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1 Introduction

Aerodynamic shape design is a challenging application for modern computational fluid dynamic. Thisis, in-
deed, a very productive field, both in term of scientific publications and developed applications. Furthermore
it is possibleto find excellent analysis/design software released in the public domain (See for example[1, 2]).
However, industry, in particular automotive and aerospace, but al so emerging fields like wind and sea extracted
energy, continuously needs increased product performance and competitiveness. Thisrequiresincreasingly re-
fined, advanced and complex computational model s capable of describing flow behavior with higher and higher
fidelity.

Thusthe design tools available to scientist and engineers are challenged by the growing complexity of sim-
ulation models. Theincreasing priceto performance ratio of nowadayscomputersisastrong alied of designers
in thisthough race, but often it is not enough.

Objectives of thislectureisto explore and analyze some of the technol ogiesthat, together with theincreas-
ingly available computational power, may help to exploit the tremendous potentia of high fidelity flow field
models to aerodynamic shape design challenges.

For the sake of simplicity we will concentrate on aerofoil design. Two aspectswill be considered: the com-
puter algebra assisted development of code related to gradient computation through adjoint techniques and the
use of fitness approximation techniques to improve the performance of search procedures. The concern of this
first lecture will be more methodol ogical, while some applicationswill beillustrated in the next one.

The outline of thefirst first part of this lectureis as follows: some short remarks on adjoint problems will
introduce the framework in which the Computer Algebra techniques will be mainly used here. Then a brief
outlineof symbolic computation systemswill be given, with particul ar reference to thefeaturesthat are here used
for adjoint equation derivation. The implemented a gorithm will be described and illustrated with an example
on asimple problem. The adjoint and the related boundary conditionsfor 3D Navier-Stokes are then reported,
while an example of derivationisgivenin appendix A.

The second part of thislecture will focus on the use of approximated fithess evaluators. The problem will
be analyzed using the framework of multi-objective optimization, and some possi bl e approachesto the problem
of mixing exact and approximated eval uations will be discussed.

2 Adjoint formulation for gradient evaluation
The adjoint formulation appears in optimal control theory as a tool to compute the constrained gradient to a

given functional. In fluid mechanics the applications span from shape design to flow control [3, 4, 5, 6]. The
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adjoint method is based on the solution of an additional set of equationsfor the Lagrange multipliers. The La-
grange multiplierslocal valueisameasure of the functional sensitivity to theflow variableslocal variation. This
provides, for example, aquantitative criteriafor grid refinement [7].

In mathematical terms the adjoint approach to gradient computation can be concisely derived from the La-
grange identity:

(Av, w) = (v, A*w) 1)

where ( , ) isthescaar product in the appropriate Hilbert space. Thisidentity defines the adjoint operator
A* when alinear or non-linear operator A and whenv € D, w € D* are given. Now, if

J = (p,v) )
isagiven functional and
Av=f, A*w=p (©)
are, respectively, the state and the adjoint equations, then it is possibleto write
J = (p,v) = (f,w) (4)

asadirect consequence of identity 1. Thismeansthat .J can be expressed either in terms of the state vector v or
in terms of the adjoint one w. The small perturbationstheory can then be used to obtain the functional variation
for non-linear state equations. In general, if A(v) isan operator that depends non-linearly on v, itispossibleto
write, under the hypothesis of small perturbations, that

f=fotefi+...
V=) + €&V +... (5)

v+,
0

Therefore the non-linear state equation A(v)v = f can be decomposed as follows

dA
A(vo—l—gvl—i-...):A(vo)—i—e%

A(vo)vo = fo
dA (6)
A(UQ)Ul + (@ 01)1) vy = f1
From the last equation descends immediately the first order linearized operator:
dA
Arlooye = Ao + (5| o) u U
dv |,
In the same way, it is possibleto write the functional J as
J=Jo+eh (8)

where
JO = (U07p) = (w07 fO)

0J = Ji = (v1,p) = (w1, f1) (9)

with  Aj(vp)w; =p

In other words we obtain explicitly the functional variation with respect to the right hand side (RHS) of the
governing equation, i.e., the gradient of J with respect to f. Hence, from a mathematical point of view, the
derivation of the adjoint state equationsfor agiven functiona J isastraightforward process. A disadvantage of
this method isthat complicated functionals often require alengthy and error-prone manual derivation and hand
coding process. In thisrespect Computer Algebra (CA) techniques can be profitably used to ease and speed-up
this process. In the following sections such technique will be described and then used to automatically obtain
the adj oint equations and pertinent boundary conditionsof the Navier-Stokes equations. Gradient expressionis
also automatically computed for a generic objectivefunction. A standard computer algebra language (MAPLE
[8]) isused to build the automated derivation procedure.
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3 Automatic derivation of the adjoint system and gradient

3.1 General remarkson symbolic computation

Computer algebra systems for symbolic computation have a number of peculiarities that make them radically
different from numeric computing tools. Indeed, they operate on symbols (therich set of mathematical objects),
rather than numbers as classic numerical programming languages. The mathematical objects are transformed
following exact equivalence rules, and there are not precision limitsin the representation of numbers. The a-
gebraic manipulation algorithms can be very complex and sophisticated so that a computer algebra language
can be considered a way of storing and efficiently using the knowledge and expertise of thousands of brilliant
mathematicians. Thisallowsan easy and straightforward use of computer algebra systemsas“ scratchpad” tools
in the interactive solutions of complex mathematical problems.

On the other hand, there are some drawbacks that have to be taken into account when devel oping complex
applications. In particular, there are cases in which the output is very complex, and considerable effort has to
be devoted to keeping it easily understandable. Furthermore, it has to be also considered that it is not easy to
learn how to write efficient code in acomputer algebralanguage, because the programming model isfundamen-
tally different with respect to “numerical programming”, with recursion, list and set operations, and expression
identification and and matching on a complex and rich set of objects.

The approach followed in the present work was the research of a compromise between output conciseness
and ease of implementation, and the main steps of the devel oped adjoint equation derivation procedure can be
summarized as follows:

e The Navier-Stokes equations have been specified term by term, but the volume and surface integrals of
the Lagrangian have been left unexpanded.

e Theclassical manipulationsfor adjoint derivationwere obtai ned using Green formul as, whilethevariation
with respect to geometry were obtained through Hadamard formulas.

This approach required the capability of discriminating between the various possible structures of agiven La
grangian, in order to apply the proper transformations. Thiswas obtai ned applying recursively the pattern match-
ing functions of the CA system.

3.2 Adjoint computation

We provide here expressionsand identitiesthat will be useful for the automatic computation of theintegral vari-
ations by the MAPLE V computer algebra system [8].

