an in-house finite element program. In this chapter, the numerical implementations of
the damage constitutive laws are described. The in-house finite element program that is
used in present investigation is based on the s-version finite element method (s-FEM).
In this chapter, (i) the in-house finite element program based on s-FEM, (ii) the
implementation of nonlinear constitutive laws in the ssFEM program, (iii) the
implementation of isotropic damage constitutive model and (iv) the implementation of
isotropic/deviatoric damage model are discussed.

2.1 Thes-version finite element method (s-FEM)

In present investigation, the ssFEM program that has been developed in Kagoshima
university was adopted as the base program. As described in Okada et al. [3] and Tanaka
et a. [4], the ssFEM is the most useful in the analyses of composite material. However,
the code can be used as an ordinary finite element program. In this section, the s-FEM
for nonlinear analysisis briefly described.

The ssFEM was first proposed by Fish [5] and has been applied to various engineering
problems [5,6,7,8]. In the sSsFEM, two types of finite element models are used. One is
called “global finite element model” or “global model” that covers the whole analysis
region. The other is called “local finite element model” or “local model” that is
superposed on the global model, as depicted in Figure 3. Typically, the local model has
afiner spatial resolution than the global model and is typically placed at the portion of
stress concentration, such as crack (see Okada, Endoh and Kikuchi [7]), and second
phase material and its vicinity (see Okada et a. [8] and Okada et a. [9]). In Okada et al.
[3], an ssFEM formulation that allowed the local models to multiply overlap, as shown
in Figure 4.

Let us denote the regions of global model and local models to be o® and QY
(i=123---,n), respectively. Here, as done in Okada et al. [3], there are many local
models that are superposed on the global model and they are alowed to multiply
overlap each other. Displacements are expressed by the shape functions of finite
elements of globa and local models independently. This means that we do not need to

15



maintain any relationships between the locations of nodes and elements of the global
and local models. Therefore, it is quite tractable to enhance the spatial resolution of
analysis model locally, by superposing the local models on the global model. It is noted
that if there were no overlaid loca models, the program performs an ordinary finite
element analysis.

When the damage constitutive law is adopted in an analysis, we perform an incremental
analysis, just like the case of elastoplasticity (see Okada et a. [9]). We briefly describe
the formulations of present s-FEM.

We denote the displacement increments to be Au® and Aut' (i=123---,n) that are
based on the shape functions of finite elements of the global and the local models. The
displacement functions are superposed when the global and the local mesh regions
overlap each other. For example, for a region, where the globa and the local mesh
regions (Q*, oY and o) overlap, we write the displacement increments Au; , as:

Aui= AuC + AUMP + AU+ AU (50)

At a point, where any local models do not overlap with the global model, the
displacements u; equal u® (u =u®). The continuities of the displacements are
enforced by letting the functions u, u-?, u®, -, u" be zero at the outer
boundaries T~ of the local model regions QY. The statement of principle of virtual
work in an incremental formulation iswritten to be:

OA; p Damage OAuy

S d0® = o oAy AT IE (51)
J

.[QG

where the variations of the displacements are defined in the same manner as the
displacements. 1 denotes the boundary where the tractions f are prescribed.

Diﬁ(";}"‘age are the forth order tensor representing material’s stress-strain relationship

(incremental constitutive law). We then substitute the displacements and their variations
in the statement of principle of virtual work. After some algebraic manipulations, we
have:
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G G Lq
6A§uiG Damage aAuk G n aAéui Damage aAuk Lq y G
e —5Xj Dijkf —6X(; aa” + qZ::lIQLl —an Dijké —6X/ aQ=" = IFtG ouj At dIly (52)
Lp G Lp Lp
aAé‘ui Damage aAuk L OA; Damage aAuk L|
—_D: —X do'P 4+ L_pamase ___X_gotP
o =5 [k Ty =5, . Ty &3
d aA5uiL Damage aAukq Lp-Lqg ( )
+ Z J.QLp—Lq . ijke aTdQ =0 (p:l,2,3,---,n)
q= j /

It is noted here that the right hand side of equation (53) equals zero, since the local
model regions do not intersect with the outer boundary of the structure. qlP-td
( p.g=123--n pzq ) denote regions sheared by oY and oY (i.e,
otP-La_qolP 1 0ld). When 0=0 ~0l9, the related terms in equation (53) disappear.
After the global and local regions are discretized by appropriate finite elements, we can
write amatrix formulation, as.

Af G KG KOG kGL2 . GLln][,,C
0 K L1-G K L1 K L1-L2 . K L1-Ln Au L1 4
0 bo|lglzG gLzl L2 Ll2n |J, L2 (54)
0 K Ln-G K Ln-L1 K Ln-L2 . K Ln AU Ln

where Au® and Au‘P are the column vectors of unknown nodal displacements of the
globa and the local meshes. Matrices K¢, kP, kG kP-L9 arise from the

integrals in the left hand sides of equations (52) and (53). Since, K&~ = (K LP‘G)T and

kLp-ta_ (K La-Lp )T , the global stiffness matrix in the right hand side of equation (54) is

symmetric. However, the global stiffness matrix is not banded, unlike an ordinary finite
element method. Af© is the consistent nodal force vector arising from the right hand
side of equation (52).

