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A theoretical approach to the matching of
fuze and warhead characteristics for
anti~-aircraft guided weapons

by

I',J, Payers,
J.,E,8. Clayton, B,A.,
R.G, Keats, B.Sc.
and

W.R,B, Hynd, M.A., B,Sc.

3

R.A.E, Ref: GW/S/100/10/171
SUMMARY

As a sequel to the publication of a preliminary study of warhead
characteristics it was required to modifycertain of the theoretical
assumptions made therein to represent more precisely combat conditions.
In this report, therefore, a theory is presented relating, generally,
the warhead shape to the distributions of fragments and targets about
the missile: 1t is shown that the problem of designing a warhead to
satisfy a given fragment distribution is not capable of a unique solu-
tion. As an example of the use of the theory, and to indicate the
nature of the results, it is applied to a simple probability model
representative of the engagement of a target by missiles fitted with
V.T. fuzes. Methods are suggested by which the general theory may
be modified to meet more stringent demands.
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al Introduction

An earlier report (Report of the Medium-Range Anti-Aircraft
Guided Weapon Project Group - Apvendix IV) has described an initial
and general investigation into the desirable characteristics of a
warhead for an anti-aircraft guided weapon - the necessary warhcad
weight, charge/case weight ratio and the manner in which these vary
with the acouracy of guidance and the conditions of engagement. In
carrying out this preliminary study it was convenient to make the
Ffollowing three assumptions (as well as others):-

(1) that the performance of the proximity fuze was highly
idealized;

(i1) that the dimcnsions of the target were small compared
with other distances, such as the guidance accuracy,
involved in the problem; i.e, the target lcould be
recgarded as concentrated at a point;

and (iii) that the warhead could be regarded as cylindrical and yet
the angular distribution of its fragments could be adjusted
to match the fuze performance.

In the work to be described below it was desired to modify these assump-
tions so as to be more recprescntative of actual conditions by

(i) showing how the actual burst pattern of any fuze could be
incorporated into calculations, and how the fragment
distribution could be matched to such fuze performance
so as to sive a meximum probability of destroying the
target;

(11i) dintroducing some parameter into the problem which might
be used to allow for the finite size of the target;

and (iii) determining, approximately, the shape oi the warhead case
which would give the desired fragment distribution in
space - this last being evaluated with the object of
estimating the general form of the warhead, so that its
installation into the missile might be considered more
realistically; and so that, the order of the curvature
of the case being estimated, a study could be initiated
as to the methods of controlling the fragment mass
distribution of such cases,

The burst pattern nf the actual fuze which will be used in the
first designs of anti-aircraft guided weapons 1s unlikely to be known
for some considerable time: this report must thercfore be regarded as
solely to establish a theoretical method of warhead-fuze matching, the
calculations presented here beinc merely an example of how such a method
may be applied, an examplc vhich will be superseded when the performanoe
of the finalised fuzc has been determined.

General equations are established determining the ontimum frag-
ment distribution, the total number of fragments and the probability
of destroying the tarret, all in terms of the distribution of strikes
on vulnerable targets about the point of burst, which is itsclf
dependent on the fuze characteristics and the distribution of missiles
about the terget (or of targetd sbout the missile, the two being g

equivalent). The equations are then exemined for a particular missile
distribution assuming » constant looking-engle fuze: the frll analysis
s
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is shown in the degenerate case, corresponding %o a looking-angle of 90°
but in the general case it has been necessary to resort to numerical
methods, the resulting distributions bein:, presented graphically to-
gether with specimen warhead contours.

2 Assumptions

In the general theory the target is assumed to have only one
component which is singly vulnerable and spherically symmetrical, pre-
senting a small area A: the distribution of possible positions of
the vulnerable area about the point of burst is supposed to be knowm.

To reduce the general equations to a tractable Torm it has been
necessary to construct a simple model in the particular case. It is
agssumed that a fuze with constant looking-angle ¥ 1s triggered when
any point D of the target lies on the surfacc of the infinite cone of
semi~angle ¥ about the missile axis (see Fir.2); further the distance
fron the detected point to the vulnersble area (here supposed concen-
trated at a point V) at the instant of strike is distributed according
to a threc dimensional Gaussian Error Law of modulus h, chosen to
account both for the distence scparating the detected and vulnerable
points at the instant of burst and, also, for the motion of the wvulner-
able point before the instant of strike. The distribution of missile
trajectories is a two dimensional Gaussian one of modulus k about a
central trajectory through O.

