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Physics-Based Probabilistic Fatigue Life-Prediction in Aerospace Materials 
 

Objective 
The objective of this task was to develop a physics-based, probabilistic fatigue life-

prediction methodology for various aerospace materials.  Specific goals were to provide a 
microstructural and mechanistic basis for the fatigue variability behavior in selected turbine 
engine alloys, and to implement this understanding in a life-prediction model. 

Abstract 
A physics-based life-prediction model has been developed that provides accurate 

probabilistic fatigue lifetime limits in aerospace materials with respect to microstructural and 
extrinsic variables, and promises significant reduction in the uncertainty associated with life 
prediction.  The modeling is pivoted on some key findings, in terms of the fatigue variability 
behavior, common to a range of aerospace material systems.  First, it is found that the effect of 
microstructural and loading variables on fatigue variability is manifested as separate degree of 
influences on the mean fatigue behavior and the life-limiting, lower-tail behavior.  Therefore, the 
lifetime distribution can be represented as a divergence (or convergence) of these two behaviors 
as a function of the imposed variables.  Second, the life-limiting behavior is shown to be 
controlled by the crack growth regime, irrespective of the microstructure or stress level, via 
negligible crack initiation lifetime in a critical microstructural neighborhood.  This separation of 
mean and the crack-growth-controlled behavior is found to be promoted by the development of 
an array of local heterogeneity scales in the material under any given nominal microstructure and 
loading condition.  These scales, which are related to the underlying microstructural 
configurations, are suggested to produce sequential realization of failure mechanisms in the order 
of decreasing heterogeneity level.  These concepts are vital to the physics-based description of 
fatigue variability and particularly to probabilistic life prediction.  These have been developed 
with the help detailed investigation of the relationship of the mean and the life-limiting 
mechanisms to the underlying microstructural drivers.  Towards this, quantitative analysis of 
crack initiation sites in terms of size, and spatial and crystallographic orientations of the crack 
initiating feature and its neighborhood were employed.  This was also done in conjunction with 
the measurements of small fatigue crack growth variability in microstructurally-initiated as well 
as Focused Ion Beam (FIB) machined notch-initiated cracks.  The probabilistic modeling 
approach developed here is demonstrated to produce accurate predictions of the lifetime 
variability with respect to a host of material and extrinsic variables almost independent of the 
number of experiments, and shown to have significant promise for reducing the uncertainty in 
predicting the limiting lifetime of fracture critical components.   
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Chapter I 
A NEW PARADIGM OF FATIGUE VARIABILITY BEHAVIOR AND IMPLICATIONS 

FOR LIFE PREDICTION 
S.K. Jha1*, M.J. Caton, and J.M. Larsen 

US Air Force Research Laboratory, Wright-Patterson AFB, OH 45431, USA 
1Universal Technology Corporation, Dayton, OH 45432, USA 

Published in:  Materials Science and Engineering A, 2007. 

ABSTRACT 
The treatment of the fatigue variability behavior has traditionally been based on the 

understanding of the mean-lifetime behavior.  With reference to two turbine engine materials, an 
α+β titanium alloy and a nickel-based superalloy, it is shown that the traditional approach may 
not accurately describe the fatigue variability behavior of these materials.  Decreases in stress 
level, or microstructural change directed at increasing the mean lifetime, were found to affect 
mean and worst-case (life-limiting) fatigue behavior differently, and these differences could not 
be accounted for in the traditional understanding.  In particular, the life-limiting mechanism was 
controlled by crack growth although the mean-lifetime response was increasingly dominated by 
crack initiation with decreasing stress level.  A new paradigm of fatigue variability was therefore 
suggested, in which the total uncertainty in lifetime breaks down into the variability in (1) the 
worst-case mechanism and that in (2) the classical, mean-lifetime governing response.  The 
effects of microstructure and temperature on the fatigue variability behavior were studied with 
respect to the new paradigm and found to have a very systematic effect on the worst-case and the 
mean behavior, depending on the degree of influence of these variables on the crack initiation 
and the growth regime.   

Keywords:  Fatigue variability, α+β titanium alloy, nickel-base superalloy, life-limiting 
behavior, microstructure, probability of failure  

1.0 INTRODUCTION 
Fatigue lifetime variability behavior is generally described in terms of variability about 

the overall mean behavior [1-3].  The life prediction approach of fracture critical turbine engine 
components has also been governed by the conventional understanding of fatigue variability 
[4,5].  The minimum book life, or the limiting-lifetime, is taken as the extrapolation of the 
variability about the overall mean behavior at some given set of conditions corresponding to a 
predetermined probability of failure (POF), typically taken as 1 in 1000 [4].  As a result, there is 
large degree of uncertainty associated with the limiting-lifetime prediction and it is estimated that 
a significant number of components may be discarded while still possessing a considerable 
fraction of their useful life [5].  A more accurate predicted life may require a re-evaluation of the 
traditional approach to fatigue variability, especially with respect to its applicability to life 
prediction.     

In this paper, the fatigue variability behavior of two common turbine engine materials is 
discussed.  These were:  the α+β titanium alloy, Ti-6Al-2Sn-4Zr-6Mo (Ti-6-2-4-6) and a powder 
metallurgy (P/M) processed nickel-based superalloy.  There are few studies of fatigue variability 
of titanium alloys, although their mean fatigue behavior has been widely studied, and correlations 
between microstructure and loading variables vs. the mean behavior have been established in 
many cases [6-9].  In α+β titanium alloys, depending on the microstructure, the mean lifetime 
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has been related to the equiaxed α size, and lamellar α/β colony size [7-9].  Decreasing the 
controlling microstructural unit is known to increase the mean lifetime [9], especially at lower 
stress levels.  It is also well known in titanium alloys that, crack initiation has increased 
contribution to the total lifetime as the stress level is decreased [10,11].  The relationship of these 
variables to the fatigue lifetime-variability, however, has not been widely addressed.   

The fatigue behavior of P/M nickel-based superalloys has also been reported in many 
studies [3, 12-18].  These materials are known to fail from crystallographic crack initiation 
[17,18], as well as processing related constituent particles [17-20] and voids [12,13,15,16].  The 
treatment of fatigue variability behavior of these materials has been largely focused at obtaining 
the lifetime distribution from variation in the given microstructural feature as well as, in some 
cases, the variation in the crack initiation and crack growth rates about the mean response [3, 14-
16].  From a design-life perspective, a more important problem may be the competition between 
mechanisms and their ranking in terms of likelihood of occurrence, as addressed in some studies 
[21, 22].   

Recently, it was shown that, the competition between mechanisms, and the interplay 
between the number density of relevant microstructural features and the specimen volume, can 
produce a duality in the S-N fatigue behavior [23].  In a different material [24], the competition, 
and the sequence of occurrence of mechanisms, was shown to produce a superposition of 
variability in two mechanisms at the same stress level.  These and other studies [25] point to 
growing evidence that the fatigue variability behavior may not follow the same trend as the mean 
response.  It is crucial to capture and incorporate these fatigue variability responses for reliable 
life prediction, as it appears this behavior cannot be accounted for in the traditional, mean-based 
framework.   

2.0 MATERIALS AND EXPERIMENTAL PROCEDURE 

The materials in this study were an α+β titanium alloy, Ti-6-2-4-6 and a P/M processed 
nickel-based superalloy.  Two heats of the Ti-6-2-4-6 alloy with constant composition but 
different optical microstructures were considered.  These were designated as the pancake and the 
disk microstructure and are shown in Fig. 1 (a) and (b), respectively.  As shown, both 
microstructures had a duplex structure with equiaxed primary α (αp) grains in a transformed β 
matrix.  These however, differed significantly in terms of their crystallographic texture as shown 
in Fig. 2.   

The microstructure of the nickel-based superalloy is shown in Fig. 3.  The γ - primary γ’ 
structure is revealed in Fig. 3(a) and the secondary γ’ morphology is shown in Fig. 3(b).  Since 
the tertiary γ’ precipitates were very fine, they are not resolved at this magnification.  The median 
γ grain size was about 4 µm.   

Fatigue specimens were electro-discharge machined in the circumferential orientation 
from the forgings of the two heats of the titanium alloy.  The final machining step involved low 
stress grinding.  Subsequently, each specimen was electropolished (to remove approximately 50 
µm from the surface) to eliminate the surface residual stress and to produce a uniform surface 
condition.  Specimens had round-bar geometry with a uniform gage length of about 12.5 mm and 
a diameter of about 4 mm.  The superalloy specimens were also extracted in the circumferential 
orientation from a pancake forging of the material.  For the elevated temperature experiments, a 
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cylindrical, button-head specimen geometry similar to the one described in [26] was used.  The 
gage length was about 15.2 mm and the diameter was about 5 mm. 

The fatigue tests were conducted using an MTS 810 servo hydraulic test system equipped 
with a 458 controller.  The experiments were performed in load-control and in lab air.  The Ti-6-
2-4-6 experiments were performed at room temperature and 260ºC.  The temperature of 650 ºC 
was employed for the superalloy.  The stress ratio was 0.05 for all tests, and the frequencies were 
20 Hz for the titanium alloy and 0.333 Hz for the superalloy.  A resistance-heated furnace with 
dual zone temperature control was used for the high temperature tests, and control thermocouples 
were welded to two locations near the gage of the sample so that the temperature was maintained 
within ± 2ºC of the set point.  A high temperature extensometer was used to record the stress – 
strain behavior throughout the tests.   

Small-crack growth was monitored using the acetate replication technique.  Cracks 
initiating from starter notches, as well as those naturally initiating, were studied.  Starter notches 
were machined using the Femtosecond laser at the University of Michigan, the details of which 
can be found elsewhere [27].  Additionally, in some samples, notches were machined using a 
Focused Ion Beam (FIB).  Replicas were recorded at predetermined cycle intervals at the static 
load of 60% of the maximum load in a cycle.    

Fractography and orientation imaging microscopy (OIM) were performed in a Cambridge 
S360FE scanning electron microscope.  The microscope was equipped with a TSL OIM system.  
For imaging, the accelerating voltage of 15 kV, and the probe current of 100 pA was used.  For 
OIM, the accelerating voltage and the probe current of 20 kV and 10 nA were employed.  The 
sample was tilted at 70º with respect to the horizontal axis for OIM, and the working distance 
was 25 mm.  The sample was moved in steps in automated stage control to scan a large area in a 
single session.    

3.0 FATIGUE VARIABILITY BEHAVIOR OF THE α+β TITANIUM ALLOY 
3.1 Mean vs. the Life-Limiting Behavior 

The fatigue variability behavior of the Ti-6-2-4-6 pancake microstructure at 25ºC is 
shown in Fig. 4 (a).  The mean-lifetime behavior is also superimposed in the plot.  Clearly, the 
mean behavior followed the classical response to the decrease in stress level, which is attributed 
to the increasing contribution of the crack initiation regime to the total lifetime [10,11].  At the 
same time, the life-limiting behavior had a different response, being relatively insensitive to 
change in stress level.  The minimum lifetime also remained almost unaffected with respect to 
σmax, as illustrated in Fig. 4(b).  The result of these different responses of the lower-tail behavior 
and the mean lifetime was that the separation between the minimum and mean lifetimes 
increased with decreasing σmax, causing an increase in the total lifetime-variability (up to 500 X).  
This indicates that the mean and the lower-tail behavior may be governed by different 
mechanisms.  Another consequence of this type of response was that the lifetime corresponding 
to the POF of 0.1% (based on the extrapolation of the total variability) decreased with decreasing 
stress level except at σmax = 820 MPa.  This is also shown in Fig. 4(b).  As discussed earlier, 
these fatigue variability responses cannot be accounted for by the mean-life fatigue based 
understanding and call for an alternate paradigm of fatigue variability behavior.   

The separation of the worst-case mechanism, and the mechanism dominating the mean 
lifetime with decreasing stress level was more evident when the experimental points were plotted 
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as a Cumulative Distribution Function (CDF).  This is shown in Fig. 5.  The lognormal 
distribution function was assumed.  A detailed discussion is provided elsewhere [25].  As shown, 
at the higher stress level (σmax = 1040 MPa), the CDF agreed well with the data.  However at the 
lower stress levels, experimental points exhibited a step-like shape with respect to the CDF, as 
illustrated for σmax = 860 MPa in Fig. 5.  This suggests that the variability in total fatigue lifetime 
results from a superposition of a worst-case and a long-life mechanism (designated as Type I and 
Type II respectively).   

3.2 Total Variability vs. Variability within Mechanisms 
Small-crack growth experiments with different starting notch sizes were conducted to 

determine the contributions of crack-size regimes to the total variability.  The results are 
presented in Fig. 6.  As shown, no small-crack effect and almost insignificant variability in crack 
growth behavior was observed when the starting notch dimension (length x depth) was 20 µm x 
25 µm or larger, and these small-crack growth data matched with the long-crack behavior.  
However, a significant small-crack effect was seen when the crack initiated naturally across an 
equiaxed α grain of size about 4 µm.  The maximum contribution to the total lifetime variability 
is, therefore, expected to originate from crack initiation and early small crack growth (on the 
order of < 20 – 30 µm).   

Figure 4(a) indicates the increasing contribution of crack initiation to the mean lifetime 
(dominated by the Type II mechanism) as the stress level is decreased.  However, the Type I 
lifetimes were up to two orders of magnitude smaller.  The limiting small-crack growth curves 
and the limits on the crack initiation sizes were used deterministically to predict the range in the 
crack growth lifetimes presented in Fig. 7.  This figure clearly shows that the range in the Type I 
lifetimes was related to small crack growth starting from the equiaxed α size scale.  Therefore, it 
can be suggested that the separate response of the mechanisms with decreasing stress level was 
caused by the increasing crack initiation lifetime of the Type II failures, while the Type I 
mechanism was controlled by small-crack growth. 

3.3 Simulation of Variability in the Type I mechanism 
The lifetimes related to the variability in the crack growth rates and the crack initiation 

sizes were simulated using the Monte Carlo method.  The distributions in the crack initiation size 
and the small-crack growth parameters m and c are presented in Fig. 8.  The parameters, m and c, 
of the crack growth equation are correlated [16,28] as shown in Fig. 8(c).  These were therefore 
sampled from their joint probability density using the algorithm described in [28].  Further details 
of the simulation can be found elsewhere [29].  The simulated lifetimes at σmax = 860 MPa are 
shown in Fig. 9.  As shown, these lifetimes had the same range of values as the experimental 
Type I lifetimes.  It is to be noted that the Type I failures are taken as those comprising the left 
part of the step when the data are plotted in the CDF space (see Fig.  5).  The simulated lifetimes 
are compared to the Type I and Type II distributions in Fig. 9 (b) at the σmax of 860 MPa.  A 
reasonable agreement between the two is evident.  This shows that the uncertainty in the worst-
case mechanism was governed purely by the variability in crack growth lifetime starting from the 
relevant microstructural size scale.   

The statistics of the simulated lifetimes are compared with the experimental Type I 
failures with respect to the stress level in Fig. 10. As shown, the predicted mean lifetimes were in 
excellent agreement with the experiment (Fig. 10(a)).  The standard deviations of the simulated 
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lifetimes (Fig. 10(b)), although under-predicted, were similar to that of the Type I failures.  This 
under-prediction may be due to the limited small-crack data used as input, therefore, the possible 
under-estimation of the variability in the crack growth behavior.  The simulated and the 
experimental minimum lifetimes (Fig. 10(c)) were also in reasonable agreement.  Inclusion of 
additional small-crack data is expected to further improve the predictions.  These simulations 
however, confirm the observed behavior that the minimum lifetimes may not vary significantly 
within the range of stress levels considered (see Fig. 4).   

3.4 Effect of Microstructure and Temperature 
The fatigue variability behavior of the pancake and the disk microstructure are compared 

in Fig. 11 (a) and (b) at the σmax levels of 860 and 820 MPa, respectively.  As shown, at both 
stress levels, microstructure had a strong influence on the Type II mechanism but almost no 
effect on the Type I failure distribution.  This led to a decrease in the mean lifetime of the disk 
material.  Since the variability in the Type I mechanism is controlled by crack growth, and given 
the similar equiaxed α size in the two cases, the very weak response of the worst-case 
mechanism to microstructure can be attributed to the very similar crack growth behavior of the 
two microstructures [30].  Due to the dominance of the crack initiation regime in the Type II 
mechanism, the shift with microstructure may be related to a decrease in the crack initiation 
lifetime of the disk microstructure.  It is not surprising that the crack initiation regime was 
significantly more sensitive to microstructure than the crack growth [31]. 

The effect of temperature on the lifetime variability of the two microstructures is shown 
in Fig. 12 at σmax = 860 MPa.  Clearly, the increase in temperature caused a further shift in the 
Type II mechanism towards smaller lifetimes, as illustrated.  However, the Type I lifetimes were 
not significantly affected by temperature.  This was, once again, due to the similar crack growth 
behavior of the material between room temperature and 260°C [30].   

Figures 11 and 12 show that microstructure and temperature had a very systematic 
influence on the fatigue variability behavior, depending on the degree of sensitivity of crack 
initiation and growth regimes to these variables.  This caused the mean (biased towards the crack 
initiation controlled, i.e., Type II, mechanism) and the worst-case behavior (crack growth 
controlled, Type I) to respond very differently to microstructure and temperature.   

3.5 An Alternate Paradigm of Fatigue Variability    
The vital understanding that follows from the preceding discussion is that, the mean and 

the worst-case behavior have separate response to operating variables.  Therefore, an attempt to 
increase the mean lifetime (for e.g., by microstructure modification, decreasing the stress level, 
or decreasing the temperature) may not produce the same effect on the life-limiting behavior.  In 
Ti-6-2-4-6, this seems to be related to the crack growth vs. the crack initiation control of the life-
limiting and the mean behavior respectively.  An alternate paradigm is proposed that accounts for 
this dual response of fatigue variability.  This is illustrated in Fig. 13.  The total lifetime-
variability is due to superposition of variability in the worst-case mechanism and in the long-life 
mechanism.  Further, the uncertainty in the worst-case mechanism is controlled by the variability 
in crack growth lifetime from equiaxed α size scale.  This paradigm can be implemented in a life 
prediction approach, shown in Fig. 9(b) for σmax = 860 MPa.  As discussed previously, the worst-
case and the long-life mechanisms are plotted as separate distributions in this figure.  The 
simulated lifetimes based on the crack growth and the crack initiation size variability is also 
shown for comparison.  Since failure can occur by either one of the mechanisms, life prediction 
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can be based on the variability in the worst-case mechanism, i.e., Type I.  As illustrated (Fig. 
9(b)), this may significantly reduce the uncertainty associated with the traditional approach to life 
prediction. 

4.0 FATIGUE VARIABILITY OF THE NICKEL-BASED SUPERALLOY 
4.1 Mean vs. the Life-Limiting Behavior 

The fatigue variability behavior of the nickel-based superalloy at 0.33 Hz, 650°C, and the 
stress ratio, R of 0.05 is presented in Fig. 14.  As shown, there was a significant increase in the 
mean lifetime with decreasing σmax, but the worst-case, as well as the minimum lifetimes, did not 
change appreciably.  This was similar to the response of the titanium alloy and indicated that the 
mean and the lower-tail behavior were governed by different mechanisms, which continued to 
diverge with decreasing σmax.  The experimental points are plotted in the CDF space in Fig. 
14(b).  Once again, while the CDF agreed well with data at σmax = 1200 MPa, the agreement 
broke down at lower stress levels.   

Characterization of the failures revealed that the life-limiting distribution was related to 
failure from surface non-metallic particles.  The long-life distribution consisted of the surface-
void and the subsurface-non-metallic particle related failures.  This is illustrated by Figs. 15 (a) 
and (b).  Unlike the titanium alloy, in this case failure was controlled by the processing related 
microstructural features.  However, the nature of fatigue variability was the same.  The separation 
into the worst-case and the mean-lifetime dominating mechanisms in the superalloy material may 
be a function of the number density and the size distribution of the relevant microstructural 
features, and also the surface area vs. the volume of the sample [23].  It is also to be noted that 
the three competing mechanisms (i.e., failure from (i) surface-non metallic particle, (ii) 
subsurface non-metallic particle, and (iii) surface-void) are realized, in order of their likelihood 
to cause failure, in order to produce the observed probabilities of occurrence of each (Fig. 14(a)).  
For example, depending on the stress level, the subsurface non-metallic particle failure can occur 
only after all possible conditions for the surface non-metallic particle failure have been exhausted 
in a given sample although all mechanisms may be operating simultaneously. 

