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Introduction

Standardization of experimental methods, faciljtasd apparatus in the electric propulsion comrmyuais
previously been proposeédA standard approach to Hall thruster efficienoglgsis is also necessary to enable
consistent comparisons of thruster performancesdht Hall thruster performance models arbitraiythe anode
efficiency equal to the product of several utilimatefficiencies, including combinations of currevtltage, charge,
mass, and propellant utilizatif*® This method will often successfully interpret exmental measurements, but
it is not based on first principles and there isageurance that it accurately interprets globamaproperties or
relevant loss mechanisms.

A standard, logical architecture is necessaryteranalysis of Hall thruster performance datantetey
(Va 1y, andm), and plume measurements that is based on a tamtsiet of definitions, energy conservation, and
Newton’s Second Law. In electrostatic propulsitinyst is the result of the utilization of propaliaapplied
acceleration potential, and discharge currenis therefore reasonable to express thrust effigi@sca product of
the utilization of these three elements.

In this paper, a Hall thruster performance modeleisved by analytical separation of thrust efficig into
the product of energy efficiency and propellaniizdtion efficiency, which are less than unity und# operating
conditions. This simple framework reconciles vasaisages of propellant utilization and exposegligtenction
between energy efficiency and thrust efficiencyeBy efficiency is expressed as a product of geltand current
utilization efficiencies, and is rigorously sepadfrom losses associated with the jet vector ptagse The model
accounts for the effects of the ion velocity distition function (VDF), ionization fraction, multiypkharged ion
species, electron recycle fraction, momentum pldimergence, and the loss of acceleration potewithin the
discharge chamber.

The proposed efficiency architecture is comparegitst methodologies, with a historical perspeatifve
early ion engine analyses and similar efforts ftbmformer Soviet Union. To illustrate the fidgldf the proposed
analytical model and to demonstrate the utilityafious diagnostics in determining Hall thrustelizgtion
efficiencies, experimental performance and plumasuements from a single operating condition aetatory
Hall thruster is presented. The nature of anayfi@ctorization allows for the characterization@fs mechanisms
and interpretation of causal plasma phenomenajdeg not account for parasitic losses such as datthow and

magnet power.



Historical Perspective and Recent Efforts

Investigations of ion acceleration and electrongpeort using Hall thruster technology began inghdy
1960s in the United States and former Soviet Ufiigt?, 101112131415 he focus of US electric propulsion
research shifted primarily to ion engine technologthe early 19733 whereas investigations in the USSR
continued Hall thruster advancements throughoufahewing decaded®%%°

Analytical factorization of ion engine thrusterieincy was described as early as 1975 by Masek in
a review of ion engine performanteThrust efficiency was factored into the produienergy efficiency and
propellant utilization efficiency using Newton’s&@md Law, with terms accounting for losses due tidtiply
charged ions and beam divergence. However, theatien was condensed and justification for treaihtd beam
divergence and multiply charged ions was not priesenThe methodology was not adopted or citetiénan
engine community and is absent in modern analysis.

In the 1990s, the manifestation of Russian Halister technology in the Western spacecraft communit
catalyzed a resurgence of Hall thruster rese&rcit>?®2'Technology transfer that began in the early 1990s
brought invaluable benefits and advancements taéktesiall thruster development, but much of thdieaBoviet
progress in Hall thruster research that was pubdish the Russian language was not translated.lifiited
availability of translated documents from this ediee literature inevitably impeded the transmissib knowledge
and progress. As a result, several important dmntons from Russian research have not been widisseminated
in the West, including the analytical factorizatioithruster efficiency.

Factorization of Hall thruster efficiency was onéd in a manual on stationary plasma engines bgrBel
Kim, Oranskiy, and Tikhononv from the Kharkov Avat Institute in 198%° This seminal document was later
referenced and the performance methodology sumethliy Bugrovaet al. without explicitly stating the nature of
the earlier derivatiof’ Kim’s highly cited 1998 paper on processes tlea¢nine Hall thruster efficiendyand
other contemporary publicatioh$?* continued the elaboration of the Kharkov Aviatlostitute methodology.
These approaches showed similarities to the asayssented here, and demonstrated relationshipyede
experimental variables and plasma phenomena tfeat affiruster performance. Over time, factorizedgrmance
analyses were substituted with thruster anodeieffiy as the product of appointed utilization efficies that

capture Hall thruster losses as a function of wariphysical processes with varying levels of comepless:*>28-34

35,36,37,38



A textbook by Grishin and Leskov analyzed thrugerformance based on energy efficiency and thrust
efficiency® The ratio of thrust efficiency to energy efficignwas asserted to describe the velocity dispeiision
magnitude and direction. This ratio will be dedvieom first principles in the following sectionhere it will
become apparent that the ratio is equivalent tpgdtant utilization efficiency, which captures lessesulting from
plume divergence, incomplete ionization, and thedpction of multiply charged ions.

