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6 p a s s i v e  hydrogen maser operates so as to cause a s i g n a l  
frequency, fs ,  t o  satisfy a selected c r i t e r i o n .  The frequency f s  
which sa t i s f i es  the  c r i t e r i o n  d e p e n d s  on the c a v i t y  r-esanance 
qrequency, f c .  The derivative o f  f s  with respect to f c  f o r  f c  = 
9s is called the PULLING FACTOR. Theoretically t h i s  factor can 
be zero w i th  a  camputati~nal criterion making use of  complex 
signal voltage samples taken at several frequencies. 

I 
I INTRODUCTION 
f 

Consider the oscillator control servo f o r  a pass ive  hydrogen 
maser. A signal frequency f s  is synthesized from the ~scillator 
output frequency. The oscillator frequency is controlled so as I 

t o  cause f s  to equal Fo, the (perturbed) hydrogen tr-ansi t ion 
frequency. Possible servo cont ro l  criteria include: 

a. The di f ference i n  maser t r a n s f e r  magnitudes at  f r e q u e n c i e s  
e q u a l l y  spaced above and b e l o w  f s  equals  zero, the frequency 
spacing being less than the hydrogen linewidth. 

I b.  The maser transfer phase at frequency f s  e q u a l s  zero .  

I 
c. The difference between the maser transfer phase at f s  and the 
mean o+ the  phases a t  frequencies equally spaced above and below 
f s  equals z e r o ,  the frequency s p a c i n g  baing very  much larger than 
the hydrogen linewidth. 

"? 
The s i g n a l  f r e q u e n c y  f s  which s a t i s f i e s  t h e  selected c r i t e r i o n  
depe~tds on t h e  value of  the cavity resortant f requerrcy 4c. The 
d e r i v a t i v e  o f  f s  with r-espect t o  f c ,  under servo cont ro l ,  is  the  
PULLING FACTOR. 

P u l l i n g  f a c t o r s  f a r  criteria I a )  and (b)  above are derived i n  
Section 1 1  sf reference 1, and are substantially different for  
the two cases. For criterion (c) it can be shown that Che 
pulling factor  is c105ely the ra t io  o f  the cavity arid hydrogen 
l i n e  Q's, also d i f f e r i n g  from critsria la) and I b ) .  It appears 
t h e n  t h a t ,  a t  least  i n  p a r t ,  the pulling Sactor is a result uf 
the method used to cause f s  to appr-oximate  the  hydroyen 
transition frequency. 
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The p u l l i n g  f a c t o r s  mentioned above were a l l  der ived us ing  a x 

model of t he  steady s t a t e  complex microwave f i e l d  as a f u n c t i o n  1 
o f  frequency g iven by Lesage, Audoin and Tetu i n  reference 1 t 

I 

(19791. Using t h e  same model it is poss ib le  t o  devise a 
c r i t e r i o n  f o r  which the d e r i v a t i v e  of f s  w i t h  respect  to f c  is 
zero when f c  = f5. Un l i ke  c r i t e r i a  (a), (b)  and (c )  above it 
makes use of  bo th  magnitude and phase o f  t r a n s f e r  measurements a t  
f s  and a t  f requencies equa l l y  spaced above and below fs .  

PROPOSED DEMDNSTRATION HARDWARE 

fit the present t ime the proposed frequency e r ro r  c r i t e r i o n  has 
no t  been demonstrated exper imenta l ly .  An experiment should 
evaluate a t  least t he  fo l l ow ing :  

Cav i ty  p u l l i n g  c h a r a c t e r i s t i c  
Frequency e r ro r  no ise  due t o  rece ive r  noise 
Bias due t o  e r r o r  es t ima t ion  algor i thm. 

