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1 Introduction

Aerodynamic shape design is a challenging application for modern computational fluid dynamic. This is, in-
deed, a very productive field, both in term of scientific publications and developed applications. Furthermore
it is possible to find excellent analysis/design software released in the public domain (See for example [1, 2]).
However, industry, in particular automotive and aerospace, but also emerging fields like wind and sea extracted
energy, continuously needs increased product performance and competitiveness. This requires increasingly re-
fined, advanced and complex computational models capable of describing flow behavior with higher and higher
fidelity.

Thus the design tools available to scientist and engineers are challenged by the growing complexity of sim-
ulation models. The increasing price to performance ratio of nowadays computers is a strong allied of designers
in this though race, but often it is not enough.

Objectives of this lecture is to explore and analyze some of the technologies that, together with the increas-
ingly available computational power, may help to exploit the tremendous potential of high fidelity flow field
models to aerodynamic shape design challenges.

For the sake of simplicity we will concentrate on aerofoil design. Two aspects will be considered: the com-
puter algebra assisted development of code related to gradient computation through adjoint techniques and the
use of fitness approximation techniques to improve the performance of search procedures. The concern of this
first lecture will be more methodological, while some applications will be illustrated in the next one.

The outline of the first first part of this lecture is as follows: some short remarks on adjoint problems will
introduce the framework in which the Computer Algebra techniques will be mainly used here. Then a brief
outline of symbolic computation systems will be given, with particular reference to the features that are here used
for adjoint equation derivation. The implemented algorithm will be described and illustrated with an example
on a simple problem. The adjoint and the related boundary conditions for 3D Navier-Stokes are then reported,
while an example of derivation is given in appendix A.

The second part of this lecture will focus on the use of approximated fitness evaluators. The problem will
be analyzed using the framework of multi-objective optimization, and some possible approaches to the problem
of mixing exact and approximated evaluations will be discussed.

2 Adjoint formulation for gradient evaluation

The adjoint formulation appears in optimal control theory as a tool to compute the constrained gradient to a
given functional. In fluid mechanics the applications span from shape design to flow control [3, 4, 5, 6]. The

9-1

Paper presented at the RTO AVT Course on “Intelligent Systems for Aeronautics”,
held in Rhode-Saint-Genèse, Belgium, 13-17 May 2002, and published in RTO-EN-022.



Report Documentation Page Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number. 

1. REPORT DATE 
01 JUN 2003 

2. REPORT TYPE 
N/A 

3. DATES COVERED 
  -   

4. TITLE AND SUBTITLE 
Trends in Intelligent SystemTechnologies for Airfoil Design: - Computer
Algebra Techniques for Gradient Computation through the Continuous
Adjoint Approach - Use of Approximate Fitness Evaluators in
Evolutionary Optimization 

5a. CONTRACT NUMBER 

5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

6. AUTHOR(S) 5d. PROJECT NUMBER 

5e. TASK NUMBER 

5f. WORK UNIT NUMBER 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
Centro Italiano Ricerche Aerospaziali Via Maiorise, 81043 Capua, Italy 

8. PERFORMING ORGANIZATION
REPORT NUMBER 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S) 

11. SPONSOR/MONITOR’S REPORT 
NUMBER(S) 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release, distribution unlimited 

13. SUPPLEMENTARY NOTES 
See also ADM001519. RTO-EN-022, The original document contains color images. 

14. ABSTRACT 

15. SUBJECT TERMS 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 
ABSTRACT 

UU 

18. NUMBER
OF PAGES 

26 

19a. NAME OF
RESPONSIBLE PERSON 

a. REPORT 
unclassified 

b. ABSTRACT 
unclassified 

c. THIS PAGE 
unclassified 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std Z39-18 



adjoint method is based on the solution of an additional set of equations for the Lagrange multipliers. The La-
grange multipliers local value is a measure of the functional sensitivity to the flow variables local variation. This
provides, for example, a quantitative criteria for grid refinement [7].

In mathematical terms the adjoint approach to gradient computation can be concisely derived from the La-
grange identity:

(Av,w) = (v, A∗w) (1)

where ( , ) is the scalar product in the appropriate Hilbert space. This identity defines the adjoint operator
A∗ when a linear or non-linear operator A and when v ∈ D, w ∈ D∗ are given. Now, if

J = (p, v) (2)

is a given functional and

Av = f, A∗w = p (3)

are, respectively, the state and the adjoint equations, then it is possible to write

J = (p, v) = (f, w) (4)

as a direct consequence of identity 1. This means that J can be expressed either in terms of the state vector v or
in terms of the adjoint one w. The small perturbations theory can then be used to obtain the functional variation
for non-linear state equations. In general, if A(v) is an operator that depends non-linearly on v, it is possible to
write, under the hypothesis of small perturbations, that

f = f0 + εf1 + . . .

v = v0 + εv1 + . . .

A(v0 + εv1 + . . .) = A(v0) + ε
dA

dv

∣∣∣∣
0

v1 + . . .

(5)

Therefore the non-linear state equationA(v)v = f can be decomposed as follows

A(v0)v0 = f0

A(v0)v1 +

(
dA

dv

∣∣∣∣
0

v1

)
v0 = f1

(6)

From the last equation descends immediately the first order linearized operator:

A1(v0)• = A(v0) •+

(
dA

dv

∣∣∣∣
0

•
)
v0 (7)

In the same way, it is possible to write the functional J as

J = J0 + εJ1 (8)

where

J0 = (v0, p) = (w0, f0)

δJ = J1 = (v1, p) = (w1, f1)

with A∗1(v0)w1 = p

(9)

In other words we obtain explicitly the functional variation with respect to the right hand side (RHS) of the
governing equation, i.e., the gradient of J with respect to f . Hence, from a mathematical point of view, the
derivation of the adjoint state equations for a given functional J is a straightforward process. A disadvantage of
this method is that complicated functionals often require a lengthy and error-prone manual derivation and hand
coding process. In this respect Computer Algebra (CA) techniques can be profitably used to ease and speed-up
this process. In the following sections such technique will be described and then used to automatically obtain
the adjoint equations and pertinent boundary conditions of the Navier-Stokes equations. Gradient expression is
also automatically computed for a generic objective function. A standard computer algebra language (MAPLE
[8]) is used to build the automated derivation procedure.
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3 Automatic derivation of the adjoint system and gradient

3.1 General remarks on symbolic computation

Computer algebra systems for symbolic computation have a number of peculiarities that make them radically
different from numeric computing tools. Indeed, they operate on symbols (the rich set of mathematical objects),
rather than numbers as classic numerical programming languages. The mathematical objects are transformed
following exact equivalence rules, and there are not precision limits in the representation of numbers. The al-
gebraic manipulation algorithms can be very complex and sophisticated so that a computer algebra language
can be considered a way of storing and efficiently using the knowledge and expertise of thousands of brilliant
mathematicians. This allows an easy and straightforward use of computer algebra systems as “scratchpad” tools
in the interactive solutions of complex mathematical problems.

On the other hand, there are some drawbacks that have to be taken into account when developing complex
applications. In particular, there are cases in which the output is very complex, and considerable effort has to
be devoted to keeping it easily understandable. Furthermore, it has to be also considered that it is not easy to
learn how to write efficient code in a computer algebra language, because the programming model is fundamen-
tally different with respect to “numerical programming”, with recursion, list and set operations, and expression
identification and and matching on a complex and rich set of objects.

The approach followed in the present work was the research of a compromise between output conciseness
and ease of implementation, and the main steps of the developed adjoint equation derivation procedure can be
summarized as follows:

• The Navier-Stokes equations have been specified term by term, but the volume and surface integrals of
the Lagrangian have been left unexpanded.

• The classical manipulations for adjoint derivation were obtained using Green formulas, while the variation
with respect to geometry were obtained through Hadamard formulas.

This approach required the capability of discriminating between the various possible structures of a given La-
grangian, in order to apply the proper transformations. This was obtained applying recursively the pattern match-
ing functions of the CA system.

3.2 Adjoint computation

We provide here expressions and identities that will be useful for the automatic computation of the integral vari-
ations by the MAPLE V computer algebra system [8].

