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Doctor of Philosophy in Oceanographic Engineering

Abstract

In this thesis, a numerically efficient three-dimensional propagation and scattering
model is developed based on the three-dimensional coupled mode theory for axisym-
metric bathymetry. The three-dimensional coupled mode approach applied in this
thesis is fundamentally identical to the one applied in earlier models, such as the
one presented by Taroudakis [20]. Thus, it is based on a Fourier expansion of the
acoustic field around a seamount, with each azimuthal expansion coefficient being
represented by a two-way coupled mode formulation. However, earlier formulations
were severely limited in terms of frequency, size and geometry of the seamount, the
seabed composition, and the distance between the source and the seamount, and
are totally inadequate for modeling high-frequency, large-scale seamount problems.
By introducing a number of changes in the numerical formulation and using a stan-
dard normal mode model (C-SNAP) for determining the fundamental modal solutions
and coupling coefficients, orders of magnitude improvement in efficiency and fidelity
has been achieved, allowing for realistic propagation and scattering scenarios to be
modeled, including effects of seamount roughness and realistic sedimentary structure.
Also, by the simple superposition principle, the computational requirements are made
independent of the distance between the seamount and the source and receivers, and
dependent only on the geometry of the seamount and the frequency of the source.

First, this thesis investigates the scattering from a cylindrical island, which is the
simplest case of a conical seamount problem. Our model, using the superposition
method, can solve the cylindrical problem in Athanassoulis and Prospathopoulos's
paper [3] with the same accuracy while saving about 4/5 computational effort.

Second, this thesis demonstrates the spectral coupled mode approach, which in-
cludes a two-way coupled mode model and a superposition representation of the field.

Third, this thesis applies the three-dimensional model to investigate some physics
issues of three-dimensional seamount scattering. As a result of the investigation, we
learn that the Nx2D model is a poor approximation of the true three-dimensional
model when the three-dimensional effects are significant, though it is a good approx-
imation of the three-dimensional model otherwise. The convergence of the model in
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terms of the seamnount discretization is also discussed and demon~st rated.
Finally, our three-dimensional spectral coupled umode model is testedl by the ap-

plication of the Kermit Seaniount problem with realistic ocean environmental dlata
from tihe 2004 BASSEX experiment.

Thesis Supervisor: Hemnrik Schmidt
Title: Profe~ssor
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Chapter 1

Introduction

1.1 Motivation

During the last decades, a large number of numerical models have been developed

dealing with the solutions of acoustic propagation in the ocean. Most of these models

are aimed at providing solutions for two-dimensional (range and depth) problems,

and they provide satisfactory solutions when the dependence on the third dimension,

azimuth, is negligible.

However, the nature of the ocean itself is three dimensional. For example, the

presence of a seamount, or an eddy, etc, will introduce an azimuthal inhomogeneity.

In situations in which the three-dimensional effects can not be neglected, the two-

dimensional models, or N x2D models, fail to provide accurate solutions. In such

situations, we need a model that can give accurate calculation of the field not only

on range and depth, but also on azimuth, i.e., a three-dimensional model.

Solving three-dimensional propagation problems is difficult because the ocean

must be modeled by a large number of parameters. In addition, even if a three-

dimensional problem is formulated elegantly by means of mathematical and physical

theory, the realistic implementation of such a solution requires huge computational

effort.

My research is supported by the US Office of Naval Research (ONR). The goal of

my research is to develop a numerically efficient three-dimensional propagation and
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scattering nmodel.

1.2 Previous Work

The simnulat ion of acoustic propagation in a ranlge-depeniident waveguidle remanins

anl area of active research. Among such problems, the p)roblemI of' modeling tliree(-

dlimensionlal sound1( propagation has drawn the attention of mianY scientists and engi-

nieers.

Three-dimensional imodels based onl the p)arabolic equation (PE) meth(1mlve

been introdlucedI by several researchers [4, 13, 19]. As is well known, Imrnibolic eqjuati101

models are suitable for treating undlerwater acoustic propagation p)roblemis in cases

only where 110 significant backscattered field is expected b)eca use of the p)arab)olic amp-

proxiiiations intro(duced in reducinig the full elliptic wave equation (Helmhloltz eqa

tion) to the p)arnbolic equation. Ini addition, the work by McDaniel [15] shows tlint the

p)arabolic ap)proximltionls have inherent phase errors, which linit their aipllical)ilit v

to a certain range of angles around( the main p)ropagationl directionl.

The nlorimil m~ode mIethlod is intended to solve the full-wave equat ion ( Hehlhlolt z

eqluationm). so it. is valid for the cases where backscattering is imp11ortlalit (e.g.. steep

obstalcles. selamunlts. or islands). Ini addition, the sp)ectral coup)ledl mIode munetio 11(1s

useful for phYsv5cs in terp)retation lbecause of the decomposition of time field into vert ical

ilodes andl azinlt hml modes.

Ili a paper bY Athianassoiulis anld Propathopoulous [3], ain analytic solut ion is pre~-

senltedl for thme three-dimensional problemn of acoustic scattering from a mnolpenet ralble

cylindrical island in shallow water. Although that, solution is valid only for ai rigidI or-

soft clnl(lrcal isand, i. can erve as a three-dimensional benchmuark soluitionin i

applropriate frequency range.

Ini 1996, a couplledl-mnode formulation for thme solution of the Helnmholtz e(1luntionl in

water in the presence of a conical seamount, was dleveloped by Taroudakis [20]. Iii his

work, the conlical seamnount is divided into a. number of rings, in each of which a series

expanision of the acoustic pressure in termns of normal Imodes anld cosie functionls is
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considered. The coefficients of the various expansions are obtained by solving linear

systems of equations resulting from the application of continuity conditions at the

artificial interfaces of the rings. But there are several disadvantages in this model.

First, since Hankel functions of high orders are involved in the expansions, numerical

problems arise in the numerical implementation of the scheme in the case of the

low convergence rate. Second, when the source is very far from the seamount, the

number of azimuthal modes leading to convergence is too large to make this method

applicable. Finally, this formulation may yield instable solutions since tile linear

systems to be solved in this formulation are not unconditionally stable.

In order to obtain a stable system from Taroudakis's model, Eskenazi used the

Direct Global Matrix (DGM) approach in his master's thesis [6]. Eskenazi's model

successfully solves only the problem of instability in Taroudakis's model. Because the

dimensions of the linear systems are too large to be solved by regular software, such

as MATLAB, Eskenazi used a special tool, LAPACK (Linear Algebra Package) [2],

to solve these linear systems. In addition, the low efficiency of Eskenazi's model

makes it not applicable to large-scale ocean acoustic problems due to the limitation

of computational capabilities.

1.3 My Contribution

A new three-dimensional spectral coupled mode model is developed in this thesis,

which extends the application of Taroudakis's formulation. This model has the fol-

lowing advantages:

1) Jm(krnr) and H)(krnr) are used as the two linearly independent solutions of the

Bessel equation in this model, instead of HI( ) (krn') and HJJ, (k r) in Taroudakis's

approach. The advantage is that Jm(k,nr) and Jj,1)(k.,,r) remain linearly inde-

pendent for both large and small arguments in numerical implementation.

2) Normalized Bessel and Hankel functions are used to avoid overflow and underflow

problems; in addition, the asymptotic forms of normalized Bessel and Hankel fune-
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tions for small and large arguments are used. As a result, there is no nunerical

problem in evaluating high-order normalized Bessel and Hankel functions. More-

over, the recurrence relations of Bessel and Hankel functions are used in evaluating

these functions of different orders, which improves efficiency.

3) The two-way coupled mode approach used in this model has low requireneilts

for computer memory. For each azimuthal mode, instead of solving one linear

system of a large dimension as in the DGM approach, this model solves multiple

linear systems of small dimensions. This makes it possible to solve linear systems

without using special tools such as LAPACK.

4) The coupling matrixes are independent of azimuthal orders, so they can be pre-

calculated only once and stored. In our model, codes are added to C-SNAP to

compute and store the coupling matrixes.

5) The efficiency is improved dramatically by introducing the super)osition repre-

sentation of the external field with respect, to the seamount. In this model, the

number of azimuthal modes required for convergence depends only on the p)rodu(t

of the wavenuniber and the radius of the base of the conical seamomlt/cvlindrical

island. In Athanassoulis and Propathopoulous's model, Taroudakis's model, and

Eskenazi's model, this value depends on the product of the wavenumber and the

distance between the source and the axle of the conical sealnnt/cvlindrical is-

land.

6) This model can be run in parallel on separate computers; therefore, it. is a)plicable

to large-scale three-dimensional problems.

In short, this new three-dimensional spectral coupled mnode model is stable and

efficient. For example, to solve the numerical example in Eskenazi's master's thesis [6],

Eskenazi's model was run in parallel on 7 computers among which were six PCs (one

333 MHz Pentium II, two 400 MHz Pentiumi II, two 600 MHz Pentium 111, and one

600 MHz K7 microprocessors), and one Alpha workstation (with a 667 MHz EV67
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microprocessor), with a runtime of between one week and ten days. However, by

running our model on a single PC (1.7 GHz P4), the runtime is only several hours.
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Chapter 2

The Normal Mode Solution to the

Helmholtz Equation

Underwater sound propagation is mathematically described by the wave equation,

and the frequency-domain wave equation is known as the Helmholtz equation. There

are essentially five types of models to solve it: Fast Field Program (FFP); normal

mode (NM); ray; parabolic equation (PE) models; and direct finite-difference (FD),

or finite-element (FE) solutions. This chapter is mainly concerned with the normal

mode solution to the Helmholtz equation.

2.1 The General Helmholtz Equation

In a horizontally stratified medium, the general homogeneous wave equation takes

the form [12, p.69]

P(Z)V p Vz)P) 1 0 2) 0 (2.1)(z) • v) C2( ) 00

with harmonic representation P(F, t) = p(rle- -t and 02/at 2  , Eq. (2.1) gives

rise to the general homogeneous Helmholtz equation,

p(z)V, v ) + -p = 0. (2.2)
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The general inhoinogeneous Helmholtz equation takes the form

p(z)V. V + p =- (i?- iT, (2.3)
(p(z) I C()

where i= i= is the location of the source. The impulse term 6 (' i ) is chosen to

take advantage of Green's theorem for general inhonmogeneous problems. To obtain

the solution to the Helmholtz equation with a general source term J'(71, which is like

(assume density is constant)

V2 + p (v) f (p), (2.4)

we may first find the general Green's function G, (, i ), which satisfies the inhomo-

geneous Helmholtz equation

v 2 + ) G, (, ' (F - (j- i), (2.5)

with Green's theorem, p(ij is obtained by (refer to Eq. (2.61) of [12, p. 811)

( (1) ) (- d ' )  dS,, - 2( ) ( ,-)d ( ,

p'' (.111,
0 

[

where i 0 is the outward-pointing normal on the surface. Eq. (2.6) is G7r-cn,'s thoorc'm

for sources in a bounded medium.

Next, we will give the different forms of the general Helmholtz equation (2.3) for

two-dimensional problems, either with a point source in cylindrical geometry or with

a line source in plane geometry, and for three-dimensional problens in cylindrical

geometry.

2.1.1 The Two-Dimensional Helmholtz Equation with a Line

Source in Plane Geometry

The two-dimensional model with a line source in plane geometry (,an be extended to

the three-dimensional model involving a point source as well as a two-dinmensional
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waveguide with a ridge-like bathymetry [14]. Moreover, working with a line source in

plane geometry is useful for inter-model comparisons.

pressure-release surface

z=O 10 x

P(Z) C(Z)

Source (Oz,)

~water

z=D

Figure 2-1: A line source in a horizontally stratified fluid medium.

As illustrated in Fig. 2-1, an infinitely long line source is located parallel to the

y-axis, at depth Z = z, in a horizontally stratified medium with density p(z) and

sound speed c(z). This is a two-dimensional problem in Cartisian coordinates (x, z).

In Cartisian coordinates, the left-hand-side (LHS) of Eq. (2.3) may be simplified

by

( P ) ) 2  (, a ay ' a "p Ox' p Oy' p az) 2

1a2p 102 0 1 W2

OX2 0 2 +z u) ( -

( lap -P(.7
ax 2 ap(z) O p(z) + C,(z) (2.7)

In Cartisian coordinates (x, z), the impulse term in Eq. (2.3) takes the form

- - z,). Thus, with a line source in a horizontally stratified fluid medium, the
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Helmholtz equation takes the form

92+ p() (Z Z)9 + -pz) = -6X6z- 2'). (2.8)

2.1.2 The Two-Dimensional Helmholtz Equation with a Point

Source in Cylindrical Geometry

A point, source is appropriate for p)ractical problems in uinderwaer wcouist ics. TO

take adlvantage of tile cylindrical synmnetry in such two-dimensional prob)lemns, we

use cYlind(rical coordlinates (I-, )

pressure-relaw surfacv

Z =O

Source 0, :

water

Fiur 2-:ApitsureiEMoiotal taiid li (ilIN Tefedi

(Figur 2-2 A (oin. sourc in a horizontally stratified lidiediumwth(eintypz n(Th iel( ise

.z). Tis is a t wo-dIimnensionlal p)roblem in cylinidrical coordinates (ri, )

To represent, the general Hehnholtz eqluationl (2.3) in cylin(lricafl co or(dimites withI

axis-syinetry, we first, write out, time LHS of Eq. (2.3) as following. Since (refe~r to
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Appendix A)

'p=!aplp aO~

Ia (V +I(rv)-P-- +a
r Or r a '<

then we obtain

p(z)V. (p p ()[-r( 18 p' 1 ___ __(_1

__ -v) P ap(z)

a ap (r +) 1 a2p +P(Z) a 1 a) (2.9)r aqr (, (9r T2 a0 a c¢ (Z)-z p(Z) a .9

therefore the LHS of Eq. (2.3) becomes

Ip- ) W 2 1 a Pa 1 (2 z)+ (P1 p) W 2

p(Z)v , ( )v +T ar a r ) + a 0 + p ( )  P() - + 2( -

(2.10)

(2
axis-symmetric, - = 0

rOr ) + P(Z)az p) Oz, + C2 (Zp (2.11)

The impulse term in Eq. (2.3) may be represented in cylindrical coordinates with

axis-symmetry as below. Let

6(F - i') = A 6 (r) 6 (Z - z'),

where A is a constant. Since

V6(rF- i;?)dV = jv A 6(z- z,)!drdOdz

= AJ &dr J 6(z - z,)dz j0 dO

= 27A
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we obtain A ' ~, and thus 6(F - iTs) in cylindrical coordinates (r, z) takes the formn

1 6r 
(212

With Eqs. (2.11) and (2.12), the Helmholtz equation in cylindrical coordinates

(r, z) t,akes the formi

I'(- +()~ ~~ + c2-p ±L6:-z) (2.13)
r ar( O 0,,p(- 0,7 C2(Z) 2i 'r

2.1.3 The Three- D imensional Helmholtz Equation with a Point

Source in Cylindrical Geometry

If we considler a problem involving a point source andl the field is not, axis-syninietric

around that, source, as illustrated in Fig. 2-3, then it is a three-dimensional prob)lemI

in which the field dlepends not only onl range and( depth, lut, also on azinnith Ii.l suchi

a he-dimensional problem, we use cylindrical polar coordlinat es (r, ~).where kis

the azimuithal angle.

pro,ur-rdease %uirfacc

p(Z) (2

water

2

Figure 2-3: A p)oinlt source in a horizontally stratified fluid mnediuiii (The field is not
axis-svmmiietric around( that source).
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From Eq. (2.10), in cylindrical polar coordinates (r, z, 0), the LHS of the general

Helmholtz equation (2.3) takes the form

(V)) 1 9 (V.)+WOp 1 0  p2 P( OP) 2P(O + , + + P(Z -P-d N

(2.14)

while the impulse term 6(F - F,) takes a different form from that in Eq. (2.12). Let

6(,i-; - i) = B 6("- 6(z - z)6(0 - 0,),

where B is a constant, then by

j 6(i- i')dV JB 6 ( - r) 6(z - z,)6(0 - 0,)fdrdd-z

B BJ 6(r -,)d7- J 6(z - z,)d-- J 6(0 - 0)i
=B

=1,

we obtain B = 1 and

(F- - 3(r - rs)( - zs)(( - 0s). (2.15)
r

Thus, with Eqs. (2.14) and (2.15), in cylindrical polar coordinates (r, z, ¢), the

three-dimensional Helmholtz equation takes the form

1 0 ) +p 102p +( ( 1 _p) w 2  
= (r - r)-(z_)(_)"

r Or ,r 2 
+ 0 +p()9 p(z),z + 2 (Z)

(2.16)
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2.2 The Spectral Normal Mode Solution to the

Three- Dimensional Helmholtz Equation

In Section 2.1, dlifferent fornis of Helmholtz equations are given to describe two-

dimensional andl three-dlimensionlal sound propagation problems. In this sect ion, we

will solve the Helnmholtz eqjuat ion by mneans of the normal niodle inethodl. For thle first

two kinds of p)rob)lems in Section 2.1, i.e., thie two-dimensional Hlelmiholtz (juntalioll

with a line source as shown in Eq. (2.8). and the two-dimensional Helhholtz (pi(ati101

with a p)oint source as shown in Eq. (2.13), both of which are two-dliniciisiomil prob-

lemis, thie solut ions are relatively simple. Refer to Appendix B for soluitions to the

two-dlimensional Helmuholt z equations. Below we show how t.o ob)tain spect ral norinal

ilnode soluitions to the three-dimensional Helmnholtz eqluationl withI a p)oint, source ini

cylind(rical polar coordiinates (r, z, 0) [20, 3].

From Sect ion 2.1.3, the tliree-dunensional Helmholtz equationi in cYlind(rical polir

coordlinates takes the fo)rm

(. 0 .) ar '12 +d)2 (q)- +z C2(J ( .>(
(2.17)

where (r,.z.~ is the location of the point, source.

2.2.1 The Spectral Normal Mode Solution to the Homoge-

neous Three- Dimensional Helmholtz Equation

T7he homogeneous t hree-dlimnlmsional Helmholtz equat ion in cylindricanl-p)olar coord i-

nat es takes the forin

1 JOp 2p + d(1uN L)

,~~~~~ Lb++ ) ±( ) = 0. (2.18)
rov P, Or 7' Op 2  OZ 0- C

With separation of variables, let

p)(r, Z, 0) =:R(i-) IP(z) 4)(0), (2. 19)
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and substitute Eq. (2.19) into Eq. (2.18) to obtain

1 d dR)\ 1 d 2 4D d (1 l W2
Sdr dr T) + 2- 2 dRT + p -I R4) + -RxP) =0,

7dr \( r/ r d 2  dz (p~ dz/ (2

divided by R4Id, we obtain

11 d ( dR'\ 1 1 d21D 1 d (dIW

Rrdr dr D+ r 2 d 2 + Pdz \p dz - 0 (2.20)

To obtain the depth-dependent equation for T (z), let,

1 d (1d%P',' w 2  2'TPdz dz ) + = k  (2.21)

or,

Pd ( djn ) + -O-2- k2 ) ,= 0, (2.22)

and by substituting the depth-dependent equation (2.22) into Eq. (2.20), we obtain

the equation for R(r) and 4((),

r21 d /rdR\ I dt24
--- rr + - -  +k 2 i2 = 0. (2.23)

Apply separation of variables again, and let

1 d 2 DI'j1, d 2 2 , m = 0, 1,2,..., (2.24)

which leads to solutions

( = e,, cosmto, m 0, 1, 2,... (2.25)

If we use the orthonormal relation

j' 7Irm(D)O)Dn(O)dO 6m n, (2.26)
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t hen we have {m , T n (2.27)

Substitute Eq. (2.24) into Eq. (2.23), then we obtain the equation for R(r),

1*2 1 (1 (CIfRinn (L 2 11 2) 2

R 11 1 d (7 )(h +r (k Yf .2/

01"

I. )r ( f~ drr 1 2 )ti R 1 ,= 0. (2.28)

Eq. (2.28) is anii nt h-ordler Bessel equiation,. and1 its solit ion. I?,, ),is anly pair of

II,( (k I).H ( k,r, J,,k,,) and Y,,,(krn'fr)

Thuns. the solut ion to thle homogeneous three-dimensional Helmiholt z equlat ion, i.e.

Eq. (2.18), is

p(r,Z. ~.) = ~~ R (rI'~ z)b 1 , p).(2.29)

2.2.2 The Spectral Normal Mode Solution to the Inhoinoge-

neous Three-Dimensional Helmholtz Equation

Tfhe inhonlogencouis t hree-dimnensional Helhholtz equnat ion withI a point sourc (e t akes

the forin

I (, Op ) + r21&)L) (P -9( ap L,;2 6 (1. j.'-

(2.30)

Froni Sect ion 2.2.1, we inay rep)resenlt the solution to Eq. (2.30) in t he form

p(v.z, ) ~ I? (r)J'1 (z)4 1, p).(2.31)
711(0 n= I

where qj"d(Z) are the depth-dependent, eigenfunctions satisfying E(q. (2.22), i.e.

d (1 T, + (L, 2

I p(z)+ C2 -n k 4) = 0, (2.32)
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and qDm(O) are the azimuthal eigenfunctions satisfying Eq. (2.24), i.e.

d 2 (D'+ ±M 2 (Dm 0, m,. 0, 1, 2,..., (2.33)
d0

2

and Im(q) are in the form

,m () = emCoSm(- 0), m = 0, 1,2,..., (2.34)

where 0, is the azimuthal angle of the point source.

By substituting Eq. (2.31) into Eq. (2.30), together with Eqs. (2.32) and (2.33),

we obtain

[11 d2dI m d 1 dIin ,_ ,Z Z rr nn) J nPm- ddr2 Rdr d p pd-Z J )

d1 i , dR,nn1nim

-- - I M 2(7 2 Rjnnq'n4D- >1L.K+ r ) %pn(Dm. + Rjnnqj~7~ R 1 'I, ± kril

d- n

-( )( - )6(¢ - 0). (2.35)
r

We may eliminate AP,,(z) and Dm(O) from Eq. (2.35) by applying the orthonor-

mal relations of %Pn(z) and Dm(O), and we can see that, as shown below, different

orthonornal relations of Dm(O) lead to different equations for R,,n(r). For example,

below are two choices:

1) The orthonorinal relation used in Taroudarkis's work [20] and in Eskenazi's work [6]:

7r

together with corresponding expansion coefficients c,, as

27= - 0, (2.37)

-1, r 0.
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The above orthonorinal relation is adopted in my work.

2) The orthonornal relation used in Athanassoulis and Propathopoilos's work [3]:

(g) = 2_ el, cos 7'o (2.38)

together with corresponding expansion coefficients c,,, as

1, t = 0,2,, (2.39))
1, 71 t 0.

Besides different expansion coefficients c, these two kinds of orthonormnal relations

lead to different range-del)endent equations for R..(r), as shown below:

1) The equlation for R?,,(r) using the orthonornial relation 7r7r ( , (0)( 4) =(,,

First, we apply the operator f 1,,(¢)(-)d¢ to Eq. (2.35) and obt.aill

[1d dR 11 ~+ /1 _ 2 ,) R,1 , - 1*) *)'))

~ r dr d/. Y2 ) ' jr S:- p(s -

Next, we app)ly the operntor .1" 1 TI,(z) (- )dz to Eq. (2.40) andl ob)tami

I (R 2 6(- r,

r dr (Y 1 1.dR "') +(k_ V2) Rill,

or, rewritten in in an(d Ti,

__ _____ V(r )'( l?,, ~ (. _ 2N Rm ..... 4)m (OS) (2.42)
r r ( (dr 7 ,K 2 /Yr p(

Eq. (2.42) is the equation for Rmn(O~ with the orthonormnal relation of' +m~l(0) a1s

2) The equat ion for R??in(I) using the orthoilorinal relation 6(0) c cos mIJQ
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We still begin with Eq. (2.35). Now we have

- = emcosm( ¢-s) = i1 ()4 (2.43)
m=O 7n=O

By substituting Eq. (2.43) into Eq. (2.35), we obtain

rr=0 n= 1

r - (z - Z)- T 1 ( (2.44)
r =O

which leads to

[I d (,dR. 2 5 (r - ,

d [ " + (krn - ) Rm-f] ' I(z) -(z z,). (2.45)
nl= I 7 .l

Apply .o I ) T,(z)(.)dz to Eq. (2.45) and obtain

1 d (7 dl? , 2 n9"t R m, l 1 1- , .' (( .46r dr dr ) + (krv -2 ) =-7 - ( (2.46)

or rewritten in rn and n,

I d d d R , , , 2 2 1 6 ( r - r 7 ) T ( Z ) .11( R + krn 2  R7rzn - . (2.47)
r dr dr r ) 7 ' P(Z,)

Eq. (2.47) is the equation for Rmn(r) with the orthonorinal relation of r(o) as

6(0) = - -Z= 0 
C Cos mo.

By comparing Eq. (2.42) and Eq. (2.47), we can see that different, orthonorinal

relations of azimuthal eigenfunctions @re(o) lead to different, range-dependent, equa-

tions for R,,n(r). But both Eq. (2.42) and Eq. (2.47) are mth-order Bessel equations.

so we may uniformly represent their solutions as

Rmn(r) = AmnH(l)(krnr) + BmHn(2)(krnr). (2.48)
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As illustrated in later chapters and in Appendix E, we p)refer to chooseH )

and I~ A,r,instead of IHrtP(kr 7 -) and H~(r~r,as the two linearly inIdep)end(ent

solutions to Eq. (2.42) and Eq. (2.47).

2.2.3 Source Conditions of the Inhomogeneous Three- D imensional

Helmholtz Equation

Source coni lt ions are implortanit in developing the three-dimiensionA spectral nori a

niodle model, Which gives the analytical formns of the incident coefficients. Fig. 2-1

illustrates a rimige-dlependent, waveguidle with an arbitrary dlefOriit ion am I apJoint,

source in thle water colunin.

Figure 2-4: To ob)tainl B,,, with source conditions.

From Section 2.2.2, the fieldl is rep)resented as

with TI,, (z) satisfying Eq. (2.22) and I~ q)satisfying Eq. (2.24), and]

(1, (6) e, cos m,(O - 0,), 'rn =0. 1, 2- . . (2.50)
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R,n(r) is represented as

1) r/_ < r,

R, n(r) = ArnnH?,n)(krnr) + BmnH()(k nr); and (2.51)

2) > r>,

IRmn(r) = CmnH n(krnr). (2.52)

With boundary conditions at r = r, we may obtain B,, and C,n in terms of

Am,, From Section 2.2.2 we know that two different orthonormal relations of 4 (),(0)

may be applied, leading to different expansion coefficients cm and different equations

for R,,,(r). Besides, from below we can see that they also lead to different source

conditions. Denote the field in the region r, < r < r, by p-(r, z, 0) and the field in

the region r > r, by p+(r, z, 0). We omit the argument krO's for simplicity.

1) Source conditions with the orthonormal relation f_ m(C)4n(4)dk =

6mn

(a) Pressure continuity at r= r, gives

p (r,z,) = +(rs, z,). (2.53)

By substituting Eqs. (2.51) and (2.52) into Eq. (2.53) we obtain

Z>1[Bnn' +A AnHY1n(Z>m4 mH!''(>~d
"I TI M, n

(2.54)

which leads to

BmnH,2 + Amn, = C onH(,). (2.55)

(b) Normal particle velocity jumps at r = r,.