The termpropellant utilization efficienchas been used in at least three different watfsaititerature.
Most commonly as (1) the ionization fraction, bisieas (2) the fraction of momentum carried by i as (3)
the ratio of output moles of charge to the inputes®f propellant, which is equivalent to the product of the
ionization fraction and average ion charge. Wtfike definitions of voltage and current utilizatiare more
standardized, a consistent description of propelélization has not emerged. It is apparent thatandard
analytical approach is needed to reconcile theiteriogy.

The analysis of voltage utilization and currentizdition have been adopted in several performanmgets,
but reduced acceleration potential and recyclectrele current have not been associated with engffgiency.
Recycled electrons, also known as backflow elestamanode electron current, were characterizeddmsninant
loss mechanism in the 1968sHrubyet al.quantified electron recycle fraction as a losstirrent utilization
efficiency, and accounted for loss of accelerafiotential in terms of reduced voltage utilizatidfioency.® A
methodical efficiency analysis by Hofer and Gallmadded terms to account for the utilization ofsnand
charge’ Several other studies adopted this approach gmeheled the analysis to include factors accourfting
plume divergence and dispersion of the jet V&' These and other recent formulations of utilizagdficiencies
do not establish their connection to fundamentakeovation principles and Newton’s second law,caltgh in some

instances the product of terms is remarkably cloghe product of the three utilizations set fartthis paper.



Decoupling Energy Efficiency and Propellant Utilizdion

Using Newton’s Second Law, steady state thrusiefined in Eq. (1) as the total axial momentunmglo

thruster centerline. Thrust may be factored inegroduct of total mass flow, mass weighted awexadocity, and

momentum weighted average divergence using thaitiefis shown in Eq. (2), (3), (4), and (5).

/2
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n/2
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The termv , as defined in Eq. (3), is the integral over @&locity space of the VDF at azimuthal position

0. All quantities are assumed steady state anduated at constant radius from the exit plane, ghel the

quantities to be integrated have units df sr
Anode efficiency is expressed in terms of thrustégmetry and measured thrust as shown in Eq. (6).

2
1:2 ;(m<V>m< cos(6)>m\,]
2
= = 6
Tlthrust m Pin mP| ( )

Further analysis of thrust efficiency reveals gtationship to energy efficiency and provides ihsimto

loss mechanisms in Hall thruster performance. dn () and (8), thrust efficiency is separated ith® product of



energy efficiency and propellant utilization usitig definition of jet kinetic energy P= % m <v®>), Newtons

Second Law, and the mass weighted average squeleaty as defined in Eqg. (10).

2 2
;m(<7>m<cos(6)>mvj (<V>m<003(9)>mv) 1r'n<v_2>m

<V® >,

2
n. = = (7)
thrust lava - V_2 . < V—2 > laVa
2
[<Vonccost)n |
_ jet | _
Nihrust ~ _ [%) =0 Nenergy (8)
< V2 >m n
where, by definition
- +0o +0o
vZ= J'vzf(v)dv J-f(v)dv 9)
/2 o /2 .
1 jm(e) v2(0)sin(o)do jr‘n(e) v2(6)sin(0) do
<vis =_H2_ i = (10)

n j’ (6) sin(6)do

-n/2

Energy efficiency as defined in Eq. (11) charazesr the conversion of input anode electrical epéoget
kinetic energy, and contains all information abtmgses that ultimately appear as Joule heatindhefthiruster,
radiation from the jet, and frozen ionization lcsgethe plume.

P. 1 m<v? m
Menergy™ p =y (11)
in a'a

The quantity® as defined in Eq. (12) is a mathematical relatigndetween the axial momentum that
produces thrust and the jet kinetic energy. Ittams all loss information associated with theviettor properties
and is unity for 100% ionization to a single ioresjgs where all thrust vectors are directed aldvegsame axis.

This ratio, termed propellant utilization efficigncaccounts for losses due to incomplete ionizatiplume



divergence and non-uniformity of the VDF that oscwhen the jet is composed of multiple ion spewiits widely

varying velocities.

2
(<V>m<cos(6)>mv) v 2
D= — = m <COS(9)>r2nV=(DvDF(DDIV 12)
< V2 >m < V2 >m

For simplicity, the propellant utilization may bactored into two parts. The terdn,pr is defined in Eq.
(13) and quantifies losses from non-uniformity leé &DF that occur when the jet is composed of mpldtparticle
species with widely differing velocities. In EdL4), the termdp, quantifies jet momentum losses from plume

divergence.

<V >
Qypr = _—m (13)
<v?>
Dpyy =< cos(e) >0y (14)

This formulation is similar to the focusing efficicy from the Kharkov Aviation Institute methodo}6y
but includes the effects of unionized propelland aifferentiates between mass weighted averagetitjeanand

momentum weighted average quantities.

Evaluating Velocity Distribution Losses in Propellant Utilization

The influence of non-uniform velocity distributi@m propellant utilization is expressed in Eq. (48hg
the definitions in Eq. (4) and (10). Knowledge&f@) throughout the plume is required for a rigoroakglation of

this influence inDype.