The first step in the automated derivation process is the expression of the flow field equation in indexed form,
using, in the present implementation, the Grtensor software [9] for tensor calculus. The expanded equation and
boundary conditions, referenced as R, are then combined with the objective function O to form the Lagrangian
equation

L =

∫∫

Σ(h)

O(x, . . . , u, ux, uy, uz, uxx, uxy, . . . , h, . . .) dσ +

∫∫∫

Ω(h)

λR(x, . . . , u, ux, uy, uz, uxx, uxy, . . . , h, . . .) dΩ (10)

The adjoint equations and boundary conditionsare obtained computing the variation ofLwith respect to the flow
field unknownsu, while the gradient has been computed through the variation ofL with respect to the boundary
defining functions h. The formulas used for the variation of volume and surface integrals are reported in the
following sections. One of the tricky aspects of this approach is that the variation of L has to be computed with
respect to quantities that are, in turn, functions of the coordinates x, y and z. In fact, standard MAPLE differ-
entiation function is unable to perform variational calculus. Yet, there are ways to get around such a difficulty,
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for example using the pdiff [10] function, available in MAPLE V share library. Such function enables the
computation of expressions such as

∂f(x, u(x))

∂u(x)

that are not computable with the standard MAPLE differentiation function. The Green’s theorem is then repeat-
edly applied to move the terms containing the derivative of a variation from the volume terms to the surface
integral terms. MAPLE pattern matching functions have been extensively used both for the variation procedure
and the Green’s theorem procedure implementation.

3.3 Symbolic computation algorithm

Given the Lagrangian expression, in the following we give some details about the algorithm used to obtain the
adjoint equations, the boundary conditions, and the gradient expression. The derivation of the formulas adopted
to express the variation of the functionals is reported in appendix B.

The first MAPLE function implemented is called variation. This function takes as input a generic func-
tionalL, a function u to be variated and eventually the vector function h that defines the geometric deformation.
In general, the expansion obtainable for a generic variation is of the kind

δLu(x, . . . , u, ux, uy, uz , uxx, uxy, . . . , h, . . .) =

∂L

∂u
δu+

∂L

∂ux
δux +

∂L

∂uy
δuy +

∂L

∂uz
δuz +

∂L

∂uxx
δuxx +

∂L

∂uxy
δuxy (11)

When the variation is computed with respect to the geometry, a pattern matching algorithm checks each term of
the functionalL in order to find volume or surface integrals. In the case of a surface integral, then the following
expression is used to compute the variation:

δF =

∫∫

S

∇f · ∂h

∂g
δg dσ +

∫∫

S

fH · ∂h

∂g
δg dσ +

∫∫

S

∂f

∂g
δg dσ (12)

Appendix sub-section B.1 reports the derivation of this expression and the meaning of the terms involved. In
the case of volume integrals, the formula

δF =

∫∫∫

T

∂f

∂g
δg dV +

∫∫

FT

f
∂h

∂g
· n δg dσ (13)

is adopted. Expression derivation and terms definition are in B.3. These formulas are exactly equivalent to the
Hadamard formulas. It is worth to remark here that volume and surface integrals, need special treatment only
when the integration manifold is given in implicit form. In the other cases they can be reduced to equivalent
double and triple definite integrals and treated with formula 11.

The second MAPLE function implemented is called intparts3d. The input to this function is the vari-
ated functional δL, and in output an equivalent form of the functional δL is generated, were the terms contain-
ing derivatives of the variation are moved to surface integrals. It works applying recursively the integration by
parts and the Green’s theorem to the volume integral terms containing derivatives of the variation, e.g. δux or
δuxy . The resulting functional variation presents terms containing derivatives of the variation only inside sur-
face integrals. In a subsequent step, these terms can be eliminated through the imposition of suitable boundary
conditions. This last step, currently, is not automated and require some care and attention on the part of the
user. To help this process, the functions extract adj eq and extract adj bceq have been introduced.
They extract the adjoint equations and boundary conditions, respectively, again by pattern recognition. Finally,
two interface procedures, compute adj eq and compute adj eq bc, heve been introduced to manage the
whole process of adjoint equation and boundary conditions derivation. The listing in MAPLE code of the first
one is reported below.
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compute_adj_eq :=
proc(lagrangian, v, dv, n_intp, h, verbose_level, aliasing::boolean)
option remember;
local lg_v, i, c1, sp, adj_eq;

lg_v := variation(lagrangian, [v=v+dv], h, [s1, s2], [x1, x2, x3]);
lg_v := expand(lg_v);
if aliasing then autoAlias(lg_v) fi;
if verbose_level >= 2 then print("LAGRANGIAN"); print(lg_v) fi;
c1 := lg_v;
for i from 1 by 1 to n_intp do

c1 := intparts_3d(c1,dv);
c1 := expand(convert(c1,diff));
if aliasing then autoAlias(c1) fi;
if verbose_level >= 1 then

print("INTEGRATION BY PARTS N.", i); print(c1)
fi;

od;
adj_eq := extract_adj_eq(c1,dv);

end:

The equations obtained by the automated procedure are of course less concise compared to those obtained
manually. Indeed, the governing equations are fully expanded as a first step in the variation computation, to
ease the pattern matching process. Furthermore, the comparison, useful for debug purposes, with the manually
obtained equations is complicated by some asymmetries that may be found in the automatically derived terms.
This is due to the following identity (see sub-appendix B.4 for details):

∫∫∫

Ω

vxy dΩ =

∫∫

Σ

vxn2 dΣ =

∫∫

Σ

vyn1 dΣ (14)

This comes from the application of the divergence theorem to terms containing crossed derivatives. Indeed, the
theorem can be applied here in two different ways, and the automatic procedure does not know which form has
to be chosen to keep symmetry. However, the same identity 14 can be applied to suitably transform the obtained
expressions.

3.4 A simple application example to potential flows

An example of adjoint equation derivation is here given to show how the developed MAPLE code may be used.
The reader may refer to appendix A for the application to Navier-Stokes equations.

A symmetric airfoil is immersed in a potential flow at zero angle of attack (see figure 1), and a symmetric
transpiration velocityW is assigned in the direction normal to the airfoil surface. The governing equations are
therefore:

∇2φ = 0 in the field, ∇φ · n = W on the airfoil (15)

The problem is to find a transpiration velocity distributionW ∗ such that a given target potential Φ is matched.
Hence the objective function that will be minimized is:

1

2

∮
(φ− Φ)2 dσ (16)

on the airfoil surface. The current version of adjoint derivation code was developed taking into account three-
dimensional fields; therefore in the following example, the two-dimensional field will be treated as 3D field with
zero gradient of the flow variables in x3 direction. In the same spirit the airfoil is a cylindric surface identified
by two curvilinear coordinates s1, s2. Thus we will have surface integrals instead of contour integrals on the
boundary and volume integrals in the field.
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W = ∇φ · n

V∞

Figure 1: 2D symmetric potential flow with blowing.

Here the MAPLE interactive session for the adjointcomputation follows. Thealias_dependencies
function set a functional dependence for a given list of variables; dW is the increment of the blowing ve-
locity, y is the airfoil ordinate, x1, x2, x3 are the field coordinates, while s1, s2 are the surface coordinates.
Note that to have the procedure working properly, we had to specify explicitly the dependence of φ and of
its increment dφ on field and surface coordinates. The same dependence is specified for the vector normal
to the airfoil surface n = [n1, n2, n3] and for the deformation field h = [h1, h2, h3] (not explicitly used
here).

