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Abstract—A promising approach to detecting roadside bombs attached to com-
mand wires is the electromagnetic sensing and identification of the wires. The lowest
five resonant frequencies of the wires, along with the widths of the resonances, can
serve as a “fingerprint” for finding the wires. A first large step toward exploiting this
fingerprint is to calculate the resonances and their widths for a straight wire on a flat
interface between a homogeneous earth and air. The calculation of resonances re-
quires extending the theory of the linear antenna to deal with a wire on the interface
between two dielectric media, which we accomplish here. Complex-valued resonant
frequencies are defined as those for which a certain homogeneous integral equation
for the current in the strip on the interface has non-trivial solutions. By applying
a Galerkin procedure we obtain approximate numerical solutions for the resonant
frequencies and their widths. A table of resonances is given for the case of a relative
dielectric constant €, of the earth equal to 4 and for three values of the ratio of wire
radius a to wire length h. MATLAB computer programs for determining resonant

frequencies and widths for other parameter values are included.
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I. INTRODUCTION AND SUMMARY OF RESULTS

The need to detect and identify command wires that control roadside bombs raises the
problem of determining an electromagnetic signature of command wires that run along
the surface of the earth. We study such a wire (or wire pair) in terms of the theory of
linear antennas. The theory of linear antennas in a single homogeneous medium was well
developed over fifty years ago in terms of integral equations [1]; however, the problem of
characterizing command wires calls for extending this theory to deal with two media at
a planar interface, and the extra medium raises a whole new set of problems, requiring a
substantial development of technique.

In terms of the Maxwell equations that define electromagnetism, here we report on
the needed technique and its application to the determination of resonant frequencies of
a straight thin wire (or wire pair) on a flat interface between earth and air or, more gen-
erally, between two homogeneous lossless media, each characterized by a given dielectric
constant. In case of a thin wire in a homogeneous medium, the shape of the cross section
is unimportant. For example, with perfect conductors, a wire consisting of a flat strip of
width 4a and negligible thickness is electromagnetically essentially the same as a circular
wire of radius a. This insensitivity to cross-sectional shape holds also for a thin wire or
wire pair on the boundary between two different dielectric media. Therefore one is free to
pick a shape of the cross section, and the analytically convenient shape is a flat, perfectly
conducting strip of length 2h, width 4a, and zero thickness. We assume the strip is located
in a plane interface, thought of as horizontal, between a medium below (earth) with a di-
electric constant k; and a medium above (air) with a dielectric constant ky. The problem
is to find the first five resonant frequencies for electromagnetic radiation scattered by this
thin strip as functions of the parameters a, h, ki, and ky; the width of each resonance is
also to be determined. For a single homogeneous medium, our understanding both of the
linear antenna and the related scattering problem comes mostly from the Hallén integral
equation. From this integral equation, in which the vector potential plays a central role, it

follows that the current on such an antenna is approximately sinusoidal, especially when the



antenna is thin. Furthermore, the wave number for this approximately sinusoidal current is
that of the surrounding medium. In contrast, for the present case of a linear antenna on an
interface, there is no useful definition of a vector potential, which complicates formulating
the problem. When the wire involves two media with distinct propagation constants, the

questions arise:

1. Is the current along the wire approximately sinusoidal; and

2. if so, what is its wave number?

Based on the known expression for the electric field emanating from a point current element
located on and parallel with the interface [2], integral equations of both the Pocklington type
and the Hallén type can be formulated, but with a more complex kernel that introduces
qualitatively new features, associated physically with the complexity of paths by which
energy can propagate near an interface. As described below, it turns out that the current
near resonance is approximately sinusoidal, but, even when both media are lossless, with a
complex-valued propagation constant.

Even for a single medium the Hallén and the Pocklington equations for antenna problems
are notoriously difficult to solve either analytically or numerically, and indeed have been
solved accurately only for a few special cases, such as the center-driven antenna [1]. Recently,
however, we defined resonances in terms of special frequencies in the complex plane at which
the homogeneous Pocklington equation has non-zero solutions. We then determine the first
few resonances approximately by use of a Galerkin method, without the necessity of solving
any integral equation. We checked that the application of this method to the case of a wire
in a single homogeneous medium showed agreement with known resonances given in Ref. [1]
(in which the current distribution along the wire is symmetric).

We proceed as follows:

1. In Sec. II, taking the strip to run along the x-axis, we start with the expression of
the electric field E,(z,y) along the strip generated by a current element on the strip,

obtained as the inversion of a Fourier transform. This expression lays the groundwork



for a kernel in an integral equation, once one finds a way to avoid a non-integrable

singularity.

2. In Sec. III we find the complex-valued zeros in the Fourier transform of E,(z,y) with
respect to x, denoted Ex(g ,y). These zeros play a role similar to the zeros in the
Fourier transform for the homogeneous case, and in the same way they allow one
to obtain an integral equation of the Pocklington type for the current in the strip,

arranged to evade non-integrable singularities.

3. In Sec. IV we derive a suitably symmetrized integral equation of the Pocklington type
for the current in a thin strip on the interface. Important implications are: (1) that
the current along the wire near resonance is indeed sinusoidal, and (2) we have the

propagation constant of this approximately sinusoidal current.

4. In Sec. V we define the complex-valued resonant frequencies as the frequencies at
which the homogeneous integral equation for the current in the strip has non-zero
solutions. Approximate equations for the resonant frequencies, suitable for numerical

calculation, are obtained by use of a Galerkin procedure.

5. In Sec. VI, the equations are rearranged to facilitate numerical computation, largely
by changing integration contours to avoid undue oscillation in the integrands of various

integrals.

6. Appendix F gives the MATLAB programs that generate numbers from the rearranged
equations to provide numerical values for the first five resonant frequencies, along
with the width of each resonance (which is simply related to the imaginary part of the

complex-valued resonant frequency).

As an example of resonant frequencies, here are the results from the analysis given below
(computed with the MATLAB programs in Appendix F) for the case of earth having a
dielectric constant 4 times that of free space, leading to ki /ky = 2. The first five complex-

valued resonant frequencies for three cases of a/h, the ratio of wire thickness to wire length,



are given in Table 1. The propagation constant in air is ks = 27 f /c where f is the frequency
in Hertz and ¢ &~ 3 x 10® m/s is the speed of light. (Note that an even resonance number n
corresponds to anti-resonance for the impedance of a center-driven antenna.)

Figures 1, 2, and 3 show the resonances implied by Table 1 as a function of frequency.

TABLE 1:

Complex values of koh at resonance n

a/h=10"*

a/h =107°

a/h =106

0.956824-:0.047401

0.965436-:0.038153

0.970820-:0.031885

1.934017-¢0.079959

1.947398-:0.063718

1.955503-10.052866

2.905922-¢0.115751

2.925628-20.091953

2.937355-¢0.076062

3.872673-10.153152

3.900158-¢0.121734

3.916394-:0.100618

4.837435-10.190228

4.873157-10.151508

4.894259-10.125246
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FIG. 1: Resonant scattering from wire; ¢, = 4, a/h = 107
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FIG. 2: Resonant scattering from wire; ¢, = 4, a/h = 107°.

II. FORMULATION

The behavior of electromagnetic waves along and across the boundary between two me-
dia with different properties is much more complicated than the case of one homogeneous
medium. Fortunately, this case of two media has been systematically studied [2]. The
notations, approach, and results of this reference are to be used here.

For definiteness, let the two media be air and earth. Following the notation of Ref. [2],
let the planar boundary between air and earth be in the xy-plane (i.e., z = 0) and the z-axis
points in the direction of the earth. The problem of the strip antenna to be studied is shown
schematically in Fig. 4. The length of the antenna is 2h. Still following the notation of Ref.
2], let k1 be the wave number of region 1 (earth) and ko that of region 2 (air). As holds for

earth and air, it will be assumed throughout this report that

k’l > ]{32. (21)
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FIG. 3: Resonant scattering from wire; ¢, = 4, a/h = 107°.

Since the antenna is assumed to be thin, a is taken to be small, so that
a<h and ko<1, (2.2)

which, of course, implies kya < 1. For present purposes both earth and air are assumed
lossless, so that both k; and ks are taken to be real-valued and positive. As in the usual
case of the linear antenna in a homogeneous medium, once the lossless case is understood,
the introduction of loss in the medium is fairly straightforward.

The formulation of the problem hinges on the electric field generated by a “horizontal”

point dipole in the interface. Consider a delta-function current at the origin,

3 = 8(x) d(y) 3(=) % (2.3)
then, the z-component of the electric field at a point (z,y,0) on the interface is given by
(see Eq. (5.4.13) of Ref. [2])

00 00 2 2 2 2
__WHo i(Ex+ny) Y1(ky — &%) + (ki — &)
E.(z,y) el dg /_Oo dne TN , (2.4)

6



where

7= (ki —&—n?)'? Vo= (k3 — & —nH)'2
(2.5)

M= m+m, N = kv +kin.
In deriving Eq. (2.4), it has been assumed that the p for both region 1 and region 2 is given
by po; that is, we do not deal here with magnetizable earth. Note that Eq. (2.4) does not
change when the regions 1 and 2 are exchanged.

The advantage of studying a strip antenna of negligible thickness can be seen from
Eq. (2.4). If the antenna is circular for example, then both the current source (2.3) and
the observation point would have non-negligible values for the z-coordinate. In this case,
the corresponding formula depends on the signs of these z coordinates and is much more

complicated than the present Eq. (2.4).

Region 2: air

strip antenna of
negligible thickness

[
[
|
[
|
[
|
[
[
|
| Region 1: earth
|

|
vz

(a) side view

vy

(b) top view

FIG. 4: Schematic diagram of the antenna geometry.



III. ZEROS IN THE FOURIER TRANSFORM OF E,_,

The current induced in the strip will be shown to satisfy an integral equation of the
Pocklington type. In the case of a single medium, as outlined in Appendix A, the kernel
for the integral equation is derived easily once one notices a pair of zeros in the Fourier
transform of F,. That method works also for E, for the case of a thin strip at an interface,
except that one has to do some work to find the zeros. It is to this task that we now turn.