The coefficient matrix of equation (54) is symmetric. However, the coefficient matrix
looses its band structure, as there are many off-diagonal components. In such a case, use
of iterative equation solver is advantageous over direct solvers. Thus, we adopted an
Incomplete Cholesky-decomposition-preconditioned conjugate gradient (ICCG) method
[10].
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Figure 3 A schematic illustration for ssFEM (s-version finite element
method) modeling. A crack problem is presented as an example.
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Figure 4 The ssFEM model with multiple local model regions that overlap each other.

2.2 Incremental algorithm

The constitutive equations were implemented in the ssFEM computer program. In
present analysis, we did not implement equilibrium iteration scheme. The reason why
we did not do so was that computations for nodal reaction forces became sometimes
erroneous. Hence, equilibrium iteration agorithms such as Newton-Raphson scheme
may not converge or may converge to wrong solutions. The displacements u;(x),

stresses oj(x) and strains ¢;(x) at a point are expressed by the sum of their
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increments Au/ (x), Acji(x) and Aef(x), as:

Ui(X)ZIZAUiI(X), Uij(X)ZIZAUin(X) and 5ij(X)=IZA€in(X) (55)

All the other deformation parameters are treated in the same fashion.

2.3 Evaluation of relationship between the effective stress-like parameters and the
damage parameters

The procedures that are described in sections 1.3 and 1.4 are implemented in the sSsFEM
computer program. Therefore, an analyst only needs to specify a one dimensiona
stress-strain  relationship, Young's modulus and Poisson’s ratio. The stress-strain
relationship is given by specifying a series of data points on the curve [(o4,¢1), (02,52),
(03.63), oo, (0i,5), (01:1.61:1), ¢ee]. The first data point (o;,s;) must be on the
line of elastic slope, i.e.; o; = E¢;, Wwhere E isthe Young's modulus.

Thus, the analyst does not have to deal with the tedious procedures of sections 1.3 and
1.4 and the input data structure is very analogous to that of isotropic elastoplasticity.

2.4 Some other issues associated with the damage constitutive law-initiation of
nonlinear deformation

Material initially undergoes elastic deformation and then follows nonlinear deformation
path. That is analogous to the case of elastoplasticity. In this section, agorithms when
the nonlinear deformation initiates at a point during an increment are discussed. First,
we deal with the case of isotropic damage.

Let us assume that uniaxial stress-strain curve is given as shown in Figure 5. The
stress-strain relationship upto (oq,£;) is linear (no damage) and the nonlinear
deformation initiates at (o4,£;). Then, by following the procedures in section 1.3, the
sets of effective stress and damage parameter corresponding to (o5,¢5), (03,63), eee,
(0i,6i), (011,61,1), oo aredetermined to be (7, dy), (72,d2), (75,d3), e, (7.di),

(fiya,diyg), eee. We assume that the state of stresses o and strains & at the
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beginning of 1 th incremental step satisfies:
Cijkeél ey <71 (56)

It is also assumed that during the I th incremental step, material damage starts taking
place. Therefore, we can write:

Cijké(gilj + Aé‘ilj Xgllcé + A€||(f )> z—_12 (57)

Thus, the 1 th incremental step can be split into elastic and nonlinear part. We let the
their fractionstobe « and 1-«.Hence, the following equation holds:

Cijkg(gilj + aAgilj X€||(g +ahey ): ?12 (58)
From equation (58), we can determine the value of « .
0= C”kp(é'” + OIASij ngf + OKAEkg)— 2712
—2 2
= (Cijk/gij Ekp —T1 )+ 20Cjjs&ijAcyy + a“CijgAsijAeyy (59)

- C+2aB+a?A

where C<0 and A>0, since the damage state has not yet been reached and the

quadratic form of Cyy, ispositive definite. « can be determined to be:

_2B++4B%2 - 4AC :—Bi\/BZ—AC (60)

2A A

o=

Since C<0 and A>0, AC<0. We take the positive sign, in order for « to be a
positive number. Therefore, we have:

~B+VB2-AC (61)

A

o=
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Thus, the increments Ao-ilj of stresses during the 1 th incremental step can be written

to be:
H 1
AO‘in = Ciij (aAgilj )+ (1—a>{Cijk4Ag|'d —_—1(O'i|j + aCijmnAgrlTn XO]I@ + aCkquAg'pq )Ag&g} (62)
T

For the separate Isotropic/deviatoric damage model, the similar procedures can be
established. They are described bel ow.