Thefirst stepinthe automated derivation processisthe expression of theflow field equationinindexed form,
using, in the present implementation, the Grtensor software [9] for tensor calculus. The expanded equation and
boundary conditions, referenced as R, are then combined with the objectivefunction O to form the Lagrangian
equation

L = //O(a:,...,u,u$,uy,uz,u$$,u$y,...,h,...)da—i—
X(h)

///)\R(x,... s Uy Uz Uy Uy Uy Ugygy - -, Py o) dSD (20

Q(h)

Theadjoint equationsand boundary conditionsare obtained computing thevariation of L with respect to theflow
field unknownsw, whilethe gradient has been computed through the variation of L with respect to the boundary
defining functions h. The formulas used for the variation of volume and surface integrals are reported in the
following sections. One of the tricky aspects of thisapproach isthat the variation of L hasto be computed with
respect to quantitiesthat are, in turn, functions of the coordinates x, y and z. In fact, standard MAPLE differ-
entiation function is unable to perform variationa calculus. Yet, there are ways to get around such a difficulty,
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for example using the pdi f f [10] function, availablein MAPLE V share library. Such function enables the
computation of expressions such as

Of (x, u(x))
ou(z)

that are not computabl e with the standard MAPLE differentiation function. The Green’stheorem isthen repeat-
edly applied to move the terms containing the derivative of a variation from the volume terms to the surface
integral terms. MAPLE pattern matching functions have been extensively used both for the variation procedure
and the Green's theorem procedure implementation.

3.3 Symbolic computation algorithm

Given the Lagrangian expression, in the following we give some detail s about the algorithm used to obtain the
adjoint equations, the boundary conditions, and the gradient expression. The derivation of the formul as adopted
to express the variation of the functionalsis reported in appendix B.

Thefirst MAPLE functionimplementediscaledvar i at i on. Thisfunctiontakesasinput agenericfunc-
tional L, afunction u to be variated and eventually the vector function h that defines the geometric deformation.
In general, the expansion obtainablefor a generic variation is of the kind

0Ly (2, .., U,y Uy, Uy, Uzy Uy Uy - - - 5 By ) =
oL oL oL oL oL oL
— — — — — — 11
9 ou + B, Oty + ou, Oy + 8u25uz + 8um5um + Dy OUzy (12)

When the variation is computed with respect to the geometry, a pattern matching algorithm checks each term of
thefunctiona L in order to find volume or surface integrals. In the case of a surface integral, then thefollowing
expression is used to compute the variation:

5F://Vf-8—h§gda+//f?{-8—h§gda+//g5gd0 (12)
0g dg dg
S S

S

Appendix sub-section B.1 reports the derivation of this expression and the meaning of the terms involved. In
the case of volume integrals, the formula

5F:/T//g—£5ng+F/T/fg—E-négda (13)

is adopted. Expression derivation and terms definition are in B.3. These formulas are exactly equivaent to the
Hadamard formulas. It isworth to remark here that volume and surface integrals, need special trestment only
when the integration manifold is given in implicit form. In the other cases they can be reduced to equivalent
double and triple definite integrals and treated with formula 11.

The second MAPLE function implemented iscalled i nt part s3d. Theinput to thisfunctionis the vari-
ated functional § L, and in output an equivaent form of the functional § L is generated, were the terms contain-
ing derivatives of the variation are moved to surface integrals. It works applying recursively theintegration by
parts and the Green’s theorem to the volume integral terms containing derivatives of the variation, e.g. du, or
dugy. The resulting functional variation presents terms containing derivatives of the variation only inside sur-
face integrals. In a subsequent step, these terms can be eliminated through the imposition of suitable boundary
conditions. This last step, currently, is not automated and require some care and attention on the part of the
user. To help thisprocess, the functionsext r act _adj _eq and ext r act _adj _bceq have been introduced.
They extract the adjoint equations and boundary conditions, respectively, again by pattern recognition. Finaly,
two interface procedures, conput e_adj _eq and conput e_adj _eq_bc, hevebeenintroduced to managethe
whole process of adjoint equation and boundary conditions derivation. Thelistingin MAPLE code of the first
oneis reported below.
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conpute_adj _eq : =
proc(lagrangian, v, dv, n_intp, h, verbose |evel, aliasing::boolean)
opti on renenber;
local Ig_ v, i, cl, sp, adj _eq;
lg_v := variation(lagrangi an, [v=v+dv], h, [sl, s2], [x1, x2, x3]);
lg_v := expand(lg_v);
if aliasing then autoAlias(lg v) fi;
if verbose |evel >= 2 then print("LAGRANG AN"); print(lg_v) fi
cl :=1g_v;
for i froml by 1 to n_intp do
cl := intparts_3d(cl, dv);
cl : = expand(convert(cl,diff));
if aliasing then autoAlias(cl) fi;
if verbose level >= 1 then
print ("I NTEGRATI ON BY PARTS N.", i); print(cl)
fi;
od;
adj _eq := extract_adj _eq(cl,dv);
end:

The eguations obtained by the automated procedure are of course less concise compared to those obtai ned
manually. Indeed, the governing equations are fully expanded as a first step in the variation computation, to
ease the pattern matching process. Furthermore, the comparison, useful for debug purposes, with the manually
obtained equationsis complicated by some asymmetries that may be found in the automatically derived terms.
Thisis dueto the following identity (see sub-appendix B.4 for details):

///”my dQ) = //U$n2 d¥ = //vynl d¥ 14
Q by by

This comes from the application of the divergence theorem to terms containing crossed derivatives. Indeed, the
theorem can be applied here in two different ways, and the automati ¢ procedure does not know which form has
to be chosen to keep symmetry. However, the same identity 14 can be applied to suitably transform the obtained
expressions.

34 A smpleapplication exampleto potential flows

An example of adjoint equation derivationis here givento show how the developed MAPLE code may be used.
Thereader may refer to appendix A for the application to Navier-Stokes equations.

A symmetric airfoil isimmersed in a potential flow at zero angle of attack (see figure 1), and a symmetric
transpiration velocity W isassigned in the direction normal to the airfoil surface. The governing equations are
therefore:

V3¢ =0 inthefidd, V¢-n=W ontheairfoil (15)

The problem isto find atranspiration vel ocity distribution W* such that a given target potential ® is matched.
Hence the objective function that will be minimizedis:

%f@—@ﬁw (16)

on theairfoil surface. The current version of adjoint derivation code was devel oped taking into account three-
dimensional fields; thereforein thefoll owing example, thetwo-dimensional field will be treated as 3D field with
zero gradient of the flow variablesin x3 direction. In the same spirit the airfoil isacylindric surface identified
by two curvilinear coordinates s1, s2. Thus we will have surface integrals instead of contour integrals on the
boundary and volume integralsin the field.
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W=V¢-n

VOO
— —

Figure 1. 2D symmetric potentia flow with blowing.

Herethe MAPL E interactive sessionfor the adjoint computationfollows. Theal i as_dependenci es
function set a functional dependence for a given list of variables; dW is the increment of the blowing ve-
locity, y isthe airfoil ordinate, 21, 22, 23 are thefield coordinates, while s1, s2 are the surface coordinates.
Note that to have the procedure working properly, we had to specify explicitly the dependence of ¢ and of
itsincrement d¢ on field and surface coordinates. The same dependence is specified for the vector normal
to the airfoil surfacen = [nl,n2,n3] and for the deformation field h = [h1, h2, h3] (not explicitly used

here).