From Eq. (2.4) it follows that the Fourier transform from x to £ of E,(x,y) is proportional

to

MN
This E(f ,y) depends also on k; and ko, which in turn depend on frequency through

B(g,y) ~ /oo i 11082 = &) + 7k = &) (3.1)

—00

ki =\eaw/c and k= /eaw/c, (3.2)

where ¢ is the speed of light and €; and €, are the relative dielectric constants of the two
media (taking region 2 to be air, ks &~ 1). We assume lossless media, so that both €; and €,
are real-valued and positive. In marked contrast to the case of a single medium, however,

it will turn out that the zeros of E (&,y) will be complex-valued. To proceed, we re-write

Eq. (3.1) as
E(&y) ~ —CFi(&y) + (&), (3.3)
where
F1(€7y):/_oodnenym (3.4)
and
Fy(&,y) :/_oodne"y Tt (3.5)

Of these two functions, F3 is the simpler one; in fact, it can be expressed exactly in terms
of Bessel functions:

s 1

B6y) = gy, [VE-CH 0/ -0) - VE-e B VB -8)]. (39)

Unfortunately, there does not seem to be a corresponding formula for F;. However, such

an exact evaluation for F} is not needed. Since the thin antenna is by far the most important

8



case, as expressed by the condition ka < 1 of (2.2), there is a corresponding condition for
this Fj. Here y plays the role of a, because |y| < 4a. Taking y to be positive without loss of

generality, the corresponding condition is
kiy <1 and [£ly < 1. (3.7)

An absolute value sign has been kept on £ because, as to be seen later, ¢ is allowed to be
complex.
Before evaluating F; under condition (3.7), it is instructive to write down the correspond-

ing approximate formula for the F; of Eq. (3.6). This is immediately

(k — &) In(y/kf — &) — (k3 — &) In(y /K3 — €2)
[y

—In2— =
+~7—In 5

(3.8)

77 .
F2<£7y) ~ §+Z

Furthermore, from the series expansion for the Bessel function, the first neglected term is
of the order of (£y)?|In(€y)|, where £ is the larger one of k; and |¢|. This point turns out
to be of importance: what it means is that approximation (3.8) is highly accurate for small
values of y.

The series expansion for this F5(&,y) is of the form

In(€y), 1, (Ey)*W(&y), (&v)° (&9)'W(y). (' ... (3.9)

for small values of y. As proved in Appendix B the corresponding series expansion for the
Fi(&,y) is also of the form (3.9). The task is therefore to determine the first two terms,
namely those of orders In(£y) and 1, for F1(¢,y) from Eq. (3.4).

As a first step in this direction, let F1(§,y) be written in the following form:

-1 oo k2 k2 g2 2 2 12 g2 2
Fi(&y) = / dn ™ sVhki — & —1 iVk —¢ iy (3.10)

ki — k3 J oo kiks — (ki + k3)(€2 +n?)

The denominator here has a zero at

K242
2 2 _ 12
SR a3

(3.11)

This is the famous Sommerfeld pole [3]. At this point, the numerator on the right-hand side

of Eq. (3.10) also has a zero, implying the well-known fact that the Sommerfeld pole is on

9



the second sheet. From either Eq. (3.4) or Eq. (3.10), it is readily seen that the last factor in
the integrand is of order n~! for large values of 7. Therefore, the leading term of order In(£y)
for small values of y, as discussed in the preceding paragraph, comes from the integration
over large values of n. It is thus desirable to separate out the part of the integrand that
behaves as ! for large n; in the rest of the terms, y can be simply put to zero. One way to
accomplish this is to rewrite the right-hand side of Eq. (3.10) in the somewhat complicated

form as follows:

kQ k3 k2 + k3 J_o VE—e—p k-

k3k2 k2 k2
RETE 2 12 - . (3.12)
kiks — (KT + k) (2 +n?) \ /B2 — & —n2 /K3 — €2 — 92
This way of rewriting Eq. (3.10) has several advantages. First, each of the four terms on the

right-hand side contains either \/k? — €2 — 2 or y/k3 — €2 — 02, but not both. Secondly, the

first two integrations lead to Bessel functions. Thirdly, the quantity within the parentheses
is zero at the Sommerfeld pole given by (3.11). Moreover, the integrand with this quantity
as a factor decreases as =3 for large 1, and hence y can be put to zero in this integral,

simplifying its evaluation greatly. These considerations lead to

1
kT + k3

™
Fi(E.y) ~ {W_H[%%Wyk&f%—%%%y%—8ﬂ+&%,aw)
1 2

where

1 K202 % 3
Fao = -3 2 dn 575 2 2\/ 22
ki — k3 J oo kiky — (Kf +Kk3)(E2+ %) \ /K2 — €2 — 2 \/k§—52—772

(3.14)
is independent of y. Approximation (3.13) is accurate enough to give for F the two leading
terms of orders In(£y) and 1.

Since only these two leading terms are to be calculated, the Bessel functions on the
right-hand side of Eq. (3.13) can be expanded to give

W+%<%Myk%fﬂ—@mw K —¢2)

F ~

—|—'y—ln2) + F3o| ,

(3.15)

1
ki A+ k3

10



while a direct evaluation of Eq. (3.14) gives

ik 1
ke — k3 /(7 + k2)E2 — K2k

30—

N BVETRERE | e VRIRE _RE] o
BV RE-RE M- JErme-mg|

Equation (3.16) has been written down for

Fiks
kT4 k3

<& <k, (3.17)

and analytic continuation can be used to ascertain the values of Fy, outside this range of £2.

In summary, the substitution of (3.15), (3.16) and (3.8) into (3.3) gives explicitly

= o (B =) In(y k] — &%) — (k3 — &) In(y/k3 — £2) 1
E~— —n2—-Z=
y T k2 — k2 TymeTy
282 | | kiln(yVk3 — &) — k3 In(y/ki — €2)
- z ~In2
k%+k§{2“[ 2k ty-,
2k 1

B N(CEERE
>1m%+¢%+%W—ﬁ%_m@+¢%+@W—ﬁ%”

This is the desired approximate expression from which to determine the zero of this E as a

(3.18)

function of £ when ky, ks and y are given subject to the conditions (3.7).
As a zeroth approximation, only the leading term of order In(£y) is kept while all terms of
order 1 are neglected. In this approximation, the right-hand side of (3.18) is much simplified:
- 262 _
E~i(l———"—=|1 . 3.19
(1 s mew (3.19)
Thus, in this rough approximation, the zero of E, called ko, is given simply by

k2 4 k2
k2 1; 2. (3.20)

What Eq. (3.20) means physically is as follows. Since this location ko of the zero of E

is real, the current on a linear antenna at the planar boundary of two lossless dielectric

11



materials is approximately sinusoidal with a wave number given by \/W This
answers the two questions posed in the Introduction.

It must be remembered that (3.20) is only a rough approximation. It is the purpose of
the remainder of this section to obtain a better approximation by taking into account not
only the leading term of order In(£y) but also the next-to-leading term of order 1. Since the
right-hand side of (3.18) is complex in the sense of having both a real part and an imaginary
part, setting E to zero can be expected to lead to a solution ¢ that is complex. Such a zero
off the real axis leads to many new phenomena.

The zero-th order approximation (3.20) implies that, to this approximation,

2 _ 1.2 2 1.2 2 _ 12
Ve~ MR g g DR L B e (g g)

On the basis of (3.21), define the dimensionless quantity

ki — k3

o (3.22)

y=y
and (3.18) takes the form

~ 2 2 _ 9¢2 ~
Ewim(lng—kv—hﬁ—%)

k3 + k3
|0 =) e V/E =€) — (3 - &) (o /B €) 1]
2 — k2 2
- mﬂ{%mmﬁgiﬁ—@m%ﬁﬁﬁ>
k3 + k3 k3 — k3
k2k2 1

R R R)E - R
mﬁ+VW+@W—%@_m@+¢%+%W—ﬁ?”,(w@

X

where

2
=) 24
TN R SR (3:24)

In (3.23), the small parameter § appears only in the very first term. In the notation of (3.9),

this first term is the only one of order In(£y), while everything else is of order 1.

12



It is curious to note that the « of Eq. (3.24) is infinity when k; = ko, i.e., when the two
media have the same electromagnetic properties. In this case, the zero of Eis given exactly
by & = ki (= ks), as already mentioned in Sec. III. Nevertheless, the case where k; and ks
are close to each other requires a careful treatment. Since this case is not of great practical
importance, it will be dealt with in Appendix C

The approximation (3.23) can be used to get a better approximation to the zero of E
than that given by (3.20). A major reason to seek a better approximation is to find the

imaginary part of this zero, including whether it remains zero. For this purpose, define

EO=F 3.25
I (3.25)
When (3.24) is used for E (&,y), then this E© is independent of .
It follows from (3.21) that
1 k? — g2 = d 1 k2 — €2 = T 2
n(ay/ki —&2) i) 2 0 and In(ay/k3 —&2) e 2 (3.26)

Accordingly, this E© is given by

. ' 1 K2 am
EO i |02y T
2{4 2| TR =& 2
kK3 1 . k3V2 + \/k:4+k4+ (3.27)
K= VR [ Y2+ VR E ' |

Note that this E© has both real and imaginary parts.

In terms of this £, the zero of E (&,y) is given approximately by
iE©
In(y\/(k} —k3)/2) +~v—1n2 —in/2

ki 4 k3
2

kg ~ (3.28)

In the denominator, the terms y—In 2 and —im /2 may or may not be kept. Roughly speaking,
it is the real part of E(® that determines the imaginary part of the zero of E (y).
Combining the real and imaginary parts separately, the E© as given in (3.9) can be

rewritten as

2k k3| 2 (ki + k3)/2
L KR 1 kQ\/_+\/k4+k4
2 - RN VE R

13

(3.29)




TABLE 2: Sample values of the k3/k3 as a function of kea and ki /ks.

kaa key ko = 1.8 key [k = 2.0 key [y = 2.2

104 | 2.18318 +i0.12600 | 2.59013 + i0.16384 | 3.04044 + i0.20489
107 | 2.16737 + 0.10080 | 2.56777 4 i0.13092 | 3.01066 + i0.16348
1076 | 2.15777 + 0.08392 | 2.55413 + 40.10890 | 2.99250 + i0.13586

For the real part, since

/%+%>ﬁ+@
2~ 2

(ki +k3)/2 — ki+k5 —
and, hence, on the basis of (3.29),

it follows that
k% + k2
2 b

Re E© >0 (3.30)

with the equality sign only when k; = ko. It is then a consequence of (3.28) that both the
real and the imaginary parts of the zero of F (&,y) in the £ plane are positive when ky > ko,

at least for small values of y.

IV. INTEGRAL EQUATION FOR THE CURRENT

In the preceding section, the function E (&,7), the Fourier transform of the electric field
E, except for an overall constant factor, is found to have a zero at & = kg say, where kg is
given approximately by the square root (with positive real part) of the right-hand side of
(3.28). That there is one and only one such kg plays a central role in formulating an integral
equation for the current on the linear antenna at the boundary of two dielectric materials.
Of course, & = —kq is also a zero of E(€,y).

This k¢ has a number of important properties. First, as already mentioned, in the limiting
case where ki = ko, this kg is equal to k;. The details of how this limit is approached is

to be found in Appendix C. In this limiting case, this ky = k; is essential in obtaining the
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E-plane

FIG. 5: A usual choice of the first sheet in the {-plane. With this and a number of similar

choices, the zeros of E(f, y) at £ = ko and £ = —kg are on the first sheet.