3 Formnal statistical approach

It can be shown that the probability of fragmonfs e Jected from
a point striking an area 4 at range s 1is

~ph/ '
1ol RE (3.01)

where p 1s the fragment density in angular measure. Now suppose the
vulnerable area, A, to be concentrated at a point V whose co-ordinates
in a spherical polar system referrecd to the point of detonation, O,
(Fig.1l) and the axis of the micsile are (s,¢ , ¥ ). Obviously the
probability distribution of V, bein; determined by the characteristics
of the fuze and the performance of the guidance system will, in general,
not be uniform and, if the probability of V 1lying within the element
of volume dV be expressed by dP, then

dPy = Gy av (3.02)

vhore s a function o the position in spaoce of V: expressed in
polar co~ordinates this hecomes

dpPy = g(s’ ¢,11;) e gin ¢ ds dsi)‘ ay (3.03)

If the fom of g(s, ¢, ¥) is determinable it is obviously desirable
that that warhead should be desigmed which will relate the number of
fragments thrown in a given direction %o the probability of V Ilying
in that direction: +this is equivalent %o saying
= & -
P“‘*(‘i’; ‘l’) (J'Ol">

where the form of £(¢,¥) is to be optimised and depends on g(s, ¢, ¥ ).

b,
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If the area A be singly vulnerable the total probability of
destruction of the target, P, is given by the equation

2 RS o ..f(¢’1];) :@2
P2 =/ / / (= g ) g(s, ¢ ,¥) &2 sing ds d¢ day
o} o] o}
2 S ~£(8,¥) fz
=1 = / / /We g(s,6,¥) 52 ging ds d¢ day
ol oI o
(3.05)

The form of f(¢,¥) may be determined by maximizing Po with respect to

£(p,¥).

Clearly

2n ~£(p,) 2
3 =f f /me T a82(8,¥) g(s,8,¥) sing ds g ay

o o o
(3.06)
to the first order of small quantities.

Morsover, the function f£(¢,§) also determines the total number of frag-
ments, n, for

2T

n = / / £(¢,¥) sing d¢ ¥ (5.67)
o}

“o

Hence, if f(¢,¥) vary in such a manner that n remains constant, it
follows that at a stationary value of P

2
6P, - adn = 0 ‘ (3.08)
where a 1is an arbifrary constant.
Therefore
2% . ~P(g,¥) S _
/ / {/ e . ASe (¢, ¥) 2(s,¢,%) sing ds - adf (g, ¥) sin¢} d¢ A= O
o} o} o}

and since this egquation must hold for any variation &f in £, it is
necessary that

oo —f(¢,¢') ;‘%
A'e P:(S,¢,‘lf)ds = 0 : (3'09)
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This is the condition to be satisfied by £(¢,¥) Tor Po to be a
meximum: 1t will be secn that n is dependent on a for a defines
f(¢,¢) which in twn, defines n: therefore, for a fixed n, @ is also
fixed., It follows that if the distribution of V about the warhead can G
be described by a function g(s,¢,¥) (which may have to be determined
empirically), then the Tom of 2(¢,¥) giving the maximum probability
of destruction may be Tfound, L

The function so obtained defines the directions in space in wiaich
the {ragments must travel: making allowance for the component of velocity
imparted to the fragments by the motion of the missile a distribution
function fgiatic ($,¥) is derived representing the directions of the

fragment velocities relative to the missile.

It is supposed that the direction of flight of a fragment from
any point on the missile surface is expressible in terms of certain
parameters depending on the geometry of the warhead, the type ol ex-
plosive and the position of the point of initiation, Conversely 1f
the fragment distribution e (¢,¢) is known a warhcad contour may
be determined for particular values of thc other parameters: 1t will

be shown, further, that such a contour is not unique.