> alias_dependencies([y,W,dW],[s1]):

> varlist := [x1,x2,x3,s1,s2]:

> alias_dependencies([phi,dphi,n1,n2,n3,h1,h2,h3],varlist):

> alias_dependencies([Phi],[s1,s2]):

> Obj:=Int(Int(1/2*(phi-Phi)ˆ2,s1),s2);

Obj :=

∫∫
1

2
(φ− Φ)2 ds1 ds2

> Potential_eq:=diff(phi,‘$‘(x1,2))+diff(phi,‘$‘(x2,2)):autoAlias(%);

φx1 , x1 + φx2 , x2

> n:=[n1,n2];

n := [n1 , n2 ]
> Neumann_bc:=dotprod(grad(phi,[x1,x2]),n,’orthogonal’)-W:
> autoAlias(%);

φx1 n1 + φx2 n2 −W

> alias_dependencies([eta,beta],varlist):
> Lagrangian:=Obj+Int(Int(Int(eta*Potential_eq,x1),x2),x3)+
> Int(Int(beta*Neumann_bc,s1),s2);

Lagrangian :=

∫∫
1

2
(φ− Φ)2 ds1 ds2 +

∫∫∫
η (φx1 , x1 + φx2 , x2 ) dx1 dx2 dx3

+

∫∫
β (φx1 n1 + φx2 n2 −W) ds1 ds2

> adj_dphi:=compute_adj_eq(Lagrangian,phi,dphi,2,[h1,h2,h3],0,true);

adj dphi := ηx1 , x1 + ηx2 , x2

> adj_dphi_bc:=compute_adj_bc(Lagrangian, phi, dphi, 2, [n1, n2, n3],
> [h1, h2, h3], 0, true);

adj dphi bc :=

φ− Φ +
η dphi x1 n1

dphi
− ηx1 n1 +

η dphi x2 n2

dphi
− ηx2 n2 +

β n1 dphi x1

dphi
+
β n2 dphi x2

dphi
> adj_dphi_bc_airf:=subs(beta=-eta,adj_dphi_bc);
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adj dphi bc airf := φ− Φ− ηx1 n1 − ηx2 n2

> c6:=variation(Lagrangian,[W=W+dW],[s1,y,s2],[s1,s2],[x1,x2,x3]);

−
∫∫

β dW ds1 ds2

In the above equation the gradient with respect to the blowing velocityW can be recognized as being given
by the variation of the Lagrangian with respect toW .

4 The compressible Navier Stokes Adjoint Equations

In this section the mathematical adjoint to the Navier-Stokes equations are derived. The notation is slightly
different from that of the previous chapter for the sake of conciseness and clarity. In particular, the variations
will be indicated with a circumflex accent.

4.1 State equations

In this section we make the notation clear by giving the steady compressible Navier-Stokes equations under
divergence form and indicial notation.

Conservation of mass

∂ρvi
∂xi

= 0 (17)

Conservation of momentum

∂

∂xj

{
ρvivj + pδi j − µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]}
= 0 (18)

Conservation of energy

∂

∂xi

{
ρviH − k

∂T

∂xi
− µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
vj

}
= 0 (19)

H is the total enthalpy per unit mass, k the heat conductivity, and the other symbols have their usual meaning.
Let Ω be the flow domain and Σ its surface. The no-slip boundary conditions are imposed on Σ, elsewhere

we consider suitable far field conditions. The boundary condition on temperature is to be detailed later.

4.2 Lagrangian

I is a generic functional depending on the flow field and it is defined either over Ω or over Σ. We want to find
a surface Σ such that the first order variation of I with respect to a perturbation of Σ is zero.

To this end, we introduce an auxiliary functionalL defined as follows

L = I +

∫

Ω

η
∂ρvi
∂xi

dΩ

+

∫

Ω
λi

∂

∂xj

{
ρvivj + pδi j − µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]}
dΩ

+

∫

Ω
ζ
∂

∂xi

{
ρviH − k

∂T

∂xi
− µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
vj

}
dΩ

+

∫

Σ
ξivi dΣ

+

∫

Σ
τΘ(T ) dΣ (20)
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Θ(T ) = T − Tw with prescribed boundary temperature, whereas for adiabatic flows Θ(T ) = ∂T/∂xini.
The auxiliary functions η, λi and ζ belong to H2(Ω). ξ ∈ L2(Σ) and τ ∈ L2(Σ) or τ ∈ H1(Σ) according to
the boundary conditions selected for temperature. We refer to all these functions as Lagrange multipliers.

The lagrangian functionL transforms the constrained problem defined for I into an unconstrained problem:
it is now required to find the flow field, Σ and the Lagrange multipliers in order that the respective first order
variations of L are zero. The variation of L with respect to the Lagrange multipliers yields the flow equations
and boundary conditions. We concentrate on the variation of L with respect to the conservative flow variables
ρ, ρvi, ρE, withE the total energy per unit mass.

Take the variation of the first integral in eq. 20, using the Gauss identity we have

∫

Σ

η ρ̃vi ni dΣ−
∫

Ω

ρ̃vi
∂η

∂xi
dΩ (21)

where ni is the outward unit normal to Σ, and ·̃ denotes the function variation.
Consider now the second integral in eq. 20 and apply the Gauss identity twice to get

∫

Σ
λifi dΣ−

∫

Ω
(ρvivj + pδi j)

∂λi
∂xj

dΩ−
∫

Ω

∂

∂xj

{
µ

[
∂λi
∂xj

+
∂λj
∂xi
− 2

3

∂λk
∂xk

δi j

]}
vi dΩ

+

∫

Σ
µ

[
∂λi
∂xj

+
∂λj
∂xi
− 2

3

∂λk
∂xk

δi j

]
vinj dΣ (22)

where the components of the force per unit surface experienced at the boundary are

fi =

{
ρvivj + pδi j − µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]}
nj

To be remarked is that the linear second order adjoint operator keeps the same form of the viscous stresses.
In eq. 22 the flow variables do not appear under the form of conservative variables. However, in the first

integral, for a reason that will be clear later, we leave the flow variation under the form f̃i, while in the others
we write the variations in terms of conservative variables. For example we have

ρ̃vivj = ρ̃vivj + ρ̃vjvi − vivj ρ̃

ṽi =
1

ρ
ρ̃vi −

vi
ρ
ρ̃

p̃ =
γ − 1

2
(2 ρ̃E − 2 ρ̃vivi + V 2ρ̃)

T̃ =
γ − 1

2ρR

[
2 ρ̃E − 2 ρ̃vivi +

(
V 2 − 2R

γ − 1
T

)
ρ̃

]

ρ̃viH = ρ̃viH + γviρ̃E − (γ − 1)viρ̃vjvj + vi

(
γ − 1

2
V 2 −H

)
ρ̃

with γ the specific heats ratio, R the perfect gas constant and V 2 = vivi. Substituting the above relations in
eq. 22 and posing

hi =
∂

∂xj

{
µ

[
∂λi
∂xj

+
∂λj
∂xi
− 2

3

∂λk
∂xk

δi j

]}
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one finds ∫

Σ
λif̃i dΣ−

∫

Ω

[
vj
∂λi
∂xj

+ vj
∂λj
∂xi
− (γ − 1)vi

∂λj
∂xj

+
hi
ρ

]
ρ̃vi dΩ

−
∫

Ω

(
γ − 1

2
vjvj

∂λi
∂xi
− vivj

∂λi
∂xj
− 1

ρ
vihi

)
ρ̃ dΩ

−
∫

Ω
(γ − 1)

∂λi
∂xi

ρ̃E dΩ +

∫

Σ
µ

[
∂λi
∂xj

+
∂λj
∂xi
− 2

3

∂λk
∂xk

δi j

]
ṽinj dΣ (23)

The third integral in eq. 20 is rearranged as above to get
∫

Σ
ζe dΣ−

∫

Σ
k ζ

∂T

∂xi
dΣ−

∫

Ω
ρviH

∂ζ

∂xi
dΩ−

∫

Σ
k T

∂ζ

∂xi
ni dΣ +

∫

Ω
T
∂

∂xi

(
k
∂ζ

∂xi

)
dΩ

+

∫

Ω

µ
∂ζ

∂xi

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
vj dΩ (24)

with

e =

{
ρviH − µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
vj

}
ni

The variation of eq. 24 is complicated by the presence of non-linear terms involving both the vj and the
derivatives. As a first step, we write the variation of eq. 24 as