First, we assume that a uniaxial stress-strain curve as depicted in Figure 5 is given. We
extract a series of data on effective stresses and damage parameters (dV |,.dol;. 7 |1,fD|1),
vl ol &lpmol,) o dvlgdoladlgoly) o eee o lavfdof R Tof)

(@v|.,; 9ol 7|, 70l,,), *e from the stress and strain data (o1.61), (02.¢2),
(03.63), oee, (0i,5), (0i41,6i41), *ee. We assume that the states of stresses and

strains (oj, &) and (of, &) at the beginning of Ith and Jth incremental step

satisfy:
2,ugi'j| gi'jl < (fv |1)2 (63)
Kleef < ol, P (64

Then, it is aso assumed that, during the 1th and Jth incremental step, deviatoric and
dilatational damage start taking place. Thus, we can write:

Z,U(gi’jl + A&‘i'jl Xgi,jl + Agi’jl )> (Z_'V |1)2 (65)

K(gf(]k + Ask]k)z > (;D|1)2 (66)
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The 1th and Jth increments are split into two portions that are elastic and nonlinear

parts. The fractions of the elastic parts are specified to be «' and «’. Thus, we can
write:

Z,u(gi’jl +a Agi’jl Xgi’jl +a Agi’jl ): (fD|1)2 (67)

K(glfk +0‘JA5|E]|<)2 :(?V|1)2 (68)

Then, «' and &’ can be determined. From equation (67), we obtain:

_ 2
2 1 ! 1 ! 1 r (TD|)
(Cll) Aé‘ijl Aé‘ijl +20{|8ij| Aé‘ijl +€ij| Sijl — 2/1‘ =0 (69)
: D [ | D [y ol Il (fD| )2 .
By letting A” =Asjj Asf , B® =¢fj Agfj and C=gjj &f - 21 , We arrive at:
7]
D D Y D~D D D AD~D
2B i\/4(B ) -4A°c® -BP: (B ) - APC (70)

2AP AP

In equation (70), it is appropriate to choose the positive sign. Therefore, we have:

) :—BD+\/(BD)2—ADCD 71)

AD

From equation (68), we obtain:

— 2
rlf (72)

2 2 2
J J 30,3 (.9
(a )(Agkk) +2a 5kkA€kk+("’"kk) K

Thus, equation (72) is solved for «’ by letting AY =(Ag;jk)2, BY =g A¢, and

and we have:

cszJf—@MF
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o) = (73)

In equation (73), the appropriate sign associated with (BV )2 - AVcY  has dready been

chosen. The increments of the deviatoric and hydrostatic stresses during the 1| th and
the Jthincremental steps are written to be:

! ’ 4H 7| Yd 1 1 !
AGijI = 2(1—dD)/JA8ijI —(1— 0!)@/128”' EkLAé‘kIg (74)
D
Laod =1 ay Jkas, - () S )is) Py (75)
v

Slope: E (Young's modulus)

Figure 5 Anillustration of stress-strain curve and its transition from the linear
(elastic) to nonlinear (damage) deformation.
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3. Numerical demonstrations of ssFEM computer program with the
damage constitutive laws

In this chapter, the ssFEM program that is developed during this course of study is
demonstrated. Example problems that contain one or two particles in a unit cell region
are solved.

3.1 Sress-strain relationship

Stress-strain curve was taken from Kwon and Liu [11] and is shown in Figure 6. We
then extract a series of data points (oy,£1), (02,¢2), (03,63),9%e, (07,67), as also
shown in Figure 6. As an example, the relationship between the uniaxial strain and the
damage parameter for the case of isotropic damage is depicted in Figure 7. Thus, the
uniaxial stress-strain curve is reconstructed by a series of linear approximations, as
shown in Figure 8.

Y.W. Kwon, C.T. Liu / Composites: Part B 32 (2001) 199-208
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Fig. 6. Stress—strain curve of a uniform composite specimen.

Figure 6 Uniaxial stress-strain curve of polymeric particulate composite material
that was given in Kwon and Liu [11]
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Figure 7 Relationship between the strain and the damage parameter for the isotropic
damage consgtitutive model, which was extracted from the stress-strain curve of
Figure 6.
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Figure 8 Uniaxial stress-strain curve that was reconstructed after the relationship
between the effective stress-like and the damage parameters is established by the
proposed procedures.

3.2 Example problem-isotr opic damage model
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In this section a simple example problem that demonstrates the isotropic damage
constitutive model is presented. A block containing two hard particles subject to tension,
as depicted in Figure 9, is solved. To model it, we used the ssFEM approach. The
particle and its vicinity were discretized by local model and the block as whole was
modeled by the global one. They are shown in Figure 10.

In Figure 11~14, the distributions of stress and the evolution of damage parameter a a
section cutting through the center of the particle are shown. It is seen that the material
damage develops at the top and bottom of the particles. The damage region connects the
particles.

