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Abstract— Revisiting an earlier examined multiple-input  the solutions obtained in [2] [3] are not in the ultimate form
multiple-output (MIMO) radar waveform design problem which  of the transmitted waveform matrix. Further, the solutions
optimizes both minimum mean-square error estimation (MMSE) ;qentified in [2] [3] require a certain condition embodied in, for

and mutual information (Ml), we formulate a new waveform .
design problem and provide some further results in this paper, example, Theorem 1 of [2], that the waveform matrix should

which complements the previous study. More specifically, we have a specific Kronecker structure. Herein lies the purpose
present an iterative optimization algorithm based on the alternat- of this work: to find alternative formulations, without any
ing projection method, to determine waveform solutions that can  restrictions, which provide directly the transmitted waveform
simultaneously satisfy a structure constraint and optimize the de- matrix.

sign criteria. Numerical examples are provided, which illustrate B licitly taking int tth diti ired
the effectiveness of the proposed approach. In particular, we y explicitly taking into account the condrions require

find that the waveform solutions obtained through our proposed Py Theorem 1 of [2], in this paper we reformulate the MIMO
algorithm can achieve very close and virtually indistinguishable radar waveform design problem that was studied in [2]-[4].

performance from that predicted in the previous study. We further present an iterative optimization algorithm to seek
waveform solutions which both satisfy the structure condition
and optimize the design criteria. Such algorithm, assuming
As multiple-input multiple-output (MIMO) radar hasthe method of alternating projection as a basis, cyclically
emerged as a new paradigm in the modern radar technolegy alternatively computes the best approximations under
(see [1] for a review), a lot of efforts have been devotegifferent constraints. It also involves solving several matrix
to designing waveforms for MIMO radar to unleash its exyearness problems, for which we resort to methods such as
cellent performance advantages. Among the existing worfe Procrustean transformation and the Kronecker product
is [2], which studies MIMO radar waveform design for thypproximation. We also provide some numerical examples,
identification and classification of extended radar targets.tﬁrough which we find that the waveform solutions we obtain
focuses on optimizing two criteria: maximization of the mutuegy applying the proposed algorithm, though are no longer in
information (MI) and minimization of the minimum mean-cjosed form, lead to performance which is very close to, and
square error (MMSE), and requires thepriori knowledge aimost indistinguishable from that predicted by [2] [3].
of the extended target impulse response, e.g., the target's The remainder of this paper is organized as follows. In
second-order statistics. With such knowledge and under soB&:tion 11, we introduce the signal model and summarize the
conditions, [2] indicates that under the same constraint thakyits about the optimal waveform design originated in [2].
limits the total power, these two criteria lead to the sam@ section Ill, we reformulate the waveform design problem.
optimum solution, which employs water-filling and allocatef, Section IV, we present an iterative optimization algorithm
the transmitted power in proportion to the quality of theyy the waveform design. In Section V, we provide numerical

particular mode in question. In a sequent paper [3], th&amples to validate the proposed waveform design. This
minimax robust waveform design is investigated, which leagiper is concluded in Section VI.

to different optimal waveforms under the two criteria above. ' Notation: In this paper, we use the symbpl | for the

In both [2] and [3], some fundamental quantity has begtyopenius norm of a matrix;)* for the nonnegative part of
determined to characterize the essential part of the optimyneal-valued matrix, and for the Kronecker product®{-}

waveform design, which can be deemed as the covariangi{.}* denote the real part and the conjugate of a complex
matrix of the transmitted waveforms. However, unfortunately,mper, respectively.

I. INTRODUCTION

The work of Y. Yang and R. S. Blum was supported by the Air Force ||. SIGNAL MODEL AND OPTIMAL WAVEFORM DESIGN
Research Laboratory under agreement FA9550-09-1-0576, by the National

Science Foundation under Grant CCF-0829958, and by the U.S. Army We consider here a MIMO radar system withtransmit

Research Office under Grant W911NF-08-1-0449. The work of Z. S. Henqg Q receive antennas which may be distributed in space
was supported by the National Science Foundation of China under Gr )