Dl A particular case:; the constant looking-angle fuzc

3.11 The determination oflggs,¢,¢}

Suppose that the warhecad is fuzed o explode when any point D
of the target, not necessarily a wvulnerable point, is detected on the
surface of a cone whose vertex is at O, axis coincident with that of
the missile and semi~vertical angle ¥y . Iet O be the origin of a system
of cylindrical co-ordinates such that D is the point (z, r,8) and
V is (Z, R,®) as in Fig,2,

Then under the assumption that the distribution of V about O is
Gaussian with modulus h,
R
Pr. [e <D<t + @]l =4 4 ;
V=

230

and the probability of V lying in an element of volume RARAZA® when
D lics at a given point is

; ~h%¢?
st R AR dZ a© (senna)
/2

Also under the assumption that the distribution of missile trajec-
tories is Gaussian about a central trajectory through D

—k2r2

Pr, {r< PD< r + dr} = 2% r dr

where k 1is the modulus of the distribution. Hence the probability of '

a detectod point lying within the clement ol area R of the surrace
DD sin¥ H
of the cone is e oy
ke
S e ol
7
6.

SECRET - DISCREET



SECRET - DISCREET

Tech, Note No. G.VW.89

It follows that, if dPy is the unconditional chance of V lying within

3 the element of volume 4V, then, in the notation of (3.02)
Gl =) / ) EA.E._ Kze o dr 46
, e —— dr
area o cone 7:372 n

JBm e o) -(h2€2+k2r2)
. / L r & do (3.113)
Io) '0 i

This function, expressed in polar co-ordinates as ['(s,gb,\lf) will give
£(¢,¥) corresponding to a given a by (3.09).

Now

22 53 4% - .z)2 + (R cos® - r cos 6)2 + (Rsin® - r sin6)2

and - Z = -f_:

v
where Gl =ttan iy
3o that
dPy =

PAG ) o _(Eg.,.h2+k2)r2+2h2r (§+R cosBcos@+ R sind sin@) —~ h2Z2~h2R2
Sl s ’°
e
ol , o 7(5/2 1
r 4o erR dR dZ d6

2 2 2 T :
50 = -(l;-é-i-h2+k )r+ -2.1’-511— ~1(R422) F -8 -2h%R sinu }
.
k rdudr

[_5_/.2_/ Age

B
R dR dZ 4©

= . z ;
where u = — +6 -0 . Hence, using the relationship
2

N +a

) 1 -7 gine
' Iy(2) :,T’Z—;E/ e ase
—T4C

dPy may be expressed in termns of a Bessel Function as

7.
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2
2rZ -
o (__+h +k2)r + rJh _.h2(R2+22)

i : | ]
ap, = ) 2nI_(2h2rR)r dr | aR dZ d9
T B J

and, gonverting to polar co-ordinatos here

R=28 8in ¢

Z =5s cos ¢

p) 2 |
- -(.b.—+h2+k‘2)r2+ 2h"ra uOu¢ 2 2

e A A T

ap {Zhjkz / = : I, (2n%rs sing) dr}
1 = - a rs sing)r
— 2

(o)

s sing ds dg dy (3.11%)

In this case, accordingly,

2
2h“rs
3 5 (: +h2+k2) 2 hjzg_iﬂff h2s2
217k 2 . :
g(s,¢,¥) = Wy j[ e I,(2h"rs sing) r dr
B 0

(3.115)

This function is, in fact, independent of ¥, indicating symetry about
the missile axis of the distribution of P1 Ethis is to be expected owing
to the nature of the fuze). The fom of £(¢,¥) follows directly from
(3,09) and is found by solving the equation '

h3k A = "f(¢:‘,’) :%
u.__fz7-

5 .
2h I's CcoS
-.(hz h +"’-2 )r2 — _..._.._?S = h2 % k
. IO(thrs sing)r dr { ds

(3.116)

for given wvalues of o .

It is easily shown that

Vp sin (¢ - ¢) = Vy sin ¢ G2y

static
whore  Vy, Vp are, respectively, the velocities of the missile and of
' the fragnents relative to the missile;

¢, b gtatic 8re, respectively, the directions of the velocities ef
the fragments in space and rclative to the missile.

8-
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Using this relation between $giq150 and ¢ it is possible to derive

fotatic(®s¥) from £(8,¥): the property of symmetry is, of course,
unaltered.