/2 2
i [n j’ m(e)sin(e)T(e)deJ
Q\pr = N (15)

<>, m(n nj'zm(e)sin(e)v_z(e)de]

-n/2




To illustrate the effects of non-uniform VDF, a gil@ trimodal ion population with neutral xenon is
studied. To further simplify, the velocity of theutrals and each ion species is approximatedandtbita function
distribution of velocities. This approximation Wilot significantly affect conclusions that wouksult from a more
complicated model, since each ion species is ateaitdin a narrow zone in the channel and the plisne
predominantly composed of Xdons. The value abypr is shown in Eq. (16) for a trimodal ion distritoriand
evaluated using reduced number fractions and ugloaiios for compact notation. Reduced numbegtivas are
defined according to Eq. (17) and (18) whegeff/f;, f .=f./f;, f ,.=f,/f;, and fs=f/f;. Ratios of velocities of Xe

Xe't, Xe'?, and Xé° to the velocity magnitude of Xeare defined byo=vy/|va|, yi=Vi/|Vi|, Y2=Vol V4, Ya=Va/|V4].

J— * * * \2
<v>h - (Vofgt vafy+ Vof o+ vafi) =f: ()/o(l‘fi)+ yifi+ yofat Y3f3)

eor 7 < v_2>m Vofor Vifit vyt vty ! Yoo A=)+ y '+ v, T+ ysofy e (4

where, by definition
fo+(fa+fa+fy)=fy +f; =1 (17)
f,+f, +f; =1 (18)

The term inside the brackets of Eq. (16) is denate@he factor approaches unity asdpproaches 100%
and the jet composition converges to a single paties. In a rigorous calculation using the VDiotighout the

plume,~ may be evaluated using Eq. (19).

-n/2

i [ ”fm(e)sm(e)v_(e)dej

-n/2

_Qwor _ 1 {” '[ m(e)Sin(e)T(e)dej

a

(19)

The factor. has a weak dependence on ionization fraction; fa0.f70, which is considered a lower limit on
ionization fraction for the jet-mode Hall thrustggerating regime. Experimental ion species contiposi from
numerous Hall thruster investigations were analyrdg the assumption of a trimodal ion populatioth delta
function velocity distributions. For 100% ionizati, » ranged from approximately 0.94-0.99, and is sHiftpward
2-3% for {=0.70® The trimodal ion composition analysis establistied« has an empirical dependence on

average charge Q for delta function velocity diattions, which is expressed in Eg. (20) for caltafaof « with



unknown ionization fraction. Uncertainty in the @ncal linear relationship is conservatively esdiied at £2%.
Further examination of in Appendix A evaluates variations due to ioniaatfraction and ion species composition.
alC1.14-0.13Q (20)

where, average charge Q is defined by

Q=f, +2f, +3f, (21)

Evaluating Plume Divergence Losses in Propellant Wization

The momentum weighted average plume divergencefisatl in Eq. (22) as the ratio of axial momentum
that produces thrust to the total momentum exhdustthe plume. Momentum losses associated witpl
divergence may be calculated with knowledge ofitpeit mass flow, measured thrust, and the masshbezig

average velocity.

2

2 [ 1(0)9(0) codo)sino)do )
Dy =<cos(0)>2,= ‘LZ — = [ - <-|;_/ . ] (22)
2n J' m(0)v(0) sin(6) do K

/2

The value <co$)>2 has been used in previous analyses to describeepfiocusing?°*° but there has not
been a consistent method to calculate the effeghuwhe divergence on thrust. This is primarily doi¢he difficulty
of measuring particle velocity throughout the plun@harge divergence in the plume is indicativeftiaxis
velocity losses in thrust, and is a useful altemeafior experimental characterization of performatasses due to
plume divergence. The momentum weighted averagagince is approximated as the charge weightadgee
divergence in Eq. (23), which enables calculatibafbaxis cosine losses in Eq. (24) using thecrafi axial beam

current to total beam current as measured by alBgnarobe.

on T [“Wj i0)codo)sino)do | | 2 ”f,—(e)cos(e)sm(e)de

<cos(0)>2,=| —=2 o —2— =<cos(0) >?

o T (m(")v(@)] i(0) sin{0)do 25 [ 6) sinfo) o

-7/2

(23)
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2n J-j(e)cos(e)sin(e)de I >
Dpyy Kcos(p) >i=| —=2_ = [ I Axial } (24)
2n j’ j(0) sin(0) do Beam
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Off-axis cosine losses integrated in the numerattéiq. (24) quantify the axial beam current thaterates
thrust. This formulation creates a method wheeepllame vector loss is evaluated in a scalar fofilme calculation
of dpyy is complicated by the presence of charge exchamtfe plume, which causes artificial increases in
measured beam current at high angles and artificradreases divergence losses.

The ratiom (0)v(8)/j(0) introduced in Eq. (23) reveals the differencensetn momentum divergence and
charge divergence. This ratio is evaluated in AylpeB for variations in ionization fraction andhigpecies

population. In Eq. (25), the ratio is evaluatedfétaxis angled, and reduced to a function of QV, f;, yo, ando.