No. 60672044. The work of D. R. Fuhrmann was supported in part by twe quel the reflection from the S|gnal_sent from tlhm
U.S. Office of Naval Research under Grant No. N000140910438. transmit element and captured at tjth receive element using



a finite impulse response (FIR) linear system with ordén expressed asr{X” X} < LQP,. It turns out these two

baseband, whose impulse responsg(s?) (1), | = 0,--- ,v. criteria yield essentially the same optimum solutionAot X,
Then the received waveform at tlggh receive element and which is a fundamental quantity specifying the waveform
discrete-timek can be modeled as design. Such equivalence between these two criteria is also true

P v for an asymptotic formulation from [2] which requires only the
ye(k) = Z Z g PO (1) 2, (k — 1) + ng(k) (1) knowledge of power spectral density of the target. Further, the
p=11=0 optimum waveform matrixX is given by [2, Theorem 1]

Wherea:p(k:) is the Waveform transmi_tted from theth trans_— X=v. [(WIPQM _ 03A71)+]1/2 - UH, (7)
mit element andn,(k) is the additive complex Gaussian ) o
noise measured at theth receive element. Lef denote WhereW isanL@ x PQM matrix with orthonormal columns

the length of the observed signal vector starting at an &R€- Semi-unitary), ang is a scalar constant which satisfies

bitrary discrete timek, and we assume that > PM o 2Aa-1\ty
(typically L > PM), where M = v + 1. Denoteg®?) = trf{(nlpour = onATY) T} = LQPo. ®
[g®D(0), -, g®DW)T, y, = [yg(k), -, ys(k + L — For the asymptotic formulation, the optimal solution far
)T andn, = [ny(k), -+, ng(k+ L —1)]T, then using the will be identical to (7), and the only difference is thek is
matrix-vector notation we can rewrite (1) as replaced by a unitary discrete Fourier transform (DFT) matrix
P [2, Theorem 2].
— (»,9)
Ya = ;Xp g @ [1l. PROBLEM FORMULATION
whereX, is anL x M matrix which contains the waveforms ~ Noteworthily, the condition given in (7) is only a nec-
transmitted from thepth transmit element. Definingk = €ssary condition forX’ to attain the optimality, but not a
Xy, -, Xp]andg, = [(gL)T, -, (gP9)T]T allows sufficient one. This is pecause there may exist some cases
(2) to be expressed as where a solutionX” satisfies (7) but does not have the desired
_ Kronecker structure. For these cases, it can be possible that the
Yqg = X8 +ng. (3) equivalence between the MI and the MMSE does not hold any

more. Therefore, it is not only interesting but meaningful to
seek a waveform solution or a better approximateX¥owhich
simultaneously optimizes the performance measures of interest
and satisfies the structure constraint. To be more specific, we

By stacking the received waveforms across all the
receive elements, we creafe= [y, ---, y,]”. Defining
X =Ig ® X, we finally obtain

¥ = Xg +n, (4) would like to explicitly enforce the Kronecker structure in
~ . I ~ . o the waveform design. Towards this goal, we start from the
whereg = [g1, ---, 8p]" andn = [n", -+, no']". optimality condition stated in (7), and formulate a new design

We assume the target impulse response vegisra Gaussian proplem as follows.
random vector with zero mean and full rank covariance matrix | et ys defindlI as a collection of.Q x PQM matrices

Yg. In particular, Xg can be diagonalized througBg = x that have the desired Kronecker structure. That is, for each
UAU", where A is a diagonal matrix with each diagonaly c 1. there exists a matri& € CL*PM which satisfies

entry given by a real and nonnegative eigenvalu&igf and x — 1, @ X. We define a collection of semi-unitary matrices
U is the corresponding unitary eigenvector matrix. We alsg g

assume components of the noise ve¢tdo be independently LOXPOM .

and identically distributed (i.i.d) and complex Gaussian, with I ={¥ e CroPoM. wHw =TIpgu}.

iance?

mean 0 and variance;;. o _ o T is essentially a Stiefel manifold [5, p. 301], which consists
The waveform design in [2] aims at optimizing twoof all sets of PQM orthonormal vectors it€-<. We further

performance measures. One measure is the mean-square @éfifie aPQM x PQM matrix

resulting from estimatingg with a linear MMSE estimator, . 2 A _1\F11/2 TiH
which can be expressed as Q2 [(nlpom —opA™Y) V2 UM, (9)