Figure 1 is a s i m p l i f i e d  b lock  diagram f o r  demonstrat ion o f  the 
s i gna l  processing scheme. Surne f unc t i ons  such as d i g i t a l  /analoy 
conversion and c a v i t y  tun ing  are  not shown where needed. The 
P T O C ~ S S ,  under curnputer con t ro l ,  inc ludes the f o l l o w i n y  steps: 

switch t h e  m a s e r  input s i g n a l  ( V 1 1  t o  f requencies fa ,  fs, 4 

and f b  in sequence (FREQUENCY SYNTHESIZER) i+. 

! 
T 

measure csmplex voltage ratios a t  these frequencies !, 
(NETWORK RNALYZER) 

acqu i re  and filter comp lex  samples (COMPUTER) 

perform frequency e r r o r  computations (COMPUTER) 

per form servo l oop  +ilter f u n c t i o n s  (COMPUTER) 

co r rec t  oscillator frequency e r r o r  (COMPUTER). 

A M P L I F I E R  

FREQUENCY -I SYNTHESIZER - 
t -- 
VOLTAGE 
CONTROLLED 
OSCILLATOR < lCoMPUTER I 

FIGURE 1 CONCEPTUAL BLOCK DIRGRAM 



C A V I T Y  RESONATOR I N V E R S E  TRANSFER F U N C T I O N  

The steady-state c o m p l e x  t ransfer function of  the passive m a s e r  
is the ratio of the vol tages V 2  and V 1  def ined i n  F igure  2. For 
a h i g h 4  s ing le -po le  c a v i t y  resonator w i t h o u t  atomic hydrogen the 
funct ion consists of  a f r a c t i o n  w i t h  a c o n s t a n t  n u m e r a t o r .  The 
d e n o m i n a t o r  is u n i t y  plus an imaginary term vc w h i c h  is a linear 
fur-lctiun o f  frequency. For practical reasons Figure 2 includes 
an i s o l a t o r  and an a m p l i f i e r  w h o s e  output is V3. We consider 
m e a s u r e m e n t s  o f  c o m p l e x  values of  the ratio o+ V 3  and V 1 .  

I n  equation ( 1 )  the s y m b o l  He is introduced, w h i c h  is the ideal 
cavity t rans fe r  funct ion d e n o m i n a t o r ,  Equation ( 2 ) .  I n  the 
definition of vc ( 3 )  w e  see that the imaginary term is equal to 
the t w i c e  the  d i f f e r e n c e  b e t w e e n  t he  signal frequency and the 
c a v i t y  resonant frequency divided by the c a v i t y  b a n d w i d t h .  

The complex p l o t  o f  Figure 2 shows the contour o f  Hc as frequency 
is varied, w i t h  a particular value indicated by *. The 
sin~plicity and linearity of Hc suggests the  use o f  inverse 
tr ar-rder f unctrans f o r  p a r a m e t e r  e s t i m a t i o n  f r o m  measurement 
data. 

I f  w e  o b t a i n  an inverse tr-ansf er function f rorn measured vo l tages  
as V 1  / V 3  i t  w i l l  consist of  Hc multiplied by a complex number 
Ho which results from cavity insertion loss, var ious phase 
shifts, arrd gains and lasses associated w i t h  the paths f r o m  the 
measurealer'rt j u r r r t i o r r s  t o  the rnaser . I r r  the  f u l l u w i r l y  
development w e  assume t h a t  v a r i a t i o n  o f  Ho over the band o f  
f r - e q u e ~ ~ r i e s  o f  i n t e r e s t  is negl i gi b l e .  