Tension G

Dy ; | R R A
X3 S’pbencarpartlcle @ \
Xy B O 0O 0O R
‘ %450 ) ) \)\\ \ \ \\ \/

X1
- L | r/L=005

Figure 9 A cubical block containing two particles, subject to tensioin.
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Overview Section

(8) Global finite element model (b) Local finite element model
Figure 10 The global and local finite element models for the ssFEM analysis.
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Figure 11 Tensile stress distribution Figure 12 Distribution of the damage
at the tensile strain 6.32x10°2 parameter at the tensile strain 6.32x10°
1. 00e+03 5.00e-01
9. 20e+02 4. 50e-01
6. 40e+02 4. 00e-01
7. 60e+02 [3. 50e-01
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E—“' . 00e+02 bx . 00e+00

Figure 13 Tensile stress distribution Figure 14 Distribution of the damage
at the tensile strain 10.0x107 parameter at the tensile strain 10.0x10°

3.3 Example problem-separ ate | sotropic/deviatoric damage model

The separate isotropic/deviatoric damage model is also tested for the same problem. The
constants « which determines the ratio of contributions of hydrostatic pressure and
deviatoric stress was varied (0.1, 1.0, 10.0). When «=0.1, the contribution of the
hydrostatic pressure dominates that of the deviatoric stresses. When « =10, the
material response should be very similar to that of the isotropic damage case. When
a =10.0, the deviatoric stress components should have the major contribution.

In Figures 15, 16 and 17, the distributions of stress and the damage parameters in a
section that cuts through the center of the particles are depicted for «=0.1, «=0.99
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and « =10.0, respectively. The reason why we did not let « be 1.0 was that o =1.0
requires a special program implementation in the procedures which are described in
section 1.4.

In the case of « =0.1, it is seen that the magnitude of dilatational damage parameter is
much larger than that of the deviatoric one. Therefore, as we intended, the dilatational
damage is the major damage mode. When « =0.99, the magnitudes of the dilatational
and deviatoric damage parameters are similar. For « =10.0, the value of the deviatoric
damage parameter is much larger than that of the dilatational one. In this case also, the
material behaves as we intended.

Tensile stress Volumetric damage Deviatoric damage
parameter parameter
(a) Tensile strain 6.32x107

9.00e-01 1.08e-01

1.00e+0 g
2. 206402 5. 10e-01 68e-02
-~
40640 7.20e-01 626-02
606402 . 30e-01 7. 54e-02
b. 80e+02
e+0

5. 40e-01 6. 46e-02

» 5.39-02

3. 60e-01 4. 31e-02

4. 406402 2.706-01 3. 23e-02

L I =l I
Tensile stress Volumetric damage Deviatoric damage
parameter parameter
(b) Tensile strain 10.0x107
Figure 15 The distributions of tensile stress and the damage parameters in the section

cutting through two particles when the separate dilatational/deviatoric damage
congtitutive model with « =0.1 isused.
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(b) Tensile strain 10.0x10

Figure 16 The distributions of tensile stress and the damage parameters in the section
cutting through two particles when the separate dilatational/deviatoric damage
constitutive model with « =0.99 is used.
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Figure 17 The distributions of tensile stress and the damage parameters in the section
cutting through two particles when the separate dilatational/deviatoric damage
constitutive model with « =10.0 isused.

3.4 Summary-Numerical demonstrations on the damage constitutive models and
the ssFEM computer program

The damage constitutive models are tested in this chapter. We found that material
damages accumulate at the locations of the stress concentration. The damage regions

connect between the particles.

The separate isotropic/deviatoric damage model could control the damage mode. The
intended damage mode (dilatational or deviatoric) dominates the other.
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4. Investigating the Effects of Micro-Structure on the Tensile Behavior
of a Solid Propellant

Having devel oped the damage models and the ssFEM computer program, we carried out
a series of anayses on the tensile behavior of a block made of polymeric particulate
composite material. Thought the particles distribute evenly in a macroscopic sense, they
have some distributions at a microscopic level. In order to investigate the effects of the
locally uneven distributions of the particles, we assume that the variations in material
stiffness at a local level. Experimental evidences showed that when representative
volume of larger than 2.0 mm by 2.0 mm the material could be treated as a
homogeneous material. This means that if one took the representative volume equal to
or larger than 2.0 mm by 2.0 mm the volume fraction of particles is approximately the
same throughout the block.

The reference stress-strain curve was taken from Kwon and Liu [11]. Magnification
factors are multiplied and six different stress-strain curves (level -2.5, -1.5, -0.5, 0.5, 1.5,
2.5) were generated as shown in Figure 18. Then, by using a random number generator
with Gaussian distribution, a series of random numbers are generated and are assigned
to finite elements. Material datais assigned to each finite element according to the value
of assigned random number. For example, when the value of assigned random number
is between -p and -p/2, the stress-strain curve of level -1.5 is assigned to the
element. The relationships between the assigned random number and the level of
stress-strain curve to be used are shown in Figure 19 and Table 1.

Table 1 The relationship between the assigned random number and the level of
stress-strain curve to be adopted.

Random V<—p | —p<V<-05p | 05p<V <0 | 0V <05p | 050V <p | pgV
number Vv

Level -2.5 -1.5 -0.5 0.5 15 2.5
Magnification | 0.75 0.85 0.95 1.05 1.15 1.25
Factor

Two different analysis models were generated by specifying different initial values to
the random number generator. They are different but are statistically the same. The
models are shown in Figure 20. The finite element model is shown in Figure 21. There
are 20000 finite elements. The size of finite element is less than 0.2 mm. Therefore,
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Fig. 6. Stress—strain curve of a uniform composite specimen.

