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ABSTRACT

The purpose of this document is to provide a detailed and self-contained deriva-
tion of the high frequency component SL; of the acoustic surface loss formula
for a rough interface of impedance mismatch. We thoroughly examine the ex-
isting derivations of SLj, point at their flaws and suggest the corrected form.

Much of the report is a technical review in which we critically revisit the
fundamentals behind the surface loss formula and cover such aspects as the
basics of the Kirchhoff theory, random surfaces and wave scattering from them,
large roughness approximation of the diffuse field, and energy flux calculations.
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Details of the Derivation of the Acoustic Surface Loss
Formula

EXECUTIVE SUMMARY

Tactical decisions in ASW often have to be based on projected performance of sonars.
Sonar performance prediction in turn strongly relies on acoustic propagation modelling.
A contemporary model for underwater sound propagation is typically a complex software
which implements modules describing such phenomena as

e acoustic propagation in an ocean with a general sound velocity profile,

e reflection of sound from ocean’s bottom and surface (surface and bottom loss sub-
models),

e volume, bottom and surface scattering of sound and the resulting reverberation.

It is often the case that the model provides more than one sub-model for the same phe-
nomenon and the user has to decide which of them is most appropriate for the task. Un-
derstanding the fundamentals upon which various sub-models are based helps the modeller
to make more informative decisions on their suitability.

In this work we revisit the derivations of the surface loss formula used by the “Beckmann-
Spizzichino” model included in a number of sonar performance prediction tools. Our re-
sultant expression for the high-frequency surface loss term SI; is in variance from that
currently employed by the model. This result suggests that in the sonar performance
modelling we should use a newly-obtained expression for SL; or other available surface
loss models.
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1 Introduction

The high frequency component SL; of the acoustic surface loss formula [2, eqn. 3-8,
p. 18] broadly used in acoustic propagation modelling and cited in the literature (e.g. [1],
[2], [3], [4]), is obtained in a number of steps and has a deceptively compact and simple
form

SL1 = —10log;(1 = V), (1)

where V' is given by (96) and depends on the angle of the incident field, the surface
correlation length and the RMS value of the surface elevation with respect to the mean
plane.

The term SL; is often referred to as the “Beckmann-Spizzichino” large-roughness sur-
face loss, presumably because some elements of its derivation are indeed based on a large-
roughness approximation of the diffuse component of the reflected field obtained in [6,
eqn. 47, p. 87]. However, the authorship of SL; can hardly be attributed to the authors
of [6]. Reports [2, 1] relate the origins of the SLj-term to the documentation for the
RAYMODE X propagation model, but provide very sketchy demonstrations.

Because the derivations of SL; available in the mainstream literature contain errors,
gaps and typographical mistakes, the user’s confidence in the final result is undermined.
The purpose of this work is to critically revisit the fundamentals behind the surface loss
formula and produce a document with its detailed and self-contained derivation.

The structure of this document is as follows:

e In Section 2, largely based on [5], we review the Kirchhoff theory and express the
complex amplitude of the scattered field in terms of the integral over the mean plane.

e In Section 3 we consider the coherent and diffuse fields and the associated intensities
and examine the derivations provided in [6] and [5].

e In Section 4 we consider the asymptotic behaviour of the ensemble average of the
diffuse intensity at large values of the roughness parameter and confirm the key
result ([6, eqn. (47), p. 87]) required for derivation of the surface loss term SL;. We
also estimate the remainder of the resulting large-roughness approximation of the
diffuse field.

e In Section 5 we carry out energy flux calculations. We estimate the total flow of
the diffuse energy and use the result to derive the surface loss formula. Step-by-step
analysis of the derivation allows us to identify the flaws in the existing version of the
SL; term and suggest an alternative expression.

2 Complex amplitudes of scattered fields

The complex amplitude of an acoustic field (scaled pressure) resulted from scattering
of an incident field ¢/™¢(r) by a surface Sy enclosing a bounded volume satisfies the integral
relation

JG(r — rp)
8n0

P*(r) = /s [31/1(1“0)G(r —19) — ¥(ro) dSo (2)

8710
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where ¥(r) = 1™M¢(r) + ¢*°(r) is the total field, ro is the integration variable, dSy is the
surface area element at ro, d/0ny denotes the directional derivative along the normal ng
to Sy at ro (see Figure 1), the function G(r) is given by

e’Lk|I‘|

drlr|”

G(r)

(3)

and k is the wave number. Formula (2) is referred to in [5] as the Helmholtz integral and
its derivation is based on the Gauss divergence theorem and the Green’s formulae. The
following incident fields are typically considered

Yi(r) = eiine'T (plane wave with the wave vector kip.), (4)

Y(r) = G(r — q) (field from a point source located at q), (5)
where q is not on the surface Sg.

N Scattering Surface,
I Vean Plane

Zo

Figure 1: The scattering surface Sy, the mean plane, the radius-vector rg, and vectors Kip.
and ng. The acoustic field is considered in the volume zy > h(xg,yo), where zo = h(xg,yo)
is the functional form of Sp.

The proofs of the equation (2) are different for (4) and (5), because the behaviour of
these two functions is different — the field (4) is regular everywhere, but does not satisfy
the Sommerfeld radiation condition [7, eqn. (9A-12), p. 355, whereas the field (5) satisfies
the Sommerfeld radiation condition, but is singular at q. We revisit the derivation of the
Helmbholtz integral for the cases (4) and (5) in Appendix B.

As in [5] the incident field is assumed to be the plane wave (4). The Kirchhoff approx-
imation adopts the assumption that the values and normal derivatives of the incident and
reflected fields at the boundary are connected in the same way as in the case of reflection
of a plane wave from a flat surface

a,lpSC(rO)

877,0

awinc (I'O)
8n0

*(rg) = Ro(ro)y™(rg) and = —Ry(ro) ; (6)

where R(rp) is the reflection coefficient at ro. Because, for the plane wave (4), we also

have 90
wanf)r(]) = i(Kinc - n0)¥™(r0) ,
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we obtain
¥(rg) = [1 + Ro(ro)]y'™(ry), (7)
P0) — i1~ Bo(wo) e 10} (x0). 0

Application of (7)—(8) implies that ry is not shadowed by other parts of the scattering
surface, and throughout this report the shadowing effects are neglected. Substitution of
(7) and (8) into (2) expresses ¥*°(r) in terms of 1",

Note 1. The Fresnel reflection coefficient used as Ry(r¢) depends on the angle between
kinc and ng (see Figure 1). Since ng depends on rg, the reflection coefficient also depends
on rg, even if the reflecting material is the same throughout Sy. However, if Sy is the sea
surface, which is the case in our considerations, the Fresnel reflection coeflicient can be
assumed to be —1.

From now on Sy will denote a patch of ensonified surface. This patch is assumed
to be centered at the origin and its size d = maxy,ecg,(r0) to be much greater than the
wavelength. It is also assumed that r > d and that kd?/r < 27 (far-field approximation).
These assumptions allow us to simplify the phase in G(r — rp)

klr —ro| = k(r? — 2r - vo 4+ r2)V? = kr — ke - 1o + O(kr/r) = kr —kee - 10, (9)

where kg = kr/r, and to reduce G(r — rp) and its normal derivative to

eikrfiksc-ro

— ~— 1
G(r — 1) - (10)
0 etklr—rol 1 Olr — ro|
L Gr—r) = — —— ik —
ong (r = o) Ar|r — 1o (Z \r—r0|> Ing
_ etklr—rol i 1 (r—rp)-ng
4m|r — rol r —ro| r —ro|
eikrfiksc-ro
%747”4 (no . ksc)i . (11)
Substitute (7), (8), (10) and (11) into (2) to obtain
¢ﬂxr)—-iékTJ/ [(Rok™ — k™) -ng| e™ T0ds (12)
= o /s, 0 0 0>

where k™ = kipe — kee and kT = kijpe + K.