4.2 Role of Small and Long Crack Growth in the Life-Limiting Mechanism 
In order to determine the contribution of crack growth in the life-limiting mechanism, 

variability in the small crack-growth behavior of naturally initiated cracks was measured and 
compared to the long-crack behavior obtained from C-T samples.  This is presented in Fig. 16.  
As shown, the variability in the long-crack growth regime was not very significant.  On the other 
hand, a larger degree of variability was seen in the small-crack regime.  The limiting small-crack 
growth curves, along with the observed range of crack initiation sizes of the life-limiting failures, 
were used to make deterministic estimates of the bounds on the crack growth lifetimes.  The 
limiting crack growth lifetimes, shown in Fig. 17, described the range in the worst-case lifetimes.  
As in the case of the titanium alloy, this suggests that the life-limiting failures is controlled 
purely by crack growth from the relevant microstructural feature.   

4.3 Distinction and Similarities between the Behaviors of the Two Materials 
Although the titanium alloy and the superalloy failed by different mechanisms, the nature 

of their fatigue variability behavior was very similar and can be described by the proposed 
paradigm.  In both materials, at higher stress levels, fatigue variability could be described by a 
single-mode CDF.  With decreasing stress level, in both materials, a separation between the 
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worst-case mechanism and the conventionally expected mean-dominating behavior was seen.  
Although speculative at this point, in the titanium alloy this response may be produced by 
activation of heterogeneous deformation mechanisms as the stress level is decreased [32-34] or 
when the microstructural modification is aimed at increasing the mean lifetime.  In the 
superalloy, the effect of the heterogeneity in terms of the spatial distribution of processing related 
features seems to be more active at lower stress levels, causing the separation between the life-
limiting and the mean behavior.  In both materials, the uncertainty in the lifetimes of the worst-
case mechanism can be described by the variability in small-crack growth from the relevant 
microstructural size scale.   

5.0 CONCLUSIONS 
The following primary conclusions can be drawn from this study: 

• The fatigue variability behavior of the α+β titanium alloy and the nickel-based 
superalloy could not be accurately described by the conventional understanding, i.e., 
based on the mean behavior. 

• An alternate paradigm was proposed in which the mean behavior is dominated by a 
different mechanism than the one controlling the life-limiting behavior. 

• The mean-lifetime and the worst-case behavior responded differently to a change in 
microstructure and stress level therefore, affecting the total lifetime-variability. 

• The life-limiting behavior in both materials was controlled by the variability in crack 
growth lifetimes starting from the relevant microstructural size scale.   
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Figures 
 

Figure 1.  Microstructures of the Ti-6-2-4-6 alloy; (a) the pancake microstructure, and (b) 
the disk microstructure. 

Figure 2.  Crystallographic texture of the two microstructures; (a) pancake and (b) disk. 
 

Figure 3.  Microstructure of the nickel-based superalloy; (a) the γ-primary γ’ structure, and 
(b) the secondary γ’ structure.  
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Figure 4.  Fatigue variability behavior of the Ti-6-2-4-6 alloy at 25°C; (a) mean vs. the life-
limiting behavior, and (b) comparison of the B0.1 lifetime with the minimum and the mean 

lifetime.  
 

Figure 5.  Experimental points plotted in the CDF space showing the step-like behavior at 
860 MPa but a good agreement with the CDF at 1040 MPa.  
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Figure 6.  Small-crack growth behavior from notches and naturally initiated cracks in 
Ti-6-2-4-6.  

 

Figure 7.  The deterministic range in crack growth lifetimes based on the limiting small-
crack growth curves and the limits on the crack initiation sizes.  

10-12

10-11

10-10

10-9

10-8

10-7

10-6

10-5

10-4

1 10 100

Long crack, R=0.05
Laser notch # 1
Laser notch # 2
FIB notch # 1
FIB notch # 2
Natural initiation, 860 MPa

da
/d

N
  (

m
/c

yc
le

)

∆K  (MPa-m1/2)

20

60

24

117

µm

µm

µm

µm

20 µm20 µm

25 µm

Natural
initiation

750

800

850

900

950

1000

1050

1100

10000 105 106 107

Surface nucleation
Subsurface nucleation
Mean behavior
Crack growth bounds

σ
m

ax
  (

M
Pa

)

Cycles to failure,  N
f

Type I (controlled 
by crack growth)

Type II (dominated 
by crack initiation)



 

19 

Figure 8.  Inputs to the Monte Carlo Simulation; (a) Crack initiation size distribution, (b) 
variability in crack growth behavior, and (c) correlation between crack growth parameters.  

 

Figure 9.  Simulated vs. experimental lifetimes; (a) comparison of the simulations with the 
total lifetime distribution, and (b) comparison of variability in the simulated lifetimes and 

the experimental Type I distribution.  
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Figure 10.  Comparison of the (a) mean, (b) the standard deviation, and (c) the minimum 
lifetime of the simulations and experimentally observed Type I failures.  

 

Figure 11.  Effect of microstructure on the fatigue variability behavior of Ti-6-2-4-6; (a) 
σmax = 860 MPa, and (b) σmax = 820 MPa.  

 

Figure 12.  Effect of temperature on the fatigue variability behavior of Ti-6-2-4-6.  
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Figure13.  Illustration of the proposed paradigm of fatigue variability behavior.  
 

Figure14.  Fatigue variability behavior of the nickel-based superalloy at 650°C; (a) Mean 
vs. the life-limiting behavior, and (b) Experimental points plotted in the CDF space.  

Figure 15.  Competing failure mechanisms in the Ni-based superalloy; (a) Surface vs. 
subsurface initiated failures, and (b) non-metallic particle vs. void related failures.   
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Figure 16.  Variability in the small and the long crack behavior of the nickel-based 
superalloy.  

 

Figure 17.  Deterministic range in the crack growth lifetimes in the superalloy material 
based on the limiting small crack growth curves and the observed range of crack initiation 

sizes of the life-limiting mechanism.  
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Abstract 
The long-lifetime fatigue regime is suggested to be a probabilistic realization of 

sequentially occurring mechanisms.  We associate these mechanisms with the development of a 
ranking of heterogeneity scales in the material, with decreasing probability of occurrence in the 
order of increasing scale, at any given loading condition.  The underlying drivers for these 
heterogeneity levels are an array of randomly occurring microstructural configurations.  With 
respect to the α+β titanium alloy, Ti-6Al-2Sn-4Zr-6Mo (Ti-6-2-4-6), we identify four 
microstructural configurations producing different degrees of heterogeneous behavior.  At lower 
stress levels, these configurations present probabilities of failure by a crack-growth-controlled, 
life-limiting mechanism, and a group of long-lifetime mechanisms.  This description of the long-
lifetime regime seems to explain the increased incidence of subsurface failures with decreasing 
stress level, as well as the microstructural neighborhoods involving crack initiation in short and 
long-lifetime mechanisms and those related to surface and subsurface failures.    

Keywords:  Heterogeneity scales, Microstructural configuration, Probabilistic 
description, fatigue variability, Ti-6Al-2Sn-4Zr-6Mo, long-lifetime regime, life-limiting 
mechanism.   

1.0 INTRODUCTION 
Characterization and understanding of the fatigue behavior in the long-lifetime regime is 

essential to meet the demand for increased durability of gas turbine engine components [1], as 
well as, realizing safe operation in the ultra-long cycle regime in many current and emerging 
applications [2, 3].  In particular, there is a need for a quantitative physics-based analysis of long-
lifetime fatigue [4] in order to remove empiricism from life-prediction and management 
approaches in fracture critical applications [4, 5].   

There has been an increased interest in the very high cycle fatigue (VHCF) regime in the 
recent years [6, 7].  The capability to conduct fatigue tests by ultrasonic excitations has enabled 
significantly faster experimentation and characterization of behavior beyond 107 cycles [6-9].  It 
is widely accepted that the conventional fatigue limit does not extend to longer lifetimes [10-12].  
Often, depending on the material, the long-lifetime regime is accompanied by a step in the stress 
vs. lifetime (S-N) behavior, which is attributed to a switch in the crack initiation mechanism at 
lower stress levels [10-12].  In most cases, this change in mechanism has been reported to be 
associated with a shift from surface to subsurface crack initiation [12-14].  In particular, 
subsurface crack initiation has been related to non-metallic particles in many studies [10, 12, 13].  
This behavior has been explained through existence of multiple thresholds corresponding to 
initiation of fatigue by each mechanism [11].   
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The above descriptions of fatigue in the long-lifetime regime seem to relate to the average 
behavior.  Therefore, the understanding of the effect of microstructure and loading variables on 
fatigue lifetime in this regime has been largely deterministic.  A probabilistic description of the 
long-lifetime behavior appears attractive, given the variable nature of fatigue, but perhaps more 
so, from a life-prediction perspective.  This is owing to an increasing need in the aircraft industry 
for move towards probabilistic life-prediction, especially, physics-based methodologies [5].  This 
will remove the large degree of uncertainty in life prediction that might occur in traditional, 
uncertainty-factor-based design approaches [14].  A probabilistic understanding of fatigue 
behavior in the long-lifetime regime may therefore, naturally lend itself to emerging life-
prediction and life-management practices [5].   

Towards a probabilistic description, the competition between mechanisms, in which the 
final failure in any given loading regime is suggested to occur by the mechanism that produces 
the shortest lifetime, has been recognized in several studies [11, 12].  Its effect on producing 
separation of life-limiting and the mean-dominating behavior in the fatigue variability response 
[15-17] and causing dual S-N curves [18] has been reported recently.  Besides the relatively 
known population of grains and microstructural features, random microstructural neighborhoods 
and their interaction with the fatigue variability response are relatively unexplored.            

Here, we discuss a probabilistic approach to describing the long-lifetime fatigue behavior, 
and the effect of microstructure and loading variables on the long-lifetime regime of the α+β 
titanium alloy Ti-6-2-4-6.  By long-lifetime we mean lifetimes in the range of 106 to 107 cycles 
which are not in the very high cycle fatigue (VHCF) regime in the strictest sense, but the same 
concepts are applicable beyond 107 cycles.  We show that the long-lifetime fatigue is a result of 
fatigue variability behavior arising due to sequential probability of occurrence of mechanisms, in 
order of decreasing level of underlying heterogeneous deformation.  Our emphasis has been on 
identifying the randomly occurring microstructural configurations associated with the 
heterogeneous response and their relationship to fatigue variability behavior at lower stress 
levels.   

2.0 MATERIALS AND EXPERIMENTAL PROCEDURE 

The materials in this study were two similar microstructures of the α+β titanium alloy, 
Ti-6-2-4-6.  These are shown in Fig. 1 (a) and (b) respectively.  We designate these as 
microstructures A and B, as indicated.  The microstructures differed slightly in terms of the 
primary-α structure, in that there was a small increase in the volume fraction of equiaxed-α in 
microstructure B, along with occasional clusters of a few equiaxed-α grains.  The lath-α size in 
microstructure B was much smaller than in microstructure A, as evident from Fig. 1.  In terms of 
texture, reported in [17], the differences between the two microstructures were more apparent.  
Particularly, there was greater tendency for the basal and the prismatic poles to be parallel to the 
loading axis in microstructure B [17]. 

Some of the experimental procedures in this study have been reported in [15, 17].  The 
crack initiation facet angles, with respect to the loading axis, were measured using the MeXTM (a 
trademark of Alicona Imaging GmbH) 3D image analysis program.  Stereo-image pairs at 
relative tilt of 7° were recorded for this purpose using a Lecia S360FE Scanning Electron 
Microscope.  The crack initiation neighborhoods in selected samples were analyzed by sectioning 
the crack-initiation region using focused ion beam (FIB) machining.  A FEI-NOVATM dual beam 
FIB system was used for this purpose.  A Ga ion beam was employed at the accelerating voltage 
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of 30 kV and the current of 9.3 nA.  The FIB sections were made either parallel or perpendicular 
to the fracture surface.  The sectioning step-size was such as to preserve part of the crack 
initiating grain.  The sectioned planes were then characterized by Electron Back Scattered 
Diffraction (EBSD) to determine the orientation of the crack initiating grain and the surrounding 
neighborhood.  The inverse pole figure (IPF) plots and maps were constructed using the TSLTM 
analysis software. 

Figure 1.  Back-scattered electron (BSE) images of (a) microstructure A and (b) 
microstructure B of Ti-6-2-4-6.  

Probabilistic Description of the Long-Lifetime Regime 
The observed long-lifetime fatigue response, producing two-stage S-N curves [11, 12] or 

failures (in the 107 – 109 cycles range) by appearance of a different mechanism such as 
subsurface-inclusion based crack-initiation [7, 10], can be suggested to be a special case of a 
more general fatigue variability behavior.  In particular, we propose that nominally elastic 
loading produces a ranking of heterogeneity levels in a material, even under the same loading 
condition.  By heterogeneity levels we imply the scale or intensity of localized plastic 
deformation as caused by randomly existing microstructural neighborhoods.  Borrowing the 
concepts from statistical-physics [19], higher the level of heterogeneity, the smaller is the 
probability of its occurrence in a sample.  It also follows that, for a given crack initiation location 
(surface or subsurface), the higher the rank of the heterogeneity associated with a mechanism, the 
shorter is the lifetime.   

The above description supposes that deformation can be concentrated in several random 
microstructural configurations.  In a later section, we identify these configurations in Ti-6-2-4-6.  
The incidence of a given lifetime-range, therefore, may be less dependent on reaching the 
threshold for a damage accumulation method [11], but controlled by the probability of a 
microstructural configuration that would produce the necessary heterogeneity level for crack 
initiation and early propagation.  This suggests that, the behavior in the long-lifetime regime 
corresponds to probabilistic realizations of sequential failure mechanisms, signifying the 
possibility of both short and long-lifetimes for given microstructure and loading variables.      

Long-Lifetime Regime in Ti-6-2-4-6 
The fatigue variability behaviors of microstructures A and B of Ti-6-2-4-6 at room 

temperature are presented in Fig. 2 (a).  The deterministic crack growth lifetime limits are 
superimposed in the figure.  The calculations of crack growth bounds were based on the limiting 
small crack growth curves, shown in Fig. 2(b), and the range in the observed crack initiation 
sizes [20].  As illustrated in the figure, power-law fits to the small crack data representing the 
fastest and the slowest crack growth rates were taken as the limiting curves.  The crack initiation 

Microstructure Aa Microstructure Bb
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sizes were measured from the fracture surface and corresponded to the crack initiation facet 
present at the origin of the crack [20].  The crack growth behaviors of the two microstructures 
were similar.  Therefore, the calculated lifetime bounds can be considered applicable to both 
cases. 

Figure 2 indicates that, in both microstructures, the mean-lifetime behavior (designated as 
Type II in the figure) diverged from the crack-growth-controlled life-limiting behavior 
(designated as Type I) as the stress level was decreased.  In [15-17] we describe this behavior by 
a bimodal probability density.  This separation produced up to 500X variability in lifetime at the 
same stress level.  The long-lifetime fatigue regime could, therefore, be a manifestation of 
decreased probability of occurrence of a microstructural configuration in the specimen surface to 
enable a purely crack-growth-controlled mechanism.  Other mechanisms in the sequence can 
emerge with varying probabilities, producing much longer lifetimes.  However, the latter 
mechanisms need not be related only to subsurface crack initiation, as evident in Fig. 2(a).  
According to the suggested probabilistic description, these longer-lifetime mechanisms might be, 
related to either a smaller heterogeneity scale (therefore, more frequently distributed) at the 
surface or a larger heterogeneity level (therefore, unlikely to occur at the surface) occurring in the 
subsurface.   

It is also to be noted that the transition from surface to subsurface failure is not abrupt but 
gradual, with increasing probability of subsurface mechanism occurring with decreasing stress.  
Szczepanski, et al. [21] show that this trend continues into the 107 – 109 cycles regime.   

Figure 2.  Divergence of the mean-dominating mechanisms from the crack-growth-
controlled life-limiting behavior in Ti-6-2-4-6; (a) fatigue variability behavior of 

microstructures A and B and (b) The small crack growth rate limits used in the calculation.  
Different Heterogeneity Scales 

Here we attempt to reveal the possible heterogeneous configurations underlying the life-
limiting and the long-lifetime (or the mean-dominating) mechanisms.  At moderate temperatures, 
slip in the α phase is considered as the primary deformation mode in α+β titanium alloys [22, 
23].  The soft deformation modes are known to be slip in a prismatic <a> system, followed by the 
basal <a> slip [22].  The deformation in the c-direction of the HCP crystal is accounted by <c+a> 
slip, which is a significantly harder slip mode [23, 24] when compared to the <a> modes.  
Although the slip mechanisms in the lamellar α/β colonies are not fully understood, deformation 
is thought to be accomplished by either prismatic slip parallel to the α/β interface or basal slip 

(a) (b)
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across the interface [22, 24].  The later is made possible by the Burger’s orientation relationship 
in the lamellar region:  (0001)α // {110}β and >< 0211 α // <111>β. 

Typical surface crack initiation regions in Type I (life-limiting) and Type II (mean-
lifetime dominating) mechanisms at 860 MPa are shown in Fig. 3(a) and (b) respectively.  The 
crack initiated across an equiaxed-α grain, producing a facet at the crack origin in both 
mechanisms, as shown.  In some cases (especially in Type II failures) more than one facet was 
seen.  Clearly, any differences between the underlying microstructural configurations in the two 
cases cannot be conclusively ascertained from the fracture surfaces.   

Heterogeneity Neighborhoods Associated with Surface Crack Initiation  

A comparison of the surface crack initiation size distribution and the nominal equiaxed-α 
size distribution revealed that the crack initiation sizes were displaced slightly to the right of the 
nominal distribution of the equiaxed α [20].  However, the critical facet size was not in the 
extreme right tail, especially considering that the measured facet area usually represents the 
largest plane across the grain as opposed to random sections in a nominal measurement [25].  
Also, there was no clear trend in the crack initiation size with respect to the lifetime [20].  These 
results seem to reinforce the important roles of the orientation of the crack initiating grain 
(besides the size) and the local neighborhood in crack initiation. 

Figure 3.  Typical crack initiation morphology in (a) a Type I mechanism tested at 860 MPa 
that failed in 72,977 cycles and (b) a Type II mechanism tested at 860 MPa and having the 

lifetime of 2,755,245 cycles.  
In Fig. 4, the angle of the crack initiation facet normal with the loading axis (indicated as 

θ in the figure) is plotted with respect to lifetime for the two microstructures of Ti-6-2-4-6.  The 
data points correspond to the applied stress levels of 860 and 820 MPa.  As shown, irrespective 
of lifetime, surface crack initiation facets in microstructure A were at an angle of about 35 - 45° 
from the loading axis.  The spread in the angles was slightly larger in microstructure B.  Figure 4 
indicates that, in both Type I and Type II surface crack initiation, these facets were oriented for 
close to maximum shear, i.e., slip deformation. 

a

6 µm

b
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Figure 4.  Crack initiation facet angle with respect to the loading axis.  
Examples of FIB sections of the crack initiation region in a Type I and a Type II 

mechanism are shown in Figs. 5 and 6 respectively.  The crack origin in a sample tested at 860 
MPa that failed in 61,162 cycles (Type I) is shown in Fig. 5(a).  The crack initiation facet is 
indicated in the figure.  The facet angle with respect to the loading axis was 35.02°.  In this case, 
the FIB surface was parallel to the fracture surface.  The Inverse Pole Figure (IPF) map (in the 
loading direction) from the FIB sectioned plane is shown in Fig. 5(b).  The crack initiating 
equiaxed-α grain is identified in the figures.  The IPF map indicates that the crack initiating grain 
had a close to basal orientation with respect to the loading axis.  This would mean that, in Type I 
failures, the crack initiation facet may be formed by a <c+a> hard slip mechanism. 