Vv

vV V V V

al i as_dependenci es([y, WdW, [s1]):

varlist := [x1,x2,x3,s1,s2]:

al i as_dependenci es([ phi, dphi, nl, n2,n3, hl, h2, h3],varlist):
al i as_dependenci es([Phi],[s1,s2]):
Qoj:=Int(Int(1/2*(phi-Phi)~2,s1),s2);

Obj := //% (¢p — ®)2ds1 ds2
Potential _eq: =di ff(phi, $ (x1,2))+diff(phi,*$ (x2,2)):autoAias(%;
¢z1,ax1 +¢Jr2,z2
n: =[ nl, n2];
n:=[nl, n2]

Neunmann_bc: =dot pr od(grad( phi, [ x1, x2]), n,’ orthogonal ' )-W
aut oAl i as( 9 ;

Gp1 N1 + o n2 — W

al i as_dependenci es([eta, beta], varlist):
Lagrangi an: =Qbj +Int (Int(Int(eta*Potential _eq, x1), x2),x3)+
I nt (1 nt(beta*Neunann_bc, sl1),s2);

1
Lagrangian := //5 (¢ — ®)2ds1 ds2 + ///77 (1,21 + Pu2, z2) dzl dz2 dz3

+ //ﬁ(%z nl + ¢zo n2 — W) dsl ds2
adj _dphi : =conput e_adj _eq(Lagrangi an, phi, dphi, 2,[hl, h2, h3],0,true);

adj_dphi = Ng1 21 + N2, 22
adj _dphi _bc: =conput e_adj _bc(Lagrangi an, phi, dphi, 2, [nl, n2, n3],
[h1, h2, h3], 0, true);

adj -dphi_bc :=

1 dphi,, nl 1 dphi g n2 Bnl dphiy,;  [Bn2 dphig
0= et T i Mot M o2 M2 T dphi
adj _dphi _bc_ai rf: =subs(beta=-eta, adj _dphi _bc);




9-7

adj _dphi_bc_airf := ¢ — D — 1y nl — Nz N2
> ¢6:=variation(Lagrangi an, [ WeWHdW, [ s1,Vy,s2],[s1,s2],[x1, x2,x3]);

—//ﬁdesIds?

In the above equation the gradient with respect to the blowing velocity 1/ can be recognized as being given
by the variation of the Lagrangian with respect to V.

4 Thecompressible Navier Stokes Adjoint Equations

In this section the mathematical adjoint to the Navier-Stokes equations are derived. The notation is slightly
different from that of the previous chapter for the sake of conciseness and clarity. In particular, the variations
will be indicated with a circumflex accent.

4.1 Stateequations

In this section we make the notation clear by giving the steady compressible Navier-Stokes equations under
divergence form and indicial notation.

Conservation of mass

0pv;

= 17
oz, 0 (17)
Conservation of momentum
0 ov;  Ov; 2 0v
_ 0y L _ - .. — 1
Ox;j {pv,v] +poij = p [8xj + ox; 30z 5”]} 0 (18)

Conservation of energy

0 orT ov; Ov; 20u
H — _ ¢ J __ZZ7R 5 . I 1
ox; {pv, kaa;i H [83:j + ox; 30z 5”] UJ} 0 (19)

H isthetotal enthal py per unit mass, & theheat conductivity, and the other symbol shavetheir usual meaning.
Let ©2 betheflow domain and X its surface. The no-slip boundary conditionsare imposed on X, elsewhere
we consider suitable far field conditions. The boundary condition on temperature isto be detailed | ater.

4.2 Lagrangian

I isageneric functional depending on the flow field and it is defined either over €2 or over X. We want to find
asurface 3 such that the first order variation of I with respect to a perturbation of X is zero.
To this end, we introduce an auxiliary functional L defined asfollows

L=1 + /n%dQ
Q

(9.’12,‘
ov;  Ov; 20v

0
+ /Q)\, 9z, {pvzv] +pdij —p [813 + 9z; 301 5”]}d

0 orT ov; Ov; 2 0u
H — — v J _ZZ27F 5 0. b dO
- /Qcaa:i {pvz kaxi a [8xj - Ox; 3 0xy 5”] vj} d

+ [ gwas

X%
+ /Z 70(T) dx. (20)
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©(T) = T — T, with prescribed boundary temperature, whereas for adiabatic flows O(T") = 9T'/0z;n,;.
The auxiliary functionsn, \; and ¢ belongto H2(2). ¢ € L?(X)and 7 € L?(X) or 7 € H(X) according to
the boundary conditions selected for temperature. We refer to al these functions as Lagrange multipliers.

Thelagrangian function L transforms the constrained problem defined for I into an unconstrained problem:
it is now required to find the flow field, ¥ and the Lagrange multipliersin order that the respective first order
variations of L are zero. The variation of L with respect to the Lagrange multipliersyields the flow eguations
and boundary conditions. We concentrate on the variation of L with respect to the conservative flow variables
0, pv;, pE, with E thetotal energy per unit mass.

Takethe variation of thefirst integral in eq. 20, using the Gauss identity we have

/nﬁ@nidﬁ—/ﬁ@@dﬂ (21)
> o Oz

where n; isthe outward unit normal to X, and ™~ denotes the function variation.
Consider now the second integral in eq. 20 and apply the Gauss identity twice to get

O\ 0 oNi  OXN; 20\
. — Vs )2 4O — —_ v J _ZZTR S - dO
/Z)\,f, dx /Q(pvzv] + pdi ;) oz, d /anj {u [8% + 9z, 391 5”:|}1)2d

oXi  0X; 20X
2R s v dD 22
+ /ZM [8xj + ox; 30xk 5”] vin d (22)

where the components of the force per unit surface experienced at the boundary are

B Ov;  Ovj 20v
fi= {pvlv] +p523 1% |:8$] + dz; 58—a:k5”]} n;
To be remarked isthat the linear second order adjoint operator keeps the same form of the viscous stresses.
In eg. 22 the flow variables do not appear under the form of conservative variables. However, in the first

integral, for a reason that will be clear |ater, we leave the flow variation under the form f;, whilein the others
we writethe variationsin terms of conservative variables. For example we have

—~—

PUIV; = PUVj + PUjV; — VU0

-~ -1, —~ —
D= T(QpE—vaivi—i-VQﬁ)

o1~ 2R\ 2
T=2""12pE— 20w+ (V2-227)5
2pR

— — . -1 _
pviH = pv;H + yvipE — (v — 1)vipvjv; + v; (%VQ - H> P

with ~ the specific heats ratio, R the perfect gas constant and V2 = v;v;. Substituting the above relations in

eq. 22 and posing
0 OXi  OXj 20X\
hi = 7— - L S0y
Ox;j {M [axj * Ox; 3 0xy J]}
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onefinds

~ O\ O\j ox;  hi| —
/E)\zfz ay — / |: 8$ +v vy 8,’1}‘2 (')’ — 1)1)28—% + ;:| PU; df)
y-1 ‘8)\,_ ' ‘8)\Z~_1 2 -
A(Tv]v]a - — VU; 9z, pv,hZ pdSQ)
O\ ~— oXi  OX; 20X ~
_ /Q( )8 /Z [axj o ——(5”} vin; dY. (23)