From Eq. (2.42), now the equation for Rmn(r) is

R2Pn dR_,, "2 ) Rm 6 .(r - r ) T (zs)

d r2 -- d ++ ( d r nk r2  n [)( ) , (2.56)
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by integrating Eq. (2.56) over [r-, r+], we obtain

dR___ - 1 q(

dRn ,I T it (-s) bnm(0,). (2.57)

dr m., ('s

By substituting Eqs. (2.51) and (2.52) into Eq. (2.57), with notation

S = 1 I(zS) (q.,), (2.58)

p p(Zs)

we obtain
CmdH Bm,, A, ,,, - S. (2.59)

d7- d-- dr

To solve B,rn, and C, in terms of A,,, rewrite Eqs. (2.55) and (2.59) as

BMT, H7t - H= -AI) and (2.60)

(IHU( dH2, _ dHLIlY
B IH,,, _ C,, , - I A , (, +S. (2.61)

dr dr dr

To use Cramer's rule to obtain Bmn, first we find the determinants

D d
dr dr

dr H",, + H ,, (r

u- r2)  dH(,)d H(,) "' k Ht, (2},)

Hml )fl d(krn'r) d(krnl') H",

- K .,w [H2?, Hr)]

-= -(7, ,.)
4- (2.62)
7rs
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and

NB =
-Amn'dH+S 

dr dr

dAHQ) )  d H,1 ,,
=Anm) dr Amnm dr + S H ,(,,

= H .  (2.63)

Note that the Wronskian relation

W [H,)(z), H, )(z)] (2.64)

is used in obtaining Eq. (2.62). The Wronskian relations of Bessel and Hankel

functions are listed in Appendix D.

Now we may solve Bmn,

Bn?I NB
D

- rr HSY(H(kr, r)
4
4 7,7 P(Z) (( 

,4 r, (,

i7 'n(Z,) Dm(0 ) H m()(krn, 7s)i nZ (2.65)

4 p(z,)

By substituting Eq. (2.65) into Eq. (2.60), we obtain C,,,

HCm) (krnl's) A 7r'(I' (/,)H(,)(k nr. (2.66)C,n = Amrn + B,,mn (rn, -mn + (2.66)

Htmn)(k-r) 4 p (z,) i

2) Source conditions with the orthonormal relation 6(4) k == m cos mo

Follow the same derivation as before, noticing that from Eq. (2.47), now the term

S takes the form
=1 1 'J'(z 8 )

s P(Z) '(2.67)

7r r P(Z )
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which leads to

B,nn NB _ i q1n (Zs) HT(1)(krn I's) 1(.8
D -4 pz)(.8

and

CInn Am?, + B?nn H (kr,,t-,)

HB(P(rn7-s

=A,nn + qjn(zS) H,(2)(krn7's). (2.69)
4 p (-'Y)

Equivalence of Different Orthonormal Relations of -ckm(O) in Representing

the Field

From the lpreviotis section, we see that different orthonormnal relations of 4),,(0) leadl

to different souirce conditions, especially the expressions of the coefficients of incident

wave, Blm However, as shown below, these two kinds of' orthonormnal relat ions

are equtivalent in representing the field. Below we (lenmonstrate thecir c(liivalence ill

rep)resent ing the incident field.

scamoun

Figir 25:Theinidntfied ndinidn ofiinsAn
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As illustrated in Fig. 2-5, the incident field is

P( (r,z,¢) = E E BnnH,)(krnr)'Pn(z)4m(). (2.70)
rn=O n=1

1) The incident field with the orthonormal relation f"O (0)(% (O)dJ 6,nn

From Eq. (2.65), in this case the incident coefficients are

BmI = i rp(Z (q ( 0)H,I)( k,nr,). (2.71)

By substituting Eq. (2.71) into Eq. (2.70) we obtain

) 4p(z,) Z E g(.)(krnrs)H!:(krnr)I')s (I('s)4P"(a)

nl=( n=1

4 p(z, 7F H( (rn)(krnr )4 (krnr )'J(Zs) (z) c

+ H(,,) k,,7-, H',2) krn) T (I) P. cTI osIn cos'n?Q
m=1 n=1

C0=1/O c,, = 1/ v/7, II : 0
00 H0(2)

-4p(z,) [2~n=l
+ E E H(1)(k, rnrs),H(2)(krn) , (Z,) XPn(Z) COS7(7-1 s). (2.72)

m=1 n=1

2) The incident field with the orthonormal relation 6(0) =0 c, Cos In

From Eq. (2.68), in this case the incident coefficients are

BI-i q'n (Z,) H(1) (krs) (2.73)

4 M(rn
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By substituting Eq. (2.73) into Eq. (2.70) we obtaii

mn= n=1 l

OC 0 C

1= M(I": c,,= 1, E E0
p-- ,)

2

( .s L n = ]+ ~H,()k. ' H(,),) ,, (z)ql,, ()m0-0

+ Z T(Kr "2 ),( kp '!, ~ .' cos /I)((/ -
,iii= I n;= 1

(2.74)

Bv coiparing Eq. (2.72) and Eq. (2.74) We (all sev tlhat w obtaiii ii1 ideiltical

expression for the incident field using these two kin(Is of ortihonornial relatiols of

I),,(l) which means they are e(iuivaleit in rej)resciting the field.

Source Conditions with Normalized Bessel and Hankel Functions, together

with the Orthonormal Relation f ,, 4>.(0)4I.(O)dO = 6.n

In the above, we give the source (onditions with R,,, (I) represented as a coilibilnllat ion

of ininorialized Hiaikel fiuictiois. !,( i)ad Hll,I) (k,r,). Next wc will give tHie

source coiiditioiis corresponidiig to Rm,,n,(r) being represented in the forni as below:

i 1' < '< r,,

1) i 1  (r)

R1,,,,,(,r) = ,, (A.,,,.) (,mn, Hirt(+ri)H ,,,(K.,., and (2.75)

2) > > r..

4c,01 H?( (2.76)

54



With the orthonormal relation fAT, -,(0).()dO = 6,mn, instead of solving b,,, and

Cm,, as before, we may change R,,n(r) in Eqs. (2.75) and (2.76) into the forms in

Eqs. (2.51) and (2.52), then make use of the results in Eq. (2.65) and Eq. (2.66).

Since

Jrn(kr7j) 1 [H(.)(krnr) + H,,)(krr) , (2.77)
2

we may rewrite Eq. (2.75) as

R,,,(r) =Imn H,,,)(k,.r) + bmn 1 [H()(krn) + H,)(krn1 H,)(krnr7s)

H,_ ,,.) (kr't,- ) 2

a,,., 1 1). (i 2)l (k1
1) ) 2 bmn H? m(lrnrs)J H ( (krn 0) 2bn,, Hm(krnlFs)Hjr( (rn r)

- A n,jH(,l)H(k,nI) + B H r)(kn), (2.78)

from which we obtain

an + I bn H(1)(krnrs) = A,,,,,, (2.79)Hr(r+1)(r-rjrj)

an(l
bmnHt,1)(A-rnrs) = Bin,. (2.80)

By substituting Eq. (2.65) into Eq. (2.80) we also obtain

binn,2 BmTI

H,,((,,')
'DY,r)H(1)(knns)

H,(,.)(kr n?-,) 4 p(Z, I

2i ' ,) (D . ). (2.81)

To obtain c,,, since in the region r > r ,

R,H7( 1) (k,, r) - CInn H?(,1) (kr?,, r), (2.82)
=ciH(l)(krnrs)
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we obtain

CrnnI, (1)krl's)

Ai [ A +,,, n H?(n,) (krn) HI(n'rs)

U(1 ~1)k('~KH() 1 ) ((.)

= A 717+ I + I H,,)2 (kirs 1(k..)
H['r)' (k, rj) 2 ?n~~ 2h1 H7(m

1 11) (kA'l.s,) ] 1

[ bn1 " (2 HI(Il1_ H Y(A'rn b1 ,, (H7)(krnrs,) + 1 (rnHi) H2](L(r,rs)

i (1) (krn7_0 + J7n ( krn1,)H, (k,ni-,) (2.83)

HMl (k,v 1)

H(ri)b ,rs) H,'i,
-+( Ii) , ( - :.r) 111 ( J7n(krn'rls) 11) (AnI's) (2.84)

Hin'I) t.,.z

2.2.4 Equivalence of the Two-Dimensional Normal Mode So-

lution and the Three-Dimensional Spectral Normal Mode

Solution

In this sectio we will show the e(uivalence of the two-diilncnsional iioriial iio(le s-ol-

tion a(l the tllree-(illeusional spectral normal mo(e solitio to range-il(le)((hlt

1)rol)le1is. This cuivalence allows us to use the siiper)ositioi meth1o( to ol)taii tl(

solition outsi(dhe tlie seamouint (or cylinider) region for raiige-(le)en(let pro)liiis. I)Y

iieais of ret)laciig the incileit )art of the three-diiensional spectral nornlial 111o( Ie

solution by tie two-dimelsional normal imode solution.

The Two-Dimensional Normal Mode Solution and the Three-Dimensional

Spectral Normal Mode Solution to a Range-Independent Wavegnide Prop-

agation Problem

NWe can solve a range-iiidependent, problein by eitlher tlhe two-(diniensional normiial

mode solutioii or the three-diliensional spectral normial mo(ie solition. Below we

will show the equiwlence of these two kinds of solutions.

Fig. 2-6 illustrates a range-independent waveguide prot)agation problem. TIhe
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/ r'- Vr,I r 2 2rcos(r-~

SualoonI of heighl er

Figre2-: rngeinepndnt wvegid (opviw)

tw-dmesina nrml oe oltin o hi pole i wllknwn[1]

whee r isthFiage 2-6 a range-pindependh ept aoegue (topre view). =7r I

is expressed as

I= -,,r2 + r2 - 2rr, cos(O - 0,) = ±67 +r1- - 27r, cos(7 - ).(2.86)

Next we will seek the equivalent three-dimensional spectral normal mode solution

to this range-independent problem. From Section 2.2.3 we know that the spectral

normal mode solution is in the following form,

00 00

m=O n=1

where Iftn(r) takes different forms in regions 'r, > r > r, and r > r,:

1) for r, > ri,

Rmn(r) -: anH,(,," ( k,nr ) + rnJ(rn r)H(k)( 1r87); and (2.88)
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2) for r > r,

Rmn(m) ,,'H?) (krn)

H" (krn 7-,)

a,H(l) (k,nr,) + bnn J(krn7s)Htl) (kr1.,) H,(1)(kr, r)

H.()(kr. r)IHn(krs
H m(k rr) + bmn Jm (krnrs)H ,(,!)(kr, r). (2.89)

H(1')kr I-)

In Eqs. (2.88) and (2.89),

b7nn 2PZ 4'lI ~Imqs (2.90)

For range-independent problems, we have a,, = 0 and thus R,,,(r) redlices to:

1) for rs > I. > ij,

Rmn(r) bmn,J,(k,,r)Hr,t)(krn rs)

- i T ('Vn(Zs)4i)m(O(,)J (]rn)Hk1 1)(]rig\); and (2.91)

2) for r > ,

R,nn (r) =b7,,J,n,(kr nr,,)H7l) (k rn?')

I 7F
- q n (Zs )J'D ,(?n(k¥,,). (2.92)

2 p(z,)

From the above, we find the relation between the two-(dimensional normal mode
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solution and the three-dimensional spectral normal mode solution:

00

P(rZ) =4p-zs)Z I'n(Zs)In(z)H(l)(krnr') (2.93)
n=l

{2p(z.) -- =oEn= fJn(Zs)Jn(Z)Jm(krnr)H(1)rnr8 )m(Os)>0 0 (q), r, > r "

- M=0 Er=En= l, k (z,)%Ffn (z)J, (krn rs) H,)(krn r) 4(). )Pnd r > r,

00 00

-2 ) ) J n Hrs (2.94)
m=O n=l

where r< = min(r, r) and r> = max(r, r,).

The relation between the expression in Eq. (2.93) and that in Eq. (2.94) call also be

reached mathematically. From [9, p.930] we have the so-called "summation theorem"

for Bessel functions:

Suppose that r > 0, p > 0, O > 0, and R r2 + p2 _ 2rpcos ¢; that is,

suppose that r, p, and R are the sides of a triangle such that the angle

between the sides r and p is equal to 0. Suppose also that p < r. When

these conditions are satisfied, we have

00

H,l 2)(kR) = Jo(kp)Hl()2 )(kr) + 2 1 J"(kp)H,' 2)(kr) cosm, (2.95)
77 = 1

where k is an arbitrary complex number.

To prove the equity of the expressions in Eq. (2.93) and that, in Eq. (2.94), we

only need to prove

00

yl)(k ,r')nr 27r E J, (krnr<)Hl) (kr r> ) 4),(,))(I) - (2.96)
rn-05
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Since

2
e r" COS I'll - P~

fL III, = 0;
27 1osr( -#, (2.97)

aiid as shown in Fig. 2-7, 0,1 is the angle between the sides I-, and( I-, and

r,= ninr,r ,.r = mnax(r,i-,), by substituting Eq. (2.97) into right-hand-side

(RHS) of Eq. (2.96), we obtain

RHS of Eq. (2.96)

1 001
=2 )J,,)H(l(krn*>) 2 c m(kr1o Hs knV)U5 ?( ) (298

and with the summation theorem iii Eq. (2.95), the expression iii Eq. (2.98) is equal

to H 1 (ri'.Thus, the equity of the expressions in Eq. (2.93) aid Eq. (2.94) is

p)roved.

rr

Figure 2-7: The triangle with sides r-, r, and( I-', with 01- as the angle between

the sides ,,n r-.

The equivalence of the two-dimensional norinal mode solution in Eq. (2.93) amid the
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three-dimensional spectral normal mode solution in Eq. (2.94) can be illustrated by a

numerical example with a schematic shown in Fig. 2-8. While the range-independent

waveguide consists of a 250 in water column bounded above by a pressure-release

surface and below by a rigid bottom, the water column is isovelocity with c,, = 1500

m/s. A point source is located at 100 in depth below the surface. The results of

the two-dimensional normal mode solution in Eq. (2.93) and of the three-dimensional

spectral normal mode solution in Eq. (2.94) are shown in Fig. 2-9, from which we

can see clearly the equivalence of these two solutions. In addition, we see that in

the three-dimensional spectral normal mode method, the number of azimuthal modes

leading to convergence is at least [kr,], where k is the wavenumber in water and [.r]

rounds x to the nearest integer towards infinity.

z ..II... 1. -.7,

,qtid holloni,

Figure 2-8: The schematic of a range-independent waveguide with a point source.

For a range-independent problem, the 2D normal mode solution is preferable to

the 3D spectral normal mode solution in that the 2D normal mode solution consists of

only one summation over normal modes, while the 3D spectral normal mode solution

consists of two summations, one over normal modes, the other over azimuthal modes.

So, for range-dependent problems, with the equivalence of these two solutions, we

may apply the superposition method to obtain the field outside the seamnount (or

cylinder) region to improve efficiency, as illustrated below.
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Figure 2-9: Transmission loss at deptli 100 in, computed by the spectral normal niode
method and the nornal inode method. (a) f = 40 Hz, MI=17, almost convergent,

(b) f = 40 Hz, NI=30, convergent; (c) f = 200 Hz, M=84, almost convergent, (d)
f-200 Hz, M=100, convergent.
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Apply the Superposition Method to Obtain the Solution outside the Seamount

(or Cylinder) Region

For range-dependent problems involving a seamount (or cylinder) in the waveguide,

in the region outside the seamount (or cylinder), R,mn(r) takes the form in Eq. (2.88)

or Eq. (2.89), with amn =# 0 (refer to Fig. 2-6). By taking advantage of the equivalence

of the 3D spectral normal mode solution and the 2D normal mode solution, we may

obtain the acoustic field outside the seamount (or cylinder) region as:

1) for r, > r > rl,

p(r', z, ¢
cc cc [ 1 (T.rZD ZH(,,) ( 7-) + brnnJm(krnr)H4)(kr,rs) 'In(Z)(m() (2.99)

?n=O n= I m)(k,.r)0C~c 00 0H0 j(1) (krnr)

b ,, bnnJm(krn?')H,(krn'rs)n'n(z))m( (0) + am Hn(Z)O (7)

m=O O=1 n=1 H,, (kr.rI)
(1)~ ~ v (k,rH+ 7 1m (krnl')an

- 4p(z) qIfl(z 8)1If(z)Y(A,(ir) ± a H-,akr7' z,,(z)s(,); and
n= rn=On=1 m (, r1

(2.100)

2) for r > r,,

p(i-, z, )
00 c0 HW ( )(krnr)

E E Cmn -IIIm q/n(z)(I)m(q) (2.101)
m=O n=1 H!T krnr,)

00 c) amnH ,(' (k rn r,) I InJm (k nrs)H )(k nr )I H¢,((k nr ) _ T (Z) (,n

cc cc [ M(krn7'1) WH,1 (krnr)0nO i ['0 H ) 0k" H'm) (krn)
bmn Jm (krn I) H,)(krnr)qTn(Z) m(0) +  _kamn r- Tn(Z) )m()

On=O n1O n-- I n-rn(krn7l)

7 (k r') + o a ;)krr 'nZ)T
-4p(z,) ' In)T.(z)Ho)(k r) +nn HmT(k rl (Z

n=1 m=0 =1 ( r

(2.102)

where r' is the range of a field point with respect to the source, which is expressed
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as

I"- 1-2 - 2rr, cos(O, - 0I). (2.103)

From the above, we see that we have a uniform formula for p( r, z,In the region

out sidIe the scamnount (or cylinider). i.e. for r > rl:

1)(r, Z. 0) = p(r' +) E E Ha,, ( ,k11n2.04

where

4p(z,~) 0 2.05

The adlvanltage of app)lying the sup)erp)osition method in Eq. (2.104), instead of'

appl)ying EqIs. (2.99) and (2.101), is that there is no dependence onur, In the norinklized

Hankel functions in Eq. (2.104), and thus the number of azinmuthal modes leading to

convergenc'e redluces from [ki]to [ki-j] where [x] rounds x to the nearest integer

towards ifinity.
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Chapter 3

The Spectral Normal Mode

Approach to Three-Dimensional

Propagation around a Cylindrical

Island

Before the demonstration of the three-dimensional seamount model, we show how to

solve the problem of three-dimensional propagation around a cylindrical island, which

is a simple case of the problem involving a conical seanmount because we need not, con-

sider mode coupling in the cylindrical island problem. Compared with Athanassoulis

and Propathopoulos's model [3], by introducing modifications such as using normal-

ized Bessel and Hankel functions as the two linearly independent solutions to the

range-dependent equation, which is a Bessel equation, and applying the superposi-

tion method to obtain the acoustic field outside the cylinder region, and so on, both

stability and efficiency can be improved dramatically. In this chapter, first we miiake

a review of Athanassoulis and Propathopoulos's work; then we provide our approach.,

which is applicable not only for the cylindrical island problems, but also for more

general problems such as problems involving a conical seamount- finally, conipari-

son between Athanassoulis and Propathopoulos's approach and our approach will be
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given by solving a numerical example.

- ~B-

- ~ 9 'Zoluce

cylinder 1

n ater

seabed (rigid)

Figure 3-1: A waveguide involving a cylindrical island.

The geometricail configuration is illustrated in Fig. 3-1. in which thli seaibed is

rigidI. NVe consider two typ)es of cylinders: hard andl soft cylindlers. Because t his is

a thlree-dlimensional p)rob)lem involving a point, source. from Ch'lapter 2 we know t hml

the inhoilnogeneolus thlree-dimenisional Hehnhotz eqluat ion takes the formt

I (i).) + I i2p + P(,) (j Op) ,c2 z~ - -r (

anld the solut ion to Eq. (3.1) is in the formn

00 Do

Mr, ) = E E R,,,,(i-) %P, (--I 4), (4) (3 .2)
70-O 1= 1

where R ()are solutions to the range-dependent equiat.ion, which is an mthli-order

Bessel equmition, ql,(z) are depth-dependent eigenfunctions, andl~ ~ are aziliifull

eigenfunict iolls.
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3.1 Review of Athanassoulis and Propathopoulos's

Work

In Athanassoulis and Propathopoulos's work [3], the field is represented as

00

p(r', z, ) = Z E R.,(r)g,1(z)Dm(O), (3.3)
m= n= 1

where gn(z) are the eigenfunctions of the vertical eigenvalue problem corresponding

to range independent axis-symmetric environment outside the cylinder, which satisfy

the orthonormal relation

Jhg,n(z)gv(z)dz = ; n = (3.4)

1 0, 71, # V,

and (D..(0) are the azimuthal eigenfunctions, which take the form (as ¢, = 0)

-D,,() e cos(mo), (3.5)

where
, m,=0;

em 2= (3.6)
1, "#0.

Note that in Athanassoulis and Propathopoulos's work, the orthonormal relation

of 4,n(0) used is 6(0) =1 E'0 em cos m, which leads to the coefficients c,,, as

shown in Eq. (3.6).

In Eq. (3.3), R,,,n(r) takes different forms in regions r, > r > r, and r > r, as:

1) for r, > r > r,

Rmn(r) = BmnH(2)(k,r) ± AmnH,1(krnr); and (3.7)
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2) for 7- > r,

The coeffi6ieiats B,,, A,,,, ai(d C, are dleternihied 1wy source cond(itions at r = '; as

well as the b)ouildary conlditimns at r =:ri, anid the results are as followig (refer to

Sectionl 2.2.3):

1) a hard cylinder

4 R

-- in, (kr'J) H(ky,v ) 1  (3.10)

C,~~ A )1 77- r]2( il()(.1

where

W dr~ x p =1,2.(.2

2) a soft cylinder

Alll = i H,(,,)(kr, ri) H (1)' (3. 14)

CaII = A7rjj + ~H 2 (rT)nZ) (3. 15)

From the ab)ove, we niotice that the icidlt coefficienits B .n.. are iindep)ewlleiit of*

the p)rop)erty of a cylider because they are dleteriiinied onlly bY source coiAlitiois;

however, they dlepenld Onl the choice of the orthoniormnalizationi of azimuthal eigeii-

funictionis. With I(s g/cmn 31:, Eq. (3.9) and Eq. (3.13) are the same as~ Eq. (2.68)

iii Section 2.2.3.

Finially, the fieldI for hardI anid soft cylinder cases are represenited1 as below:

1) a hard cylinder
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(a) for r, > r > rj,

in (k-.,r ) H (k nr)

p(r,z,Oq) =I I H,)(krnrs) H(n)(krnr) H (rnr m

x g(zs)gn(z)D.(O), (3.16)

(b) for i- > r ,

ZH0'Dkn)(kFnr,)H((n)(srs]
p (r, Z,) H- (1) (kr.nr) Hm() (krnr7s) krn'. )

4m=O n=1 1( 1 k,,r)"i

X gn(Z.,)gn(Z)4)m(O). (3.17)

We may also rewrite the solutions in Eqs. (3.16) and (3.17) uniformly. For a hard

cylinder, in the region 7- > r/,

i H0 ) 04(2)

p(r,z,¢) = 4 E EH (krnr>) H,2)(krnr<) H()krr (knr<)

gn(Z.,).gn(Z) ((), (3.18)

where r< = inin(r, r,) and r> = max(r, r,).

2) a soft cylinder

(a) for r, > r > r,

H(knri) H(0)(kr

p(r, z,) =' E E H(1)(krnrs) Hn)(krnr) H.. (k.r) Hn\kniJ
m=O n=1l i nI

X 9(,9()D () (319)

(b) for r > rs

m=O 0= H 2(kri

p(r,z,¢) )E(kr,r) [Hm)(krnrs) Y )r

x gn(zs)gn(z)(Dm(O). (3.20)
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We may also rewrite the solutions in Eqs. (3.19) and (3.20) uniformly. For a soft

cylinder, in the region ? > rl.

P('r, Z, - L i,()(k-,r>) H,(2
) (k,nlr,) - ______

ni-I it- Hlnk~ 1
.9n 's,) ( ) n)(0 ), (3.21)

where r'< = in(r, rm) and r> = max(r, r,).

3.1.1 Convergence Analysis

In the soft cylinder case, for example. rewrite the solutions as below:

1) for r, > r> r,

Rewrite Eq. (3.19) as

III Ht,,, (Ar,,,

0l =1) TO

x ( .S)Yn ( ) r,, W0 - (3.22)

Since for m > IxI, we have

H,,I(x) ,r W(x) + iY,,(x)

P-](x) 'Jr(x) - 'Y(.)
iY,,(x)

= -1, (3.23)

thus for m > AIniI (m > Ik,.,-j is also satisfied because r > rl) we have

H , ( ,, , .  H (2 ,.)
) (-1) - (-1) = 0, (3.24)

M ll) (,-n.rg) M,I) (krn,I'])

from which we know that, in the region r' > r > ri, p(r, z, ) in Eq. (3.22) converges

as > 'r,t.
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2) for r _> r,

Rewrite Eq. (3.20) as

00 C  
IH m() (krnrs)  H m(2)(krnrI)

p(r,z, ¢) =- ZH,-i g(1)(krnr1)(knrs)[4m=O n=1 H.T [ (krnr, )  H(nl) (kr.rI)

x gn(Z')9.(z)4,(0) (3.25)

From Eq. (3.25) we know that for m > Ikrnrs (mr > Ik r is also satisfied), we

have
H(2)(krns)- H ,2(krnr ) ( ) (-1) = 0, (3.26)

Hm()(krn?-s) Hm(1)(krnrI)

thus we know that in the region r > r,, p(r, z, 0) in Eq. (3.25) converges as

n >> Ikrnrsl.

From the above, we can draw our conclusion: To obtain convergent results at

range r in the region r, > r > 7-1, the number of azimuthal modes should be at. least

[kr], where k is the wavenumber in water and [x] rounds x to the nearest integer

towards infinity; to obtain convergent results at range r in the region r > r,, the

number of azimuthal modes should be at least [kr,]. Or:

To obtain convergent results for both r < r, and r > r,, we need at least [kr,]

azimuthal modes .

The problem of slow convergence rates of the azimuthal series arises when the

source is very far from the cylinder (kr, -* oc). Moreover, it is difficult to compute

high-order Hankel functions numerically. So we should seek modifications to eliminate

such disadvantages.
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3.2 A New Approach with the Superposition Method

as well as Normalized Bessel and Hankel Func-

tions

Instead of B,,, A,, and Cinn as illustrated in Fig. 3-1, we denote t he (oefiicients Y)

bill, a?,, and c,01,,, iii our work. First, we represent the field as:

1) for r, > r > r,.

J)([b? = nJjnj ('r) -+ a,,,,H1,I~, ('r)1 I T (Z)"Tl (0'), (3.27)
m=() n=l

where Jmn('r) and i1",(r) are normalized Bessel and Hankel functions,

1in ('r) = H ( I ') (3. 29)

Hill (k,rji)

an d

2) for r> r,,

)('r. z, ) = E3 E c?,l!f1,f,,(r)'I',, (z)I',,,(q), (3.30)

where

H H 7 ) ( kr71 ( ) ( 3 .3 1 )

From Section 2.2.3 we know the coefficients Cmn cam )e expressed in (", and I,,l

as

I)6n?) 4i. (v's) +4- aTnnH-17rin (7's)

+07nn H'Il (krld's) (3.32)
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By substituting Eq. (3.31) and Eq. (3.32) into Eq. (3.30), we obtain

p(r,z,)

0 J [H(knsH. i) 1 ,)(krnr)
=bmnJm(krnrs)H rns)k amnr)'ly ( rn (>J n(z )

m=O n=1 H,1.kn) IHn(krnr,)

00 00 [ H(1)(krnr) 1
Z S o bmnJm(krnr,)H)(krnr) + amn )(n r) IPn(Z)(m(W). (3.33)

?n=O n=1 H H,')(krn I)jI

Eq. (3.27) and Eq. (3.33) may be uniformly represented as the following. For

" > rFI,

1)(7., Z, 0)) 0= 5 3bintn Jir(krntr<) H)HnI(krn7'>) +annH (,r)'n(Z)().W*0)= Y,EH(I)(,lI
m=O n=l

(3.34)

where r< = min(r, r) and r> = nax(r, r,).

Note that in the above equations, j,(z) are depth-dependent eigenfunctions sat-

isfvYing the orthonormal relation (with a rigid bottom)

h1
f i ,' (z)x T,(z)dz = 6,,, n, v = 1,2,. (3.35)

and 4 )r (0) are azimuthal eigenfunctions satisfying the orthonormal relation

Jr ,m(0)4,(¢)d¢ = mw,,, r,p, = 0, 1,2- (3.36)

and froin Section 2.2.2 we know the orthonormal relation in Eq. (3.36) corresponds

to the following azimuthal eigenfunctions,

4),(0) = e,,,eosm(o - 0), m = 0, 1,2- (3.37)

where

em= 2r = (3.38)

3 0.
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7 r4

Figure 3-2: The superposition mnethiod.