Figure 5.  FIB sectioning and OIM analysis of crack initiation region in a Type I failure; (a) 
the crack initiation region and (b) IPF map, in the loading direction, of the FIB plane 

(machined parallel to the fracture surface).  
The crack initiation region in a Type II failure at 860 MPa is shown in Fig. 6(a).  The 

lifetime in this case was 1,996,709 cycles.  The crack initiation facet is indicated.  The facet 
angle with respect to the loading axis was 42.33°.  In this sample, the FIB section was made 
perpendicular to the fracture surface, at about 2 µm from the sample edge, as indicated by the 
dashed line.  Only a part of the crack initiating α grain was sectioned through, as illustrated.  The 
partially sectioned crack initiating α grain is indicated by the arrow.  The IPF map, in the 
direction of the loading axis, is shown in Fig. 6(b).  Clearly, in this case, the crack initiating α 
grain does not have a basal orientation with reference to the loading axis, unlike the Type I 
mechanism.  

 

10 µm

a b
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Figure 6.  Analysis of the crack initiation region in a Type II failure; (a) fracture surface 
showing the crack initiation region, (b) IPF map of the FIB plane in the loading direction.   

The orientation of crack initiating α grain in three Type I, and a Type II failure, measured 
by the procedure described above, are plotted in stereographic triangles in Fig. 7.  The Schmid 
Factor (SF) contour lines [24] are superimposed in these figures.  The SF contours for prismatic 
<a>, basal <a>, 1st order pyramidal <c+a>, and 2nd order pyramidal <c+a> are shown in Figs. 7 
(a), (b), (c), and (d) respectively.  Firstly, as expected from the IPF maps, the Type I points 
(indicated by the circular symbol) plot close to the basal pole.  Furthermore, Figs. 7(a) and (b) 
indicate that the crack initiating α-grains, in the Type I mechanism, were not in the high SF 
regions for either prismatic <a> or basal <a> slip.  On the other hand, Figs. 7(c) and (d) indicate 
that these points were very close to maximum SF for either 1st order or 2nd order pyramidal 
<c+a> slip (both being significantly harder slip modes compared to the prismatic <a> and the 
basal <a> slip).  The crack initiating grain in the Type II mechanism (indicated by the square 
symbol in Fig. 7) was oriented close to maximum SF for the soft, basal <a>, slip (Fig. 7(b)).   

From the argument of different heterogeneity levels, it is known that an α grain oriented 
for hard slip, surrounded by soft grains or colonies presents a location of significant stress 
concentration [22, 23].  This kind of microstructural configuration can be considered to be a 
higher ranked heterogeneity scale than a favorably oriented primary-α, as in the Type II 
mechanism.   

The poles representing the α lath (in lamellar colonies) and the primary-α grains, 
neighboring the crack initiating α grain in the two mechanisms, were also plotted in 
stereographic triangles.  The purpose was to determine the possible deformation characteristics of 
the neighborhood in relation to the crack initiating grain that would highlight further differences 
between the two mechanisms.  This is shown in Figs. 8 and 9 for Type I and Type II mechanisms 
respectively.  The contour lines representing SF for prism <a> and basal <a> slip are 
superimposed in Fig. 8 (a) and (b) respectively.  In Fig 8, neighboring grains from the three Type 
I samples, as in Fig. 6, are plotted.  The lath-α is represented by the circular symbol and the 
equiaxed-α grain is shown by the square symbol.  In the Type I mechanism (Fig. 8), almost all 
neighboring grains from the three samples were away from the hard <c+a> slip mode (i.e., away 
from the basal orientation).  It is also striking that none of the neighboring poles, in the Type I 
mechanism, plot near the ( 0112 ) plane (Fig. 8).  
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Figure 7.  Deformation mechanisms of crack initiating primary-α grain in Type I and Type 
II mechanisms with the help of SF contour maps for (a) prismatic <a> slip, (b) basal <a> 

slip, (c) 1st order pyramidal <c+a> slip, and (d) 2nd order pyramidal <c+a> slip.  

As stated before, slip in lamellar colonies is said to occur by prismatic <a> mode (in α-
lath) along the interface, or basal <a> slip across the colony due to alignment of (0001)α and 
(110)β slip planes per the Burger’s relationship [22].  Accordingly, only one out of the three 
possible prismatic <a> slip systems can be active in the lamellar phase [22].  Therefore, high SF 
for prismatic <a> slip is a necessary but not the sufficient condition for slip.  However, all of the 
three basal <a> systems can be active, provided the α-lath is oriented for the basal slip [22].  
Figure 8(b) indicates that a majority of the neighboring lath-α, in the Type I mechanism, plot 
between SF of about 0.35 and 0.5 for basal <a> slip, implying that these neighboring colonies 
were oriented for easy deformation mode.  The remainder of α laths (total of 7) shows high 
(between about 0.4 and 0.5) SF for prismatic <a> slip, as indicated by Fig. 8(a).  However, in 
order to confirm that these neighboring colonies were “soft”, it needs to be ascertained if the 
prismatic planes in these laths are parallel to the α/β interface.  Figures 8 (a) and (b) also indicate 
that most of the neighboring primary-α (square symbols) grains, in the Type I mechanism, were 
oriented for either prismatic <a> or basal <a> slip.  Although it remains to be verified if the 
prismatic <a> systems in laths with high SF for that slip are parallel to the α/β interface, it 
appears that the microstructural neighborhood in Type I mechanism consists of a hard primary-α 
grain surrounded by soft lamellar colonies and primary-α.  This is also consistent with 
suggestions in other studies [22, 23] that this kind of configuration presents enhanced stress 
concentration at the basal-oriented primary-α due to strain incompatibility with the easily 
deforming neighborhood.  Crack initiation in the Type I mechanism can be suggested to occur by 
cracking across a pyramidal plane in a close to basal-oriented primary-α that is surrounded by 
“easy-slip” colonies and equiaxed-α grains.   

Type I

Type II

Prismatic <a> Basal <a>

1st order pyramidal <c+a> 2nd order pyramidal <c+a>

(a) (b)

(c) (d)
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Figure 8.  Possible slip behavior of lath and equiaxed α neighboring the crack initiating 
grain in Type I failures; (a) prismatic <a> contour map and (b) basal <a> contour map.  

The poles of lath-α and primary-α neighboring the crack initiating grain in the Type II 
mechanism are plotted in Fig. 9.  The closed circles represent the lath-α and the closed squares 
indicate the equiaxed-α grains.  In this case, again, almost all neighboring α laths and grains are 
away from the hard, basal orientation.  There is an equal mix of lath-α with high SF for basal <a> 
and those with high SF for prismatic <a> slip.  We haven’t determined if the ones oriented for 
prismatic <a> slip satisfy the condition for easy deformation of the colony.  It is, therefore, hard 
to draw conclusions towards the extent to which these neighboring colonies and grains played a 
role in crack initiation in the Type II mechanism.  It seems clear, however, that in the Type II 
surface initiated failures, crack initiated by slip accumulation in a (or a few) favorably oriented 
(for basal <a> slip) α grain(s).  This is similar to the conventional slip band cracking mechanism 
that is associated with the creation of surface steps [11]. 

Figure 9.  Possible slip mechanisms of lath and equiaxed-α neighboring the crack initiating 
grain in a Type II failure; (a) prismatic <a> SF contours and (b) basal <a> SF contours.  

As shown in Fig. 2(a), in addition to surface crack initiation, the mean-dominating (Type 
II) distribution also comprised of the subsurface initiated mechanism.  Two different kinds of 
subsurface crack initiation characteristics were observed.  Examples of these are presented in 
Figs. 10 and 11.  In the first (Fig. 10(a)), the crack initiation facet appeared to correspond to a 
cluster of equiaxed α and lamellar α/β colonies producing a continuous, relatively large crack 
initiation facet.  The angle of this facet with respect to the loading axis was measured at multiple 
locations (labeled in Fig. 10(a)).  The measurements are shown in Fig. 10(b) and indicate that the 
angles were very similar at each of the locations, confirming that the crack initiation facet is 
continuous.  The average angle with respect to the loading axis was about 44° suggesting that the 
facet was formed due to continuous slip in a microstructural cluster that included equiaxed-α and 
lamellar colonies.  We have not yet analyzed the crystallographic direction of the facet 

Heterogeneity Scales Associated with Subsurface Crack Initiation    
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constituents with respect to the loading axis.  However, it can be suggested that the slip planes of 
the constituent phases in the facet were aligned. 

Figure 10.  Subsurface crack initiation by a cluster producing continuous facet plane (σmax 
= 820 MPa, Nf = 3,088,204); (a) the crack origin and (b) facet angles at the locations 

labeled in (a).  
The second subsurface crack initiation characteristic observed in Ti-6-2-4-6 is shown in 

Fig. 11(a).  In this case, we observe a cluster of equiaxed-α grain facets, over a relatively large 
region, at the crack origin.  Szczepanski, et al [22] have also identified this as the predominant 
subsurface crack initiation mechanism at ultrasonic loading frequencies.  The angles of these 
facets, with respect to the loading axis, are shown in Fig. 11(b).  Once again, all facets belonging 
to the cluster were oriented similarly and the angles were in the range of about 31-53°, i.e., close 
to maximum shear.  Szczepanski and coworkers [22] have determined that most of the facet-
forming equiaxed-α grains were close to basal <a> slip orientation.  The lifetimes in this 
subsurface crack initiation configuration were generally longer than the one shown in Fig. 10.  

Figure 11.  Subsurface crack initiation by a primary-α cluster (σmax = 820 MPa, Nf = 
4,487,636); (a) the crack origin and (b) facet angles.  

Based on the above discussion, in Ti-6-2-4-6, at least 4 heterogeneity levels can be 
identified.  The underlying microstructural configurations are schematically illustrated in Fig. 12.  
In the order of decreasing intensity of deformation accumulation, these are:  (i) Cluster of 
equiaxed-α and lamellar α/β colonies with aligned slip planes and oriented for close to 
maximum shear, (ii) Cluster of equiaxed-α grains, each similarly oriented for basal <a> slip, (iii) 
A hard equiaxed-α (oriented for pyramidal <c+a> slip) surrounded by soft lamellar colonies and 
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primary-α, and (iv) A (or a few) favorably oriented (for basal <a>) equiaxed-α grain(s).  It 
follows from our earlier argument that, the probability of occurrence of these configurations will 
decrease in the order of increasing scale of heterogeneity.   

Recognizing the difference between the free surface and the subsurface location with 
respect to fatigue, the four heterogeneous configurations in Fig. 12 can be arranged into at least 8 
possible failure mechanisms.  However, due to decreasing probability of occurrence with 
increasing heterogeneity level, it seems that only 4 mechanisms (2 surface-initiated and 2 
subsurface) were observed in the given number of tests.  The ranking of heterogeneity levels and 
the associated probabilities seems to explain the observation that the two surface-initiated 
mechanisms corresponded to two relatively smaller scale configurations (Fig. 12).  

Figure 12.  Illustration of randomly occurring microstructural configurations in Ti-6-2-4-6 
producing a ranking of heterogeneity scales.  

The ranking of heterogeneity scales and their interaction with surface and the subsurface 
location can be suggested to produce the following sequence of mechanisms in this study:  (i) 
surface initiated failure from a hard primary-α (Fig. 12(c)), (ii) surface crack initiation in a (or a 
few) favorably oriented primary-α (Fig. 12(d)), (iii) subsurface crack initiation from a cluster of 
equiaxed-α and lamellar colonies (Fig. 12(a)), and (iv) subsurface crack initiation from an 
equiaxed-α cluster (Fig. 12(d)).  It is to be noted that, the probabilities of occurrence of any given 
level of heterogeneous deformation will decrease with decreasing stress level, implying a 
continued shift towards failures by higher ranked random microstructural configurations.  This 
may explain the increased incidence of subsurface initiated failures with decreasing stress level.  
However, the occurrence of the surface initiated mechanism in the very long-lifetime regimes 
cannot be ruled out.  In those regimes, surface failures can be realized by higher ranked 
heterogeneity scales, for example, by a cluster of similarly oriented primary-α.  Although the 
probability of occurrence of such mechanism at the surface will decrease for a larger scale of 
associated microstructural configuration, this ought to be accounted for from a life-prediction 
perspective.  The probabilistic description of the long-lifetime regime discussed here also 
explains the observations that the long-lifetimes occur either by surface failures from a small 
heterogeneity scale (as in a favorably oriented primary-α) or by subsurface failures from a large 
heterogeneity scale (as in clusters with aligned slip planes).  Finally, it can be emphasized that 
the present probabilistic description of long-lifetime regime provides a physical-basis for fatigue 
variability by accounting for randomly occurring microstructural scales.  As such, it may be very 
advantageous in reducing the uncertainty in lifetime prediction [16, 17].    

3.0 CONCLUSIONS 
The following primary conclusions can be drawn from this study: 
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• The long-lifetime regime in Ti-6-2-4-6 could be described as a probabilistic 
realization of surface-crack-growth controlled mechanism or mean-lifetime 
dominating mechanisms.   

• Four randomly occurring microstructural configurations were identified, which were 
related to different heterogeneity scales at the same loading condition.   

• The surface short-lifetime mechanism occurred by cracking along, or near, pyramidal 
planes in an equiaxed-α oriented for hard, <c+a> slip.   

• The surface long-lifetime mechanism occurred by slip in a favorably oriented (for 
basal <a> slip) primary-α grain.   

• The subsurface long-lifetime mechanisms occurred in the region of larger 
microstructural configurations than the surface failures.   

• The probabilistic description of the long-lifetime regime appeared to explain the 
increasing incidence of subsurface mechanism with decreasing stress level, as well as 
the heterogeneity scales associated with surface and subsurface failures. 
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ABSTRACT 
We describe fatigue lifetime variability as a separation/overlap of a crack-growth-

controlled life-limiting mechanism and a mean-lifetime dominating behavior.  We implement 
this description through a bimodal probability density representing the superposition of the crack-
growth and the mean-lifetime dominating densities.  Using the α+β titanium alloy Ti-6Al-2Sz-
4Zr-6Mo, it is shown that the effect of microstructure, temperature, and loading variables have 
different influences on the life-limiting (worst-case) vs. the mean-lifetime behavior.  We suggest 
that this behavior may be related to the development of different deformation heterogeneity 
levels in the material at any given loading condition, which appears to present some probability 
of a predominantly crack-growth controlled mechanism controlling the worst-case behavior.  
Based on the new description of fatigue variability, a procedure is presented for predicting the 
probability of failure from a relatively small number of experiments.  This description appears to 
explain the fatigue variability trends reported in other studies and is shown to be especially 
relevant for reducing the uncertainty in prediction of useful fatigue lifetime for fracture-critical 
structures. 

Keywords:  Fatigue variability, life prediction, life-limiting mechanism, probability of 
failure, α+β titanium, Ti-6Al-2Sn-4Zr-6Mo, crack initiation, crack growth, worst-case fatigue 

1.0 INTRODUCTION 
Traditional descriptions of the variability in fatigue lifetime behavior are often guided 

primarily by a material’s mean-lifetime response, and fatigue variability is characterized as a 
distribution about the overall mean-lifetime behavior [1, 2].  This is illustrated schematically in 
Fig. 1.  In such approaches, the lifetime probability-density is typically based on a deterministic 
understanding of the mean-fatigue relationship to operating variables and is often derived from 
the probability distribution of variables in these relationships [3, 4].  An implicit assumption in 
this description (Fig. 1) is that the tails of the fatigue variability behavior result from random 
deviations from the overall mean behavior and have the same response to the operating variables 
as the mean.  However, a sufficient number of experiments may not be always available to verify 
this trend.  Often, the uncertainty in lifetime is observed to increase with decreasing stress level 
(Fig. 1) and is attributed to greater contribution of the crack initiation regime in the total lifetime 
[5].  
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The current approach to probabilistic life-management of fracture-critical turbine engine 
components also seems to be driven by the above understanding of fatigue variability [1, 2].  As 
illustrated for a given loading in Fig. 1, the lower-tail, and therefore the book-life, is derived by 
extrapolation of variability with respect to the mean to an acceptable level of risk (typically taken 
as 1 in 1000 probability of development of a pre-defined level of damage) [6].  As such, this 
approach appears to present significant uncertainty in life-prediction [6].  Due to the underlying 
description of fatigue variability, this approach may also produce physically counterintuitive 
predictions with respect to operating variables.  For example, due to increased uncertainty in 
lifetime with decreasing stress level, lower useful-lifetimes may be predicted at lower stress 
levels, as illustrated for the α+β titanium alloy Ti-6Al-2Sn-4Zr-6Mo (Ti-6-2-4-6) in Fig. 2((a) 
and (b)) [7, 8].  The experimental points are plotted with respect to the lognormal cumulative 
distribution function (CDF) (shown by broken lines) in Fig. 2(a).  As the stress level was 
decreased, the mean lifetime significantly increased (Fig. 2(a)), which is attributed to increased 
contribution from the crack initiation regime in α+β titanium alloys [9].  The increase in the 
mean corresponded to a shift in the upper-tail behavior to the right (Fig. 2(a)).  On the other 
hand, the life-limiting behavior or the lower-tail in Fig. 2(a) was very weakly affected by stress 
level.  This produced increased separation between the crack initiation-dominated, mean-
response, and the life-limiting behavior, as illustrated by the bar graph in Fig. 2(b).  However, 
since the increased variability is attributed only to the deviation from the overall mean fatigue 
response, the present understanding allows for arbitrarily increasing the scale of the lifetime-
distribution function, therefore, resulting in a significantly lower design lifetime (the 1 in 1000, 
or the B0.1 lifetime shown in Fig. 2(b)) at lower stress levels.  

Figure 1.  Illustration of the traditional description fatigue variability behavior the 
corresponding life-prediction approach.  

The same arguments can also be applied to the observed decrease in lifetime variability 
with an increase in the operating temperature [8] or by seeding a material with non-metallic 
particles which produces uniformly distributed crack initiation sites [10, 11].  In the traditional 
description of fatigue variability, if the lifetime uncertainty in these cases is described only as 
deviations with respect to the mean behavior, it is possible to predict significantly lower B0.1 
design lifetimes at the room temperature than at the elevated temperature.  Similarly, a lower 
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B0.1 limiting lifetime may be predicted in a relatively defect-free material, when compared to 
increased defect content.  These conclusions can be reasoned statistically, but from a physical 
standpoint one expects a greater risk of failure at elevated temperature and in the presence of 
defects.   

Figure 2.  Illustration of the separate response of tails and the mean of the fatigue 
variability behavior of Ti-6-2-4-6; (a) CDF vs. experiment and (b) Illustration of physically 
counterintuitive B0.1 lifetime w.r.t. stress level when based on the traditional description of 

fatigue variability.  
Questions raised in this paper are firstly, whether it is physically accurate to describe the 

tails of fatigue variability as an extrapolation of deviations from the expected mean behavior.  
Secondly, can an increase in variability with decreasing stress level (or with respect to 
microstructure and other variables) be accommodated simply by broadening the lifetime 
probability density? Our earlier studies [7, 8, 12, 13] suggest that a continual increase in the scale 
of the lifetime density is not physically plausible without being accompanied by a breakdown or 
some sort of separation of mechanisms.   

We have discovered the so called separation of mechanisms as a function of 
microstructure and loading variables in several structural materials including Ti-6-2-4-6 [7, 8], γ-
TiAl based alloys [12], and nickel-based superalloys [13].  This kind of response was also seen in 
a separate study on a β-titanium alloy [14].  These studies appear to point to an alternate theory 
of fatigue variability wherein the microstructure and external variables may produce different 
response of the mean-lifetime behavior and the life-limiting behavior in certain loading regimes.  
In this paper we implement this description of fatigue variability by a bimodal probability density 
representing superposition of these dual mechanisms with reference to the α+β titanium alloy, 
Ti-6-2-4-6.  We examine the effect of microstructure and external variables on the life-limiting 
and the mean-dominating peaks of the bimodal density.  A procedure for calculating the fatigue 
variability density of Ti-6-2-4-6, with respect to microstructure and loading variables from 
limited number of experiments is presented.  This description is then applied in a fracture 
mechanics based life-prediction methodology for this material.  In the end, the possible physics 
behind the separation of mechanisms is discussed. 