. — 1/2 1/2 1/2 1/2

m(Q)v(e) - (ZAV Mj [a_] [YO2 (1_fi) +1J - (ZAV Mj 0 Q-l/2 (25)
i) F Q Q 9 F)7,

The term inside the brackets of Eq. (25) is dengteshd characterizes differences between momentum

weighted divergence and charge weighted divergengée factoy is proportional to &%, where spatial variation
of average charge in the plume is the primary soofaiscrepancy between momentum weighted divesyand
charge weighted divergence. Significant variationaverage charge within the azimuthal regionighist beam
current may alter plume divergence calculationtelsg than 3%. Secondary effects evident in EQ. i(@ude
ionization fraction and the role of average ac@len potential in momentum. Appendix B details #nalysis

used in Eqg. (25) and illustrates variations dummization fraction and ion population.

Decoupling Voltage and Current Utilization

Energy efficiency is the ratio of jet kinetic egg to anode electrical energy, and is factoreBdn (26) as
the product of voltage utilization and currentiaétion. It is convenient to introdugewhich is defined in Eq. (27)
as the product of particle ionization fraction, dnd average ion charge, Q, for a plasma withetlwa species.
Althoughy cancels in the energy efficiency term, it is shawEquations (30) and (31) to reveal the physiedure

of the voltage and current utilization inherenthe thrust efficiency.

11
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where, by definition
v= f,+2f +3f =f(f;+2f; +31;)-f,Q (27)

The ratio of average particle specific kinetieeryy to average ion specific kinetic energy in E2p),

<v?>/<Vien>, IS Written in terms of fand reduced species mass fractions in Eq. (28).

G2
VT >n _fovd +fvP v +TvE —fl1+ yé (1-1) = f, (28)
<vi20ns >m flvlz +f2V22 +f3V32 I .['.:ITy:I.2 +f2*y22 +f3*y32

The bracketed quantity in Eq. (28) is very cltsaunity under all reasonable conditions of Halutter
operation due to the low value wf in the numerator, i.eyo*(1-f)=1x10* for experimental estimates p§~0.03"
Thus, the approximationv&,/<vi,n>m = f; is accurate to better than one in ten thousand.

Equation (29) transforms the first term in braskef Eq. (26) into an expression that containsliexp
utilization of acceleration potential for each ispeciesdV./V, V.V, ViV, An ExXB probe measurement of
reduced ion mass fractions and estimation of iccelecation potentials would enable a voltage wilan to be
calculated for each ion species, since the parkicletic energy is proportional to charge and ameion potential

(Vav,2= 28V, FL).

o2

<V >

v2 5 ions ~m
=V Zm 2 =1 1 Mipp Mo yzp: Vs (29)
<Vions ®m LV Va Va a

a

To simplify the analysis, all ions are considetedbe created in the same zone whose length idl sma
compared to the acceleration length, such M\&t3V,=38V,=3V;. Previous investigations by Kfthand Kind*
found that species dependent energy to chargesratoied by tens of volts using different types ewfergy

analyzers. This variation energy to charge ratitess than 10% of the discharge voltage. AccgrtiirHofef®, the

12



approximation will have a negligible effect on amy since the plume is predominantly composedirmfl
ionized xenon. Thus, the most probable ion acceleration potentis, as measured with a retarding potential
analyzer (RPA) enables the first term in brackdt€qg. (26) to be expressed in terms of the averagtage

utilization efficiency ang; in Eq. (30).

1_o2
<v2> = <Vions ”m
om 2 V(4 w2r; 431 )=t 1-pQ=(1-P)x (30)
< Vions m —V Va
M a

The average voltage utilization, )= AV/V, compares the most probable potential gained by with
the applied anode potential, and is unity for iatian at the anode face where ions are accelethtedgh the
entire anode potential.

The second bracketed term in Eq. (26) is transfokin Eqg. (31) into an expression containing tieent
utilization efficiency and.

mi_ m (F/M) fi_Q_ m (F/M) Xl— |Beam1_ 1-n
la M la f;Q la X la % X

(31)

Current utilization efficiency, (1-r)=glaqla is the fraction of cathode electron flow thatctlieally neutralizes the
accelerated positive ions in the plume, and isngefias the ratio of ion beam current to dischaugeent. The total
ion beam current exiting the thruster is given gy.|1= x M (Fx4).