With the equivalenice of the spectral normal mode solutioni and( the njornial miode

solution as dlIionistratedl ill Section 2.2.4. we know that in Eq. (3.34), thle spectrail

normal modle expression involving coefficients b,,,, 11,Y lbe rep)lacedl bY thle niolIlial

mode expressioni. i.e.. the spectral normal mode expression

In =0) I=I

may be replac ed by the normal nmode solution

4p :~ T z (' kr)

Thus we maY rep)resent the field Iby a uniformn exp)ression for both 'r, > r > r, and(

0C O

p(r, Z, pi (r' Z) +F E E ajnn lHl?17 ,n (,,) qJ'n ( ) q), <4(3,
?n=O n=1

where ri' is the range of a, field point (T-, Z, 0) with reslpect to t lhe source (refer to

Fig. 3-2) and pi (r'.. Z) is the normal mode solution. r' andl pi(r', : ) are exp)ressedl as
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below:

r'(r, 0) = Vr2 + r2 - 2rr cos(O - 0,), (3.40)

pi(r', z) Z 1. 'In(zs) T.n(z)H()"(krnr'). (3.41)
P ,n=1

f/lmni(r) in Eq. (3.39) is the Hankel function normalized at rj:

tlmn() = ( krnr) (3.42)

Note that in Eq. (3.40), if 0, = i-, as illustrated in Fig. 3-2, then we have

r'(r, 0) = Vr 2 + r2 - 2rr, cos(7r -); (3.43)

while if 0, = 0, as illustrated in Fig. 3-1, then we have

r'(r, 0) = v/r2 + r - 2rr, cos ¢. (3.44)

3.2.1 To Obtain amn with Boundary Conditions

Represent the field in the region r, > r > r- as

00 0C

p(r, Z): E E [bmnmn (r) + amn,,!lmn (r)] IJn(z) '(P )
m=O n=1

=E nS bmnJm(krnr)Hm)(krnls) + ainHmP(krnr]) n(D,,(0)
m=O n=1

(3.45)

From Section 2.2.3, the coefficients bmn are obtained from source conditions and they

are the same for both hard and soft cylinders,

bmn = i7r q'n(Zs) -(m (0). (3.46)
2 p(zs)
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However, the coefficients am,, are obtained from the boundary coditions at, the

boundary of a cylinder, therefore they are different for hard aild soft, cylinders.

1) a hard cylinder

For a hard cylinder, the boundary condition at r =r, is

O_ -0, (3.47)
07-

i.e., the normal velocity at the boundary of a hard cylinder is zero. By substit utl,ig

Eq. (3.45) into Eq. (3.47), we obtain

(I ], ,ni) H-,) (k1,,)( T(),,,(Z ) = 0drdrrr l)

n1=O n= I

(3.48)

which leads to

(1)(I.1,,, (K 1 jj( 1k,m,) +r (1; kmI - 0. (:3.4,))

or,
-H,(,')( kr.,,, ", ) d J,, (/A ,.)H, 1 (,A(/:1 .,, ) b,,,. (3.50)

d r , rnII

By substituting Eq. (3.46) into Eq. (3.50). we obtain

I n (h 7)1)(k,n[)4,,,(,). (3.51)

2) a soft cylinder

For a soft cylindIer, the boundary coidition at r = ri is

Prr = 0, (3.52)

i.e., the pressure at the boundary of a soft cylinder is zero. By substitut,iig
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Eq. (3.45) into Eq. (3.52), we obtain

bmnJm(krnr)H?n)(krnrs) + a,, H--(krn) 0, (3.53)

so,

amn = -bmnJm (knri)H,)(k ,nls). (3.54)

By substituting Eq. (3.46) into Eq. (3.54), we obtain

amn i Jm(krnrl)gH,)(krnrs) qPn (Z,) 4m(0s). (3.55)
2 P(Zs)

3.2.2 Convergence Analysis

The solution for r > r, is expressed uniformly in Eq. (3.39), in which

H m(kr nr) (3.56)!:!IroH(r)- H (kr nrI),

we have:

1) if both m > Ik,nrI and ri > IkrnrI are satisfied, then we have

n Hlm,() - (,)(k nr) -Y(krnr) .' ; and (3.57)
H(rn'rI) Yrn"(krnri) \T

2) if only m >> lkrnIl is satisfied, then we have

ftlmon(r) - Hm)(krnr) - H()(krnr) finite value 0. (3.58)

HQ) (kr,) iYm(krn7I) -ic

From Eqs. (3.57) and (3.58) we see that to obtain convergent results at r >

rl, we should choose the number of azimuthal modes at least [krj], where k is the

wavenumber in water and [x] rounds x to the nearest integer towards infinity.
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3.2.3 The Advantage of the Superposition Method

From the convergence analysis of At hanassoulis and Propat hopouilos's applroachi iii

Section 3.1.1. we know that, with that approach, to obtain convergent result,, for 1)oth

r < r, and r > r~, the nunmber of azinitthal modes mnust, be at, least [kr,]. For

exampJle, with c =1500 ni/s, f1= 60 Hz and 7-,1000 in, at, least, 252 azimuilthal

modles are needed t.o obtain convergent results for both r < r,~ and r. >_r

While for our app)roach with the superposition inethod, froin the convergence

analysis in Sectioni 3.2.2, to obtain convergent results for b)oth r < r, and r >_ r,,

i.e. r > rI, the inumiber of azinnithal niodes leading to convergence is at least [kr/,

which is indelpendlent of time range of the source. For the sanie examiple as the above.

with 'r1 =200) m, at least, 51 azimuithal modes are neede(d t.o ob)tain convergent results

for 1)0th I. < r, a.n( 'r > r,. Thus we see that our approach with thle supc)rpositioni

nieth1d0i in unch mnore efficient than Athianassoul is and Propath] opoulos's app)1roachi.

3.2.4 Asymptotic Forms of Normalized Bessel and Hankel

Functions

Overflow andl underflow p)rolemiIs arise as calculating H? (I1(x) and J 1 (.)for fixed I-

as in - oc, andl underflow p)rob)lems arise as calculating H,(n1)(x) for large argun t's

wit.h large positive iniaginary parts. However, the p)ro(hilct, of ...1 (x) andH )

an(l the ratio of H,(,,'(x) and H1 in(v ay be finite values in these eases. Thus.

instead1 of evaluating Jjnx) and H,(,,'(x) sep)arately, we mnay evaluate the prodluct

J~ x) ~ (~ )or thle ratio H,(,,' (.r) /ilt,(~ 1 ) i.e.. evaluate thme nornmalizedl Bessel a'Id

Hankel functions, to avoidl the overflow or underfiow p)robleins.

We have the following asYnmptotic formns of Bessel and Hankel functions:

1) for T1 > rij

jr(I) i(rII - )(2"
1)!- (3.59)

117M W; and (3. 60)
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2) for m K< IxI

HF(x) 2 e(x7--) (3.61)

Cos x- 2 m ) (3.62)

From the above asymptotic forms of Bessel and Hankel functions, we may obtain the

asymptotic forms of normalized Bessel and Hankel functions as below:

1) m > IXI, XI > IxI

With Eqs. (3.59) and (3.60), we obtain

H.")(X) (_ ' m (3.63)
H,Y ( X)(X) ( X _)

H.(")'(X) -717,X-'-lX = -T I (3.64)
J,H,(,')() z( ,(-5

Jm'(x)H,,')(X) O n (-___ - = ' (x), . (3.66)
IM7r 7r X x 7r X X

Note: Eq. (3.64) is obtained by -AEq. (3.63), and Eq. (3.66) is obtained by
d Eq. (3.65).

For high orders, we may use the asymptotic forms listed above, or we may also use

the Debye asymptotic expansions to obtain the asymptotic forms of the normalized

Bessel and Hankel functions, as stated in Appendix F.

2) m < IxI, IXI > IxI

With Eqs. (3.61) and (3.62), we obtain

H )(X) X- -- i(x-X) (.7

H ()(x) r i
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and

2 M 7 i (X 7-
J, (x) H,"(X) - Cos 2 --_) C 

2 1

2 1 [6,i( X- ' 7T- ) + (,-i(X-!L(A r-i

Tv VxXV 2 2424)

~~.r 1  VX - 2 ~(+Xm~~) + (I~XA 1
(19

(:r H(xx,')~ (X N)2) (3.70)

Note: Eq. (3.68) is obtained1 by ---Eq. (3.67). and Eq. (3.70) is obtained by

d Eq. (3.69).

3.3 A Numerical Example: Application to a Soft

or a Hard Cylindrical Island

As an example, tlhe 1mai neterIs in Fig. 3-1 are set, as following. w~at er dIepthI h = 250

in., thle nidlius of thle cylindrical island r, 200 in., source delpth 1and( rece iver dlelpth

-, - /:, /3, t he range ofthie point source With resp)ect to thle axle of* thle cYliil(drical

islmid r, = 1000 Inl. the azinilitlial angle of the source (), 0. and the frequencY of

the sourIce fJ 60 Hz. Isovelocity case is conlsidered1 in this exampille. and( thle sound1(

sp)eedl in water is c =1500 ini/s. the dlensity of the water is 1000) kg/ini. Thle hot tom1

is rigidl. The cYlindrica.1 island1 is either hard or soft.

3.3.1 Numerical Convergence of Athanassoulis and Propathopou-

los's Approach and of Our Approach with the Super-

position Method

From Sectioni 3.1.1 we know that, for Athanassoulis and Propath opoiuilos's npprom,li,

to obtaiin convergent results for both i, > r > i, and r > 7-,, the numbIller of aziinilthal

mnodes iiust lbe at least, [k7-,]. In this examnple, [kr,]l [21rX6 X 1()(l - 252. so nt
150)0 00
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least 252 azimuthal modes are needed to reach convergence by using Athanassoulis

and Propathopoulos's approach.

While for our approach with the superposition method, to obtain convergent re-

sults for r > rl, the number of azimuthal modes must be at least [kri]. In this

example, [kri] 2 60 x 200= 51, so at least 51 azimuthal modes are needed to1500

reach convergence by using our approach.

Fig. 3-3 shows TL vs. range along azimuthal angle 7 =r, for a hard cylildri-

cal island. From this figure we can see that the solution by our approach reaches

convergence with Al = 61, while Athanassoulis and Propathopoulos's approach gives

almost convergent result with Al = 200. Due to numerical problems calculating

Hankel functions of high orders, Athanassoulis and Propathopoulos's method fails

as Al > 200, so we can not obtain convergent result up to range 1000 mu with that

method. From Fig. 3-3 we also notice that with Al = 200, time result of Athanassoulis

and Propathopoulos's method is convergent from rl to 800 in approximately. Ac-

cording to our convergence analysis for Athanassoulis and Propathopoulos's method,

to reach convergence at r = 800 in, the number of azimuthal modes must be at

least [kr] = [2,,x6° x 800] = 202, which explains why the result of Athanassoulis aInd

Propathopoulos's method is only convergent from rj to 800 in approximately.

3.3.2 Results of the Hard Cylindrical Island Case

Fig. 3-4 shows TL in the horizontal plane at depth z, = h/3. From Section 3.3.1, we

know that the solution by our approach with the superposition method is convergent

with M = 61, and our solution is shown in Fig. 3-4(a). From Figs. 3-4(b), 3-4(c) and 3-

4(d), by comparing with Fig. 3-4(a), we see that Athanassoulis and Propathopoulos's

approach gives almost convergent solutions as we raise the number of azimuthal modes

up to 200.

Fig. 3-5 shows the azimuthal dependence of the pressure modulus around a hard

cylinder, at depth z, = h/3, from which we can see that when both our approach and

Athanassoulis and Propathopoulos's approach reach convergence, they give results of

the same level of accuracy.
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Transmission Loss
40 - New, M=61

- New, M=120
Old, M=61

-45- Old, M=120
Old, M=200

-50

-55-

: -60-

-65

-70 -

-75

-80
200 300 400 500 600 700 800 900 1000

r (m)

Figure 3-3: TL vs. range at 0 7r (range is from the axle of the cylindrical island).
Our approach gives convergent result fromi r[ (200 in) to 1000 in with 61 aziimuthal
modes, while Athanassoulis and Propathopoulos's approach gives an almo1st (onver-

gent result from r'I to 800 in with 200 azimuthal mnodes.
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10, W61. by new approach X 104 M61, by pr-om approch

200.5m W200 5W
9 =201 9201n
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7 7

6 6

5' 5

4- 4

3. 3

2 2

1 1
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x 10 10

(a) (,)

Figure 3-5: Azimuthal depe(dene around a hard cylinder, (a) by our approach with
the superposition method, M-61 (1)) by Athanassoulis and Propathopt)oulo,s's atp-
proach, =M61. Our approach and Athanassoulis and Propathopouh,s's approach
converge to the same level of accuracy.

3.3.3 Results of the Soft Cylindrical Island Case

Fig. 3-6 shows TL in the horizontal plane at depth , = h/3. Similar to Fig. 3-4,

Fig. 3-6 clearly shows that Athanassoulis and Propathopouloss approach gives an

alnost convergent result up to range 1000 in with Al = 200. while our a)proa(h with

tie superposition method gives convergent result with = 61.

Fig. 3-7 shows the aziniuthal depend(nce of the pressure I modulus around a so)t

cylinder, at depth r = hi3. fron which we can see that the results of our approach

and of Athanassoulis and Propathopoulos's approach are oft he same level of accura('v

when both of them are convergent.

3.4 Conclusions

From the convergence analyses in Section 3.1 an(1 Section 3.2, which are verified bw a

numerical example in Section 3.3, we cali see clearly the advantages of our approach

over Athanassoulis and Propathopoulos's approach, which are sunmmarized as below:
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10- M=61. by app-he~9io M=In0. by p-- o pp-hb
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,10'

Figure 3-7: Azimuthal dlepenldenlce around a soft, cylinder, (a) l) ' our appromch withI
the supjerposition mlethod1, N=61; (b) by Athailassoulis and Propat hopl)olos's ap)-
proach, NI=120. Our approach and( Athailassoulis and( Propathiopoulos's approach
converge to the samie level of accuracy.

1) By uisinig the ,superpositionl methiod, u llral elcsteIul)ro zni a

modes froim [kr,j to [kr1j, So our app)roach is more efficient than Ath1ianassouilis and

Propathlopl)o)s's app)roach. In addlition, from the comnparison)I bet weeni the numner-

ical results of our aiplroacll an(l of Athanmssoulis and P r(opat hopo u los's appl rom),h .

the high (,fci,i(, of our app)roach is obtained without sacrificing accuracly.

2) By using nlorimilizedl Bessel and( Hankel functions. our approach eliimites the

overflow midl undierflow problems which exist in Athailassoulis and Prop)latho(pou-

los*s applroach. So our approach is more stable than Athanassoulis muid Propathopou01-

los's app1roach and is therefore ap)plicable to high-frequencY and( large-scafle p)rob -

Icens.
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Chapter 4

The Spectral Coupled Mode

Approach to Three-Dimensional

Propagation around a Conical

Seamount

In the previous chapter, we apply the spectral normal mode approach to three-

dimensional propagation around a cylindrical island, where no mode coupling hap-

pens. In this chapter, we will illustrate how to apply the spectral coupled mode ap-

proach to solve three-dimensional propagation problems involving a conical seamount,

where mode coupling happens at each interface between neighboring rings.

In addition, as illustrated in the previous chapter, by applying the su)erposition

method as well as normalized Bessel and Hankel functions, our approach is more

efficient and stable than Athanassoulis and Propathopoulos's approach. These tech-

niques work not only for cylindrical island problems, but also for conical seamount

problems.
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4.1 The Environment Model

Fig. 4-1 shows a conical seaniount, in a, waveguide, together with a point~ source locMvd(

inl the waterI collililii. Ill the coup)ledl mnode app)roach, a Inmb)er of range-independlit,

rings are uisedl to approximate a real conical seaniount, ats shown in Fig. 4-2 aid

Fig. 4-3. We label the rings fromn thle insidle to thle outside, mid dlenlot e

* ' as thle range of the interlace of'ring J and ring j +-I-,

" 'r, as thle radius of the b)ase of thie seaniount,

" , (1s the range of the source,

" J as the total number of rings;

" Al as the numbher of azinutthal mnodes;

" N as thle numbier of' norinal niodes;

P'ressure-rdeawc surfacet

w~atx-d

Figure 4-1: The schematic of a conical seamiount problem (side view).

4.2 Representation of the Field

Inl our thlree-dimensionial conical sea,mount model, we useC a differenit, rep)resenitatijon

of, thle field fronli what is uisedl inl Taroudakis's work [20] or inl Eskenazi's work [6]. Ini
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S oluce

Figure 4-2: A conical seamnount~ approximated by a number of rings (side view).
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this section, first we provide the representation used in previous work ([20], [6]), ten

we show the representation of the field in our model.

4.2.1 Representation of the Field in Previous Work

The re)resentation of the field used in Eskenazi's work [6] is similar to that used in

Taroudakis's work [20]. Both of these two kinds of representations are divided ilulo

three regions as illustrated in Fig. 4-4. The difference of them is that in aroudakis's

work [20]. nmnormalized Hankel functions of the first kind and the second kind ar

used, while in Eskenazi's work [6], normalized Bessel functions of the first kind an(

llorialized Hankel functions of the first kind are used instead.

r, ri

rr

As illustrted in Fi . 4, inTruai'ok[0, 
th ilbnrn,ji ersne

4 o lu c e

-"" 
(r q'. (,.) (1 ....-----

)

Figure 4-4: Representation of the field in prviu work

Representation of the Field in Taroudakis's Work [20]
As illustrated in Fig. 4-4, in Taroudakis's work [20], the field in ring j is rel)resented

n.=O n=1
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where 'I{,(z) are depth-dependent eigenfunctions satisfying the orthonormal relation

J 1 (z) J,(z)dz = 6, , v = 1, 2,... (4.2)
p(z)

and qm(¢) are azimuthal eigenfunctions in the form

4m(c) = ecosmo, m = 0,1, .... (4.3)

(D,(O) satisfy the orthonormal relation

7TJr 4w),( ) 3m" 0, , 1,., (4.4)

therefore the coefficients e,, are

_, m =O;
= (4.5)

/_ m# 0.

R,,(r) takes different forms in the three regions, I, II, and III, as illustrated in

Fig. 4-4, as:

1) I: r < r1 (in the innermost ring)

J?n.(r) = A,nnJ,(k,,r); and (4.6)

2) 11: r' < r < r. In ring j,

R,,,(r) = Bi ,H(,)(kj,r) + G, H,(n)(k¢ r); and (4.7)

3) 1II: r > r, (outside the source range)

= DmnH,,n1(kr,jjr). (4.8)

In the above equations, An , Br,nn, Cm, and Dm are called coupling coefficients
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ini this thesis.

The above rep)reseutatiou of the field has the followig disadvautages:

1) Since Hi(n)() aud H,,, (.x) are not liniea,rly idepend(ent for ro, >> IxI iiiiiinerically,

it, is istable to solve the hlear systems to obtaini the colul)1lig coefficient's.

2) Computationial l)robleins become very serious ini cases where the order of Hankel

functions is much greater thani the argument, sice ini tis case thle Neumaim

fmic1(tiou1s Ym(x) tend to -oc very quickly.

3) The number of aziuithal modles leadig to convergence dleelcuds on the ranige

of the source. i.e., A] muiist, be at least [kr,]. If the source is very far from lie

sainiounit,, thle slow convergenice rate of the azimuthal series will make t his 11)-

l)roacll iniapplicable.

Due to the ab)ove dIisadlvaut.ages, Taroudakis's ap)l)roach is only al)licA)lc at verY

low frequeucies anld shallow water regious; ini addition. the source shiold not be put,

too far from the seamouit-.

Representation of the Field in Eskenazi's Work [6]

As illustrated ini Fig. 4-4. ini Eskcinazi's work [61. the field iii rinig j is re)eetelas

Oc Oc

where xPj"(z) and 4),(0) are the same as those dlefiiied ini Tarouda(, k is's work, aind

Ri,,(r) takes differeiit forums ini the three regions as:

1) 1: r < r' (ini the inniermost ring)

R~~() =b 1
1~ J~r);and(4.10)

2) 11: rl < 7- < r, Ini rinig

R171n( ( = (IjMnl11nn(T) + Wmn'jijn(/): alidl (4.1 1)
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3) III: r > r, (outside the source range)

H(n1)(k j r)
I,n(r) = cmn (1) (4.12)

H,(,,', (k r s

From Section 2.2.3, we have

mn ( - n(Z) (), and (4.13)2 p(z,) J

i q, zs J (Z) '_ H,,, (k- r,)
Cmn =' -J(kr,)H)(kj r,) + a r " (4.14)

7r rn rn2 p(z,) ~ J(,~nsH 1 (~H,(,,(kJ~ riI),

thus for r > r,, by substituting Eq. (4.14) into Eq. (4.12), we obtain

H(l) (kj r)
Rmn(r) =CmnH(kr)

XDJ(z, H(nl)(kj
=-7(k jr)m(A J(kJr)Hin rr + ajn (r )" (4.15)

2P(Z") \'smrn rn 7nl t 'H((kJ 7 -J-1) (.5

In the above representation of the field, normalized Bessel and Hankel functions

are used to obtain stable results, and they are defined as below,

H( 1(krnr) (4.16)

I2L,(r .H( (l r _)k

Jmn(r) = Jm(knr)H,n ) (knrn). (4.17)

Eskenazi's approach successfully eliminates the first two disadvantages in Taroudakis's

approach:

1) In Eskenazi's approach, Jmn(r) and tlmn(r) are linearly independent for both high

and low orders, so it is stable to solve the linear systems to obtain the coupling

coefficients.

2) There is no overflow or underflow problems by using normalized Bessel and Hankel

functions.
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However, the third problem in Taroudakis's approach still exists in Eskenazi's ap-

proach, i.e., now the number of azimuthal modes required for convergence still de-

pends on the range of the source.

4.2.2 New Representation of the Field

The representation of the field used in our model differs from what is used in Taroudakis's

work [20] and in Eskenazi's work [6] in that in our model, region II extends from r

to the range of the base of the seamount, i. which is also the beginning of region III.

Fig. 4-5 shows the new representation of the field in our model.

4

b,I b-I
sollic c

, a,

Figure 4-5: New representation of the field.

In our approach, as illustrated in Fig. 4-5, the field in different regions is repre-

sented as:

1) 1: r < ri (in the innermost ring)

cc 00pr (r, I i - (4.18)

M-O n= 1

2) II: ri < 7 < ri, where ri is the radius of the base of the scamount. In ring J, i.e.
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r j - 1 < r < r_ ,

O 00

p ,( r, ) -- [anHi n(r) + bJmnJ.Jn(r)] TJ(z)(Pm(O); and (4.19)
m=O n=1

3) III: r > r, (outside the base of the seamount)

p(r, z, = (r', z) + a H (r)j (I(), (4.20)
m=O n=1

where r' is the range of a field point with respect to the source (refer to Fig. 4-6)

and pi(r', z) is the normal mode solution, which are expressed as below,

r'(r, ) V /r2 + r2 - 2rr, cos(O, -¢), (4.21)
i 1 0 n Z)0, z g k r .( .2

(7",z W ( ) Y -' T z, % H )(j r') (1).J2)

n=1

pjT,z Sj(.2

r r +r' ba os(,f p)mo

Figure 4-6: Use of the superposition method to obtain the field outside the seamount
region.

In the above representation, the superposition method is app)lied for the region
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outsidle tie seamnount (refer to Section 2.2.4).

In thiv above rep)resenitationi of tie hield, TJ~ (z) and I),, (p) are tlie ,4ume as tlho,se(

defined in Tlaroudakis's approachi and Eskenazi's approachi. In addition, normalized

Bessel and Hankel functions are used to obtain stable results, and thecy are defined

as b)elow (thle saine s those defined in Eskenazis aipproachi):

ii~ .(r) !A 12 ~~') (4.23)

4.2.3 Convergence Analysis

WeC anal.yze thie field in ring j. for examplle. From Eq. (4.19). for rj < r < i, ic

field is

E-(.z E) [( i7i [m1$,, r I +4 1,IOn'J" (r)j I vl()(t~ (4.25)

W\e know tHie summnat ion of normal modes coniverges because tHie hiighi-order mod)(es.

xvhichi are evancescenit modes, leak energy into t lie bot1toin, thius for long-rninge prlop-

,igat ion problems, we mmay only take into accomt, tHec prop)agating mnodes. Below wc

will analyze wIat, makes thec summnat ion of thec azinutal mnodes (co1nverge.

For It >> IxI, we hiave the following asymptotic f0rins of Bessel and i nkel fnic-

tions (refer to Appendix D):

1) Bessel ftinctions of the first kind

J, W. (4.26)

If /1, is integer, thenl

1 t!\2
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2) Bessel functions of the second kind (Neumann functions)

YJ'(x) -* -00. (4.28)

If p is integer (nonzero), then

(x-W(P- 1)! (4.29)

3) Hankel functions of the first kind

Ho1)(x) = J,(x) + iY"(x) iY(x). (4.30)

With Eqs. (4.27), (4.29) and (4.30), we may obtain the asymptotic forms of normalized

Hankel and Bessel functions for high-order azimuthal modes. For n, > lkj,,rl, in the

region r j - 1 < r < rj ,

H1l,(r) = H.)(kj,r)
M MH2)(k?nrfrl1)

Y,, (kj,,r)

Ym( nrJ-')

-*0, (4.31)

and

J,',r. = Jm(k,j )H,u (ki r )

J.(kj, r)iYm(kjrr)
1 ( ___r ) m 77 1 ]

i r 1)

- 0 0. (4.32)
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From the above, we can see that as the order of azimuthal modes goes to a

large number with respect to the argument k,, the normalized Hankel and Bessel

functions, hli ,(r) and iari (r), approach zero, which makes the double sunmit,ionl

in Eq. (4.25) approach zero. Thus we may use a finite number of azimuthal modes

to obtain convergent results. In our three-dimensional spectral cou)led niode model,

the number of azimuthal modes is set, to be M = [krj] where k is the wavelinliber in

water, r, is the radius of the base of the seamount, and [X] rounds x to tie nearest

integer towards infinity.

4.2.4 Advantages of the New Representation of the Field

From Eqs. (4.11) and (4.12), we see that in Eskenazi's representation of the field,

to compute the field outside the seamount region, i.e., r > ri, both H1;, (r) and

Jll' (r) are needed to be evaluated. To make cor(r) = conVerge, timeII , ) (k ,, r j!)

number of azimuthal modes must be at, least [k'rj] however, to inake J;,(r)

,,,, (kj i)H(' (kj ) converge, the number of azimuthal modes must be at least A]

[k',]. So, in Eskenazi's approach. the number of azimuthal modes depends on the

range of the source, r,. Similarly, in Taroudakis's approach, the number of azimuthal

modes also depends on r,.

While in the new approach, by using the superposition method, for r > rl, from

Eq. (4.20) we see that only Ih',(r) = H (k,",) is needed to be evaluated, andt to
7n11?(71 (k- 1,

make it converge, the number of azimuthal modes must be at. least Al = [k,'i'l] . So,

in the new approach, the number of azimuthal modes depends on the radius of the

base of a. seaiount, ri.

For example, if f = 75 Hz, k = 27rf/1500, r, = 26 kin, r, = 513.054 ki, then

[kr,] = 161181, while [krI] = 8169. So, in Eskenazi's approach or Taroudakis's

approach, at least 161181 azimuthal modes are needed to reach convergence; while in

our approach, at least 8169 azimuthal modes are needed to reach convergence. Thus

we can see a great deal of computational effort is saved by using our approach.