104 105 106 107
.01

.1

1

5
10
20
30
50
70
80
90
95

99

99.9

99.99

1040 MPa
925 MPa
900 MPa
860 MPa
820 MPa

Cycles to Failure,  N
f

P
ro

ba
bi

lit
y 

of
 F

ai
lu

re
  (

%
)

(a) (b)



 

40 

2.0 MATERIALS AND EXPERIMENTAL PROCEDURE 
2.1 Materials 

The Ti-6-2-4-6 material considered in this study was in the forged condition.  Two 
different microstructures, designated as microstructures A and B, were produced.  The 
microstructural details have been provided elsewhere [8].  Both microstructures consisted of a 
mixture of equiaxed (or globular) primary-α phase and lamellar α/transformed-β colonies.  The 
two microstructures appeared nominally equivalent using scanning electron microscopy, 
although microstructure B had a shorter length of lath-α and a slight tendency for clustering of 
the equiaxed-α grains.  The global textures of the two microstructures (measured on a plane 
normal to the loading axis) were very different [8], with a greater tendency of the basal and the 
prismatic poles to be parallel to the loading axis in microstructure B.   

2.2 Experimental Procedure 
The microstructure was characterized using a LEICA field-emission scanning electron 

microscope (SEM).  The texture was measured by Orientation Imaging Microscopy (OIM) of 
nominal sections in the two microstructures.  The OIM scans were conducted in step-wise 
automated stage control to enable measurement from a relatively large area.  A TSLTM (trademark 
of the EDAX Company) OIM camera and associated software were used for data collection and 
analysis.  The size distribution of microstructural phases was measured using the ImageProTM 
image analysis program. 

The Ti-6-2-4-6 specimens were extracted in the circumferential orientation from the two 
circular forging heats (microstructures A and B) of the material.  Room temperature (RT) testing 
was performed using cylindrical specimens having a uniform gage section of about 12.5 mm 
length and 4 mm diameter.  For the elevated temperature (260°C) tests, a cylindrical button-head 
specimen geometry [13] with the same gage section was used.  The final machining step was low 
stress grinding (LSG), and each specimen was subsequently electropolished to remove 
approximately 50 µm from the surface in order to eliminate the LSG-induced residual stress and 
produce a uniform surface.   

The fatigue tests were conducted at RT and 260°C using an MTS servo-hydraulic test 
system with a 646 controller.  The tests were performed in load control at the frequency of 20 Hz 
and a stress ratio (σmin/σmax) of 0.05.  For the elevated temperature tests, an electric resistance 
furnace was mounted on the test frame, and a high-temperature button-head gripping assembly 
was used in conjunction with a standard water-cooled hydraulic collet-grip system.  Temperature-
control thermocouples were welded outside of the specimen gage section to maintain the test 
temperature at the specimen.  A clip gage was used with a few RT tests to record the stress-strain 
behavior.  A high temperature extensometer was used with the elevated temperature tests to 
obtain the stress-strain loops at frequent intervals during the test.    

Small-crack growth experiments were also performed on round-bar specimens.  The 
crack growth rate was monitored using the acetate replication technique, and the test was 
interrupted at predetermined cycle intervals to obtain the replica.  The specimen was held at the 
load of 60% of the maximum load to partially open the crack during replication.  The crack 
lengths were measured in an OlympusTM optical microscope.  The fracture surface analysis and 
crack initiation mechanisms were studied in a LECIA field emission SEM.  The crack initiation 
sizes were measured using the ImageProTM program. 
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3.0 RESULTS AND DISCUSSION 
3.1 A new description of fatigue variability behavior 

As discussed in section 1, the traditional description of fatigue variability appears 
inadequate in describing the increased variability observed with decreasing stress level or the 
non-proportional responses of the mean and the tails of the behavior.  It was also noted, that 
probabilistic life predictions (for example the B0.1 lifetime) with respect to microstructure and 
loading variables do not appear to show physically plausible trends when based on the traditional 
description.  In the following, we discuss a new, perhaps more physics-based, description of 
fatigue variability behavior that may account for these trends.   

The alternate description of fatigue variability is illustrated with respect to the α+β 
titanium alloy Ti-6-2-4-6.  The stress vs. total lifetime behavior of microstructure A at RT is 
shown in Fig. 3.  The deterministic range in crack growth lifetimes is also shown in the plot.  The 
lower-bound crack-growth lifetime corresponded to upper limits of the crack initiation size and 
the small crack growth rate [8].  Similarly, the upper-bound lifetime was calculated from lower 
limits on the crack initiation size and the small crack growth rate [8].  The small crack growth 
behavior at 860 MPa is presented in Fig. 4.  As shown, the upper and lower limits on crack 
growth behavior were taken as power-law segments fit to data representing the fastest and the 
slowest growth rate respectively.  As indicated in Fig. 4, these limiting crack growth curves were 
taken to be the ± 3σ points in deriving the probability densities of the crack growth parameters 
discussed in section 3.2.1.  

Figure 3 indicates that the mean-lifetime and the life-limiting response tend to overlap 
with the crack growth range at the higher stress levels.  With decreasing stress level, the mean 
behavior separated from the crack-growth-controlled (life-limiting) behavior, producing 
increased lifetime variability at lower stress levels.  In Ti-6-2-4-6, this separation can be 
attributed to increased dominance of crack initiation lifetime in the mean behavior [9] as the 
stress level is decreased. 

The experimental points are plotted in the CDF space in Fig. 5 using the lognormal 
probability density.  Only two stress levels are shown for clarity (other stress levels are given in 
Fig. 2(a)).  The calculated crack growth ranges at both stress levels are also shown.  At the higher 
stress level, a very good agreement of data with the CDF is seen, which relates to the overlap of 
higher stress level behavior with the crack growth range.  This agreement broke down as the 
stress level was decreased, as illustrated by the 860 MPa points in the figure.  The step-like shape 
in the data with respect to the CDF at the lower stress level can be shown to result from 
superposition of at least two mechanisms [7] at the same stress level.  These mechanisms are 
designated as Type I and Type II in the figure.  From Fig. 5, the Type I or the life-limiting 
behavior is controlled by crack growth.  The Type II mechanism, which can be suggested to be 
controlled by crack initiation in Ti-6-2-4-6, dominates the mean behavior, as evident from Fig. 3. 
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Figure 3.  Stress vs. lifetime behavior of microstructure A at RT showing the separation of 
crack initiation dominated behavior (Type II) from the crack growth controlled mechanism 

(Type I) with decreasing stress level.  

Figure 4.  Small-crack growth variability in microstructure A at 860 MPa and the crack 
growth limits used in the deterministic calculations.  
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Figure 5.  Experimental points plotted in the CDF space showing the breakdown in 
agreement with the CDF at lower stress levels.  

Based on the preceding discussion, we propose that fatigue variability behavior can be 
described as separation (or overlap) of a life-limiting response and a mean-lifetime dominating 
behavior.  This is schematically illustrated in Fig. 6.  Although only the effect of stress level is 
illustrated in this figure, the influence of microstructure, temperature, and loading variables can 
also be described in terms of separate effects of these variables on the life-limiting and the mean-
dominating densities, consequently affecting the total variability. 

3.2 Implementing the description 
The proposed description of fatigue variability can be implemented by a bimodal 

probability density representing the superposition of a crack growth related peak and a mean-
lifetime dominated peak.  The total density, ft(x), can be expressed as [7, 12]: 

)()()( xfpxfpxf mmllt +=  (1) 

where, fl(x) and fm(x) are the life-limiting density and the mean-lifetime dominating density, 
respectively.  These probability densities are weighted by the probability of occurrences, pl and 
pm, of individual responses such that pl + pm = 1.  Here fl(x) and fm(x) are taken as the lognormal 
density function which is given by [15]: 

(2) 
 
where, M and S are the mean and the standard deviation respectively of the natural logarithm of 
the random variable. 
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Figure 6.  Schematic illustration of the proposed description of fatigue variability behavior 
with respect to stress level.  

3.2.1 On deriving the total probability density, ft(x) 
Life-limiting peak 

Following the earlier discussion, the life-limiting density (fl(x)) can be obtained by 
simulating the crack growth lifetime, provided the variability in the small + long crack growth 
rates and the size distribution in the critical microstructural unit are known.  We performed 
multiple small crack growth experiments using an acetate replication technique to obtain the 
variability in the small crack growth regime.  This was illustrated in Fig. 4.  In this material, most 
of the variability in growth rates was found to occur in the early stages of crack growth, typically 
less than the crack length of about 30 µm [8, 16].  The variability in the small crack regime was 
described by the probability densities of the crack growth parameters c and m when the crack 
growth rate is given by [17]:   

 mc Ke
dN
da

∆=  (3) 

where, a is the crack size, N is cycles, and ∆K is the stress intensity factor range.  The parameters 
c and m were assumed to be normally distributed [17] and their densities are shown in Fig. 7.  In 
order to obtain these densities, power-law segments were fit to the small crack growth data and 
the ±3σ limits (where σ is one standard deviation) on the parameters c and m was taken to 
correspond to the small crack curves showing the maximum and the minimum average growth 
rates respectively (Fig. 4).  The variables c and m are correlated [8] and were, therefore, sampled 
from their joint probability density in the subsequent lifetime simulation. 

Overall mean behavior

Distribution in the life-
limiting mechanism
(crack-growth controlled)

σ m
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Figure 7.  Probability densities of the crack growth variables, (a) c and (b) m.  
Crack initiation in the life-limiting mechanism in Ti-6-2-4-6 occurred within a (or a few) 

globular α grain(s) [18] at the specimen surface.  The mean-dominating behavior was comprised 
of a mixture of surface and subsurface initiated failures [8].  These mean-behavior-contributing 
mechanisms had overlapping lifetimes and acted as a group in terms of their response to 
operating variables [8].   

The surface replica of a small-crack growth specimen with microstructure A, recorded at 
N = 20,000 cycles, is shown in Fig. 8(a).  The stress level was 860 MPa.  The crack initiating 
equiaxed-α grain (about 4 µm in surface length) is indicated at the center of the crack.  One or 
more crack-initiation facet(s) are typically created at the fracture surface, as shown in Fig. 8(b).  
The sample is shown at an SEM tilt angle of 45° in this figure.  The distribution in the crack-
initiation facet size is compared to the nominal equiaxed α grain size distribution in Fig. 9.  The 
lognormal probability density function provided a good fit to the distributions.  Although the 
crack initiation sizes appear to be slightly displaced with respect to the nominal equiaxed α size 
distribution, it is to be noted that the facet size measured on the fracture surface usually 
represents the largest plane across a grain [19].  The nominal distribution obtained from a 
metallographic section may therefore underestimate the true 3-D particle size [19].  The crack 
initiation size distribution along with the small-crack growth variability was employed to 
simulate the crack growth lifetime density (fl(x)) using the Monte Carlo analysis method. 
Mean-dominating peak 

It may be possible to derive the mean-lifetime dominating peak, fm(x), from only a few 
total lifetime tests at a given stress level.  This is shown for the Ti-6-2-4-6 alloy in Fig.  10. Four 
failure points were randomly selected at each stress level, as shown in the figure.  The mean of 
Log(Nf) based on 10 – 19 tests at these stress levels is also plotted.  The randomly selected points 
tend to fall near the mean behavior (Fig. 10).  For illustration purposes we consider the stress 
level of 860 MPa.  In order to screen for points that may belong to the life-limiting mechanism 
we superimpose the simulated crack growth density at 860 MPa on the plot (Fig. 10).  The points 
falling under the crack growth peak, within ±3σ of the mean crack growth lifetime, were 
classified as due to the life-limiting mechanism.  The maximum likelihood estimate method [15] 
was then used with the remaining points to obtain the parameters of the mean-dominating (or 
Type II) density.   

(a) (b)
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Figure 8.  Crack initiation microstructural unit in Ti-6-2-4-6; (a) surface replica at N = 
20,000 of a sample cycled at max = 860 MPa with Nf =39,864 and (b) the corresponding 

crack initiation facet in the fracture surface.  

Figure 9.  Nominal equiaxed  size distribution compared to the crack initiation facet size 
distribution in microstructure A.  

The crack growth (life-limiting) and the mean-dominating density at 860 MPa are shown 
in Fig. 11.  These can be weighted by the respective probabilities, pl and pm, to obtain the total 
density, ft(x).  This is shown in Fig. 12(a) for a range of values for pl.  Clearly, the heights of the 
individual peaks in the total density are very sensitive to pl and pm (Fig. 12(a)).  However, in the 
proposed description, the lower-tail of the density or the limiting lifetime (for example, B0.1) 
does not vary significantly with the probability of occurrence of mechanisms but is dependent on 
the parameters of the crack growth density.  This is discussed further in section 3.4.  The CDFs 
corresponding to ft(x) are shown in Fig. 12(b).  Note that the ordinate is linear in this figure.  
Expectedly, the probability, pl, has significant influence on the height of the step in the CDF but 
has a weak effect on the lower-tail behavior (Fig. 12(b)).  The experimental points at 860 MPa, 
plotted in Fig. 12(b), are in reasonable agreement with the calculated bimodal density for pl = 
0.533 (which was the experimentally observed probability of occurrence). 
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Figure 10.  Illustration of a method to derive the mean-dominating probability density, 
fm(x).  

Figure 11.  Calculated life-limiting and mean-dominating densities, fl(x) and fm(x).  
3.3 Understanding the effect of microstructure and loading variables on fatigue 

variability 
The proposed description of fatigue variability behavior may be particularly useful in 

evaluating the effect of microstructure, temperature, and other loading variables on lifetime 
variability.  In case of Ti-6-2-4-6, the crack initiation and the crack growth regimes have different 
sensitivities to these variables.  Therefore, the variables affect the life-limiting (crack growth) 
and the mean-dominating (crack initiation) densities to different degrees causing their increased 
separation / overlap.  Other variables in this study, besides the stress level, were microstructure 
and temperature.   

fm(N)

fl(N)
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Figure 12.  The proposed description of fatigue variability behavior; (a) predicted bimodal 
densities with respect to pl and (b) Effect of probability, pl on the CDFs.  

The crack growth behavior of Ti-6-2-4-6 was similar in both microstructural conditions 
[20].  Also, an increase in the test temperature to 260°C had almost no effect on crack growth 
rates [20].  This is consistent with reports [21] on other α+β titanium alloys.  Secondly, the 
surface crack initiation facets corresponded to globular α grains in both microstructures.  
Although we did not perform small crack experiments at 260°C, the variability in the small crack 
regime was assumed to be the same as that at room temperature.  Therefore, at a given stress 
level, the crack growth density was similar for the two microstructures and temperatures.  We 
randomly selected 4 samples in each microstructure and temperature condition to derive the 
respective mean-dominating densities using the procedure described in section 3.2.1.   

The proposed description was applied to study the effect of stress level, microstructure, 
and temperature on lifetime variability of Ti-6-2-4-6.  The effect of stress level is illustrated in 
Fig. 13 (a and b).  The calculated probability densities are plotted for different stress levels in 
Fig. 13(a).  The probability, pl, used in the calculation are indicated in each case.  In this figure, pl 
is based on the experimental observation.  Besides the probabilities pl and pm, the peak heights 
are also very sensitive to their location and width, due to the requirement of the probability 
density function to integrate to unity.  The change in peak heights with respect to stress level can, 
therefore, be attributed to pl and the shift in their locations.  Figure 13 (a) clearly illustrates an 
increase in the overlap between the mean-dominating (crack-initiation) peak and the life-limiting 
(crack growth) peak of the total density as the stress level is increased.  At the highest stress 
level, 1040 MPa, it can be suggested that the two individual densities of the bimodal description 
are indistinguishable and the total fatigue variability can be described by the crack growth 
density.  The corresponding calculated CDFs are compared to experiment in Fig. 13(b).  The 
experimental points show reasonable agreement with the calculated CDFs at these stress levels, 
although some discrepancy can be seen at higher stresses and for longer lifetimes in some cases.  
Note that the same small crack behavior and variability in growth rates measured at 860 MPa was 
used at all stress levels.  A part of the discrepancy can be attributed to this assumption.  
Incorporation of more small-crack data in lifetime simulation is expected to further improve the 
agreement.  Nevertheless, the predicted densities capture the effect of stress level on the tails and 
the total fatigue variability behavior.  This indicates that the increased variability with decreasing 
stress level can be understood in terms of a stronger response of the mean-dominating peak to 
stress level and, therefore, increased separation from the life-limiting peak. 

(a) (b)
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Figure 13.  Predicted fatigue variability behavior with respect to stress level; (a) calculated 
bimodal PDFs and (b) the corresponding CDFs compared to experiment.  

Figure 14 shows that the effect of microstructure and temperature on fatigue variability 
can also be readily understood in terms of the sensitivity of crack growth and crack initiation 
regimes to these variables.  The predicted total probability density with respect to microstructure 
and temperature at 860 MPa is presented in Fig. 14(a).  The figure illustrates that the mean-
dominating and the life-limiting peaks shift according to the sensitivity of crack initiation and 
crack growth to these variables, affecting the total lifetime variability.  For example an increase 
in temperature to 260°C has a strong influence on the crack initiation lifetime, affecting the crack 
initiation density significantly.  Since the crack growth behavior was almost unaffected by 
temperature, the crack growth controlled peak did not exhibit much change.  The overall effect of 
this dual response was a decrease in the total variability with increase in temperature (Fig. 14(a)).  
The proposed description therefore allows for predicting the effect of these variables on lifetime 
distribution.  The calculated CDFs with respect to microstructure and temperature are plotted in 
Fig. 14(b).  As shown, these demonstrate reasonable agreement with the experimental points, 
considering the assumptions made in using the small crack growth data and a relatively limited 
number of experimental observations.    

Besides providing an understanding and prediction of the effect of microstructure and 
other operating variables on fatigue variability, perhaps more importantly, the proposed 
description may also supply a more physics-based framework for life-prediction and reliability 
estimates.  It follows from this description that the tails of the fatigue variability behavior are not 
simply a deviation from the mean behavior.  In particular, the response of the lower-tail to 
operating variables differs from the response of the mean.  From a life-prediction perspective, 
this would indicate that an observed decrease in total lifetime variability cannot be automatically 
construed as increased limiting (or B0.1) lifetime and vice versa.    

(a) (b)
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Figure 14.  Applying the bimodal density in understanding the effect of microstructure and 
temperature on fatigue variability; (a) calculated PDFs and (b) the corresponding CDFs 

compared to experiment.  
3.4 Applying the description in a Life Prediction Methodology 

A salient factor to the application to life prediction is the understanding that fatigue 
variability arises from separate responses of a crack growth controlled life-limiting mechanism 
and a mean-dominating behavior to operating variables.  Since failure can occur by either one of 
the mechanisms, life-prediction can be based on the worst-case mechanism, i.e., the crack growth 
density in the bimodal description.   

The response of the proposed lifetime density with respect to probabilities, pl and pm, of 
the superimposing behaviors was presented in Fig. 12(a).  The B0.1 lifetimes derived from this 
bimodal probability density are plotted with respect to pl in Fig. 15 and, as shown, appear to have 
a power-law relationship to pl.  The predicted B0.1 lifetime was not very sensitive to the 
probability of occurrence of the respective mechanisms within a range of values for pl (pl ≥ 0.2) 
and asymptotically approached the B0.1 lifetime predicted from the crack growth density (Fig. 
15).  The prediction based on the crack growth density can therefore be considered as the 
conservative limiting lifetime.  The proposed description of fatigue variability therefore leads to 
life-prediction based on the crack growth density.   
The life prediction methodology is graphically illustrated in Fig. 16 for microstructure A at the 
stress level of 860 MPa.  The predicted bimodal description is compared to the traditional 
description of fatigue variability in the bottom plot of Fig. 16.  The traditional description was 
derived from the four random points at 860 MPa shown in Fig. 10 using the MLE estimates of 
the parameters.  As discussed previously, the underlying assumption in this description is that 
tails of the fatigue variability behavior can be described as an extrapolation of variability with 
respect to the overall mean response.  As such, the lower-tail behavior in this case exhibits 
extreme conservatism with respect to the proposed description (Fig. 16, bottom plot).  The 
corresponding CDFs are plotted in the top plot of Fig. 16.  The experimental points belonging to 
the Type I mechanism are plotted as separate distributions in the figure and show reasonable 
agreement with the calculated crack growth CDF.  As expected, the B0.1 lifetime derived from 
the bimodal description is similar to the B0.1 life (vertical lines in the bottom plot) based solely 

(a) (b)
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on the crack growth density.  When compared to the traditional description of fatigue variability 
we find a significant reduction in uncertainty with life-prediction as evident from the figure.   