3,12 The solution when ¥ = Jéf

The integrals in equations 3.11k, 3.115 and 3.116 present seme
difficulty but in the case when Y=% , (that is, when the fuze cone

degenerates to a plane) the solution is comparatively simple: (3.116)
then becomes

opTie2 °°A ~£($,¥) ;‘% /°° ~(h24k2)r? = h2s2 2 . }
as= e e I (2h"rs sing)r dr | ds
7(3;2 - o]
4 (3.1201)
Now it can be shovm that
2
2.2 a
~-p et o2
[e I (at)t at = = P
D2
0 P
4 , Ll ain2e
2 Pt et ettt
5 -(h +k2)r > ) 1 1+(h2+k2)
g | B e IO(Zh rs sing)r dr s —=— ¢
"o 2 (h+k2)
ol #( ) 4 hzs2 4 __.._...hl'-szsmz‘ﬁ
nJK2A / s LI
it = ds
ﬂj/z(h2+k2)
Further it can be shown that
2 a2
o A
/ £2 p & -2 |a|
e b= ? e
0
Write
ne + ¥
2,2 2 2
h™ (h
LB opk ik 1) (3.1202)

n? + k2

\O
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¢ = A 2(3,¥) L (Eaasos)
Then 5
o 2.2
Wk A / -p<s” - L
g 7 e il
772 (1242 Yo
IS
k%A f s Qe
3/
% S(p2p2) O &
(h2cos% + K2)A £(p,¥)
. h“k“A o h2 4+ X2
¥ 3/o i
X \/h2+k2 \/hzooszc;b &2
e e J (hcos%+x°)A £(3, ¥)
' 2 & h kA h® + k2

- o
27 \/(h2+k2) (h2c052¢+k2)
(3.1204)

It is important to notice that a 1imit is imposed on the range of a by
the modulus in the right hand side of (3.1204). = Therefore

2
« < }; EE (3.1205)
2m \/(h +2) (n2c0s% +k%)

n2x?
If .
on(h2412)

this oondition is satisfied for all values of ¢ but if

h2%A 520

—_— K — - (3.1206)
on(n241c2) o7 | (12412 ) (W3- 24, 412 )

it is only satisfied for a certain range and any integrations with respect
to ‘4 must be over that range only, that is between the limits ¢, and

®/o where
2
1 ka2 2
— -k .120
h j a2 (n2nd) el

i

cos ¢,

10.

SECRET - DISCREET



SECRET - DISCREET

Tech, Note No. G.W,8¢

The physical interpretation of this restriction is, simply, that if the
number of fragments is small an optimum warhead would throw no fragments

5 in those directions where a vulnerable area is rather unlikely to occur,
but as the number of fragments increases so also does a and the zone of
fragmentation steadily widens,

Rearranging, (3.120l) becomes

-4h Af(¢,¢)(h2°052¢+k2) = g (7L“2a2(h2+k2)(h20052¢+k2))
h? 152 = HHda2

2
T (h%+k2) {105 <l+7t2a2(h2+k2)(h20052¢+k2) )}
16124 (h2cosp +12) nldey2

(3.1208)
or, in dimensionless form,
2

2 Bgpi et b g
£(g,¥) = (1+8 )8 [loge (L,m a (1+8°)(cos“¢+B ))}
l6a(c082¢+{32) 2

a

where the dimensionless quantities B8 and a are defined by the
equations

Again the function is independent of V¥ and is expressed here in terms
of ¢ and the parameters h, k, 4 and a,

It is now possible to evaluate Po from the equation
A
2% n e =24, ¥) &
W
o 0o o

s p-GPaPnel
% [ Io(2h°rs sing)r ar | <%sing ds dg dy
e U .

(3.1209)

it B

SECRET - DISCREET

#_-—‘



SECRET - DISCREET

Tech. Note No, G.W.89

Integrating with respect to r, as above,
rs2sin?@
A R e h2 2
- e /2 / / e s/ 2 o b
relon e e 2(h+k2)

Pp =1 szsin¢ ds d¢ av

and since f£(4,¥) is here independent of V¥

A h?82(n2c0s% +k?)
3,2 J oo "f(¢:1l’) T 5
2h’k s he+k2 o
P2=1"——————]/ / e s®sing ds a¢
= 2(h2+k‘2) "o
(3.1210)
Now B N g } L
RSN 0 S %
o 8% g23s = — e L an a lalse
2p3
o o}

-
w
el E O
o W
1 2
5 / e s s = -5/ K 3/2 rq
- R d e
. Pog=1= B S f (—E) K_3/2 (2pq) sing d¢
mEm2nl) o v
(2, 01297)
; (2)' (1)
ow N =
K-,}-/Q )0 53] © Ql + z)
12,
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oK C 32 4 -2pq
Ealj=ir= 5 '.5 e <1 t —L> sing d¢
(h%+k") o (bpa) 2pq
n bis
a2, ; ~2pq o)
h-’k . =<Pq
(n41c2) o 2p°
From (3.1204) we have the relation
e =
h? 42 A
" = 2R, q
¢ Pp=1- B i‘/ — sing d¢ +/ L sing d¢} (5oLITR)
P 22
) T