Let xg, yo and zy be Cartesian coordinates induced by the mean plane as shown in
Figure 1 and let e., e, and e, be the unit vectors of the respective axes.

Figure 2 introduces the angles 61, 62 and 63 which describe the directions associated
with the incident and scattered fields. Note that the vector kg, depends on the radius-
vector r of the observation point.

If the functional form of the surface Sy is zgp = h(xo,y0) and Sy is the projection of

So on the mean plane, then
_e.Oh o Oh
ng = w2z oy © & (13)

2 2
Oh Oh
V (870) + (%) +1
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20

Figure 2: Angles 61, 05 and 03.

d
dSyr = dSo(ng - ;) = 50 (14)

2 2
Oh Oh
\/ (370) t (%) +1

the integral (12) can be reduced to the integral over Sy,

,L'eikr B L
0o = [ BT ) (el — ey, + 0] X Mdradyy (15)
mr S
Substitute
Kinc = k(sinf1e, — cos b1e;) (16)
ks = k(sin 0 cos §3e, + sin 6, sin Oze, + cos bqe;) (17)

into (15) to obtain

1. ikr
wsc(r) — ike / (aah + b% _ C)
Sy

4r 0xg Yo

x exp {ik [Azo + Byo + Ch(zg, y0)|} dxodyo (18)

where
A = sinf; — sin 05 cos 03 (19)
B = —sin (92 sin (93 (20)
C = —(cos B + cos ) (21)

and

a =sinf;(1 — Ry) + sin b, cos O3(1 + Ry) (22)
b =sinfysinfs(1 + Ry) (23)
¢ =cosba(1l+ Rg) —cosbi(1 — Ry) (24)

The coefficients A, B and C are the z, y and z components of the vector k= /k, while the
coefficients a, b and ¢ are the z, y and 2z components of the vector (k* — Rok™)/k.

4 UNCLASSIFIED



UNCLASSIFIED DSTO-RR~-0362

Note 2. The derivations above are no more than a conspectus of the derivations provided
in [5, pp. 74-80].

Note 3. Beckmann & Spizzichino [6] use the notation v = k= and p = k™, and their
formula (18a) on p. 22 is equivalent to (15).

Note 4. If the surface elevation h(zg,yo) = 0 for all ¢ and yg, then (18) takes the form

ike'*" ik Azo-+ikB
¥y (r) = — C/ T 0 dwodyo (25)
0 4mr S
and if
Su = {(zo,p0) | X <z <X, -V <y <Y}, (26)

and Ay = 4XY, then

SC SC ZkelkT
0 (I‘) - /(/)0 <T7 91792793) - Ar

cAprsinc(kAX) sinc(kAY), (27)

where sinc(t) = sin(t)/t. Equation (27) describes scattering of a plane wave from a flat
2X-by-2Y rectangular plate.

Note 5. Beckmann & Spizzichino [6] use the normalised amplitude which they define as
P*(r)

p(r) = ————, (28)
Osc(rv 01)
where .
7 sc sc ikemr
o (ry61) = g (r,01,01,0)| g,y = Y- Ay cosb . (29)

A correction factor 1/2 is required to make the equation (1) on p. 26 of [6] to be equivalent
to the result (18).

Note 6. It is noted in [5, p. 76] that instead of equation (2) one can use the equation

P (r) = /S [%SC(YO)G(r ~ro) —quC(rO)W dS, (30)

ong
as a starting point. This will give

iezkr

P (r) =

= Ro(k™ -mg)e’™ ™0dS,
Ay /So o ng)e 0

instead of (12). Equation (18) will have the same form, but for the coefficients a, b and ¢
we will have to use the components of the vector (—Rok™ /k).

3 Coherent and diffuse fields

3.1 Coherent and diffuse fields and their intensities

The coherent and diffuse fields are defined as follows

Coherent Field = (¢°°),
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Diffuse Field = ¢ — (¢*°).

Throughout, () is the mean (expectation) taken over all permissible realisations of the
surface Sy. The intensities I. and Iq of the coherent and diffuse fields are

Le=|(*)* and  Ig=[p*— ().

Using these definitions we obtain the relation that connects (I) [=the mean intensity of
the total field], I. [=the intensity of the coherent field], and (/4) [=the mean intensity of
the diffuse field]

(la) = ([o*]%) = [(*) = (I) — L. (31)

Once formula (18) has been obtained, both [5] and [6] proceed to analysis of the
composition of the scattered field. They consider Sy; of the form (26) and carry out
integration by parts in zp and yo in the terms containing the derivatives dh/dxy and
Oh/dyo respectively, as a result of which 1% (r) can be represented as

P*(r) = th—e(r) + e(r), (32)

where

ikeikr "
= _ 1 ¢($0,y0)
Y_e(r) = - 2F .. e dzodyo (33)
1 /Aa Bb
F(01,92,93):§ <C+C+C> (34)
é(x0,y0) = Az + Byo + Ch(xo,y0) (35)
and

1. tkr : Y
el(r) = — ike [ ia / <€ik;¢(X7y0) -~ eik¢(—X7yo)> dyo
-y

dmr | kC
ib (X A
ikp(x0,Y) _ itko(zo,—Y)
+kC’ . (e e ) d:vo} : (36)

Note 7. Equation (34) can be written as

k™ (kt —Rok™) _ Rolk |

F= =
20k? 20k%

(37)

which shows that the term v _. is invariant with respect to whether equation (2) or (30)
is used as a starting point of derivations of (34). However, due to different definitions of a
and b (see Note 6), the term 1), does depend on whether (2) or (30) are chosen for deriving
(36). These aspects are discussed in more detail in [5, p. 83].

Beckmann & Spizzichino [6, p. 31] argue that the term . (r) can be neglected. Ogilvy
[5, p. 86] demonstrates that neglecting the term .(r) would lead to an erroneous result
when evaluating the coherent field. Comments in [6, p. 78] near equations (25) and (26)
confirm that Beckmann & Spizzichino were aware of the necessity to account for the “edge
effects” when evaluating the coherent field.
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During evaluation of the mean intensity of the diffuse field both [6] and [5] assume
that the edges of the surface h(zg,yo) are fixed at the mean level, that is h(£X,yo) = 0
and h(zg,£Y) = 0. This assumption does allow us to neglect the terms associated with
e, as we obtain

(L) = ([—el*) = [{w-e) %,
however it invalidates the result () = (e*Ch)y5¢ (see (4.34) [5, p. 86]) obtained for the
coherent field.