∫

Σ
ζẽ dΣ−

∫

Σ
k ζ

∂T̃

∂xi
ni dΣ−

∫

Ω
ρ̃viH

∂ζ

∂xi
dΩ +

∫

Σ
k T̃

∂ζ

∂xi
ni dΣ−

∫

Ω
T̃
∂

∂xi

(
k
∂ζ

∂xi

)
dΩ

+

∫

Ω

{
µ
∂ζ

∂xi

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
− ∂

∂xi

[
µ

(
vj
∂ζ

∂xi
+ vi

∂ζ

∂xj
− 2

3
vk

∂ζ

∂xk
δi j

)]}
ṽjdΩ

+

∫

Σ
µni

(
∂ζ

∂xj
vi +

∂ζ

∂xi
vj −

2

3

∂ζ

∂xk
vkδi j

)
ṽj dΣ (25)

Leaving unchanged the terms on the boundary and expressing the other variations in terms of the conserva-
tive variables variations, the equation above finally becomes

∫

Σ
ζẽ dΣ−

∫

Σ
k ζ

∂T̃

∂xi
dΣ +

∫

Σ
k T̃

∂ζ

∂xi
ni dΣ +

∫

Σ
µni

(
∂ζ

∂xj
vi +

∂ζ

∂xi
vj −

2

3

∂ζ

∂xk
vkδi j

)
ṽj dΣ

+

∫

Ω

{
[(γ − 1) vivj −Hδi j ]

∂ζ

∂xi
+
γ − 1

ρR
vi

∂

∂xi

(
k
∂ζ

∂xi

)
− gj
ρ

}
ρ̃vj dΩ

+

∫

Ω

[
gjvj
ρ
− γ − 1

2ρR

(
V 2 − 2R

γ − 1
T

)
vj

∂

∂xi

(
k
∂ζ

∂xi

)
−
(
γ − 1

2
V 2 −H

)
vi
∂ζ

∂xi

]
ρ̃ dΩ

−
∫

Ω

[
γ − 1

ρR

∂

∂xi

(
k
∂ζ

∂xi

)
+ γvi

∂ζ

∂xi

]
ρ̃E dΩ (26)

where

gj =

{
∂

∂xi

[
µ

(
vj
∂ζ

∂xi
+ vi

∂ζ

∂xj
− 2

3
vk

∂ζ

∂xk
δi j

)]
− µ ∂ζ

∂xi

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]}

Note the self-adjointness of the linear part. The variations of the last two integrals in eq. 20 are easily com-
puted as

∫

Σ
ξiṽi dΣ (27)

∫

Σ
τΘ̃ dΣ (28)

where Θ̃ = T̃ or Θ̃ = ∂T̃/∂xini. It is now completed the variation of eq. 20. Consider all the field integrals
and factor out the conservative variables variation.
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4.3 Adjoint equations and boundary conditions

In order to be

L̃ = 0 ∀
{
ρ̃, ρ̃vi, ρ̃E

}

the following equations are to be satisfied

−γ − 1

2
vjvj

∂λi
∂xi

+ vivj
∂λi
∂xj
−
(
γ − 1

2
V 2 −H

)
vi
∂ζ

∂xi
+
vj(hj + gj)

ρ
−
(
γ − 1

2ρR
V 2 − T

ρ

)
∂

∂xi

(
k
∂ζ

∂xi

)
= 0

(29)

[(γ − 1) vivj −Hδi j ]
∂ζ

∂xj
− ∂η

∂xi
− vj

∂λi
∂xj
− vj

∂λj
∂xi

+ (γ − 1)vi
∂λj
∂xj
− hi + gi

ρ
+
γ − 1

ρR
vi

∂

∂xi

(
k
∂ζ

∂xi

)
= 0

(30)

−(γ − 1)
∂λi
∂xi
− γvi

∂ζ

∂xi
− γ − 1

ρR

∂

∂xi

(
k
∂ζ

∂xi

)
= 0 (31)

These are the compressible Navier-Stokes adjoint equations. The boundary conditions to be satisfied by such
equations are determined by considering the boundary terms of L̃. We focus on wing-like geometries, such that
in the far field the flow is considered unperturbed, and the no-slip boundary condition is applied on a finite closed
surface. In this respect L̃ depends on the boundary terms left in eqs. 21, 23, 26, 27, 28, once the field integrals
are elided by satisfying the adjoint equations. We are left with

L̃ = Ĩ +

∫

Σ
λif̃i dΣ +

∫

Σ
η ρ̃vini dΣ +

∫

Σ
ζẽ dΣ− k

∫

Σ
ζ
∂T̃

∂xi
ni dΣ + k

∫

Σ
T̃
∂ζ

∂xi
ni dΣ +

∫

Σ
τΘ̃dΣ

+

∫

Σ

[
ξi + ηρni + µ

(
∂λi
∂xj

nj +
∂λj
∂xi

nj −
2

3

∂λj
∂xj

ni + nj
∂ζ

∂xi
vj + nj

∂ζ

∂xj
vi −

2

3
ni
∂ζ

∂xj
vj

)]
ṽi dΣ (32)

Suppose we give a certain wall temperature. Then Θ̃ = T̃ , and therefore by taking

ζ = 0 and τ = −k ∂ζ
∂xi

ni Prescribed wall temperature (33)

on Σ, the boundary integrals involving T̃ = 0 and ∂T̃∂xi are eliminated. In contrast, the adiabatic wall
corresponds to Θ̃ = (∂T̃/∂xi)ni, and hence if

∂ζ

∂xi
ni = 0 and τ = kζ Adiabatic wall (34)

on Σ, the respective boundary integrals are eliminated as in the previous case. As vi = 0 on the solid walls, we
have remarkable simplifications for ẽ:

ẽ =

{
ρHni − µ

[
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

]
nj

}
ṽi

Also the third term in 32 is 0 and if we take

ξi = −
[
ρHni − µ

(
∂vi
∂xj

+
∂vj
∂xi
− 2

3

∂vk
∂xk

δi j

)
nj

]
ζ − µ

(
∂λi
∂xj

+
∂λj
∂xi
− 2

3

∂λk
∂xk

δi j

)
nj − ρniη (35)
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we are left with

L̃ = Ĩ +

∫

Σ
λif̃i dΣ (36)

where f̃ is the variation of the force per unit surface acting on the fluid at the boundary.
Such variation is unconstrained, and there are two different ways to elide the two terms left in the equation

above. The first is that Ĩ can be put under the form

Ĩ =

∫

Σ
Jif̃i dΣ (37)

so that taking

λi = −Ji (38)

the variation of the lagrangian is finally zero. In turn this condition shows how the only allowable surface cost
functionals are those involving fi, as other functionals will not lead to L̃ = 0. For a deeper discussion see [11].

Otherwise, if I is a field integral then

Ĩ =

∫

Ω

J{ρ̃, ρ̃vi, ρ̃E}f̃ dΩ (39)

where in this case J is the derivative of the integrand with respect to the conservative variables. The three
terms under integral become source terms of the adjoint equations, and by taking λi = 0 on Σ we are left again
with L̃ = 0.

4.4 Gradient

As mentioned, the variation of L with respect to the Lagrange multipliers yields back the governing equations
and boundary conditions, therefore the gradient is simply the variation with respect to the geometry. If I is a
field integral, and if ε ω is variation in the direction of the normal to the boundary, we have

DI =

∫

Ω

∂F

∂ω
ω dΩ +

∫

Σ
Fω dΣ (40)

where F is the integrand of I and ε is small. When I is defined on the boundary we have

DI =

∫

Σ

∂F

∂ω
ω dΣ +

∫

Σ

∂F

∂xi
niω dΣ +

∫

Σ

HF ω dΣ (41)

and H is the local surface curvature.
For the other terms ofL the derivation rules are the same, but some simplifications occur since the governing

and adjoint equations with the respective boundary conditions are satisfied on Σ. The only terms left are those
relative to the boundary terms and the gradient, that is

DL = DI +

∫

Σ

∂ξivi
∂xj

njω dΣ +

∫

Σ

∂τΘ

∂xi
niω dΣ (42)

In the particular case under examination the functional to be minimized is

L = ω1D + ω2
(L− L∗)2

2
(43)

where D is the drag (to be minimized), L is the lift, L∗ is the desired lift and the ωi are weights. Consequently,
the gradient expression is:

δL = ω1

∫

Σ
−
(
−∂p ni∂y δy +

∂τij nj
∂y δy

)
t∞i dΣ+

ω2 (L− L∗)
∫

Σ
−
(
−∂p ni∂y δy +

∂τij nj
∂y δy

)
n∞i dΣ+

∫

Σ
ξi
∂vi
∂y δy dΣ +

∫

Σ
τ ∂Θ
∂y δy dΣ

9-11



5 Use of approximate fitness evaluators

Optimization techniques based on evolutionary computing are very attractive in terms of robustness and global
extremum location capabilities, but these favorable characteristics are obtained to the expense of a rather large
number of fitness evaluations. This is a problem in many engineering applications, where fitness evaluation
often requires a substantial amount of computational resources. This makes attractive the use of approximate
fitness evaluators, with lower computational requirements, whenever it is possible. In aerodynamic optimiza-
tion design, for example, various approaches have been experimented, such as the use of Neural Network-based
interpolators to reduce the number of true flow field evaluations [12]. The mixed use of solvers with different
levels of approximation in a hierarchical organization has also been object of investigation. Both procedures
have advantages and limits. Neural Networks, for example, are able to improve the quality of their approxima-
tion when the number of exact evaluations available increase. Their performance, therefore, may improve in
real time during the optimization process. On the other hand, their more serious drawback is the fast decrease in
approximation fidelity when the parameter space dimension increases [13, 14, 15, 16]. Low fidelity solvers (e.g.
Euler+boundary layer versus Navier-Stokes), do not have this problem, but it is not always easy to understand
the limits of the approximate model. In both cases, the problem that arises is the difficulty of devising a good
and sound strategy to mix and interleave high-fidelity and low-fidelity fitness approximations.

5.1 Problem analysis

A simple analysis of the implications of mixing fitness evaluators with different levels of precision within an
(evolutionary) optimization process is here carried out. This analysis is made using concepts of multi-objective
optimization [17, 18, 19], like Pareto fronts and dominance criteria, even if the class of problems considered
is strictly single-objective. In fact, the relations between the exact function f and its approximated model g is
analyzed with the following two-objective problem:





min f(x), g(x, X0)
x ∈ X
X0 ∈ ℘(X)

(44)

where f(x) ∈ < is the function defined in a domain X ⊆ <n for which we are interested in finding the global
extrema, and g(x, X0) ∈ < is defined in the domain X∗ ≡ X ∪ ℘(X) ; ℘(X) is the power set of X and
X0 ∈ ℘(X) represents a sampling of the domain X . In other terms X0 can be thought as the training set of g,
e.g. the set of point in which f (and possibly its derivatives) are known and their values are used to obtain g.
Let us have, for example, the following function:

f(x) = [x2 − 10 cos(2πx) + 10] x ∈ [−1, 3] (45)

and let g(x) a polynomial of degree 10 that minimizes
∑

xi∈X0

[f(xi)− g(xi)]
2 to best fit f(x) in the least squares

sense for a given training set X0 (see Figure 2).
The Pareto Front related to problem (44), reported here in Figure 3 for function 45 and its approximator, is

useful to understand the relationship between f and its approximating function g.
The training set X0 is, for the moment, supposed fixed and unchanged during the optimization process. In

other words, X0 fixed means that no learning procedure is involved in the approximation process; there are,
instead, two different models, from the beginning of the process, the exact and the approximate one, that can be
used to search the optimum.

When using an approximated model for fitness evaluation, there are two things that have to be taken into
account:

• Shift of extremum points between the two models;

• Value shift between exact and approximate functions.
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Figure 2: f(x) = [x2 − 10 cos(2πx) + 10] and g = best fitting polynomial of degree 10.
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Figure 3: Pareto front of problem 44 with f specified in eq. 45 and g 10th degree polynomial approximator.

The lesser are these shifts in the extremum points, the better and more reliable are optimization results obtained
using the approximate model. Furthermore in these conditions it is safe to interleave exact and approximate
evaluations.

A generic Pareto front of a problem of type (1) is reported in Figure 4. Four different zones can be found,
that are characterized by different behavior of g and f in moving towards their global optimum points. In zone
(I), a solution that dominates the initial one is surely closer to both f and g global minimum points. In zone
(II), a solution that dominates the initial one is closer to the global minimum of f and farther from g global
minimum. Conversely, zone (IV) has an opposite behavior, as a dominating solution leads close to g and far
from f global minimum points. In zone (III), finally, a solution that dominates the initial one is farther from
both global minimum points.
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Given this framework, we want check if there is a particular interleaving strategy that minimizes the number
of exact function evaluations. The obvious limit of this approach is that in a real optimization run the Pareto
front is unknown and only a rough estimate of the collocation of a particular solution in one of the four zones is
possible.

At the beginning of the optimization process the candidate solution (or population) is likely to be in zone
(I). The approximated function g can be safely used here, and only occasional control is needed on f values to
avoid the generation of too many non dominated solutions (relatively to f ).

Zones (II) and (III) are difficult to detect if g global minimum value is unknown. In principle, use of g
without check on f should be avoided in zone (II), as it may lead to unsatisfactory results in terms of f . In zone
(III) both the use of g alone and of g and f interleaved is detrimental, as it would lead to a point in the Pareto
front that would be likely to be far from the global optimum of f .

Zone (IV) is similar to zone (I) from the point of view of searching for the global optimum of f . However,
here interleaving could be detrimental for reaching the global optimum of g.

g

gl
ob

al
 m

in
im

um
f

III

II I

IV

f

global minimumg

Figure 4: Generic Pareto front related to problem 44.

5.2 Possible approaches to mixing exact and approximated evaluations

From a practical standpoint the above considerations suggest the following search strategy:

1. Search the global optimum of g first, eventually checking in very few points if the values of f do not get
worse too much.

2. Search the global optimum of f , eventually using g as second objective if there is interest in finding so-
lutions belonging to the f -g front.

When X0 changes during the optimization process, the approximation g can increase its precision when
more evaluation of f are available. Therefore the Pareto front tends to decrease in size, and after some time it
can reduce to a point.

Devising a good interleaving strategy is here more difficult, however the previous strategy, adapted as fol-
lows, should have an acceptably good behavior:
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1. f is sampled in some points and the resulting values (training set) are used to find a first expression of g.

2. The global optimum of g is searched.

3. A short two-objective (f -g) run is performed and the computed values of f are added to the training set.

4. A new expression of g is found.

5. The process is repeated starting from step 2 until a satisfactory value of f is found.

5.3 Analysis of an example problem

The RAE 2822 airfoil is assigned as starting configuration, and the optimization goal is the reduction of the drag
coefficient cd at given mach (M = 0.78) and lift coefficient cl = 0.60. The maximum airfoil thickness has to
remain unchanged.

A two-objective optimization run is carried out using two different flow solvers:

1. Euler + Boundary layer, interactive (high fidelity solver, objective f ).

2. Full potential, non-conservative formulation (low fidelity solver, objective g).

It is important to observe that these flow solvers represent the real flow at a very different approximation level,
and that a real optimization application would benefit more from the use of more closely related flow solver
models, such as Navier-Stokes and Euler + Boundary layer. The only aim of this run is the analysis of the rela-
tionships between different flow models.

The aerofunctions obtained from the airfoils reported in figure 5 were used to modify the airfoil shape.

airfoil #3 airfoil #4airfoil #1

airfoil #9

airfoil #5

airfoil #2

airfoil #10

airfoil #6 airfoil #7 airfoil #8

airfoil #11 airfoil #12

Figure 5: Airfoils used to build the modification functions.

The GA parameters are:

• bit resolution: 10

• selection method: two-step random walk with elitism

• bit-mutation with 4% rate

• population size: 20

• generations: 20
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Figure 6 reports the Pareto front obtained in the two-objective run. As it can be observed, the Pareto front
shows a sensible difference between the two flow models. These solvers should, therefore, not be used in an
interleaved fashion unless a viscous correction is introduced in the full potential one. However, a hierarchical
use of these solver could be useful to discard very bad solution such as those with a strong shock wave.