Now
s

1 1

2.2 R N ]
/ g b / A s:.n¢(h +k )1 (h +°) 1
5 cosz¢+k2)_2‘" la-hA?(h cos%p +k° Vel

{10 (4 h}ll:;iéhzcosng +k2)> }dqﬁ

s

5 Nk
) / sing oo e( oxa(r2ai2)? (n2o02p12)7 ) Jas

42 (h2c054 +12 ) hk“p
Let h cos¢=k tan
Then
i tan"l = -E 1
ga %4k 2m(n24k2 ) e
/ —= sing d¢ = ( 2)/ S "—2-'108< T & ao
o 4h®  gan™ B * B2l
h
-1
i k
2 @) 2 2 2\7 plt tan
3 h™+k {10g ( 7o (h”+k ) > - e 1h + / log_ sec® d6~3
h3k' be hkA = I} i i
134
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Also
n = o
f __12_ N d¢=/ (h"+k )51n¢d§5
, J  2n2(n2cost +k2)
2,02
h™+k™ -1
= -Z_t.c.‘. tan _}}
h3k. k
L] . -1
h
n 713- tan
_ . 2ma(h“+k?) -1y oma (ho+k?)” K
Po=le ——o—2{ tan e 1l +logg —mg——|+ logy secb 46
An’k | kA 5
(3.1213)
This last integral must be evaluated numerically.
Again this expression for Pp must be amended if
h2k24 e h2K2A
2r (h2412) 2x \[(n2412) (n2o0s2p1c?)
for then (3.C5) must be written
- N
27 7t-¢0 _f(¢’¢)__2_ i
P, = (1-e 5%) a(s,¥,4) s° sing ds a¢ ay
0 ¢ 0 :
where ¢ is defined by (3.1207) and, finally,
. \‘ h2+k2.cos ¢§
2 =
1P s ¢0+k2
' ~1 hcosg
(2 2 tan = ——f
. Zra(niad) J:can"l h 9050 | 1 4 10g, 2 hac? + / T g seot
Ahox L k £ hZkA i
0
(3.1215)

x
The function / log sec6 A  has been tabulated.
. .

.
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3.15 Tho general solution
TThen ¥ is unrcstricted the analytical solution of equations

1 3.05, 3.1, 3.115 and 3.116 presents considerable difficulty and no
closed expressions Tor U(s,¢ b)) £(4,¥) or Po have been obtained.
Instead the integrals have been evaluated by numcrical methods and
the results are presented in the Torm of graphs of target and fragment
densities about the point ol burst together with a table of Pp against
¢ Tor a particular value of ¥ ,

3.1 The barrel contours

In the special case when )44, (¢ ¥) is indspendent of ¥ the

warhead is a solid of revolutions, or barrel shaped. Using the nota-
tion of Fig.3, which illustrates a longitudinal section through a war-
head initiated at I, it is possible to equate two expressions for the
fragment density from an elementary segment of thickness dx, one due
to the geometrical propertics and one imposed by the fragment distri-
bution function, namely

2%y ds
2o =2nt 0 (8Y) sing ap
.2 3y as _ d¢ i
T 0n = Eatnattel) BB (3.121)

whore ag 1is the area of that face of a fragment which lies within the
warhcad surface and on the assumption (previously made in 'Report of

the Medium-Range Anti-Aireraft Guided Weapon Pro ject Group'- Appendix IV)
that 75k of the weight of metal in the casc is converted to controlled
fragments: o 1is conventionally measured counter-clockwise round the
contour. '

From the figure

>?

(3.142)

~l A

where ¢ is the angle between the positive x-axis and the tangent, measured
in the positive direction of s, and & is the angle between the normal

to the surfacc and the direcction of motion of the fragment making the
convention that & is measured positively from the normal in a counter
clockwise direction. Following the work of Shapiro (A Report on Analysis
of the Distribution of Perforating Fragments for the 20 nm M71, Fuzed
T74E6, Bursting Charge TNT, University of New Mexico UNh/T-234) the
follow:_ng equation has beon adopted to define §

(ol v
tand = — L
1o sec o . g (3_1j+3)

where V, Vp are the initial fragment veloecity and the velocity of
propagation of the cxplosion rospectively.