From the above, we (call see that our approach is more stable and more efficient,

than Taroudakis's approach and Eskenazi's approach.
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4.3 Two-Way Coupling

We divide the whole coupling into two steps, as illustrated in Fig. 4-7. The first step

addresses the inward marching coupling, where the single-scatter approximation is

used, and the second step addresses the outward marching coupling, where the one-

way approximation is used. These two steps lead to approximate two-way coupling.

rJII I

-- N* I 1-'' b +" I  b i,€ I--"- "- -. "--,-
a ' a-\+' ao

' I II i oOJ/ / IO

a/ =a '+alj- ' / ringj+I

ring J-I

ring J

Figure 4-7: A two-way coupled mode model.

The advantage of this two-way coupling is that instead of solving a single large

linear system (refer to the direct global matrix approach [12] and Eskenazi's work [6]),

we divide it into multiple small linear systems. Since solving each of these small

linear systems lowers the requirement for the memory of computers, this approach is

applicable on personal computers.

4.3.1 Inward Marching

As shown in Fig. 4-8, the single-scatter approximation is applied in the inward march-

ing. For the two neighboring rings, i.e. ring j + 1 and ring j, with &+1 known, we

apply the boundary conditions at the interface r = ri to derive a, + 1 and W,.
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6.1' (known) 6.J (unknown)

*aj- uufow!) a . flkown)

Figure 4-8: Cotuplinlg between two neighboring rings in inward marching. where the

single-scatter app)roxiniation, rn, = 0, is al)plied.

1) Continuity of pressure at r = rj

This boundary condition gives uis

Substitute Eq. (4.19) into Eq. (4.33), and we obtain

m-O n=l

- SS [aj+lfthj+1(rj) + Wbnj+iJJ±1(rJ'I-~ z 4
7 1 Q, (.4

for the mn-th aziinuthal mode, we have

n=lI
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By applying the operator fo J(z) (.)dz to Eq. (4.35), we obtain

afi

[ aJ j-I ( rJ ) + bm vjI.( rJ )]

-E [a ft ni+1 (r ) + b+' 1 (j+ ()J T( J(z)qj+'(z)dz. (4.36)
n = 1 m ni ) i Z

With notation
Caj+il- I )-J(Z) Tj(z)Pj+1(z)dz, (4.37)

Eq. (4.36) may be rewritten in the matrix form,

Ihla, + bm= , ilj+laj+l + +17,,I1(4.38)

where H13, Jm, fIlj+l and jj+ are diagonal matrixes like

Ih1 = diag ()linn(rj)), = diag H)(kjrj)
in n= ,2.- 1) (k / n l2 ..

etc, and aj., b), ail+1 and W,1 are column vectors like

a3 mla.1

m2

amN

where N is the number of normal modes, and C j+ l  [Caj+11 V 1

n =: , .-- , N .

2) Continuity of normal particle velocity at r = ri

This boundary condition gives us

1 Op O+1 (4.39)

P7 Or r- pj 1  Or " (4.39)
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With notations

StI(4.4o)

D,j,(r) dJm(kr) (n)(ki 'd ) , (4.41)
d (0,-,

we have

d!2/1{,,,, (1) d (')(kj,.r) k[rn dn(k,,r)
dI rki(k,r) IDI h D ,. (4.42)

dr H,() (Ajrnirj- 1)Mn) (0 I j r 70.0

(1 rin(?) _(J )  1 ( J ( 1 H?nl,) H(1) (kj ,, k J H(k ri) -. D = J (.dr dr --'rT") /' d(rr H,,, (,, )

(4.43)

Substitute Eq. (4.19) into Eq. (4.39), together with Eqs. (4.42) and (4.43), then

for the I-tli azimuthal mode, we have

Oc . ,,% , .;,( ) J,z

-Il Z [a j,,,Akj,,D ftlj ,,, (I) + ' ... I J ±(j  J

Oc

I 7 [aj+ kd+'DIhlj+ (v'j),,,  + ,,kj+,jl+ll. ,  I %pj+,()

bv applying the operator J , '(z) (.) dz to Eq. (4.44), we obtain

l, [aj,,D l,,,( ) , ,,DJ,( )

Oc O

-= mn M1 D (,d) + Wmnr n, () f +() s)Td. I

or,

71 IT +~ f
E [ai'D+l + 153j n 1JDJ+Iil (rj) r7 1 ql(Z)Xpij+l[,

= ZL ,i2nH1., (,)+ 1, ,, )1 k --f , 1(z) Mll qjk)I,p4z)d1.

(4.45)
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With notation
C.j+l krnfl 'i(z)qVj+l(z)dz, (4.46)

vnk- r Pi±(z)

Eq. (4.45) may be rewritten in the matrix form,

Dt I a + DJbJ'm C (D lj aj+1 + DJjb+) , (4.47)

where D/H1n, D DHI1 and DJ j+l are diagonal matrixes, and ai, bl,

a'j and W+ are column vectors.

From the above, we have two equations for ai and b',:

Hl3 a + Ji14 = Cj 1 (iIlj1aj + jm±Ib+'), (4.48)

DHl' a3 + DY.b3 - +1 (Dftlji+1 +l + rj+ 1 l1  (4.49)
n rn D M = Cbi mi

Next we will solve a, and ,b in terms of aj +1 and &-' from Eqs. (4.48) and (4.49).

1) To solve ,

By applying DHlJ x Eq. (4.48) - x Eq. (4.49), we obtain

(DI-1lJ,]n - TiliD,Jjn) bWn

=(DfI1i C.l+ iI l j + l ftl j +'DIlj+Il a j + I

a m i Cj+1Dij+1) 6l,. (4.50)

Denote

F A DHIJJ - H13DJn, (4.51)
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since

(DIhlj), (j,,) (iIj,), (D(,)(.5"

9LL(k j ,,) (4.1 l(1)y

H (, ) ( k j,,r -I) -

"' 11H= , ( , j,,( i ,,.ki r) H (,) (k j,-) _ -,, tt ( r) H(1), ( k,, J),,) ( ,,

HIt) (ro-i -i ( 1) H (t,1 ,,) . , ( )

HI(I r'l ) ki I-J), k''') ;)k.'

Ry [) ,ki,ri, H2)(k;ri(

Ml(1 it A jivrs , t - i s

71"x

(2i Fg1 ) 2 .diag 1 (4.5)
7t*3  kid, M ,-,( 1 1.j l

thus Eq. (4.51) ntecomes

F=, D (f 1 _ HI, ,,, ft 'j?D )J,,
D H ,H,) (,,j,,,,

diag r , v = 1. 2. N, (1.53)7I'J k jr i(, "rj- ... ..

and its imncirse matrix is

771 . ( ,, (1 k'j V Jj-l I

-- diag ki:J v4l,j,. 1,'2- -.. N. (1.54)

Sulbstitute' E(I. (4.54) int,o Eq. (4.50) and we obtain

b),, (F,t )-I (DH-ljC,,,+'.flj+ Ihj ,Cb+'DfIIlj )  f
+ (Fj) -' (DIlh,,C a+ lj 7'+1 -, !/,.-fI/'jiC+1lDjJ I) b-',,+

REJ+ 1 anj+ 1 + Jl R3r, 
' 

1,(4|.55)

and we notice that in Eq. (4.55) we have IHj1 j+1 = I.

2) To solve a,,,
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By applying DJJn x Eq. (4.48) - Jj x Eq. (4.49), we obtain

(D,j/-iIlj - jJiDiIlj ) a j

(D jCa+'ilj+' jm Cb+lDfj+l a+

+ (D.'C+l+1 - ,,Cm bj'Dj, bm+'. (4.56)

Denote
Fa' A Djm'j -_jm'Dfi1j. (4.57)

By comparing Eq. (4.57) with Eq. (4.51), since DJ,3, H1J7I, iJ, and DHlJ, are

diagonal matrixes, we have
Fa' = -E (4.58)

and thus Eq. (4.56) leads to

(F J1 (DiCa+'fIlj' - mCJc+DIh1j + ' ) aj + 1

+ (FJ) -'(D.Jk( C±+1jIj+1 - jmiJJc+DJ
+ ) b, +1

( 1 (DimCa+'fIlj - ],Cb+'Df1 lj+'  a j +
(Fb)- 77-a 1/l

1

-\(Fj) -
m( a+'r'+l - jn C3+In +1) b) 1

++  R + 1 b +. (4.59)

Combine Eqs. (4.55) and (4.59) together, then we obtain

[aJ -[ 1 R3' 1 Wm (4.60)
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where

Rj+ 1  (Fb . - ()n j C'j+ fIilj -' - jdr ,Cj+lDl )j+ l  (4.61)

_ (Fb) (D im Ca a 1 - j,Cb+'D jm1 (4.62)

,3=+ -' (Dh j Cj+lij+
1 - f-l Cj+'DIi,), (463)

,,,) (DfIljCj±1i]±1 - ftljCj' (4.64)

(Fbj) = i?diag ki H7(- 1) rv v =1,2,.,N. (4.65)

To apply the single-scatter approximation, let ai = 0, then fromn Eq. (4.60) we

have

-Wn1b-+1+ Rj 'ai +1 
-0, (4.66)

2r n Tn I TrI

which leads to

an, (R,) oj- (4.67)

With aj,+' computed bY Eq. (4.67), we may obtain bn, from Eq. (4.60),

, ,= RIn4l ± a,) ', +' (4.68)

4.3.2 Outward Marching

As illustrated in Fig. 4-9, in outward marching, we needl to obtain aj+', with a-'

known, by means of the one-way approximation.

Similar to the derivationi in the inlwardl marching, we reach the equation as below

(refer to Appendix H),

I ,,s4 S+1 , (4.6)
aj+l II 2  S 1 mII aI
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*b (unknown) M. (unknown)

o~ unnwn) a.J (known)

Figure 4-9: Coupling between two neighboring rings in outward marching, where the
one-way approximation, b +' - 0 and b = 0, is applied.

with the one-way approximation, let. b,' 1 = 0 and b3 = 0, then we obtain

a S. S'I s I am., (4.70)

where

S,-III (Gj*I) - ' [DJiI1, fH13 - J,+'C,m (4.71)

C,3,, =j 1+l (z )  qj (z) dz, (4.72)

Cj _k'r f 1

(GC )-- = diag (kJ1 H.(1 'lJ+
0trr 'V JO (Z

4.3.3 Numerical Stability

In Section 4.3.1 and Section 4.3.2, we give the formulas for inward marching coupling

and outward marching coupling, which, by combining together in the way as illus-

trated in Fig. 4-7, lead to two-way coupling. However, we should take some special
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treatiiients to achieve stable solutions.

Stable Inward Marching Formulas

1) To obtain stable Rj+1 and R j+1
, 'IrI3 ?n4

(Fj)-' is not stable for m > krIl aiid 17 < 1krI', becautise fromi Eq. (4.65) we

see that, (F)- depend(ls o,' which is iiot )roperly iiorHiAize(1, thbus

it, will blow ut) when io > kIvril and r7 < Ik,rJl. (We know that J is

properly i1oriwalizel and thus stable.)

However, we iiav comptute the products (Fb) - ' DHI, and (F')-'I il,, in

Eqs. (4.63) aI( (4.64) to avoi(l evaluating (Fb)- , and in tiis wayv we will o-

tain sta.ble results of RTj + l ai R,.+ We have
H41 {j,,,rj-1

7r? rn(Fr v, =-i "T ) (4.75)

(//b 3', = ____ rn ' rv d.

SH -2)(k ,rJi)

(D m7!l ;) = d(k,r-') (1.77)

Ir 2vH()(,7i 1.76

(IMTSO.

7i-ki

T1,. rv*

( 7 d(k"r) '
l ' ki (.1.79)

2M .. ..i

jF)-'fl D-(, lWJiag A- , v= 1,' 2,.. N. (4.81))

d(kj) "
(FJ)-'D f 1jia, k (i . v- =j 1,2..., .. (.1
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(Fb 1)-I HJl. and (Fb)-l DftlI in Eqs. (4.80) and (4.81) are stable, thus by

substituting Eqs. (4.80) and (4.81) back into Eqs. (4.63) and (4.64), we will obtain

stable RJ and R.

2) To obtain stable (R1, -n+l1) -I RJ+1

As stated above, (Fj) 1 is instable. However, from Eq. (4.67), we may compute

the product (R$jm') Rm21 to avoid evaluating (Fb) 1 in obtaining aj 1 . From

Eqs. (4.61) and (4.62), we have

(RJm+ 1 RJr+

(DJnC.±H+lj - jm3C+1DiJ+1 F (S3)1 +(rJJ C+l-j+l -3) D1jb Tj *+

=(Dj, nCa+iIlj+l_ jyCJ+1Dftl +1-1 (Djm'C.±+l j.+ j iCbJ+'DJ?J+I)

(4.82)

(RJ+1) R,t2l evaluated by Eq. (4.82) is stable and so aj+' computed by Eq. (4.67)

" ml ] 2 natd b

is also stable.

Stable Outward Marching Formulas

Ht(1) (k' + 'rj

(Gj+i) -1 in Eq. (4.74) is not stable, because 1)(kj+lrj is not properly normal-

ized, thus we should avoid computing it in obtaining aj+ by Eqs. (4.70) and (4.71).

Instead, we may compute the products (Gj+')-1 DJ ,+ and (Gj+') -1 jl'+

Since

(Gj+')-' = i r3+ k) +1 H)

a vv 2 rv H,(,')(krj+ rj+]'

J1 ) (dl _(kj+l (1)(kjH1)( J+j1),

(Djj+,) v d(kjvIr) 'vrI ) m rv
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we have

(Gj+')l 2'( kj+l Jm(kj 1r) H(01)(kj 1 ri) (4.83)

(G +)l (D J,1 I-j+ (k+l 7/1d(k 1  (4.84)

We know that J,,,(kj 1 ij) H(')(krj+lrj) aiid djm (kj-lrj) H,(1 ) (kj+'Irj) are p)rop)erly
rv Ti Vd(kljI r) rv ri/

normalized and thus stable, so we should apply Eqs. (4.83) and (4.84) in computing

S,1 I)y Eq. (4.71).

4.3.4 Analytical Forms of Coupling Matrixes for Ideal Waveg-

uides

We apply the C-SNAP model to compute the eigenvalues, eigenfunctions, and(I oil-

p)ling mnatrixes Ca,, Cb, C, and Cd for general waveguides, either with a, nonpenetrable

(rigid or soft) lbottoin or with a penetrable bottomn. For ideal waiveguiide pro)blenms

in which isovelocity in the water columin is considered together with a rigi(d or a

soft, bottomn, we have analytical formis of the eigenvalues, eigenvectors alnd t hereforc,

the coupling matrixes. Below we give these analyticat solutions, to idea] waiveguidc

problems with a rigid bottomi.

Analytical Solutions for Eigenvalues and Eigenfunctions

In anl ideal waveguide with water depth D, we have analytical solutions for vigenvalues

and eigenfunct.ions (refer to Section 5.4 in [121).

1) Eigenfunctions

The eigenfunctions take the formn

TIJ (z) LIO sill(kz,,), rin 1, 2, (4.85)

where p is the constant dlensity in the water columin, and kz, is the z-conip)onilet

of the wavenuniber of miode n in the water coluin.
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2) Eigenvalues

The eigenvalues take the form

kzn= (n-I , n=1,2,..., (4.86)

krn = Vk 2 -k n, n = 1, 2,..., (4.87)

where k = - is the wavenumber in the water column.
C

3) The number of propagating modes

The number of propagating modes is determined by

where [x] rounds x to the nearest integer towards minus infinity.

Analytical Forms of Coupling Matrixes

From Section 4.3.1 and Section 4.3.2, we have the following expressions for the cou-

pling matrixes,

C."f I j 1.p(z () lj 1(z)d, (4.89a)
C+ kJrf 1 fo°  1 c ./ki+[,. 48b

or f 1j (Z)

Cdv = 'r + _ kPJ+1(z)qfj"(z)dz, (4.891)

C 0c~ Jo p(z)
cJd-ki I q10V

1 I j - 1 ( z ) 
q'
I/ (z )d z "

.vvD (z--- (4.89dt)

By substituting the analytical expressions of eigenfunctions in Eq. (4.85) into Eq. (4.89),

we may obtain the analytical forms of the coupling matrixes for ideal waveguides.

As illustrated in Fig. 4-10, we have min(DJ, D j+ l) = Di A= D. Substitute
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D"'+

Figure 4-10: Two neighboring rings, ring j with water depth D3 and ring j + 1 with

water depth Dj + .

Eq. (4.85) into Eq. (4.89a) and we obtain

Cat+II = I- T (z)q,,l+ (Z)(I
j±1 ~ O - (Z)w

I r2

'~ 2psill (kizz) 2/ sill (A<~'z 1
pDi D+

2 J sin ( -j z) sin (ki + -) dz. (4.)

VDDJ+ (, -

Denote the integral in Eq. (4.90) bY I, and we have

I = sin (k<jz) sin (,, 1 z) dz

-J [cos (k, -k)j+l - .os (ki, )j+'l] (12

iF1 1. 1],+l]

= -K j+ sin (Aj , - kj + ') D sill (k,- + D ,(i.91)2- kj, j+n , + l T jz+

by substituting Eq. (4.91) into Eq. (4.90), we obtain

CaI + 2 i D
v/DJDJ+l

vDJDJ+1 Kj  l,: (k§ -
i kj +l) D - +,sin(k£,,+ k , ') Dj

(4.92)
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Similarly, we may obtain

k3 ) 1 1 D= 'r-]o -rI± (z) ' L(z)d

- n' Ca ', (4.93)

J 1 '= j T '(z)Tj (z)dz

T- (z) q' (z)dz

Caj,1,IV, (4.94)

and

kr'u Jn Io 1 ' (lJ lZ)JJ kPj ()d

k fD 1= AJt1 f)(Z 'I' (z)'I' l( z)dz

- J jD (z, zd

- Caj 1 1(4.95)

In the above we give the analytical forms of coupling matrixes, which we may apply

to our three-dimensional propagation model involved with a rigid conical seamount

aid a rigid bottom. We may also check the accuracy of C-SNAP, which computes

these coupling matrixes numerically, by comparing the coupling matrixes obtained

by the above analytical forms and by C-SNAP.

4.4 The Nx2D Seamount Model

Perkins and Baer [16] introduced the Nx2D approach to solve N two-dimensional

problems, one for each of N vertical planes passing through the point source, and

combine the results to form an approximate 3D solution. In their work [16], parabolic-
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equaltion1 programis are appliedI to solve each two-dimensional prob)lemI.

C-SNAP is ail efficient coupled-miode miodel that can solve two-dimensionial range-

dlependlent problemis, either in cylind(rical geomietry with a point source. or ini plane

geomectrly with a line source. Below we will show how to apply tis two-dimensional

model, C-SNAP, to ob)tain an approximlate three-diniensional s(olution)I to a conical

seallioiunt, prob1lemI.

4.4.1 Bathymetry at Azimuthal Angle 0 with respect to the

Source

To apply the N x2l) model. dlifferenit bathiyniletry is usedl for each azinnithal angle p

with respect to the source. Below we show how to obtain the b)atilinetrY at azimuithal

angle o with resp)ect to the source.

- HH

Figure 4-11: Hyperbola "2 2 1

As illustrated in Fig. 4-11 anid Fig. 4-12. the bathyinetry at azinnuthal angle 0

with respect to the source is determined as below:

1) at azimutthal anigle 0 0, the shape of the seanioumit is the triangle OAB, as shownm
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source

R
r - r sin (p

Figure 4-12: The base of a conical seamount.

in Fig. 4-13(a);

2) at azimuthal angle 0 > 6, where 0 is the tangent angle determined by

= arcsin (R), (4.96)

the seamount is of height zero, i.e., now the waveguide is range-independent, as

shown in Fig. 4-13(c);

3) at azimuthal angle 0, > 0> 0, the shape of the seamount is a branch of hyperbo-

las, as shown in Fig. 4-13(b). The equation of the hyperbolas is

Z 2 x12

a - = 1, (4.97)a 2  b 2

where a is determined by (refer to Fig. 4-11)

a r
H R'

which leads to

a = -H - H. (4.98)
R R
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To determine b, we substitute the coordinates of the point P(x', H) into Eq. (4.97),

H 2 , (4.99)

a 2  V 1

with x' 2 -R2 (refer to Fig. 4-12), then we can solve b from Eq. (4.99),

2 /2 lR 2 - 7.2

b2 -____o__ _r 22  1 (R) 2  1

i.e..

b = r, sin (4.100)

4.4.2 Comparison between the Nx2D Model and the Three-

Dimensional Model

For the conical scaiount problem, because the seamount is syminetric with respect

to the plane ) = 0, the field near the plane 0 = 0 computed by the N x 2D model is

relatively better than the field coml)uted in a plane 0 with ¢,. > 0 > 0, where no such

symninetry for the seamnount exists. Since the scattering from the seaniount, is mainly

restricted in the region 0 < 0, in any )lane 0 with 0 > 0, the result, comp)te(d )v

the N x 2D model is a good approximation of that computed by the three-dimeniisioal

niodel'.

Furthermore, in the Nx2D model, only in-pla,ne scattering is involved; however.

in our three-dimensional model, both in-plane and out-of-)lane scattering are taken

into account. So, when three-dimensional effects are insignificant, where out-of-)lane

scattering can be neglected, the N x2D model is a good a)proxination of the three-

dimensional model; when three-dimensional effects are significant, where out-of-plane

scattering can not be neglected, the approximation of the Nx2D model to a true

three-dimensional inodel is not accurate enough. The )ottom type, the height of

'In this section, the azinmthal angle ( is with respect to the source.
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seaiounts (or, the slope of seaniounts), etc, contribute to the significance of three-

(limfensional effects.
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Chapter 5

Physics of Three-Dimensional

Seamount Scattering

Two approaches for three-dimensional propagation around a conical seamount were

discussed in the previous chapter, i.e., the three-dimensional spectral coupled inode

approach, which is a true three-dimensional model, and the N x2D approach, which

gives an approximate three-dimensional solution. Since the N x2D method does not

account for horizontal diffraction, in other words, it does not have the capability of

computing the out-of-plane scattering, the N x 2D method does not always give good

approximate three-dimensional solutions. In this chapter we will discuss the factors

contributing to the three-dimensional effects.

By using uniform stair-step discretization to represent a conical seamount, if the

discretization is not fine enough, artificial backscattering beams will appear. We will

give criteria to eliminate such artificial backscattering beams. In addition, we will

demonstrate that, by using random step sizes instead of a uniform step size, such

artificial backscattering beams can be smeared out.

5.1 Schematics

Several numerical examples are used to investigate the physics of three-dimensional

seamount scattering, which include: propagation in a range-independent waveguide
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(sanity check), shallow water propagation around a seaniount in an ideal waveguidle

with a rigidl bottom, shallow water propagation around a seaniount, in a, waveguide

with a penmetrable bottom, an(1 deep water propagation around1 a seaniouint.

5.1.1 Case 1: Propagation in Range- Independent Waveguide

In case 1, the range-independent, waveguide consists of a 250 in water colunin bounded

above by a p)ressure-release surface and below l)y a rigid bottom. The water coluiiin

is isovelocity with c, = 1500 in/s. A 40 Hz p)oint source is located at, 100 in d1ept il

below the surface. This case is tised for the sanlity (heck of our thIree-dimnIsioliaI

sp)ectral coupled mode seanount mnodel. The schematic is shown in Fig. 5-1.

z prtr.r.. ... . .....

Figure 5-1: The scheinatic of a range-indep)endenft waveguidle with a p)oint, source
(case 1).

5.1.2 Case 2: Shallow Water Propagation around a Seamount

In case 2, the waveguide consists of a 250 in water cohiinii b)ouinded albove by a

p)ressurIe-release surface and b)elow by a bottomi. either rigidl or p)encietrale. The wa, t (

column is isovelocity with (" 1500 in/s. The Se,141nolnt is 100( i11 hlig1l. J)la1ced 8()() 111

fromn the p)oint, source, with a ra(dius of the Ibase 350 in, and having tflie same acoustic

properties as the bottom. We label the case with a rigid bottom as case 2a, and the
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case with a penetrable bottom as case 2b, in which the properties of the bottom are

CB = 1800 m/s, OB = 0.1 dB/A, and PB = 2.0 g/cm3 . The schematic of case 2a is

shown in Fig. 5-2 and the schematic of case 2b is shown in Fig. 5-3.

* resure-rc4tan .urfant

Figure 5-2: The schematic of a shallow water waveguide with a conical seamount and
a rigid bottom (case 2a).

5.1.3 Case 3: Deep Water Propagation around a Seamount

In case 3, the waveguide consists of a inhomogeneous water column limited above by

a pressure-release flat sea surface and below by a homogeneous fluid half space with

a compressional speed of 2000 m/s, a density of 1 g/cm3 , and an attenuation of 0.1

dB/A. The seamount is 100 km from the source, and has a height of 1000 m and a

radius of the base of 20 ki, as well as the same acoustic properties as the bottom.

The source depth is 100 m. The schematic of this problem is shown in Fig. 5-4.
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=2 0 g/C.,

0 1 dB/I

Figure 5-3: The scheinatic of a, shallow water wavegid(e with a conical seamnouilt and
a p)enetrab)le bottomn (case 2b).

00

,6 1 dBIA

Figure 5-4: The schematic of a, deep water waveguidle with a, coificail semnount, (case

3).
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5.2 Sanity Check

For the range-independent problem in case 1, we know the field may be obtained by

the two-dimensional, range-independent normal mode solution (Refer to B.2),

p(r, z) - z )7 T, (z,) xP,n(z) Il () (kr,T-). (5.1)

To apply our three-dimensional seamount model, we set a zero-height seamount 800

in from the point source, with a radius of the base 350 in, as illustrated in Fig. 5-1.

Fig. 5-5 shows transmission loss in the horizontal plane at depth 100 in, coin-

puted by the two-dimensional normal mode solution in Eq. (5.1), and by our three-

dimensional seamount model.

Fig. 5-6 shows transmission loss in vertical planes passing through the point source,

computed by the two-dimensional normal mode solution in Eq. (5.1), and by our

three-dimensional seamount model. In this case, the field should be axis-symmetric

around the point source, i.e. without azimuthal dependence.

From Figs. 5-5 and 5-6 we call see that for a range-independent (and azimuth-

independent) problem, the three-dimensional seamount model gives tile same results

as those of the two-dimensional, range-independent solution. (A detailed discussion

can be found in Appendix I.)

5.3 Numerical Issues

5.3.1 Accuracy of C-SNAP

For the ideal waveguide problem in case 2a, as shown in Fig. 5-2, we have analyt-

ical expressions for eigenvalues, eigenfunctions and coupling matrixes (refer to Sec-

tion 4.3.4). We may compare the mode shapes and coupling matrixes computed by

the analytical expressions with those computed by C-SNAP numerically and check

the accuracy of C-SNAP.

Fig. 5-7 shows the mode shapes of the first three modes in the outiost ring, each
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(a) (b)

Figure 5-5: Transmission loss in the horizontal p)lane at depth 100 in, (a) by us-
ing the two-dinensional, range-independent nornmal modle solution, (b) l)y the thiree-
dlimensionlal scamnount inodel. For a range-independent problem. the result of our
thlree-dlimlensional scaniount model is the saine as that of the two-diniensional nmormal
Inodle solutioni.

conmputedI by analytical expressions and by C-SNAP. Fig. 5-8 shows thme cupllinlg

mnatrixes at the outmost interface conmputed by analytical expressions, and Fig. 5-9

shows time coup)ling matrixes at time outmiost interface comnputedl )y C-SNAP. Fromi

Fig. 5-7, Fig. 5-8 ando Fig. 5-9 we can see that C-SNAP computes the eigenfulicti1011

andl coupling matrixes accurately.

Fig. 5-10 shows transmission loss in the horizontal plane at dlepthl 100 iu, amid

transinissioni loss in the vertical plane at azimuthal angle 0 = 0 with respect to the

source, comp)uted by our three-dimensional seanount mnodel with analytical cigemn-

functionis ando coupling mnatrixes, arid with their nunmerical solutions by C-SNAP.