Figure 15.  The B0.1 lifetimes predicted by the proposed description of fatigue variability 
as a function of the probability, pl.  

Although in the present instance the traditional description provided significantly 
conservative B0.1 lifetime, it also follows from the above discussion that a case may arise when 
the mean-based description produces a non-conservative prediction relative to the bimodal 
density.  For example, this can occur when the traditional description is deduced from a limited 
number of points that are biased towards the Type II mechanism.  In either case, the proposed 
description of fatigue variability may produce a more accurate design lifetime.    

3.4.1 Resolving the Observed Fatigue Variability Trends  
The fatigue variability description developed here appears to resolve the observed trends 

in total variability as a function of loading variables and microstructural constituents [10, 11] for 
the purpose of life-prediction.  In particular, a life-prediction methodology based on the bimodal 
density seems to mitigate the physically counterintuitive scenarios that we alluded to previously.  
For example, although lower defect content increases the mean lifetime, it often produces 
increased lifetime variability due to non-uniform spatial distribution of initiation sites and 
increased scale of the crack initiation size distribution [10, 11].  Similarly, in the present study 
we find an increase in variability with decrease in temperature from 260°C to RT (Fig. 14).  If the 
tails of the fatigue variability behavior are considered to be an extrapolation of variability from 
the mean lifetime, the material with lower defect content, or at the lower temperature, may be 
predicted to have lower limiting lifetime for a given probability of failure.  This is illustrated for 
the present Ti-6-2-4-6 alloy in Fig. 17.  In the proposed description, however, the lower-tail has a 
different behavior than the mean of the fatigue variability response, and increased variability with 
decreased defect content or temperature is attributed to separate response of mean-dominating 
mechanism from the life-limiting behavior.  Therefore, the limiting probabilistic lifetime at the 
lower temperature (or under lower defect content) is dependent on the crack growth density and 
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is expected to be at least the same, if not higher, at RT (or in an unseeded material) than at 260°C 
(or a seeded condition) as shown in the figure.    

Figure 16.  Illustration of the life-prediction methodology based on the proposed fatigue 
variability description.  

B0.1 life 
limits
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Figure 17.  Illustration of the effect of temperature on the B0.1 lifetime in the traditional 
and proposed description of fatigue variability.  

3.5 Possible Theory of Separation of Mechanisms  
We suggest that the separation of mean-dominating and life-limiting behaviors may be 

related to development of different heterogeneity levels in a material at the same loading 
condition.  Analogies can be drawn from disorder – order related second order transitions that are 
seen in several physical systems including ferromagnetism [22] and earthquake dynamics [23, 
24], and it may be possible to apply the statistical physics based theories from these fields to 
fatigue variability behavior.    

At the highest stress level (1040 MPa), Ti-6-2-4-6 may be considered to produce a 
relatively homogeneous deformation response to applied stress.  As such, the life-limiting and the 
mean-dominating behaviors seem to completely overlap, and a single mode of failure is 
observed.  At the lower stress level, heterogeneity levels are generated in the material due to local 
plasticity.  The localized deformation can be attributed to several factors, from favorable 
crystallographic orientation of a grain [25] or collection of grains [26] to clustering of 
microstructural phases [14] and grain boundary disorientation [27].  These factors are, of course, 
material and loading dependent.  If the underlying physics of fatigue variability is similar to the 
statistical-physics systems mentioned above, several of these factors can be suggested to be 
operational at a given applied stress causing a ranking of heterogeneity levels.  It is also known 
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that some of the initial stress concentration may decay with cycles due to, for example, slip 
transfer to less favorably oriented regions [29], causing relatively more uniform distribution in 
deformation with time.  It can be speculated that this evolution of heterogeneity levels presents a 
finite probability of crack initiation in randomly-occurring critical microstructural neighborhoods 
within the initial cycles, causing a crack growth controlled mechanism.  The mean-dominating 
behavior, on the other hand, is suggested to be realized by damage accumulation at a much 
smaller and, therefore, more frequently distributed heterogeneity scale than the life-limiting 
mechanism.  As shown previously, this is dominated by crack initiation lifetime in Ti-6-2-4-6.  
These mechanisms can be suggested to operate in sequence, and the mean-behavior is realized 
only after the life-limiting mechanism is not encountered.  Clearly, the probability of occurrence 
of the crack growth controlled mechanism will vary depending on the material and external 
variables, but we suggest it is important to account probabilistically for this theoretical possibility 
and incorporate it in life-prediction.   

4.0 CONCLUSIONS 
The following main conclusions can be drawn from this study: 
• Variability in total fatigue life is controlled by the combination of a crack-growth-

controlled, life-limiting mechanism and a mean-dominating behavior which is 
governed by crack initiation in Ti-6-2-4-6.  

• This description can be implemented by a bimodal probability density representing 
superposition of the crack growth and mean-dominating densities.  The bimodal 
density can be calculated from simulated crack growth density and few total lifetime 
tests. 

• The proposed description can prove very useful in understanding the effect of 
microstructure, temperature, and other variables on fatigue variability. 

• In the limiting case, the B0.1 lifetime obtained from the bimodal-density approaches 
the B0.1 lifetime derived solely from the crack growth density, thereby providing a 
fracture mechanics basis for a worst-case life-prediction methodology. 

• The seemingly counterintuitive effects of defect content, temperature, and loading 
variables on probabilistic life-prediction can be resolved in the proposed description 
of fatigue variability.   
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ABSTRACT 
The fatigue variability behavior of a powder metallurgy (P/M) nickel-based superalloy, 

IN100, was studied from the perspective of the useful-lifetime prediction.  We found that the 
stress level produced separate effects on the mean-fatigue behavior and the life-limiting (or the 
worst-case) response.  The fatigue variability behavior could therefore be described as the 
separation (or overlap) of mean-lifetime dominating mechanisms, and a life-limiting mechanism.  
In the present IN100 material, this separation of responses is suggested to be related to the 
different levels of heterogeneity induced by the number density and the size distribution of 
constituent particles vs. those of voids, and the sequence of selection of the failure modes.  
Furthermore, and perhaps of greater implication, in Part II we show that the life-limiting 
mechanism can be described in terms of the variability in small crack growth from the relevant 
microstructural size.  We also demonstrate that the above description of fatigue variability leads 
to a probabilistic life-prediction method based on crack-growth with the potential of significantly 
reducing the uncertainty with the current approach wherein the lower-tail of fatigue variability is 
often described as the extrapolation of deviation from the expected mean-response.   

Keywords:  Fatigue variability, Nickel-based superalloy, Microstructure, Life prediction, 
Life-limiting mechanism, Mean-dominating behavior, Crack initiation, Crack growth, Probability 
of failure 

1.0 INTRODUCTION  
The traditional approach to life management of fracture-critical turbine-engine 

components has been largely empirical in nature [1, 2].  Typically the decision for retirement is 
based on an extrapolation of the “failure” (defined as the development of a predetermined level 
of damage) database accumulated in field, during maintenance and non-destructive inspection, as 
well as in the laboratory to an acceptable probability of failure (taken as 1 in 1000, or the B0.1 
lifetime).  Due to a large degree of uncertainty associated with this approach, a majority of the 
components may be retired with significant part of their useful lifetime remaining unutilized [1, 
2].  One approach to this problem is to engineer improvements in the accuracy of damage 
characterization that will decrease the width of the “failure” lifetime distribution [3, 4].  A more 
significant impact on the uncertainty in life-prediction may, however, be realized by a paradigm 
shift in the description of fatigue variability itself towards a more physics-based theory [1].  In 
the present study therefore, we seek to determine the physical basis of the uncertainty in fatigue-
lifetime behavior and its dependence on microstructure and loading variables.  This will enable a 
more accurate and physics-based probabilistic life prediction method.   

The fatigue variability behavior of superalloy materials has been studied by other 
researchers [5 - 12].  These materials are known to fail by crack initiation from processing related 
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void [5, 6, 9, 10, 13, 14], non-metallic constituent particle [11, 12-15], as well as from purely 
crystallographic crack initiation [11, 12].  Hyzak and Bernstein [5, 6] studied the effect of 
different types of constituent particles and void on crack initiation with respect to temperature 
and strain amplitude.  They reported a change in the crack initiation mode from the one 
controlled by constituent particle and void at elevated temperature to crystallographic at room 
temperature.  Further, at elevated temperatures they observed the void-initiated failures at higher 
strain ranges and the constituent particle-related failures at lower strain ranges.  They also found 
a transition strain level below which the failure initiation switched from the specimen surface to 
the subsurface.  This was attributed to crack initiation and crack growth dominated mechanisms 
at lower and higher strain ranges respectively.  Several researchers have developed probabilistic 
descriptions of fatigue behavior of Nickel-based superalloys [7 - 10] to predict the lifetime 
distribution.  De Bussac and Lautridou [7] modeled the failure from surface-inclusion or void to 
obtain a distribution in lifetime with respect to the critical size of the microstructural feature.  In 
their work, the pore and the inclusion were treated equivalently in terms of their potential of 
failure initiation.  Bruckner-Foit and coworkers [8] modeled the lifetime distribution for non-
metallic inclusion initiated failures from a component surface.  They included the variability in 
crack initiation as well as crack growth in their analysis.  More recently, Luo and Bowen [9, 10] 
extended these models to incorporate the distribution in crack initiation and propagation from 
both pores and inclusions to describe the lifetime variability of a P/M Nickel-based superalloy.  
They considered only the surface failure mechanism and treated pore and non-metallic inclusion 
equivalently [9, 10].  These models seem to describe the specific problem in each study well, 
although some authors acknowledge that these may not address fatigue variability in the broadest 
sense.   

The common aspects among the above studies can be listed as follows:  (i) these tend to 
not account for the competition between different failure mechanisms at the same loading 
condition, and (ii) the sequence or the ranking of mechanisms in terms of their potential for 
causing failure is not addressed.  One limitation of the above studies can be that these seem to be 
directed at determining the lifetime distribution from given size distribution of microstructural 
feature.  This has also been the emphasis of fatigue variability studies on other materials [16-18].  
For this purpose, the material is often seeded to introduce controlled levels and size distribution 
of particles [11].  This is an important problem and the results provide useful insights into the 
lifetime-variability, and in some cases [7, 9, 10] may completely describe the fatigue behavior.  
However, this also seems to suggest that the approach to the fatigue variability behavior has been 
to describe it as the distribution about the mean-lifetime behavior resulting from the deviation of 
input variables from their mean-values.  Based on our study we argue that this conventional 
description of fatigue variability may tend to ignore some very important effects such as the 
response of the lower-tail with respect to these variables, which may be separate from the mean-
response.  Especially from the design-life perspective, a more encompassing problem might be 
the general case of interplay between different degrees of heterogeneity, and the procedure or the 
sequence of selection of mechanisms under given material characteristics and loading condition.  
As we show later in the paper, the mean-behavior and the lower-tail or the worst-case behavior 
(which is more pertinent for life-prediction) may be driven by different mechanisms.  It is 
possible that due to the impracticality of testing large number of samples, and depending on the 
material and test condition, only a special case (that is dominated by the mean-response) of the 
general fatigue variability behavior may be observed.  An alternate theory of fatigue variability 



 

59 

that may encourage a greater understanding of the lower-tail behavior may therefore be crucial in 
this regard. 

There are some studies that address the issues stated above.  De Bussac [19] modeled the 
competition between surface and subsurface initiation in terms of the probability of finding the 
critical size feature in these locations, although no distinction was made between the pore and the 
inclusion related crack initiation.  Also, the selection between the surface and the subsurface 
mechanism was invoked only on the basis of the inclusion or pore size and the effect of the 
sequence in which a given failure mechanism is considered was ignored.  For example, besides 
the inclusion / pore size considerations, the surface and the subsurface failures are sequential and 
the former is expected to occur only after all conditions for the latter are not met.  Todinov [20] 
recognized the ranking of the lifetimes of failure from different microstructural features and 
based his formulation of the cumulative lifetime distribution on this relationship between various 
modes.  A crack initiation probability was assigned to each group of features [20].  Yi and 
coworkers [21] in their study on a cast Al-Si alloy also performed a similar analysis that was 
based on ranking of pores in terms of size ranges.  An alternate approach can be to rank the 
mechanisms rather than the average lifetime.  Besides allowing for the effects of competing 
mechanisms, this will also account for the physically plausible case that two different 
mechanisms may produce similar lifetimes, although one may remain dormant unless the 
condition for the other is not experienced.   

In a recent paper, Jha, Larsen, and Rosenberger [22], we show that the microstructure and 
test conditions have separate and significantly different influence on the life-limiting and the 
mean-fatigue behavior of an α+β titanium alloy, which correlates with the effect on the observed 
lifetime distribution.  Chandran and Jha [23] modeled the competition between the surface and 
the subsurface failure in a beta titanium alloy by accounting for the different propensities of 
occurrence of the mechanisms.  These and other studies [24, 25] indicate that an extrapolation of 
the variability about the mean behavior, while safe in some cases, may lead to excessively 
conservative design-life prediction in others.  In the present study we address these issues with 
reference to the IN100 material and attempt to develop an improved understanding of the general 
fatigue variability behavior, especially in relation to the method of life prediction.  In Part I of the 
paper, the concept of separate responses to stress level of the mean fatigue behavior and the life-
limiting behavior and its relationship to sequential failures initiating from different scales of 
heterogeneity in IN100 is presented.  In Part II, a life prediction method based on this description 
of fatigue variability is developed and discussed with the focus on increasing the reliability in 
predicted lifetimes.   

2.0 MATERIAL AND EXPERIMENTAL PROCEDURE 
Material 

A P/M processed and subsolvus-treated nickel-based superalloy, IN100, was examined in 
this study.  The microstructure of the alloy, shown in Fig. 1, consisted of the γ grains and 
primary, secondary, and tertiary γ’ precipitates.  The γ - primary γ’ structure is shown in Fig. 1(a).  
The secondary γ’ morphology is revealed in Fig. 1(b).  The tertiary γ’, which are much finer, 
were not resolved at this magnification.  The γ grain size distribution is shown in Fig. 1(c).  As 
shown, the mode was at about 3 - 4 µm.  In addition to these phases, the microstructure also 
contained non-metallic constituent particles and pores typical of powder processed superalloy 
materials [11, 12].  The size distribution and number-density of pore and the constituent particles 
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were estimated based on an examination of about 100 mm2 area of the material.  The area 
number density of pore was estimated to be about 19/mm2.  The non-metallic particles (NMP) 
were relatively rare and their number-density was about 0.17/mm2.  The approximate volume 
densities could be derived following the formulations of Fullman [26] as adopted by Spowart, et. 
al. [27], and Yi and coworkers [21], and those were about 2445/mm3 and about 10/mm3 
respectively for the pore and the NMP.  The size distributions of the pore and the NMP are 
shown in Fig. 2 (a) and (b), respectively.  The lognormal probability density function provided a 
good description of the size distributions, as shown.  On an average the NMP were slightly larger 
than the pore.  However, due to the very low number-density of the NMP, only a limited number 
of constituent particle measurements could be made in the area examined, which will produce 
some uncertainty with respect to the true NMP size distribution.   

The 0.2% yield strength and the ultimate tensile strength of the material at the test 
temperature of 650°C were about 1100 and 1379 MPa, respectively.  The elongation% at the 
same temperature was about 20%.  The elastic modulus was about 186 GPa. 

Figure 1.  Microstructure of the IN100 material; (a) the γ and the primary γ’ structure, (b) 
the secondary γ’ morphology, and (c) the γ grain size distribution.  

Experimental Procedure 
The microstructure was characterized using a LEICA field-emission scanning electron 

microscope (SEM).  The images were acquired at 15 KV accelerating voltage, with the beam 
current of 100 pA and a working distance of 15 mm.  The γ-grain size distribution was 
determined by orientation imaging microscopy (OIM) scanning of a nominal area of the material.  
A TSLTM (a trademark of the EDAX Company) OIM camera and associated software were 
employed for that purpose.  In order to determine the non-metallic particle and the pore size 
distributions, long duration, high-resolution scans of several large areas were acquired in the 
SEM.  The size distributions were measured using the ImageProTM image analysis program.   
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The specimens tested in this study were extracted in the circumferential orientation from 
a pancake forging of the material.  A cylindrical, button-head test specimen was used, as 
described in [28] with the gage length of 15.2 mm and the diameter of 5 mm.  The specimens had 
a low- stress-ground (LSG) finish.   

Figure 2.  The size distribution of microstructural features in the IN100 alloy; (a) pore, and 
(b) non-metallic particle.  

The fatigue tests were conducted using an MTS servo-hydraulic test system with a 646 
controller.  An electric resistance furnace was mounted on the test frame.  A high-temperature 
button-head gripping assembly was used in conjunction with a standard collet-grip system to 
transfer load to the sample.  The hydraulic grip units were water-cooled.  Temperature-control 
thermocouples were welded outside of the specimen gage section to maintain the test temperature 
at the specimen.  The tests were performed in load control at the frequency of 0.33 Hz, the stress 
ratio (R) of 0.05, and the temperature of 650ºC.   

A high temperature extensometer was used to record the stress-strain behavior throughout 
the test.  A typical stress-strain profile in the first 10 cycles and beyond at the stress level of 1150 
MPa is presented in Fig. 3.  As shown, there was tendency to strain-harden within the first few 
cycles.  This hardening behavior was also observed at other stress levels.  The ratcheting 
behavior can also be seen in Fig. 3.   

The small-crack growth behavior was recorded using an acetate replication technique.  
The small-crack specimens were electropolished to remove surface damage and residual stress 
from machining.  The replication tapes were examined in an OlympusTM optical microscope for 
crack length measurements.  The specimens were examined in a LEICA field emission Scanning 
Electron Microscope (SEM) upon fracture to document the crack initiation and growth 
characteristics.  The crack initiation size was outlined in each sample and quantified using the 
ImageProTM image analysis program. 

(a) (b)
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3.0 RESULTS AND DISCUSSION 
3.1 Fatigue Variability Behavior 

The fatigue variability behavior of IN100 at 650°C is shown in Fig. 4 (a).  As shown, 
while the mean-lifetime (illustrated by the dashed-line) and the life-limiting behavior tend to 
overlap at the highest stress level (1200 MPa), a separation between the two is seen at lower 
stress levels (σmax = 1150 and 1100 MPa), such that the mean-lifetime is dominated by the more 
frequent and the longer-lifetime mechanism.  This divergence of the mean behavior from the 
limiting response (as illustrated in Fig. 4(b)) resulted in an increase in the total variability with 
decreasing stress level.  The fatigue variability behavior of IN100 can therefore be described as 
separation of a mean-dominating mechanism (or mechanisms) and a life-limiting mechanism as 
the stress level is decreased. 

Figure 3.  Typical stress-strain loop exhibited by IN100 under constant amplitude loading 
at σmax = 1150 MPa.  