Figure 18 Six level stress-strain relationships that were postulated in present

investigation.
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Figure 19 Relationship between the levels of the postulated stress-strain curves
and the value of generated random number.
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Figure 20 Two different analysis models that have the statically the same
distributions of material stiffness.

(a) Tension block (b) With a crack
Figure 21 The finite element analysis models

4.1 The behavior of atensile block-Isotropic damage constitutive model

In this section, the tensile behavior of a block that was made of the isotropic continuum
damage solid is presented. Stress-strain curve at a material point was set by the
procedures that are presented in the previous section. The block was subject to 15% of
tensile strain.
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In Figure 22, the distributions of stress in the tensile direction when the block is subject
to 0.3% of the strain are depicted. In this step, al the material points in the blocks have
not undergone any material damage. Stress distributions show that the regions of low
and high stresses run in the direction of loading.

In Figure 23, the distributions of the stress when the block is subject to 10% of tensile
strain are shown. The trends in the figures are the same as those in Figure 22. In Figure
24, the distributions of the isotropic damage parameter are presented. Figure 24 shows
that major trends in two different statistically the same blocks are the same. The regions
of relatively sever damage run in about 45 degree from the axis of loading. However, it
IS seen that the regions of very sever damage run perpendicular to the tensile axis.

In Figure 25, the distributions of the stress when the block is subject to 15% of strain
are depicted. The major trends are the same as Figures 21 and 23. The regions of high
and low stresses run vertically. The distributions of the damage parameter are shown in
Figure 26. The mgjor trends are the same between two cases that are statistically the
same. It is seen that many regions of sever damage run in short distances, typically
equal or shorter than 1 mm, perpendicular to the direction of loading. Then, they link
each other making larger damaged regions. The larger damaged regions run in various
directions.

T v T 2983
1 ' 206 | f | l
\ | l i \
) 272 \
748 R i 243
224 ! 295

| 200

(a) Model #1 (b) Moddl #2

Figure 22 Tensile stress distributions when the blocks are subject to 0.3% of strain
(elastic stage).
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Figure 23 Tensile stress distributions when the blocks are subject to 10% of strain.
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Figure 24 The distributions of the damage parameter when the blocks are subject to

10% of strain.
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Figure 25 Tensile stress distributions when the blocks are subject to 15% of strain.
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Figure 26 The distributions of the damage parameter when the blocks are subject to
15% of strain.

4.2 The behavior of a tensile block- separate | sotropic/deviatoric damage model

In this section, the tensile behavior of the block that was analyzed by the separate
isotropic/deviatoric damage model is presented. The parameter « which characterizes
the ratio of contribution of the volumetric and deviatoric damage modes was set to be
0.1, 0.99 or 10.0. These values correspond to the cases (1) the volumetric damage
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dominates the deviatoric one, (2) both damage modes have the same levels of
contributions and (3) the deviatoric damage mode dominates the volumetric one. They
are compared with each other.

In Figures 27 (a) and (b), the effective stress-strain curves when model #1 and #2 are
used are presented, respectively. It is seen that the macroscopic behavior of both the
models are almost the same. In Figures 28-33, the distributions of stress and the damage
parameters for model #1 are depicted. The stress distributions at 10% of strain are
shown in Figure 28 (a)-(d). The distributions look alike. However, the distributions of
the volumetric damage parameters are quite different from each other, as shown in
Figures 29 (a)-(d). The value of damage parameter for « =10.0 isvery small. For the
cases of «=01 and « =099, regions with relatively large volumetric damage
parameter dy run perpendicular to the loading axis. In Figures 30 (@)-(d), the
distributions of the deviatoric damage parameter dp, when the block is subject to 10%
of tensile strain, are depicted. The damage parameter throughout the block is very small
as shown in Figure 30 (b) for the choice of parameter « =0.1. The locations/shapes of
relatively low and high damages are the same for all the cases. However, it is clear that,
for «=10.0, the regions of large damage parameter run in 45 degree direction form the
loading axis. The trends are similar to the case of isotropic damage. However, the
separate volumetric/deviatoric damage model with « =10.0 gives more pronounced
result.

Figures 31 (a)-(d) show the distributions of tensile stress when the block is subject to
15% of strain. For all the cases in Figure 31 (a)-(d), the regions of high and low stresses
run in the vertical direction. The concentrations of the stress are more pronounced in the
case of «=10.0 than the other cases. The distributions in Figures 31 (a), (b) and (c)
look very similar. In Figures 32 (a)-(d), the distributions of the volumetric damage
parameter are depicted. Volumetric damage regions run in the horizontal direction when
a =0.1 isassumed. For the casesof « =099 and « =10.0, the distributions look more
uniform than that of « =0.1. There are localized areas with relatively small value of the
damage parameter. When « =10.0 is adopted, the value of the damage parameter is
small throughout the block. In Figures 33 (a)-(d), the distributions of deviatoric damage
parameter are depicted. As expected, the value is small throughout the block when
a=0.1.Inthecasesof «=099 and « =100, the distributions are similar to each other.
There are the bands of large value of the damage parameter that run along 45 degree
direction from the loading axis. The directions of the bands are dlightly different from
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the case of the isotropic damage model.