Hallén integral equation. Secondly, in the present, more general case of two media, this
ko can be used in an analogous manner to give an integral equation for the current on the
linear antenna. This is to be discussed in the remainder of this section. The importance of
this kg is the underlying reason why it is studied in such detail in Sec. III. Thirdly, as seen
from (3.30), this ky has a positive imaginary part. That kg is not real even in the absence
of dissipation leads to features that are not seen in the usual case of the linear antenna in
a uniform medium. Fourthly, this kg is in the first sheet of the complex &-plane as usually
chosen—see Fig. 5. If this zero of £ (&,y) had been on the second sheet in a way similar to
the Sommerfeld pole, the linear antenna on an interface would have qualitatively different

properties. Define

E(¢,y)
oK

G(&y) = (4.1)

Then, similar to E(£,y), G is a function of ki, ko, € and y. It follows from (3.4) and (3.1)

that o 52
B = 20 (s 4 1) Gl (42)
where
e itn A *odg [ (k3 — &) +72(ki — &%)
_ i€z _ i€atny) 1IN 1
G(z,y) /_Oodée G(&y) /_0052_]{8/_0065776 N

(4.3)
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is a function of ki, ko, x and y.
In order to gain some physical intuition for this G, consider once more the special case

of k1 = ko, where this G simplifies to

1

1 & © .
G(z,y) = —/ d{/ dn e'&x+my) , (4.4)
2k J oo e VI =& =P
This integral can be easily evaluated using polar coordinates to give
—7i efVatty?
G(r,y) = (4.5)

AN
Therefore, in this special case, G' can be used to operate on the current to give the vector
potential. In the present case of two media, although no vector potential can be usefully
defined, this G of Eq. (4.4) plays the role of going from the current on the antenna to a
“vector potential.” Thus G can be used to give an integral equation for the current.

At the beginning of Sec. II, it is noted that a thin strip antenna of width 4a is electro-
magnetically essentially the same as a circular one of radius a. Since the usual argument for
this equivalence is not modified for the present, more general situation of two media, it will
not be repeated here. This leads to the integro-differential equation

9 e , , dm
<@ 4 ko) /_h ' Kz =)&) = S E@) (4.6)

as a consequence of (4.2) and (4.3). Here the kernel K of the equation is

K (x) i/ df G(k1, ks, x, 2asin 16), (4.7)

:27r

—T

I is the current on the antenna, and E,,(z) o

En¢(x,0) is the z-component of the external
electric field applied to the thin strip, evaluated at y = 0.

Figure 6, obtained from the numerical work of Sec. VI and the appendices, shows the
kernel K (z) for the case ki/ko = 2 and kyh = 5, for two values of a/h = 107* and a/h =
1075, Unlike the wire in a homogeneous medium, the kernels for the two cases of a/h differ
noticeably even for values of z > a.

It is also of interest to compare the kernel K (z) for the case above with a/h = 107 to

the Hallén kernel in [1] for a single homogeneous medium adjusted to have a propagation
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constant kg, and scaled to have the same limiting behavior as K (x) as = tends to zero. This

Hallén kernel is

def 1 o exp(ikoy/2? + 4a?sin(0/2))
Hl=) = (k1h)? 4 (k2h)? /0 v V12 4 4a2 sin’(0/2) ' 48

Figure 7 compares K(z) against this H(z) for the case ki/ke = 2 and keh = 5, with
a/h=10"%

V. METHOD OF DETERMINING RESONANCES

We believe that the resonant frequencies for scattering by a wire are relatively independent
of the incident field, regardless of whether the wire in a homogeneous medium or, as is the
case here, at an interface. If there is no incident field, that is, if E,,(z) =0 on —h <z < h,

then Eq. (4.6) specializes to
82 h
(W + k§> / de' K(z —2")I(2") = 0. (5.1)
x —h

At first glance, one might expect the only solution to be I(x) = 0. However, the key to

defining resonance is to note that the kernel K depends not only on position along the

0.1 T T T T T T T T T

Re(K(x)) for a/h = 107*
' — = —Im(K(x)) for ath = 107*

I Re(K(x)) for a/h = 107°
I — — — Im(K(x)) for a/h = 107°

Real and imaginary parts of kernel.

FIG. 6: Two cases of the kernel when k;/ky = 2 and kyh = 5; a/h = 107" and a/h = 107°.
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Real and imaginary parts of kernel.

FIG. 7: Kernel K (x) compared with Hallén kernel H(z) for case of koh = 5, k1 /ky = 2, and
a/h =10"%

wire, but also on the angular frequency w, on which k; and ky depend through Eq. (3.2).
Therefore the solution to the integral equation (5.1) depends on w and for certain discrete
special values of w, wy, wo, ..., the equation has non-zero solutions. These values are

expected to be complex, so that, listed in increasing order, we have

Rew, = the n-th resonance frequency,

—Imw, = the width of the n-th resonance. (5.2)

The real parts of the complex-valued solutions are the resonant frequencies, while the imag-
inary parts give the half-width at half height for each resonance, under the assumption that
the resonant behavior for the n-th resonance is proportional to 1/(w — w,). The task is to
find the approximate values of the complex w,,.

To determine the special frequencies, we use a Galerkin method, and for this we need to
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symmetrize Eq. (4.6). For that, noting the boundary condition I(4h) = 0, we observe that

- _de' Kz - a)I(2) = /_ de' [%K(z - x’)] 1()

_ / de' {—%K(:p . x')} 1(z)

_ / g {_%[Ku — ) I(@)] + Kz — ) [%f(w’)] }

_h X

= —K(x —2)I(z)

h
P /_ ' Ko x')%](az’)

= / dx/K(x — l‘l)i[(fﬂl). (5'3)

—h ox’

With the use of this equation, Eq. (5.1) takes the symmetrical form

a 4 / / 8 / 2 h / / AN
%/_hdx K (o~ o) 1) + K /_hdx K(x — ) I(') = 0. (5.4)

This is the form of the Pocklington integral equation to which we shall apply Galerkin’s
method. We deal with the resonances that have symmetric currents separately from reso-
nances for which the current is antisymmetric in z. For a trial current /g, () in the Galerkin
subspace, after an integration by parts Eq. (5.4) takes the approximate form:
h 0 h 0
/hdx {—%]Gal(x)} /hdx'K(x - x')%lgéﬂ(x')
h h
+ kg/ dx IGal(:z:)/ dr' K(z — 2')Iga(z) = 0. (5.5)
—h —h

1. Galerkin subspace for resonances with symmetric and antisymmetric currents

For sufficiently small a, one expects resonant frequencies at complex values of kg near

def MVTT
K _= - 56
S (56)
forn =1,2,..., with the currents corresponding to odd values of n symmetric in x while the
currents corresponding to even values of n are antisymmetric in . In applying a Galerkin

method, a critical question is this: should the Galerkin subspace depend on the frequency w

or not? For the symmetric case, there are good reasons to believe that the resonance current
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is given roughly by the shifted cosine form cos kx — coskh [1]. One might expect to get a
good approximation using a Galerkin subspace of dimension 1 by choosing the current to be
the shifted-cosine; however, use of the shifted-cosine results in possibly spurious values of
the resonant frequency. Examination of how these values arise shows that they are indeed
spurious artifacts of the shifted-cosine form; hence we need to attend more carefully to the
choice of the Galerkin subspace. The shifted-cosine form leads to a Galerkin subspace de-
pendent on the frequency w ~ ky. Question: should the Galerkin subspace depend on the
frequency w or not? Having encountered spurious values from the shifted-cosine form, we
choose instead a Galerkin subspace that is independent of the frequency w. This indepen-
dence essentially determines the Galerkin subspace of dimension 1. To begin with, it can
depend only on the geometric parameters h and a. Although we could force the Galerkin
subspace to depend on a, we cannot see how to do this in a physically sensible way. Thus
we take the Galerkin subspace to depend only on h. Then we can hardly avoid choosing
I (x) ~ cosky,x = cos(nmz/2h) for the symmetric case where n is odd. Correspond-
ingly, for the cases of resonance in which the current is antisymmetric about the center
point of the wire, for which n is even, our Galerkin subspace consists of the single function

I ~ sin k.

2. Resonances

With the chosen Galerkin subspace, Eq. (5.7) for the case of symmetric currents in which
n is odd becomes

h 0 h 0
- "K(r— )2 /
/hdg: { 5 €08 /enx} /_hdx (x —x )895’ COS KnT

h h
+ k‘g/ dx cos mnx/ dr' K(x — 2') cos k2’ = 0. (5.7)

—h —h

Note that the coefficient of the second term is k3 rather than 2. We define

h h

I, / dx sin ﬁna:/ dr' K (x — 2') sin k2, (5.8)
—h —h
e (" h

I, = / dx cos /{nz/ do' K (x — 2') cos Ky, (5.9)
—h —h
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and carry out the differentiations in Eq. (5.7) to obtain for n odd:
—K2 1 + kel =0, (5.10)
which in a form more convenient for calculation becomes,
(K = Kg) (T + Len) + (15 + k) (Lan = Len) = 0; (5.11)

Similarly for the resonances with antisymmetric currents so that n is even one finds:

h 0 h 0
/d$ {—%Slnﬁnl}/dl‘ K(x—$)%sm/€n:n

h h
h h
+k2/ dx sin /{nx/ dr' K (x — 2')sin k2" = 0, (5.12)
—h —h
which implies
(’1121 - kg)([sn + Ien) — (“i + k(Q))(Isn —Ien) =0, (5.13)

We now make a zero-th order check. On replacing K (z — z’) by a delta function §(x — z’)
and carrying out the integrals in Eq. (5.7) and using the definition of k,, = (n7/2h), the
result for n odd is —x2 + k2 = 0; carrying out the same procedure on Eq. (5.12) yields
this relation for n even; confirming our claim that for sufficiently small radius, the resonant
propagation constants should be near k.

Returning to deal with K (z — 2’) and not just the delta function, one holds fixed the
geometrical and material parameters h, a, €1, €5 and o while varying the angular frequency
w in order to find complex values of w for which Eq. (5.11) for the symmetric resonances
and Eq. (5.13) for the antisymmetric resonances have non-zero solutions. Varying w in the
complex plane implies also varying the propagation constants ki, ko via k; = w,/€; /c for
j = 1,2; and the dependence of k; and ko on (complex-valued) w varies with kg as determined
by Eq. (3.28).

The next step, derived in Appendix D, is to reduce the double integrals to single integrals

to obtain, for all resonances, regardless of whether n is even or odd,
(ko — k§) s = (K7 + kg) L an, (5.14)
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where we define
ot 2h
Isn = I+ I, = 2/ dx K (x)(2h — x) cos k.,
0

9 2
Ing, = (—1)”(Isn—lcn):—/ dr K(z)sin k,x. (5.15)
0

Kn
3. Scalingtoh=1

For calculational purposes, we save effort by recognizing that the resonant frequencies
scale with the wire half-length h. Thus one can set h to 1 and obtain resonant frequencies
for other values of h by dividing by h. With h = 1 we have k,, = n7/2 and the task is to

solve the equation for resonances, namely, regardless of whether n is even or odd,
[(n7/2)* — k3]s, = [(n7/2)* + k) Ian, (5.16)

where with h = 1 and k,, = n7/2 we have

2
Iy, & Isn+fcn=2/de(x)(2—x)cos?,
0
I & (1)1 — L) = — /2d K (2)sin = (5.17)
n — (T sn — den) = T €T T)sm ——. .
A nm J, 2

Similarly to the case of the wire in a homogeneous medium, when the strip width 4a is much
smaller than all the other dimensions in this scattering problem, we can approximate the
kernel K (z) (defined in Eq. (4.7)) by G(x,a) defined in Eq. (4.3), so that we have

o k3 — &) + (k- &%)
d i(Ex+na) ryl( 2 1 )
e MN

K () ~ Gy, by, 2, 0) = /_Oo ﬁ (5.18)

—00

We will use this approximation to determine resonances.