From Fig. 5-10 we see that time two sets of results show good agreement, which mecans

C-SNAP is a very accurate model.
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Figure 5-6: Transmission loss in vertical planes, (a) the two-dimensional, range-
independent normal iniode solution, (b) by the three-dimensional seamount niodel,
azimuthal angle 0 0, (c) by the three-dimensional seamount model, azinmuthial an-
gle 0 = 1, (d) by the three-dimensional searnount model, azimuthal angle 0 -4 , 2
(Azimuthal angle 0 is with respect to the source.) For a range-independent prob)-
lem, the result of our three-dimensional seamount model is the same as that of the
two-dimensional normal mode solution.-
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Figure 5-7: Case 2a, niode shiapes ini the outinost ring (rinig J=65) compllutedI 1).
analytical expressions and by C-SNAP are the sanic, which nieans C-SNAP is accurate
in computing the eigenlfinctions.

5.3.2 The Number of Azimuthal Modes

Fromi Section 4.2.3, we know that the number of azinuitlial nodles leadLing to coniver-

gence is A1 - [kri]. where r, is the radlius of the b)ase of a scaiout. Ini ease 1 , for

exaniple, the iniiber of aziiiial miodes leadling to convergence is

Al =[kri 27r x 40x35 59
Al ~Ai] 1500 35]- 9

Fig. 5-11 shows transmission loss in the horizonital p)lanie at depth 100 in with dlifferenit

niumblers of azinthlal niodes, fronm which we cani see that A/ = 59 is eniough to rechl

coiivergerice.
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Figure 5-8: Case 2a, coupling matrixes at the outmost interface (J=65) computed by
analytical expressions. (a) C.1, (b) CbJ, (c) CJ-1, (d) Cdj'.

127



r-', C-SNAP CS'. C- SNAP

~09
- 0.6

006

0OS 0,

0A 04

03 03

2 4 6 8 10 12 2 4 6 8 10 12

(a) (b)

Cc' C-SNAP Cd-' 'C -SNAP

08 08

,0.6 06

-~0.4 04

0.3 0 3

0.2 02

2 4 6 a 10 12 2 4 6 8 10 12

(C) (d)
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Figure 5-10: Case 2a results. (a) TL in the horizontal planie at depth 100 in, with
analytical eigenfunctions and coupling matrixes, (b) TL in the horizontal plane at
depth 100 in, with numerical solutions by C-SNAP; (c) TL in the vertical Iplane at
azimuthal angle 0 0 (with respect to the source), with analytical eigenfunctions and
coupling matrixes, (d) TL in the vertical plane at azimuthal angle 0 0 (with respect
to the source), with numerical solutions by C-SNAP. Results computed by C-SNAP
show good agreement with those by using analytical solutions for eigenfunctions an(1
coupling matrixes.
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Figure 5-11: Case 1, convergencee of azimuthal series. (a) M=10, not conivergent, (b)
M=30, not convergenlt, (c) M=59, convergent. (d) NI=120. convergent.- In tis Case.
[kr ] = 59. so using 59 azimnuthial mnodes leads to convergence.
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5.3.3 The Number of Rings

In the coupled mode approach, it is common to use small stair steps (or rings) to

represent smoothly varying bathymnetry. In this section we will discuss how many

stair steps (or rings) are required to obtain a smooth-problem solution. In Jensen's

paper [11], a criterion is presented which applies for backscattering and forward scat-

tering in vertical planes. For seamnount problems, we also need to consider backscat-

tering and forward scattering in horizontal planes. This issue is important since the

computational effort to compute a two-way solution increases dramatically with the

number of stair steps (or rings) used to represent a smoothly varying bathymetry, for

example, a conical seamount.

Stair-step Discretization Criteria for Accurate Backscattering and Forward

Scattering

As shown in Fig. 5-12, with respect to the center of the conical seanmount, the coef-

ficnts t, j=l, 2, . J, correspond to the inward scattering, while the coefficients

a;, j =2, 3, ... , J, correspond to the outward scattering.

FF -L

(a)

(b)

Figure 5-12: Inward scattering and outward scattering in the three-dimensional
seamount model, (a) side view, (b) top view.
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Paper [111 shows stair-step discretization criteria for accurat(y representim, siI0ot IN

varying vertical batlhymetrY changes in numerical models. Below we give a brief re-

view of the work in Paper [11].

1) Backscattering

A sill lo(el of the scattering process can be established bY assuming that each

stair step acts as a point scatterer, and that the full stair case conseqmntlY acts

as an array of point scatterers. The schematic is shown in Fig. 5-13.

difference of path length DEF- ABC = Axd

Figure 5-13: Geometr.v for coherent backscattering from individual stair steps.

As shown in Fig. 5-13, the difference of path lengths of patlis ABC and DEF is

path length difference = Ax + d

= Zx + cos(0 + ). (5.2)

to have a coherent wavefront, it must be satisfied that

x + d = nA. n = 0.1, 2,... . .(5.3)
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or,
Ax

Ax + Ax cos(O + A) . (5.4)
Cos 0

From Eq. (5.4) we obtain

cos(0 +9) (TiA -Ax) cos 0

Ax

Ax - cos 0. (5.5)

Only the fundamental lobe n = 0 is physically meaningful for a smooth bottom

facet, which leads to the criterion for backscattering,

Ax _1 ) cos 0 > 1, (5.6)

or,

Ax < A o(5.7)Cos 0 + 1

For small slope angles, the criterion in Eq. (5.7) is equivalent to Ax < A. In
2

practice, a slightly stricter criterion, e.g. Ax < A, should be satisfied. From

Paper [11] we also know that we generally have high backscatter levels from Ax >

- followed by a rapid transition to much lower levels for Ax < .

2) Forward scattering

As shown in Paper [11], when the backscatter is weak, the forward scatter problem

can be accurately solved with an order-or-magnitude larger step sizes.

In seamount problems, we are more interested in the field outside the seamount

region, i.e., r > rj, thus theoretically the backscattering criterion Ax < should be

satisfied.

As an example, we compute the backscattered field in case 2b, with a different

number of rings.

In case 2b, we have
c 1500

A - - - 37.5 (in),
f 40
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and

* n =2,

Ax- l _ 350 _= 87.5 (in);
2nt 4

* 'n/ = 3,
r1 350AX -=l_ 5 _ 43.75 (in) - A;

2ri 8

* 4.
x 350 -21.85 (in) A
2, 16 2

5,

x 350 - 10.94 (in) - AA 21, 32 43

rA 350 = 5.47 (iii) A

21 64 8

In C-SNAP, a parameter, denoted by n?, is used to control the nunber of range

subdivisions to be introduced in the interval from the starting of the current input

profile until the end of the subsequent one. In our three-dimensional seamount nid)(el,

the parameter n corresponds to the number of rings as J = 2" + 1.

The results of the backscattered field with n = 2, 3, 4. 5 an( 6 are shown in

Fig. 5-16 and Fig. 5-17, from which we can see:

1) The backscattered field converges from 'n = 5, where the stair-stel) size is almost

A
4

2) From n = 4 to n = 5, or, the stair-step size from A to a2 4 prxmtl,w id

rapid transition from high level to low level.

3) From Fig. 5-16 we find that the field between p = to 0 = converges iuch

faster than that in the other half plane, where 0 is the azinnuthal angle with respect
to the axle of the seamount. The field from 1 to iTr converges until i = 5; however,

the field fro2r to E converges from n = 3. Thus, if we are only interested in
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the field from 7r to '. we may use fewer rings to obtain convergent results than

what the criterion Ax < A requires.

The Azimuthal Feature of Backscattering and the Step Size

In three-dimensional conical sealnount problems, there is anr azimuthal featurc which

does not exist in two-dimensional range-dependent probleims in which the field onrly

depends on range and depth. As illustrated in Fig. 5-14, the length difference of paths

ABC and ADE is

path length difference = Ax + d

= Ax + AX cos ', (5.8)

where r - q', and Ax is the step size.

Figure 5-14: Geometry for coherent backscattering from individual rings in a hori-
zontal plane.

To have a coherent wavefront for the backscatter at azimuthal angle 0, it must be

satisfied that

Ax+d=kA, k=,1,2,..., (5.9)
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o r.

A.41 +- cosk kA, k = 0. 1, 2.... (5.10)

Froii Eq. (5.10) we obtailn

coso -1, A, 0,1, 2 ... (5.11)

AX

A - 1 > 1. (5. 12)

or.

Iii practice, a iilore stricter criterioii. e.g. Ax < , slioul(1 be satisfiedl.

On the Use of Random Step Sizes to Approximate Bathynmetry Changes

Ini Pap)er [111 anld thle above discussioil, a iiniforiii stel) size is ulsc(1 to obtain thec

criteria for backscatter and( forwardI scatter. Tlieoret icall.y. aj)pI1viiig ndoiii stea i)

sizes canl decrease thec numiber of'sH(e lob)1es thiani that witlIi a iff0orini stel) size.

Figure 5-15: Geomietry for cohecretit backscatterig froii id(ivi(lual stair step)s withI

raii(loiii step) sizes.
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As illustrated in Fig. 5-15, tile stair step size of ring j is

Axj = (1 + a)Ax, (5.14)

where a is a random number from -0.3 to 0.3, and Ax is the uniform step size. To

have a coherent wavefront at angle 0 for the backscatter from ring j and ring j + 1,

it must be satisfied that the difference of path length is an integer times wavelength.

i.e.,

Ax a  1o(O _)

A x +3dj = Axj+ Ac Cos(+) Axj 1+ cosO +nA, j 2 . .- 1.Cs0Cos 0...

(5.15)

The condition in Eq. (5.15) is harder to satisfy for all the rings, than the condition

in the uniform step size case, which is only one equation,

K cos(0+±0)]

Ax + d = Ax 1 + -osO + IA, (5.16)
1 Cos 0

thus using random step sizes leads to fewer side lobes than using a uniform step size.

In addition, using random step sizes adds no additional computational effort.

The results of the backscattered field with random step sizes are shown in Fig. 5-

18 and Fig. 5-19. By comparing with the results with a uniform step size shown in

Fig. 5-16 and Fig. 5-17, we can see that the number of side lobes with random step

sizes is less than that with a uniform step size.

The formulas for random step sizes can be found in Appendix K.

5.4 Three-Dimensional Effects vs. Two-Dimensional

Effects

For a three-dimensional propagation problem, if the azimuthal variation is strong, we

say three-dimensional effects are significant; if the azimuthal variation is weak, we say

two-dimensional[ effects are significant. When three-dimensional effects are insignifi-
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Figure 5-16: The scatteredl field in the horizontal plane at dlepthl 100 mn, wit h a uilr
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Figure 5-18: The scattered field in the horizontal platne at depth 100 in, with ranldom
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140



T .. o.,- Lo- 08), C-SNAP, J- S. C-SNAP T---n0.. L-. (080 C-SKAP. J- S. C.SkAP
120 0

2000

0 9D

-0GW 400 -200 0 200 400 600 00 -000 1200 250 0,5 20 0 00001

(a) (b)

T0.-W0 L-00 B), C-SNAP. J= 17. C-SNAP TI.nsmsslon LmOs (dB), C-SNAP, J- 33. C-SNAP

0

90 Ii
50 100

O 70

2M00-M.0 M 40 D M I0 0 AM0 .400 -200 0 200 400 000 AM0 IOW 1200

(C) (d)

T-OIssim06 L-~ 8dRI C-SNAP Ja65. C-SNAP
120

1(0

0

1000

90

150

200

600

-4DO -400 .200 5 2M0 4M S00OO am 1 120 s

(e)

Figure 5-19: The scattered field in the vertical plane at azimuthal angle 0 (with
respect to the scource), with random stair-step sizes. (a) n. 2, (b) n Z 3, (c) n = 4,

(d) n =5, (e) n =6.
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cant and two-dinmensional effects doninate, the nethod discussed in Section 4.4, i.e..

the Nx2D approach, gives a good approximation of the three-diiensional solution.

However, when three-dinmensional effects becoine more significant, the approxiniatioi

of the N x 2D approach deteriorates.

Two of tile factors that contribute to the significance of three-dinensional effects

are tile bottom type and the height of tile seamount (or, the slope of the seaniount).

We will discuss these factors separately below.

5.4.1 Bottom Types

Two bottoin types are considered, one is the rigid bottom, the other is the penetrabic

bottoi. With all the other paraimeters reniaining the saine, the rigid bottoin type

leads to more significant three-dinensional effects than the penetrable )ottoin tvl)e.

This can be seen clearly by comparing the fields in case 2a and in case 2b.

Bathymetry at Azimuthal Angle 0 in Case 2a and Case 2b

To apply the N x2D approach, we need tile bathyietry at azimnthal angle 0 with

respect to tile source. Fron Section 4.4.1 we know that at --- 0, the shape of the

seaniount is a triangle; at 4 _ 43. = arcsin(r'I/r,), the shape of tile seamounut is flat,

i.e., beyond the tangent angle 0, arcsin(ri/r,), a range-independent probleni is

solved by the N x2D approach; at 0, > 4 > 0. the shape of tile seamiount is a branch

of hyperbolas. In case 2a and case 2b, (b, is

0, = arcsin(r//r,) = arcsin(350/800) z 0.453 (rad) - 25.944 (deg). (5.17)

Fig. 5-20 shows the bathymetry at azimuthal angle 4 with respect to the source (range

origin is set at the source) in case 2a and case 2b, and such bathyinetries are used in

tile N x 2D approach to give approxiiate three-dimensional results.

Comparison of 3D and N x2D Results for Case 2a

Case 2a is a shallow water problein with a rigid bottoim, as shown in Fig. 5-2.
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Figure 5-20: Bathymetry at azimuthal angle ¢ with respect to the source.

Fig. 5-21 through Fig. 5-25 show transmission loss vs. range at depth 100 in,

azimuthal angle ¢c0, 1 0 0 and 0, respectively, where the azimuthal angle

¢ is with respect to the source. From these figures we can see that at azimuthal angle

= 0 and 0 > ¢ , the results of the Nx2D method are comparable to those of the

three-dimensional seamount model; while for 0, > 0 > 0, the results of the N x2D

method are greatly different from those of the three-dimensional model.

Fig. 5-26 shows transmission loss in the horizontal plane at depth 100 m computed

by the three-dimensional seamount model and by the N x2D model.

Fig. 5-27 shows transmission loss in the vertical plane at azimuthal angle = 0

with respect to the source, computed by the three-dimensional seamount model and

by the Nx2D model.

From the above results we can see that in this case the three-dimensional effects are

so significant that the N x 2D model is a poor approximation of the three-dimensional

model.

Comparison of 3D and N x 2D Results for Case 2b

Case 2b is a shallow water problem with a penetrable bottom as shown in Fig. 5-3.
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Fig. 5-28 through Fig. 5-32 show tranismiissioii loss vs. ranlge at dlepthl 100 111,

azimuthal aiigle 0. 16,20 23p anid 0, respectively, where the azimiut hal muigic4C4 ~C4

0 is with respect to the source anid 0, ;z 25.944 degrees.

Fig. 5-33 shows tranismiissioni loss ini the hiorizonital planie at dlepthL 100 111, compu1.tedI

l)y the three-dimitsimnal seamnomnt model anid by the N x 2D model.

Fig. 5-34 shows transmissioni loss ini the vertical plaine at azimuthal aiigle , 0

with respect to the source, conmputedl by the thlree-dimiiesimial seamomit modlel m1d(

by the Nx2l) model.

From the above results, esp)ecially the results showni ini Fig. 5-28 to Fig, 5-32. we

canl see that the three-dirienisionlal effects are weaker ini this case than iii c s 2i

therefore, the N x2l) method gives lbetter approximiations of the three-dimenisional

solutions thani ini case 2a.
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-10 -45

30 30

-20-s

-W0 -55

-40 -60-

-50 -65

-60- - -70

-70 -75

-8o -0 -
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60090 (fo-s6ro (60) Range o Ooo

(a) (b)

Figure 5-21: Tranismissionl loss vs. ranige at (depth 100 m anid azimuthal mngle 0
(with resp)ect to tIme source) ini case 2a, (a) from the source, (b) from the begiiing
of the seamnouit. There is iio visible differemice betweeni tIme 3D result, and( the N x 2D
result from the source to time begininhg of the seamomnt. Fromi the beginiiiig of thec
searnounlt to 2 kini, the correlationi coefficienlt, betweii the 3D result anid time N x21l)
result is 0.91 approximately.

Conclusions

Froni the results of case 2a amid case 2b, we cani see, that:
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Figure 5-22: Transmission loss vs. range at depth 100 m and azimuthal angle -
(with respect to the source) in case 2a, (a) from the source, (b) from the beginning
of the seamount. There is no visible difference between the 3D result and the N x 2D
result from the source to the beginning of the seamount. From the beginning of the
seaniount to 2 ki, the correlation coefficient between the 3D result and the Nx2D
result is 0.69 approximately.
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Figure 5-23: Transmission loss vs. range at depth 100 m and azimuthal angle -
(with respect to tile source) in case 2a, (a) from the source, (b) from the beginning
of tile seamount. There is no visible difference between tile 3D result and the Nx2D
result from the source to the beginning of the seamount. From tihe beginning of the
seamount to 2 kil, tihe correlation coefficient between tile 3D result and the Nx2D
result is 0.41 approximately.
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Figure 5-24: Transmission loss vs. range at depth 100 in and azimuthal angle o
(with respect to the source) in case 2a. (a) from the source. (b) from the beginning
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result froin the source to the beginning of the seaniount. From the beginning of the
seainount to 2 kin. the correlation coefficient between the 3D result adi the N x2[)
result is 0.15 approxinately.
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Figure 5-25: Transmission loss vs. range at depth 100 in and aziniuthal angle 0 4 1

(with respect to the source) in case 2a, (a) fromi the source, (b) from the beginning
of the seaiount. There is no visible difference between the 3D result and the N x 2D
result from the source to the beginning of the seaniount. From the beginning of the
seamnount to 2 kin, the correlation coefficient between the 3D result and the N x2D
result is 0.64 approximately.
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Figure 5-2: Transmission loss in the horizontal plane at depth 100 in in case 2a. (a)
by our 3D nodel, (b) by the Nx2D model. There is great difference between the 3D
result ani the Nx2D result in the perturbation zone.
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Figure 5-28: Transmission loss vs. range at depth 100 in. azimuthal angle .. 0
(with respect to the source) in case 2b, (a) from the source, (b) froin the beginning
of the seaniount. There is no visible difference between the 3D result and the N x 2)
result froin the source to the beginning of the seamount. From the beginning of' the
seanount to 2 kin. the correlation coefficient between the 3D result and the N x2)
result is 0.71 approximately.

A,gN 6 48 1 Mg) Crrelalo weffic-t 0 9501 Ane 6 4861 4g), CoffeI , coof,o,nl 0 81488
-10 -- - -45 -

3D 3)
2D 21)

-20 -50

-30- -55

-65

-60 -70

-70 -75

-90 -9,

-90 -80
0 02 04 06 08 1 12 14 16 1s 2 05 1 1 5

Ra,ge (from Ooc0) (km) RIr'ge (fr.oN. (kn)

(a) (|,1

Figure 5-29: Transmission loss vs. range at depth 100 in, azimuthal angle 0 - ,
(with respect to the source) in case 21), (a) from the source, (b) from the beginning
of the seaiount. There is no visible difference between the 3D result an the N x 21)
result from the source to the beginning of the seamount. From the beginning of the
seamount to 2 kin, the correlation coefficient between the 3D result and the N x2D
result is 0.81 approximately.
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Figure 5-30: Transmission loss vs. range at depth 100 in, azimuthal angle =
(with respect to the source) in case 2b, (a) from the source, (b) from the beginning
of the scamount. There is no visible difference between the 3D result and the N x 2D
result from the source to the beginning of the seamount. From the beginning of the
searnount to 2 km, the correlation coefficient between the 3D result and the Nx2D
result is 0.73 approximately.
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Figure 5-31: Transmission loss vs. range at depth 100 m, azimuthal angle 
(with respect to the source) in case 2b, (a) from the source, (b) from the beginning
of the seamount. There is no visible difference between the 3D result and the N x 2D
result from the source to the beginning of the seamount. From the beginning of the
seamount to 2 km, the correlation coefficient between the 3D result and the N x 2D
result is 0.93 approximately.
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Figure 5-32: Transmission loss vs. range at depth 100 in. azimluthal angle 0,(P
(with resp)ect to the source) iii case 2b, (a) fromn the source, (b) froin the lbegininlg
of the seamount. There is rio visible dlifference between the, 3D result and( the N x 2D
result fromi the source to the beginning of thle scaniounit. From tile b)eginnling of thle
seamnount to 2 kinl, the correlation coefficient between the 3D result and the N x21D
result is 0.92 approximately.
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Figure 5-33: Transmission loss in thle horizontal plane at depth 100 in in case 21), (a)
by our 3D model, (b) by the N x 2D model. There is great (difference between thIe 3D
result and the Nx2D result in the perturbation zone.
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Figure 5-34: Transmission loss in the vertical plane at azimuthal angle ¢ 0 (with
respect to the source) in case 2b, (a) by our 3D model, (b) by the Nx2D model. There
is no visible difference between the 3D result and the Nx2D result from the source
to the beginning of the seamount; however, difference appears from the beginning of
the seamount.

1) The three-dimensional effects in a waveguide with a rigid bottom are more signif-

icant than in a waveguide with a penetrable bottom.

2) As shown in Fig. 5-26, when three-dimensional effects are significant, the perturba-

tion zone by the three-dimensional seamount model spans a larger azimuthal range

than that by the Nx2D model. However, when three-dimensional effects are not

significant, as shown in Fig. 5-33, the perturbation zone by the three-dimensional

seamount model and that by the Nx2D model span almost the same range. The

reason is as below:

(a) When three-dimensional effects are not significant, in-plane scattering domi-

nates and out-of-plane scattering is negligible; however, when three-dimensional

effects are significant, out-of-plane scattering is not negligible.

(b) In the Nx2D model, only in-plane scattering is involved; however, in the

three-dimensional model, both in-plane and out-of-plane scattering are in-

volved.
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5.4.2 Height of Seamounts

The relation betweeni the height of scaniounts and the sigificanicc of the three-

dimenisional effects is illulstrated lby case 21) i.e., shiallow water propagation around(lia

scanliount. andl case 3, i.e., (deel) water propagation aroundI a scalliouint

Case 2b

In case 21) as shown ini Fig. 5-3. we change the height of the seainount from 25 in to

50 in. then to 100 in. and compare the transmission loss in the loriz(nita plane am

deptl1i 100 111. The results are shown in Fig. 5-35. for t he height of' thle seaniounit as

25 in, 50 in and 100 11n.

From Figs. 5-35(a) and 5-35(b) we can see that wheni the height of' thle Sealiounlt

is 25 In. which is relatively smnall, the three-dinisioial effects are insignificant mid(

the N x 2D imodel is a goodl approximation of the three-dimenisionial scaio unt mod)(el.

As the height of the seaniount rises to 50 11n, thme 3D and N x2D results are shown ini

Figs. 5-35(c) and 5-35(d), fromn which we see that the thirec-diiiiensioil effects bec(mie

a little moreW significant and( tihe applroxiImationi of the N x2D modlel dleteriorates. As

the height of the seanount rises to 100 m., the 3D and N x2D results are shown in

Figs. 5-35(e) and 5-35(f), from which we see that the app1roxinntioni of thme A'x 2D

iodel to the three-dimensional scanount miodel is even worse, and( the span of thec

p)ertuirb)ationm zone ini the 3D result is larger than that in thme N x2D result. This is

because as the height of the seaniounit is 100 11n, the three-dimienlsiona'l effects are'

significant so that the out-of-planle scatterinig can inot be neglected.

Case 3

As illustrated in Fig. 5-4. case 3 is a problemn of (deep) water propagation around( a

coinical seaniount. To show the three-dinmensionial effects iii this case, we first set the

height of the seaniount to 1000 1ii, and coimpare the results of the t hree-diniensionMl

seaniount modlel with those of time N x2D miodel; next, we set the height of' the

seanmiounit to 3800 nm., and( do the commparisonl again. Iii bo0th of' these two sets, the
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Figure 5-35: TL in the horizontal plane at depth 100 m. (a) H is 25 in, the 3D result,
(b) H is 25 m, the Nx2l) result; (c) H is 50 m, the 3D result, (d) H is 50 rn, the
Nx2D) result; (e) H is 100 in, the 3D result, (f) H is 100 in, the Nx2D) result. (H is
the height of a scamnount.)
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radius of the seaniouit is set to be 20 kim. Thus, the seaIniunt of height 3800 i is

steeper than the seaniount of height 1000 i1.

1) results of a seainount of height 1000 in

Fig. 5-36 shows transnission loss in horizontal planes with a seainoulnt of height

1000 in. From Fig. 5-36 we can see that for scaiounts of small slope algles,

the three-dimensional effects are insignificant and the N x2D lnodel is a good

approxilnati(I of the three-dimensional sealnioumt model.

2) results of a scalount of height 3800 in

Fig. 5-37 shows transmission loss ini horizontal planes with a scanount of height

3800 ni. From Fig. 5-37 we can see that for seamounts of large slope angles. the

three-dimelnsional effects are significant. and the N x2D ilodl is a po(or approxi-

niation of tie three-dIinensional seamounlit iodel.

Conclusion

Froi the ab(ove discussion, we can see that as the height of sealiOullts )ec(omIes larger.

or the slope angle of a seaiount beconies larger, the three-dimlensional effects bec(ome

more significant. and as a result, the N x2D ilodel beconmes a tpoorer ap)roximati(

of the three-dinensional model.

5.5 The Effect of the Shear Wave in Seamounts on

Sound Propagation

In the numierical examples in previous sections in this chapter. we assume that the

seamiount is comiposed of fluid material. i.e. no shear wave is considered iii the

seaniount. However, in reality, the sealount is composed of material erupted by

nicans of volcano activity. Thus it is appropriate to include the shear wave in the

seaIllou1nt.
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Figure 5-37: TL in horizontal planes with a seartount of height 3800 in, (a) at dlepthl

300 ni, the 3D result, (b) at depth 300 in, the Nx2D) result; (c) at dlepth 3800) in,
the 3D result, (d) at depth 3800 rn, the Nx2l) result; (e) at depth 4500 i, the 3D

result, (f) at depth 4500 rn, the N x2D) result. When the seaiount is relatively high,

the N x2D model is riot a good approximiation of the 3D model.156



To take into account the the shear wave in the seamount, we apply the schematic

illustrated in Fig. 5-38, in which the seamount is composed of basalt with cp = 5250

m/s, c8 = 2500 m/s, ap = 0.1 dB/Ap, c = 0.2 dB/A,, and p = 2.7 g/cm 3 . (p stands

for the compressional wave and s stands for the shear wave.) We use case 3, with the

seamount of the properties as above, to demonstrate this issue.

1 0.0 1.2009 02. 2500 1 0. 0 1.21000

Figure 5-38: A conical seamount composed of basalt.

In modified case 3, with source depth 100 in, height of the seamount 1200 in.

receiver depth 300 m, 3800 in and 4500 m, the results of transmission loss in horizontal

planes are shown in Fig. 5-39. From these results we find that it makes little difference

by introducing the shear wave in the seamount. The reason is that in long-range, deep

water propagation problems, the field is not sensitive to the acoustic properties of the

bottom.

We use a range-independent waveguide propagation problem (case 3 with the

seamount removed) to illustrate that in deep water propagation problems, the acoustic

field is not sensitive to the acoustics properties of the bottom. First, we compute the

field with the shear wave in the bottom, with cp = 5250 m/s, c, = 2500 m/s, Op = 0.1

dB/AP, = 0.2 dB/A,, p = 2.7 g/Cm 3 . Next, we assume that there is no shear wave

in the bottom, i.e. we use a fluid bottom with c = 5250 m/s, ap = 0.1 dB/Ap, and

p = 2.7 g/cm3 . In the last case, we compute the field with a fluid bottom whose
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Figure 5-39: TL in horizontal planes, (a) with the shear wave, at detpth 300 in, (b))
without the shear wave, at depth 300 rn; (c) with the shear wave, at depth 3800 in,
(d) without the shear wave, at depth 3800 in; (e) with the shear wave, at depth 4500)
ni, (f) without the shear wave, at depth 4500 i. No visible diflerence is introdhcedt
by including the shear wave in the seaniount.
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acoustic properties are cp = 2000 m/s, ap = 0.1 dB/Ap, and p = 1.0 g/cm3 . Fig. 5-40

shows the results with these three bottom settings, from which we can see that the

field is insensitive to the acoustic properties of the bottom in deep water propagation

problems.