From the results presented in this section, it is clear that the bands of large volumetric
damage parameter run in perpendicular to the loading direction, whereas those of large
deviatoric damage parameter are along the 45 degree direction from the tensile axis. The
results also show that the constant « can control which damage mode, volumetric or
deviatoric, dominates the other. In Figures 34-39, the results obtained based on the
model #2 are shown. The overall trends are the same as those obtained based on the

model #1.
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Figure 28 Tensile stress distributions at 10% overall tensile strain [(a@) isotropic
damage model, (b) separate dilatational/deviatoric damage model with « =0.1,
(c) with @ =099 and (d) with « =10.0].
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Figure 29 The distributions of dilatational damage parameter at 10% overall
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b)
separate dilatational/deviatoric damage model with «=0.1, (c) with «=0.99
and (d) with « =10.0].
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Figure 30 The distributions of deviatoric damage parameter at 10% overall
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b)
separate dilatational/deviatoric damage model with o« =0.1, (c) with «=0.99
and (d) with « =10.0].
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Figure 34 Tensile stress distributions at 10% overall tensile strain [(@) isotropic
damage model, (b) separate dilatational/deviatoric damage model with « =0.1,
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Figure 35 The distributions of dilatational damage parameter at 10% overall
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Figure 36 The distributions of deviatoric damage parameter at 10% overal
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b)
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and (d) with « =10.0].
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Figure 37 Tensile stress distributions at 15% overall tensile strain [(a) isotropic
damage model, (b) separate dilatational/deviatoric damage model with «=0.1,
(c) with «=099 and (d) with «=10.0].
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Figure 39 The distributions of deviatoric damage parameter at 15% overall
tensile strain [(a) isotropic damage model (the isotropic damage parameter), (b)
separate dilatational/deviatoric damage model with o« =0.1, (c) with «=0.99
and (d) with « =10.0].

4.3 The behavior of a cracked specimen —isotropic damage model

In this section, we present results for cracked specimen. Finite element model is shown
in Figure 21. Very fine meshes are placed at the vicinity of the crack tip and relatively
small meshes are distributed throughout the analysis domain unlike the cases of
ordinary crack analyses. In present analysis, we assume the spatia distribution of
material stiffness and therefore it must be represented by the fine mesh discretization.



The distributions of material stiffness are assumed as shown in Figure 20.

The distributions of tensile stress for the material distribution models #1 and #2 and for
homogeneous material case are shown in Figures 40 (a), (b) and (c), respectively, when
the cracked blocks are subject to 0.3 % of overal tensile strain. In this loading step,
entire analysis region has not undergone any nonlinear deformation. For the cases, in
which the materia distributions are assumed, we can see that there are the bands of
relatively high stress regions running in vertical direction. In Figures 41 (a), (b) and (c)
and 42 (a), (b) and (c), the distributions of tensile stress are presented for 5% and 7.5 %
of overal strain, respectively. The bands of relatively high stress are seen in Figures 41
(@) and (b) and 42 (a) and (b). Other than these points, we do not see much difference
between the distributed material stiffness models and the homogeneous model. In
Figure 43, the distributions of the damage parameter are presented for 5% of overall
strain. It is seen in Figures 43 (a) and (b) that damage zones develop at the crack tip and
their shapes seem to be influenced by the material stiffness distributions. When the
material is assumed to be homogeneous (Figure 43 (¢)), the value of damage parameter
gradually decreases as distance from the crack tip increases. In the cases of the
distributed material stiffness models, the distributions of the damage parameter are more
complex. We can see that, apart from the crack tip damage region, there are some
scattered spots with relatively large value of the damage parameter. The shapes of crack
tip damage regions are influenced by the distributed material stiffness. In Figure 44, the
distributions of the damage parameter are shown for overal strain 7.5%. In the cases of
the distributed material stiffness models, there are many scattered spots having large
values of the damage parameter. The shapes of crack tip damage zones are somewhat
irregular.
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Figure 40 Tensile stress distributions at overal tensile strain 0.3% for (a) the
distributed material stiffness model #1, (b) model #2 and (c) homogeneous
material, with the isotropic damage constitutive model.
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Figure 41 Tensile stress distributions at overal tensile strain 5% for (a) the
distributed material stiffness model #1, (b) model #2 and (c) homogeneous
material, with the isotropic damage constitutive model.
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Figure 44 The distributions of the damage parameter at overal tensile strain 7.5%
for (@) the distributed materia stiffness model #1, (b) model #2 and (c)
homogeneous material, with the isotropic damage constitutive model.

4.4 The behavior of a cracked specimen — separate isotropic/deviatoric damage
model

In this section, the results of the separate isotropic/deviatoric damage model for the
cracked block subject to tensile deformation are described. The constant « which
controls the damage mode (volumetric, deviatoric or both of them) is set to be 0.1, 0.99
or 10.0.

In Figure 45, the distributions of tensile stress are presented for the distributed material
stiffness model #1 when the cracked block is subject to 5% of tensile deformation.
Figures 45 (a), (b), (c) and (d) show the results of the isotropic damage model and the
Separate isotropic/deviatoric damage model with «=01, «=099 and « =100,
respectively. For all the material models, we do not find much difference.