VI. NUMERICAL ANALYSIS OF RESONANCES

Here we address the numerical analysis of Egs. (5.16) through (5.18) for a wire scaled
to a half-length of h = 1. Recall that kg is the zero of the Fourier transform of the kernel

K (x). Later we will use the abbreviation

k4:k1k2/\/k%+k:§:k2,/ﬁ%, (6.1)
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so that for the relative dielectric constant e real and positive, ki, ko, and k4 as complex
parameters all have the same argument.

For keeping track of branch cuts, in this section we study imaginary values of these
parameters, and most of the following will deal in “kappa’s” and corresponding 7’s defined
by

(For j =0,1,2,4) k; = ik, (6.2)

(FOI‘j = 1, 2) ")/j = i’N)/j, (63)

3 €2 R K2 (6.4)

For M and N defined in Egs. (2.5) we have

where

M =i(+%), and N =—i(k37; + Ki%s). (6.5)

[Note: r’s as defined here have nothing to do with use of the &, symbol in the sections
above.] The advantage to this notation is that for real x’s, the branch points and branch
lines present no trouble. We then determine the proper branches involved in various integrals
by following a path from positive real x’s to whatever complex values we want with the rule
of “no cross branch lines” which tells us how to deform branch lines so as to avoid such
crossings. Changing from k's to x's and recognizing that numerical integration over the

kernel K (z) takes almost a minute, we put Eq. (5.16) into the form
2 2 9 2
/de { [(%) + m%} (2 — ) cos ? - [(%) — mg} sin?} K(x)=0. (6.6)

To express the kernel K (z) given in Eq. (5.18), we define

~rdef ~ < ~ ~
M=Z3 +7 and N = k29 + K3%. (6.7)

After dropping constants that cancel out in the equations above for resonant frequencies,

for real-valued frequencies the kernel of the integral equation can be taken to be:

= G 71<52 + K3) + 52(8% + K7)
52 + /fo (1 + F2) (K371 + Ki72)

= / dn e'cv ) <i+§> (6.9)
L2+ k2 + K3 ) M N
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Remark: for complex-valued resonant frequencies of interest, however, the in-
tegration path must be deformed to avoid crossing branch cuts. As a result the
expressions to be developed for the kernel will be formulated in two steps: (1) in accordance
with Eq. (6.9), and (2) by analytic continuation for the range of resonant frequencies that
have positive real parts but negative imaginary parts, corresponding to ry = |ko|e ™ where
a exceeds /2.

The kernel K () depends on the resonant frequency through its dependence on ky, ka,
and kg, which itself is a function of k; and ks, provided by the MATLAB program findkOA.m
in Appendix F.

The integrand has poles at £ = +iky. Adapting Egs. (3.28) and (3.29) from kg to ko,
one shows that for a real-valued dielectric constant € = 4, over the range 0 < o < 1.8, e™®xy

has a relatively large positive real part and a small positive imaginary part. It is this pole

that contributes in later work when we deform the integration path.

1. Summary of the kernel transformed for numerical calculation

The double integrals that define the kernel need to be put into a form that appears much

more complicated but is more amenable to numerical work. Define

of 1 _ B
Flu)e =5 [ mpw)e™™ — (1 mu)e ], (6.10)
Then we find below that
47
K(z) = e — {.7—"(\/:1:2 + a?)
1~ Re

2
2K§

+ K5 (0) cosh kox + K31 (x) + Ksa(x), (6.11)

2’%3 _ K% — ’%% * I /
+—————= [ da' sinhkg(x — 2" )F(Va'? + a?)
0

where as shown in Appendix E,
K (O) Q0 1 2“% 2 ( —K1a 7&2(1)
= — — (e —e
? k? — K32 K2+ K3) |a
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2
+ — [ k3 — K2 K (aﬂm%—nﬁ) — /K — K3 K (a\/ﬁ%—ﬁg)}
RoQ

2 2 2 .2
TP B M B N St (6.12)
2/?0 K2 — Ko 2/?0 K1 — Ko
s 22 K — K3, @
~ 1— 0 Ky — ki — +—2(ln=- +v—1
ﬁ%—m%( m%%—m%){z ! Ko ( 2 7 2)
K3 — K2 KT — Kg 2
+ In(ke + ko) — In(k1 + ko) | + O(a”Ina). (6.13)
Ko Y]

In the equation above, K; is a modified Bessel function [4]. For the remaining parts of the

kernel we have

™ 2 2/{1 2
K — “ 2 2 vl i —K1T
31(2) /{i‘—/{é{x l(’fo Ky + " +x2>6

T 2
TR — ko
) 6.14
/{% + /@%e ( )
with
Ko —KOT "i% B /ig . —KOT
—Ts10(z) = e In — 5 Tim | +e (Er[(k1 — ko)x] — Ey[(Ke2 — Ko)z))

Kap(z) = Y250 G0y — Gy (), (6.15)

— ™ (E[(k1 + ko)x] — Eq[(Ke + Kko)x]) ;
K — K (

where for j = 1,2 we define R; by R déf/il//fg and R dof Ka/K1, and

e L4 VK — K3 — ik R,

VKR — K] K} — K} + k4R,
/\/ﬁ_1 % (¢ +1)%exp|—ra(C + 1)x] ‘
0 [(€ +1)* = w5/ki]/C(C+ 1)

Note that the correct branch of the exponential integral E;[(k2 — ko)x] in the expression

G,(z) = imkee”

— 2m

(6.16)

for K31 (x) requires adding 27i in case the imaginary part of ke — kg is positive. Other
important details concerning the branches of the above functions are given below. For

z < 0.001 we make use of the relations
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2 2 2 2“}1 2 —K1Z 2 2’@2 2 —KQI
x|:</€0 Ky + - —i—xz)e (/10 KT+ —l—

:xm_ﬁgF“f”?_”m?ﬂﬂ44ﬁ—n@Pg—“;“ﬂx+0@% (6.17)
E\(az) — Ei(bx) = log(b) — log(a) + O(z?). (6.18)

Checks made on the correctness of these equations include the following: We checked
that for & = 7/2 the kernel K (z) as computed here decreases toward zero for large values
x; this rules out any large error in K5(0). We checked that for a relative dielectric constant
€ near 1, the computed kernel approaches the free-space case. We checked the K (z) varies
smoothly, without jumps, as kg is artificially scaled by a parameter that ranges from 0.3 to

1.1, and we checked that K (x) varies smoothly as a ranges from 0 to 2.

2. Putting the kernel in a form suitable for numerical analysis

We rearrange the integrand of Eq. (6.9) into three pieces in a way that makes it easy to
calculate the piece most sharply peaked at x = 0
1 2 2 2 2 2 2 1 2 2 2 2
e Sam2 . 2w N1, & (Aitm 2) (g
M N K]+ Ky M K] +kKy) M K] + K5 N M

Correspondingly we have

where
K(z) = 2 /OO d¢ /OO dn e!&e+na) i, (6.21)
KT+ K3 M
Ko(z) = (1- 2”"0 / iyttt L (6.22)
K2 + K3 §2 —i— K3 M’
1 o0 o0 P N )
K;(z) = —— d demm)(#—T)
3< ) ’il + ’i2 /oo 552 0 /oo 1 N M
1 [es) ) 52 e’} 52 +/€2 2
PO " — d 12 = 6.23
aal e[ w(F ) 6w

where the last relation follows because the integrand falls off fast enough as n becomes
large to make Kj3(z) smooth as x — 0, so that in the integrand we replace a by 0 without

significant loss of accuracy. | Rechecked and found correct 18 July 2009. ]
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APPENDIX A: COMPARISON WITH HOMOGENEOUS MEDIUM

In contrast to the assumption in the main report that k; > ko, in this appendix we discuss

the case k; = ky = k, for which Eq. (2.4) becomes

w o0 . ~
Eiwy)= -1 | dEe“E(E ). (A1)
where
5 . o 1
E.(&y) d:f(kz - 52)/ dn e N (A2)

is the Fourier transform from x to & of E,(z,%). From the factor (k2 —£2) in E,(€,y) follows

the relation for E,(z,y):

w o d2 2 > ZxEx(fay)
who (d? 2 /Oo /OO i(Ex+ny) 1
S L e | d m
472 <dx2 * ) . ¢ . e 2k2\/k2 — €2 — 2

= _YHo <i + k2> Golz, ), (A3)

dn? \da?

where

—T s [ 2402
G x, = 461k ety . A4
O( y) k'Q\/m ( )

This G generates the kernel of the integral equation of the Pocklington type for the current
for the scattering by a thin perfectly conducting strip:

) d2 [e%S) 2a
E"(x,y) = “ro (— + k2) / dac’/ dy G(x — o',y — ) (2, y), (A5)
—o0 —2a
where by virtue of the slimness of the strip (e« < h and ka < 1), we ignore J,, the current

density transverse to the strip axis [1].
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APPENDIX B: FORM OF SERIES EXPANSION FOR F;i(¢,y)

In this appendix, a proof is given that, for small y, the series expansion for the F(y) =

Fi(&,y) defined by Eq. (3.4) is of the form of (3.9), i.e.,

Fi(y) =Y y*"[anlny +a)). (B1)

n=0

In view of the appearance of the logarithm, a Mellin transform should be used. Define

Q) = [ dyy R, (B2)
0
By Eq. (3.4), this is
F(¢) =2 / Oodn% / Oody y~ T cosny. (B3)
0 k1’Y2 + kf'Q’Vl 0
Since
r(3)

/ dyy "t cosmy = n 2T —25, (B4)
0 F(T)

Eq. (B3) reduces to

8 L) [~ e 1
Fi(¢) = ﬁl“ (S_}) /0 dn <g> 2y + R (B5)

From the factor I'(¢/2), this F1(¢) has poles at negative even integer values (and zero) of
¢. Furthermore, for large 7, 1/(k379 + k371) can be expanded into a series in odd powers of
1/n. Using analytic continuation as usual in applying the method of the Mellin transform,
the structure of this series leads to an additional factor of 1/(¢ + 2n) near negative even
integer values of (, but no such corresponding factor for negative odd integer values of (.
This means that 151(( ) has double poles at negative even integer values of , but is analytic

at negative odd values of (. Therefore

al

RO~ [(C :;2)2 T (B6)

n=0

gives explicitly the positions and nature of the poles in the left half of the (-plane. The
desired result Eq. (B1) follows from Eq. (B6) by inverting the Mellin transform (B2).
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Note that we have paid no attention to the issue of whether the series on the right-hand
side of Eq. (B1) is convergent or not. For the present purpose of studying the properties
of a linear antenna on an interface, only the terms ay and af, are of interest, and thus the

convergence of the series is irrelevant.