Electrons recycled to the anode ionize neutrapellant and sustain dissipative plasma proces3d®
minimum power required to produce a given trimoibal distribution is mf; (efy + ef, + e5fs ) such that the

minimum recycled electron fraction required to airstonization may be expressed by Eq. (32).

m * * *
rminzwfi(slf1+szf2 re,fs) (32)
a’"a

Power from recycled electrons that is not useddoization is lost by Joule heating and amount@-ig,))1,.V ..
Combining the derivation of energy efficiency lwjgropellant utilization efficiency in Eq. (33) Yils two

useful groups of experimental parameters, denoteahft &, which may be written using the preceding utilizat

efficiencies. The parameters are formed suchtbigaproduct of Eand E is equal to thruster efficiency. Equations

(34) and (35) show how these quantities are cakedlbased solely on telemetry and thrust measursmand

13



provide insight about the relative magnitudes af thdividual utilization efficiencies in the absenof plume

measurements.
= Dm0 = (1-B) (1-1) =[0(1-B)] [(“’}: ELE (33)
nthrust nenergy X 152
2 2
1T
Z{m} % <V >p<cos() >
E,= ®(1-B)x = Ppy (1-P)aQf;” ==—=-= = (34)
V. o Vo
M M

e -0 _(-n_mF 35)
X fiQ I, M

For fixed thruster telemetry inputs, ®indrm, the dimensionless experimental parameterand & separate
changes in anode efficiency to processes relatedrtations in discharge current or thrust. Thargity E~T? and
is a function of propellant utilization, voltageilization, andy. Experimental parameter; Eelates the applied
acceleration potential to the jet vector properti@$e quantity E1,7, and is a function of current utilization and
the y. Experimental parameter, Eelates the input mass flow to the flow of charg€he inverse of Ewas
developed in the Russian manual on stationary fasngines in 1989, where it was defined as the angsh
parametef® The naming convention used here describes thieaege of applied input parameters to operational
thruster properties. Thus; i appropriately termed the Voltage Exchange Patanand Eis termed the Mass
Exchange Parameter. While ionization and accédergirocesses are closely coupled, the form ofeipeerimental
parameters indicates that propellant utilizatiod goltage utilization are principal in the formatiof thrust. In the
absence of diagnostics for the determination afmpka properties, these experimental parameter graligys limits
to be placed on acceptable values for the averhgme Q, ionization fraction, fand momentum divergence loss
(DDIV- 46,47

In the absence of thrust measurements, such asb@napplications, thrust may be estimated using
telemetered beam voltage and beam current as shofag. (36) and (37). This formulation is simitar the one
dimensional analysis used to estimate thrust oStERT-II ion engines, which is equivalent to EqZ)(8heny and

A8,49,50,51

@ are unity?®49°9°1%233 An gnalogous expression was used to estimatsttbfithe NSTAR ion engines on-board

NASA’s Deep Space 1 by including factors to accdontmultiply charged ions and beam cosine los$esThese
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factors are based on the formulation of thrust tastket al. and are related to the rati®/f)™“ as shown in Eq.

@7
T = <V>,<cos(0)>,,=m<v2>, o) (36)
| 1/2 1/2 1/2
T= L;m (25\@ (1-B)x<1>] = geamlAV )" 2[%) % (37)

M

Experimental Demonstration of Analytical Methodology

The efficiency analysis is demonstrated using erpemtal results from the NASA-173Mv2 laboratory
model Hall thruster operating at 700 V and 10 md?s® The investigation consisted of thrust measuresnant
examination of the ion voltage distribution, plaspmential, ion species composition, and ion curdemsity in the

far-field plume. Experimental results are listadlable 1.

Calculated plasma properties in Table 2 show a fogization fraction of ~98% and a large ion beam
current. The backflow electron current not apptietheam neutralization is r=0.19, whereas the mmimn recycled
electron fraction required for propellant ionizatits r,,,=0.02 of the total discharge current. Losses dudotile
heating are estimated at (§m)!.V~1100 W, whereas the total energy losses anglg!.V+~1500 W of the total

6700 W discharge power.

Examination of the propellant utilization shows ttidume divergence is a dominant performance loss
mechanism for this operating condition. Hay,=0.88, the charge weighted plume divergence fs @Bereas the
commonly reported 95% charge divergence half-arsgtégnificantly higher at 39 Losses due to non-uniformity
of the VDF were minimal fod,pr=0.97, where the magnitude afwas estimated using the experimental ion
species fractions with delta function velocity disaitions.

Thruster utilization efficiencies and anode effiaig are shown in Table 3. Anode efficiency is akdted
using two methods, (1) using measured thrust dadegry and (2) using plume diagnostics. Both mésresulted
in anode efficiency of 66%. The overall uncertgiint thruster efficiency based on thrust and teleyndata is 2%,

whereas the uncertainty in efficiency using plastiagnostics is ~15%.
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The uncertainty in thrust and plume measurements wpagated into calculations of plasma propertie
and utilization efficiencies. Experimental err@associated with Faraday probe scans manifest ih batrent
utilization and propellant utilization, and trartslanto a large degree of uncertainty when caltwjathruster
efficiency using plume diagnostics. As distanafrthe exit plane increases, charge exchange (CB&k3ions in
the plume lead to a decrease in core ion beamrduarel an increase in computed beam divergenceseréffects
artificially decrease efficiency as calculated wilume diagnostics and increase measurement uimtgrtaNear-
field measurements close to the exit plane woultinmize the effects of CEX collisions.