In order to evade the complications associated with the edge term, we will adopt the
Small Slope Approximation, which assumes that dh/dxo and Oh/dyp are negligibly small.
Use this approximation to rewrite (18) as

ikeikr

 4qr

Sm

3.2 Assumptions about statistics of the scattering surface

Suppose that the random surface zyp = h(xp,yp) has the following two-point height
probability distribution

13 —2C0 (R)h1ha+h3
exp {_ 1 — }
p2(h1,ho, R) = (1-C3(R))

2m02y/1 — C3(R) ’

where R is the vector drawn from the first to the second point, R is the distance between
them, h; and ho are random elevations at the first and the second point, that is

R = R.e; + Ryey, R=/R2 + RZ,

hi = h(zo,y0), ha = h(xg — Ry, yo — Ry)-

(39)

Following [5, 6] we consider Cy(R) of the following form
Co(R) = e R*/T* (40)

It can be readily verified that the height distribution of zg = h(xg,yo) is Gaussian

00 e—h2/2¢72
h) = hyho, R)dhy = & —— 41
o) = [ palhoha Ry = ()

and we also have: (h) =0 and (h?) = o2

It can also be shown that the autocorrelation coefficient of the random surface zy =
h(zo,y0) is Co(R), that is

(h(zo,y0)h(xo — Rz, yo — Ry))
<h2(930,?/0)>

Equations (40) and (42) allows us to interpret T" as the correlation length.

= Cy(R). (42)

UNCLASSIFIED 7
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The characteristic functions of p(h) and pa(hi, he, R) have the following form
X(o) = () = [ phyestdn = exp {~s0% 2] (43)
Xa(s1, 59, R) = (e"*1Mtsehe) — / dhydhapy(hy, hy, R)e 152k
R2
o2, )
= &Xp —7(51 +2Co(R)s152 + 53) (44)

Formula (44) acknowledges dependence of y2 on R by including this parameter in the list
of its arguments.

3.3 Evaluation of intensities and their means

First, applying the expectation operator to (38), we obtain the coherent field:

ikeikr

drr

(¥¥(r) = -

c/ eik[Ax°+ByO]X(kC)dxodyo = (r)x(kC) (45)
S

where 9§°(r) is defined by (25) and is the field resulted from scattering from a flat surface
(h=0).

Note 8. In [5] equation (45) is obtained without resorting to the small slope approximation
(see also equation (25), [6, p. 79]).

The intensity of the coherent field thus has the form
I = [(0*) = Io|x(kO)|* = Lpe ™7, (46)
where g is the roughness defined as

g = k*C?*0? = k*0*(cos 01 + cos 62)? . (47)

Next we evaluate the mean intensity of the diffuse field

(Ia) = (I) = 1.

k22 .
- oo / giH{A(z0—1)+ B(yo—y1)]
r Sy xXSn

% (<€ikC(h07h1)> _ <eikCh0> <€fik0h0>> daodyodz1dy

k202 2m Rumax(r1,y1,0)
/d:c1/ dyI/ cw/ RR
47r7’

ik[AR cos 0+BRsin 0] [x2(kC, —kC, R) — x(kC)x(kC)] (48)
k2c2 Rumax(1,y1,0)
_ / dCL‘1/ dy1/ dRRJo(kR\/m)
8mr2 J_x —y 0
x etk[ARcos0+BRsnb] [ ) (kO kO, R) — x(kO)X(kC)] (49)
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where the transition from (48) to (49) is based on the formula

1o
im0y g — (ST TR,

2 Jo
It follows from (40) that the function
x2(kC, —kC, R) = x(kO)x(kC) = ¢ F U= ColR] o~k

rapidly decays as R — oo. If T < v X? + Y2, then we can simplify (48) by replacing the
upper limit Ryax(z1,y1,0) with co. This approximation removes dependence on z1 and
from the integrand, which allows us to carry out integration in those variables and obtain

/{72 2 00
(Ia) = ST;AM / Jo(kR+/ A% + B?) [efg[lfcomﬂ — e 9| RdR (50)
0

Note 9. These derivations repeat, with minor modifications, the derivations provided in
[5, p. 87] and [6, p. 78-79]. Ogilvy [5] does not use the small slope approximation. To turn
formula (50) into the result obtained in [5] we simply have to replace ¢ with 2F (compare
(33) and (38), or see [5, p. 82]), which gives

k2F2 o)
{La)ogivy = 53 Aur / Jo(kR+/ A% 4+ B2) [6*9[1*00@1 — e 9| RdR (51)
0

The result analogous to (51) obtained in [6, p. 79] (equation (31)) has the form

T 2 [e'e]
D{p} = QAZ?’ /0 Jo(VeyT) [x2(vz, —v2) — x(v2) X" (v2)]TdT .

This has to be corrected first, instead of A? there should be just A. Next we recall that
v =k = (vg,vy,v;) = k(A, B,C), (see [6]: formula (2) p. 26), so v, = kC and

Vpy = 1/ V2 +v2 = k\/ A% + B2 (52)

The coefficient F} is defined by equation (3) of [6, p. 29], where it has already been assumed
that the reflection coefficient is 1. Comparison of equation (3) of [6, p. 29] with equation
(4.30) of [5, p. 84] shows that

F3q = Fi = F3/cos? 0y, (53)
where Fo = F and F is given by (34) (or (37)) in which Ry = —1, that is

1 + cos 01 cos 09 — sin 6 sin Oy cos O3
Fo=F = . 54
© cos 61 + cos 0y (54)

If we divide (51) by ]$OSC|2 (see (29)) and take the above considerations into account, we
readily obtain that (51) and the result for D{p} obtained in [6, p. 79] and reproduced
above are equivalent.
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10

Equations (50) and (51) become the same in the specular direction, for which we have
A=B=0,F=c¢/2=Rycosbth =—cosb, g=go= 4k%02 cos? 60 and so

k2 cos? 0,

<Id> = <Id>Spec = 2772

e / [egoco(R) _ 1] RdR. (55)
0

Using the expansion
n_—nR2/T?

o0
—R2/T%\ _ 9o€
exp (goe /) = 3B
n=0

equation (55) can be transformed to

k? cos? 0, 0o 0 gne—nRQ/T2
= —9 Jo
(1a)spec = 9y Apre=9 /0 Z:l w RAR
n=
T?k? cos? 6, = G
=g M L (56)
n=1
which gives the following expression for the mean square normalised amplitude
ASC 9 2 —3go I T2 00 n
<|p|2>spec = [ /1\)| ¢ + (Ld)spec — e 90 Je—go gTO (57)
D5 (r,00) 2 A ¢ 2

Medwin [8] studied scattering in the specular direction and equation (57) has the same form
as his key equation (8) (see [8, p. 8]). Note that Medwin’s derivation of (57) is incomplete
and contains errors!. Equation (57) can also be readily obtained from equation (57) of
[6, p. 88] if we observe that in the specular direction ¢ = go, vy = 0, Fgs = 1 and
po = sinc(v, X)) sinc(v,Y) = 1.

Note 10. The statements (4.56) of [5, p. 92] and (44) of [6, p. 87] are erroneous. They

both interpret
k2F2 o]
oz Au /0 Jo(kR\/ A2 + B2)e 91 —CoMIRdR (58)

as (I) when g — oco. The integral in (58) is divergent, so (58) is meaningless and can be
interpreted as neither (I), nor (I). Similarly, the expression

k2F2 [e%s)
A /0 Jo(kRV/A% + B?)e 9 RdR (59)

272

is equally meaningless and cannot be interpreted as I.. Also note that, because the
integrals in (58) and (59) are divergent, we cannot replace in (48) the upper integration
limit Rmax(z1,y1,6) with oo if (I) and I, are considered separately.