V 1  I N C I D E N T  VOLTAGE TO PORT 1 

V 2  INCIDENT VOLTAGE FROM PORT 2 

MASER I SOLATOR 

FlMPL I F I ER 

FOR THE I D E e L  C A V I T Y  WITHOUT ATOMIC HYDROGEN: 

Ho COMPLEX CONSTANT TO CICCWNT FOR C R V I T Y  
A M P L I F I E R  GAIN, VARIOUS PHASE LAGS 

( 3) vc = 2 ( f  - fcl / Bc 

f FREQUENCY, HERTZ 

f c  C A V I T Y  RESONANT FREQUENCY 

' I N S E R T I O N  L056, 

Hc CONTOUR --> 
1 + j vc ---- I >+ 

I 
BC C R V I T Y  HALF-POWER BANDWIDTH 

FIGURE 2 C A V I T Y  RESONATOR INVERSE TRANSFER FUNCTION 

0 
R E A L  

1 



Rlthough Ho is unknown in the practical measurement situation, it 
is possible to find (estimate) its complex value and other 
parameters f rom measurements of V l / V 3  at t w o  frequencies whose 
difference is known. Let the two frequencies f a  and f b  b e  
equal ly  spaced above and below a frequency f s  as illustrated in 
Figure 3. We will  call t h e  measured inverse t ransfer  at these 
frequencies Ha and Hb, respectively. The corresponding values of 
Hc will be Hca and Hcb, as in the table.  

In equation (4) w e  take the mean af Ha and Hb, which is Hu times 
the mean of Hca and Hcb, and find t h e  product Ho Hcs where Hcs is 
the value of Hc at frequency f s ,  to be used later. From the 
difference between Ha and Hb w e  can find Ho multiplied by an 1 

imaginary constant, as in ( 5 ) .  We will  use this exprass ior~  later I 

to remove the angle rotation due to Ho from calculations. I I 

Dividing (41 by ( 5 )  produces an estimate o f  Hcs/C j 2 Fl / Bc 1 .  I 

The real p a r t  of this quotient ( 6 )  is the d i f f e r e n c e  between f s  
and the cavity resonance frequency f c ,  divided by F1 (known). 
The imaginary part (71 is the cavity bandwidth d i v i d e d  by 2 F1. 1 

Multiplying ( 5 )  and (7) and + j gives the complex value f o r  Wo, 
as in ( 8 ) .  Hence two complex ratios suffice to characterize the 
ideal cavity resonator and the measured path: I 

Ho the inverse complex gain of  the path including E I 

the cavity insertion loss 
E 1 

Bc the c a v i t y  bandwidth I f c  d i v i d e d  by loaded 0 )  
1 

f s  - f c  the cavity tuning error in H e r t z ,  i f  f a  is the 
desired resonant frequency. 

f s  SIGNAL FREQUENCY, VARIABLE I<-- F1-->I <-- F1-->I 
- I I 1- 

F l  SPACING FREDUENCY, CONSTANT f b f s  f a  f 

I FREQUENCY I V l / V 3  I Hc I 
I--------------I-------------I------------------+--------*-------- I 
I f a  = f s  + F1 I Ha = Ho Hca I Hca 1 + j 2 ( fs  + F 1  - f c )  / Bc I 
I I I I 
I f b  = f s  - F1 I Hb = Ho Hcb I Hcb = 1 + j 2 ( 4 5  - F1 - f c )  / Bc I ................................................................. 
( 4)  (Ha + H b ) / 2  = Ho (1 + j 2 ( $ 5  - f c )  / Bc ) 3 Ho Hcs 

( 5 )  (Ha - Hb) /2  = Ho ( j  2  F l  / Bc) 

( 4) REAL ( (Ha + Hb)/(Ha - Hb) = (fs - f c )  / F1 

( 7 )  IMAG ( (Ha + H b ) / ( H a  - Hb) ) = - Bc / ZF1 

( 8) ( -  j Bc / 2 F l )  (Ha - Hb) / 2 Ho 

FIGURE 3 CAVITY SIDE-FREQUENCY TRANSFER RELATXONSHIPS 



MASER INVERSE TRANSFER FUNCTION 

The passive maser t r ans fe r  f unc t i on  w i t h  atomic hydrogen present 
can be readily der ived from steady-state microwave f i e l d  
equat ions (35) through (38) from the  paper o f  Lesage, Audoin, and 
T e t u  i n  t h e  Proceedings o f  t h e  33rd  Annual Symposium on Frequency 
Control ,  1979, pages 515 through 535 (reference 1 ) .  They assume 
t h a t  t he  c a v i t y  mistuning i s  small,  and t h a t  the d i f f e rence  
between t h e  microwave frequency and the cavity resionar~t frequency 
is a small f r a c t i o n  o+ the c a v i t y  bandwidth. 