The far-field Faraday probe measurements on the NABM2 were taken at 98.5 cm downstream of the
exit plane, leading to estimated uncertainty iraband total beam current of ~10%. If the uncattain calculated
beam current calculations were reduced to 5%, theral uncertainty in efficiency calculated withuphte
measurements would decrease from 15% to 8%. Tidights the importance of high fidelity measurersewith

minimal uncertainty for calculating plasma propestusing the analytical technique.

Table 1: Thrust, Telemetry, and Far-field Plume Measurements

T [mN] 298+ 1%
V. [V] 700.3% 0.05%
I, [A] 9.62+ 0.2%
m [mg/s] 10.0£ 1%
i 0.92+0.04
i 0.07+0.02
i 0.01+0.01
AV V] 675+ 10
Igeam [A] 7.8+ 10%
Il [A] 7.3+ 10%

Table 2: Calculated Plasma Properties

X = o/ (M Fri) 1.07+ 10%
Q= fo+2f,+3f3 1.09+ 3%
fi=x/Q 0.98+ 10%
a= (0.03(1-f)+f 1 +V2f ,+V3f 5)%(0.001(1-)+Q) 0.99+ 2%
Dypr = o f; 0.97+ 11%
Do = (Iaxial/ lpean)’ 0.88+ 10%
A = cost N Dpyy 20°+ 10%
95% Charge Divergence Half-Angle 3910%
Tmin =M £ (€ F 1+€f o+esl )/(Vall) 0.02+ 11%
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Table 3: Calculated Thrust Efficiency and Utilizaion Efficiencies

Es=Yo(T /)% Va Fii) 0.87+ 2%
Ex=(/ 1y (Fu) 0.76+ 1%
(IB)=AV/V, 0.96+ 1%
(1-r) = lgeam/ la 0.81+ 10%
Nenergy™= (1P) @-n 0.78+ 10%
D = Oypr Ppyy 0.85+ 15%
Nthrust = (1P) (1-r) @ (Analytical) 0.66+ 15%
Nenrust= ¥2 B/ (MV,al)  (Telemetry) 0.66+ 2%

Summary

A standardized Hall thruster performance architecwas developed that factored anode efficiersctha
product of terms representing the utilization ofuiter input parameters, including: (1) voltag#ization, (2)
current utilization, and (3) propellant utilizatiafficiency. The analysis decomposed anode effayiefrom first
principles, and formulated the relationship sucht tfosses associated with energy conversion aréyzath
separately from losses associated with jet vectopgrties. Energy efficiency encompassed perfao@dosses
resulting from Joule heating and ionization proessand is defined as the product of current atilim and voltage
utilization. Current utilization can never be ynitue to a finite flow of electrons that are reegtto the anode to
sustain ionization processes. Propellant utiliragfficiency incorporates losses from plume dieaie and the ion
jet composition, and is unity for 100% ionizatiana single ion species whose velocity vectors @ectbd along
the same thrust axis. The momentum weighted déerg loss term (<ca®62,,) in propellant utilization contains
all jet vector losses. The proposed analysis mpared to past performance methodologies, withlagiiies to
previous architectures formulated by Masakal. in the ion engine community and Belan, Kim, Orapsknd
Tikhononv from the Kharkov Aviation Institute:?®

A case study was presented with experimental pedoce and far-field plume measurements for a
laboratory model Hall thruster. Thrust measuremeasulted in anode efficiency of 66+2%, compae66+25%
when efficiency was calculated from plume measurgmeusing the analytical model. The performance
methodology reveals low current utilization andthgume divergence as the primary performance dvif@ this
operating condition. Although uncertainty assaadatvith Faraday probe current density measureniartse jet
were significant, the numerical agreement betwbertwo techniques supports the proposed methodolBigielity
of the performance architecture and the naturenafyéical factorization permit the extraction ofditibnal plasma

parameters and the placement of bounding limitdischarge properties.
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APPENDIX A: The VDF Factor «for a Trimodal lon Distribution

The ®ypr component of propellant utilization is often aktsiertextbook equations where scalar energy
guantities are compared to squared vector momeqtuantities, sinc&ypr > 0.99 for shifted Maxwellian
distributions common to chemical propulsion jeta illustrate the dependence®dfon the properties of a jet with
non-uniform velocity distribution, a simple trimddan distribution with neutral xenon is studie@onsider a jet
that contains X& Xe', Xe'?, and Xé&® with mass fractions offfy, f,, and §, respectively, such thagf,+f,+f;=1.
To further simplify, the velocity of neutrals andah ion species is approximated with a delta fomctiistribution
of velocities, specified by, V4, Vo, andvs. This approximation will not significantly affeconclusions that would
result from a more complicated model, since eaanlsjecies is created within a narrow zone in ttaanbl and the
plume is predominantly composed of X®ns. The tern®ypr is shown in Eq. (A-1) for a trimodal ion
distribution, and the extension to include highearge states is a simple exercise.