¢ =tr{(o; 22X x + 2711} (5) The right hand side of_ (7) is then simplified dsQ. Thus,_
the new waveform design problem can be stated as: to find a
The other optimization metric is the conditional MI betweegaveform matrixx € IT (or equivalently a matrixX) that is
y andg given the knowledge oX, which can be written as mjnimally distant from{®€ : ¥ € T'} with respect to the
_ —2% pH Frobenius norm or in the sense of least squares. This problem,
1 =log [det(an PgX "X +1Ipqu)|. ©) it cast mathematically, can be the following:

Given the above two performance metrics, the optimal Problem 1: min ||X — ®Q|%
design problem can be formulated as to find a waveform X

matrix X that either maximizeq in (6) or minimizes¢ in st X ell

(5), under a constraint on the total transmit power which is ¥erl.



IV. AN ITERATIVE OPTIMIZATION ALGORITHM Algorithm 1 Alternating Projection

. P ; LQxPQM
Note in Problem 1, the constraint sets are nonconve%‘ﬁfr}ut A%lr;trzzl CII}n atrix X € C

To solve this problem, we present an iterative optimization o:
algorithm which features an alternating projection approach <h_l ' d
Similar iterative algorithms have been suggested in [6] [7] - while i < do
and employed in [8] [9], for example. In fact, the method 0f3 find a matrix®; € T' such that
alternating projection, firstly proposed by John von Neumann ¥, = arg min || X; — \IIQ”QF;
in 1933, has a long history and has found applications to el
many problems of different disciplines. It is an approach for4:  find a matrixX’;; € IT such that
finding the best approximation to any given point in a Hilbert . 2
space from the intersections of a finite number of subspaces, Xip1 = arg xen 1% = i3
by alternatively computing the best approximations from the;. , _ ; 1
individual subspaces which make up the intersection [10]. . end while

When it comes tdProblem 1, the alternating projection . X Xiin;
approach can start with a matrix in one set, e« I1, from 5 g _ v,
which it computes all € T" to minimize the Frobenius norm,
i.e., the distance between the sets{@#Q : ¥ € I'} andIl.
Next, the algo_rlthm begln.s with the obtaindd to |Qentlfy a A Pprocrustean Transformation
X € II to minimize the distance. Then the algorithm repeats

this alternating process indefinitely until a certain stopping rule N step 3 of Algorithm 1, we need to solve < I" which
is satisfied. This process is illustrated in Fig 1. minimizes|| X — ¥||% providedX is predetermined. Recall

that {¥Q : ¥ € T'} consists of all possible rotation&
of Q. Then this problem is equivalent to finding a rotation
/ v of © which best approximate&” in the sense of least
, squares. In factor analysis, this type problem, particulary when
t/ ¥ is a unitary matrix, is usually referred to as the problem
~< of finding a Procrustean transformation of X [12, 7.4.8], or
~ simply an orthogonal Procrustes problem [13, Sec. 12.4.1].
We summarize the solution to this problem in the following
theorem.
Theorem 1. Let X € CLR*PRM gndQ ¢ CPRMxPM
be given. LetQX” = VGW?¥ be a singular value decom-
position (SVD) of QX , whereV € CPRM*PQM gndW ¢
Fig. 1: An illustration of the alternating projection approachg2QxPQM zre poth unitary matrices, ar@ € RPQMxPQM
is a diagonal matrix with nonnegative real numbers on the
To this end, we summarize these procedures in Algdiagonal. Then the solution to the problem
rithm 1, wherex denotes the maximum number of iterations. . 2
Alternatively, the algorithm can also be halted when additional Ser 1& — ¥ Q|x (10)
iterations appear futile in further reducing the Frobenius norm. H
Note that the order of these two subproblems can be swapped‘I’ WV S
Proof: We can expand the least-squares expression in
Also, at the initialization stage, the matrix, eithdf or ¥, ) as follows
does not need to satisfy the constraint. It should be clear t a?
Algorithm 1 never increases the Frobenius distance between |xX — Q%
successive iterations. In fact, it can be proved that Algorithm 1 = t{(X - Q)X - vQ)")}
converges to a global optimum in a weak sense. For detailed 9 " 9
results with regard to its convergence properties, readers are = ¥l — 2R{tr{TQXT}} — (107
referred to [7]. Sincetr{¥QX "} = tr{ QX" ¥}, to mimize || X — ¥Q|3,
To apply Algorithm 1, we need to solve two minimizationve need to find a matrixt which solves the following
problems in step 3 and step 4. These two problems belongpi@blem
the general class of matrix nearness problems (see [11] for a max R{tr{ QX7 P}
survey). We will discuss these two problems in detail shortly, er
but for notational simplicity we drop the iteration subscriptUsing QX = VGW¥, we have
Notice that we will be able to obtain closed-form solutions for o I
both minimization problems. This is one important appeal of R {QXT T} = R{{G(WTTV)},