The above example may help in tracing the guidelines for the implementation of the hierarchical approach
in an optimizer for viscous flows.

The optimization could be made in two different steps: a pre-optimization phase aimed at the reduction of
the search space complexity, and a subsequent optimization phase that explores this reduced space using a high
fidelity fitness evaluator.

The number of active variables, their variation ranges and a new starting configuration are a possible output
of the first phase. In a more sophisticated approach, using for example a multi-objective GA, the pre-optimiza-
tion can be used to generate an aerofunction basis with a reduced number of elements.

In the second phase, the modification of the geometry could be driven by a very simple evolution strategy,
such as a (1,1)-ES [20, 21] that, due reduction of the search space complexity, should give an improvement of
the objective function in an acceptable number of attempts.

6 Conclusions

It has been shown how computer algebra techniques can be used to obtain the adjoint equations and pertinent
boundary conditions of the Navier-Stokes equations. The obtained equations can be directly used for the adjoint
equations solver coding.

cd x 102 (Euler + BL)

c dw
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Figure 6: Euler + Boundary Layer — Full Potential comparison.
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MAPLE was used as computer algebra language, complemented with an original code taking advantage of
public domain libraries for tensor algebra and function variation computation.

Further development will include derivation of the adjoint equations of the Reynolds averaged Navier-Stokes
equations with κ-ε turbulence modeling.

The relationship between an objective function and an approximated form has been investigated using a
Pareto front to show the trade-off between exact and expensive objective function evaluations and inexpensive
but inexact approximations. Approximating the objective function values, if properly done, shortens the time
in time-consuming design problems like those typical of CFD applications. Evolutionary algorithms normally
require more objective function evaluations than other methods and, therefore, are very likely to take advantage
by using such approximation techniques.
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A Example of adjoint NS derivation using MAPLE

For the sake of clarity and conciseness, the output of MAPLE has been slightly modified such that indexed vari-
ables and derivatived such as x1 and v3x2 appear as x1 and v3x2

. Furthermore, we will work only on a piece of
the functional 20, namely the scalar products between the adjoint variables and the state equations. Therefore,
in the output will not appear the terms coming from I . Hence we have the following expanded form:

LG1 :=

∫∫∫
η (ρx1 v1 + ρ v1 x1

+ ρx2 v2 + ρ v2 x2
+ ρx3 v3 + ρ v3 x3

) + λ1 (ρx1 v1
2

+ 2 ρ v1 v1 x1
+ px1 −

4

3
µ v1 x1 , x1

− 1

3
µ v2 x1 , x2

− 1

3
µ v3 x1 , x3

+ ρx2 v2 v1 + ρ v2 x2
v1

+ ρ v2 v1 x2
− µ v1 x2 , x2

+ ρx3 v3 v1 + ρ v3 x3
v1 + ρ v3 v1 x3

− µ v1 x3 , x3
) + λ2

ρx1 v2 v1 + ρ v2 x1
v1 + ρ v2 v1 x1

− µ v2 x1 , x1
− 1

3
µ v1 x1 , x2

+ ρx2 v2
2 + 2 ρ v2 v2 x2

+ px2 −
4

3
µ v2 x2 , x2

− 1

3
µ v3 x2 , x3

+ ρx3 v3 v2 + ρ v3 x3
v2 + ρ v3 v2 x3

− µ v2 x3 , x3
)+

λ3 (ρx1 v3 v1 + ρ v3 x1
v1 + ρ v3 v1 x1

− µ v3 x1 , x1
− 1

3
µ v1 x1 , x3

+ ρx2 v3 v2

+ ρ v3 x2
v2 + ρ v3 v2 x2

− µ v3 x2 , x2
− 1

3
µ v2 x2 , x3

+ ρx3 v3
2 + 2 ρ v3 v3 x3

+ px3

− 4

3
µ v3 x3 , x3

) + ζ(−1

3
v3 µ v1 x1 , x3

− 4

3
v3 x3

2 µ − v2 x3
2 µ+ ρx3 v3 H + ρ v3 x3

H

+ ρ v3 Hx3 − k Tx3 , x3 − v1 x3
2 µ− k Tx1 , x1 −

1

3
v2 µ v1 x1 , x2

− k Tx2 , x2 −
1

3
v2 µ v3 x2 , x3

− v1 µ v1 x2 , x2
− 4

3
v2 µ v2 x2 , x2

− v3 µ v3 x1 , x1
− 1

3
v1 µ v2 x1 , x2

− 4

3
v3 µ v3 x3 , x3

− 1

3
v3 µ v2 x2 , x3

− v1 µ v1 x3 , x3
− v3 µ v3 x2 , x2 −

4

3
v1 x1

2 µ+ ρ v1 Hx1 + ρ v1 x1
H

+ ρx1 v1 H − v3 x1
2 µ − v2 µ v2 x3 , x3

− 2 v2 x1
µ v1 x2

− v2 x1
2 µ +

4

3
v1 x1

µ v3 x3

+
4

3
v1 x1

µ v2 x2
− v2 µ v2 x1 , x1

− 2 v3 x1
µ v1 x3

− 4

3
v1 µ v1 x1 , x1

− 1

3
v1 µ v3 x1 , x3

− 4

3
v2 x2

2 µ − v1 x2
2 µ + ρ v2 Hx2 + ρ v2 x2

H + ρx2 v2 H − v3 x2
2 µ+

4

3
v2 x2

µ v3 x3

− 2 v3 x2
µ v2 x3

)dx1dx2dx3 +

∫∫
ξ1 v1 + ξ2 v2 + ξ3 v3 + τ Θ(T ) ds1 ds2

Now the perfect gas model is introduced in order to close the equation system:

> pexp := p = -1/2*rho*(gamma-1)*(-2*H+v1ˆ2+v2ˆ2+v3ˆ2)/gamma;

pexp := p = −1

2

ρ (γ − 1) (−2H + v1
2 + v2

2 + v3
2)

γ

> Texp := T = -1/2*(gamma-1)*(-2*H+v1ˆ2+v2ˆ2+v3ˆ2)/(gamma*R);

Texp := T = −1

2

(γ − 1) (−2H + v1
2 + v2

2 + v3
2)

γ R

> LG1:=subs({pexp,Texp}, LG1):

The prescribed boundary temperature condition is imposed:

> Theta := (w) -> w- Tw(x1,x2,x3,s1,s2);

Θ := w→ w − Tw(x1 , x2 , x3 , s1 , s2 )

The variation with respect to ρ gives the first adjoint equation:

> adj_drho:=compute_adj_eq(LG1, rho, drho, 2, 0, true);

9-18
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−v2 H ζx2 −
1

2

v3
2 λ3 x3

γ
− v2 v3 λ3 x2

− v2 v3 λ2 x3
+
H λ3 x3

γ
+
H λ2 x2

γ
− ηx3 v3 +

λ1 x1
H

γ

− λ1 x1
H − ηx1 v1 −H λ3 x3

− ηx2 v2 +
1

2
v1

2 λ3 x3
− 1

2
v1

2 λ1 x1
+

1

2
v1

2 λ2 x2

+
1

2
v3

2 λ2 x2
+

1

2
λ1 x1

v3
2 +

1

2
λ1 x1

v2
2 +

1

2
v2

2 λ3 x3
− 1

2
v2

2 λ2 x2
− 1

2
v3

2 λ3 x3
−H λ2 x2

− v1 H ζx1 −
1

2

λ1 x1
v2

2

γ
− v1 v3 λ1 x3

− 1

2

v1
2 λ3 x3

γ
− 1

2

v3
2 λ2 x2

γ
− v1 v3 λ3 x1

− 1

2

v1
2 λ2 x2

γ
− 1

2

v1
2 λ1 x1

γ
− ζx3 v3 H −

1

2

v2
2 λ3 x3

γ
− v1 v2 λ1 x2

− v1 v2 λ2 x1

− 1

2

λ1 x1
v3

2

γ
− 1

2

v2
2 λ2 x2

γ

Now the adjoint equations coming from the variations with respect to v1, v2, v3:

> adj_dv1:=compute_adj_eq(LG1, v1, dv1, 2, 0, true);