— 2 2
<V>n _ (Vofo"' Vif i+ vof o+ V3f3)

(0] =
VDF <

Voh (A1)

For convenience and compact notation, the ion nuifinéetion is defined by#f,+f,+f;, where §+f;=1.
Reduced number fractions are defined gyff/f;, f 1=f/f;, f ,=fo/f;, and fs=fa/f;, such that i+f ,+f ;=1. Ratios of
velocities of X8, Xe™, Xe™, and Xé2 to the velocity magnitude of Xkare defined by,=vy/|v4|, y1=va/|v4),
Yo=VJl|v4|, y3=V4/|v4|. This enable®,pr to be written in Eq. (A-2) as a function explititf; and the reduced ion
mass fractions;f, f,*, and .

* * * |2

o —f. ()/o(l‘fi)+ yifi+yofo+ Y3f3)
VDF —'| 2 2. * 2. % 2. *
Yo  @-fi)+ yi " fi+y, fo+ysfs

=f;a (A-2)

The term inside the brackets of Eq. (A-2) is dedetéor a trimodal ion composition. The facter
approaches unity asdpproaches 100% and the jet composition convdogasingle ion species. Figure A-1

shows the relationship betweemnd average ion charge, Q, for a trimodal ion fetpan with 100% ionization.

18



Reduced ion mass fractions, ff ,, and f; are determined from several experimental studiéiseothree ion species
fractions, depicting a range of thrusters, faeiitiand operating conditioffs>®>"°#>*®Tq jllustrate the variation in
« using Eqg. (A-2), ion velocity ratios of each sgacare calculated for the idealized case of ioatme in the same
zone whose length is small compared to the acdaarkength. This approximation is consistent with
measurements by Kithand Kind“, who found that species dependent energy to chatigs varied by tens of
volts using different types of energy analyzers phinted out by Hofé%, this assumption will have a negligible
effect on the ion velocity ratio estimates since pfume is predominantly composed of singly ionizedon. Thus,
the ion species kinetic energies are proportiamétheir charge, such that the velocity ratio magies ardy|=1,

ly2|=v2, andlys|=V3. The velocity of neutrals is at least 30 timember than that of X&, resulting inly,[~0.03

1.00 §
0.99 |
098 |
W= 097 |
~ L
% [
0.96 f
& |
I 0.95 '
(0] r
094 1 ——- Line of constant f
[ — Line of constant £
093 f N N | Line of constant f,"
o ATON  ® BHT- 600
0.92 | o SPT-100 ® 173Mv2
’ A P5 A BHT- 4000
1.0 1.5 2.0 2.5 3.0

Average Charge, Q

Fig. A-1 Dependence afon plume ion composition. A complete set of corsit f,", f,’, f;" lines are shown for the f= 1.0
manifold. The factor «is calculated from ion species fractions reporteth the Hall thruster literature for delta
function velocity distributions, including: NASA-173Mv2 (2.5-9 kW)*, ATON (~1 kW) %/, BHT-600 (0.6 kWY,
SPT-100 (1.2 kWj8 P5 (5 kW)®, and the BHT-4000 (3 kW)

The factorz has a weak dependence on ionization fraction, f&0.770, which is considered a lower limit on

ionization fraction for all jet-mode operating regis. The non-linear sensitivity @to ionization fraction is
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illustrated in Figure A-2 for manifolds gf0.2 and £1.0. The region from 1.0<Q<1.5 is shaded for ¢;%%.0,

which brackets the magnitude #from 0.93 to 1.03 for most Hall thruster operation

125
fr=1 ——- Line of constant f*
1 . 1
\ — Line of constant £,
R\ Line of constant f,’
1.20 |

115 |

110 |

Q5 /f

105 |

a=

1.00

0.95 |

f, = 1 manifold

090 L L
1.0 15 2.0 25 3.0

Average Charge, Q

Fig. A-2 Variation in a due to ionization fraction, average charge, and iospecies population for a trimodal ion
composition with delta function velocity distributions. lonization fraction manifolds are displayeddr f; = 1.0

and f, = 0.2. Dashed lines of constan{f= 0 and " = 0 are shown for f= 0.9 to 0.3 in increments of 0.1.

The shaded region in Figure A-2 is magnified inUfggA-3, and the magnitude &fs evaluated for 0.7<
fi<1.0 to illustrate the range offor the survey of Hall thruster ion species conitmss. For 100% ionization,
ranged from approximately 0.94-0.99, and is shifipdiard 2-3% for;£0.70. The studies establish an empirical
linear relationship betweenon Q, which is expressed in Eq. (A-3). Uncertaint. using the empirical
relationship is conservatively estimated at +2%.

aC1.14-0.13Q (A-3)
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D5 /f;

a=

Fig. A-3 Range ofa from the survey of Hall thruster ion species compsitions for a trimodal ion population with delta
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VAR 114 -0.13 Qe
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\ o V-9

f; = 1 manifold

11
Average Charge, Q

1.2 13 14

function velocity distributions. The f = 1.0 manifold is displayed along with dashed lireeof constant § = 0 for f;

=0.7, 0.8, and 0.9. The magnitudes afare plotted for f; = 0.7, 0.8, 0.9, and 1.0.
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APPENDIX B: The Divergence Factory for a Trimodal lon Distribution

The momentum weighted average divergence is appedgd as the charge weighted average divergence
in Eq. (B-1), which enables calculation of off-agissine losses using the ratio of axial beam cuiretotal beam
current as measured by a Faraday probe.