APPENDIX C: CASE OF k; CLOSE TO k»

In this appendix, the case in which k; and ky are close to each other is discussed.

When k; = ko, the zero of E is given by & = k (= k3). This limiting value is exact for all
values of y. Nevertheless, only the case of small y as defined by (3.7) is to be treated. This
special case corresponds to the wire on the interface being thin, and is especially simple to
deal with, because the explicit results (3.28) and (3.29) of Sec. III can be used.

Since k; and k- are close to each other, it is convenient to define k > 0 and € > 0 so that
=k +¢& and ki=Fk —é. (C1)

With € < k, various quantities are expanded in the small parameter €2 /k2.

Consider first the real part on the right-hand side of Eq. (3.29):

T 1 k%+k§_ kik2 o Loy kt — et 3_7Ti (€2)
2K — k3| 2 ki +k)/2| 22 Vit et] 8 k2

This is indeed positive, consistent with Eq. (3.30).
The imaginary part on the right-hand side of Eq. (3.29) can be treated in a similar way,

only slightly more complicated:

1 k22 1 kQ\/_+\/k4+k4
2 R DR VE R
1 K —é 1 k2+e + V4 + €

+
2 2¢? \/]{44_64 €2+‘//€4+64

1
11 [, 3¢ 2"32+6+222
~ (228 ) m ’
2 2¢? 2 k2 0T 2+1€
— € [
2 k2
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k 1g
L (pl3eV[(L Ly, L
2 2 k2 2k2 8 kS 24 kS
7 €t

In particular, this calculation shows the important role played by the first term, —%.

Finally, the substitution of Egs. (C2) and (C3) into (3.28) gives the real and imaginary

parts of €2, where ¢ is the zero of E(&,y):

- !
2 2 _ 1€
Re& k 8 72 n(ye) (C4)
and
3r €
Imé? ~ —=—

where the terms v —1In2—i7/4 in the denominator of Eq. (3.28) have been neglected because
they are much smaller than |In(ye)|.

The results (C4) and (C5) are believed to be valid without the condition k1y < 1 of Eq.
(3.7).

APPENDIX D: INTEGRATIONS FOR I., AND I,

Because K (z — ') depends only on the difference between = and 2/, it must be possible

to rewrite the integrals

h h

I, / dx sin /{nx/ dr'K(x — 2') sin k1, (D1)
—h —h
wr " h

Iy = / dx cos /fnx/ dr'K(x — 2') cos kpx (D2)
—h —h

as single integrals. We do this without using the fact that K is an even function of its

argument. Define

h h
I(a,d) = / dx emx/ dr' K (x — 2')e '™ (D3)
~h ~h
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Changing integration variables x — —x’ and ' — —xz produces the relation
I.(—d,—a) = (o, d). (D4)

With this relation one expresses I, and I, as

I, — _i 21 (s ) — (s — i) — I.(— s, 1), (D5)
o = I ) + Lo =) + L= )], (D6)
so that we have
Ton - Ton = 5 L, =10) Lo, ), (1)
Iy — 1oy = —I(Kp, Kn). (D8)

For the reduction to single integrals we compute

h heoo
a) = /dx'/ dr e e K(x — ')

h 2h . h ,
= / dy K( ) zay/ d:(,’, i(a+a’)z’ +/ dy K(y)ezay/ d:E/ i(a+a)z’

1 0 . . .
= du K ety <6z(a+o¢ Yh e—z(a-‘,-oz )(h-l—y))
o[ o

2h
+/ dy K(y)eiay (ei(a—i-a/)(h_y) o e_i(a-i-a/)h) 1
0

0

ila+a) | oo
2h . / .y . / .
[ (ema iy _ ik >hemy) | (Do)
0
The case o' = —a is worked out directly to show
0 ‘ 2h A
I(a, —a) = / dy K (y)(2h + y)e'? + / dy K (y)(2h — y)e'. (D10)
—2h 0
Substitution of Egs. (D9) and (D10) into Eqgs. (D7) and (D8) yields
0 2h
I+ 1., = / dy K(y)(2h + y) cos kp,y + / dy K(y)(2h — y) cos kY, (D11)
—2h 0
1 0 2h
Iy — 1o, = - [/ dy K (y) sin[x,,(2h + y)] +/ dy K (y) sin[x,,(2h —y)]| . (D12)
n —2h 0
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(-h, 2h)

(h, =2h)
FIG. 8: Integration region on (z’, y)-plane.

In the special case, which we have here, in which K(y) = K(—y) and k,, = (n7/2h), these

simplify to
2h ny
Isn+Icn = 2/ dyK(y)<2h_y)COS—7

0

2h
4h [?h .onT
I, — 1, — (_1)HE/0 dy K (y) sm2—hy, (D13)

which are the single integrals that we wanted to obtain.

APPENDIX E: EVALUATION OF K;, K;, AND K3

The integral in Eq. (6.21) that defines K is evaluated exactly as follows:

K = ——— d dn e'&rHna) E1l
) H%M%/_oo o e =Y
_ 2 /OO d¢ /oo dn ei(&z+na) 1 ) (EQ)
R+ 63 ) ) VP +E+ R+ 2+ &+ k3
Let
p Va2 ¥ a2, (E3)
and change to polar coordinates
r=pcosp, a=psing, &= Acosa, and n= Asinaq, (E4)
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leading to

K 2 / T / Ty e E5
r) = 55— o
1(z) 5%4—/@% 0 0 \/f{%+)\2+\//{%+)\2 (E5)
4 & A
= %2/ N\ Jo(Ap) (E6)
kit Ry Jo VE+ A2+ /K3 + A2
47
- K4_I{4["Z_(p7li1>_z_(pa’i2)]a (E?)
1 2

where we define

T(p,r) & /OO)\d)\J D) oA (E8)
a o e R
2 19\ [ To(Ap)
= (K- =5 ——-% NdN—228 F9
( 9p? pap) 0 VEZ+ N (E9)
0? 10 ) e~ rP
_ (29 10 E10
( op* pdp) p (E10)
1 —KR,
— (L), (E11)
: : : 9 10 2 : : :
in which we used the relation 0_,02 + ;a_p + A ) Jo(Ap) = 0. Putting all this together yields
K\(2) = o (14 map)e ™ — (L4 mape ™) (E12)
(k1 — K3)p? ’
where z is related to p by Eq. (E3).
For kop < 1, it follows that
i 2 AR+ Kk +KE 1
K === 2+ —(k? 2 O(p?). E13
1. Evaluation of Ky(x)
From Egs. (6.21) and (6.22) it follows that
d? kY + K2

Solving the differential equation and imposing the symmetry condition that Ky(z) =
Ks(—x) yield

2 2
Ki + K3

2/60

Ko(z) = (/10 - ) /0 " i/ sinhlio(x — /Ky (2) + Ko(0) cosh(oz).  (E15)
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The coefficient K5(0) is a function of a which increases without bound as a — 0; it is

evaluated as follows (and implemented in K20.m). By the definition of K> in Eq. (6.22),

2K2 © d & . 1
K>(0) = (1— = 2)/ o dne™
Ki + K3 0o 2+ K] ’Yl‘i"Yz
1 2K
— 1— 0 ~
o m+@>/ [ e
1 2 1
= — 2(1— 2,% 2> / d'r]e / d&(———)
K1 — Rj Ki + K3 —0 —00 T Y2
o) ) o) d 2+ 2 2 2+ 2 2
_'_/ dnema/ . 5 5 (77 ’fl Ry N Ui ’32 HO)
—00 —oog +I€O i Y2

1 2K2
= 1—-—2_ ) (T, + T El
T () 1) (O
where we define
def [T e 1
T, = dne™ df - — — (E17)
o —c0 M Y2
2
- 7 (e7m% — e7"2%) &~ =27 (K1 — Ka), (E18)
a
nﬁfmwmwﬁm» (E19)

where for j = 1,2 we define

def > d£
o) S =) [ — ,
—o0 (kg + &%)\ /& + 17 + K]
i :‘io—’lvq/n2+/i?—/€g
= — /P + K — kg In : (E21)
Ro Ko + iy /1?4 K3 — KG
\/ 1P+ RS — K§ kg
. (E22)
\/ TP+ KF — kg — ik

The last form is convenient for obtaining the behavior for large |n| [MATLAB check of
Eq. (E21) against Eq. (E20) passed.] Thus we have

(E20)

1
= — 2 4 K2 K2 i1
o n K}y — Ky | ™+ in

Ty = To1 + T, (E23)
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where

I e (o= - ). (©24)

Ko Joo
— l/oodneina n2+l€%_"§’g _ 772+’<5%_’£(2) (E25)
o Joo VPR = K5 PR -y

= T211 - T2127 (E26)

where

ko \ 7 da?
2m
= K3 — KK (a K3 — H%) : (E27)
2 _ .2
2 | 1 K — Fﬁ% ay/ R — ko
T T a2 - 5 In 5 + 50y = 3)(83 — K3)
+O(a*Ina). (E28)

(In the above equations, unlike the body of the paper, Ky, and K; denote modified Bessel
functions [4].)

Equations (E26) and (E28) imply

2
Ty = L { k3 — KEK, <a\//§§ — /18) — /K — KEK, (a\/ﬁ% — /ﬁ%)] : (E29)
KRoQ

m ay/Kk? — K3 a\/Kk3 — K3
- -z [(n? Y S SR R B >]
+ O(a*Ina), (E30)
T a (22 (22
= |t = D) Gy = )+ T I - ) — (e — )
+O(a*Ina). (E31)

(MATLAB checks OK.)
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For 15, we have
/77 + K2 — K2 ln V1P + K — K+ ik

T22 dﬁf—/ d77€
n? + K3 —Ko—mo

VN2t KR — K3+ ik
—\/? + KE— m%ln 2 0 0

n? + K3 —/{0—@/{0

[ 5 +H1 H% ln \/77 +/-c1—/$0—|—mo

2 4 k1 —/{O—Zlio

VN2 + K3 — K3+ ik
—\/n? + K3 — K} ln 2__0 0 (E32)
n? —l—/-fg K3 — ik
2 2 2 .2
= (kg PO P2 RO LT Ry Rt e ) (E33)
2:%0 R2 — Ko 2:‘%0 K1 — Ko

where the last expression is obtained to within an error of order a?Ina by the technique
illustrated in Eq. (E78). That expression is implemented in the MATLAB routine T22.m.
[May need to modify to deal with branch.]