−ρH ζx1 +
5

3
µ v2 x1

ζx2 − µ ζx3 , x3 v1 −
4

3
µ v1 ζx1 , x1 − µλ1 x2 , x2

− ρ v3 λ1 x3

+ ρ v1 λ2 x2
− ρ v3 λ3 x1

− ρ v1 λ1 x1

γ
− ρ v1 λ2 x2

γ
− ρ v1 λ3 x3

γ
+
k v1 ζx1 , x1

R

+
k v1 ζx2 , x2

R
+
k ζx3 , x3 v1

R
− ηx1 ρ−

5

3
µ v3 x3

ζx1 −
5

3
µ ζx1 v2 x2

− 1

3
µ v3 ζx1 , x3 +

5

3
µ v3 x1

ζx3 −
4

3
µλ1 x1 , x1

+ ρ v1 λ3 x3
− 1

3
µλ2 x1 , x2

− ρ v2 λ1 x2

− 1

3
µ v2 ζx1 , x2 −

1

3
µλ3 x1 , x3

− ρ v1 λ1 x1
− µ v1 yH x2 , x2

− µλ1 x3 , x3
− k ζx3 , x3 v1

γ R

− k v1 ζx1 , x1

γ R
− k v1 ζx2 , x2

γ R
− ρ v2 λ2 x1

> adj_dv2:=compute_adj_eq(LG1, v2, dv2, 2, 0, true);

−µ ζx1 , x1 v2 −
1

3
µ v3 ζx2 , x3 + ρ v2 λ3 x3

+ ρ v2 λ1 x1
+

5

3
µ v3 x2

ζx3 +
5

3
µ v1 x2

ζx1

− µλ2 x1 , x1
− ρ v2 λ1 x1

γ
− ρ v2 λ3 x3

γ
− ρ v2 λ2 x2

γ
− ηx2 ρ−

4

3
µλ2 x2 , x2

− k ζx1 , x1 v2

γ R
− k v2 ζx3 , x3

γ R
− k v2 ζx2 , x2

γ R
− 1

3
µλ3 x2 , x3

− 4

3
µ v2 ζx2 , x2

− ρ v3 λ2 x3
− 5

3
µ ζx2 v1 x1

− ρ v2 λ2 x2
− µ v2 ζx3 , x3 − ρH ζx2 −

1

3
µ v1 ζx1 , x2

− ρ v3 λ3 x2
− ρ v1 λ2 x1

− 1

3
µλ1 x1 , x2

− ρ v1 λ1 x2
+
k v2 ζx3 , x3

R
+
k v2 ζx2 , x2

R

+
k ζx1 , x1 v2

R
− µλ2 x3 , x3

− 5

3
µ v3 x3

ζx2

> adj_dv3:=compute_adj_eq(LG1, v3, dv3, 2, 0, true);
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−1

3
µ ζx1 , x3 v1 −

1

3
µλ2 x2 , x3

− ρ v2 λ2 x3
− ρ v3 λ3 x3

− ρ v1 λ1 x3 − ρH ζx3 −
1

3
µλ1 x1 , x3

− µλ3 x1 , x1
− µλ3 x2 , x2

− ηx3 ρ−
ρ v3 λ2 x2

γ
− ρ v3 λ1 x1

γ
− ρ v3 λ3 x3

γ

− 4

3
µλ3 x3 , x3

− k ζx2 , x2 v3

γ R
− k ζx1 , x1 v3

γ R
+
k v3 ζx3 , x3

R
+
k ζx1 , x1 v3

R

+
k ζx2 , x2 v3

R
− k v3 ζx3 , x3

γ R
− ρ v2 λ3 x2

+
5

3
µ v1 x3

ζx1 −
5

3
µ ζx3 v1 x1

− ρ v1 λ3 x1
+ ρ v3 λ1 x1

− 5

3
µ ζx3 v2 x2

+
5

3
µ ζx2 v2 x3

+ ρ v3 λ2 x2
− µ ζx2 , x2 v3

− 4

3
µ v3 ζx3 , x3 − µ ζx1 , x1 v3 −

1

3
µ v2 ζx2 , x3

Finally the variation with respect to H gives:

> adj_dH:=compute_adj_eq(LG1, H, dH, 2, 0, true);

−ρ λ3 x3
+
k ζx1 , x1

γ R
− ρ v2 ζx2 − ρ λ2 x2

− ρ v1 ζx1 − ρ v3 ζx3 +
k ζx3 , x3

γ R
+
k ζx2 , x2

γ R

+
ρ λ1 x1

γ
− k ζx1 , x1

R
− k ζx3 , x3

R
+
ρ λ2 x2

γ
− k ζx2 , x2

R
− ρ λ1 x1

+
ρ λ3 x3

γ
These equations can then be combined in order to obtain the variation related to the conservative variables

ρ, ρvi, ρE.
The same process is followed to obtain the boundary conditions. However, in this case there is a further

complication, because the equations have terms containing the variations (δρ, δvi, δH). See sub-section 4.3,
and eq. 38 for a proper treatment of such terms.

B Formulas for functional variations

B.1 Variation of surface integrals

In the followingsection the variation of a surface integral (see eq. 42) with respect to surface changes is explicitly
derived, in a form useful for computer algebra. Let

S = x(u, v) i + y(u, v) j + z(u, v) k (46)

be a parametric representation of the integration surface. The surface integral
∫∫

S

f(x, y, z) dσ

can be expressed as a double integral as follows:

∫ b

a

∫ δ(v)

γ(v)
f(x(u, v), y(u, v), z(u, v))W (u, v)du dv,

where

W (u, v) =
√
J2

1 + J2
2 + J2

3

with

J1 =

∣∣∣∣
∂(y, z)

∂(u, v)

∣∣∣∣ J2 =

∣∣∣∣
∂(z, x)

∂(u, v)

∣∣∣∣ J3 =

∣∣∣∣
∂(x, y)

∂(u, v)

∣∣∣∣ .

Let
S ′ = [x(u, v) + h1(u, v, a)] i + [y(u, v) + h2(u, v, a)] j + [z(u, v) + h3(u, v, a)] k

9-20



an arbitrary variation of S controlled by a generic parameter vector a. Now we can write:

F (a) =

∫ b

a

∫ δ(v)

γ(v)

f(x+ h1, y + h2, z + h3)W (u, v, a) du dv.

The integration boundaries are unchanged and independent on a. Therefore only the variation of the integrand
has to be considered when computing the derivative with respect to a generic element α of a:

∂F (a)

∂α
=

∫ b

a

∫ δ(v)

γ(v)
∇f · ∂h(a)

∂α
W (u, v, a) du dv+

∫ b

a

∫ δ(v)

γ(v)
f
W (u, v, a)

∂α
du dv.

If f depends explicitly on a, then a further term has to be considered, and the above equation becomes:

∂F (a)

∂α
=

∫ b

a

∫ δ(v)

γ(v)
∇f · ∂h(a)

∂α
W (u, v, a) du dv+

∫ b

a

∫ δ(v)

γ(v)
f
∂W (u, v, a)

∂α
du dv +

∫ b

a

∫ δ(v)

γ(v)

∂f

∂α
W (u, v, a) du dv.

Considering that

∂W (u, v, a)

∂α
=
J1J1α + J2J2α + J3J3α√

J2
1 + J2

2 + J2
3

=
J1J1α + J2J2α + J3J3α

J2
1 + J2

2 + J2
3

W = HW

we finally have:

∂F (a)

∂α
=

∫ b

a

∫ δ(v)

γ(v)
∇f · ∂h(a)

∂α
W (u, v, a) du dv+

∫ b

a

∫ δ(v)

γ(v)
fH(u, v, a)W (u, v,a)du dv +

∫ b

a

∫ δ(v)

γ(v)

∂f

∂α
W (u, v, a) du dv.

It can be shown (see next sub-section) thatH does not depend on the particular parametric representation chosen,
and it is therefore possible to write, finally:

∂F (a)

∂α
=

∫∫

S

∇f · ∂h

∂α
dσ +

∫∫

S

fH dσ +

∫∫

S

fα dσ.