In Figure 46, the distributions of the volumetric damage parameter are presented. For a
comparison purpose, the result for the isotropic damage model is also shown in Figure
46 (a). In Figures 46 (b), (c) and (d), the resultsfor «=0.1, =099 and « =100 are
depicted, respectively. The shapes of crack tip volumetric damage regions are amost the
same in Figures 46 (b), (c) and (d). Their levels are different as the constant « isset to
be 0.1, 0.99 or 10.0. In Figure 47, the distributions of the deviatoric damage parameter
are shown. For a comparison purpose, the result of the isotropic damage model is also



depicted. The shapes of crack tip damage zones are similar to each other, including the
case of the isotropic model. However, it is seen that as the value of the constant «
increases, the damage zone tends to extend to upward and downward directions. When
a 1S set to be 10.0, the shape of the damage zone is similar to that of plastic zone of
elastic-plastic analysis.

In Figure 48, the distributions of tensile stress are presented for 7% of overall strain. We
do not find much difference between the cases of the isotropic model and the separate
volumetric/deviatoric damage model with «=0.1, =099 and «=100. In Figures
49 (b), (c) and (d), the distributions of the volumetric damage parameters are presented.
The case of the isotropic damage is also depicted in Figure 49 (a), for a comparison
purpose. The shapes of crack tip volumetric damage zones are amost the same.
However, their levels are different from each other, as the values of the constant « are
set to be 0.1, 0.99 and 10.0. In Figures 50 (b), (c) and (d), the distributions of the
deviatoric damage parameter are depicted. The shapes of crack tip deviatoric damage
zones in the cases of «=0.99 and «=10.0 are similar. The damage zones extend in
upward and downward directions from the crack tip. In the case of « =0.1, the damage
zone extends in the forward direction from the crack tip. However, the value of the
damage parameter is very small compared with thoseof « =099 and « =100

In Figures 51-56, the results that were obtained by the distributed material stiffness
model #2 are presented. We find the same observations as the case of the model #1.
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Figure 45 Tensile stress distributions of crack model #1 at 5% overall tensile

strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage
model with « =0.1, (c) with « =099 and (d) with « =10.0].
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Figure 46 The distributions of the volumetric damage parameter of crack model
#1 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage
parameter), (b) separate dilatational/deviatoric damage model with « =0.1, (c)
with «=0.99 and (d) with « =10.0].
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Figure 47 The distributions of the deviatoric damage parameter of crack model
#1 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage
parameter), (b) separate dilatational/deviatoric damage model with «=0.1, (c)
with « =099 and (d) with «=10.0].
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Figure 48 Tensile stress distributions of crack model #1 at 7% overall tensile

strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage
model with « =0.1, (c) with « =099 and (d) with « =10.0].
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Figure 50 The distributions of the deviatoric damage parameter of crack model
#1 at 7% overall tensile strain [(@) isotropic damage model (the isotropic damage

parameter), (b) separate dilatational/deviatoric damage model with « =0.1, (C)
with « =099 and (d) with «=10.0].

0224

OIIZI
0.000

1869 520. 1736660. 1935190I zos44eol
1483404 1373540 1534656 1615558
1097.283 - 1010420 1134122 1197216
= | | | | | |
HIAT2 647300 B TI8E94
5 056I zgmgol — 359 97zl
-61.060 ] —78.940 7 480I 58,650
I. l
(a) Isotropic (b) =01 () a =099 (d) «=100

Figure 51 Tensile stress distributions of crack model #2 at 5% overall tensile
strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage
model with « =0.1, (¢) with «=0.99 and (d) with « =10.0].
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Figure 52 The distributions of the volumetric damage parameter of crack model
#2 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage
parameter), (b) separate dilatational/deviatoric damage model with « =0.1, (c)
with «=0.99 and (d) with « =10.0].
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Figure 53 The distributions of the deviatoric damage parameter of crack model
#2 at 5% overall tensile strain [(a) isotropic damage model (the isotropic damage
parameter), (b) separate dilatational/deviatoric damage model with «=0.1, (c)
with «=0.99 and (d) with « =10.0].
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Figure 54 Tensile stress distributions of crack model #2 at 7% overall tensile
strain [(a) isotropic damage model, (b) separate dilatational/deviatoric damage
model with o =0.1, (c) with «=0.99 and (d) with « =10.0].
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Figure 55 The distributions of the volumetric damage parameter of crack model
#2 at 7% overall tensile strain [(a) isotropic damage model (the isotropic damage

parameter), (b) separate dilatational/deviatoric damage model with «=0.1, (c)
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Figure 56 The distributions of the deviatoric damage parameter of crack model
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5. Remarks

5.1 Summary of present investigation

In this report, the results of analyses in which materia is assumed to be polymeric
particulate composites and their spatia distributions are not homogeneous are presented.
The uneven distributions of the particles are assumed to influence the stiffness of the
material. The material undergoes damages due to dewetting between the particles and
the polymeric matrix material and due to the growth of microvoids. They are accounted
for by the damage models. In order to model the uneven distributions of the particles,
we assumed the spatial distributions of overall materia stiffness.