Equation (9) in t roduces t he  symbol Hm f o r  t h e  denominator of  the 
maser t r ans fe r  func t ion ,  m u l t i p l i e d  by Ha as before. Equation 
(10) gives the f unc t i on  Hm, cons is tent  w i t h  t he  f i e l d  equations 
o f  reference 1, although d i f  f arent  i n  appearance, The symbols 
C% S, and T2 are  used as def ined i n  reference 1. 

The denominator of  t he  maser t r ans fe r  f unc t i on  is t h e  s u m  o f  t h e  
terms presented above f o r  t h e  c a v i t y  t r ans fe r  and a complex term 
due t o  t h e  hydrogen a t o m s .  The hydrogen c o n t r i b u t i o n  t o  the 
inverse transfer f unc t i on  is propor t i ona l  t o  t he  parameter DC. 
When equal t o  zero there  is no hydrogen con t r ibu~ t ion .  When 
greater  than u n i t y  t he  nraser w i l l  o s c i l l a t e .  Saturat ian,  
represented by t h e  f ac to r  S ,  increases w i t h  microwave f i e l d  
amplitude and decreases w i t h  absolute s igna l  frequency d i f f e rence  
from the hydrugen t r a n s i t i o n  frequency, Fo. 

The c o m p l e x  p a r t i o n  of  t h e  hydrogen c o n t r i b u t i o n  t o  Hm has a 
r a t i o  of imaginary t o  r e a l  p a r t s  which is propor t i ona l  t o  the  
frequency d i f f e rence  f - Fo. I f  f i s  the frequency o f  a s igna l  
which is intended t o  equal Fo then the value of t h i s  r a t i o  i s  
p ropor t i ona l  t o  t he  frequency e r ro r .  The p r o p o r t i o n a l i t y  f a c t o r  
can be ca lcu la ted  from p r i o r  knowledge o f  t h e  transverse 
r e l a x a t i o n  time, T2. For con t ro l  purposes i t  need not  be known 
prec ise ly .  

FOR THE PASSIVE MASER WITH ATOMIC HYDROGEN: 

( 9 )  V i  / VS = Ha Hm WHERE: 

DERIVED FROM (35), (36) AND (37) OF REFERENCE 1, WHERE 

OC PARAMETER WHICH CHARACTERIZES OPERATING CONDITIONS 
RELATIVE TO THRESHOLD OF OSCILLATION. (221, REF. 1 

S SATURATION FACTOR OF THE ATOMIC TRANSITION (381, REF. 1 

T2 TRANSVERSE RELAXATION TINE OF HYDROGEN ATOMS 

FO ATOMIC TRANSITION FREQUENCY 

FIGURE 4 MASER INVERSE TRhNSFER FUNCTION 

625 



Figure  5 in t roduces the s y m b o l  Hh f o r  the hydrogen c o n t r i b u t i o n  
t o  the inverse maser t r a n s f e r  Hm, and i n  (12) expresses i t  i n  
t e r m s  o f  variables ah and vh. The angle of  Hh is a f unc t i on  on ly  
of vh (14 )  w h i r h  i n  turn is propor t i ona l  t o  f - Fo. 

I Le t  f s  be t he  frequency t h a t  i s  t o  be c o n t r o l l e d  t o  equal Fo, and 
le t  vh5 be t he  value o+ vh a t  f 5. Le t  Hms be the value o f  Hm and 
Hhs the value o f  Hh a t  frequency fs .  