Algorithm 1 as well as this design problem. which is maximized wheWW 7 @V = Ip¢,, [12]. This leads
to the solution® = WV# | and the value of the maximum




is tr{G}. This completes the proof. [0 given by
PQM

N A(i, i)
B. Kronecker Product ,-Approm mat|on- | Emin ; Ao -1 1 (14)
In step 4 of Algorithm 1, for a given matri¥, we needto ] ]

find a waveform matrix¥ which has the required KroneckerSimilarly, the resulting value of Ml is [2]

structure, i.e. X = Io ® X. For notational convenience, we PQM

useX explicitly instead ofX in this part, and further define Tmax = Z (log(oy,*A(i, i) n))+. (15)

H £ ¥Q. Thus, the problem can be rewritten as i=1

min |[H — I @ X2 (11) Emin N (14) andZ .. in (15) represent the theoretical optimal
X values of the objective functions (5) and (6), respectively.

To solve the above problem, we can reformulate the Frobenldgwever, notice that when computing eittgfi, or Zax, the
norm in (11) by appropriately breaking matricksandH into  waveform matrixX’ or X is in fact not used. Also, recall that
blocks, a method suggested in [14]. Thus, we obtain in the waveform design, the target's second-order statistics,
L Py i.e., ¥z = UAU®, are requireda priori. Here we focus
_ S = - . 2 on solutions of the form discussed in [3], the asymptotic case
IH —To ® X|fF = Z Z (k1) = X(k, 1) - Te [, (12) whereX; is additionally assumed to have a Toeplitz structure,

_ and can be approximated by its associated circulant matrix. In
where we use the non-boldface lett&(k,/) to denote the this case, we have

(k,1)-th element of matriXX. If using MatLab colon notation,

k=11=1

H(k,1) can be expressed as Ulk, 1) = PlQM exp { —j2w(/;g?;/)[(l -1) } ’

H(k, ) =H(k: L: LQ,1: PM : PQM). for k,1 € [1, PQM]. Thus the diagonal elements Afare the
In view of (12), we can minimiz¢/H — I, ® X||% simply only knowledge we need about the target's statistics.
through a sequence of linear least squares optimizations. In our numerical experiments focus on a MIMO radar
such a process, each elementXfcan be determined. We gcenario ofP = Q = 2 and M = 5, and we fix the noise
summarize this result in the following theorem. power o2 at 2. For simplicity, but without loss of generality,
Theorem 2. The matrixX e C/*PM defined by for each single experiment we generate the diagonal elements
_ 1~ of A independently from a uniform distribution over the
X(k,1) = atr{H(kz,l)}, l<k<L,1<l<PM (13) range|0,10]. We can then comput€ through (9) where
o _ a water-filling algorithm is employed. When implementing
minimizes | H — Io ® X|%. _ Algorithm 1, we start from a matri’, which for convenience
Proof: In (12), we have expressddi —Io ® X[} as a s initialized throughX, = I, ® X, with entries ofX,
sum of a series of Frobenius norms, and only one term in thgen by i.i.d. complex Gaussian of zero mean and unity
sum depends ok (k, ) for a givenk and!. For each of these yariance. We halt Algorithm 1 when the difference between
terms, corresponding to a givéne [1, L] andq € [1, PM], subsequent values §f¥ — ¥ Q|| is less thari0~>. After the
we have waveform solutionX’ is obtained, we calculate the resulting
||ﬁ(k:,l) = X(k,1) - Ig|% Vglues of I\{[I_MS|E \c’;l\;ldtl\/ll b%/h5|mply plll:ggng' u:jt% (5) and
tr{(ﬁ(k,l) Sk 1) 'IQ)(ﬁ(k,l) (1) - 10) "} (6), respective y e e.rm- ese resultséas, andZ,ax.
~ 9 o IS _ 9 Our experiments indicate a close match between the
= Bk DlF — 2%{X(k, 1) - tr{H(&, D)} } + QX (k. )| theoretical optimal performance (denoted§y.,, andZ,,.x),

which is minimized when and the one attained by using the resulting waveforms (denoted
B 1 R by &min @and Z,.). However, due to limited space, we are
X(k,1) = @tr{H(/fal)}- unable to present all these results here. Instead, we consider
~ B another verification measure under both the MMSE and Ml
SinceX(k, 1) is specified X is also determined. O  metrics, — the root mean-square error (RMSE). In this context,
RMSE is defined as the square root of the mean of the squared
V. NUMERICAL RESULTS relative errors over all the trials, i.e.,