Figure 4.  The fatigue variability behavior of IN100; (a) Variability in lifetime, and (b) The 
mean vs. the minimum lifetime with respect to stress level.  
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The conventional understanding driving material design for fatigue resistance [29] and 
useful-lifetime prediction [30] appears to be guided by the mean-fatigue behavior.  For instance, 
in the conventional approach, the effect of change in microstructure and external variables on the 
uncertainty in high cycle fatigue (HCF) lifetime is understood in terms of variability with respect 
to the expected mean-behavior [7, 9, 10, 30].  The underlying assumption is that, since the mean-
lifetime is a strong function of microstructure and loading variables, the distribution in lifetime 
also follows the mean and can be calculated from deviations of these input variables from their 
mean values.  This is clearly a valid description where the goal might be to affect only the 
average fatigue properties but this approach may not facilitate the understanding of the 
relationship of the input variables to the tails of the response.  The conventional description may 
therefore be inadequate, as it appears to not account for the probability of a response that may not 
subscribe to the mean-fatigue dominating mechanism.  In the present IN100 material, for 
example, the mean-lifetime and the life-limiting behavior (which is crucial in reliable life-
prediction) respond differently to the stress level, causing separation between the trends for mean 
vs. minimum-life fatigue behavior (Fig. 4(a)).  Therefore, although the mean-lifetime follows the 
expected response to stress level, it may not be accurate to extrapolate the variability about the 
mean to determine the lower-tail behavior, for e.g., the B0.1 lifetime [25]. 

With respect to the above discussion, it is also useful to plot the experimental points in 
the cumulative distribution function (CDF) space as shown in Fig. 5 (based on the lognormal 
probability density function (PDF)).  While the CDF agreed well with the data at σmax = 1200 
MPa, the agreement was very poor at 1150 and 1100 MPa.  A step-like shape of experimental 
points, illustrated by dashed lines, can be seen at σmax = 1150 MPa.  This indicates superposition 
of at least two mechanisms at that stress level producing the total variability [25].  Due to single 
instance of the worst-case failure at 1100 MPa, the step-like behavior although physically 
plausible is not yet revealed.  The increase in uncertainty with decreasing stress level may 
therefore be related to this superposition of variability in the worst-case and the mean-dominating 
mechanism with diverging lifetimes.   

Figure 5 also shows that the extrapolation of deviation with respect to the mean-behavior 
does not produce a consistent trend in the B0.1 lifetimes as a function of stress level.  For 
example, a higher B0.1 lifetime is predicted at 1200 MPa, due to the decrease in the total 
variability, than at 1150 MPa.  On the other hand, although a higher B0.1 lifetime is predicted at 
1100 MPa, it is anticonservative with respect to the observed minimum lifetime due to the CDF 
being heavily biased towards the mean behavior in this case.  As we show in [22], such 
anomalous predictions of the probabilistic lifetime-limit can be resolved in the framework of 
separate responses of the lower-tail and the mean-dominating behavior to microstructure and 
loading variables.     

3.2 Competition between Mechanisms 
Surface vs. Subsurface failures 

The failures are characterized in terms of surface vs. subsurface crack initiation in Fig. 
6(a).  At the σmax of 1200 MPa, the surface mechanism was observed exclusively.  At the lower 
stress levels, however, a mix of surface and subsurface failures occurred such that the probability 
of subsurface failures abruptly increased below σmax = 1200 MPa.  Clearly, the life-limiting 
distribution consisted of only the surface initiated failures.  It should be noted that by surface 
failure we refer to crack initiation from a microstructural feature either intersecting the surface or 
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just inside the surface (up to about one grain diameter).  In the latter case, the ligament between 
the surface and the feature is thought to fail rapidly such that the problem can essentially be 
treated as surface failure [31]. 

Figure 5.  The experimental points plotted in the CDF space.  
Crack initiation modes 

In Fig. 6(b), the experimental points are identified in terms of the NMP vs. the pore-
initiated failure.  Comparing this with Fig. 6(a), samples can be classified into three failure 
mechanisms, i.e., failures from (i) surface NMP, (ii) subsurface NMP, and (iii) surface pore.  
Examples of each of these mechanisms are presented in Fig. 7 (a), (b), and (c) respectively.  The 
samples in Fig. 7 were tested at the same σmax level of 1150 MPa.  As shown in Fig. 6 (a) and (b), 
the life-limiting distribution was produced by failure from surface NMP.  On the other hand, the 
mean-lifetime dominating distribution was composed of surface-pore and subsurface-NMP 
failures.  It is also clear from Fig. 6 that all subsurface failures were initiated at NMP and all 
pore-initiated failures were in the surface.  This can be related to the number densities of these 
features.  A relatively large number density of pores may make the probability of a critical 
surface-pore related site close to unity.  On the other hand, a very small number density of non-
metallic particle may result in only a small probability of finding a critical non-metallic particle 
related site in the surface.   

Since the free surface and the region close to it see higher microplasticity level [32] than 
the bulk especially at low nominal stress level [32], the crack initiation is thought to be biased 
towards the surface.  The distance of crack origin from the surface is shown with respect to 
lifetime in Fig.  8. For clarity, all surface failures have been plotted at d = 0 µm.  As shown, the 
subsurface failures initiated anywhere from about 100 µm to about 2000 µm from the surface.  
Besides the fact that the surface NMP initiated failures had smaller lifetimes, there was no 
apparent correlation between the crack initiation distance and the lifetime of subsurface-initiated 
failures.   

The relationship between the crack initiation size (in terms of crack initiation area 
measured on a fracture surface) and lifetime is shown in Fig. 9.  Firstly, it is clear that the crack 
initiating pores had smaller sizes than the non-metallic particle.  This may partly explain the 
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similar lifetimes of the surface-pore and the subsurface-particle failures in spite of the latter 
occurring in a pseudo vacuum condition.  The range of crack initiation sizes for the worst-case 
failures, for example at 1150 MPa, was the same as that for the subsurface NMP failure.  
Therefore, for the particle-initiated failures the separation into the worst-case, and the mean-
dominating distribution was not related to the size but the location, i.e., surface or subsurface.  It 
is also interesting to note the tendency towards larger failure-initiating non-metallic particles at 
the lower stress level (1100 MPa).   

Figure 6.  Characterization of fatigue failures in IN100; (a) subsurface vs. subsurface 
initiated failures, and (b) non-metallic particle vs. pore related failures.  

Figure 7.  Examples of fatigue fractures at 1150 MPa; (a) failure from surface non-metallic 
particle, Nf = 2210 cycles, (b) failure from subsurface non-metallic particle, Nf = 25,081 

cycles, and (c) failure from surface pore, Nf = 13,188 cycles. (a) and (b) are back scattered 
electron images and (c) is a secondary electron image.  

A comparison of the crack initiation size distribution for the NMP and the void-initiated 
failures to the nominal size distributions is made in Fig 10 (a) and (b), respectively, in order to 
study the relative size ranges critical for a given failure mechanism.  For clarity, the y-axis has 
been normalized in this figure due to the difference in the number of features measured in a 
nominal sample and the number of crack initiation size measurements.  As expected, the crack 
initiation sizes were from the upper-tail of the nominal particle and pore size distributions, 
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although there was no clear correlation between lifetime and crack initiation size.  This is similar 
to earlier results by Tryon and coworkers [33] in another Ni-based material and could be due to 
the effect of the crack initiation neighborhoods in addition to the size [33] and the small crack 
growth variability.  It is also evident that the critical NMP sizes tend to be much larger than the 
crack-initiating pore sizes.    

Figure 8.  The crack initiation distance with respect to lifetime in IN100.  

Figure 9.  Crack initiation size – lifetime relationship in IN100 showing competition 
between mechanisms.  
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3.3 Ranking of Mechanisms 
As discussed previously, the relative size distribution and the number density of 

microstructural features may produce different heterogeneity scales, affecting the probabilities 
and the order of selection of the mechanisms.  This is suggested to produce the mean vs. the life-
limiting effects on fatigue variability.  It is important to recognize and understand these effects 
for not only reducing the uncertainty with life-prediction but also for increased reliability in the 
predicted useful lifetime.  Here, by the “scale of heterogeneity” we imply the intensity of 
accumulated plastic deformation at the microscopic level.  Analogies to some other physical 
systems can be drawn here, for instance, second-order phase transition as a function of 
temperature in ferromagnetism [34] causing development of ordered domains or earthquake 
dynamics [35] which are believed to follow a power-law scaling in terms of intensity of shocks in 
any given geographic region [35] and progress at several size scales.  The statistical-physics 
based concepts applied to these other fields may also provide clues towards understanding the 
fatigue variability behavior.  A detailed discussion will be the subject of another paper.   

Figure 10.  A comparison of the critical microstructure sizes to the nominal distributions; 
(a) Critical NMP sizes, and (b) critical pore sizes.  

Here, the ranking of mechanisms can be based on physical reasoning and experimental 
observation, as well as past experience with similar materials.  As shown above, stress level 
plays an important role in determining the separation / overlap of the mean-dominating and the 
life-limiting behavior.  Other studies [22, 24] describe the influence of microstructure and 
temperature on this separation / overlap of mechanisms.  The role of these variables can be 
understood in terms of their influence on the homogeneity (or heterogeneity) of deformation [36].   

At higher stress levels, under relatively homogenized deformation the mean and the life-
limiting behavior can be thought to collapse and therefore indistinguishable from one another.  
As the stress level is decreased, different heterogeneity scales may develop [37] and evolve in 
time [38], even in materials with no constituent particles or voids [38].  With reference to IN100, 
one scale of heterogeneity that may develop with decreasing stress level is the deformation 
around NMPs.  It is known that, under some circumstances, a NMP is preferred over a pore of 
equivalent size as the failure initiation site [14, 39].  This is due to the stress field generated 
around a NMP as a result of elastic incompatibility with the matrix, and also the thermal 
expansion mismatch [14, 39, 40].  Clearly, this may not be the case in all materials depending on 
whether the NMP has higher or lower stiffness and the coefficient of thermal expansion with 
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respect to the matrix [40].  It is also known, that a NMP or pore in the surface has higher driving 
force for crack initiation and propagation than a feature of the same size in the subsurface [19, 
23].  From these two statements it can be derived, that a condition can exist where a subsurface 
NMP of relatively larger size may cause failure in preference to a surface pore.  The very low-
number density of NMP makes it highly non-uniformly distributed in a sample when compared 
to the pores; hence a very low probability of occurrence of the surface NMP initiated mechanism. 

It can be suggested that under relatively uniform deformation, a decrease in the driving 
force differential between failure from a NMP and that from a pore may be related to the 
decreased effect of elastic incompatibility and particle related residual stress field at higher 
applied stresses.  Hyzak and Bernstein [6] suggested that this is due to the decrease in the crack 
initiation life differential between pore and NMP at higher stress levels.  In that case, the sites of 
NMPs may not be distinguishable as a higher heterogeneity scale to cause the subsurface-particle 
(or surface-particle) mechanism in favor of the surface pore-initiated failure.  This might be 
another explanation for the results by Hyzak and Bernstein [5, 6] and Gabb, et. al. in the NASA 
studies [11, 12].  Hyzak and Bernstein’s work [5, 6] also indicated a critical strain level below 
which the failure mechanism shifted from surface pore to subsurface NMP which is consistent 
with the above discussion.  However, we did not see a sharp transition between pore vs. NMP-
initiated failures (Fig. 5) meaning that there is some probability (at least in the theoretical sense) 
of each mechanism under all conditions.  With a small number of tests, it is likely that only the 
mean-behavior is sampled at each stress level.  Possibly, “sufficient” number of trials would have 
revealed the more complete fatigue variability behavior, including contributions from surface 
NMP and surface-void related failures, even at lower stress levels [5, 6].  We recognize that the 
“sufficient” number will be specific to a problem, depending on the size-distribution and 
number-density of the microstructural features, and may only be a theoretical possibility in some 
cases.  In the least, it is crucial to develop a description of fatigue variability that provides a 
framework to assign probabilities to these effects.  It is recognized that more work is required to 
resolve the stress-level effect on crack-initiation from NMP.  The NASA study [11] has also 
recommended further experiments to understand the influence of temperature on failure initiation 
from a NMP.     

Based on the above discussion, it is suggested that the ranking of crack initiating 
mechanisms should be in the order of decreasing scale of the heterogeneity involved in a 
mechanism, but it may be difficult to develop such a ranking that is consistent across all stress 
levels.  For example, in the present case and other studies [5, 6, 11], the failure from NMP may 
not be the most dominant mechanism at all stress levels.  One relatively consistent approach can 
be to consider the uniformity of distribution of a microstructural feature, which is related to the 
number-density of the features.  Therefore, in the present case the mechanisms can be ranked in 
the following order:  (I) failure from surface NMP, (II) failure from subsurface NMP, and (III) 
failure from surface pore.  As indicated previously, with increasing stress level the damage 
accumulation at a NMP may not be distinct enough from that at a pore to be critical for crack 
initiation.  Therefore, the condition for occurrence of the NMP initiated failure may be absent in 
almost all samples at 1200 MPa (Fig. 5), leading to the last mechanism in the sequence, i.e., 
failure from surface pore.  The observations at 1150 and 1100 MPa are also consistent with this 
sequence of mechanisms.  Given the very small number density of NMPs and a significantly 
more uniform distribution of pores, the likely criteria for failure can be listed as: 

• If a “critical” NMP is present in the surface, the sample fails from mechanism I, 
irrespective of whether or not the condition for mechanisms II and III are present. 
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• If the criterion (i) is not met and a “critical” NMP is present in the subsurface, the 
sample fails from mechanism II, irrespective of whether or not the condition for 
mechanism III is present. 

• If both criterion (i) and (ii) are not met then the sample fails from mechanism III – 
failure from a surface pore. 

• Here by “critical” we imply the size necessary to cause the sufficient scale of 
heterogeneity for failure initiation for given microstructure and stress level.  It is to be 
noted that, for the purpose of discussion, we have ignored the effect of the 
neighboring matrix at the pore and the NMP sites in determining the intensity of 
damage accumulation.  However, the neighborhood effects are considered to play a 
very important role, as reported elsewhere [41]. 

• If pI, pII, and pIII represent the probabilities for the occurrence of condition for 
mechanisms I, II, and III, respectively, then the cumulative probability of failure can 
be expressed as the sum of the probabilities of each mechanism [20, 21, 23]: 

 IIIIIIIIIIf ppppppp )1)(1()1( −−+−+=  (1) 
If none of the three criteria is met, the sample is expected to fail by crystallographic crack 

initiation or not at all within reasonable number of cycles.  However, through simulation of the 
particle and the pore space in a sample, given their size distribution and number densities [42], it 
can be shown that in the present IN100 material there is almost 100% probability of occurrence 
of a critical pore in the surface.  This, and the fact that the γ grain size distribution is much 
smaller than the pore sizes, makes it unlikely that the condition for surface pore failure will not 
be met in the present material.  Eqn. 1 appears similar in form to the expressions derived by 
Todinov in [20], and Yi and coworkers in [21], but the distinction here is that the probability of 
failure is based on the ranking of mechanisms as related to the underlying heterogeneity scales 
that exist at any given condition.  Therefore, in spite of the almost 100% probability of crack 
initiation from a surface pore, mechanism III remains dormant (at lower stress levels) until the 
conditions for the higher ranking mechanisms are present in a sample.  Also, mechanisms II and 
III produce similar lifetimes but the former occurs in preference to the latter if the condition for it 
is present.  The above criteria based on the ranking of mechanisms seem to account for these 
effects on fatigue variability.   
The Source of Mean vs. Life-Limiting Behavior 

As discussed above, the fatigue variability behavior seen here (Fig. 4) can be attributed to 
the relative number-densities and size-distributions of the microstructural features and the 
probabilities of occurrence of different scales of heterogeneity at a given stress level.  However, 
this type of behavior is not limited to materials with constituent particles and pores.  Even in 
materials with lower, or almost zero number-density of particles and pores, similar fatigue 
variability behavior was observed [22, 24, 43-45].  For example, in a supersolvus nickel-based 
superalloy with relatively larger γ grains and significantly lower pore content, the separation of 
lifetimes into mechanisms was related to crystallographic failure [24, 43].  In two microstructures 
of an α+β titanium alloy, such separation of the mean and the life-limiting response with 
decreasing stress level was seen to occur, seemingly due to finite probability of instant crack 
initiation from a particularly oriented equiaxed-α grain in certain lamellar α/β neighborhoods, 
even though the mean lifetime was clearly dominated by crack initiation [22].  We suggest that 
this might be the key factor driving the separation of the mean-dominating mechanism and 
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limiting behavior with increasing material heterogeneity.  This can be stated as being related to 
the probability of a level of damage accumulation under any given loading condition that may 
cause relatively early failure-initiation, although the mean-lifetime is governed by a smaller-
heterogeneity scale and therefore a relatively more uniformly distributed mechanism.  Of course 
we recognize that in many cases such a probability can only be expressed in a theoretical sense 
and might not be seen experimentally. 

4.0 CONCLUSIONS 
The following primary conclusions can be drawn from this study: 
• The mean and the life-limiting behavior of IN100 separated with decreasing stress 

level producing an increase in the lifetime variability. 
• While the life-limiting behavior was related to failure by surface crack initiation from 

a non-metallic particle the mean-dominating lifetime distribution consisted of a mix 
of failures from surface-void initiated and subsurface non-metallic particle initiated 
cracks. 

• A hierarchy of heterogeneity levels is proposed to develop under any given 
microstructure and loading condition producing sequential mechanisms such that a 
probability of failure exists from a relatively higher-ranked but rare heterogeneity 
level defining the life-limiting behavior, while the mean-dominating behavior occur 
from either a lower-ranked and more frequent heterogeneity scale or subsurface crack 
initiation.     
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ABSTRACT 
In Part I [1], we showed that the mean fatigue behavior of IN100 separates from the life-

limiting response with a decrease in the stress level.  This separation of lifetimes was suggested 
to be related to the development of heterogeneity levels that produce sequential occurrence of 
“short-lifetime” and the “mean-lifetime” dominating mechanisms.  Here, we show that the 
distribution in the life-limiting mechanism is controlled by small crack growth from the relevant 
microstructural scale in the surface, which may explain the significantly slower response of the 
lower-tail to the stress level, relative to the mean-lifetime response.  We, therefore, describe the 
lifetime distribution in terms of superposition of the crack-growth-lifetime probability density 
and a mean-dominating density.  Strategies for obtaining these probability density functions are 
discussed.  A probabilistic life-prediction method is derived from this description and shown to 
provide significantly better representation of the lower-tail behavior over the traditional 
approach, and more reliable predictions of the probabilistic lifetime limit as a function of the 
stress level.   

Keywords:  Probabilistic fatigue life prediction, small-crack growth, dual response, 
separation of mechanisms, Ni-Base superalloy, IN100 

1.0 INTRODUCTION 
As discussed in Part I [1], an underlying assumption in the life prediction of fracture 

critical components has been that the lower-tail behavior is an extrapolation of random 
deviations from the mean-lifetime [2].  As such, many probabilistic life-prediction modeling 
approaches tend to be guided by the relationship of the mean-fatigue response to microstructure 
and loading variables [2-4].  In a recent study [5] we showed that these variables affect the lower-
tail (or the life-limiting) behavior and the mean-lifetime to different degrees producing separation 
(or convergence) of the two responses.  In other materials, we have shown [5] that the life-
limiting behavior can be probabilistically described by the crack-growth regime, which explains 
its much slower response to stress level and other variables.  This was suggested [6] to be due to 
the development of a hierarchy of heterogeneity levels under any given average microstructure 
and loading condition that produces a probability of the predominantly crack-growth-controlled 
mechanism.  These heterogeneity levels can be related to the local microstructure.  For instance 
in the α+β titanium alloy, Ti-6Al-2Sn-4Zr-6Mo (Ti-6-2-4-6), four microstructural configurations 
were identified which were suggested to produce the ranking of heterogeneous deformation 
scales and sequential invocation of failure from these at any given stress level [6].   