2 2

o j [”‘(J"()GV(")J i0)codo)sin@)do | | 2 “f,-(e)cos(e)sm(e)de
<cop)>2, = | 2 2 =<cog0)>? (B-1)

2n T [m(e)v(e)j i(0) sin(0)do 2n J' i(0) sin(0) do

-n/2 -n/2

Analysis of the ration (6)v(0)/j(0) introduced in Eq. (B-1) characterizes the prapsrthat cause
differences between momentum weighted divergendecharge weighted divergence. Consider the trirniodget
from Appendix A with mass fractions of, ff;, f,, and §, respectively, such thafHf,+f,+f;= fo+fi=1. Reduced mass
fractions are defined bygEfo/fi, f1=f/f;, f ,=f,/f;, and fs=f4/f;, where t,;+f ;+f 3=1. Each particle species is
approximated with a delta function velocity distriton and velocity ratios are calculated for theailized case of
ion creation at the same location, such that ealisiaccelerated through the same potential. resuat, the ion
species kinetic energies are proportional to ttieirge and the velocity ratio magnitudes|giel, |y,|=V2, and
lys|=V3. The ratian (0)v(0)/j(0) is evaluated at off-axis angdeand formulated in terms &V, Q, o, f,, andy, in Eq.

(B-2), (B-3), (B-4), and (B-5).

r'n(Q)V(O) - (60)v(0) - fim(fSYO +i1y1 oy, + f;ya) - |V1|M|:fSYO +f1y1 +2y5 +fay, } (B-2)
i) m(e)fi(e)Q(e)Mi fimﬁ(fl* 21} +313) F [t +2f; +31;)
() (* . . . )2 1’2()/2* e e 2*)1/2
m(6)v(6) - |Vl|ﬂ foyE) +f1Y1*+f2Y2 ‘:f3Y3 _ ofot ¥ty fotysfs (B-3)
j(e) Fllyo*fot ya2f +y o+ Y§ f3 Q
0
mO)¥(0) IV1|M[(a)l’2 bt 1+ 283 sf;)”] (B-4)
jo F
i(e) Q 9
. _ 1/2 1/2 1/2 1/2
m(_e)v(e) = (mvﬂj (a—J (—yoz -t +1J = (ZAVMJ y (B-5)
i(0) F Q Q . F 0

The term inside the brackets of Eq. (B-5) is detigteand describes differences between momentum
weighted divergence and charge weighted divergasseciated with average charge Q, ionization fractnd ion

species population. The velocity ratio normalizatierm, \;|=(2 AV #.4)"?, shows the momentum dependence on
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acceleration potential. The quantijtys further reduced in Eq. (B-6) and expresse@iims of®d,pr andy. For
experimental estimates fyb|= 0.03,* the valugy’(1-f;)=1x10". lonization fraction and ion species populatios a
1/2 ;

shown to have a negligible effect pin Figure B-1. Thus, the approximatipr (o/Q)“ is better than one in ten

thousand.

0 Q—l/2 (B-G)

——— Line of constant f" =0
— Line of constantf, =0
------ Line of constant f; = 0
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Y = (Pypr )12

0.70

0.65
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0.55 T T T
1.0 1.5 2.0 2.5 3.0
Average Charge, Q

Fig. B-1 Variation in y due to ionization fraction, average charge, and iospecies population. lonization fraction

manifolds are shown for f = 1.0 and f = 0 with lines of constant f =0, f, =0, and § = 0, and {" = 0.

Variations in the magnitude of Q altgrbut the azimuthal location of variations in Qtie dominant factor
causing differences between momentum weighted giérere and charge weighted divergence. This affect
illustrated in Figure B-2, which shows a represtwadistribution of current density and beam caotrés a function
of azimuthal position for a laboratory Hall thrustgerating at 6 kW. The location of peak beameantrin the

plume is approximately 8 degrees from thrusterexting, and variations in Q within the azimuthaige of full
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width half maximum (FWHM) will have the greatesfesft on divergence. For the beam current in Fig this
range is approximately +3 to +21 degrees. Nearfanfleld plume measurements of the SPT-100 and-2BI0
found that the ion species fraction did not siguaifitly change within +15 degrees off thruster odini, and the
fraction of X&? sharply increased by approximately 5% at +20 degf&®®®* These changes in ion species
fractions have a negligible effect on the valueodsp)>,, thus enabling the approximation of equivalence

between momentum weighted divergence and chargghtesi plume divergence as measured with a Faradée p

600 12
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500 - —— Axial Beam Current 110 —
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Fig. B-2 Distribution of beam current and current density at 1 meter radius as a function of azimuthaposition in the
plume of a laboratory Hall thruster operating at 6 kW.
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