Earlier Hca and Hcb were def ined f o r  the  cavity without  atomic 
hydrogen. Now w e  will assume t h a t  f a  and f b  are sufficiently far 
f r o m  Fo tha t  the  e f f e c t  o f  the  hydrogen a t o m s  on Hm a t  these 
frequencies is neg l i g i b l e .  We showed i n  F igure  5 t h a t  the mean 
of Hca and Hrb equals Hc5, which cannot be m e a s u r e d  directly i n  
the  presence of the atomic hydrogen. 

I f  the computed value of  Hcs is subtracted from the maser inverse 
t r ans fe r  Hms t he  r e s u l t  is Hhs (15) .  The imaginary p a r t  of  Hhs 
d i v ided  by its r e a l  p a r t  g ives  vh (16) whirh in t u r n  is 
propor t i ona l  t o  the  frequency e r r o r  f s  - Fa, independent o f  t t r e  
value o f  Hcs which depends on the  cavity tuning e r r o r  f c  - fs .  

The c o m p l e x  p l o t  o f  Figure 5 shows three p o i n t s  Hms, Hca, and Hcb 
repr-esenting measur-ed values, and H r s  represent ing  a cunrputed 
value. The l o c a t i o n  o f  Hcs i nd i ca tes  a c a v i t y  tuning e r - r ~ r  -0.1 
t i m e s  t he  c a v i t y  bandwidth ( 2 ( f s  - f c ) / B r  = 0.2 1 .  The line 
f r o m  Hcs t o  H m s  is ho r i zon ta l ,  hence zero imaginary p a r t  sf 
Hhs, i n d i c a t i n g  tha t  fs = Fu in t h i s  exammple. 

vc = 0.2 
(11)  Hm = Hc + Hh, WHERE: Hca 

S'B = Fo 
(12 )  Hh = - ah / ( 1  + j vh)  

A Hms *f------l, Hcs 
(13)  a h =  a / ( 1 + S l  G 

(14) vh = 2r T2 (f - Fo) 
I .  

AT FREQUENCY fs ,  Hm = Hms and Hh = Hhs BY DEFINITION 

I (15) H h s =  Hms - Hcs = Hms-  ( H c a - H c b )  / 2  

I (16)  - IMAG (Hhs) / REAL (Hhs) = vh = 2;rt T2 ( f s  - Fo) 
I FIGURE 5 HYDROGEN CONTRIBUTION 70 MASER INVERSE TRANSFER 



FREQUENCY ERROR COMPUTATION 

The frequency e r r o r  computation would cons is t  of equations (15) 
and (16) were i t  not f o r  the angle o f  Ho, due t o  t h e  phase 
components o f  the paths which connect the measurement j unc t ions  
w i t h  the maser. For actua l  measurements t he  whole p l o t  o f  Figure  
5 would be r o t a t e d  counterclockwise through t he  a n y l e  of  Ho. 

Figure A shows relat ionships which permi t  computation of  the 
r a t i o  o f  t he  real and imaginary components o f  Hhs from 
measurements. In the table of  Figure b w e  name t he  measured 
i nverse  t r ans fe r  r a t i o s  Hs, Ha, and Hb, each containing the 
f a c t o r  Ho. The expressions Sor Hms, Hca, and Hcb are a l s o  
irrcluded. 

H1 def ined i n  (17) corresponds t o  (151, but w i t h  t he  f a c t o r  Ho 
included. H2 i n  (18) is t h e  complex value from (5) af Figure 3 
w i t h  the  s i g n  of  i t s  imaginary p a r t  reversed. M u l t i p l y i n g  H I  and 
H2 C 19) t h e n  produces Hhs m u l t i p l i e d  by two real numbers and 
rotated through - n/ 2. The real f a c t o r s  are  4 F l /  Bc and (Ho 
CONJUGATE IHo) 1 .  