3 0xy,
Thethirdintegral in eg. 20 is rearranged as above to get

oC oC 0 ¢
/de dx /E /va, oz, dQ — /Z oz, ; dX —i—/ oz, (kz 83:,) dQ)
8C 81)2‘ 81)] 2 81}k
- - 0 dQ) 24
* /Q“axi [8xj+8a:, 3 0wr ]”3 (24)

with

ov; Ov; 20u
= H — ! I 2R v by
© {pv M[aa:j +8a:,~ 3 0xp J] v]}n
The variation of eq. 24 is complicated by the presence of non-linear terms involving both the v; and the
derivatives. As afirst step, we write the variation of eg. 24 as

T - N
/Cé’dﬁ—/kga—nidﬁ—/pvz 8Cdﬂ+/ o¢ AdE—/T O (195 4q
» » 8.’172 8.'17 » 8 Q

o¢ [Ov;  Ov; 2 0v 0 ¢ o¢ 2 0O¢ ~
il 2 U I T Y .dO
" /Q{M Oz [3%‘ "2, 30, 5”] O [M( Tow; Y Y b, 3vk8$k5” oyl
(o, L 9¢, 29¢ 5
+ /Zunz (8% v; + 83:2% 392 vk(SZJ) v;dX (25)

L eaving unchanged the terms on the boundary and expressing the other variationsin terms of the conserva
tive variables variations, the equation above finally becomes

- ~ 0( ¢ ¢ 2 OC ~
5 -  dY. v+ v — Sl ) TdD
Lged Lk( /Zk oz, d —i—/zun, (8$jv,+8$ivj 38xkvk5” v d

N 4 0¢ oyl 9 (00N g
+ /Q{[(’Y 1) v;v; Hfszg]aa;i—i- R ”’8% (kaa:,) P pu; dQ

givi v—1 2 2R 9 a¢ Y-l o¢ | ~
L (VP ——T ) v, k — | ——V*—H ) 7k9]
+ /Q[ p 2pR ( v—1 v](?a:i ox; 2 v P

8.%‘,‘
y—1 0 o¢ A8
/Q[ pR Ox; (k 83:,) + v T;

where

pE d)

(26)

O (0, 0 2 9, ] 0 [u By 20m
97 ox; H T 0x; 18% 3k8xk tJ “8% Ox; Ox; 30z *J

Note the self-adjointness of thelinear part. The variations of thelast two integralsin eg. 20 are easily com-
puted as

/Z &7 dS (27)

/Z 0 d% (28)

where® =T or © = 8T/8a:m,~. It is now completed the variation of eg. 20. Consider al the field integrals
and factor out the conservative variables variation.
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4.3 Adjoint equationsand boundary conditions

In order to be

L=0  v{ppuE}

the following equations are to be satisfied

v—1 O\ O\ y—1_, ¢ wvj(hj+ gj) y=1 o T\ 0 ¢
— ViV + VUV —— — | ——V* — H | v; — — |- k =

2 Ui ox; i Ox;j 2 v ox; * p 2pR p ) Ox; ox;
(29)

0C on o\; O\j ox; hi+gi ~v—1 0 ¢
—Dvv: — HS: ;] —— —  Vi— — — 1D, —= — i— | k =0
[ty ) viv; 3] Ox;  Ox; Y Ox;j Y ox; + Jv Ox; P + pR v ox; ox;
(30)
o\ o ~—-120 oC
(v —1 — _ = 1
Oy )8a:,~ LAt ox; pR Ox; (k 83:,~> 0 (1)

Theseare the compressible Navier-Stokes adjoint equations. Theboundary conditionsto be satisfied by such
equations are determined by considering the boundary terms of L. Wefocus on wi ng-like geometries, such that
inthefar field theflow isconsidered unperturbed, and the no-dlip boundary conditionisapplied onafinite closed
surface. In thisrespect L depends on the boundary terms left in egs. 21, 23, 26, 27, 28, once thefield integrals
are elided by satisfying the adjoint equations. We are |eft with

-~ - ~ oT ~0 ~
L:I—l—/)\ifidE—i—/nﬁvmidE—i—/C’édﬁ—k/g—nidﬁ—l—k/T CnidZ}—i—/T@dZ}
b)) b)) b)) 5 0z; s Ox; b

o\ O\j 20\ ¢ ¢ 2 0C ~
+/z [51 +npn; + @ <8$j n;j + oz, n; z; n; +n; 8%1)] +n; Ep v; 3n, 9z, v; || vid (32

Suppose we give a certain wall temperature. Then © = T, and therefore by taking

9¢
8332‘

(=0and7T=—-k—n; Prescribed wall temperature (33)

on ¥, the boundary integralsinvolving T = 0 and 8T dz; are eliminated. In contrast, the adiabatic wall
correspondsto © = (97'/0x;)n;, and hence if

9¢
(9.’13,‘

n;=0and T =k( Adiabaticwall (34)

on X, the respective boundary integralsare eliminated asin the previous case. Asv; = 0 on thesolidwalls, we
have remarkable simplificationsfor e:

~ ov; Ov; 20u ~
— Hn, — ¢ J _ZZ7R s . . ;
‘ {p i [8xj - Ox; 3 0xy 5”] nj} Y

Alsothethirdtermin 32is0 and if we take

ov; 0Ov; 20v oA;  OX; 20\




we are | eft with
L —T+/ Nifi dS (36)
>

where fisthe variation of the force per unit surface acting on the fluid at the boundary.
Such variation is unconstrained, and there are two different ways to elide the two terms I ft in the equation
above. Thefirstisthat I can be put under theform

I= / Ji f; d% (37)
by
so that taking

A = —J; (38)

the variation of the lagrangianisfinally zero. In turn this condition shows how the only allowable surface cost
functionalsare thoseinvolving f;, as other functionalswill not lead to L = 0. For a deeper discussion see [11].
Otherwise, if I isafield integra then

P~ [ 15 pB) a0 (39)
Q

whereinthiscase J isthe derivative of the integrand with respect to the conservative variables. The three
terms under integral become source terms of the adjoint equations, and by taking A\; = 0 on X we are |ft again
with L = 0.

44 Gradient

As mentioned, the variation of L with respect to the Lagrange multipliersyields back the governing equations
and boundary conditions, therefore the gradient is simply the variation with respect to the geometry. If I isa
field integral, and if e w isvariation in the direction of the normal to the boundary, we have

F
DI = 8—w ds) —i—/ FwdX (40)
o Ow by
where F' istheintegrand of I and e issmall. When I is defined on the boundary we have
DI = /—wd2+ OF wd2+/HFwd2 (41)
5z O Oz; >

and H isthelocal surface curvature.