4 Asymptotic behaviour of (/)

In this section we verify the asymptotic formula describing the behaviour of (I4) when
the roughness parameters g = k2C?0? is large for “gently undulated” surfaces [6, p. 194],
which satisfy 402/T? < 1.

!The last equation on page 7 of [8] before formula (8) is stated on page 8 is incorrect.
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The main idea of the proof is outlined in [6, p. 87] and consists in replacing the integral

in (50) with
/ Jo(kR\/ A2 + B2)e 98" /T° RaR . (60)

0
Beckmann & Spizzichino argue that the main contribution to the integral in (50) is due to
integration in the neighbourhood of R = 0, where Cy(R) can be approximated by ~ 1— %
Using this approximation and dropping and adding terms insignificant when g — oo leads
to the expression (60), which can be evaluated analytically. The resulting estimate for the
normalised intensity is equation (47) of [6, p. 87] reproduced below

. A vz, T?
(pp") = Ag exp —W

) (eqn. (47), [6, p. 87]) (%)

where we have to recall that v,, is given by (52) and F' must be interpreted as Fgg (see
(53)). Also, A in (%) must be interpreted as Ay, that is the area of Sy.

Note 11. If we had k?T?/4g < 1, then retaining the asymptotic formula in the form
() would be meaningless, as the principal term would be simply the coefficient before the
exponential. In our case k*T2/4g = T?/(402C?) isn’t a small value, so () is exponentially
small unless A%+ B? is equal to or close to zero, which corresponds to the specular direction.

Consider the integral in (50)
S(g) = / JO(nyT) [679(1*exp(772/T2)) _ efg —dr (61)
0

where we have switched from R and kv'A? 4+ B2 to more concise 7 and vy,

To verify the estimate (%) and obtain the asymptotic formula for (I3) we have to study
the behaviour of the integral (61) at large g. This is done in Appendix C where the
following result is verified (see equation (C14))

7 vy T? 1
- — - 2
Sl9) =5, | ( g ) TOW) (62)
as g — 0.
Equation (50) and estimate (62) give
k2c*T? vz, T?

Ij) = ——>A - !

(1) = g Ant o0 (=22 ) + 067 (63)

Note 12. We have been using the small slope approximation. If this approximation had
not been used, the principal term of the asymptotic formula for (I3) would have the form
(see [5, p. 92], equations (4.57) and (4.58)):

kK2F272 v2 T?
1) Oilyy ~ ———— A S ) 64
({a) ogilvy Tr2g M exP 49 (64)

Equation (64) can be obtained from the principal term of (63) by simply replacing ¢ with
2F (compare (33) and (38), or see [5, p. 82]).
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Note 13. If we divide (64) by

~o0  K2AR

192 = 2nr)? cos” 01 (see (29))
and use (53) we obtain equation (47) of [6, p. 87] (see (x) on page 11).
Note 14. The mean power reflection coefficient is defined as ([1%¢|?) /W2 where ¥ is the
amplitude of the incident wave [6, p. 89]. In our case Wy = 1, so (I) (~ (I4) when g > 1)
can be also interpreted as the mean power reflection coefficient. Beckmann & Spizzichino
(see [6, p. 89], equation (63)) provide the following result for the principal term of the
mean power reflection coefficient:

A vt tan? 3
2\ _ e 2 _
(R = 25ty cot booxp (— 290 ) (ean (63), Bp89) (1
where the angles Gy and (§ are such that
20 Vg
tan By = T and tan( = U—Zy . (65)

If we correct (1) by dividing its right-hand side by 4 and use (65) together with the relations

Ro’kf‘z . Ro'l)2 o 1)2
2Ck2  2vk  2uk

(see (37)) and g = 02C?k? = 0%v2, we obtain that () and (64) are equivalent.

zZ)

F=_— (as Ry = —1)

Note 15. Because we have

2 2 2 vt v 2 1
x
Umy+vzzv = 02:v2y+1:tan B+1:7C0S2ﬁ
4 zZ

we can use an alternative form of (64)

Ay cot? By N < tanQB)

47r? cost 3  tan? B

({a)ogitvy = (66)
This would coincide with equation (7) of [6, p. 251] if we take into account that there is a
missing factor 1/4.

Note 16. While (8 can be readily interpreted as the angle between the z-axis and the vector
k™ = Kine —Kee, interpretation of 3y is less straightforward. Parameter tan? 3y is connected
with the mean square slope, which is defined for a two-dimensional surface zg = h(xo, yo)
as the ensemble average of the square tangent of the angle between the normal ng to the
surface Sy and the vector e,. It can be readily shown that the mean square slope can be
written as (h%, + hz2/o>’ where, as before, the subscripts denote the partial derivatives in
respective variables and (-) denotes the expectation operator.

To establish the connection between <h§0+h§0> and tan 3y consider the spatial processes
hao (20, yo) and hy, (zo,yo) derived from the random process h(xo, yo)-

Let Py(k), Pi(k) and P>(k) be the power spectrums of the processes h, hy, and hy,,
and let Ko(R), K1(R) and K3(R) be their autocorrelations. By (40) and (42), Ko(R) is
o2 exp(—R?/T?). From the Wiener-Khintchine relations, Py(k) has the following form

1 o) o] ) O_2T2 B
Py(k) = W/ de/ dRyKo(R)e*M = = ¢ K4
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Using the properties of the Fourier transform and the definition of the power spectrum,
we obtain P (k) = k2Py(k) and Py(k) = kzPo(k). By the Wiener-Khintchine relations we
have

K)(R) = / dk, / dk, Py(k)e™*R (t=1,2).
—0o0 —00
Hence
o2 o2
Kl(R) = —TR%KO(R) and KQ(R) = —TR?} O(R)
and so
0?2 202
(12)) = Ki(0) = — K0<R>\ 2
0 OR2 R
0? 202
(12) = K(0) = - K0<R>\ _ 2
Yo 8R§ R0 T2

This gives us the equation connecting the mean square slope of the scattering surface and

tanQL%
2

4o
(h2, + h§O> =7 = tan® 3.
Using optical measurements Cox & Munk [9] obtain regression formulae expressing (h2 ),
<h§0> and (h2, +h§0) in terms of the wind speed. This was used by Medwin [8] to generate
correlation lengths 7' for the wind speeds of interest. Note that Medwin [8] appears to
erroncously apply the Cox & Munk [9] regression formula for (h2, +h§0> to (h2,) = 20%/T%.

5 Energy flux calculations

In this section we examine the rates of outgoing energies of the diffuse and coher-
ent components of the scattered field. First, in Section 5.1, we provide calculations for
scattering by a flat horizontal plate. These calculations show that all energy incident on
a perfectly reflecting flat plate is entirely reflected in a narrow beam directed along the
specular axis. Next, in Section 5.2, we consider a patch of a general gently undulated
surface and evaluate the total flux Iy of the diffuse energy of the scattered field for the
situation when the roughness parameter is large. We show that if the incident wave vector
Kinc is separated from the horizontal direction then the total diffuse flow II4 is equal to
the incident energy flow Ilj.