Combining Egs. (E31) and (E33) yields

2 2 2 .2
Ty ~ 7|k — Ko — AT <1ng+7—%> + P KOIH(FLQ"FFLQ)
Ko 2 v
1{2 — IiQ
-t 0 hl(lil + Iio):| . (E34)
Ko

2. Evaluation of K3
From Eq. (6.23) we have

1 [e%¢] ) 2 [e’e) 2 2 2
Kj(zr) ~ — 2/ dfe’gx%/ dn ( 2/?1+K§~ - ) (E35)
Kl T Ky J &+ Ry Joo KoMt RY2 Mt e

This can be rewritten as

Kala) = iy [ A R(c), (E36)

I€1+I<L2

where we define

F3(8) = gi/ooodn ( Q'f%”? — = ° - ) (E37)

kg + & K3+ AT it e
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:_(/@1—/12 (k3 + &2) / [ %)

+(n+52 s )( H1+£2+n) ?(/ﬁ%f§2+n2)>], (E38)
Ttk Yo+
_ & —m%_m+@+£2l KT+ &
T - 2 2 tRre
+G(k1, k2, §) — Gk, K1, f)] : (E39)

In (E39) we defined G by

s T R
o [(k]+r3)(M*+ &) + KIR)V/N? +E2 + K

i KiKgka n \/m — z./i4/<;2//117 (A1)

2V + K] V& KLt ikaka/ Ry

where, as follows from Eq. (6.1),

def
G(Hzﬂﬁaf) = “?’f%

(E40)

def K1R2

Kg = ko €/(e+1) = —————. E42
4 2 /( ) \/m ( )
Putting this together yields
K;(z) = K31 (z) + Ks(z), (E43)
where for 0 < o < /2,
z£z£2 /ﬁ?% _|_£2
K31 = — /{2 / 552 |: Kl + Ii% + §2) In /{% + 52 - (’i% - K;)} ) (E44)
o8] 1535 2 1
K32(l’) — /11:“62/{4 5 5

Kt —hR3) o E2+ K] VE2+ K2
y ln\/§2+n4—m4ng/m_1n\/52+/~;?1—m4/~;1/n2 ' (E45)
Y\ 52 + :‘ii + ili4l€2/li1 \/ 52 + :‘@21 + ifi4li1/li2

3. Evaluation of the integral in K3,

To evaluate the integral in Eq. (E44), we deform some contours and hence attend to

branch points and branch cuts. As a first case consider a simplified integral, namely

def > il f —1
Jr = /_oodfe lnf_ 5" (E46)
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under the condition that x > 0. The branch points are £ = ¢ and £ = 2, both in the upper
half £-plane. Avoid crossing branch lines by running the branch line up along the positive

imaginary axis of the &-plane. Let € — i = 7€' and & — 2i = r9€'*2, so we have

5 —1 Tl i(p1—¢2) 3T 4
_ 1 o2 < =
6_22 7’26 ’ 9 <¢17¢2 i 2) (E47)
which implies
— '
In 5_ 5 In(ry/re) +i(p1 — ¢2). (E48)

Deform the integration path to run from ico — € down around ¢ = ¢ and back up toward
100+€. Observe that in crossing the imaginary axis above Im £ = 24, there is no discontinuity
in In[(§ — 1) /(& — 2i)], so that above & = 2i, the contribution from the downward part of the
path cancels the contribution from the upward part of the path. Therefore the path can be
shrunk to a tight loop around the line segment connecting the two branch points. We have

f—i‘ §—i
— In
€ — 2leciwie € —2i

Vi<w<2) In

— 0 — (—2mi) = 2mi, (E49)

E=iw—e €—0

whence it follows that
2 2T
T = 2mi / idwe ™ == (e —¢e™"). (E50)
1

Next observe that the integral with the branch points reflected about the real axis, so

they are in the lower half &-plane, is

def

J. = dé %% 1n i

_ £12i (E51)

as follows from pushing the integration path infinitely upward. Thus Eq. (E50) gives us also

the integral

OO €x 62 + 1 2m —2z —x
;71:j+j+:/_oodfe§ h’lm:?(GQ — € ) (E52)
This procedure generalizes to produce
def - ix §2 + I{% 2m —Ka|z| —K1|z|
Ji(z) = : d€e 1n§2+l€§:m(e —e ). (Eb3)

[Checks OK in MATLAB|]
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Now we evaluate the integrals in K3;:

2

1
K(2) = ——— (ki + 83 — 63)(Tan1 (2) — kg Tonz(2) + Toua(2)] + 55 Toia(2), (E54)
where
def [ 52 + K2 o B
T 1el d z{:r — Ko K1Z E55
() [ e mET L < i) = T (et (B
zfz 2 2
def f +K
Taa(z) = / 552 52 i /i; (E56)
def fo ko
T313(ZIZ) = 552 = 506’ 0 s (E57)
Tyalz) & / dg (§2 In LR K2+ Hg) . (E58)
—o0 K+ &7
The integral T315(2) has two terms. From the pole at £ = ikg comes a term
2 2 2 .2
Lemrorn T2 = T pmron (m My m) , (E59)

where the second expression comes from attending to the branch cut. The second term of
T312(x) comes from a contour integral around the line segment connecting the branch points

iky t0 ik so that for ke such that branch crossings are no issue (that is, for o < 7/2 where

arg kg = —a) we have
- K2 — K i1 oite
Ts19(x) = R—Oe’mx <ln K; — 2 5 + m) — 27rz/ dé —— 2 (E60)
where
iK1 pite o (iR ' 1 1
A e M e B
= ,{—0 {6_“(’ (Er[(k1 = ro)z] — Er[(k2 — ko)x])
e (E1[(k1 + ko) — Ey[(ke + Ko)x]) }. (E62)
Here F is the exponential integral:
Fi(z) % / el (E63)

(For small |z|, F1(z) = —y —In z+ 2z + O(z?) where here v is Euler’s constant & 0.5772. .. .)
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As checked in MATLAB, the r.h.s of Eq. (E60) matches that of

Eq. (E56) for values of

« less than 7/2; beyond that, Eq. (E60) gives the desired analytic continuation that would

come from deforming the path in Eq. (E56) to avoid crossing branch lines.

The technique developed above shows that

K

1 .
T314(ZL’) = —27TZ / df §2€z€$,
T 2 3 T 2
2
— ——W( P k) +O0(z) asz—0

Putting this together results in Eqs. (6.14) and (6.15).

(E64)
%) e‘”‘”] , (E65)
(E66)

Note that the correct branch of E;[(ky — ko)z| requires adding 27i in case the imaginary

part of k9 — kg is positive. This is done in MATLAB mlab/branch/K31.m, which exhibits

smooth behavior over the range 0 < o < 2, as shown by mlab/pltK

4. Evaluation of K32(x)
From Eq. (E45) we have
2/‘%1/{2/‘14
K. —— (G =G
s2(7) = n4—/42( 2 — G),

where we define R; by R; et K1/ko and Ry dof Ko/k1 and

\/52 + K3 — ks R;

3.m.

(E67)

def 25152
G = / 552"”? \/52—1-5

Then for j = 1,2, we split GG; into three terms:

Gj = Gjo + Gﬂ + Gan

\/£2+/<a4—|—m4R'

(E68)

(E69)

in the following way. For G, j = 1,2, deform the integration path as shown in Fig. 9,

picking up a residue contribution Gjy at § = ixg, where the sign

of kg is determined as

discussed in Appendix E7. Then split integration path into two parts per diagram, one for

G around the line segment in the &-plane connecting iy and ikj;

the U-shaped path vertically above x;.
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1ﬂJ'1 as i
\I

(

FIG. 9: Integration paths I';; and I'j, on complex s-plane.

[To test branch choices for the square root and the logarithm for Gj,, observe that the
branch is easy to figure out for £ having a large, positive imaginary part. To test the correct-
ness of branch choices, we made a scatter plot on the complex plane of real and imaginary
parts of the square-root involved and of the logarithmic term. If both of these scatter plots
avoid branch lines and if the branch choice is correct in the limit of large positive imaginary
part, we are in business. A neat thing about this procedure is that it works also when we
change the integration variable for G2 to y where £ = i(y + x;). This was done for enough
values of arg ks and kg to convince us that the branches are correct for the cases here.]

Using the technique discussed in Appendix E 5, we find G = 0,

o 5 emroT(—k2) 1 | VK3 — kg — ik R;

o0 = 2mi , n

7 2ikg [k} —KE /K2 — KD +ikuR;

I n VK — K3 — ik R,
VE: —kE K} — K+ ikyR;

(and with the right choice of branch)

= —TTRp€E

. Con 1 /{(2) — lii — ZK4R
= 1TTKQE \/RO — I<L4 \/K4 — ’KLO + lli4R (E70)
zgxgz VE K — ik R
- l
— o / e ac (¢ VPorp (e 10 . (E71)
0 [(€ +1)* = w§/ki]/C(C+ 1)
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In Eq. (E70) the square root has the branch cut as the negative real axis, and the square root
of a positive number is positive. In Eq. (E71) ¢ is related to the integration variable ¢ by
¢ =ik4(C +1). The program that calculates G; using these equations is mlab/Gj.m. It has
been tested against the defining equation over the range 0 < o < 1.8, and behaves smoothly
(no branch jumps!) over that range. That program invokes as a subroutine \kappaOh.m to

determine the appropriate value of k.

5. Study of a simplified integral relevant to G; and to K3(0)

Define

g [T 1V52 1l E72
VBT Tri 7

By inspection, Z is purely imaginary. Deform the contour to come down the left side of
the imaginary axis from 700 to ¢ and back up the right side of the imaginary axis. Let

¢ =i(y+ 1) to obtain

\/ (y+2)—1
/\/yy+2 Vyly+2)+ 1 (E73)

where I" runs from oo + id to the origin of the y-plane and then down around the origin
and back out to oo — id, so the branch line in the square root is the positive real axis. We
require that the square root on the lower side of the branch line be > 0. From now on
let \/m denote the positive square root on the lower side of the branch line. Then,
because the change in sign of the square root from above to below the branch line cancels

the change in direction of the path above relative to the path below, we have

I:/‘” y Ve 2 -1 —Vyly+2) -1
o Vyly+2) Vyly+2)+1 —yly+2)+1

:/O" Yy \/y(y+2 —1Jr Vyly+2)+1 (E74)
o Vyly+2) \/ (y+2)+1 Vyly+2) -1

Observe that /y(y +2) — 1 has a zero at y = V2 — 1 which causes a singularity in the

logarithms. Now observe also that

In (\/m - 1) —In (1 — Vol + 2)) + . (E75)
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Tracing the value of the square root on the chosen branch determines the sign, with the result
that we find that the path splits into two pieces and that the path beyond the singular point
at y = v/2 — 1 makes no contribution. The plus and minus signs for i7 turn out in such a

way that we obtain
V2-1 dy

0 Vyly +2)

This result is confirmed by a MATLAB integration.