For theother termsof L thederivationrulesare the same, but some simplificationsoccur sincethegoverning
and adjoint equations with the respective boundary conditions are satisfied on .. The only terms | eft are those
relative to the boundary terms and the gradient, that is

0&;v; oTO
DL:DI+/ §vnjwd2+/ T —n;wdX (42)
» 8.’12'] » 8.’1:'2
In the particular case under examination the functional to be minimizedis
L —L* 2
Cop Y -

where D isthe drag (to be minimized), L isthelift, L* isthe desired lift and the w; are weights. Consequently,
the gradient expressioniis:

5L — w1/—< ap"15y+8“1”15y)t°°d2+
>

w2 L L*)/ ( 8pn,5y+8’r,] nféy) ood2+

/5,8—”L(Syd2+/ 808y d¥.
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5 Useof approximatefitness evaluators

Optimization techniques based on evolutionary computing are very attractivein terms of robustnessand global
extremum location capabilities, but these favorable characteristics are obtained to the expense of arather large
number of fitness evaluations. Thisis a problem in many engineering applications, where fithess evaluation
often requires a substantial amount of computational resources. This makes attractive the use of approximate
fitness evaluators, with lower computational requirements, whenever it is possible. In aerodynamic optimiza-
tion design, for exampl e, various approaches have been experimented, such as the use of Neural Network-based
interpolatorsto reduce the number of true flow field evaluations[12]. The mixed use of solverswith different
levels of approximation in a hierarchical organization has also been object of investigation. Both procedures
have advantages and limits. Neural Networks, for example, are able to improve the quality of their approxima-
tion when the number of exact evaluations available increase. Their performance, therefore, may improve in
real time during the optimization process. On the other hand, their more serious drawback isthe fast decreasein
approximation fidelity when the parameter space dimensionincreases[13, 14, 15, 16]. Low fidelity solvers(e.g.
Euler+boundary layer versus Navier-Stokes), do not have this problem, but it is not always easy to understand
the limits of the approximate model. In both cases, the problem that arises is the difficulty of devising a good
and sound strategy to mix and interleave high-fidelity and low-fidelity fitness approximations.

5.1 Problem analyss

A simple analysis of the implications of mixing fitness eval uators with different levels of precision within an
(evolutionary) optimization processis here carried out. Thisanalysisis made using concepts of multi-objective
optimization [17, 18, 19], like Pareto fronts and dominance criteria, even if the class of problems considered
is strictly single-objective. In fact, the relations between the exact function f and its approximated model g is
analyzed with the following two-objective problem:

{ min f(x), g(x, Xo)
xeX (44)
Xo € p(X)

where f(x) € R isthefunction defined in adomain X C " for which we are interested in finding the global
extrema, and g(x, Xo) € R isdefined inthedomain X* = X U p(X) ; p(X) isthe power set of X and
Xy € p(X) represents a sampling of thedomain X . In other terms Xy can be thought as the training set of g,
e.g. the set of point in which f (and possibly its derivatives) are known and their values are used to obtain g.
Let us have, for example, the following function:

f(z) = [#? — 10 cos(2mz) 4+ 10] z € [-1,3] (45)

and let g(z) apolynomial of degree 10that minimizes Y. [f(z;) — g(z;)]? tobestfit f(x) intheleast squares
x; €EX|
sense for agiven training set X (see Figure 2). ’

The Pareto Front related to problem (44), reported here in Figure 3 for function 45 and its approximator, is
useful to understand the relationship between f and its approximating function g.

Thetraining set X is, for the moment, supposed fixed and unchanged during the optimization process. In
other words, X fixed means that no learning procedure is involved in the approximation process; there are,
instead, two different models, from the beginning of the process, the exact and the approximate one, that can be
used to search the optimum.

When using an approximated mode! for fitness evaluation, there are two things that have to be taken into
account:

¢ Shift of extremum points between the two models;

e Value shift between exact and approximate functions.



()

f(x)

Figure 3: Pareto front of problem 44 with f specified in eq. 45 and g 10" degree polynomial approximator.

Thelesser are these shiftsin the extremum points, the better and more reliable are optimization results obtained
using the approximate model. Furthermore in these conditionsit is safe to interleave exact and approximate
evaluations.

A generic Pareto front of a problem of type (1) is reported in Figure 4. Four different zones can be found,
that are characterized by different behavior of g and f in moving towardstheir global optimum points. In zone
(1), asolution that dominates the initial oneis surely closer to both f and g global minimum points. In zone
(1), a solution that dominates the initial one is closer to the global minimum of f and farther from ¢ global
minimum. Conversdly, zone (IV) has an opposite behavior, as a dominating solution leads close to g and far
from f globa minimum points. In zone (111), finaly, a solution that dominates the initial one is farther from
both global minimum points.
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Giventhisframework, wewant check if thereisaparticular interleaving strategy that minimizes the number
of exact function evaluations. The obvious limit of this approach isthat in areal optimization run the Pareto
front is unknown and only arough estimate of the collocation of a particular solutionin one of the four zonesis
possible.

At the beginning of the optimization process the candidate solution (or population) is likely to be in zone
(. The approximated function g can be safely used here, and only occasiona control isneeded on f valuesto
avoid the generation of too many non dominated solutions (relatively to f).

Zones (I11) and (111) are difficult to detect if g global minimum value is unknown. In principle, use of g
without check on f should be avoided in zone (1), asit may |ead to unsatisfactory resultsintermsof f. In zone
(111) both the use of g doneand of g and f interleaved is detrimental, as it would lead to a point in the Pareto
front that would be likely to be far from the global optimum of f.

Zone (1V) issimilar to zone (1) from the point of view of searching for the global optimum of f. However,
here interleaving could be detrimental for reaching the global optimum of g.

(] @ @

f global minimum
//

~__

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

' g global minimum

'

Figure 4. Generic Pareto front related to problem 44.

5.2 Possible approachesto mixing exact and approximated evaluations
From a practical standpoint the above considerations suggest the following search strategy:

1. Search theglobal optimum of g first, eventualy checking in very few pointsif the values of f do not get
worse too much.

2. Search the global optimum of f, eventualy using g as second objectiveif there is interest in finding so-
lutionsbelonging to the f-g front.

When X, changes during the optimization process, the approximation g can increase its precision when
more evaluation of f are available. Therefore the Pareto front tends to decrease in size, and after some time it
can reduce to apoint.

Devising a good interleaving strategy is here more difficult, however the previous strategy, adapted as fol-
lows, should have an acceptably good behavior:
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1. fissampled in some pointsand the resulting values (training set) are used to find afirst expression of g.
2. Theglobal optimum of g is searched.

3. A short two-objective (f-g) runis performed and the computed values of f are added to the training set.
4. A new expression of g isfound.

5. The processis repeated starting from step 2 until a satisfactory value of f isfound.

5.3 Analysisof an example problem

The RAE 2822 airfail is assigned as starting configuration, and the optimi zation goal isthe reduction of thedrag
coefficient ¢4 at given mach (M = 0.78) and lift coefficient ¢; = 0.60. The maximum airfoil thickness has to
remain unchanged.