For wave vectors ki, closely aligned with the horizontal direction, the expression for
II4 is more complicated but provides us with an explanation as to why the term V in
the high-frequency surface loss formula has the form (96). The procedure described in [2,
p. 54-56] uses the total diffuse flow in order to obtain the coherent reflection coefficient. If
we strictly follow this procedure we obtain the required expression for SL;. However, we
believe that equation (3B-2) of [2, p. 54], which, in the notation of [2], has the following
form

2w /2
R —I—/ / o cos ¢pdodf, = 1, (3B-2, [2, p. 54])
o Jo
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is valid only for a vertically incident wave. For arbitrary grazing angles ¢; equation (3B-2,
[2, p. 54]) should read

2r /2
Rsin ¢; + / / o cos Prddl, = sin ¢ .
o Jo

The new expressions for SL; resulted from this correction are provided in Section 5.3 in
Notes 18 and 19.

5.1 Energy flux calculation for reflection from a flat plate

The field due to reflection from a rectangular flat horizontal plate (26) is given by (26)
(see Note 3) ‘
< ike'rr . .
o(r)=— gy cAprsinc(kAX) sinc(kAY) .

The total rate of energy reflected from the plate (26) is given by
T w/2
Iy = / Cl(93/ dfy sin Oo12 [ |2
- 0

s /2 2 A2 102 iq2
:/ d03/ 0 sin 6y 01 (sm (kXA)) (sm (kYB)> . (67)
-7 0

16XY \ wkXA? kY B?

To evaluate the integral (67) note that both kX and kY are large and that the sequence

_ sin?(mt)
Sm(x) = p—s (68)
is a d-sequence as m — oo, that is
lim Sm(t)f(t)dt = f(0) (69)

for any smooth f(¢) vanishing outside a finite segment. The result (69) can be readily
verified if we make use of the following facts:

ift=0 3 S (0) =
lim Sp(f) =470 (85 Sm(0) = m/m) (70)
m—00 0, ift=#0
and )
* sin“mt
dt=1. 71
/_oo Tmit? (71)

By (70), the integrand of (67) vanishes outside a small neighbourhood of the point where
A% + B? = 0 (that is, where we have fs = 61 and 63 = 0), which corresponds to the
specular direction?. Therefore the integration domain can be reduced to a small cone of
directions which surrounds the specular axis. In order to make use of (69) we change from
0> and 63 to new integration variables

§ = A(09,03), n = B(02,03), (72)

2This fact and equation (46) explain why the coherent field is described as a specular spike [10]
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where A and B are given by (19) and (20).
The Jacobian of the transformation defined by (72) is

J (0. 05) = o&,m)  [Ap, Ap,| [—cosbycosfs sinbysinbs

278 = 0(02,03)  |Bp, Bg,| |—cosbasinf3 —sinbycosbs

and we have 1 1
det J = 05 sin 6 = .
otJ = cosbsinty = |det J|  cosfasinfy
Equation (67) transforms to
Ay sin?(kX¢)\ (sin?(kYn)
Iy~ [ d d 73
0 / 5/ g 4 cos By |02=02(&m) ( ThX&? ) < kY n? ) (73)
03=03(¢,m)

where integration is carried out in small neighbourhoods of £ = 0 and n = 0. The pair
0o = 02(&,m) and O3 = 05(&,n) used in (73) is a transformation inverse to (72).

Now use (70) to obtain

2A
HON c oM

~ sty = Apscosby, (74)

02=02(0,0)
93=05(0,0)

where we have used (24) (with the substitution Ry = —1) and the fact that 62(0,0) = 6,
and 63(0,0) = 0.

The incident field e’kineT results in acoustic energy flowing in the direction kin.. The
rate at which this flow delivers the energy to the horizontal plate of area Ay is Aps cos 6.
The result (74) is intuitively satisfying as it shows that under the Kirchhoff approximation,
upon which the solution 9§° is based, all energy delivered to a flat perfectly reflecting plate
is entirely reflected in a narrow beam of directions centred at the specular axis.

5.2 Calculation of the total diffuse energy flux

The rate at which the surface Sy scatters the incident field e’¥ineT into the diffuse
energy is given by the equation

T w/2
My = / dfs / dfy sin Oor®(I4) (75)
-7 0

where (I4) is given by (50). If the roughness parameter g is large, equation (63) (or (64),
if we do not use the small slope approximation) is valid and (75) takes the form

" /2 tan? 3
4 = Ay cot? de db2Q(6,0 _meng 6
d M CO ﬁo/7T 3/0 2Q (02, 3)exp< tan2ﬁo) 7 (76)
where Q(02,63) is given by
Q(02,03) = rpeLosmbaRon cos“fysinfp ~ cos” 0 sinby )

16mg T2 4m(cosf; +cosfa)?  m(coshy + cosbq)?’
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in the small slope approximation, and

dmg T2~ m(cos by + cos )2

(1 + cos 01 cos Oy — sin Oy sin O cos 03)? sin O

k2F2T2 sin 6, 402 F2siné
Q(02,03) = U e S &

B m(cos by + cos b2)4 ’ (78)
if we use (64) obtained without assuming the small slope approximation.
The integral (76) can be estimated at large values of
= ot o = (79)
using a multi-dimensional form of the Laplace method [11, Ch. 2]. Let
®(0y,03) = —tan’ 3. (80)

The maximum of value of ®(6s,603) on Q = {(62,03) € [—m, 7] x [0,7/2]} is zero and it is
achieved if and only if both A and B are zeros (see (65) and (19)—(21)), which happens at
the point (62, 603) = (61, 0) corresponding to the specular direction.

If 0; is separated from 7/2, then (6;,0) is an internal point of the integration domain
and application of the Laplace method (e.g. [11, Theorem 4.1, p. 74]) gives

277) Q(61,0)
1) \/|det H(61,0)]

where p and @ are given by (79) and (80), and H (62, 03) is the Hessian matrix of (63, 63)
defined as

IIq ~ pAp exp {u@(&l,O)} ( (81)

_ | Po0, Poaos
H(92’93)_ |:(I)9293 ¢)9393 .

I( can be ShoWn lha.l
1 O
2

_ _ 1 2
H(01,0) = |: 0 —%tan2 91:| = det H(Ql,O) = Ztan 01 . (82)

Substitution of #3 = 0; and 03 = 0 into (77) and (78) gives

sin 01

Q(01,0) = i (83)

for both cases. Using (82), (83) and the fact that ®(6;,0) = 0 we obtain that (81) has the
form

 2mQ(601,0)An

1 /Tdet H(01,0)]

If 0; is allowed to approach 7/2 we can use the following argument. Since in (76)
tan~2 3y is large, the main contribution to the integral is made by permissible directions
which belong to a small cone K5 around the specular axis (6o, 03) = (61,0) where tan? 3 = 0

= Apscost . (84)

IC5E{((92,93)69’91—(5§92§91+5, —(5§93§5}
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Because (61,0) is a stationary point of tan? 3 and (cf. (82))

0? 1

892 [tan A bt — 3 (85)
63=0

0? 1,

02 [tan® 3] bt itan 601 (86)
63=0

0? 9

06,05 [tan ﬁ] 992:901 =0 (87)

-

we can use Taylor’s expansion and replace tan? 3 inside s with
mn5~fﬁ%—m)+mﬁmﬁ] (88)

Approximating Q(62,603) by its value at (62,63) = (61,0) (see (83)) and using (88) we
transform (76) to the form

