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Abstract 

We apply Wijsman's theorem for the mtio of den­
sities of the maximal invariant to signal detection ap­
plications. The method does not require the explicit 
use of a maximal invariant statistic or its density to 
derive the uniformly most powerful invariant (UMPI) 
test. We describe its use for common classes of detec­
tion problems and illustrate its use in examples. The 
analytic form of the representation provides new in­
sight into the relationship between the UMPI and gen­
eralized likelihood ratio tests. 

1 Introduction 

1.1 Hypothesis testing 

The criterion used to select a test for signal detec­
tion applications such as Sonar and radar is typically 
the test that provides the highest probability of detec­
tion (Pd) subject to a given probability of false alarm 
(Pfa) requirement. The detection problem is cast 
as a hypothesis test in which the null hypothesis is 
noise and the alternate hypothesis is signal plus noise. 
However, use of the Neyman-Pearson lemma to derive 
tests for these applications usually does not result in 
a test that can be implemented due to unknown sig­
nal or noise parameters. A uniformly most powerful 
(UMP) test, in which the test has the highest Pd over 
the domain of unknown parameters, also usually does 
not exist. 

When the UMP test does not exist, various ap­
proaches can be used to select a suboptimal test. One 
of the most widely used is the generalized likelihood 
ratio test (GLRT). To derive the GLRT, the un­
known parameters under each hypothesis are replaced 
by their maximum likelihood estimates (MLE's) [1]. 
Among the known properties of the GLRT in invari­
ant problems are that it is invariant and asymptoti­
cally UMPI. However, it is not necessarily Ul\IPI for 
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finite data records, even when the UMPI test exists. 

1.2 Invariance 

The principle of statistical invariance is applied to 
composite hypothesis testing problems, and in partic­
ular those for which a UMP test does not exist, as 
an approach to find the most powerful test among the 
class of invariant tests. Using the criterion that the 
test be invariant, as a further requirement of a satis­
factory test, may be reasonable for the problem and 
lead to a test with optimality properties. Even if the 
UMPI test is found not to e.'<ist, then the derived re­
sult can be used as a performance bound for the class 
of all invariant tests. 

Application of invariance principles to hypothesis 
testing is described in statistics t.exts such as Lehmann 
[2]. The text of Scharf [3] applies invariance methods 
to signal detection applications. The classic approach 
of finding the UMPI test is to: identify problem in­
variances, describe the invariance analytically in terms 
of a transformation group, choose a maximal invari­
ant statistic, derive the probability density function 
(PDF) of the maximal invariant under each hypothe­
sis, and then construct the likelihood ratio. Another 
method of deriving the UMPI test statistic, is to show 
that a scalar maximal invariant has a monotone like­
lihood ratio. Scharf and Friedlander [4] use that ap­
proach to show that the GLRT is UMPI for classes of 
detection problems that fit the linear model. Here, 
we use Wijsman's theorem for the likelihood ratio of 
maximal invariant densities, which does not require a 
maximal invariant or its density. We note that the 
analytic form of the ratio provides insight into the re­
lationship between the UMPI and suboptimal tests. 
In some problems, the UMPI test statistic can be in­
terpreted to be an average of the likelihood ratio over 
the group and the GLRT statistic the maximum of the 
ratio over the group. 
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