A two-objective optimization runis carried out using two different flow solvers:

1. Euler + Boundary layer, interactive (high fidelity solver, objective f).

2. Full potential, non-conservative formulation (low fidelity solver, objective g).
It isimportant to observe that these flow solvers represent thereal flow at avery different approximation level,
and that area optimization application would benefit more from the use of more closely related flow solver
models, such as Navier-Stokes and Euler + Boundary layer. The only aim of thisrun isthe analysisof therela

tionshi ps between different flow models.
The aerofunctions obtained from the airfoils reported in figure 5 were used to modify the airfoil shape.

C>Co>C >C A

airfoil #1 airfoil #2 airfoil #3 airfoil #4

C>C >

airfoil #5 airfoil #6 airfoil #7 airfoil #8

(> >C

airfoil #9 airfoil #10 airfoil #11 airfoil #12

Figure 5: Airfoilsused to build the modification functions.
The GA parameters are:
e bitresolution: 10

selection method: two-step random walk with elitism

bit-mutation with 4% rate

population size: 20

generations. 20
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Figure 6 reports the Pareto front obtained in the two-objective run. Asit can be observed, the Pareto front
shows a sensible difference between the two flow models. These solvers should, therefore, not be used in an
interleaved fashion unless a viscous correction isintroduced in the full potential one. However, a hierarchical
use of these solver could be useful to discard very bad solution such as those with a strong shock wave.

The above example may help in tracing the guidelines for the implementation of the hierarchical approach
in an optimizer for viscous flows.

The optimization could be made in two different steps: a pre-optimization phase aimed at the reduction of
the search space compl exity, and a subsequent optimization phase that exploresthis reduced space using ahigh
fidelity fitness eva uator.

The number of active variables, their variation ranges and anew starting configuration are a possible output
of thefirst phase. In amore sophisticated approach, using for example a multi-objective GA, the pre-optimiza-
tion can be used to generate an aerofunction basiswith areduced number of elements.

In the second phase, the modification of the geometry could be driven by avery simple evolution strategy,
such asa(1,1)-ES[20, 21] that, due reduction of the search space complexity, should give an improvement of
the objective function in an acceptable number of attempts.

6 Conclusions

It has been shown how computer algebra techniques can be used to obtain the adjoint equations and pertinent
boundary conditionsof the Navier-Stokes equations. The obtained equations can be directly used for the adjoint
equations solver coding.

full potential: cdw=0.000281
Euler + BL: cdw=0.000006

0.02—1
3 [
£0.015} ‘\
2 |
o L
s |
S -
WL 001} \ 0T o5 0T o5 o5 o7 o 0s
o X b
— E \ .
SO . full potential: cdw=0.000
©0.005 |- \\ Euler + BL: cdw=0.000561
B \
| ‘\.\\
- e
- T 00 00 00— me—— o0
OI\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I

087 088 089 09 091 092 093 0094
c, X 10° (Euler + BL)

Figure 6: Euler + Boundary Layer — Full Potential comparison.
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MAPLE was used as computer a gebralanguage, complemented with an original code taking advantage of
public domain librariesfor tensor algebra and function variation computation.

Further devel opment will includederivation of the adjoint equationsof the Reynol dsaveraged Navier-Stokes
equations with x-e turbulence modeling.

The relationship between an objective function and an approximated form has been investigated using a
Pareto front to show the trade-off between exact and expensive objective function eval uations and inexpensive
but inexact approximations. Approximating the objective function values, if properly done, shortens the time
in time-consuming design problems like those typical of CFD applications. Evolutionary algorithms normally
require more objectivefunction eval uationsthan other methods and, therefore, are very likely to take advantage
by using such approximation techniques.

Acknowledgments

Part of thework here presented was carried out within the framework of the AEROSHA PE project. Thisproject
(Multi-Point Aerodynamic Shape Optimization) is a collaboration between Aerospatiale Matra Airbus, Alenia
Aeronautica (Coordinator), Daimler Crysler Airbus, EADS-M, Dassault Aviation, SAAB, SENER, SYNAPS,
CIRA, DERA, DLR, FFA, INRIA, HCSA, NLR, ONERA, and NuTech Solutions. The project isfunded by the
European Commission, DG Research, under the GROWTH initiative (Project Ref.: GRD1-1999-10752).



9-18

A Exampleof adjoint NSderivation usng MAPLE

For the sake of clarity and conciseness, the output of MAPLE has been dlightly modified such that indexed vari-
ables and derivatived such as 1 and v3,2 appear as x; and vs,,,. Furthermore, we will work only on a piece of
the functional 20, namely the scalar products between the adjoint variables and the state equations. Therefore,
in the output will not appear the terms coming from I. Hence we have the following expanded form:

LG1 = ///77(/%:1 Vi + P U1y t Py V2 + P V2gy t Pay U3 +pv3x3) +)‘1(p$1 1)12

4 1 1
+2pu; Vig, + Pz — guvlaq,aq - §M02x1,x2 - §M03x1,$3 + Py V2 V1 + P V2g, V1

+pvg Vigy — M V1gy, 2 +p$3 V3 Vg +P1)3x3 v +pus Vigg _lea:g,a:g) +)‘2

1
(Pz; V2 V1 + P U2g, V1 + PUL VI, — V2, 4 — 3 H Ve, + Pay v2® +2p vy V2,

4 1
+p.732 - §M1)2$27.722 - §M1)3$27.723 +p.733 Vg V2 +p1)3.7:3 V2 +p1)3 1)2.7:3 - /’LUQJIg,JZg)—'—

1
A3(pa, V3 V1 + P U3y, Vi +PUSVIg, — V3G, 5y — 5 M Viay, 2y T Pay U3 V2

3
1
T PUsy, V2 + PUS Vg, — VSgy 2y — 3 M V2a,, 05 + puy V32 +2pug V35 T Pag
4 1 4, )
_§Mv3$3,$3)+C(_§v3ule1,z3_§v3z3 B — V24, M+p$3 US’H"FPUS’J:gH
1 1
+PUSHz3—ka37$3—1)11;5,2#—/437}173;1 —51)2#1)11;173;2—kng,wg—gv.?MUSzg,xg
4 1 4
— Vg /’1/1)1132,.732 - 502/'1/1)2.732,.732 - 1)3/'1/1)3.7317.731 - gvl /’1/1)2.731,.732 - §U3M7)3z3,z3
1 4
_503/'1/1)2.732,.733_1)1 /’1/1)1133,.733_1)3/'1/1)3.732,.732_§UI$12M+pUIHJI1 +pvl$1H
4
+ Py UIH_U3$12M_UQMUQ$3,$3_21)2131”1)1132_02w12u+§vl$zuv3$3
4 4 1
+§vl.731 /’LUQ.TZ_UQ/'LUQ.Z],JI] _21)3.731 MUI.Zg_ngMUIJZ],JI] _gvluvgaiz,aig
4 4

- §02$22M_01$22M+p02H$2 +p1)2.722H+p.732 UQH_UB$22M+§UQ$2MUB$3

-2 V32, uv%g)dmldmgdmg + //51 v; +&€2 09 + &5 vg +T@(T) ds; dsg

Now the perfect gas model isintroduced in order to close the equation system:

> pexp :=p = -1/2*rho*(gamma- 1) *(-2*Htv1™ 2+v2" 2+v3" 2) / gamsg;
1p(y—1)(=2H+ v;® + vo? + v3?
pewp::p:_§P(’Y ) ( +v1° + v + v37)
Y
> Texp := T = -1/2*(gamma- 1) * (- 2*H+v1™ 2+v2" 2+v3" 2)/ (gamma* R) ;

1(yv—1)(—2H 2 2 2
Temp::T:__(7 ) ( + v1® + v2® + v5°)
2 R

> LGL: =subs({pexp, Texp}, LGL):

The prescribed boundary temperature condition isimposed:

> Theta := (w) -> w Tw(x1,x2, x3,s1,s2);
0:=w—w-—Tw(zl, 22, 23, s1, s2)

The variation with respect to p givesthe first adjoint equation:

> adj _drho: =conpute_adj _eq(LGL, rho, drho, 2, 0, true);



1 ’1)32)\3 H)\g H)\Q )\1 H
—vg H (g, —5%—02 V3 A3z, — V2 V3 A2y, + = 4 5 = — Ny 03+$TZ
Ly Ly Loy
—Aig, H =1y, v1 — HA35, — Ny, 02-1-51)1 Agz, — g Mg, +§vz A2,
1 1 1 1 1 1
t3 v3* Aoy, + §>\1x1 v3? + EAzg;] ve? + 3 0% A3y — 3 02?2 Aoy, — 3 v3* Asz, — H Aoy,
1 )\13; ’1)22 1 1)12)\3 2 1 1)32)\2
— v H __2mm e A -t rPw - TRt by
vy H (g, 5 4 V1 V3 ALz ~ 5 5 5 o V1 Vg Ay,
1 ’1)12)\2 1 ’1)12)\1 1 1)22)\3
3 7$2—§ ,ym—ngv‘?H—ﬁf@—vzvz)\zxg—1)11)2)\23:1
1 )\1$1 ’1)32 1 ’1)22)\2$2
2~ 2~

Now the adjoint equations coming from the variations with respect to v1, v, v3:

>

>

>

adj _dvl:=conpute_adj eq(LGL, v1, dvi, 2, 0, true);

5 4
—PHCm + 5“1)2121 Caig _Mcaig,aig Vy — s 1V C$17$1 _M)‘IJ:Q,J:Q _pvé’)‘lxg

3
PUIALIg,  PUI A2z,  PUIASg, | kU1 Cyyn
)\ _ )\ _ 1 2 3 1, L1
+ P V1 Az, — PUS A3y, 5 5 5 + R
kUJC , kC ,xg U1 5 5
+ RJ:Z = + $3R$3 _nmlp_gﬂvé’xg Ca:z _§MC$1 V2z,

1 5 4 1

- §M1)3C$1,$3 + §M1)3J:1 ng - gu)‘lm,a:] + p vy )‘31:3 - gMAQzZ,xg — P2 )‘11:2
1 1 kC ,xzg U1

_glj/UQC.T],.TQ_5/1/)\3.7:1,.7:3_p1)1)\1.731_le szg,.Zg_M)\l.Zg,Jig_af;ig
kv sz zg k vy Cﬂig T2

_ I _ I _ A

adj _dv2:=conpute_adj eq(LGL, v2, dv2, 2, 0, true);

1 5 5
_MCM,M U2 — §MUBCJ:Z,JZ5> +P02)\3z3 + p v )‘11:1 +_Mv3zg Cl’g +_lezg Cl’z

3 3
p U2 g p U2 A3 p U2 A2 4
_N)‘Qa:z,arz - ~ o N = N = _nl’zp_gu)‘?wz,l’z
kaJ; V2o kUQCx7$ kvgg“l,,l, 1 4
- ;RI B ng - ’)’RZ LA A VLR
5 1
_pvg)\gxg_g/’LCIQ UIJ:]_pv.@)‘.?zg_MUQng,xg_pHCJJQ_§MUICJ:1,:L’2
1 kvg kvg
_pvg)\gxg—pvl A2z, _gu)‘ll’z,l’z_pvl)\lxg—i- ézg,a:g + ;1’2,1:2
kc , V2 5
+%_MA2$3,$3_§M03$3 ng

adj _dv3:=conpute_adj eq(LGL, v3, dv3, 2, 0, true);

9-19
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1

1 1
_§MC$1,$3 vy — g/j/)\gaig,aig —PU2 A2, — PUIA3g, — PVUI Aigg — P H Cpy — §M>\1x1,x3

PU3A2y,  PUIA1y,  PUIAs4,

_/1/)\3.721,.721 _/1/)\3.7327.722 _77.733/)_

Y g "
4 kCuy o 3  kCoyay V3 kvs Cag, ay k Gay ;U3
__N)‘3$37$3 - o -
3 YR YR R R
kCay oz V3 ks Cay, o >
I areRwe _ 7;" $3—pvg)\ng—i-gMUngng_§M<$3vl$1

5 5
— PV A3y, TPV ALy, — gqug V2 g, + gucxg V23, T P V3 A25, — sy, 2, V3

4 1
_ gMUS’ng,a:g _MC$17$1 Vg — guvg C$27$3
Finally the variation with respect to H gives:
> adj _dH =conpute_adj _eq(LGL, H dH, 2, 0, true);

k (e, ke, ko,
P Ag, + T s Cay = pAszy P Gay — 0 Gy o
+P)\1$1 — k Cay, — k Gag, a5 +p)‘2$2 . k Cay, 2 — pAia, +P)\3a:3

R R ~ R

These equations can then be combined in order to obtain the variation related to the conservative variables

P PUs, pE

The same process is followed to obtain the boundary conditions. However, in this case there is a further
complication, because the equations have terms containing the variations (§p, dv;, 6 H). See sub-section 4.3,

and eq. 38 for aproper treatment of such terms.

B Formulasfor functional variations

B.1 Variation of surfaceintegrals

Inthefollowingsectionthevariation of asurfaceintegral (see eg. 42) with respect to surface changesisexplicitly

derived, in aform useful for computer algebra. Let
S =z(u,v)i+y(u,v)j+ z(u,v) k

be a parametric representation of the integration surface. The surface integral

//f(a:,y,z) do
S

can be expressed as adoubleintegral asfollows:

b rd(v)
/ /() f(z(u,v), y(u,v), z(u,v)) W (u,v) du dv,

where
W (u,v) =/ JZ + J3 + J2
i oy, ) o(x.x) o)
_ Y,z o 2, T o z,Y
*‘bmw b‘bmw h‘bmw
Let

S" = [x(u,v) + h1(u,v,a)] i+ [y(u,v) + ha(u,v,a)] j+ [2(u,v) + h3(u,v,a)] k

(46)
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an arbitrary variation of S controlled by ageneric parameter vector a. Now we can write:

(v
_/ / f(a:+h17y+h272+h3)W(U,U,a)dUd'U.
a Jy(v)