0 +6 co
Hd AM sin 91 t2 ﬂo/ d93 /mm 2091 d926_ tiﬂo [(92—01)2+tan2 919:2),]
0

The presence of the large parameter in the rapidly decaying exponential allows us to extend
the limits of integration without introducing a considerable error

. 00 w/2 cot2
My ~ w cot2 60/ d93/ dfoe™ 450 [(92—01)2+tan2 019%] (89)
a —00 —00

Changing in (89) to new variables

1 1
&= 3 cot(0o) (02 — 61), n=g cot(fp) tan (61 )63
we obtain
(o) L(x/2—61) cot
I, =~ AMcosé?l/ e_’72d77/2( /2—61) cot Bo e_€2d§
0 —o0 —o0
_ Aprcost
\/7? 7%(7r/2791)cot,80

1 1 /m
= 5AM cos 0 erfc (—2 <§ — 91> cot ﬂ()) (90)

,§2d€

where erfc(w) is the complementary error function
2 o0
VT Jw

Equation (90) takes a more compact form if it is written in terms the grazing angle
ap=7/2—-6;

erfe(w) = e Vdt

(91)

1 t
II4 ~ §AM sin o erfe <_a1(:;)ﬁo) .
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Note 17. Let us summarise the assumptions used in the derivation of (91). In addition to
assumptions that guarantee applicability of the Kirchhoff theory (see [5, Section 4.2]) we
have also assumed the following:

1. The two-point height distribution of the scattering surface is Gaussian (see (39)) and
the autocorrelation coefficient has an exponential form (40).

2. The correlation distance T is much smaller than the size of the patch: T <« X
and T < Y. This is required for stochastic treatment utilising the stationarity of
the random surface [5, pp. 24-26] and this assumption was also used when (49) was
transformed to (50).

3. The value of the roughness parameter is large: g = 4k?0? cos? 61 > 1 (here 0y = ;).

4. We consider two-dimensional gently undulated surfaces, for which tan? 8y = 4T%2 < 1.
Note that by Note 16 this requirement is consistent with the adopted small slope

approximation.

5. Shadowing effects are neglected.

Numerically the complementary error function is efficiently evaluated using the Cheby-
shev fitting (e.g. [12, pp. 220-221]), so the form (91) hardly required any further reduction.
However, the following asymptotic formula? for erfc

2
eu

VT

has resulted in further transformation of (91) to

erfe(—u) =2 —

<i + 0(u2)> , as u — 00, (92)

2 2
exp (_cot foal>
IIg ~ Apysinoyg |1 —
d M ! /T aq cot By

Formula (92) is valid when wu is large; when w — 0, the right-hand side of (92) tends to
—00, whereas we must have
erfc(—u) > erfc(0) = 1. (93)

The fact that (92) is singular at « = 0 and the requirement (93) have apparently resulted
in the following formula (e.g. [1, 2])

2 2
M~ Avrsi erfc(0) 1 eXp <_COt fo al)
~ sin i} max -
d M ! 2 VT aq cot By
cot? B a%)
sinay 7
~ A a , 8 1-— 94
MIHAE e VT g cot By (94)

3Formula (92) can be readily obtained using integration by parts (e.g. [13, Ch. 3, Section 1]).
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5.3 The acoustic surface loss formula

The high frequency acoustic surface loss formula used in propagation modelling (e.g.
[1, p. 45], [2, p. 56], [3]) has the following form

where
cot? By a% )
V = max | 2o al, sinag |1— ! (96)
/T aq cot By

The derivations of equation (94) clarify the nature and the composition (equation (96)) of
the term V' that appears in (95).

Note 18. Evaluation of the surface loss SL; using the definition (cf. [14, eqn. (9.6.1),
p. 199] or [15, eqn. (4), p. 230])

Tl — T4

SLl =-10 loglo Hi s (97)
0

where Iy and Il4 are given by (74) and (94), gives a result different from (95). Namely,
we obtain

SL; = —10logo(1 — V/sinaq) (98)
with V' having the same form (96) as in (95).
Note 19. If in (97) we use for II4 equation (91) instead of (94), we obtain

1 ¢
SL; = —10logy, [2 erfe (O‘lcgﬁoﬂ . (99)

6 Concluding Remarks

The findings of Section 5 demonstrate that the currently used form of the surface loss
term SL; is erroneous. Our analysis identifies at least two flaws in the derivations leading
to equations (95) and (96). One of these flaws is an apparent fix (94) required as a result
of the application of asymptotic expansion (92) outside its validity region. The second
flaw is more fundamental and consists of an incorrect assumption that the energy flux
balance equation for a wave of vertical incidence can be applied to an arbitrarily incident
wave. Our corrected expression for SL; is given by equation (99).

Equation (99) follows from equation (97) which implies that the coherent energy flow
can be evaluated from the total and diffuse energy flows. If we use an alternative definition

II
SL. = —101logy H—;
where

™ w/2
. = / dfs / dfy sin Oor2 1, (100)
- 0
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Frequency 4000 Hz

30 T T
SLC, eqgn. (100)
= SL, eqn. (101)
|| == SL., eqn. (99) i
25 . —— SLj, eqn. (98)
_—— SL1, eqn. (95) & (96)
20
B 15¢
10r
5t
O | | | | |
18 20 22 24 26 28 30
Grazing angle o, (deg)
Frequency 8000 Hz
30 ! ‘
SLC, egn. (100)
= SL, eqn. (101)
o5 —— SL1, eqgn. (99
. —— SL1, eqn. (98
—_—— SL1, eqn
20
S 15}
10r
5}
0 —_———— - —\ - ! !
5 10 15 20 25 30

Grazing angle o, (deg)
Figure 3: Comparison of SL. (eqn. (101)), SL (eqn. (102)), and the different forms

of SL1 given by (95)-(96), (98), (99) and (101) for two wave frequencies 4 kHz (a) and
8 kHz (b).
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and I. is the intensity of the coherent field, then equation (46) and an argument similar
to that used in Section 5.1 give

SLC — 1010g10 eg . (101)

This result is attributed to Eckart (see [16, eqn. (26), p. 569] and [3]).

Formula (63) shows that for gently undulated surfaces the diffuse field rapidly vanishes
as we move from the specular direction. This is somewhat in contrast with the view (e.g.
[5, p. 5-6]) that the specular field is coherent and the diffuse field has a wide angular spread.
Medwin [8] used [6, eqn. (57), p. 88] to show that at small values of roughness parameter
g the coherent component dominates in the specular direction, whereas at large values of
g the field in the specular direction is dominated by the diffuse component. If the acoustic
modelling uses incoherent addition of eigenray contributions, then the reflection coefficient
considered in [8] (see equation [8, eqn. (8)] or our equation (57)) and the associated surface
loss

(D) py—0, 05—
SL = —101og;o ——=715=" = —101ogio(ll*)pec (102)

should be used instead of the coherent surface loss (101) or its alternatives, such as (98)
or (99). Note that the area of the scattering patch is among the inputs of (57).

Figure 3 compares SL. (eqn. (101)), SL (eqn. (102)), and the different forms of SL;
given by (95)—(96), (98), (99) and (101) for two wave frequencies 4 kHz and 8 kHz. The
considered values of the sea state parameters (o, T') are (0.1333,1.5766) meters, which
corresponds to the wind speed of 5 m/sec. The considered dimensions of the patch are
X =Y = 10T =~ 15.58 meters.