In terms of variation of h the above formula can be expressed as:

δF =

∫∫

S

∇f · δh dσ +

∫∫

S

fδHh dσ +

∫∫

S

δfh dσ

with

Hj =
JiδJihj

J2
1 + J2

2 + J2
3

.

Finally, in terms of variation of a generic function g, we have:

δF =

∫∫

S

∇f · ∂h

∂g
δg dσ +

∫∫

S

fH · δHg dσ +

∫∫

S

∂f

∂g
δg dσ (47)
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B.2 Invariance ofH with the parametric surface representation

To demonstrate the invariance ofHj it is sufficient to show that

Ji(s, t)

Ji(u, v)
= usvt − utvs

and
∂Ji(s, t,h)

∂hj
∂Ji(u, v,h)

∂hj

= usvt − utvs

This can be achieved with simple algebraic passages:

∂(y, z)

∂(u, v)
=

[
∂
∂u y(u, v) ∂

∂v y(u, v)

∂
∂u z(u, v) ∂

∂v z(u, v)

]

∂(u, v)

∂(s, t)
=

[
∂
∂s u(s, t) ∂

∂t u(s, t)

∂
∂s v(s, t) ∂

∂t v(s, t)

]

∂(y, z)

∂(s, t)
=
∂(y, z)

∂(u, v)
· ∂(u, v)

∂(s, t)
=

[
∂
∂u y ∂

∂s u + ∂
∂v y ∂

∂s v ∂
∂u y ∂

∂t u + ∂
∂v y ∂

∂t v

∂
∂u z ∂

∂s u + ∂
∂v z ∂

∂s v ∂
∂u z ∂

∂t u + ∂
∂v z ∂

∂t v

]

Ji(s, t)

Ji(u, v)
= − ∂

∂s
v
∂

∂t
u +

∂

∂s
u
∂

∂t
v

∂J1(u, v)

∂hj
=

∂2

∂u ∂hj
y
∂

∂v
z +

∂

∂u
y

∂2

∂v ∂hj
z− ∂2

∂v ∂hj
y
∂

∂u
z− ∂

∂v
y

∂2

∂u ∂hj
z

∂
(
∂y
∂hj

, z
)

∂(u, v)
=

[
∂2

∂u ∂hj
y ∂2

∂v ∂hj
y

∂
∂u z ∂

∂v z

]

∂
(
y, ∂z∂hj

)

∂(u, v)
=




∂
∂u y ∂

∂v y

∂2

∂u ∂hj
z ∂2

∂v ∂hj
z




∂Ji(s, t,h)

∂hj
=

∣∣∣∣
∂(yhj ,z)

∂(u,v) ·
∂(u,v)
∂(s,t)

∣∣∣∣+

∣∣∣∣
∂(y,zhj )

∂(u,v) ·
∂(u,v)
∂(s,t)

∣∣∣∣ =

∂2

∂u ∂hj
y ∂
∂s u ∂

∂v z ∂
∂t v + ∂2

∂v ∂hj
y ∂
∂s v ∂

∂u z ∂
∂t u− ∂2

∂u ∂hj
y ∂
∂t u ∂

∂v z ∂
∂s v − ∂2

∂v ∂hj
y ∂
∂t v ∂

∂u z ∂
∂s u+

∂
∂u y ∂

∂s u ∂2

∂v ∂hj
z ∂
∂t v + ∂

∂v y ∂
∂s v ∂2

∂u ∂hj
z ∂
∂t u− ∂

∂u y ∂
∂t u ∂2

∂v ∂hj
z ∂
∂s v − ∂

∂v y ∂
∂t v ∂2

∂u ∂hj
z ∂
∂s u

∂Ji(s, t,h)

∂hj
∂Ji(u, v,h)

∂hj

= − ∂

∂s
v
∂

∂t
u +

∂

∂s
u
∂

∂t
v
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B.3 Volume integral variation

The volume integral variation is obtained making explicit reference to the reduction formulas of a volume in-
tegral into a triple integral, and applying in a straightforward way the formula for the derivative of a definite
integral: ∫ v(t)

u(t)
f(x, t)dx =

∫ v(t)

u(t)

∂

∂t
f(x, t)dx+ f(v(t), t)

d

dt
v(t)− f(u(t), t)

d

dt
u(t)

which, applied to a triple integral, gives:

∂

∂t

∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

∫ ψ(x,y,t)

φ(x,y,t)
f(x, y, z, t)dz dy dx =

∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

∫ ψ(x,y,t)

φ(x,y,t)

∂

∂t
f(x, y, z, t)dz dy dx

+

∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

(
∂

∂t
ψ(x, y, t)

)
f(x, y, ψ(x, y, t), t)dydx

−
∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

(
∂

∂t
φ(x, y, t)

)
f(x, y, φ(x, y, t), t)dydx

+

∫ b(t)

a(t)

(
∂

∂t
δ(x, t)

)∫ ψ(x,δ(x,t),t)

φ(x,δ(x,t),t)
f(x, δ(x, t), z, t)dzdx

−
∫ b(t)

a(t)

(
∂

∂t
γ(x, t)

)∫ ψ(x,γ(x,t),t)

φ(x,γ(x,t),t)
f(x, γ(x, t), z, t)dzdx

+

(
d

dt
b(t)

)∫ δ(b(t),t)

γ(b(t),t)

∫ ψ(b(t),y,t)

φ(b(t),y,t)
f(b(t), y, z, t)dz dy

−
(
d

dt
a(t)

)∫ δ(a(t),t)

γ(a(t),t)

∫ ψ(a(t),y,t)

φ(a(t),y,t)
f(a(t), y, z, t)dz dy

Introducing the deformation field h(x, y, z), the boundary function ψ and φ can be written as:

ψ(x, y, t) = ψ0(x, y) + h3(x, y, ψ0(x, y), t)

φ(x, y, t) = φ0(x, y) + h3(x, y, φ0(x, y), t)

This allows the identity below:
∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

(
∂

∂t
ψ(x, y, t)

)
f(x, y, ψ(x, y, t), t)dydx+

−
∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

(
∂

∂t
φ(x, y, t)

)
f(x, y, φ(x, y, t), t)dydx =

∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)

D4(h3)(x, y, ψ0(x, y), t)f(x, y,ψ(x, y, t), t)dydx+

−
∫ b(t)

a(t)

∫ δ(x,t)

γ(x,t)
D4(h3)(x, y, φ0(x, y), t)f(x, y, φ(x, y, t), t)dydx =

∫∫

+FT

∂h3

∂t
fdy dx

Reasoning in a similar way for the remaining couples of integrals, we can finally write:

∂

∂t

∫∫∫

T

f dV =

∫∫∫

T

∂f

∂t
dV +

∫∫

+FT

∂h1

∂t
fdy dz +

∫∫

+FT

∂h2

∂t
fdz dx+

∫∫

+FT

∂h3

∂t
fdx dy
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That, in terms of surface integrals, becomes:

∂

∂t

∫∫∫

T

f dV =

∫∫∫

T

∂f

∂t
dV +

∫∫

FT

f
∂h

∂t
· n dσ

Finally, in terms of variation of a generic function g, we have:

δF =

∫∫∫

T

∂f

∂g
δg dV +

∫∫

FT

f
∂h

∂g
· nδg dσ (48)

B.4 Application of divergence theorem to terms involving crossed derivatives

The divergence theorem ∫∫∫

Ω

∇ · b dΩ =

∫∫

Σ

b · n dΣ

can be applied in two different ways to transform the following volume integral
∫∫∫

Ω

vxy dΩ

with v a generic scalar function continuous in Ω with its first- and second-order partial derivatives, such that
vxy = vyx. It is, indeed, possible to write vxy either as∇ · (0, vx, 0) or as∇ · (vy , 0, 0). This leads immediately
to the following identity: ∫∫∫

Ω

vxy dΩ =

∫∫

Σ

vxn2 dΣ =

∫∫

Σ

vyn1 dΣ

with n = (n1, n2, n3).
This identity can be used to transform some adjoint boundary conditions. This operation, indeed, can be

useful to restore symmetry in the adjoint boundary conditions automatically derived.
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