Transmission loss at depth 3800 m
75

80 I I

I t I t

I *I|

-- ii I

85 I I - II

100- I

90 I i. I

I- I

cp =5250m/s, c,=250Om/s, aP=0.1dB/?,P a -0.2dB/k p=2.791cm
3

105 cp=5250ms, c,=0m/s a =0.1 dB/X P =0dBfk p=2.7g/cm
i

- cp=20O0m/s,c,=Om/s, a,=. ldB/X Pa =dBe"=1'Ol g1cm
3

11050 55 60 65 70 75 80
Range (kin)

Figure 5-40: Long-range propagation in a deep water waveguide with different bottom
properties. No visible difference is introduced by including the shear wave in the
seamount.

Conclusion: In problems of long-range, deep water propagation around a seamount,

we may ignore the effect of the shear wave in the seamount.

5.6 Mode Amplitude in the Scattered Field at Az-

imuthal Angle q with a Single Incident Mode

As illustrated in Fig. 5-41, in this section we will investigate the scattered field excited

by only one incident mode.

The incident field is represented as

0000Pin,(r, Z, ) , bj Jj () a() m j) (5.18)

m=O n=1
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Figure 5-41: A single mode icidcnt on a conical scanliont.

With onilY onie inlcidlent niode, denoted as mode v, we have

by sub)stituting Eq. (5.19) into Eq. (5.18), we obtain the incidlent hield with only one

incident mode, mode vi.

(,zb ji (5.20)

where

77 2 p(--,)

The scattered field is represented as

p8(r,a, I) ff ZIa4J ...(r) qf,j (Z)', 4) . (5.22)
,rr -0 ni-I
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At the interface r = rl, we have

fi1jn(rl) _ . =(krr) 1, (5.23)
lt rn I

thus at the interface r = rl, the scattered field is

0C OC

ps(ri, z!,tnln) -

n -0 n 1

n-1 rn-0
O

= : An)(0 ), q'n.'W(5.24)
It I

where
An (O)= aj,,n,(O, (5.25)

mrl 0

From the above we see that IAn(O)j is the amplitude of mode n at azimuthal angle 0

in the scattered field.

If the oscil.atory region in the mode shape of the incident mode is above the tot)

of the seaInount, or, the lower turning point of its eigenray is above the top of the

seamnount, then theoretically this mode will propagate past the seanmount without

exciting any other modes. Otherwise, there is interaction between the propagation of

this incident mode and the seamount, which will excite other mnodes.

The above statement can be verified by case 3.

5.6.1 Mode Shapes of Mode 10 at 10 Hz and 20 Hz

The mode shapes of mode 10 for f = 10 Hz and f = 20 Hz are shown in Fig. 5-42(a)

and 5-42(b), respectively. From Fig. 5-42 we see that at 10 Hz, the oscillatory region

in the mode shape of mode 10 extends to a depth below the top of the seamnount. At

a higher frequency, f = 20 Hz, the oscillatory region in the mode shape of mode 10

extends to a depth above the top of the seamount.
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Figure 5-42: Mode shapes of mode 10, (a) at 10 Hz. (b) at 20 Hz.

5.6.2 IA,(O)l with Mode 10 Incident at 10 Hz and 20 Hz

Fig. 5-43 shows 20log10 JA,,(0)I at 10 Hz and 20 Hz. From Fig. 5-43 we can see that:

1) at 10 Hz, the propagation of mode 10 is affected by the seamount, thus some ther

modes are excited. and the scattered field is not zero; and

2) at 20 Hz, the propagation of node 10 is not affected by the seamount, thus im

other mode is excited, and the scattered field is zero.
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Figure 5-43: 2)log10 IA,(O)I with one single incident mode (mode 10), (a) at 10 Hz,
other modes are excited and the scattered field is not zero; (b) at 20 Hz, no other
mlodes are excited and the scattered field is approximately zero.
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Chapter 6

Sound. Propagation around

Kermit-Roosevelt Seamount in

2004 13ASSEX Experiment

In 2004, North Pacific Acoustic Laboratory (NPAL) was funded to conduct the

SPICEX, LOAPEX, and BASSEX experiments. All these experiments coincided

with each other and were ran between September and October of 2004. Among

these experiments, we are interested in the Basin Acoustic Seamount Scattering Ex-

periment (BASSEX), which was designed to measure the scattering effects of time

Kermit-Roosevelt Seamount.

The Kermit-Roosevelt Searnount is one of the largest seamounts in the world. Its

top reaches roughly 900 meters in a region where the average sea floor depth is about

5000 meters. To the south-east of Kermit Seamount is a smaller seamount (nicknamed

"Elvis") with top depth around 1300 meters. The sizes of these two seamounts make

them ideal to measure the three-dimensional sound propagation around a seamnount.
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6.1 Environment Data and Measured Energy around

Kermit Seamount

6.1.1 Bathymetry of Kermit- Roosevelt Seamount

During the BASSEX exp)erimIent, nultibcain bathvlinctry (data wiLs recmr(ded to olht aiji

an accurate ineasure of' the size and( shape of the seaniounts. Fig.6- 1 and Fig. 6-2

show th linult ibeain bathynietry gathered aroumnd thle Kermiit -R()()se,velt Scaio un t

Complex with a cub)ic interp)olation applied to fill in regions where dlata was not

available [10].

40I

39,5

39)

38 5

38
147 1465 146 145 5

Ldtitude

Figure 6-1: Xhultibeani bathlyinetry: top) view (Courtesy of Joseph Sikora, Departient
of Electrical Engineering and Computer Science, MIT, "Sound pro)pagation around
underwater seanounts," 2005).
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Figure 6-2: Multibeamn battlyinctry: isometric view. (Courtesy of Joseph Sikora, De-
p)artmnt of Electrical Engineering and Conmputer Science, MIT, "Sound propagation
around underwater searnounts," 2005).
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6.1.2 Sources Used in Experiment

Figure 6-3 through 6-5 dlescribe each of thle sources usedl inl the experiments. Fig. 6-6

shows the locations of these sources rio].

tij l . 27 2 ' I

i . .- I 1.4

I L r I I"t 1 1 , .1 1 11 l l-ul I4

I~~~~ ri~j.2

Figure 6-3: The Kauai Source. (Courtes'y of Joseph Sikora. Department of Electrical
Engineering and Computer Science. MIT. -Sound pro)pagatio1 n ar(ound( und~ erwat er
seaiounts." 2005).

6.1.3 Sound Velocity Profiles Measured in Experiment

Sound Velocity Profiles (SVP) measured inl the experiment in thle flat regiomn andu at

thle axle of Kermlit Seaniounlt are shown inl Fig. 6-7, with the sound-channmel axis at

depthi 750 inl.

6.1.4 Measured Acoustic Energy around Kermit- Roosevelt

Seamount Complex in Experiment

Joseph Sikora p)rocessedl the data froin the cruise and obtained thle ncasured Iacoumst ic

energy around the Kerrmit-Roosevelt Seamuounlt Complex. Fig. 6-8 and Fig. 6-9 show

tile acoustic enlergy measured from thle SPICEX Source 1 (S1) andl fromn the SPICEX

Source 2 (S2) around the Keriilit-R3oosevelt Seaniount Complex. respectivel,.
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Figure 6-4: LOAPEX Sources. (Courtesy of Joseph Sikora, Department of Electrical
Engineering a:lid Computer Science, MIT, "Sound propagation around underwater
seamounts," 2005).
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Figure 6-5: SPICES Sources. (Courtesy of Joseph Sikora, Department of Electrical
Engineering and Computer Science, MIT, "Sound propagation around underwater
searnounts," 2005).
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(Courtes ' of Joseph Sikora, Department of Electrical Engineering and( Comnput er
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Figure 6-7: Sound velocity profiles in the flat region and( at the axle of Kerinit
Seaniount.
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In these figures, each dot represents a location where an M-sequence was processed.

The solid, maroon contour lines are on the two tallest seamounts in the complex,

providing a reference. The arrow indicates the arrival direction of the signal from the

source. A cubic interpolation algorithm was used in MATLAB to fill in regions of the

chart where piocessed data was not available. From Fig. 6-8 and Fig. 6-9 we can see

that the perturbation zone forms behind the seamount.

S 1 Energy Received

ll.; 175

39.
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392 160

3 8 . .i........ :
.- 39
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3 8 .4 .--- ---- --.. .... -- ------. ........ 14 5

-146.8 -146.6 -146.4 -146.2 -146 -145.8 -145.6
Iongitude(deg)

Figure 6-8: Received SPICEX Source 1 acoustic energy (dB). (Courtesy of Joseph
Sikora, Depar:ment of Electrical Engineering and Computer Science., MIT, "Sound
propagation a::ound underwater seamounts," 2005).

6.1.5 The Environment Model of the Kermit Seamount Prob-

lem

To apply our three-dimensional spectral coupled mode model to the Kermit Seaniount

problem, we use a conic seamount of height 4201 m and the radius of the base as 26

km to approximate the Kermit Seamount. We use the SPICES Source 2 (S2) as the

point source; however, at the current stage, we can not address our 3D model to deep
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Figure 6-9: Received SPICEX Source 2 acoustic energy (dB). (Courtes ' o' Joseph
Sikom,. Depurtment of Electrical Engineering and Computer Science. MIIT, -Sound1(
p)rop)agat ion iroundl undlerwater seaniounts.- 2005).
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water propagation problems with a frequency as high as 250 Hz, so we use a lower

source frequency of 75 Hz or 10 Hz instead. The schematic of the simplified Kermit

Seaiount prolblem is shown in Fig. 6-10.

Kermit Problem

r, =513.054 km

z, =750 m SNII sound-chansiel axis

f =75Hz conic seamtint

26 c, 2000 m/s

513.054 kii 10 
= 
10 g/cm

3

a, = 0 1 dB/A

Figure 6-10: The schematic of the Kermit Seamount problem.

6.2 Results with the Source Frequency of 10 Hz

Before addressing the Kermit Seamount problem with tile source frequency of 75 Hz,

we apply our 3D model to that problem at a lower frequency, 10 Hz.

6.2.1 The Number of Normal Modes

We use differe:it numbers of normal modes as the exciting modes and the propagating

modes. Below we show how to determine these numbers by means of C-SNAP.

1) The number of waterborne modes in the flat region
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Since
U- 27r x 10 -0.040632. 1)

C ((D) 1546.36442

where c,(I)) is the soui( d"Nce at the floor depth ill the water collililli, tOgctlhcr

with the vigenvalues coil)ited by C-SNAP. krl = 0.040695 > k aii a - 6,. --

0.040580 < Arn,i , we know that there are 15 waterboriie iodes in tlic fla regiii

where water depth is 5328.48670 in.

2) The number of propagating modes in the flat region

Nk'c have
,, 27r x 10

1,.-2 - - 0.031416. (6.2)
c(1)) 2000

where Cb()) is the sound specd at floor depth in seabe1, together with the eigen-

valte coiipj)ited by C-SNAP, k,17 = 0.031628 > A',,,2. we know thiat thcre are 47

propagating mode in tlhe flat region where the water de)thl is 5328.48670 in. Il-

fact, C-SNAP can coiil)te only the propagating mo(les.

3) The number of propagating modes on top of Kermit Seamount

By running C-SNAP. we know there are 10 propagatinig iimodes 01l top of time

scaiiioUit. where tie water (epthl is 1127.23790 in.

In additioi. the mode shapes of the first 4 ilodes ini tle flat region where tlie

water de)thl is 5328.48670 in are shown in Fig. 6-11.

Inspired by [7], we use oily the waterborne modes as tie exciting nlod(es, all(l use

the pro)agating mlo(les otherwise. In this case, we use the first 15 waterborne modes

as the exciting iilo(es, and use 47 propagating imodes otherwise.

6.2.2 The Number of Rings and the Azimuthal Feature of

Backscattering

From Section 5.3.3 we know that if we use uniform step-size rings niot satisfying

Ar < A/2, where Ar is the stel) size and A is the wavelegth, to re)resent a smioothily

varying seamiount, then there will be artificial backscattering beams. By takiiig the
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Figure 6-11: Mode shapes of the first 4 modes in the flat region where the water
depth is 5328.48670 in.

ran(om step-size technique, these artificial backscattering beams can be smeared out.

In this section we will investigate the azimuthal feature of backscattering by means

of analyzing 1A,(0)j, the amplitude of mode P. at azimuthal angle 0, with a single

mode incident (mode 10), at 10 Hz.

From Fig. 6-11 we see that the oscillatory region in the mode shape of mode 1

already extencs to a depth below the top of the Kermit Seamount, and we know that

the oscillatory region is larger for the higher-order modes, so the oscillatory region of

mode 10 also extends to a depth below the top of Kermit Seamount. Therefore with

mode 10 incident, the scattered field is nonzero.

128 Rings

With f = 10 F-z and mode 10 incident, by using 128 rings, 20 logl0 IA,, is shown in

Fig. 6-12(a), fiom which we can see that two strong backscattering beams are formed:

one spans approximately from 80' to 900 and the other spans approximately from 1201

to 1600. The ;wo blue lines in Fig. 6-12(a) are the predicted locations of these two

artificial backscattering beams by means of the method illustrated in Section 5.3.3,
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aild they sho(w good agreemnt with thle compluted results. The number of artificial

backscattering beanis is predicted by the followinig analysis (refer to Section 5.3.3).

With J10 Hz and 128 uniformly spaced1 rings, we have

C
A - '-~ 150 in,

f
26 x 1000

A 203 in.
128

A 150
Ar 203
A 150

2 x - _ -2 x - -1< 1,
Ar 203
A 1503 x -_- 3x I>1

Ar 203

fromn which we kniow that there are two artificial backscatterinig b)enins.

WVith the saine number of rings, if we apply thle ranidomi step-size technique,

20 logl10 1A,JO()l is shown in Fig. 6-12(b), fromn which we canl see that 1)01th of thiese

two artificial backscattering b)eamIs are sinearedl out.

100 04flddo 100

25

-016 010
302 302

-130 Is-130

-160 400

0 40 64010 20 10 10 100 204t0 6 0 2 4 6 0

Fiue0 - 20 log W10 0 A 0 ) with 0od 10 ncident, 128 rings (a) usn 1WlIion

step size, (b) using random step sizes. By using randoin step sizes, the artificial
backscattering beams are sileared out.
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256 Rings

With f = 10 Hz and mode 10 incident, by using 256 uniformly spaced rings, 20 log10 IA,,(O)I

is shown in Fig. 6-13(a), from which we can see that one strong backscattering beam

spans from 1000 to 150' approximately. This phenomenon is physically meaning-

less for a smoothly varying seamount, and it is caused by the use of sparse rings to

represent the ,,eaniount.

To predict the number of artificial backscattering bearns, we follow the analysis

as presented here. Now we have

C
A - - 150 in,

f
26 x 1000

Ar - 2 102 iii.256

Since
A 150

lx---l1,----I< 
Ar 102

and
A 150

2x - _12x---I>1,
Ar 102

we know there is one artificial backscattering beam in this case.

Next we predict the azimuthal angles of this artificial backscattering beam. From

Section 5.3.3, for backscattered mode n, we have

2wr
A k- (6.3)

thus with

Cos An 1, (6.4)
Ar 

(6.4)

and -7r-', we can predict the azimuthal angles where this artificial backscattering

beam forms for each mode, and the predicted result is shown by the blue line in

Fig. 6-13(a). From Fig. 6-13(a) we can see that the predicted azimuthal angles of the

artificial backscattering beam show good agreement with the computed result.
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With the samie mimbIiler of rinigs, if we apply the ranidom step-size techlifique. the

result of 20 logi 1 .4, (O)l is showni ini Fig. 6-13(1)). froni which we cani sce that tlie

artificial b)ackscatteriiig b)eamI is smeared out to some exteitt.

-dent0 Woe 10 -d00,0 0

j i 1P 0 -47
11 7 1 , 1

' 5 

13 151

-160
30 30

35535
4 1-180 I-

40 40S

*-190 -9

4504

0 20 40 00 SNO 100 120 140 160 1S0 0 20 40 60 8 0 2 1 8

(a) b

Figure 6-13: 20 logj 0 IA,,(O)l with mode 10 inicidenit. 256 riis (a) usinig ai uififOrIl

step size. (b) usig raid(omi step sizes. By usig ranldom step sizes. the artificijal
backscatterig b)eami is siticared( out to somei( exteiit.

512 Rings

With 512 rigs, we have

Ar=26 x1000 - 111<A
512 2?

aiidI fromi Sect imi 5.3.3 we kniow that there is iio artificial backseat terig beaums iin

this case. This caii he verified b)y Fig. 6-14, from which we caii see t here is 110 st roiig

artificial b)ackscatteorhig b)eamis. Fig. 6-14(a) shows the result obtaiiied by usig a

umiformi step) size, and Fig. 6-14(b) shows the result ob)taiiied lbY usig raidonm step

sizes. Fromi Fig. 6-14 we fiiid that the b)ackscattered1 field obtainied by uisinig rmlidomI

step) sizes is stronlger thani that by usinig a uniform step size. This is bcause by usinig

raii(loiii step sizes. somle step sizes are larger thani the iiiiforiii step size. which is 51

iii with 512 rigs, thus creatig sonic random rougliness scatterinig.
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Figure 6-14: 20log10 IA,(O)l with mode 10 incident, 512 rings, (a) using a uniform
step size, (b) i.sing random step sizes. In this case, the uniform step size is smaller
than A/2, so there is no artificial backscattering beam.

Conclusion

Fron the above results with n = 7, r = 8 and n = 9, we draw the conclusion that

for a smoothlY varying conical searnount, the existence of artificial backscattering

beams in IA.(O)l is caused by numerical issues, and is not a physical phenomeInon.

In addition, with the same number of rings, the backscattered field obtained by using

random step s1zes is stronger than that by using a uniform step size, because by using

randorn step sizes, some step sizes are larger than the uniform step size.

6.2.3 3D and Nx2D Results

From the analysis in the above sections, we use 15 waterborne modes as the exciting

modes and 47 propagating modes otherwise. As to the number of rings, to satisfy

Ar < A/4, where A = 37.5 in, at least n = 10, i.e. 1024 rings, should be used, which

leads to Ar = 26 x 1000/1024 z 25.4 m. However, from Fig. 6-12 and Fig. 6-13 we

notice that the values of 20 logl0 IA,, (O)I in the artificial backscattering beams, which

are below -140 dB, are much smaller than the values in the forward scattering region.

So, by using n = 7 (128 rings) or n = 8 (256 rings), the artificial backscattering beams
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will not contribute much to the total field. This can be verified by coiniring the to(tal

field with n = 7 and n = 10. as shown in Fig. 6-16(b) and Fig. 6-17(d). respectively.

froin which we can see that there is little visible diflerence between them. Fig. 6-15

through Fig. 6-17 show the 3D results of the scattered field and the total field in the

horizontal plane at depth 750 in with n - 5 (32 rings), n = 6 (6- rings). ti . 7 (128

rings). ti = 8 (256 rings). n = 9 (512 rings) and n, = 10 (1024 rings), at f = 10 liz.

From these results we can see that the total field reaches convergence when it - 7.

Fig. 6-18 shows the total field in the vertical plane at azinuthal angle (V - 0 with

respect to the source. obtained by 3D and Nx2D models. From Fig. 6-18 we cai

see that above the top of Kermit Seaiount, these two models give similar results,

while below the top of Keriit Seamount, a stronger shadow zone appcars behind

the seanoumit bY the 3D model than by the Nx2D model. The uniform step-size

approach is used in obtaining these results.
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Figure 6-17: 'Scattered field anid total field at 750 in, f =10 Hz. (a) scattered field,.
n,=9, (b) total field, Ti 9; (c) scattered field, Tt 10, (d) total field, it 10.
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Figure 6-18: The total field in the vertical plane 4/ 0 with respect to the source,
f = 10 Hz, (a) by our 3D model, ii = 6, not convergent, (b) by the Nx2D model,
n 6. almost convergent; (c) by our 3D model, TI 7. convergent, (d) bY the N x 2D
model, n = 7, convergent. There is great difference between the 3D result and the
N x 2D result behind the seamount, below the top of the seamount.
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6.3 Results with the Source Frequency of 75 Hz

In Section 6.2 we address the Kermit Seamount problem with a source of frequency 10

Hz; in this section we will use a source of frequency 75 Hz, while keeping all the other

parameters unchanged. Now we have 115 waterborne modes and 349 propagating

modes in the flat region, and 76 propagating modes on top of Kermit Seaniount.

Due to the computational limit of our 3D model at the current stage, we use 115

waterborne modes as the exciting modes and 150 modes involved in mode coupling,

as well as 256 rings (n = 8).

6.3.1 3D and Nx2D Results

Fig. 6-19 shows the field in the vertical plane 0' = 0 with respect to the source,

computed by our 3D model and by the Nx2D model, from which we can see that the

fields above the top of Kermit Seamount obtained by these two models show good

agreement, while below tile top of Kermit Seamount, the fields behind the scamount

by our 3D model and by the Nx2D model are different. Fig. 6-20 shows the field

from 0 m to 530 in in depth and from 0 km to 200 km in range with respect to the

axle of the Kermnit Seamount, at azimuthal angle 0' = 0 with respect to the source.

In the BASSEX experiment, a towed 162 element hydrophone array was used. The

array was tow,cd at approximately 3-4 knots at a depth of about 300 m throughout

the experiment. From the acoustic energy measured from S2 around the Kermit

Seamnount. as shown in Fig. 6-9, we find that behind the Kermit Seamount, from 0

km to about 100 kmi in range, at azimuthal angle 0' = 0 with respect to the source,

the level diffemence is within 15 dB. From the results of our 3D and Nx2D models

shown in Fig. 6-20, we find that at the depth of 300 m, from 0 km to 100 kin in range,

the level difference is also within 15 dB. However, there remains a difference in terms

of the spatial extent of the maximum and minimum, which are significantly larger in

the experiment than in the modeled results.

Fig. 6-21 shows the field in the horizontal plane at depth 250 m compmted by the

3D model, from which we see that a shadow zone forms behind the Kermit Seamount.
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Figure 6-19: Transmission loss in the vertical planie ~'-0 with respect to the sollr(e.

with f] 75 Hz, n =8 (256 rings) , (a) by our 3D model, (b) l)y the N x 2D niodeL
Difference appears b)ehindl the seamnount, below the top) of the scamnounit.
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Figure 6-20: Transmission loss in the vertical plane~ 0 with respect to the source.
with f =75 Hz, n =8 (256 rings), (a) by our 3D model, (b) by the Nx 2D model.
At the depth of 300 in. frorn 0 kmn to 100 km in range, the level differenlce is within
15 d11.
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Figure 6-21: Transmission loss in the horizontal plane at depth 250 in, 75 Hz, by
our 3D model. A perturbation zone forms behind the scaniount.
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Figure 6-22: Tangent azimuthal angle in the Kermit Seamount problemi.
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By referring to Fig. 6-22. we compare the 3D results arL( the N x 2D result s along

evenly spaced azimuthal angles, i.e., 0 C 2 C -,I and 4'.with respect to

the source, at depth 750 in. The results arc shown in Fig. 6-23 through Fig. 6-25.

From these results we can see that at dlepth 750 in. wich is above the to1) of Kerumit

Searnount. the N x2D model is a good approximation of our 3D model.
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Figure 6-23: Transmission loss at depth 750 mn, (a) along 90. fromn the source, (b)
along fromn the seamount; (c) along 10 froin the source, (d) along 4g.froin
the, Seanount. (The azimuthal angle is with respect to the source.)

188



,v,ge 1452400e) Correg), n coelf nt 0 98224 Angl" 4524 (dg) Cor to -fc-t 0 92923

-00 -0
3D 30
2D3 20

- 70

-71)5

-?to - 10 1 200 300 400 500 000 700 000 900 0 5tt0 550 600 O50 700 750 Wo0 850 00

-- .(f .. -) ) . U

(a) (b)

-gw 0217M (dog)C-Wt,, coefcmt 0 9816 A,gle 2 1700 tdeg),ComIsoI, -fc-Sotf 093005
-00, -80 - ------------00------- -----.. ..

loD 3D
20 20

-70-

-10

-770,

-1-175-

0 100 200 30 400 5oo 00 700 000 9 -10 500 550 00 650 100 750 00 5 Wo

Rongo (fo- -ours) (km) R.n.W (ro- .uo))kn)

(C) (d)

Figure 6-24: Transmission loss at depth 750 m, (a) along M , from the source, (b)

t~ CD

along 2 from the seamount; (c) along 0 from the source, (d) along from
the seamount. (The azimuthal angle is with respect to the source.)
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Figure 6-25: Transmission loss at depth 750 11n, (a) along 24, froin the source, (b)
along froin the seamiounlt. (Tme azimutthal angle is with respect to the source.)

6.3.2 The Runtime of the 3D Model

For time IKerinit Scaniounit problem wihm a source of frequency 75 Hz, with't = 8,

i.e. 256 rinmgs, and 150 miodes involved1 ini niode coupling, the runtinec for comp~utinIg

the coupling coefficients is 203.4 hours, approximately 8.5 (lays, and the runtinie for

computing the field is 16.7 hours. approximately 0.7 (lays, onl a single PC (1.7 Gflz

P4 with 256 NIB ineinory).

6.4 Conclusions

From the results of our three-dimensional spectral coupled mnode miodel, we coie to

the following Conclusions:

1) A perturbation zolie formns behind the Kernmit Seamiount.

2) Above tIme top of the Kermit Seanlouint, the results of time Nx2D) mnodel and of'

our 3D niodel show good agreement.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

Despite the great achievements obtained with the parabolic equation (PE) method,

tie coupled normal mode method remains a very efficient, simple and accurate method

to solve range-dependent problems. The PE method is suitable only for treating the

underwater acoustic propagation problems in cases where no significant backscattered

field is expected. In addition, the PE method has inherent phase errors. which limit

its applicability to a certain range of angles around the main propagation direction.

Compared with the PE method, the normal mode method aims at solving the full-

wave Helmholiz equation, so that it is applicable to cases where the backscattering

is not negligibe; in addition, it is free of angular limitations.

As we know, among functions Jm(x), Ym(x), t!(,)(x) and 1tM 2(x), the only pair of

functions that preserves linear independence (numerically) is J,,(x) and Il,)(x). In

Eskenazi's approach [6], normalized Bessel and Hankel functions J,,(x) and flr(r)

are used as the two linearly independent solutions to the Bessel equation; however,

no asymptotic forms of the normalized Bessel and Hankel functions are used in that

approach. As shown in this thesis, asymptotic forms of normalized Bessel and Han-

kel functions for small and large arguments make the model applicable for relatively

high frequencies and large-scale seamounts. From the convergence analysis of the

azimuthal series, we know that the number of azimuthal modes (M) leading to con-
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vergence dIependls onl the p)rodluct of the wavenuniber an(1 thle radius of the base of the

scanount. Wh'len the frequency is high, or the radius of the base of' thle scanmounit is

large, it is required to compute Bessel and1 Hankel functions of high orders. However,

overflow and underflow problenms arise when we comnpute high-order Bessel and Hankel

functions. Appropriate normalization of these, functions of high ordlers leadls to finiite

values. For example, to compu)lte Bessel and Hanlkel fuinctions of order 'in, 100, to-

gether with the argumient x = 1, NIATLAB gives J,,, (x) Pt 8.4318287 89626675c - 189,

,,, (x) -zz 0 -3.7752878101 10529c ± 185i and 0fLX u() 0- 0.0031832580,1464i.