Two types of damage models were implemented in our in-house finite element
computer program. One is the isotropic damage model and the other is the separate
volumetric/deviatoric damage model. Both the constitutive models are based on the
theory of Simo and Ju [1]. The separate volumetric/deviatoric model was devel oped
during this course of study in order to model material damage due to the dilatational
deformation of material. This damage mode is mainly due to the growth of microvoids
and dewetting between the particles and matrix material.

Since the material properties of each material constituents were not known, we fitted the
experimental one-dimensional stress-strain curve of Kwon and Liu [11] by the damage
constitutive models. Detailed procedures to obtain relationships between the effective
stress-like parameters and the damage parameters were devel oped.

The damage constitutive models (the isotropic and the separate volumetric/deviatoric
damage constitutive models) were implemented in our in-house s-version finite e ement
(sFEM) program. The s-FEM computer program was used to perform the analyses of
tensile block and that with a crack. The particles in the polymeric composites distribute
unevenly at alocal level but evenly at larger scale level. The distribution of the particles
Is statistically uniform but varies locally. Experimenta evidences show that
representative area of 2 mm x 2 mm is large enough so that the particle volume fractions
of different 2 mm x 2 mm representative areas are almost the same. Thus, we built two
different statistically the same distributed stiffness models. The variations of the
stiffness of the material reflect the variations of particle volume fraction.



Finite element analyses were performed and the distributions of the tensile stress and
the damage parameters were visualized.

5.2 Findings from the analyses

From the results of tension blocks, regions of high and low stresses connect in vertical
direction. The distributions at the same overall strain are similar to each other except for
the case of « =100 at 15% of overal strain. The differences in stress values at high
and low locations are more pronounced in the case of « =10.0 at 15% of overall strain
than the other case. It is considered that the distributions of the stress are governed by
the spatial variation of material stiffness. However, the values are influenced by how the
damage is sensitive to hydrostatic or deviatoric stress. That is why « =10.0, in which
the material damage is much more sensitive to the deviatoric stress gives somewhat
different result from the others.

The distributions of damage parameters give us very interesting insights. In al the cases,
we find the bands of large values of the damage parameters. When the isotropic damage
model is adopted, the bands tend to run in the direction 40~50 degrees from the loading
axis. When the separate volumetric/deviatoric damage model is applied to the analyses,
the bands of large value of the deviatoric damage parameter run in about 45 degree
direction from the tensile axis and those of the volumetric damage parameter are
perpendicular to the loading direction. This means that the bands of highly damaged
regions are influenced not only by the spatial variation of material stiffness but also by
the mode of damage. In the case of «=100 in which the deviatoric damage is
considered to dominate the volumetric mode, the direction of maximum shear stress.
When the volumetric damage mode dominates the other (« =0.1), the damage zones
extend in the section of maximum tensile stress. It is considered that once a spot of
damaged zone is present, it raises the tensile stress at the vicinity of the weakened spot
in the direction perpendicular to the loading axis, as shown in Figure 57. Thus, the
hydrostatic stress at that position enlarges, resulting in the progressive material damage.
For the case of deviatoric damage, it is considered that the damage zones tend to have
the 45 degree directions from the loading axis for the similar reason.
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5.3 Relevance to the case of polymeric particulate composite

Though in this research, we have conducted an investigation on the damage behavior of
continuum damage solids. The growth of microvoids is considered to be governed by
the hydrostatic stress. Therefore, the volumetric damage mode takes the central role in
such a case. When the dewetting between the particles and the polymeric matrix
material is considered, the damage mechanisms may be more complex than the case of
the growth of microvoids. However, after a particle is separated from matrix material
completely, it behaves as avoid. Therefore, the growth of voids plays a major rolein the
deformation mechanisms of the composite.

The contributions of deviatoric stress components to the material damage are not known.
If the growth of microvoids and the dewetting of the particles were the major
phenomena in the damage processes, we should use the separate volumetric/deviatoric
damage model with small value of constant « .
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6. Conclusions

In this investigation, we have used the damage constitutive models and the results of
different models have been compared with each other. Blocks with and without a crack
subject to tensile deformation were analyzed by the finite element method. The maor
findings are:

(1) Bands of highly damaged zones develop in the tensile block and their directions
depend on the constitutive model. They have about 30, 45 and 90 degree directions
when the isotropic and the separate volumetric/deviatoric damage model with the
constant « being 10 and 0.1, respectively. The cases of « =100 and «=0.1 amost
correspond to those of deviatoric and dilatational damage models, respectively.

(2) Two different statistically the same material stiffness variations in the tension blocks
were assumed. The overal trends did not change as long as the distributions were
statistically the same.

(3) The shapes of crack tip damage zones depend on the local variations of the material
stiffness at the crack tip. However, the overall trends were the same for the same

statistical distributions of material stiffness.

(4) The shapes of the crack tip damage zone depended on the constitutive models.
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