T = —2mi = cosh™' (V/2). (E76)
6. Integral for K2(0)
The same line of reasoning shows the relation
/€211 —
/ df ez{a /52 5 Z

+1+ Z
which for the special case of a — 0 yields

/ d¢ (\/5271 \/ivg:jzz sz) — _%/1 Hdet\/t?j
= m [ln (b + m> - b\/l—l——bQ} . (ET8)

V2-1
P / dye U [yl +2), (ETT)
0

[ Eq. (E78) checks correct in MATLAB. |

7. Pole for residue contribution to G

The equation for the parameter kg, the location of the pole in the Fourier transform of
the kernel, determines only k3. In the defining equations for the kernel kg enters only as
k2, so the sign of kg does not matter; however, in performing contour integrals a residue
from only one of the two poles in the &-plane at £ = £k contributes, so that the sign of kg

matters. For the path deformations considered, the pole that contributes is that specified

in the remark under Eq. (6.9)
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8. Evaluating zeros in Fourier transform of electric-field kernel

To evaluate Eq. (3.3) in cases of complex-valued propagation constants and with y set

equal to a, we use the “kappa’s” to put Eq. (3.3) in the form

E(’Sv CL) ~ _€2F1 (a’v f) + FQ(a7 5)7 (E79)

where, now using “kappa’s” we have

def . [ , 1
F & dpen——— ES0
R e (P50
Fy(a,6) & — /OO dnem (E81)
—00 '71+72

Thus we seek the values of £, denoted &, for which, copying Eq. (3.3),
0= _£2F1(£7 CL) + FQ(&; CL), (E82)

where in terms of “kappa’s” we have

1 In €2+2 & + 2n3
o i S
_2G(,€17/§2,£)—|—2G(ff27/€17£)]

2K, (aM) } +O(utnw), (E83)

where u = |a|(k + |£]), with k = max(|k1|, |ke|) and we recall that k1 ™ Ky €/(e+1) so
2,2
that k2 = %, and G (ka, K1,&) is the function defined in Eq. (E41).
ki T k3
Putting all this together and dropping terms O(u? Inu) gives

5 (lng B 7) N k31In(&2 + ﬁ%g — mi In(&2 + K3)

/52 Zligl@; /52 Zl€11€4
Zlil RoKy4

_|_ —

(k2 — K3) 52 + K2 /52 I Wm /£2 m1n4

Fi(§,a) = Qi 2{ 2

KT+ Ky (K] —

?

2 2
K1 + K3

Fl(gacL) =

(E84)

For numerical evaluation, we note that the zeros in the &-plane are near & =

+irgy/(€ +1)/2 € where ¢ is small and positive.
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We also find analytically (and checked numerically):

—Z 0 . B 5
RAe) = o= [ dne™ (=), (155
. 2
—21 1
- T POCVENC RS Kl(a.//ﬁ—kf?). (ES6)
j=1

The small-argument approximation for the modified Bessel function K (from [4], p. 9 and

[5], p. 15 for ¢-functions) is

1 1
Kl(z):;+§ <ln%+’y—§) +O(Plnz), (E87)

leading to, within terms of order |a?(£% + x?) In (a®(&% + k?)) |,

Fz(f,a) = — %_i_lns —7+1(H%+€2)1n(’%%+§2)—(Ii%—l—éﬁ)ln(/{%—i—g?)

(ES8)

2 2

Eq. (3.3) is evaluated using Eqs. (E88) and (E84) in the MATLAB program findkOA.m.

APPENDIX F: MATLAB PROGRAMS

Taking inputs of € and a/h, the program res5.m calculates the first five resonant values
of koh. For this it calls resB.m which in turn calls nxtB.m. The program resB.m supplies
the error as part of its output, calculated using ISD.m. The computing of the integral over
the kernel is done by the program ISD.m and the similar subroutine ISDC of nxtB.m. These
call K.m which in turn calls turn calls K1.m, K2.m, K3.m. The program K2.m calls K20.m
to get K5(0), and K3.m calls K31.m and Gj.m. Many of these programs call £findkOA.m to
obtain —i times the zero in the -plane of the Fourier transform of the kernel K(x); that

Fourier transform is accurately approximated by the subroutine Ktilde inside findkOA .m.

function[k0]=findkOA(ep,ell2,al,a_by_h)

%k here stands for \kappa

%hal = - arg(k) al=pi/2 for propagation constant real
%(case of most interest)

% refines function[y]=findkOk2(a,krel)
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% a is |k_2|a ; krel = k_1/k_2.
hgets zero from linear approx to a complex function.

wj = w(zj)

zstart = ixexp(-ix*al)*sqrt((l+ep)/2)*ell2*(1+.041i); %rough starting
happrox to X=\xi2/|k2|"2 for square of zero

del = .1;

zst zstart;

for 11= 1:7 Yset to 1:7

zl = zst+del;
wl = Ktilde(ep,ell2,al,zl,a_by_h);
z2 = zst-del;
w2 = Ktilde(ep,ell2,al,z2,a_by_h);

yk1l = (w2*xzl-wil*z2)/(w2-wl);

zst = yki;
del = del/8;
end %for
testl = Ktilde(ep,ell2,al,ykl,a_by_h);%shows error of found k_0
kO=-ixykl1;
kOtst=exp(i*al)*k0;
if imag(kOtst)<0

k0=-kO0;

end
function[y]=Ktilde(ep,ell2,al,xi,a_by_h)
%29 July 2009: fix Ktilde3 of 7 June 2008 for arb |k_2]|
% k here stands for \kappa

%al = pi/2 for real propagation constant (case of interest)
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JWORKS FOR al near pi/2; not likely good otherwise!!!
Y%xi=\x1i

%al = -arg(\kappa_2)

#Ktilde used for xi \approx \xi_O \approx ...

% ixexp(-i*al)*ell2*sqrt(.5*(ep+1))*exp(i*delta), ...
% delta small and positive.

X=x1i2;

ph=exp(ix*al);

k2=e112/ph;

k1=sqrt (ep) *k2;

klsq=k12;

k2sq=k22;

ft1=k12+X;

£t2=k22+X;

log2=log(X+k2sq) ; TEMPORARY FOR al near pi/2
logl=log(-X-k12)-i*pi;

gam = 0.5772156649015328; % from Abramowitz

%function[y]l=F1(ep,ell2,al,xi,a_by_h)
fac1=1./(klsq+k2sq);

TO= 2*(log(2/a_by_h)-gam);

k4=k2x*sqrt (ep/(ep+1));
T1=(k2sq.*logl-klsq.*log2) ./ (klsq-k2sq) ;

rt3=sqrt (X+k42) ;

fac2=i*k1xk2*xk4/((klsq-k2sq) *rt3);
lograt2=log((rt3-i*k2*k4/k1)/(rt3+ixk2*k4/k1)) ;
logratl=log((i*k1*k4/k2-rt3)/(rt3+i*xk1*k4/k2))-i*pi;

T2=fac2.*(lograt2-logratl);
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Fil=facl.x(TO+T1+T2);

%end

%function[fval]l=F2(ep,ell2,al,xi,a_by_h)

f1 = -gam+log(2/a_by_h)+.5;

F2= f1+.5x(ft2+log2-ft1l.*logl)./(k1sq-k2sq);
%hend

y=X.*F1+F2;

end

end

function [ygl=Gj(j,ep,ell2,al,a_by_h,x)
%15 July 2009
%ell_j=abs(kappa_j)
Jhere k is for kappa; al = -arg(k2)=-arg(kl)
hep is dielectric constant, ASSUMED REAL
k0=findkOA(ep,ell2,al,a_by_h);
k2=el112%exp(-i*al);
kl=sqrt (ep) *k2;
if j==

R=k1/k2;
else R=k2/ki1;
end

elld=ell2x*sqrt(ep/(ep+1));
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k4=k2*sqrt (ep/ (ep+1));
er=10-8;
rtf=sqrt (k02-k42); %from study of branch in 12 July note
bf =k4x*R;
G2res = i*pixkO*exp(-k0*x)*log((rtf-bf)/(rtf+bf))/rtf;
ulim = sqrt(1+R2)-1;
Int_term = -2*pixi*quad(@itg2,0,ulim,er);
yg = G2res+Int_term;
function y2= itg2(t)
efac = exp(-exp(-ixal)*(t+1)*elldx*x);
rrtf=1./sqrt(t.*(t+2));
tis=(t+1).72;
y2=tls.*efac.*xrrtf./(tls-exp(2xi*al)*k02/e1142);
end

end

function yf=ISD(ep,ell2,al,a_by_h,n)

Jicompute

%\int_02 dx K(x)*2*(((n*pi/2)2-k02)*(2-x)cos(.5*n*pi*x)
%= (4/ (n*pi) ) * ((n*xpi/2)2-k02) *sin(n*xpi*x/2))

%27 July 2009

kO=findkOA(ep,ell2,al,a_by_h);

function yi=itg(t)

f1=2x((.5*n*pi)2+k02) *(2-t) . *cos (.5*n*pixt) ;
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£2=(4/(nxpi) ) * ((.5*pi*n)2-k02)*sin(.5*n*pi*t);
yi=K(ep,ell2,al,a_by_h,t).*(f1-£2);
end
er = 10-9;
yf=quadv(@itg,0,2,er);

end

function [y]l=K(ep,ell2,alpha,a_by_h,xvec)
T1=K1(ep,ell2,alpha,a_by_h,xvec);
T2=K2(ep,ell2,alpha,a_by_h,xvec);
T3=K3(ep,ell2,alpha,a_by_h,xvec);
y=T1+T2+T3;

end

function[y]=K1(ep,ell2,al,a_by_h,x)
%k for kappa; 21 July 2009
S=size(x);

rh=sqrt(a_by_h2+x.72);

Ynsmall = 0;

k2=ell2*exp(-ix*al);

kl=sqrt (ep) *k2;

%hassume x a vector with monotonically increasing elements

nv =S(2); %number of elements in x
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if rh(1)< .001
nsmall=min(ceil (nv*.001/(10-8+rh(nv))) ,nv);
nbig =nv-nsmall;
if nsmall ==nv,
y=K1small(rh);
end
rhsmall = rh(l:nsmall);
rhbig=rh(nsmall+l:nv); %gets here only if nsmall<nv
ysmall=Klsmall (rhsmall);
ybig=K1big(rhbig) ;
y=[ysmall ybig];
else
y=Kibig(rh);

end

function yf=Kismall(rrh)
fac =2./rrh-(4/3)*(k12+k1*k2+k22) / (k1+k2)+(k12+k22) *rrh/2;
yf=pixfac/(k12+k22);
end
function yff=Kibig(rrh)
t1=(1+k2*rrh) . *exp (-k2*rrh) ;
t2=(1+klx*rrh) . *exp(-kl*rrh) ;
yff= 4xpix(t1-t2)./((k14-k24)*rrh."3);
end

end
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function [val]=K2(ep,ell2,al,a_by_h,x)
haccepts vector x
k0=findkOA(ep,ell2,al,a_by_h);
k2=el12*exp(-ix*al) ;
k1=sqrt (ep) *k2;
K2null=K20(ep,ell2,al,a_by_h);
S =size(x);
nx=S(2);
er=10-8;
Til=x;
delta=10-7;
for jj=1:nx
xtemp=x(jj);
if xtemp>delta
T1(jj)=quad(@itg,delta,xtemp,er)+corfun(delta,xtemp) ;
else
T1(jj)=corfun(xtemp,xtemp) ;
end
end
T2=K2null*cosh (kO*x) ;
hget correction for starting integration from delta
function [cor]=corfun(del,xc)
f1= 2%pi/(k12+k22);
rat=del/a_by_h;
tcorll=log(rat+sqrt(rat2+1));
tcor12=-(2/3)*del* (k12+k22+k1*k2)/(k1+k2) ;
tcorl=tcorll+tcorl2;