To maintain the contour equation in a tractable form no attempt
has been made here to allow for the dispersion of fragments about the

direction ¢ although it is ho»ned to examine the effect of dispersion
on the contour shape later. 15
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Denoting sl by J, which will be regarded as constant, oquation
2Vp \
(3.143) msy be written
tand = ,jEE’.EP (3. )
. coSse°
Now, from the figure,
B=c- 8 (3.145)
where
tan 6 T S , tanc =% (3.146)
(X e Xo) dx

and the contour equation may be derived by the following method:-

from (3.142) i
E—? =1 4+ .d.'._6.
ao do

where, by (3.144) and (3.145),

50026 .E‘:é

" DI R . ae
= sec™0 (sinb + cos gsinp =
do J ( B dc)

80026 S‘;Q. = sec26 9‘-9 . .(2.:.{.
do dz  do
¥ ® (X"Xo) %xz - ¥ secir )
. = - R L (3.146)
(x=x4)" + ¥ L
ax?
i 8ind® sinp secdg by (3.145)
- aly end (3.146)
Yillamr= %
daxe
using these results and (3.144) it follows that
§_5_ & J {sine + 5inB sin%8 56020'}
¥ (cos%e + $PcosB) acy
Y P

16,
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from (3.1#1), therefore

3y sec o y 4 a$nB ; 2
i a0 ¥ ) sing {1+ 2 S (1 , SinBacc’s “)}
&y (005264-3200525) v dzx
dx? ax2

whence, finally,

aly 1 3y (cos’o+3°

c0s%p) & g sinesinzﬂ}
2
ax COSZG(CO526+5200526+jsin9) hagf io1io( ¥ )singcoso y

(3.147)

It is important to realise that the fragment distribution does not
define a warhead barrel uniquely: in fact since the differential equation
(3.147) is of the second order it is formally possible to design a doubly
infinite set of barrels each of which produces the same distribution of
fragments, the selection of any one being determined solely by installa-
tion considerations, The computed contour will exist over that range
of values of ¢ for which f(%\@ exists and will not, in goneral, termin-
ate on the axis; if it crosses the axis then no real contour exists
satisfying the corresponding boundary conditions and if it stops short
of the axis the ends of the barrcl are supposed closed by non-fragmenting
oend plates., The boundary conditions, which are fixed arbitrarily, may
be considered as the radius of the barrel and the direction of the tangent
to its contour in a longitudinal scction, both at the point of initiation.

L The presentation of resul+ts

L0 The distribution of vulnerable areas about the point of burst

It has been shown that the optimum fragment distribution and the
corresponding warhead contour may be derived from the function g(s,¢,¢)
defining the distribution of wvulnerable arecas about the point of burst:
accordingly the first result is a graphical representation of this
function in the special case of a constant looking~angle fuze and a
Gaussian distribution of vulnerable areas about the detected point
evaluated numerically for the following values of the parameters (Fig.L):-

y =70° ; a=0,000k; B =0,25
which would apply if, for example,
A =) sq.ft.
R.M,S. guidance accuracy = 100 ft.
R.M,S. value of £ = 30.6 £t.

The distribution being symmetrical about the missile axis, g(s,s ¥ )

is represented by contours in a plane containing the axis. Alternatively
Fig.5 displays the density of vulnerable areas as a dot diagram in which
the number of dots, spaced conventionally, in any given part is propor-
tional to thec probability of a vulnerable arca lying within the volume

17,
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doscribed by the rotation of that part about the axis: +the boundary
within which 50% of the wulnerable areas lie is also shovm. It will
be observed that this diagram shows reasonable resemblance to the
burst positions actually obtained from V.T, fuzc trials,

L.2 The optimum fragment distribution and probabilities of destruction

In Pig.6 the function fstatic<¢’¢) is plotted against ¢, the
missile and mean fragment velocitics being taken as 2000 ft/sec and
8000 £t/ sec respcctively. Corrcsponding to these valucs of a values
of n and P» have been computed from equations (3.07) and (3.05)
respectively by numerical integration:-

_ a o # B2
an arbitrary parametor | the total mumber of the probabilities of

1/30 oz. fragments | dectruction of the target

20 x 100 13300 0.72
GOl 8700 0.63
L0 x 1076 5900 0.57

¥ No significance should be attached to the use of 1/32 oz. fragments
in this example which is intended for purposes of illustration only:
at thc timc the calculations wero performed it was considered likely
that the optimum fragment size was approximately e 0z.,, but con-
sideration is now being given to considerably larger fragments.