The results are plotted in the interval ay € (aupin, 7/6) where ami, satisfies the con-
dition 4k202sin®aq = Jmin and gmin 18 set at gmin = 2 to keep the magnitude of the
remainder in (C14) small (see Figure C1 (b)).

The plots of (101), (102) and (99) in Figure 3 (a) are reasonably close in the 4 kHz case,
whereas they become quite separated in the 8 kHz case at larger grazing angles. Numerical
integration of (75) is required in order to test whether or not the dissimilarity of plots in
Figure 3 (b) is caused by the artefacts of the adopted asymptotic approximation. It also
would be interesting to assess the difference between (67) and (74), and how this difference
depends on the angle of incidence. Such tests are beyond the scope of the current work
and can be pursued in a separate study.
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Appendix A List of Notation

This section provides the list of notation used in Sections 1-5.

Swu
7o, Yo and zo

e;, e, and e,

ng

Ro(ro)

20 = h(zo, yo)
01) 027 93

A, B, C
a, b, c

s

sinc(s)
XY
An

{Z)\Osc

I,

14 and (1g)
I and (I)

SC SC
© and v,

F(61,6,05)
p(h)

the radius-vector of the observer/receiver location
r=|r|

the radius-vector of the surface integration variable
the complex amplitude of the incident pressure field
the complex amplitude of the scattered pressure field
the wave vector of the incident field

the wave number: k = |Kine| = |Ksc|

the wave vector of the scattered field

these vectors are defined as k* = kijnc + ke

the scattering surface, or a patch of the scattering surface
projection of Sy on the mean plane

Cartesian coordinates induced by the mean plane

unit vectors of the Cartesian coordinate system induced by
the mean plane

a unit normal to Sy at rg
the reflection coefficient (here mostly assumed to be —1)
a Cartesian representation of Sy

angles describing directions of the incident and scattered
fields, see Figure 2

components of vector k™ /k, see equations (19)—(21)
components of vector (kT — Rok™)/k, see equations (22)—(24)

the scattered field when Sy is a flat horizontal rectangular
plate, see equation (27)

the sinc function: sinc(s) = sin(s)/s
size parameters for rectangular Sy, see (26)

the area of Sy in the rectangular case: Ay = 4XY

¢ considered at specular scattering direction and Rp = —1,
see equation (29)

the intensity of the coherent component
the intensity and the mean intensity of the diffuse component
the total intensity and its mean

the edge term and the scattered field from which the edge
term has been removed, see (36) and (33)

notation for (g + % + ¢), see equations (34), (37) and (54)

the probability density function of the surface height distrib-
ution

UNCLASSIFIED

DSTO-RR~-0362

23



DSTO-RR-0362

p2(h1, he,R)
()
R

R
Co(R)
T

x(s) and x2(s1, $2)

x2(s1, s2, R)
Kg(R) and Pg (k)

Iy

(2

24
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the probability density function describing the two-point
height distribution of Sy

the mean (expectation) taken over all permissible realisations
of the surface Sy

vector R = (R, Ry) describes the displacement of the second
point in the 2-point height pdf with respect to the first point

R=,/R%+R2

the autocorrelation coefficient, see equation (40)
the correlation length

the characteristic functions associated with the distributions
p(h) and pa(h1, ha, R), see equations (43) and (44)

same as x2($1, s2)

autocorrelations and power spectrums of the spatial processes
h(zo,y0) (€ =0), hay(20,y0) (€ =1) and hy,(z0,y0) (¢ = 2)
Io = |[¢§°(r)?

the standard deviation of surface heights

the roughness parameter g = k20%(cos 61 + cos ), see equa-
tion (47)

the roughness parameter for the specular direction, that is
go = 4k?0? cos? 0,

the Bessel function of order 0

same as k™, v = (vg, vy,v.) = k(4, B,C)

Vgy = kV/A2 + B2, see (52)

notation for [~ Jo(vayT) [e‘g(l_eXp(_Tz/T2)) —e 9| 7dr, an

integral factor in a reduced form of (Iy), see equations (50)
and (61)

the coefficient in the O(g~!) remainder of the large roughness
approximation of S(g), see equation (C15)

angles associated with the mean square wave slope and the
slope of vector k™, see equation (65) and Note 16

the total rate of energy reflected from a horizontal flat rec-
tangular plate, see (67)

notation for 2 sinc?(mt), see equation (68)
auxiliary variables, see equation (72)

diffuse energy flux, see (75)

coherent energy flux, see (100)

auxiliary function, see equations (77) and (78)
notation for cot? 3y, see equation (79)
notation for (— tan? /3), see equation (80)

the Hessian matrix of ®(6s, 03)

o =7/2—6;
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Appendix B The Helmholtz Integral

The Kirchhoff approximation is based on representation of the reflected field in terms
of the Helmholtz integral, the derivation of which for two different types of the incident
field is provided below. Let U,(P) be the value of a complex amplitude of a pressure field
at point P. Here the subscript r is used to indicate that U,(P) will be used to describe
the reflected component of the total field. The function U, (P) satisfies

VaU, + kU, =0, (B1)

U, =01 and GaUr kU, = o(r™1). (B2)
r

where r is the distance from the origin. Equations (B2) are called the Sommerfeld radiation
condition [7, eqn. (9A-12), p. 355].

The function

_ gkPql
GP-Q)= TP -Qq (B3)

satisfies the equation
VBG(P - Q) + K*G(P - Q) =4(P - Q) (B4)

and the Sommerfeld radiation condition.

Let S be the boundary of a compact volume D and consider U,(M) that satisfies (B1)
outside D and has the asymptotic behaviour (B2) as r — oco. Let M be a point outside
D, and let D, r be a set comprising of a ball of radius R centred at M, from which we
have excluded the volume D and an e-neighbourhood of the point M. Also introduce the
notation:

B,(M), the ball of radius r with the centre at M,
Sy(M), the sphere of radius r with the centre at M.

The definition of D, r can be written as D, p = Br(M) \ (D U B.(M)).

Consider
by (B4), this is zero
0= lim U:(P) [VEG(P — M) + k*’G(P — M)] dVp . (B5)
E— D
R—oo R

Use the Gauss (divergence) theorem to transform the part of the integral associated with
the first term in the square brackets.

/ U:.(P)V2G(P — M)dVp

De,r
:/D {vp (Ur(P)VpG(P—M)) —VpU,(P) - VpG(P — M)| dve
:—/SU( )%G(P M)dSp + /SR(M)U(P)anPG(P M)dSp

—/ 0.(P)-2_G(P — M)dSp — / VpUi(P)- VpG(P — M)dVe  (B6)
S (M) anP ;.;R
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where % = np - Vp denotes a derivative along the outward normal np to the integration
surface at point P.

Note that
lim —/ U, (P)iG(P — M) dS
e—0 S. (M) ' an P
. eike 1 1k
= o0 T a [‘52 * 5] o
. U (M) 1 ik
— 2-r R T - _
= ;Ln% {471'6 e [ = + - ] } U;(M). (B7)
Next step

_ / VpU.(P) - VpG(P — M)dVp
DE,R
—— [ [Ve (VeUPIGEP - M) - VEUPIGE - M)] Ve (B
DE,R

Note 1-a. Since VHU;(P) + k?U,(P) = 0, the second term in the integrand of (B8) com-
bined with the second term in the integrand of (B5) gives zero.