tcor2=a_by_h-sqrt(del2+a_by_h2);
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cor=f1*(tcorl*sinh(kO*xc)+tcor2*cosh(kO*xc)) ;
end Jcorfun

val=(k0-.5%(k12+k22) /k0)*T1+T2;

function yi=itg(t)

yi=sinh(kO* (xtemp-t)).*K1l(ep,ell2,al,a_by_h,t);

end

end

function yK=K3(ep,ell2,alpha,a_by_h,xvec)
%hell_j=abs(kappa_j)
haccepts xvec as a vector of values of x
Jhere k is for kappa; al = -arg(k2)=-arg(kl)
hep is dielectric constant, ASSUMED REAL
kO=kappaOh(ep,ell2,alpha,a_by_h);
k2=ell2*exp(-i*alpha);
k1=sqrt (ep) *k2;
elld=ell2*sqrt(ep/(ep+1));
k4=k2xsqrt (ep/(ep+1));
S =size(xvec);
nx=S(2);
yK=xvec;
for jj=1:nx

x=xvec(jj);
K32=i*k1*k2xkd* (Gj(2)-Gj(1))/(k14-k24);
KK31=K31(ep,ell2,alpha,a_by_h,x);

yK (jj)=K32+KK31;
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end
function [ygl=Gj(j)
%15 July 2009
if j==
R=k1/k2;
else R=k2/ki1;
end
%lim =100%pi;
er=10-8;
rtf=sqrt (k02-k42); %from study of branch in 12 July note
bf =k4x*R;
G2res = i*pixkOxexp(-kO*x)*log((rtf-bf)/(rtf+bf))/rtf;
ulim = sqrt(1+R2)-1;
Int_term = -2*pixi*quad(@itg2,0,ulim,er);
yg = G2res+Int_term;
function y2= itg2(t)
efac = exp(-exp(-i*alpha)*(t+1)*elld*x);
rrtf=1./sqrt(t.*(t+2));
t1s=(t+1)."2;
y2=tls.*efac.*rrtf./(tls-exp(2*i*alpha)*k02/e1142);
end

end

end

function[y] =K20(ep,ell2,al,a)
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%PRIMARY

%k for kappa; a for a/h

hto evaluate K_(x,a)|_{x=0} 10 June 2009

%find kO using = kappa_0 = -ik_0(ix*kap_1,ixkap2)
Jwhich follows from rule that kappa_j=-ixk_j
k2=ell2*exp(-ix*al);

k1 =sqrt(ep)*k2;

kO=findkOA(ep,ell2,al,a);
C=pix*(1-2xk02/(k12+k22))/(k12-k22);

%T1=2% (exp(-k1x*a)-exp(-k2%*a))/a;

%hT2=2* (kf (k2) -kf (k1)) / (k0*a) ;

%T3= k1-k2+1nf (k2)-1nf (k1) ;

/K20def=C* (T1+T2+T3)

gam = 0.5772156649015328;
T18=k2-k1-(k12-k22)*(log(a/2)+gam-.5) /kO;
T2S=((k22-k02) *1og(k2+k0) - (k12-k02) *1og (k1+k0) ) /kO;
y=C* (T1S+T2S) ;

end

function [yK31]=K31(ep,ell2,al,a_by_h,x)
hcheck; 17July09

%k for kappa

k2=exp(-i*al)*ell2;

kl=sqrt (ep) *k2;

helll=sqrt(ep)*ell?2;

T Tole
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kO0=findkOA(ep,ell2,al,a_by_h);
%er=10-9;

%T311=2xpi* (exp(-k2*x)-exp(-kl*x)) ./x;

%hcalculate T312

%if for CASE OF x SMALL

ha=exp(ixal);

t2=pi*(log((k12-k02)/(k02-k22))+i*pi)*exp (-k0*x) /k0;

if x<.0001
e1=-1og(k1-k0);
e2=-10g (k2-k0) ;

if imag(k2-k0)>0
e2=e2+2%pi*i;

end

elp=-log(k1+k0);
e2p=-log(k2+k0) ;

else

el=expint ((k1-k0)*x) ;
e2=expint ((k2-kO0) *x) ;
if imag(k2-k0)>0
e2=e2+2%pix*i;

end

elp=expint ((k1+k0)*x) ;
e2p=expint ((k2+k0) *x) ;

end

eOx=exp (k0*x) ;

t5form=pi*((el-e2)./e0x-(elp-e2p) .*e0x)/k0; %as in branch/ckT312

o6



T312=t2+tb5form;
% end T312 (from Eq.(1.18) of 20July res5.tex
fn2=-k0* (k12+k22-k02) * (k0*T312/pi) ;
if x < .001

tt1=(2% (k12+k22) -k1*k2) /3-k02;

tt2=k02-.5*%(k12+k22) ;

f1=2% (k1-k2) *tt1+x* (k12-k22) *tt2;
yK31=pix*(f1+fn2)/(k14-k24)+pi*kO*exp (-k0*x)/(k12+k22) ;
else
£1=(k02-k22+2*k1l./x+2./x.72) . *exp (-k1*x) ;
£2=(k02-k12+2*k2./x+2./x.72) . *exp (-k2*x) ;
fn1=2x(f1-f2)./x;
yK31=pi*(fnl1+fn2)/(k14-k24)+pixk0*exp (-k0*x) / (k12+k22) ;
%CHECK K31 for values of alpha < pi/2
%K31def=2*quad(@itg,0,pi*70/x,er)/(k14-k24)
hfunction[yil=itg(t)
%facl=cos(t*x)./(t. 2+k02);
hfac2=(k12+k22+t."2) .xlog((k12+t."2) ./ (k22+t."2))-k12+k22;
hyi=facl.*xfac2;
end

end

function y=kappaOh(ep,ell2,alpha,a_by_h)
%ASSUME 0 <= alpha < pi Modified 18 July 2009
%ell2 = abs(kappa_2)*h

y=-1%kh0 (ep,exp(i*(.5*pi-alpha))*ell2,a_by_h);
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yt=exp(i*alpha) *y;
if imag(yt)<0
Y=Y
end
function khVal = khO(ep,k2h,aBYh)%15 July 2009
%find khVal = k_2h where k_2 is the zero in zeta-plane of
hFourier x-form of kernel, as approximated by
%Tai’s formula (4.28,11) of May 2008, p24
%ikhValSq = khVal2;
% reference case is ep=4.
rt4=sqrt (.5%(ep2+1));
E=.5*pi*(.5*(ep+tl1)-ep/rtd)/(ep-1)
-ix(.5-(ep/((ep-1)*rt4))*log((ep+rtd)/(1+rt4)));
gamVal = -psi(1); %Euler’s constant 0.5772156 ...
den= log(aBYh*sqrt((ep-1)*k2h."2/2))+gamVal -log(2)-i*pi*.5;
khValSq= k2h."2.*.5x(ep+1) .*x(1-ixE./den);

khVal=sqrt_dn(khValSq) ;

function y=sqrt_dn(x)
y=exp (i*pi/4)*sqrt(-i*x);

end

end

htested against k2h=exp(i*phi) for phi=linspace(-.4,1.6)
Jno jumps found, so branch cuts seem not to cause trouble.
%» 13 June 2009

end
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function kappa2_nxt=nxtB(ep,ell2S1,alS,inc,a_by_h,n)
%S for "start"

el12S2=el112S1+inc;

kappa2S1=e112S1*exp(-i*alS);

kappa2S2=e11232*exp (-i*alS) ;
fn1=ISDC(ep,ell2S1,alS,a_by_h,n);
fn2=ISDC(ep,ell252,alS,a_by_h,n);

kappa2_nxt=findX (kappa2S1,kappa2S2,fnl,fn2);
function z=findX(z1,z2,fnl,fn2)

z=z1-fn1*(z2-z1) /(fn2-fnl1);

end

function yf=ISDC(ep,ell2,al,a_by_h,n)
Jcompute
%\int_02 dx K(x)*2x(((n*pi/2)2-k02)*(2-x)cos(.5*n*pi*x)
%= (4/ (n*pi) ) * ((n*xpi/2)2-k02) *sin(n*pix*x/2))
%27 July 2009
k0=findkOA(ep,ell2,al,a_by_h);
%kO=kappaOh(ep,ell2,al,a_by_h); Crude by reliable for test
function yi=itg(t)
f1=2x((.5*n*pi)2+k02) * (2-t) . *cos (.5*n*pix*t) ;
£2=(4/(nxpi) ) * ((.5*pi*n)2-k02)*sin(.5*n*pix*t) ;
yi=K(ep,ell2,al,a_by_h,t).*(f1-£2);
end
er = 10-8;

yf=quadv(@itg,0,2,er);
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end

end

num = 300;

x=linspace(0,20,num) ;

KV04=x;

KV06=x;

for jj=1:num
KV04(§j)=K(4,1,pi/2,10-4,x(3i));
KV06(jj)=K(4,1,pi/2,10-6,x(jj));
end

Y04=imag (KV04) ;

Y06=imag (KVO6) ;
plot(x,Y04,x,Y06,’-=")

axis([0 20 -.5 .5])

xlabel (’k_2x’)

ylabel (’Components of kernel K(k_2x)’)

title(’Comparison of kernel for a/h=10-4 vs. 10-6’)

function [k2hres]=res5(ep,a_by_h)
k2hres=ones(1,5); %k is for k not for kappa
err_n=k2hres;

for n=1:5

val=resB(ep,a_by_h,n);
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k2hres(n)=val(1);
err_n(n)=val(2);
end
errVec = err_n

end

function[k2reswE]=resB(ep,a_by_h,n)

%28 July 2009 n=n_res

JNEED more checking if dielectric constant ep complex!
alS = pi/2+.04;

e112S1=.5*n*pi/sqrt((ep+1)/2);

inc=.02;

for jj=1:4
kappa2_nxt=nxtB(ep,ell2S1,alS,inc,a_by_h,n);
ell2_nxt = abs(kappa2_nxt);

al_nxt = argM(kappa2_nxt);

ell2S1=el12_nxt;

alS=al_nxt;

inc=inc/7;

end

kappa2res=kappa2_nxt;

k2res = ixkappaZ2res;

herr=0 % speed up in exchange for loss of error info
err=ISD(ep,ell2_nxt,al_nxt,a_by_h,n);

k2reswE=[k2res err];
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function ya = argM(z)’gets al s.t. z =|z|*exp(-ixal)

Jwith 0 \le al < 2*pi
r=abs(z);
y=imag(z) ;
x=real(z);
if y <=0
if x >0
ya = -asin(y/r);
else
ya=pi+asin(y/r);
end
else
if x >0
ya=2xpi-asin(y/r);
else
ya = pitasin(y/r);
end
end
end %argM

end
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