.5 The barrel contours

Having regard %o the complexity of equation (3.147) it was con~
sidered unreasonable to ovaluate more than a few barrel contours,
Accordingly it was decided to illustrate the variation in barrel shape
as the arbitrary boundary conditions are changed by selecting a value
of corresponding to a warhead of suitable size and then varying the
radiuc of the barrel and the slope of its contour at the point of
initiation: sincc no other parameters were varied, all the barrels
studiod should producc identically the same fragment distribution.
Figs.7 and § repreosent longitudinal ssctions through two barrels which
are approximatecly at the oxtremes of the possible range of variation.
Both weigh about 150 1bs and brecak into 8700 fragments distributed
according to curve (2) in Fig.6, but the point of initiation lics at
opposite ends of the warhead: in cach case thc constant J was given
the value sin 7° = 0,122 being consistent with a deflection of 7° from
the equatorial plane, according to the carlier thcory of G,I., Taylor
for thc detonation of a long cylindrical cased charge.

5 Some possible extensions

It is formally possible to modify thc probability model in a
number of ways in order to rcpresent more closcly combat conditions.
Some of these are briefly indicated here and it is hoped that a more
detailed discussion with examples will be published in the ncar future.

No attempt has been made in this report to consider variations
in the effectivencss of fragments striking a vulnerable arca A: +o do

18.
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so it 1s necessary, obviously, to know the striking velocity of the
3 fragment which depends on a number of variables, including the weapon
and target velocities and the angle between them, the direction of
throw of the fragment, the polar co-ordinates of the target relative
to the missile, and the height of attack. If all thcse are knowm the
proportion of striking fragments which de lethal damage may be found,
subject to some assumptions about the distribution of their presented
areas at the moment of impact, and a new A decfined as the total vulner-
eble area reduced by that ratio. The quantity A is then a function of
the same variables,

The fuze burst pattern may be obtained more accuratcly by the
following method. On cach of a set of polar diagrams, represcnting
planes through the target as pole, and for a given direction of missile
attack in each plane, is superimposed a corresponding set of fuze burst
points (experimental data) and contours to show the length of the flight
path and necessary angle of throw for a fragment which strikes thc target:
the number of such diagrams must be sufficient to present a fair picture
of the distribution of bursts in space and associated with each one there
will be the probability of tha’ direction of attack (dependent on the
method of tactical use of the missile), and a particular value of the
vulnerable area A, The ranges of flight and angles of throw, having
been read from the contours, are all transferred to one new polar diagram,
whose pole represents the position in space of the warhead; the points
do not, of course, carry equal woight. The new diagram is interpreted
as a density pattern such that the number of points falling within any
elementary area is proportional to thc probebility that a target, at the
instant a fragment reached the ring described by the rotation of the
elementary arca ahout the missile axis, would lie within that ring. It
follows that the diagram also rcpresents the distribution function of a
vulnerable point about the warhead, dcnoted by g(s,¢,¥) in the particular
case of a barrel warhead, and that the fragment distribution function
f(¢) may be derived from it.¥

Whether or not it is practicable to treat the quantity A as a
function of all the variables already mentioned, and yet to maintain
the problem in a reasonably tractable form, is still to be determined:
thc use of the improved (experimental) fuze burst pattern, however,
should create no great difficulty and pcrmits precisc evaluation of the
manner in which g(s,$,¥) depends on the velocities of target, missile
and fragment, To consider a number of subtargets having diffcrent wul-
nerable areas but all situated at the same point within the target air-
craft is a simple extension; and it may prove possible to allow for the
separation distances between subtargets.

More realistic barrel contours may be found by allowing for the
dispersion of fragments about the predicted angles of throw: work now
proceeding, assuming o Gaussian distribution, will bo published shortly.
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A - Although it is unlikely that consideration will be given to the design
of warhcad not symmetrical about the axis for a number: of years, the
method may easily bc adapted to the general case, in which f depends
bothon ¢ and V.

15.
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ADDENDUM

The comparative lethalities of shaped and cylindrical warheads

It was required to estimate the advantage to be gained by the
use of a shaped warhead instead of a simple cylinder. In this
addendum the lethality of a cylinder designed to contain the same
quantity of fragmenting metal as any one- of the family of barrel
warheads, of which those illustrated in Figs.7 and 8 are typical,
is calculated under the same conditions of engagement and to the
same degree of accuracy.