The above description of fatigue variability may represent a new framework in which to 
assess the role of microstructure and loading variables in the probability of failure.  In Ti-6-2-4-6, 
we have shown that changes in microstructure and test temperature has strong effects on the 
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mean-lifetime but the lower-tail behavior remains almost unaffected [5] due to its dependence on 
the crack growth lifetime.  The strong role of the crack growth regime in the life-limiting 
behavior indicates that, for any given microstructure, certain local microstructural configurations 
may emerge with some probability, producing a purely crack-growth-controlled mechanism.  The 
probability of such a mechanism will decrease with an increase in the scale of the underlying 
microstructural configuration and, in many cases, may not be realized in a limited number of 
experiments.  However, a reliable probabilistic life-prediction approach, that is relatively 
independent of the number of tests, could be based on the crack growth description of the lower-
tail behavior [5, 7].  This part of the paper, therefore, addresses these life-prediction issues with 
respect to the IN100 nickel-based superalloy.  We determine the role of crack growth in the 
separation of the mean-behavior from the life-limiting response and the total lifetime variability.  
We present a description of fatigue variability in terms of the superposition of the crack growth 
probability density upon the mean-dominating density.  We apply this description in a life-
prediction methodology and demonstrate, with examples, the significance of the approach for 
reliably predicting the probabilistic lifetime limit. 

2.0 ROLE OF SMALL-CRACK GROWTH IN THE LIFE-LIMITING MECHANISM 
The details on the material and the experimental procedures have been provided in Part I 

[1] of the paper.  The small and long-crack growth behaviors of IN100 are presented in Fig. 1.  
The effect of crack initiation from a non-metallic particle (NMP) vs. a pore is illustrated in Fig. 
1(a) and the effect of stress level for a given crack initiation mode is shown in Fig. 1(b).  The 
variability in the long crack growth regime is shown with the help of a threshold experiment and 
several constant Kmax (where K is the stress intensity factor) type experiments.  As shown, the 
variability in the long crack growth was not significant when compared to the total lifetime-
variability observed in the stress-lifetime (S-N) space.  The small crack growth rates were 
obtained from 3-point sliding polynomial fit to the crack length vs. lifetime data.  All small-crack 
curves shown in the plots were from naturally-initiated cracks.  A small-crack effect [8] is clearly 
present at this size scale (Fig. 1), such that the cracks grow below the ∆K threshold (∆Kth) for 
long cracks and also have faster growth rates at the same ∆K level.  Secondly, there is a 
significantly larger degree of variability in the small-crack growth regime when compared to the 
long-crack regime (Fig. 1).  

A comparison of the behaviors of the NMP vs. pore initiated cracks indicates faster 
growth rates in the former case (Fig. 1(a)).  This may be attributable to the tensile residual stress 
field around a NMP due to the thermal expansion mismatch [9], as well as the elastic 
incompatibility [10] with the surrounding matrix material.  A reasonable degree of stress level 
effect on the small crack growth rates is also evident from Fig. 1(b).  These small crack growth 
effects play a very important role in the proposed life prediction modeling and need to be 
accurately accounted for.    

The measured crack initiation size distribution [1] and the variability in the small-crack 
growth regime can be used to evaluate the role of crack growth in the life-limiting mechanism.  
Towards this end, deterministic calculations were first performed to estimate the upper and lower 
bounds on crack-growth lifetimes.  The bounds corresponded to the slowest and the fastest small-
crack growth rates, in conjunction with the smallest and the largest crack initiation size, 
respectively.  Due to relatively insignificant variability in the long-crack regime, an average long-
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crack curve was used beyond the ∆K value where the degree of variability in the small-crack 
behavior was reduced to the similar level as in the long-crack regime.   

Figure 1.  Variability in (a) the long crack growth, and (b) the small crack growth regime of 
the IN100 material.  

Forman and Shivakumar [11] proposed a K-solution for the problem of an elliptical 
surface crack in a solid cylinder, assuming crack extension according to the shape that produced 
the highest level of K.  According to them [11] for tension loading the stress intensity factor, KI 
has the form:   

 aFKI πλσ )(=  (1) 
where, σ is the applied stress level, a is the maximum crack depth from the surface, and the 
factor F(λ) is similar to a shape factor and described in [11].  It is a function of λ, which is the 
normalized crack depth a/D where D is the sample diameter.  
The fastest and the slowest small crack curves were expressed in terms of multiple power-law 
segments fitted to the respective log(da/dN) vs. log(∆K) data as illustrated in Fig. 2.  This 
approach has been adopted in other studies as well [12, 13].  The crack growth lifetime can then 
be calculated as the total time spent in the small and the long crack regime: 
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where, ai is related to the crack initiation size measured on the fracture surface, a0 is the crack 
depth corresponding to the transition to the long-crack behavior (Fig. 2), and af is the final crack 
depth at the time of fracture.  There were cases where the small crack regime could be best 
represented by two power-law segments (Fig. 2).  Then, the small crack growth lifetime term in 
Eqn. 2 was composed of two parts.  The function f(∆K) describes the da/dN - ∆K relationship and 
is a function of crack depth, a.  In the Paris-law [14] form it is expressed as: 

 mKCKf ∆=∆ )(  (3) 
where, C and m are the Paris constants and ∆K is given by Eqn. (1).  
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Figure 2.  Bounding small-crack growth curves and corresponding power-law fits used in 
the calculations. 

Since the life-limiting behavior corresponded to crack initiation from a NMP, the NMP-
initiated small crack growth behavior ought to be used in the calculation.  However, due to the 
small frequency of occurrence of this mechanism, only one NMP-initiated small crack growth 
curve was available (Fig. 1(a)).  As an approximation, the upper and lower bounds on the small 
crack growth behavior were taken to be the measured NMP-initiated curve and the upper-bound 
of the pore-initiated small crack growth curves respectively, as illustrated in Fig. 2.  Similarly, 
due to the limited small crack growth data at 1200 MPa, the small crack behavior was assumed to 
range between the measured upper bound curve at 1200 MPa (Fig. 1(b)) and the upper-limit of 
the small crack behavior at 1150 MPa.  These approximations were considered reasonable in 
representing the shift towards higher growth rates, both under a NMP-related crack initiation and 
with stress level.   

In the calculations, the limits on the initial crack initiation size (ai) were based on the 
NMP-related sizes measured in the fractured surfaces.  Assuming that the crack attains a near-
semi-circular shape within the first few cycles of initiation [15], two different schemes for 
determining the initial crack size were employed.  In these, the ai was taken as (i) the radius of 
the semicircle of equivalent area [16], and (ii) the radius of the semicircle circumscribing the 
crack initiating feature [17].   

The results presented in Fig. 3 show the calculated bounds on the crack growth lifetime.  
The solid lines show the first scheme (radius of equivalent semicircle) and the dotted lines 
indicate the lifetimes assuming the second scheme (i.e., in terms of the major-axis), considering 
the surface NMP-initiation at all stress levels.  Due to the suggested overlap of the mean and the 
life-limiting behavior at 1200 MPa [1], the estimated crack growth limits tend to describe the 
entire range of lifetimes.  On the other hand, at the lower stress levels, the predicted bounds on 
the crack growth lifetimes reasonably describe the life-limiting failure distribution, as well as the 
minimum lifetime.  Although the crack growth bounds contain the life-limiting failures, its range 
appears wider than seen in experiments.  This is attributed to the very limited number of life-
limiting observations in a statistical sense.  The mean lifetime, however, separates from the 
surface crack-growth-controlled mechanism (Fig. 3) as the stress level is decreased.  We see this 
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type of response in other nickel and titanium-based materials [5, 18-20], even in the absence of 
NMP or pore-related crack initiation, where the life-limiting behavior is controlled by crack 
growth, producing a separation of the mean-lifetime.  These calculations suggest that the 
variability in the life-limiting mechanism is driven by crack growth from the relevant 
microstructure scale.   

Figure 3.  The predicted bounds on the crack growth lifetimes for the surface-NMP-
initiated failures.  

3.0 THE LIFE PREDICTION METHODOLOGY 
It is important to emphasize that the key to developing the alternate life prediction 

methodology is the recognition that the mean and the lower-tail behavior respond differently to 
the stress level and microstructural modifications [5] producing a separation / overlap between 
the two with respect to these variables.  The increased lifetime variability with decreasing stress 
level can therefore, be related to the crack-growth control of the life-limiting behavior resulting 
in its slower reaction to stress level, and the consequent increased separation of the mean-
behavior from the crack-growth-controlled response.  The separation of the two responses and 
the dependence of the life-limiting mechanism on crack growth, even in the absence of particle or 
pore-initiated failures [18, 21, 22], point towards a more fundamental nature of fatigue variability 
behavior.  It can be hypothesized that under any given microstructure and loading condition, the 
lower-tail of the fatigue lifetime distribution is controlled by a crack growth dominated 
mechanism, while the mean-behavior responds at a different (and faster) rate to these variables.  
Clearly, the number of trials before this dual behavior is revealed will vary in each case but it is 
reasonable to suggest that the theoretical possibility of its existence cannot be ignored and needs 
to be described probabilistically.  This may be especially relevant from a reliable life prediction 
perspective.   

3.1 Calculation of the lifetime probability density  
The above hypothesis, which is clearly applicable in case of the present IN100 material, 

allows a breakdown of the total uncertainty in lifetime into the variability in the crack growth 
lifetime (life-limiting) and the mean-lifetime controlling mechanisms.  The total lifetime 
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probability density function (PDF) can, therefore, be described by a superposition of the crack 
growth density and the mean-dominating density as: 

 )()()( xfpxfpxf mmllt +=  (4) 
Where, ft(x), fl(x), and fm(x) are the total PDF, the crack growth PDF (corresponding to the life-
limiting mechanism), and the PDF describing the mean-lifetime dominating mechanism, 
respectively.  The individual PDFs, fl(x) and fm(x), were taken as the lognormal density.  These 
are weighted by the probability of occurrences, pl and pm of the respective responses [19, 23] such 
that pl + pm = 1.   

3.2 Procedure for calculating fl(x) and fm(x) 
Life-limiting density, fl(x) 

In order to derive the total lifetime density, ft(x), the constituent densities, fl(x) and fm(x), 
were separately calculated and then weighted by suitable probability of occurrences.  The crack 
growth density, fl(x), can be simulated using the small crack growth data (Fig. 1(b)) and the 
distribution in the crack initiation size (measured in the fracture surfaces) reported in Part I [1].  
For this purpose, the crack initiation size, shown in Fig. 4(a), was modeled by the lognormal 
probability density.  The small crack growth rate was correlated to ∆K by power-law segments as 
illustrated in Fig. 2.  This approach averages the fluctuations in growth rate of a given crack but 
maintains the variation in the rates between different cracks that is attributed to the local 
microstructural environment.  Other approaches that account for the variability in the small crack 
growth rates in life prediction have been suggested [24, 25] and can be implemented for the 
present purpose.   

The random variables and their parameters used in the simulation of fl(x) have been listed 
in Table I.  These were the crack initiation size, ai and the crack growth variables, C´ and m.  The 
variable C´ is related to the Paris coefficient, C, as C =

'Ce .  The maximum likelihood estimate 
(MLE) was used to obtain the statistical parameters of C´ and m (Table I) from the power-law 
fits to the experimental small crack growth curves.  As given in Table I, ai was modeled by the 
lognormal density function, and C´ and m were modeled by the normal density.  The crack 
growth parameters are strongly correlated as reported in other studies [12, 26].  The correlation 
coefficient in the present problem was determined to be -0.98.  The Monte Carlo simulation 
therefore, involved sampling from the joint probability density of C´ and m, presented in Fig. 
4(b).  The crack growth lifetime in each simulation step was calculated according to Eqn. 2.  The 
number of Monte Carlo samples was 10,000, which were used to construct the crack growth 
density, fl(x).  Note in Table I that the small crack growth behavior at 1100 MPa was assumed to 
be the same as at 1150 MPa.  Additional small crack data at these stress levels and under the 
specific condition of NMP-initiated crack will further increase the accuracy of the life-prediction 
model described here.      
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Figure 4.  Example of inputs to the simulation of the crack growth density, fl(x); (a) Crack 
initiation size distribution and (b) joint probability density of C and m.  

The CDFs corresponding to the simulated crack growth densities are compared to the 
experiment in Fig. 5.  At 1200 MPa (Fig. 5(a)), the calculated CDF agreed well with the 
experiment.  At 1150 and 1100 MPa, the crack growth density reasonably described the life-
limiting response.  At 1150 MPa (Fig. 5(b)), this is illustrated by plotting the experimental life-
limiting points as a separate distribution.  Notably, the solitary life-limiting point at 1100 MPa 
(Fig. 5(c)) is accounted for by this approach.  This may otherwise necessitate a large number of 
experiments to reveal, depending on the probability of occurrence. 

Figure 5.  Simulated life-limiting probability densities (fl(x)) in IN100; (a) σmax = 1200 MPa, 
(b) σmax = 1150 MPa, and (c) σmax = 1100 MPa.  

Mean-dominating density, fm(x) 
The mean-dominating density, fm(x), was calculated from 4 randomly selected total 

lifetime experiments at each stress level.  This is illustrated in Fig. 6.  The MLE was then used to 
determine the parameters of fm(x), given in Table I.  It is to be noted that the mean fatigue 
response is the often characterized behavior and used for the purpose of material design, as well 
as for life prediction.  Such data, if available, can also be used with suitable statistical analysis to 
derive fm(x). 
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Figure 6.  Illustration of the calculation of the mean-dominating density, fm(x).  
3.3 Predicted lifetime densities and probabilistic limits 

The calculated lifetime probability densities are shown in Fig. 7 and the corresponding 
CDFs are presented in Fig. 8.  Here, the weighting factors, pl and pm, were obtained from the S-N 
experiments and are listed in Table I.  However, it can be shown that the lower tail of the lifetime 
density and the probabilistic limit (for e.g., the B0.1 lifetime) is very weakly affected by pl or pm 
within a reasonable range of values [7].  Furthermore, in the limiting case (i.e., when pl → 1), the 
B0.1 lifetime obtained from the crack growth density, fl(x), forms the lower-bound of the B0.1 
lifetime predicted by the bimodal density [7].  Therefore, although the factors, pl and pm, are 
important in accurately describing the total lifetime density and the effect of material and 
extrinsic variables on the lifetime variability, these do not significantly affect the calculation of 
the probabilistic lifetime limit.   

In Fig. 7, the traditional description of fatigue variability, where the lower tail of the 
distribution is assumed to result from random deviations from the mean behavior, has also been 
plotted for comparison.  The B0.1 lifetimes have been indicated by vertical lines and the 
experimental points are represented by open symbols.  Figures 7 and 8 clearly indicate that the 
suggested lifing model provides a significantly better representation of the fatigue variability 
behavior.  This is particularly evident from Fig. 8, where the experimental points show 
reasonable agreement with the calculated CDFs for the pl values listed in Table I.  The calculated 
lifetime densities appear to effectively capture the effect of stress level on the lifetime variability, 
indicated by both Figs. 7 and 8.  At 1200 MPa, the densities, fl(x) and fm(x) overlap and can be 
considered to be indistinguishable from one another.  With decreasing stress level, the separation 
between the two PDFs increases (Fig. 7) promoting the increased lifetime variability.   
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Figure 8.  The calculated lifetime densities and the B0.1 lifetimes with respect to stress level 
in IN100.  
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Figure 9.  The predicted CDFs with respect to stress level in IN100.  
An even more relevant outcome of this approach can be the consistency in prediction of 

the probabilistic lifetime limit or the B0.1 lifetime.  In the conventional description (Fig. 7), the 
B0.1 lifetimes show a physically counterintuitive trend with respect to stress level [1], besides 
being heavily dependent on the number of experiments.  For example (in the traditional 
approach) the B0.1 lifetime appears to vary from an over-conservative value at 1150 MPa, which 
is lower than the B0.1 lifetime predicted at 1200 MPa, to a non-conservative value at 1100 MPa.  
On the other hand, Fig. 7 illustrates that the proposed model produces, perhaps, a physically 
consistent trend in the B0.1 lifetime as a function of the stress level, and its prediction is almost 
independent of the total number of fatigue experiments thereby, significantly decreasing the 
uncertainty in the probabilistic limit.  As stated earlier, Fig. 7 also shows that the bimodal 
lifetime density accounts for the single life-limiting failure at 1100 MPa, detection of which may 
require a large number of experiments due to its low frequency of occurrence.  Note, however, 
that the experiments alone are not sufficient in accurately predicting the B0.1 lifetime without the 
key understanding of the role of the separation of the mean behavior from the crack-growth-
controlled response in the lifetime variability.    

The above method also suggests that, from the perspective of predicting the probabilistic 
lifetime limit, the crack growth density, fl(x) is sufficient.  This is because, the B0.1 lifetime from 
the proposed lifetime density is lower-bounded by the probabilistic limit derived from fl(x).  This 
is illustrated in Fig. 9 with the help of the data at 1150 MPa.  The crack growth density is 
compared to the calculated total lifetime density, ft(x), and also to the traditional description.  The 
PDFs and the corresponding CDFs are shown in the bottom and the top plot respectively.  The 
B0.1 lifetimes have been indicated.  Expectedly, the B0.1 lifetimes predicted by the crack growth 
density and the bimodal lifetime density are similar.  With respect to the traditional description of 
fatigue variability, the crack growth density produces a more accurate but also a more reliable 
B0.1 lifetime, irrespective of the number of total-lifetime experiments.  This creates the potential 
for a significant reduction in uncertainty in probabilistic lifetime-limit prediction, as indicated in 
Fig. 9.  
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This paper is concerned with demonstrating the concept of separation of the mean vs. the 
crack-growth-controlled life-limiting behavior, in describing the effect of stress level on the 
lifetime distribution and the probabilistic lifetime limit in IN100.  The same framework can be 
applied to predict the effect of a host of other variables, such as the microstructure and the dwell 
time, on the probabilistic limit.  This, coupled with the ability to obtain multiple small crack 
growth curves from a single experiment by artificial crack initiation from Focussed Ion Beam 
(FIB) machined notches [27] may further enable a very efficient and reliable prediction of the 
effect of both the intrinsic and the extrinsic variables on the probabilistic lifetime-limit.   

Figure 10.  Illustration of the proposed life prediction approach based on the crack growth 
density compared to the total lifetime density (σmax = 1150 MPa).  

4.0 CONCLUSIONS 
The following main conclusions can be drawn from this study: 
• It may not be accurate to deduce the lower-tail of the fatigue lifetime variability from 

an extrapolation of the deviations about the mean behavior. 
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• The lower-tail of the lifetime distribution of the IN100 material can be described by a 
crack growth probability density, which is superimposed upon the mean-lifetime 
dominating density to produce the total fatigue variability description.   

• The increase in lifetime variability with decreasing stress level is suggested to be due 
to the weak response of the crack-growth controlled density to stress level but a 
stronger response of the mean-dominating density producing increased separation 
between the two.   

• The crack growth PDF is simulated using the small-crack growth data and the 
distribution in the crack initiation size and applied in a life-prediction method, which 
produces a more reliable probabilistic lifetime-limit almost independent of the 
number of total lifetime experiments, besides resolving the physically anomalous 
trends in the lifetime-limit with respect to stress level.   
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ABSTRACT 
The mean and the life-limiting behavior under fatigue of the nickel-based superalloy, 

IN100, separated (or converged) as a function of stress level and dwell loading.  This behavior 
was related to the control of the life-limiting behavior by the small-crack growth regime, 
producing its much slower response to stress level and dwell-time, relative to the mean-lifetime 
behavior.  The lifetime probability density is therefore, modeled as a superposition of the crack 
growth lifetime density and a mean-lifetime density.  The crack growth density is calculated with 
the help of small-crack growth data and the distribution in the crack initiation size.  The mean-
lifetime density is estimated from a relatively small number of total lifetime fatigue tests.  In 
IN100, we apply this approach to predict the effects of stress level and dwell time on the lifetime 
distribution and the B0.1 (1 in 1000 probability of failure) lifetime limit.   

Keywords:   Probabilistic life prediction, mean vs. life-limiting fatigue, IN100, small crack 
growth, crack initiation size, dwell fatigue 

1.0 INTRODUCTION 
Accurate life prediction of fracture critical components is essential for safe and reliable 

operation, as well as for cost effective life cycle management [1].  A probabilistic lifing method 
allows for the incorporation of material and microstructural uncertainties, and service-related 
variability in loading, environment, inspection, etc. into the life-prediction model.  Often, in the 
past, the approach has been to empirically determine the uncertainty factors that would represent 
the variability in otherwise deterministically calculated lifetime [2, 3].  Recently, the emphasis 
has increasingly been on physics-based probabilistic life prediction methods, where the lifetime 
is explicitly modeled in terms of the uncertainty in the intrinsic material factors and the extrinsic 
variables [4, 5].  However, the focus has been on the mean-fatigue relationship to these variables 
and the probabilistic treatment is accomplished by randomizing the parameters in such 
relationships [5, 6].  In other words, the lifetime variability is considered as due to random 
deviations from the mean behavior and hence, the lower-tail is derived by extrapolating the 
deviations about the mean.  The “mean-based” approach to fatigue variability may, in some 
cases, produce inconsistent probabilistic lifetime-limits with respect to material and extrinsic 
variables necessitating a large number of experiments for verification, as illustrated in [7, 8]. 