The value of  vhs i n  terms of the components of  Hhs is reproduced 
i n  (20), and t he  e q u i v a l e n t  r e l a t i o n s h i p  i n  terms of components 
of  ti3 is given i n  (21 ) .  The frequency e r r o r  computation i n  the  
presence o f  Ho consists o f  (171, (181, 1191, and (21). 

I FREOUENCY I V 1 / V 3  I H I 
I--------------I-------------I------------------------------------ I 
I f s  I H5 = Ho Hms I Hms = Hce - ah / ( 1  + j vhs) I 
I I I I 
I f a  = i s  + F l  I Ha = Ho Hca 1 Hra = 1 + j 2 ( f s  + F1 - f c )  / Bc I 
I I I I 
I f b  = +s - F1 I Hb = HO Hcb I Htb = 1 + j 2 [ f s  - F1 - f c )  / Be I ................................................................. 
(17) H i  = Hs - (Ha + H b ) / 2  = Ho Hms - ~0 H~~ - Ho Hhr 

(1s) H2 = CONJUGATE (Ha - Hb) = CONJUGATE ( j (4 F i  / Bc) Ho) 

(19) H3 = H i  H2 = - j Hhs (4  Fl/Bc) ( Ho CONJUGATE (Ha) 1 

(20)  vhs = - IMAG (Hhs) / REAL (Hhr)  

(21) 271 T2 ( f s  - Fo) - - REAL (HZ) / IMAG (H3) 

F I G U R E  6 SOLUTION FOR SIGNbL FREQUENCY ERROR 



DISCUSSION 
i 

The signal processing scheme described here for reducing the 
cavity pulling factor of a passive maser appears to offer 
the following: I > 

1. Reduction o f  errors due to uncompensated cavity 
resonance varitions (temperature, etc.) 

t 
I 

2. Reduction of errors  due to receiver noise and 
electronic system imperfections in the c a v i t y  servo 

3. The possibility of operating with a temperature-stable 
cavity without autotuning. 

The method may also be o f  use in monitoring the cavity drift 
i n  large active masers without autotuning. 

The method has apparent limitations, The frequency-error 
computation is based on six measured real values (three complex 
values) cornpared to three in the case o f  criterion (c), and two 
i n  criterion (a). Each of these values includes a contribution 
due to receiver noise. Noise analysis for- an oscillator control 
servu usirrg this method has not yet been accomplished. Some 
rough reasoning indicates that the  frequency-error noise density 
will be greater than for criterion Cc). 

The cnodel assumes a single-mode cavity resonator with ideal 
t r k a r l s f  e r  f uncticln syirrnretry. Serlsitivi t y  to unwanted c a v i t y  
modes, non-ideal microwave circuits, and filters in the common 
signal path i s  not known. Additional circuit transfer 
f u ~ l c t  i 0 1 1  elements may be a~comudated by taking measurements 
a t  additional frequencies, but with the penalty of  additional 
i ~ o i s e .  

The hydr-ogen influence at the side frequencies fa and f b  was 
neglected i n  the derivations. The real p a r t  o f  this influence is 
less tliar~ t l ~ e  square of li'vi-r evaluated at the s i d e  frequerrcy. 
The absolute value of  the imaginary part is less than l/vh, 
closely equal and opposite at the two frequencies. In the 
absence of  saturation these would cause no errors. At actual 
uper-a t ing  levels t h e y  will cause higher order pulling, showing up 
-For suf f icicntly large cavity tuning error, vcs. The err-or vcs = 
0.2 in Fiyur-e 5 is for illustration but is undoubtedly far too 
large f o r  satisfactory accuracy o f  the assumption. 

While it is not r lear  whether this error-detection scheme ic 
advantageous, the derivations imply that cavity pulling is not an 
uljavuidable perturbation o i  the atomic hydrogen emission but is a 
r e s u l  t a f  the scheme used to approximate its frequency. 
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Gifford. The above scheme w a s  deve loped  independently. 
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