The sinall argumient approxinriation

JIIL(x)II)(X) - t 'n >n I x ,(7.1)

gives the, ap)proximiate result J .. (x)Il,2,'(x) zt 0 - 0.00318309886184i. However. with

the order 'm 1000 and the argument x =1. Nlablab gives Jj x) =0, lil)() f
anl( Jfl,(x)ii,(n)(x) -NaN. In contrast, tesmall agmnaprxato(71) still

gives a finite value for the p)roduct of .Jr..(.i) anl iiT(TP(r), which is J ...(x)1Ir~] (tPx)

0 - 3.183098861837907c - 004i.

Superposition representation of the external field with respect to the seaniount

improves efficiency. In the previous works [6, 20], the numbler of' azinitIal lniodes

leading to convergence depend1s onl the distances lbetweenl the source, andl the axle of'

the conical seamiount or cylindrical island. While in our approach as dlemIonstratedl

in this thesis, that Inmber (depends onl the radhius of the base of the conical seamnount

or the cylindrical island. Thus, with all the other parameters the samne, the farther

the source is away from the conical seaniount or the cylind(rical island, the inore

computational effort is saved in our model. In other words, the larger the ratio i'"/1-

is, the more efficient our miodel is over the previous mnodels [3, 6. 20].

Our three-dimensional spectral niode approach is applied to investigate the scat-

tering from a cylindrical island. By using the superposition method, our applroach

is much more efficient than Athanassoulis and Propat hopou los's approach without

sacrificing accuracy. By using normalized Bessel and Hailkel functions as well as
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their asymptotic forms for large arid small arguments, our approach eliminates the

overflow and underflow problems which exist in Athanassoulis and Propathopoulos's

approach. Thus, our approach is more stable than Athanassoulis and Propathopou-

los's approach Therefore, our approach is applicable to high-frequency and large-scale

problems.

The N x 2D approach introduced first by Perkins and Baer [16] is efficient in solving

three-dimensional propagation problems. However, as illustrated by numerical exam-

ples in this th,sis, we find that the N x 2D approach is a good approximation of the

true three-dimensional approach only under the condition that the three-dimensional

effects are weak. The physical interpretation is that in the Nx2D model, only in-plaine

scattering is involved; however, in the true 3D model, both in-plane and out-of-plane

scattering are involved. Therefore, when the azimuthal variation is weak, the ii-plane

scattering dominates and the out-of-plane scattering is negligible. As a result, the

Nx2D model is a good approximation of the 3D model. Otherwise, if the three-

dimensional elfects are significant and the out-of-plane scattering is not negligible,

the N x2D niodel is not a good approxiniation of the 3D iodel. Factors such as

bottom types and height of a seamount contribute to three-dimensional effects.

As illustrated in this thesis, the propagation of a mode is affected by the seaniount

only when the oscillatory region of the mode shape is above the top of the seaiount.,

resulting in node coupling and excitation. Otherwise, a mode will propagate past

the seamnount without being affected and no other modes will be excited due to the

incidence of this mode.

As we know, in long-range, deep-water propagation problems, the acoustic field is

not sensitive to the acoustic properties of the seabed. As a result, we may ignore the

shear wave in the seamount in a deep-water waveguide. This statement is verified by

a numerical example in this thesis.

It is shown in this thesis that the use of random step sizes in representing smoothly

varying bathymetry can weaken the artificial backscattering beams. The use of uni-

form stair steps to represent smoothly varying bathynnetry in ocean waveguides is

common to most numerical solution techniques (parabolic equations, coupled modes,

193



finite differences) emiployed todlay to solve railge-dle denllt prop)agationl and( scatter-

ing problems. The (disadvantage of this scheile is that it may in!troduce artificial

beanis in the backscattered field if the number of stairs/rings is not large enough.

To solve this probleni. we may either tise more stairs/rings or use the technique of

randomn step) sizes in representing the b)attlynietry. As of todayv few published models

appIly tile tectinique of rand(omi step sizes.

Our three-diniensional spectral coupled inode model is applied to the IKermiit

Scamnount problem with bo t tomi top)ographiy andl sound1 velo city profiles olbtainedl fro)ill

the 2004 BASSEX expernnent. From the results we see that a p)ert urlbationi zonme f0)rls

behind the Kerinit Scamiount. In addition, thle results of' the N x 2D nmodel and our

3D model agree well above the tol) of thle Kermit Seaniount.

7.2 ]Future Work

For th pR Iroblemi of three-dimensional propagationi and( scattering anround a conical

scalliolmnt, the solutions reqluire not only lprecise niat hemnat ical represent ationa. but

also extensive compu)itationi. Although all thle work in this thlesis. including nunmerical

examplles and( problems with realistic environmenit dlata. is done onl a single PC ( 1. 7

GHz P4 with 256 NIB mniory), it is impractical to address highi-frequenmcY. large-scale

seaniount Iproblenis because of the slow comnpuitat ion speed and limited memoary at

the current stage.

In add(it ion to solving large-scale ocean acoustic p)rob)leins onl supercomplut ers.

niaking improvements to the mnodel is important. In the current model, the oiiver-

gence rate concerning thle numbher of tihe rinigs is too slow. Although the randoin

step-size schelie hielps to solve this prob)lemn to sonie extemid. the improvement is far

from satisfactory.
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Appendix A

The Laplace Operator in Cartisian

Coordinates, Cylindrical Polar

Coordinates and Spherical

Coordinates

The Laplace operator V2 = V • V takes different forms in Cartisian Coordinates,

cylindrical polar coordinates and spherical coordinates.

A.1 The Laplace Operator in Cartisian Coordi-

nates

In Cartisian coordinates (x, y, z), the form of the Laplace operator can be obtained

by

2 ±2 V.(Al
- ax ay Oy z a" axyO Oz

a 2  0 2  0 2

-- + + - (A.1)
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A.2 The Laplace Operator in Cylindrical Polar Co-

ordinates

In cvlindrical polar coor(inates (r, z,O). we have [9. p. 1043]

~0 0 ~1i), -+ + + CO
01r e:Z r A

= a (A.2)

and the( divergence of a vector (u', 'U. 17) is [9. p. 1043]

0 0 1 I J cp 3_- F =0 (r,,)+ +---. (A.3)r" Or" 0 r 0

With Eqs. (A.2) and (A.3). we obtain the expression for the Laplace oqerator in

cylindrical p)lar coordinates.

V2  V.V

V,( 0 ,0 ,10>)

10 + +; A !j 1

10 (0 i)2 1 02
... -' 0 } ," 0:2 + ,-0 (A..)

or further
i)2  1 i) 02 1 02

- 2 r 0'r 0 -2 r 2 0(2 (A.5)

A.3 The Laplace Operator in Spherical Coordi-

nates

In spherical coordinates (r, 0, 0), we have [9, p. 1043]

0 1 0 1 0
V = -r + ,°N +  riO1 (6.6)
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and the divergence of a vector il, (v,. v0. v) is [9, p. 10431[2 r2) 1 [0 * ] 1 0
(r2v) + 1 [ (Sinl0o) + (A.7)

r. [Or rsin0 rsin0 00

With Eqs. (A.6) and (A.7), we obtain the expression for the Laplace operator in

spherical coordinates,

V 2 =V.V
/&10 1 0\

V.Or "r,90' rsin 0

1 [0 (r20")] 1 [0 (+0] 10 (10"
r2 r r Sin-0 0 s +1 sioo rsin00
0 (r20" 1 0 1 02

12 \r/ ± r2 sinOO0 sinO ± r2sill 2 006 2 .
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Appendix B

The Normal Mode Solution to the

Two-Dimensional Helmholtz

Equation

In this section, solutions to the two-dimensional Helnholtz equation will be given,

either for two-dimensional problems with a line source in plane geometry, or for two-

dimensional p.,oblenis with a point source in cylindrical geometry.

B.1 The Normal Mode Solution to the Two-Dimensional

Helmholtz Equation with a Line Source in Plane

Geometry [12]

From Section 2.1.1, the two-dimensional Helmholtz equation with a line source in

plane geometry, in Cartisian coordinates (x, z), takes the form

0 +2 + ca (-p W -2(x)6(z-Zo), (B.1)

where (x0 = 0, z0 ) is the location of the line source.
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We seek a solution to Eq. (B.1) in the form

2xz

p(x, z) - Z X,()'J,n(z), (B.2)
flu I

where q,..(z) are eigenfunctions of the depth-dependent equatioIn

P d (1 [ 1  d qjll ( Z) ] '_ 2  _A2..]pz dp ...(B.3

dZ d( )] ± -,, ,( 2 ) dZ0, (B.3)

and k.,, are eigenvalues of Eq. (B.3). In addition, T ,.(z) satisfY the ortho nor1Ial

relation /0 1

Substitute Eq. (B.2) into Eq. (B.1). together with Eq. (B.3). we obtain

j (d12X... kp ", + A k MIi) -()( - r). (35
(I2 x (15

by applying the operator J j,' (z) (.) dz t() Eq. (B.5), then we obtain the equation

for X,,(.i), (12X, .l.2 T ( z(,) o) ( .
(VA + k"2 X" = -6(x) J36(I 2  /(0 0o)

Xe may solve the ODE in Eq. (B.6) by 111ealls of the eidpoint method (refer to

Appendix C). Rewrite Eq. (B.6) in the following form,

p(Zo) d 2X,, p(Zo) , " = 6(), (B.7)

TF,(zo) dX2  TI'(zo) k xr)

thus we have

tO(x) = p(zo) t1 (x) = 0. P2(X) - /)(Zo) A

x0O = O0
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and

'Ua(x;) = C
- k x , 

Ub(X ) = e
i k x x

W(xo) = Ua(XO) Ub(XO) -ik .

W(xO)zo =2= 2kxtt

C =o(xo)W(xo) - -)ikx,0)

Tnf(ZO)

So we obtain the solution to Eq. (B.6):

" for x < 0.

1
X (X) 1 u,,(x)ab(XO)

kP ( O - k -,x and (B .8 )p(zo) 2ik

" for x > 0,

1x,"z W7 Ua (XO)'Ilb W:
In(Zo) 1 (B9)

p(zo) 2ikx,

We may rewrite solutions (B.8) and (B.9) into a uniform solution:

i Cikxn lXl

X()=2p(zo) q"Z)kxTL(B10

By substituting Eq. (B.10) into Eq. (B.2), we reach the solution to Eq. (B.1), i.e.,

the two-dimensional Helmholtz equation with a line source in plane geometry,

p(x, z) 2p(zo) -I BkiL
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B.2 The Normal Mode Solution to the Two-Dimensional

Helmholtz Equation with a Point Source in

Cylindrical Geometry [12]

From Section 2.1.2. the two-dimensional Helnmholtz equation with a point source in

cylindrical geometry, in cylindrical coordinates (r, z), takes the form

1a (rp) + p(z) ( 1 p) + 2 1p r')( 2w)" (B.12)

where (ro = 0, _0) is the location of the point source.

We seek a solution to Eq. (B.12) in the folrm

p(r,) I: I?,,, (r) P,,.(Z). (B 13)

rn I

where ITM,(z) arc eigenfinctions of the depth-dependent equation

f"(z) . (z)] + [. L,,2 qJ ... (z)= 0, (B.I1)
d(-- lp(z) (I - c(Z-)  I

and kr are eigenvalues of Eq. (B. 14).

By substituting Eq. (B.13) into Eq. (B.12), together with Eq. (B.14), we o)tain

(t (ddR 2 1 1 6(r)
I- Ir - + krM Unt Ij 7r I6'-0 B 5
, r dr )drm 7fl - 27r r

amid by applying thle operator Jo I T,(z) (.)dz to Eq. (B. 15). we obtain the e(quation

for R,,(r),
11 d dtR, 2 1 6(r) 1

- +I krIt [R, - - ''~z (BiG1)
r(dr dr ) rn 27r r p(zo)

which is a 0th-order Bessel equation. We know that the solutions to an nth-order

homOgeneOus Bessel equation

1 d rtdl 2 2 )
r,dr +  k2r 2  I?= 0 (B. 17)
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are any pair of H(i.1)(k,r), fl 2 (kr), Jj,(kr), and Y,(krr).

We may solve the inhomogeneous Bessel equation in Eq. (B.16) by icans of the

endpoint method (refer to Appendix C). Denote

A =P 1(ZO) (B.18)
27rp(zo)'

and rewrite EI. (B.16) as

d121?L 1 dP .2, -A 6(r)d', + 1 R,+ k 2tR, A
r2  r dr ± n r

or,

r (12 1 d R
- + - - + k 2 ?. = _ (r.). (B.19)

A dr 2  A Adr ATf rnFI

then we have

o(r) t (r) = 1 P2(r) r2

ro = 0.

and

Ua(r) = Jo(krnr), Ub(r) = 1(1)(k,,r).

Since

w [J,(z),,, 1)(Z)] W [Jn(z), A(z) + iyn(z)]
0= I nZ) + W [J(Z), iyn(Z)l

iW [A(z), YW(z)]
2

i-,
7rz
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we have

VV [nj , a'~). b(ro) IJo (Arilro) fi(1) (k m ro)

d J0 (krnro) I ) (k1r,O)

Jo (kr,o) 6 (Arnl'O)

d(k, r) d(k,., r)

2

- <7r]Aro
2i

aild thus

( Plo(ro)W(ro) j 2i 12i (13.20)
A 7rj A 7r

So we obtain the solution to Eq. (B.16),

I?,(,.) = F>(,. ,.o)
1

-- -- u,(ro)Ub(r)

with Eq. (B.18)

T , ( Z' o ) 7 I (o 1 (A 'r,, 0)
27rp(zo) 2i 0

_ i 'I,,(Zo) ttJo1)(k ,,r.). (I1.21)

4 p(zo)

By substituting Eq. (B.21) into Eq. (B. 13). we reach the solution to Eq. (B. 12), i.e.

the two-dimensional Helinholtz equation with a point source in cylindrical geometry,

p)(r. )r,,(zo) ,,(Z)I'( l,,,"). (13.22)
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Appendix C

The Endpoint Method

The endpoint inethod [8, p. 83] is a powerful method to construct the one-diniensional

Green's fuicti,m F(x, x0 ) which satisfies

Io-,( ) P2(x)r(x, xo) = -x0) + P , (C.1)

0 (dX2  1 dx +PX X O 6X-X)

oil the interval a < x < b and homogeneous boundary conditions or the Sommerfeld

radiation condition at the two ends x = a and x = b. The Green's function F(xi xo) is

constructed fr)m linearly independent solutions ua (x) and Ub(X) of tle 1hoI1ogeIeOus

version of Eq. (C.1) which satisfy the boundary conditions at x = a and x = b,

respectively. The solution to Eq. (C.1) is

FXXO) <(X, x) Ua(X)Ub(XO), a <_ x xo; andr 0,X ) =(C .2)

F> (X, XO) a (XO)Ub(X), xo x < b,

where

C0= P0(xo)W(XO),

and the Wronskian is

Ua(XO) Ub(XO)
V(xo) =- Ua(XO)'b(XO) - U'a(XO)Ub(XO)-

U'(xo) Ub(xo)
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Next, we will show briefly the derivation of Eq. (C.2).

We, write the solution to Eq. (C. 1) in the form

F(x, Xo) JAUll(x)u(£O). a < < xo; and=(x £)(C.3)

Au,(,Xo)'Ub(X), xO < x < b.

F(x, £o) satisfies the boundary conditions at the two ends x = (i and x b. and

F(x, xo) is continuous at x - xo.

Integrate Eq. (C. 1) from xo - ( to xO + . with ( > 0, and let ( - 0,

1r 12 (Xd2F(, f l P (x lir ( IA()F(x, r)d.r

ill 4 (r) dx2  + l I () d +(o

J X -- 5[' --(:F xo0-I

- hr 6(x - Xo)dX. (C.4)
C-0 J

Xo -(

Because F(x, xO) is continuous at x = xo, so both the second term and the t hird term

on the left hand side of Eq. (C.4) are zero'. and

£0 I(

(2 0 - d£-(£--0~lia -((Xhum 0 \ o(, £, £o (1, 0kr 0 htumo jli( *o) ( :r)

with Eq. (C.3)
=P-O) Hiln [Au,(xO)u'(xO + ) - Au'(xo - 44(JO

=o(xo) [AUa(,o)Ub(xO) - Au' (Xo)'Itb(Xo)l

=Po (xo) A W (xo)

where

U-(Xo) Ub(XO) (C.5)w (£o) = . x)";('o

Ua(XO) ub(xod)

Io... P(x) d , ( .o)li,- 0 [F(xO + f, xO) - F(xD - c,.xo)] =0,

and lini.-o .u_: P2 (x)F (x, xo)dx = 2 (xo) fini, -o .f.K)J P(X, Xo) = 0.
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So, Eq. (C.4) yields

Po(xo)AW(xo) -1,

fromi which we obtain
1

A= Po(xo)W(xo) (C.J)

By substituting Eq. (C.6) into Eq. (C.3), we obtain the Green's function as Cx-

pressed in Eq. (C.2).
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Appendix D

Properties of Bessel Functions

Bessel functio:is are solutions to Bessel equations. In this section we will give a brief

review of the properties of Bessel functions [21].

D.1 The Bessel Equation and Solutions

The standard form of a Bessel equation of order v is [9, p. 900]

dx- x +xI dy +  1-- y=20, (D. 1)
dX2  x dx \ X2/Y

and its solutions are Bessel functions of the first and second kind, J,(x) and Y(x)

(Y, is also called the Neuman function); and Hankel functions of the first and second

kind, II)(x) and ft(2)(x).

In Acoustics, a more frequently used form of an nth-order Bessel equation is

d2R 1 dR 2 2

dr 2  + d - + kr - 2 R = 0. (D .2)

Eq. (D.2) can be easily transformed into the form in Eq. (D.1). Let z = k,r, then

Eq. (D.2) becomes

2d2R 1dR ( 2 _2 n 2 \+krI-kr d+ k2 -k R=0, (D.3)

rdZ2  z dz rrZ29
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or, d121? l dR tn2\
d'I? I t- d I? I? =0. (D.4)
dZ2  - dZ 5)Z

From the above. we see that Eq. (D.2) is indeed an n.th-order Bessel equation with

argument z = k,r, thus the solutions to Eq. (D.2) are J,(k,r), Yjk,r). 11r,I)(kr) and

1( 2)(krr). The general solution to Eq. (D.2) is composed of two linearly independent

functions with arbitrary constants C1 and (2. such as

i(r) - C ' )(krr) + ( 1/ t2)(kr). (D.5)

D.2 Asymptotic Forms of Bessel Functions

D.2.1 Large Arguments

Bessel functions of the first and second kind, J,(k,r) and Y;(krr), are called the

standing wave solutions of Eq. (D.2), because their asymptotic behaviors (as r -- -)

are given by [21, p. 118]

2 / - 7F 7 )\

()cos (X - (D.6)

and

Y.() sin x - ?I - ) . (D-7)

In addition, the asymptotic forms of their derivatives, i.e. J' (r) and Y,(x), are as

below:

ill(x) sinl (X - -- (D.8)

and

Y- W) Cos (X - T11 - . (D.9)

Hankel functions of the first and second kind, I[,(,l)(k,r) and ,tt2!(krr), are called

traveling wave solutions of Eq. (D.2), because their asymptotic behaviors (as x -* OC)
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are given by[21, p. 118]

ttn'(X) x C/ 2-- n - ) (D.IO0)

and

2)(x) 2 4 (D.11)
7Trx

In addition, the asymptotic forms of their derivatives are as below:

tf1)'(x) - i x C 2- (D.12)
7Trx

anid t! 2)' r . i/2-( - { -i f(2) (X). (D. 13)

( rx

D.2.2 Small Arguments

Jn(x)

The series rep'.esentation of J,,(z) is [21, p. 118]

So( k (22kA (Z) !( -) arg z[ < ir. (D. 14)

From this series representation we can see that for small arguments, we have

(2)) n! (n+ 1)! ( 2 "

it! 2 + O(xn+2) (D.15)

from which wc obtain

J1x) (X)"( for IxI - 0, (D.16)

or, as, -I 0:

* TI- 0,

JO(x) '- 1. (D.17)
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anda

J6(x) - 0. ().18)

1 1\
(x) "- ~(D. 19)

and

11

- 1 1!(1')".-(D20

2(n,- 1)! 2

Fig. D-i shows the shapes of J,,(:) for n,V2220 1, 5, and 10. from whi(h we can see

that as x -- 0, JO(x) -I 1 and lr,(,) -- 0 as 'n / 0.

J(x)Jo(x) 0J,(,) 
]

JJ.(x)

JO(XJ

J,(X)

05

J5(x)

Jl(x)

-0 I 1 . . . I
0 2 4 6 8 10 12 14 16 18 20

Figure D-i: Be(,ssel functions of the first kind of orders 0, 1. 5 and 10. As x -0 0,

Jo(x) ,1 and J,,(x) - 0 as n /4 0.

212



Y(x)

The small argnent approximations of Y,(x) are [21, p.119]

2 x  ]
YO) -+ (D.21)

,(x) ,, (TI 1)! (2 TI 0, (D.22)
r

and the small argument approximations of their derivatives are

221 _12

Y(x) 2 - 1 (D.23)
irx2 r x

Y(, W (n - 1)! (2)"- 1 2 (- I
r! 2 L

7T~ Xn1i 12 i

2l! 
(D.24)

In Eq. (D.21), = 0.57721.-. is Euler's constant. From Eqs. (D.21) and (D.22) we

can see that x 0 is a singular point of Yn(x). The shapes of ',(x) for n=0, 1, 5

and 10 are shown in Fig. D-2, from which we can see that as x -- 0, Y,(x) -- -c.

H(') (x)

For small arguments, we have:

* ifn 4 0,

H(,')(x) JT(x) + iY,,(x)

~ iY1,(x)i(Yn- )'2)
(n 1)! n -0, (D.25)

7r

and

3 - i O. (D.26)
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Y,(x)

Y,0(x)

08 [ yS(x)

0.6 YO(x)

04

02

0

-0.2

-0,4 ,

Yl(x) Y5(x) YIo(x)

-0 6

-0 8

- --- - - -I L -

2 4 6 8 10 12 14 16 18 20

Figure D-2: Bessel functions of the second kind of orders 0, 1, 5 and 10. As x -- 0.

* if-'n = 0,

0o = W Jo(x) + iYo( )

- 1 + iY0(x)

2(D27
- 2+i [ + ,+(D.27)

and
0t,,x W ; yo,(X ) = 7 2. (D.28)

H.(2 ) (X)

For sniall argunients, we have:
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" if n 4 0,

J(- i Y rL(X)~-iYr,(x)

(T, 1! - , n 54 0, (D.29)

and1
7rTg (2) n '

an l(2() n ( 2))- (D.30)

" if n 0,

JOW - iYo(x)

S1-i- ]o(x)
rr2 + -x + (D.31)

and

I (X) , i 2. (D.32)

D.3 Negative Orders

The following formulas are useful [21, p. 119],

J_,(x) = (-1)nJj,x), (D.33)

and

Y_,2(x) = (-1)',(x). (D.34)
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D.4 Recursion Relations for Bessel Functions

Som recursion relations for Bessel functions are [21, p. 121]

Zn-_(Z) + ZnI 2ri(z) 2rZ,(). (D.35)

-, _l( j 1,,(2) - dZ(z) (D.3)
dz

where Z denotes J, Y, 1(1) or t1(2).

Another useful recursion relation is

__(dZ,,(z) (D.37)

--Zn(z) - _dz

which is easily obtained by adding Eqs. (D.35) and (D.36).

D.5 Wronskian Relations for Bessel Functions

Some usefil IAWronskian relations for Bessel finctions are [21, p. 121]

2
4 [J1(z), Y,,(z)] - ( D.38)

/V [tt )(z)l jt 2 )(z)] 4 D.39)

where the Wronskian of functions J(z) and g(z) is defined as

WV[f(z),g(z)] (Z) g(z) = f(z)g'(z) - .f'(z)g(z). (D.40)f'(z) g'(z)

Notes:

1) We notice that the Wronskian of J,(z) and Y,,(z), or that of lf,(1)(z) and 1/
2)(

are independent of the order n.
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2) It is easy t,) derive Eq. (D.39) from Eq. (D.38), as shown below,

(2)
W f[H1) (z),H11(2) (z)] = [I 1) /"

j(' )' j1(2)'

ill + iY. Jn - irn

Jl +i ,l , - i Y ,

2i (J,,Y,, - J, Y,)
- -2iw [J, Y,I

4i

7 z

3) Eq. (D.38) is the basic Wronskian relation and may be used to derive other Wron-

skian relat.ons for JYj(z), (z), II,,)(z) and t, /2(z). For example. we may obtain

W [Jn(Z)! Jfi')(Z)] as below,

W [J"(z), 11')(z)] W [J(z). J"(z) + iy"(z)]

W [J"(z), J"-(Z)] + W [J(W), iYr (Z)]

iW [J(z) Yn(z)]
2i (D.41)

7rz

4) We can check Eq. (D.39) with asymptotic forms of tt(')(z) and I/n(2)(z). For

z-* oc, we have

H,,)(z) z / e(-n-) (D.42)

i rz
(}2) (Z) FIT z/-(-n!E-E),( . )

H 7rz

arid
dHn(P)(z) I() T

- I (z) - tHP)(z), p 1,2. (D.44)
dz21
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Thus the Wronskian of Il,')(z) and Il(,)(z) for DC c is

lbn z (I1W

ZJt _ '(z) I() -, _ )

- 2 _( ) 2t_ IL

z 'jz 2rZ= 2 2 E4

2 4, 2 ,7r Z
2 2~

4,i4 -.(D.45)
IT I

In the above derivation, we used sorne properties of the Wronskian. The relations

below are useful about the Wronskian. For functions fi (x), j*2(x) and .v)

W [T.(), f (W)] = 0.

• w[f (),12(x)+ f,W)] [= W (), 2(x)] W + w Ll W (x) f(,x)]

W W [fj (x), Cf2(x)l = (W [il (x), ]!2 (x)], where ( is a constant.

Sw [J2(x), f,(xO)] = -W [fI(x), *2(x)].
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Appendix E

Linearly Independent Solutions of

Bessel Equations for Both Large

and Small Arguments

The Bessel equation of order v takes the form [9, p. 900]

d2y 1ldy (/ u2)d 2+x+ 1 -7 y=2) 0. (E. 1)

Theoretically, solutions to the Bessel equation in Eq. (E.1) can be any pair of two of

the functions H() (x), H(2)(x), J,(x) and Y,(x). However, as shown below, only one

pair can be cLosen to remain independence for both large and small arguments [17].

E.1 Linearly Independent Solutions for Large Ar-

guments

Below we will seek linearly independent solutions for large arguments, i.e., for Ixj >> v

or, jxj -+ oc with u fixed. Denote x = a + ib (b > 0) and assume b -+ oc, then we
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have the asymptotic forms of Hanikel ftinctionis as

7rX

7rx

7r

0, Oas b --+oc. (E. 2)

arld1

[i(
2 (.) 2 _ -V

7rX

C 22

- c, Das b-*DDC. (E.3)

In wave theory, /, ) (x) 0 means anl outgoing wave decays exponentizilly with1 range.

and ,) (x) - Dc neanls anl incoming wave increases exponentially with ranlge. With

Eqs. (E.2) anld (E.3), we have (assume Iin(x) > 0)

( = I [[I(,) (X) + 1II(/2)(X)1

I ()() as Iiii(x) -~ Dc, (E.4)
2v

and1

1 ()x,as Ini(x) -4 oc. (E.5)
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Thus for jxI > v,

So we comc to the conclusion for jxj >~ v: when jxj >~ V, J 2 ( Jv(x) and Y,(x)

are linearly dependent, all of them are linearly independent of I[().

We m ay sec t he conclusion above clearly from Fig. E- 1, where log 10 1J, (x) 1, log 10 1Y1 (x).

log1 0 fi) (X) and log 10 If(2) (X) are plotted with vi 1, x a + ib a -+ ia (let

b -a > 0).