Theintegration boundaries are unchanged and independent on a. Therefore only the variation of the integrand
has to be considered when computing the derivative with respect to a generic element « of a:

b ré(v) h
OF(a) = / Vf- oh(a) W(u,v,a)dudv+
Oa a Jy(v) Oa

6(1}
/ / Wi, v,2) ——— dudv.
(v

If f depends explicitly on a, then a further term has to be considered, and the above equation becomes:

F o) h
OF(a) _ / Vf- oh(a) W (u,v,a) dudv+
Oa a Jy) oo

4(v) 6(1}
// 8Wuva d dv —i—// W (u,v,a)dudv.
(v (v

oW (u,v,a)  J1J1, + Jodo, + J3J3, _ NS, e, + S35, W — HW

da ST+ R 2 T2+ IR+ 2

Considering that

we finally have:

b ré(v)
OF(a) = / / Vf- oh(a) W(u,v,a) dudv+
Oa a Jy) Oa

b ri(v) b ré(v) of
/ fH(u,v,a)W(u,v,a)dudv—i—// =W (u,v,a)dudv.

7(v) a Jyw) O

It can be shown (see next sub-section) that H does not depend on the particular parametric representation chosen,
and it istherefore possibleto write, finally:

//Vf —da+//fHda+é fo do

In terms of variation of h the above formula can be expressed as:
5F://Vf-éhda+//fé?-thda—i—//éfhda
s s s

Ji0 Jin,
AR

with

Finally, in terms of variation of a generic function g, we have:

5F:é/Vf-g—?égda—l-é/f?{-é?{gda—i—é/g—gégda (47)
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B.2 Invarianceof H with the parametric surfacerepresentation

To demonstrate the invariance of H; it is sufficient to show that

Ji(sa t)
and
8J,~(s, t, h)
Oh; B B
9 (u,v,h) T
oh;
This can be achieved with simple algebraic passages:
8(3/,2) o %y(uvv) %y(uav)
9(u,v) La(u,v) L z(u,v)
8(11,,1)) o %U(S,t) %U(S,t)
9(s,t) D v(s,t) Zv(st)
Oy,2) _ 0(y,2) O(wv) [ suy&u+amyasy smymutanyay
d(s,t)  O(u,v) O(s1) %z%u—i—%z%v %Zmu—i—mz%\f
Mst) 0 0 0 0
Ji(u,v) Js Ot as ot
Oh(wv) & 0 0 & & 9 0 &P
oh;  0udh;’ dv’ ' ou’ dvdh; Ovdh;’ du’  0v’ dudh,
oy 2 2 A
<6h ) _ 6u86h Y 6v66h Y
O(u, v % Z 6% z |
9z 9 ol T
9 (% a_hj) _ ou Y v Y
o(u,v) 92 92
dudh, 2 Bvoh,
8Ji(37t7 h) o a(yh]-vz)  9(u,v) a(y,zh].) S O(uw) |
ah | 9(u,w) A(s,t) O(u,v) A(s,t)
_92 o .0 ol o, 0 _92 o . 0 oL B
auah yas 9020t VY auan; Yos Voulor U T auah yat 90295V " von; Y ot Y ou % 9s UT

02, 0 o, & 8 2 9 5 9 a2 3
5u¥ 55 1 avoh; 2otV 9uY 9s V dudh; 2ot T Y Fu von; 295V~ ovY ot ¥ Budh; % 9s

8Ji(8,t,h)
oh; 0. 9, .9 0
= V= UV

dJi(u,v,h) —  ds Ot | s Ot
oh;
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B.3 Volumeintegral variation

The volume integral variation is obtained making explicit reference to the reduction formulas of avolumein-
tegral into atripleintegral, and applying in a straightforward way the formula for the derivative of a definite
integral:

v(t) v(®) § d d
[ s in= [t £00), 0 o0 = S0, 1))

which, applied to atriple integral, gives:

b(t) pré(z,t) w(a:yt
/ / f(z,y, 2z, t)dzdydx =
(z,t) Jo(z,y,t)

b(t) rdé(z,t) w(a:yt
/ / f(z,y, z,t)dzdy dzx
¢

t) Jy(z,t) Jé(zy.t)

b(t) po(z,t)
/ ( (@5, ))f(ar,y,w(x,y,t),t)dyd:c
i

a(t)

a(t) Jy(z,t)
b(¢)
o
a(t)
P(z,y(z,t),t)
( ) / F(, 7 (@, 8), 2, ) deda
ot 5

t t
b(t) pé(z,t)
/ ( oz, >) F(.y, 6z, v, 1), D)dyda
t
P(x,0(x,t),t)

@) | £ 6(a,1), 2, )dzds
t o(z,6(z,t),t)
b(t)
- / 7 3:7 t)

a(t ($77(x7t)7t)

~(z,t)
d 5(b(®),)  p(b(t),yst)
L ) / / F (), 3, 2, )z dy
ol ¢

(dt (b)) Jo(b(t) )
d é(a(t P(a(t) yt
(—a (t) ) / )y, 2z, t)dzdy
v(a(t)t) Jo(al(t)y.t)
Introducing the deformation field h(z, y, z), the boundary function ) and ¢ can be written as.
Tﬁ(% Y, t) = TpO(:ra y) + h3($7 Y, 7#0(337 y): t)

¢($, Y, t) = ¢0($7 y) + h3($7 Y, (bO('Tv y): t)
Thisalowsthe identity below:

b(t) po(x,t)
Y

(z,t)

b(t) po(x,t)
/ / ( 'T ' Ys )) f($7y7¢(xay7 t)>t)dyd:c =
~(z,t)

b(t) pro(z,t)
/ / Da(hs) (v, o(z, ), 1) (2, 4, (2, . £), H)dy iz +
i

(z,t)

b(t) 6(mt oh
/ / a(h3) (@, . ol v), D) f (v, bz, y, ), Odyde = / / O fay da
:

(z,t)
+FT

Reasoning in a similar way for the remaining couples of integrals, we can finally write:

%/T/ fdv_/T//a dV+//%fd dz +//%fd dw+//%fd dy

+FT +FT +£T
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That, in terms of surface integral's, becomes:
0 of oh
g///fdv///ngJr//fa-nda
T T FT
Finally, in terms of variation of a generic function g, we have:

5F—/T//Z—£5ng+F/T/fg—?-négda (48)

B.4 Application of divergencetheorem to termsinvolving crossed derivatives

/Q/ V-bdQ:é/b-ndZ

can be applied in two different ways to transform the following volume integral

/Q//% a9

with v a generic scalar function continuousin 2 with itsfirst- and second-order partial derivatives, such that
Uzy = Vyg. Itis, indeed, possibleto write v, eitheras'V - (0, v,,0) orasV - (vy, 0, 0). Thisleadsimmediately

to the following identity:
///vmde = //vxngdil = //vynle
Q by by
withn = (ng, ne, n3).

This identity can be used to transform some adjoint boundary conditions. This operation, indeed, can be
useful to restore symmetry in the adjoint boundary conditions automatically derived.

The divergence theorem
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