In this section, we present some numerical results to
illustrate the performance of the waveforms obtained through
the proposed algorithm. Let us firstly describe the performance
benchmarks under the MMSE and MI measures. We denaetbere N denotes the total number of independent trials and
the (i,7)-th element of the diagonal matrix asA(i,i). Thus, is set to 5000¢; denotes theelative error for the i th inde-
given the optimum solution (7)-(8), the resulting value ofendent trial, and is defined to be the normalized difference
MMSE can be computed based on [2, Theorem 1], and betweent, iy (Zmax) @and&min (Zmax)-

RMSE = (16)
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Fig. 2: RMSE under the MMSE and MI metrics and ovér= 5000 independent trials

In Fig. 2a and Fig. 2b, we plot results under both theetween the Ml and MMSE criteria in this problem setup,
MMSE and MI metrics, respectively, for different valuesiof which in fact corroborates the previous study in [2] [3].
and P,. It is observed that as eithdr or P, increases, the
performance difference between the theoretical optimal one

and the one attained by usim?]’ in terms of RMSE’ is reduced [1] A. M. Haimovich, R. S. Blum, and L. J. Cimini, Jr., “MIMO radar with

. . . widely separated antennasEEE Sgnal Processing Magazine, vol. 25,
accordingly. Moreover, in view of the scale of those results pp. 116-129, January 2008.

depicted in Fig. 2a and Fig. 2b, we find that such performange] V. yYang and R. S. Blum, “MIMO radar waveform design based on
difference, or the RMSE, seems almost negligible. In fact, the mutual information and minimum mean-square error estimatitEEE

. . . . Transactions on Aerospace and Electronic Systems, vol. 43, pp. 330-343,
value of RMSE is also very small in each single experiment. January 2007.

This clearly demonstrates the effectiveness of our proposed gz . Yang and R. S. Blum, “Minimax robust MIMO radar waveform
gorithm, as well as the close-to-optimal feature of the obtained design,"|EEE Journal of Selected Topics in Signal Processing, vol. 1,

. pp. 147-155, June 2007.
waveform solutions under the MMSE and MI performanc%] Y. J. Yang, Z. S. He, and W. Xia, “Waveform design for MIMO radar

measures. Additionally, it is worth making a quick note here, ~ using Kronecker structured matrix estimation,” Rioceedings of the
that the close-to-optimal performance attained by the resulting Eleventh IEEE International Conference on Communication Systems,

waveform solutions is also related to the denseness of solutiops 2?';;3{;2?%3'6%‘;;?%%883 Cambridge University Press, 2002.
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VI. CONCLUSION pp. 475-479, November 2003.
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Such algorithm features the alternating projection method1] N. J. Higham, “Matrix nearness problems and applicationsApplica-

and consists of operations like the Procrustean transformation tons of Matrix Theory, M. J. C. Gover and S. Bamet, editors, pp. 1-27,
d the K k duct imati ¢ id lose Oxford University Press, 1989. _ _ _ _ _

an € _ronec er pro U_C i apprOX|_ma Ion to provide ¢ fi?] R. A. Horn and C. R. JohnsoMatrix Analysis, Cambridge University

form solutions to some arising matrix nearness problems. The Press, 1985.
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Strate‘_d t_hrOUQh numerical examples. These numer'cal res'{‘ﬂﬁ C. F. Van Loan and N. Pitsianism, “Approximation with Kronecker Prod-
also indicate that the waveform solutions obtained through ucts,” in Linear Algebra for Large Scale and Real Time Applications,

the proposed algorithm can attain virtually indistinguishable M- S. Moonen and and G. H. Golub, eds., Kluwer Publications, 1993,
! X pp. 293-314.
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