2

1.5

0.5-

0- 1Og1jj(x)1

x -O yW

4: 10 11

-12 .5 0 0HM

-2

-2.5-

-3 1 2 3 4 5 6 7 8
lXI

Figure E-1: Bessel and Hankel functions of order v =1. As x~ > v, If '(),)j J(X)
and Yv(x) are linearly dependent, all of them are linearly independent of Jg,')(x); as
xI < v, II,(')(x), H,( 2)(x) and Y,(x) are linearly dependent, all of them are linearly
independent (if Jv(x).
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E.2 Linearly Independent Solutions for Small Ar-

guments

Below we will seek linearly independent solutions for small arguments. i.c., 1,1- << I/

or. Ix -, 0 with v fixed. Since as IxI - 0. J,(x) approaches a finite value, which is

either 1 (when v = 0) or 0 (when v 5 0). while Y,(x) , -C. we have

//,0)(X) J,(x) + iy",(X)

i YV(x), (ES)

/14)(:) = J,(X )- ,

From the above, we coie to the conclusion for jx < v: when 1x1 < v, //,(,')(x),

tt( )(x) and Y 6(x) are linearly dependent, all of thein are linearly independent of

J,(x). This conclusion can also be seen clearly in Fig, E-1.

E.3 Linearly Independent Solutions for Both Large

and Small Arguments

As shown in Table E.I. we reach the conclusion: The only pair of finctions that

preserves linear inlepend(ence for both large argumnents, i.e. IxI >> v. and small

arguments. i.e. 1Ix < V. is /I()(X) and J,(x).

eondition inlidepenldent soliltion set 1 iinIdependent solution set 21 X I >> v ii, I(X,) 11,(2) (x), , (r), I V(x)
Ix 1 <v IIP.) (x ), W2) ., Y,( W , (r )

Table E.1: Linearly in(depen(ent solutions of the Bessel equation in Eq. (E.1).
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Appendix F

Asymptotic Forms of Normalized

Bessel and Hankel Functions of

High Orders with Debye

Asymptotic Expansion

Below we will give the asymptotic forms of normalized Bessel and Haikel functions

of high orden by applying the Debye asymptotic expansion [1, 5].

F.1 Debye Asymptotic Expansion

If ct is fixed and positive and v is large and positive, then (Eqs. 9.3.7 and 9.3.8 in [11)

.Q a ,y(tanhoa) 1 Uk1(COth a)

,ljvsecha) - 27-v tanh a k=1 k

(vsech)tanh a) )kuk(cotha)

j7v tanh a k=1 ik
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where

'Io(t) 1,

it I(t) =(31 - Wt )/24,

'12 (t) = (8112 - 462t' + 385t6)/l1152,

etc.

W~hen the order Io is large (when the value of Y,,, drop)s below - 10"'), we use, thle

Debye asymptotic expansion with the first three terins, and evaluate the normializedI

Bessel andI Hankel functions as shown in the following sections.

F.2 The Asymptotic Form of J,,,,(Xl) -J1(IHn)(2

of High Orders

First, let,

,i, tns5eclic ; i asech(l (F. 1)

x2 IIISM10 2  02~ asech( 2. (F. 2)

andl then evaluate

J.. (,,) Hll)(X2) =J.. (X1 )[Jn~(X2) + 'Ij-1 2)]

where

J,n (X IP )J 1(3,2  Cn- ahaI- I+ah0- 2

27m , tanh1 (11 taulh a 2

x it, (cothi (,V) +'11 2 (COth a1 ) I a1t (co(thl (t2 ) + 11((Aoll (V2)

(F. 4)
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JXl)ym(X2) -em(tanh a1 -VI+a 2 -tanh 02)

7rmvItanh altanh a 2

x { +a u(cotha,) + U2(cotha,) } { U(coth 0 2 ) + U2 (COtha 2 )}
m M7

2  Mn, m
2  "

(F.5)

F.3 The Asymptotic Form of J(xl) J,,(xl)H,,(x 2)

of High Orders

Evaluate j".(xj) by

j.I(X1) =J,,jX1)H(.)(X2)

= Jm-I(Xl) - rnJm(X])] H,I)(x 2 )

-Jl_l(Xl)Hl)(x 2 ) - Jm (XI)H,, )(x 2 ), (F.6)
XI

where Jm(Xl),Ul)(X 2 ) is evaluated by Eqs. (F.3), (F.4), and (F.5), and Ji,(XI)Hn)(X2 )

is evaluated as below:

First, let

x, = (m - 1)sechal == = asech( X ), (F.7)

X2 = msecha 2 ==> 02 = asech(X2), (F.8)m

and then evaluate

Jm-1(XI)H,(,)(X 2 ) =Jm-l(XI)[Jm(X2 ) + Zym(X 2 )]

=JmI(XI)Jm(X2 ) + iJm_(X)Ym(X 2 ), (F.9)
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where

(,m(tanIh o I -(,l +tanh a -0 2 ) , I -tanh a 1

,J,-l (X I )Jn (X 2 ) =
2q -m(n - 1 ) v/tanh I tanh a 2

X + Ul(COth al) + 12 (co } + + ()tl 02) +u2(COt1( 2

11- 1 ( 1) 2  {M ,1

(F.10)

X(171(tanh ( -01 +02-tanh 02) 1 -tanh a
,]u-_ (x1l )1/m(iF2 ) --- ______________________

7r VnrIu(In - 1) vtht,nh 1 ha 2

x 1+ ul( c t ) + u2(coth, ) 1 (coth( 02) + u2((.()t,i (2)

In - (i -1)2 2 ,n'

F.4 The Asymptotic Form of !,fL) (xl) - H,,)(Xl)1H,l)(,2)

of High Orders

We evaluate M(11')(3-1) as H (l)/ (x 2) ,s below:

(x I

H, (X 2)H,, F 2

Jm(X 2 )H(,, (X2)

where m~, (x-9H (:i and J,,, (X2 ) Hl(ll (x 2) arc, evaluated y EqIs. (F.3), (F.4) mdh

(F5).
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F.5 The Asymptotic Form of ftU'H " (Xl) = HU"(Xl)/HirI(x 2)

of High Orders

We evaluate =H/' (xl) = as below:
H,Q1 (X 2 )

Hl ()(X) _(xl) -H)

H,(,) (x1) m H ((xl1 F 3HH.T (X2) H XH(x2)

where ','("(x) is evaluated by Eq. (F.12) and H"(11 (x,) is evaluated as below:
M(P (H,(U(X2)

H,, _X ) ml(X) H,m- XI (F. 14)
H g)(X) .(X2) HIIg')(X)'

i which Jm (X2)H(n')(X 2 ) is evalu ated by Eqs. (F. 3), (F. 4) and (F.5) an J,(x2)H'), (xI

is evaluated as below:

First, let

X2=Tsecl10 2 ==> 0 2 =asech(-), (F. 15)

x= (mn. - I)sechal === a, = asechl( -1 x1 (F.l16)

an(l then evaluate J dn(X )HmE (x) as below,

Jm(X 2 )H,,,l(XI) =J m(x2 )[Jn-I(X) + ZYm-1(X1)]

H Jmn(X 2 )JmI(XI) + iJ(X 2 )Ym-I(XI), (F.17)
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where

(In(tanh (12 -C 2 +tanh a I -k, ). I -tanh a1

2,n ) V(X (2 n - 1) Vtan 1i tani n 2

X + UI()t A2) + u 2 (CO a 2 ) } { III (cotli a I+) (((t,II
Ti IT12  in - 1 (, - 1)2

(F. 1)

J~1x2)§~ 1 (x1 ) (tanl h 020-2+01 -tanh 01l) etanlh 01-0 1

7FV'M(Tl - 1) vtanhv 1 talh cV2

X II(COth10 2) + 2 (CO a2) 1 cotha + 2(

Tit il2 I,- 1 (I- 1) 2  "

(F. 19)
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Appendix G

Derivation of Coupling Coefficients

bmn and Cmn

In Section 2.2.3 we derived the coupling coefficients B,, and C,,,, with source con-

ditions, where unnorinalized Hankel functions are used as solutions to the Bessel

equation. Below we will derive the coupling coefficients b,j and c,,, with normalized

Bessel and Hankel functions as solutions to the Bessel equation.

From Section 2.2.3 we have two equations for bjn and c,..

bj Jnf(kjr,), U r, ) -a J  m , r=anr (G.1)b,,.7 r,n J rn s) - Cm = Tn H(,,) k J r- I(

770; r dr rn,,dr(- n .),
b d'" d l(k 7,)H ,r( s, -a C,n n Il (1() 1

(G.2)
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To use Cramer's rule to obtain bj,, first. we find the dteterminants

! ,J ( rn (s) (Arn r) -1
J .. (kjr

H (k r,)- (kj r,)H,)(kj r ) d (k, ,
dr \rn (1)

H., (k, Fr)

J, d (l)  d J,, j
dr rn dr7 r

H(,')(k,, r(r',1 ) ,  ,  (kr )- kj ( M. j, -,) ( , J,,,)
= H'~k ~ ( k (J ~ dc (k ) 1 (;r)

krA;., IT, [H(') (k/,-), Jn (k/r,)]

-ik/jIV[Jn (k.ji-,), Y (kj,)]

1.7 2

rI?
2i

0"11(1 //

- k , LI_H

d(H,(,,'

tllis we obtail

bj Nb

--(l"l]lH ' ~r p(z),)ff, ,J 1

2z

-a ,,. ,i ;. ., , + n ( ") 'Di (0),.( .

12 p(z,)
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By substituting Eq. (G.5) into Eq. (G.1), we obtain C,,

q, ____mJ)mk;r)iQkns + , H,(,)(kj'r,)
Cm r, HH(,)((k r,)+ a (G.6)

P(Zs,)rn
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Appendix H

Deriv-Ation of Formulas in Outward

Marching

In Section 4.3.2, we list the formulas in the outward marching. Below we will give

the derivation of those formulas.

b.1 (unknown) b.' (unknown)

' (kOnown)

Figure H.-1 Coupling between two neighboring rings in outward marching.

Refer to Fig. H-i, we have the following boundary conditions:

1) Continuity of pressure at r = ri.
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The boundary condition

P2+l(d, z,) p J(r
j
i 

, ,  (H. 1)

as well as Eq. (4.19), gives rise to (for azimuttal mode m)

EI[armj +1 ] j +$1(r ' ) + 1"3+1 (j+l (Ijj+ (z) E [a' nH l 'rn(r j ) + qI'J, .

n=1 n= 1

(f1.2)

By applyig foo' kj+'(z)(.)dz to Eq. (H.2), we obtain
aJ+lilJ+ +pj+1Z E[jVj • 1 J'z ,z(

n=I

(H.3)

With notation

0 1 (j1. 4)(C")jv" Pi+' (Z)

we may rewrite Eq. (H.3) in the matrix forin,

±t iJ+lai+ 1 + jJ+lbgl - Cc[fIiai + J,,,bn ] ,  (H.5)

where H1 JJ,, HIJ+ ' and ll'+l are diagonal iatrixes aiid aJ, b,,, aM Aild

bi I are colunni vectors. Note that C,) does not depend on the azhuthal mode

2) Continuity of normal particle velocity at r = ri.

The boundary condition

1 O + (r] 1 zIq(rJ,z,), (H.6)
)J-I(z) Or Pi (Z) ar

with not ations

dHJ (k(r)
d( kD,3,7J7 (f.7)

H.(k j r,j-1 d(kr)
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as well as Eq. (4.19), leads to (for azimuthal mode m)

1+ jji P+',
1z [aj+kj+'Dftlj+l(i) hJ+l J.+lD j+1' j (d)

pj+l(Z) L mnn=1 rn mn rn mn n

-(z E1 [aJ,nnDftlj n(rj ) + b,nnkjnDjmn(rj)I %PJ (z). (H.8)
n=1

Apply fo Pj +(z)(.)dz to Eq. (H.8), and we obtain

aj+lk j4-lDIiJ+1[. b+kJlj+tJ

?rk'rknDft1jn(rj) + Wnk,JnDjjn(rJ) IPj( zIP()d.(H9

n=l

With notal-ion

(Cd)jn -,' ki %Jj 1 _,(z) Ij(z)dz, (H.1O)

we may rewrite Eq. (H.9) in the matrix form,

L1lj+aj + l + DJ+b +  J[Dija + Dj,',bn]. (H.11)

Now we have Eq. (H.5) and Eq. (H.11),

.fIlj+'aj + l + jmJ+lbJ,+l = C J,[Ilj a ibm], (H.12a)

DHlj+laj+l + DJn+lWm+1  = Cd[DHaj a + DJjbn]. (H.12b)

To solve aj+ 1, we first solve it from Eq. (H.12) and then apply the one-way ap-

proximation, i.e., b"+ l = 0, W, = 0, instead of first imposing bn 1 = 0, bWn = 0,

and then solving a j +1 from the simplified Eq. (H.12).

Apply Djj+ 1 x Eq. (H.12a) - j+' x Eq. (H.12b), and notice that since j]j+

DjJ+i' are both diagonal matrixes, thus D j'+1 x j+l = j,3+ x Dj,+, thei we
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obtain

[Dj,]+HIl j + l _- jj+IDIlj+l]aj+l

=[D,1,+'CH1 - J 1, CdJDHlm,]a,d + [ ",-D +"'CjD iA',

(11.13)

Now impose the one-way approximation , 0, then Eq. (H.13) leads to

[DiJ1 H1j 1 - J,,,DIij]aj' = [Dj )Cif - Jj+CdDHftlj,]a-.

(H. 14)

The factor of aj + l can be simplified as below.,

-j1-j+1 D ITHi - i/jQDH1 ,"

(- J, ( k,j+ 'i) I (1) ( kj+l (j+ 1 . I j+)-H(,,)k+1rj 1 '..J+ "," d)HH,I(kj 1+
d(kjr1 r) H,(,P J k'rr) (-(,, nr j

H?(rI(Aj+'rj+1) [dJ7 ,0~1) J~~~ 1 i 1I 3 
:

,,vrit i d -, (k.j+l,1'j )H (r1) ,kj+lrj - ,kj+ vj. ,) (kj+',-i

H7(111) kjrr+1 ri) d (k r?I, ) r n)n((jl+,,,

,H,I)k+'j 1 1,,1, ) [H,', J,,.](k j+'7-,j)
f 1 r n

2i I H( I )(k j+lrj + l )
7ri 1rri H 1 , ) (k jr1'rj)'(

so we obtain

211 1 H,(,) (k j + 1,1j + I
D.jd,+ 'fI l j + ' - j+'DfI/lj+I -idia,g r.n+ 'n I,-.- N__ Hi (rn I.DJ" -I1",7-- - diag3 h,., H ,~i')(/:. + r) Il =

'n'Gj+ 1(H.16)

and therefore

(G = i diag .+1, t.N (1-1.17)
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Thus, from Eq. (H.14) we obtain

+
--(Gj+I)-1 [DJn+lCiIlj - J+'CdDHl,] a3

-Srn I I, (H. 18)

where

lm Gj)-[DJm+'Ce j  - i CDHl]. (H.19)
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Appendix I

The Spectral Coupled Mode

Solution to a Range-Independent

Waveguide Problem

Below we will show that our three-dimensional spectral coupled mode solution will

reduce to the t;wo-dimensional normal mode solution for range-independent prol)lems.

We only focus on the field in the region inside the source range, i.e. r < r,; the

discussion about the field outside the source range is similar and thus is omitted. A

detailed discussion about the equivalence of the spectral normal mode solution and

the two-dimensional normal mode solution for range-independent problems can be

found in Section 2.2.4.

As illustrated in Fig. I-1, for a range-independent problem, we have kj, = kj + =

k,. Now Eq. (4.65) becomes

Fb = diag k H)(krj) , 2,... N. (1.1)
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r
j  

rj.I r) ,r-
1  

r - 0

r 4

j+1 j

I = -
SSOUrFCC"

I : I

Figure 1-1: To apply the spectral coupled mode imethod to a range-indepenident, I)rol)-

leill.

Silce IIOW CJ CI + = I, we have

J, CJ ,,, -- jd Cb+1DJ+

=DJj .jJ+ _ ij, DJj+'

= iag (,l ,,(kril ),,ITj)H4)(krnrj)J7,7(kri)HI (,l) (rtir j + l )

- fl (A 3 .)H(1) (k,,ri )J,(k, ri)H (1)(kl,,', ))?,,1 .... N

=0, (1.2)

thus Eq. (4.62) becomes

=_ (F,) - '(D j,,, Cjy+',j,+l - jJ, CJ +'DiJ1) 0 , (13)

and then Eq. (4.67) leads to

j + l  (R + 1' RJ+b j+ = 0, (1.4)
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so we have

a = O0, 1= , 2,..., J. (1.5)

By substituting Eq. (1.4) into Eq. (4.68) we obtain

bI. M,+4'.± R-.'aj+' R-m.4 Wm. (1.6)

Since

D iI ljn Ca+ '.iJ,+' - flJ Cbj+'lD-J +

==DiI imll"+l H1-iIJ Dj3+
=DHg l- H J-jJ+l

H H ') (k, 7 , ) (k .rr + )

==diag ( ,I In(krnr' )H,(k )
H 4Q)(k rj) J '(k r ] )H ()(k,nrj+)

H (l)(k r J-1) m nn)"=1,2._.N

IH(ll(krrJ+1) [{m(krnrJ)', )kJ]

==diag (mHP (krnr- )

2i diag (11J(k,rj+') (1.7)
7rr] krn HmP(krnrj- l )

from Eq. (4.64), as well as Eq. (1.1) and Eq. (1.7), RYm+41 reduces to

= + i'= (! (D1l j Cvj+l.ij--1 - ii1mCj+lDj3+)

_ 7diag(k-n Hm()(krn't') ) -diag2i H(2(k"d4) n=1,2 .... 7Trr  km' H,(,) (krn'J ' rj=,2 ..

diag( H(krnrj+l) (1.8)
=Hm()(krnTj) )n=1,2,.._ N
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By substituting Eq. (1.8) into Eq. (1.6), we obtain

= diag (12i(knTrj) 1

SH,,,) k,,,ri) ) i=l1, 2,..... N

H,/(1')(k, ,rj+l)
HMT(k, r i .. (1.)

which leads to

H(,,)(k,rj+l)

H2 (k,,,ij+r (1')(krn J+2) Hintl)n

H(l)(k,nrJ) H (n)(k,,r j+ ') H,,(k,i,,.. 1)

HI(,Il) (j,,,

H ,,( k , 1ri) 
.in)

With Eqs. (1.5) and (1.10), for a range-independent pr)oblem, our three-dimenisional

spectral cou)led illodc solution reduces to

t(r, ., @) = Z ~ [tn H1ni (r,,,,(, ) + ,,,,(. (z )4¢,.(q)
Oc

, _ , H ,i)i ( k . , : j ) (A ' T, ) H ,1 ( k m P ( , ,, ) ' ,,~ ( )1 , ,, (4 )
OZ Z cH ?(,l (ki rjjr) bj n in i i iin~7 =0ii I r

n1=0 1H7n-i 2k t(i,
/ ir7 l

2=0 7z=1 p(Z>

in-( n-lCi c

4p(Z,) S 'n(z ',) P (z)H ) (k,r ') (1.11)

where

" = -\, 12 + 72 - 2rr, cos(o, - ) (1.12)
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From the above we can see that for a range-independent problem, our three-

dimensional spectral coupled mode solution reduces to the spectral normal mode

solution, or the two-dimensional normal mode solution (refer to Section 2.2.4).
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Appendix J

Input Files for Case 1, Case 2a,

Case 2b and Case 3

J.1 The Input Files for Case 1

J.1.1 Input Files for the Three-Dimensional Seamount Model

C-SNAP.DAT

3D SEAMOUNT Model

1

40.

1 20 20

100, 0

250. 0. 0. 0. 1 REG

0. 1500.

250. 1500.

8000. 1.OELO 0.

0. 1. OE5

8000. 1.0E5

1.0E10 0. 1.0E5

0. 0.
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250.0 0. 0. 0.35 0 REG 2

0. 1500.

250. 1500.

8000. 1.0E10 0.

0. 1.0E5

8000. 1.0E5

1.OE10 0. 1.0E5

0. 0.

MATCH 4

NMESH 4

!PLANE

!OPTMZ

TLRAN,COH,PLT

0. 2. 0.005

100. 100.

SMINPUT.DAT

C-SNAP

0

1 20

800.000000 3.14159265358979 100.000000

100

100.

1000.000000 5.000000

0.0050000
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J.1.2 The Input File for the Two-Dimensional C-SNAP Model

2D C-SNAP Model

1

40.

1 20 20

100, 0

250. 0. 0. 0. 0 !REG

0. 1500.

250. 1500.

8000. 1.0El0 0.

0. 1.0E5

8000. 1.0E5

1.OE1O 0. 1.OE5

0. 0.

MATCH 3

NMESH 4

!PLANE

!OPTMZ

TLRAN,COH,PLT

0. 2. 0.005

100. 100.
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J.2 Input Files for Case 2a

C-SNAP.DAT

SEAMOUNT

1

40.

1 20 20

100, 0

250. 0. 0. 0. 6 REG

0. 1500.

250. 1500.

8000. 1.OE10 0.

0. 1.OE5

8000. 1.0E5

1.OE10 0. 1.0E5

0. 0.

150.0 0. 0. 0.35 0 I REG 2

0. 1500.

150. 1500.

8100. 1.OE10 0.

0. 1.0E5

8100. 1.0E5

1.OE10 0. 1.0E5

0. 0.

MATCH 4

NMESH 4

!PLANE

!OPTMZ

TLRAN,COH,PLT

0. 2. 0.005
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100. 100.

SMINPUT.*DAT

C-SNAP

0

1 20

800.000000 3.14159265358979 100.000000

100

100.

1000.000000 5.000000

0.0050000
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J.3 Input Files for Case 2b

J.3.1 Input Files for the Three-Dimensional Seamount Model

C-SNAP.DAT

SEAMOUNT waveguide FOR 3D MODEL

1

40.

1 120 120

100, 0

250. 0. 0. 0. 6 REG

0. 1500.

250. 1500.

4000. 2.0 0.1

0. 1800.

4000. 1800.

2.0 0.1 1.OE10

0. 0.

150.0 0. 0. 0.35 0 REG 2

0. 1500.

150. 1500.

4100. 2.0 0.1

0. 1800.

4100. 1800.

2.0 0.1 1.OE10

0. 0.

MATCH 4

NMESH 4

TLRAN,COH,PLT

0. 2. 0.005

100. 100.
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SMINPUT.DAT

C-SNAP

0

1 120

800.000000 3.14159265358979 100.000000

100

100.

2000.000000 10.000000

0.0050000

J.3.2 The Input File for the Two-Dimensional C-SNAP Model

(at Azimuthal Angle 0 = 0 with respect to the Source)

C-SNAP.DAT

SEAMOUNT waveguide ! FOR 2D MODEL

1

40.

1 120 1:20

100, 0

250. 0. 0. 0.0 -1 ! REG

0. 1500.

250. 1500.

4000. 2.0 0.1

0. 1800.

4000. 1800.

2.0 0.1 1.OE10

0. 0.

250. 0. 0. 0.45 7 REG

0. 1500.

250. 1500.
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4000. 2.0 0.1

0. 1800.

4000. 1800.

2.0 0.1 1.OE10

0. 0.

150.0 0. 0. 0.80 7 REG 2

0. 1500.

150. 1500.

4100. 2.0 0.1

0. 1800.

4100. 1800.

2.0 0.1 1.OE10

0. 0.

250. 0. 0. 1.15 0 REG

0. 1500.

250. 1500.

4000. 2.0 0.1

0. 1800.

4000. 1800.

2.0 0.1 1.OE1O

0. 0.

MATCH 3

NMESH 4

!PLANE

!OPTMZ

TLRAN,COH,PLT

0. 2. 0.01

100. 100.
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J.4 Input Files for Case 3

J.4.1 Input Files for the Three-Dimensional Seamount Model

C-SNAP.DAT

DEEP

1

10

1 43 43

100 0

5000.0 0.0 0.0 0 7 Profile 1

0.0, 1536.00

200.0, 1528.00

700.0, 1502.00

800.0, 1500.00

1200.0, 1497.00

1500.0, 1497.00

2000.0, 1500.00

3000.0, 1512.00

4000.0, 1528.00

5000.0, 1545.00

0.

1.0, 0.1, 2D00.0

0.0 0.0

1200.0 0.0 0.0 20 0 ! Profile 2

0.0, 1536.00

200.0, 1528.00

700.0, 1502.00

800.0, 1530.00

1200.0, 1497.00

0.
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1.0, 0.1, 2000.0

0.0 0.0

!LARGE

MATCH 4

NMESH 1

!OPTMZ

TLRAN,COH,PLT

0 200 0.1

100. 4500.

SMINPUT.DAT

C-SNAP

0

1 12

100000.000000 3.14159265358979 100.000000

50

300.

250000.000000 2000.000000

0.002

J.4.2 The Input File for the Two-Dimensional C-SNAP Model

(at Azimuthal Angle ¢ - 0 with respect to the Source)

C-SNAP.DAT

DEEP

1

10

1 12 43

100 0

5000.0 0.0 0.0 0 -1 Profile
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0.0, 1536.00

200.0, 15:28.00

700.0, 1502.00

800.0, 1500.00

1200.0, 1497.00

1500.0, 1497.00

2000.0, 1500.00

3000.0, 1512.00

4000.0, 1528.00

5000.0, 1545.00

0.

1.0, 0.1, 2000.0

0.0 0.0

5000.0 0.0 0.0 80 5 ! Profile 2

0.0, 1536.00

200.0, 1528.00

700.0, 1502.00

800.0, 1500.00

1200.0, 14)7.00

1500.0, 1497.00

2000.0, 150.00

3000.0, 1512.00

4000.0, 1528.00

5000.0, 1545.00

0.

1.0, 0.1, 2000.0

0.0 0.0

1200.0 0.0 0.0 100 5 Profile 3

0.0, 1536.00

200.0, 1528.00
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700.0, 1502.00

800.0, 1500.00

1200.0, 1497.00

0.

1.0, 0.1, 2000.0

0.0 0.0

5000.0 0.0 0.0 120 0 Profile 4

0.0, 1536.00

200.0, 1528.00

700.0, 1502.00

800.0, 1500.00

1200.0, 1497.00

1500.0, 1497.00

2000.0, 1500.00

3000.0, 1512.00

4000.0, 1528.00

5000.0, 1545.00

0.

1.0, 0.1, 2000.0

0.0 0.0

!LARGE

MATCH 3

NMESH 1

!OPTMZ

TLRAN,COH,PLT

0 200 0.1

100. 4500.
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Appendix K

Formulas for the Use of Random

Stair-step Sizes to Approximate

Bathymetry Changes

Below we will give the formulas used in our three-dimensional spectral coupled mode

model for approximating the bathymetry change by using random stair-step sizes.

th i;m o n IlUVTC"IIJC

RFI IA It VN

II I 

I- - III

RKMt I) I II rI luit I rIm

Figure K-1 Use of random stair-step sizes to approximate bathiymetry changes.

As illustrated in Fig. K-1, we have two known sound velocity profiles located
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at RFILE(1) and RFILE(N). In the formulas below, N is the number of segments,

RFILE is the range of a SVP, RCOUPL is the range of an interface, Ax is the uniform

step size, (i is a randon number from -0.3 to 0.3, HOT(j) is the water depth in segment

j.

IKAIL = RFILE(1). RKAIR = RFILE(N), (1K. 1)

RKAIR - RKAIL
Ax= N-1 ' (K. 2)

RFILEO(j) = RFILEO(j - 1) + Ax, j = 2.... N - 1, (I2.3)

RFILE(j) = RFILEO(j) + (vAx, j = 2,... , N - 1. (K.4)

RCOUPL(j) = R [FILE(j - 1) + RFILE(j)], j = 2. N.
2

h(j) RFILE(j) - RKMLRATIOX(j) =HOL - HOR RKMR - RKAL ' j = 2. N - 1, (I.5)

h(j) = RATIOX(j) x (HOL - HOR), j = 2,..., N - 1, (K.6)

HOT(j) = tOL - h(j) = HOL + RATJOX(j) x (HOR - HOL), j = 2,..., N - 1.

(IK,7)
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