Method of Assessmont

The area of the curved surfoce of the cylinder being fixed by
the requirement that both types of warhecad should preduce the same
number of fragments a length and diameter were chosen broadly similar
to those of the curved wall warheads (but such that the cylinder was
slightly longer to improve the spread of fragments). The character-
istics of the two typos are compared below, certain inconsistencies
being the result of a deliberate peolicy. of fo.vourlng the cylinder.

The wnrhoad weights are of the same order.

Barrel' warhcad Cylindrical warhead
No. fragments (1/32 oz) 8700 | 8700
length 10 - 12 ins 17.9 ins
diameter 14,5 = 15.5 lins 12 ins
initial fragment veloc. 8000 ft/scc 8000 ft/sec
missile veloc. 2000 ft/sec 2900 ft/sec

This particular missile velocity, in the case of the cylindrical warhead,
provides a dynamic fragment distribution peaked at ¢ = 70° and, accordlng
to the relations' betwcen 1n1t1a1 fragment velocity and charge/case weight
ratio published in the Report of the Anti-Aircraft Guided Woapons Project
Group, to which reference has becn made, such a warhead would be annular.

Hoving regard to the indefinite naturc of ewnnular warhead theory
at the present time it was decided to use Shapiro's Formula to predict
the theoretical static fragment distributions, denoted by f£(¢g), assuming
a solid charge initiated at the centre: in this instance we have, in the
notation of Fig.?,

o

N
ot = ———
i (x2 + R‘Z)—'Z S
" o s
. —— dx Rj cosec™¢ "

W (2 - w22

Thon, f(g,) being defined as the ratio of the number of effective frag-

ments thrown from a 'slicd of thickness dx to the solid angle sub-
tended at the point of oxplosion by the presented area, A, of the target,

ILe
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2 2
3J R cosec ¢
£(gg) = =

(2)
JA ein ¢s(32=cot2q, ) 2

The geometry of the case imposes certain limits on the range of ¢g,
namely

Jo

i
5 d2)2

(3)

|cot ¢sl s

(¢°

and it follows that for a fixed value of the product (¢ x d) the frag-
ment zone increases as ¢ increases. The function ¢s) is plotted

in Fig.10.

In furtherance of the policy of favouring the cylinder it was
decided moreover to assume that fragmonts were subject to a consider-
able Gaussian error about the predicted directions in a plane contain-
ing the missile axis (thc symmetry of the warhead made it unnecessary
to consider dispersion in a perpendicular planc); a standard deviation
of 5° was chosen. The !'dispersed! static fragmont distribution func-
tion F(¢g), is compared with f(¢g) and with the 'dispersed! dynamic

fragment distribution function F(¢g) in Figs.10,1l respectively.

It is easily shown that the direction of the fragmcnt path in
space is given by the equation

=l £ '
¢q = tan S0 b j ()
0,36k + cos ¢/

and, hence,

_d_sJ_s_ =1 . 0.364 cos ?q (5)

dds cos (pg = ¢3)

Since, obviously, the number of fragments in corresponding regions of
the static and dynamic distributions must be egual
F(ps) sin ¢g ddg = F(¢y) sin ¢y dgy

and, accordingly, from equation (5)

= A 6
F(gy) = F(g¢g) “‘Q%n ¢,“S T S Col )
sin ¢g cos (¢g = ¢4)

Finally, under thc conditions of engagement assumed in the
shaped warhead assessment, namely,

v = 70° a=0,0004; B =0.25

the probability of destroying the target represented by vulnerable area

A is
2
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2
2h"rs cos 2
S AR e
N Ly Yo 0
LF($)
2 3 - A
I,(2h“rs sing)r dr} e 52 g2 sing ds d¢ (7)

Here ¢ is written for ¢3 for brevity.

Results
The fragment distribution functions are plotted in Figs.10 and
11. Equation (7) was solved numerically to give
Po = 0,42

as compared with a lethality of 0.63 for the corresponding shaped warhead.
It is recognised, however, that the 50% increase in lethality obtained

in this particular case is not necessarily representative and that in-
spection of the effect of varying other combat, target and missile para-
meters, in particular the fragment mass, is desirable.
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FIG.9. THE CYLINDRICAL WARHEAD.
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