Another approach to probabilistic life-prediction could be to consider, that in any material 
the microstructure can randomly arrange into local configurations [9, 10].  These configurations 
can vary in terms of their size scale and/or the degree of heterogeneous deformation upon fatigue 
loading, and will occur with differing probabilities.  Then, the total lifetime variability can be 
described as a probabilistic realization of sequential failure mechanisms occurring in the order of 
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decreasing heterogeneity level [9].  Theoretically, under any nominal microstructure and fatigue 
loading, it is possible to assign a probability to the occurrence of a microstructural configuration 
where crack initiates almost instantaneously.  The lower-tail behavior in this approach is 
therefore, limited by the (small + long) crack growth regime.  This hypothesis also implies that, 
for a given crack initiation location (surface or subsurface), the mean-lifetime-dominating 
mechanisms are associated with relatively lower heterogeneity levels and bear a larger role of the 
crack initiation regime.  The mean-behavior, therefore, is considered to respond differently than 
the lower-tail behavior, to the microstructure and loading variables.  For example in Ti-6Al-2Sn-
44Zr-6Mo (Ti-6-2-4-6), an α+β titanium alloy, the crack initiation regime is significantly more 
sensitive to stress level and temperature when compared to the crack growth rates.  This was 
shown to produce an increased separation between the mean-lifetime and the life-limiting 
behavior with a decrease in either the stress level or the temperature [7].   

In this paper, the above approach is applied to describing the fatigue variability behavior 
of the nickel-based superalloy, IN100.  The effects of stress level and dwell time on the mean vs. 
the life-limiting behavior are evaluated.  The lifetime probability density and the B0.1 lifetime 
limit are predicted as a function of stress level and dwell time, with the help of small-crack 
growth data and a relatively small number of total lifetime experiments.   

Material and Experimental Procedure 

The material in this study was a fine-grained, subsolvus powder-processed nickel-based 
superalloy, IN100.  The median γ-grain size was about 4 µm.  The microstructure of the alloy is 
presented in Fig. 1 showing the γ-primary-γ´ structure (Fig. 1(a)) and the secondary γ´ 
precipitates (Fig. 1(b)).  

Material 

The specimens for the stress-lifetime (S-N) fatigue and the small crack growth tests were 
extracted by electro-discharge machining in the circumferential orientation from a pancake 
forging of the material.  The specimens had cylindrical gage with button-head ends.  The gage 
length was 15.2 mm and the diameter was 5 mm.  The gripping assembly was designed to extend 
into the furnace and was held at temperature during the elevated temperature tests.  The S-N 
fatigue specimens were run in the low stress ground surface condition.   

Experimental Procedure 

The fatigue experiments were conducted in load control using an MTS servo-hydraulic 
test system with a 458 controller.  The test temperature was 650°C.  An ATS dual-zone 
resistance-heated furnace was used for this purpose.  Thermocouple leads were welded to the 
ends of the specimen gage to control and monitor the temperature during the test.  The frequency 
of 0.33 Hz and the stress ratio of 0.05 were employed.  The dwell fatigue tests were run with 6 
seconds dwell at the peak load while maintaining the other experimental conditions the same.   

The small crack growth experiments were run in the same test system under no-dwell and 
6 seconds dwell conditions.  An electropolished surface condition was used for these 
experiments.  The acetate replication technique was employed to record crack lengths at 
predetermined intervals.  At each replication step, the test was interrupted, and the specimen was 
unloaded and cooled down to room temperature.  The replication was done under a hold load of 
60% of the peak load in the fatigue cycle.   
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The microstructure and the fatigue fracture surfaces were characterized using a Leica field 
emission scanning electron microscope (SEM).  The crack initiation size was measured on the 
fracture surfaces using the ImageProTM image analysis program.  The crack length measurement 
on the replicas was done in an Olympus optical microscope.   

Figure 1.  Microstructure of IN100; (a) the γ-primary-γ´ morphology and (b) the secondary 
γ´ structure.  

Results and Discussion 

The fatigue variability behavior of IN100 under constant amplitude loading at 650°C is 
shown in Fig. 2.  The mean vs. life-limiting behavior is illustrated in Fig. 2(a) and the cumulative 
distribution functions (CDF) are plotted in Fig. 2(b).  Figure 2(a) indicates that a separation of 
lifetimes occurred with a decrease in the stress level causing the mean-lifetime, represented by 
the dashed line, to diverge from the life-limiting response.  Such a separation could occur when, 
relative to the mean-dominating behavior, the life-limiting behavior has a much slower response 
to stress level.  Besides the stress level, the mean and the life-limiting behavior can be affected to 
different degrees as a function microstructure and temperature producing separation / overlap 
between the two as shown in [7].   

Description of fatigue variability and the role of small crack growth 

Figure 2.  The fatigue variability behavior of IN100; (a) The mean vs. life-limiting behavior 
and (b) Cumulative distribution functions showing the B0.1 lifetimes.  
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Figure 2(b) shows that the B0.1 lifetimes (indicated by arrows) based on the extrapolation 
of total variability to the lower tail do not exhibit a consistent trend with respect to stress level.  
For example, a significantly higher B0.1 lifetime is predicted at 1200 MPa than at 1150 MPa.  
On the other hand, although the predicted B0.1 lifetime at 1100 MPa is larger than at 1150 MPa, 
it is non-conservative with respect to the observed minimum lifetime at that stress level.  Such 
anomalous trends may be attributable to the assumption that the increase in uncertainty with 
respect to stress level (or any other variable) can be described as an increase in the deviation from 
the mean behavior.  Further, it is noted that, while in some cases, the separation of lifetimes may 
not be discernible; in others it may require an impractical number of experiments to observe the 
same.  In the following sections we discuss, perhaps, a more accurate representation of the lower 
tail and the total lifetime probability density, which provides physically consistent probabilistic 
lower lifetime-limits, independent of the number of total-lifetime experiments.   

An examination of the crack initiation modes revealed that the life-limiting distribution, 
at lower stress levels, consisted of surface non-metallic particle initiated failures while the mean-
dominating distribution consisted of a mixture of subsurface NMP-initiated and surface pore- 
initiated failures.  This is summarized in Fig. 3 in terms of the crack initiation size vs. lifetime 
relationship.  Figure 3 shows that there is a slight tendency towards larger NMP-related crack 
initiation sizes at 1100 MPa than at 1150 MPa.  However, the separation of lifetimes is governed 
by the mode and the location of crack initiation rather than the size.     

The Role of the small crack growth regime

Figure 3.  The separation of lifetimes with respect to crack initiation mechanisms in IN100.  

.  As stated previously, the separation of mean-
lifetime behavior from the life-limiting response with decreasing stress level can be attributed to 
the relatively stronger sensitivity of the mean-behavior to stress level.  In other materials, 
including Ti-6-2-4-6 [7, 9, 10] and a γ-TiAl based alloy [8], we have shown that this slower 
response of the life-limiting behavior to stress level is due to its dominance by the crack growth 
regime.  Physically, this was reasoned as due to the development of a hierarchy of heterogeneity 
levels at any given loading condition producing a sequential selection of failure mechanisms in 
the order of decreasing heterogeneity level [9].  A probability can, therefore, be assigned to the 
occurrence of a purely crack growth lifetime controlled mechanism, irrespective of the nominal 
microstructure and loading condition [9].  The variability in the crack growth behavior, therefore, 
is a critical input in describing the lower tail of the lifetime probability density.   
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The variability in the small crack growth rates in IN100 at 650°C is compared to the long 
crack growth regime in Fig. 4.  The crack growth rates were calculated by using the three-point 
sliding polynomial fit to the crack depth (a) vs. cycle (N) data.  The stress intensity factor was 
calculated using the Foreman and Shivakumar K-solution for an elliptical surface crack in a 
round bar [11].  In addition to the round-bar geometry, some of the small crack growth data 
shown in Fig. 4 were obtained from square cross-section samples but with similar cross-sectional 
area and gage length as the cylindrical specimens.  The K-solution for elliptical surface crack by 
Newman and Raju [12] were used for crack growth analysis in this geometry.   

Figure 4(a) compares the growth rates of the NMP and the void initiated cracks and Fig. 
4(b) shows the effect of stress level on the small crack growth behavior.  These figures indicate 
that the long crack growth behavior showed a significantly less degree of variability than the 
small crack regime.  Furthermore, the variability in the small crack growth behavior (for void-
initiated cracks at 1150 MPa) reduced to a similar level as in the long crack beyond the crack 
length of about 100 µm.  Clearly, the NMP-initiated small cracks showed higher growth rates 
than the pore-initiated cracks (Fig. 4(a)).  Besides the relatively larger crack initiation sizes 
associated with the NMP (Fig. 3), this could also be due to the tensile residual stress field around 
a NMP due to the elastic incompatibility as well as, the thermal expansion mismatch with the 
matrix material [13, 14].  The effect of stress level on the small crack growth behavior also 
appears to be significant (Fig. 4(b)) in this material.  These small crack growth effects need to be 
accounted for, and will play an important role in the proposed probabilistic life-prediction model. 

Figure 4.  Small crack growth behavior of IN100; (a) Effect of crack initiation from NMP 
vs. pore and (b) Effect of stress level on the growth rates.  

The role of small crack growth in the separation of mean and the life-limiting behavior is 
illustrated by Fig. 5.  The crack growth bounds indicated in the figure were calculated by 
considering the upper and the lower bound on the small crack growth behavior in conjunction 
with the maximum and the minimum crack initiation size respectively.  The life-limiting 
behavior corresponded to crack initiation from a NMP.  However, due to the small frequency of 
occurrence of the NMP-initiated mechanism, only one small crack growth curve was available in 
that crack initiation mode (Fig. 4(a)), which was taken as the upper bound of the small crack 
growth behavior for the calculation purposes.  The lower limit of the NMP-initiated small crack 
growth behavior was assumed to correspond to the upper-bound crack growth curve of the pore-
initiated mechanism (Fig. 4(a)).  Similarly, due to the small number of small crack growth 
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experiments at 1200 MPa, the upper-bound small crack growth curve from the pore-initiated 
mechanism at 1150 MPa was also taken as the lower-limit curve at 1200 MPa.  These 
approximations were considered suitable in capturing the shift to higher small crack growth rates 
with stress level, and for crack initiation from a NMP.  Additional small crack growth data under 
these specific conditions will certainly improve the accuracy of the predictions.  The limiting 
small crack growth curves were fitted with power-law segments to obtain the crack growth rate 
(da/dN) – ∆K relationship for the lifetime calculations.  For crack initiation size calculation, two 
schemes were used as indicated in Fig. 5.  In these, the crack depth, a, was taken as (i) the radius 
of the equivalent semicircle with the same area as the crack initiating feature, and (ii) the radius 
of the semicircle circumscribing the crack initiation feature.  The range in the NMP-related crack 
initiation sizes, which were measured in the fracture surfaces, was used in the calculations at all 
stress levels.     

Figure 5 shows, that the calculated crack growth bounds reasonably represent the range in 
the life-limiting behavior.  The mean-lifetime response, on the other hand, separates from the 
crack-growth-controlled behavior with decreasing stress level.  The lifetime probability density 
can therefore, be modeled as a superposition of the crack growth behavior upon the mean-
lifetime behavior.  The effect of microstructure and loading variables on the lifetime variability 
can then be evaluated by separating their effects on the crack growth lifetime and the mean 
lifetime, as illustrated in a forthcoming section. 

Figure 5.  Role of small crack growth in the separation of mean-behavior from the life-
limiting response.  

From the above discussion, the effect of dwell loading on the lifetime variability can be 
described in terms of separate effects on the crack growth lifetime and the mean-dominating 
behavior.  The small crack growth data, obtained at 1150 and 1100 MPa, with 6 second dwell at 
the peak load is shown in Fig. 6.  The figure indicates that, while the long-crack regime was not 
significantly influenced by the dwell loading, it had a significant effect on the small crack growth 
rates when compared at the same stress level.  Also, there was a strong effect of stress level on 
the small crack growth regime under dwell loading.  As indicated previously, in the proposed 
life-prediction approach, characterizing these effects is vital in determining the life-limiting 
behavior and the probabilistic lifetime limit.    
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Figure 6.  The effect of dwell time on the small crack growth regime in IN100.  
The mean vs. life-limiting behavior under dwell loading is presented in Fig. 7.  The figure 

shows that the 6 second peak dwell produced a significant reduction in the mean-lifetime (in 
terms of cycles) but a much weaker effect on the life-limiting behavior.  The calculated crack 
growth bounds, based on the small crack growth variability at 1100 MPa (Fig. 6) and the range in 
the crack initiation sizes, are superimposed in the figure and, once again, illustrates that the life-
limiting fatigue response is reasonably captured by the range in the crack growth lifetime.  
Comparing the two cases, i.e., with and without dwell, it appears that the separation of mean 
from the life-limiting behavior is related to this control of the life-limiting response by the crack 
growth regime, which promoted a smaller degree of change in the life-limiting behavior with 
respect to both the stress-level and the dwell-time.  The mean-lifetime, on the other hand, showed 
a significantly stronger sensitivity to these variables.   

Figure 7.  The role of small crack growth in the effect of dwell time on the mean vs. life-
limiting fatigue response.  
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separation/overlap between the two as a function of stress level and dwell time, thereby affecting 
the total lifetime variability.  The lifetime probability density can therefore, be represented as a 
superposition of the crack growth probability density function (PDF) and a mean-dominating 
PDF [10]: 

 )()()( xfpxfpxf mmllt +=  (1) 

where, ft(x), fl(x), and fm(x) are the total lifetime, the life-limiting, and the mean-dominating 
probability densities respectively.  The weighting parameters, pl and pm, are the probability of 
occurrences of the crack-growth-controlled and the mean-dominating mechanism respectively.  It 
can be shown that the lower-tail of the above bimodal probability density, which is most 
pertinent in the calculation of the probabilistic lifetime-limit, is strongly governed by fl(x) and 
does not show substantial change within reasonable range of values of pl and pm [10].  
Furthermore, the probabilistic limit, for e.g., the B0.1 lifetime, can be shown to be bounded by 
the B0.1 lifetime obtained from the crack growth density [10] (i.e., pm → 0).  In the present case, 
the values of pl and pm were derived from the S-N experiments. 

The life-limiting density, fl(x), was simulated by using the crack initiation size 
distribution [7] and the small crack growth data.  The crack initiation size was measured on the 
fatigue fracture surfaces and was modeled by the lognormal probability density function.  This is 
shown in Fig. 8(a). The small crack growth data were fitted by multiple power-law (Paris) 
segments [15] such that: 

 mC Ke
dN
da

∆=  (2) 

The Paris-type coefficient and exponent, C and m, were treated as random variables and 
were modeled by the normal density function [16].  The parameters of C and m were derived by 
the Maximum Likelihood Estimate (MLE) method using the available small crack growth data.  
It is also recognized that the variables, C and m are strongly negatively correlated [15, 16] and 
this correlation was invoked in the simulation of lifetimes.  The joint PDF of C and m for the 
lower-∆K small-crack growth segment in the no-dwell case is presented in Fig.   
8 (b).  
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Figure 8.  Examples of input to the simulation of the life-limiting probability density, fl(x); 
(a) The crack initiation size distribution for the NMP initiated cracks in terms of the 

diameter of the equivalent circle, and (b) The joint PDF of the small crack growth 
variables, C and m for the case of 0 dwell time.  

The CDFs associated with the simulated life-limiting densities, fl(x), are shown in Figs. 9 
and 10 for the 0 second and the 6 second peak dwell cases, respectively.  The crack-growth-
controlled densities show reasonable correspondence with the observed distribution in lifetime at 
the higher stress levels, as in Figs. 9(a) and 10 (a) (due to convergence of the mean and the life-
limiting behavior) but describe the life-limiting response at the lower stress levels, as illustrated 
in Figs. 9(b and c) and 10(b).  

The mean-dominating density, fm(x), can be estimated by running a relatively small 
number of S-N experiments under the conditions of interest.  This is illustrated in Fig. 11.  Here, 
4 tests were randomly selected at each stress level and for the no-dwell and the peak dwell 
condition.  The parameters of fm(x) were then determined by the MLE method assuming the 
lognormal model. 

Figure 9.  The CDFs of the calculated life-limiting probability densities for the case of no-
dwell; (a) σmax = 1200 MPa, (b) σmax = 1150 MPa, and (c) σmax = 1100 MPa.  
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Figure 10.  The CDFs associated with the calculated life-limiting densities for the case of 6 
second peak dwell; (a) σmax = 1100 MPa and (b) σmax = 1000 MPa.  

Figure 11. I nput data (4 random tests at each stress level) for obtaining the mean-lifetime-
dominating density, fm(x).  
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.  The predicted lifetime densities, calculated according to 
Eqn. (1), are shown in Figs. 12 (a) and (b) for the two loading conditions.  The conventional 
description of fatigue variability, where the lower tail is considered as an extrapolation of 
deviations from the mean behavior, is also plotted in these figures.  The B0.1 lifetimes obtained 
by the two approaches have been indicated by vertical lines and the experimental points are 
represented by open symbols.  The results show that the suggested lifetime modeling provides a 
more accurate representation of the effect of stress level and dwell time on fatigue variability.  
Especially, the predictions of the lower tail and the B0.1 lifetimes are more consistent with 
respect to these variables and almost independent of the number of S-N tests therefore, 
significantly decreasing the uncertainty in the probabilistic lifetime limit.  For example, although 
the total variability (and mean-lifetime) increased with decreasing stress level and dwell time, 
this is attributed to the separate degree of effects of these variables on the small crack growth 
regime and the mean-lifetime behavior.  Consequently, the lower-tail and the B0.1 lifetime are 
not entirely dependent on the mean-behavior or the number of data points, producing, perhaps, a 
physically more accurate trend in the probabilistic lifetime limits (Fig. 12).  
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As indicated above, a distinct attribute of the suggested method is that, the predictions of 
the B0.1 lifetimes are not heavily dependent on the time consuming, and often expensive S-N 
fatigue experiments.  Notably, the predicted CDFs account for the solitary life-limiting failure at 
1100 MPa with no-dwell (Fig. 11(a)) and at 1000 MPa under dwell loading (Fig. 11(b)), which, 
due to the small probability of occurrence, otherwise requires a relatively large number of total 
lifetime experiments to capture.  Nonetheless, the key to the method is the recognition that the 
lifetime variability is a result of separate responses of the crack-growth-controlled behavior and 
the mean-dominating behavior with respect to both the intrinsic and the extrinsic variables.  
Therefore, merely a large number of experiments may still not be sufficient in accurate prediction 
of the probabilistic lifetime limits without the paradigm shift in the description of fatigue 
variability.   

Conclusions 
Based on this study, the following concluding points can be made: 
• The effect of stress level and dwell time on the fatigue variability and the probabilistic 

lifetime limit can be accurately predicted by considering separate responses of the 
crack-growth-controlled life-limiting behavior and the mean-lifetime behavior to 
these variables.   

• The lifetime probability density can therefore, be modeled as a superposition of the 
crack growth lifetime density and the mean-dominating density. 

• The B0.1 lifetimes predicted by this approach show a more consistent trend with 
respect to stress level and dwell time independently of the number of S-N fatigue 
experiments therefore, significantly decreasing the uncertainty in these probabilistic 
limits.   
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Figure 12.  Predicted lifetime probability densities and the B0.1 lifetimes based on the 
proposed fatigue variability description; (a) no-dwell and (b) 6 second peak dwell.   
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