Use the divergence theorem to transform the first term in (BS8).

oU:(P)

- / Vp (VpUr(P)G(P - M)) dVe = | SE=G(P - M)dSe
DE,R S nP
- / 9UP) p _ M) dSp + / 9U.(P) p — M) dSp . (B9)
Sev)  One s.am) Onp
Since U, (P) is regular at M and |G(P — M)| = 1/(47e) when P € B.(M), we have

(P

lim/ 9UP) p M) dSp = 0. (B10)
e—0 S (M) anP

After substituting (B9) into (B6), we obtain upon application of the Sommerfeld radiation
condition that the integral over Sp(IM) vanishes as R — oo:

0GP -M) OU:(P)
anp anp

lim [UY(P) G(P —M)| dSp

R—00 Jgp(M)

= lim [—ikU,(P)G(P — M) + ikU,(P)G(P — M) + o(R™?)] dSp
R—o0 Sr(M)

= lim [o(R™?)] dSp = 0. (B11)
R—oo S'R(M)

Hence, it follows from (B6), (B7), (B8), Note 1-a, (B9), (B10) and (B11) that (B5) is
equivalent to

0= —U,(M) +/

S

OG(P M) | 9U(P)

e oy (P = M)] dSp

[—Ur(P)

or

dG(P — M)
anp

v = [ |2 e - - ve)

B12
8np :| dSP ( )
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Note 2-a. These derivations are essentially based on the formula
ViGU, = Vp (VPGUr - vaUr) + GV, (B13)

Substitution of (B13) into (B5), taking account of (B1), and application of the divergence
theorem to the remaining term gives

0= lim / 1[G, Ui)dSp— / 1[G, Ui)dSp— / n[G, U.JdSp (B14)
c=0 | /Sr(M) Se(M) S
R—oo
where IG(P — M) U, (P)
G, U) = ——2U(P) — G(P - M)———. B15
G.u) = @) - e - w7 (B15)
We have shown the following
lim NG, U]dSp =0 [by the Sommerfeld condition (B2)] (B16)
R=o0 Jsp(Mm)
lim n|G,U;)dSp = Uy (M) [by (B7) and (B10)] (B17)
e—0 5. (M)
so (B14) can be written as
UM) = [ 3]G UJdSe (B13)
S
which coincides with (B12).
By analogy with (B5), consider
0= lim G(P - Q) [VRG(P — M) + k*G(P — M)] dVp, (B19)
S gs R
R—o00 ’

where Q # M, both Q and M are assumed to be outside D, but inside Br(M), and
ga,R = BR(M) \ (D U BE(M) U Ba(Q))

Similarly to U;(P) in D, g, the function G(P — Q) satisfies (B1) in G, g for any positive
e and R. It also satisfies the Sommerfeld radiation condition. Using an argument similar
to that used for (B18) we reduce (B19) to

GM-Q) = — /S n[G(P — M), G(P - Q)] dSp

— lim n[G(P -M),G(P - Q)]dSp, (B20)
e=0Js.(Q)

where 7 is defined by (B15). The function G(P — M) is regular at P = Q, whereas
G(P — Q) is singular (~ [P - Q| ' as P — Q).

lim n[GP -M),G(P - Q)] dSp
—~0Js.(@
= _lim cp-m2P=Q) 4o Giq-m). (B21)
=0.J5.(Q) onp
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Substitute (B21) into (B20) to obtain
/ n[G(P — M),G(P — Q)] dSp = 0. (B22)
S

Now define U(P) = G(P — Q) + U;(P) and use equations (B18) and (B22) to obtain

V(M) = — /5 n[G(P — M), U(P)] dSp, (B23)
U,(M) = /S [%ﬁf?aw M) — U(P)W dSp . (B24)

The function G(P — Q) can be interpreted as an incident wave U;(P) from a point source
at Q and, given that the total solution U(P) = U;(P) + U,(P) satisfies the boundary
conditions at S, the function U,(P) in this interpretation becomes the amplitude of the
reflected wave. The right-hand side of equation (B24) is referred to (e.g. [5]) as the
Helmholtz integral.

Formula (B24) also holds true if we use a plane wave for U;(P), that is
Ul(P) — eiks<:059+it,o7 (B25)
where s is the distance from the M to P and 6 is the angle between the wave vector k
and vector ryp = ryp — rp. For example, if Ui(P) = ¢’XTP | then

Ui(P) _ 6ik~(I‘MP+I‘M) — eikscosﬁ—l—i(k-rM)'

The function (B25) doesn’t have singular points and satisfies the equation (B1) every-
where in R3 but doesn’t satisfy the Sommerfeld radiation condition.

As in the case U;(P) = G(P —Q), we start with an equation similar to equation (B19).

0= lim Ui(P) [VRG(P — M) + K*G(P — M)] dVp, (B26)

e—0
R—o0 De,r

Since U;(P) is regular everywhere, we use here the same volume of integration D, p as in

(B5).
Using the same argument as in the derivation of formula (B14) we obtain
0=t ¢ [ wlG.UJdSe~ [ glG.UJaSe~ [ 4G UMSeY. (B2
529 sk Se(M) s

where we can show as before (see (B17)) that

lim n[G,Ui)dSp = Uy(M) = €% . (B28)
e—0 S. (M)

Because U;(P) doesn’t satisfy the Sommerfeld radiation condition the integral over Sr(M)
doesn’t vanish as R — oo. Let us show that

lim nG, UildSp = €' . (B29)
R—o0 Sr(M)
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Since, on Sr(M),

0 eiks . i eiks 9 . )
G7 U)l=—(— ikscosO+ip _ [ _ Y ikscosO+ip
e Ul =5, ( 47r5> ‘ drs ) 9s°

s=R
iks cos O+ip+iks [,
-_c % - i - 1ik:cos&
47 s 82 s R
we have
2 2 ikR+ip T ) ) 1
/ NG, Ui]ldSp = —L/ df sin geF i cos 0 [zk — — —ikcos 9}

SR(M) 47TR 0 R

1 om0 1
= iRe’kR"’w / dget* e [ikf +5 - zkz}

—1
FeikRg oiRRE ik RE eikRgHi—l

— lReikR—i-icp

2 R R R R _——

_ %eikRJriap [eR 4 ¢mikR _ (kR 4 o=ihR] _ civ
which proves (B29).
Substitution of (B28) and (B29) into (B27) gives

/ n|G,UildSp = 0. (B30)
S: (M)

Combining (B30) with (B18) and using U(P) = U;(P) 4+ U,(P) we obtain that (B23) and
(B24) are also valid for U;(P) = eikscos0+ie,
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Appendix C Behaviour of S(g) at large g¢

In this section we estimate the behaviour of (61) at large values of the roughness
parameter g. We obtain both the principal term of the asymptotic expansion and an
estimate of the remainder.

Without loss of generality we can assume that 72 = Pg, where P = P(g) is a positive
parameter. Equation (61) is equivalent to

S(g) Z/ Jo(VayT) [e’TQ/P+e*g(1*exp(*Tz/T2))—e’Tz/P—e’g} TdT . (C1)
0
Because
> 2 1 1
/0 Jo(veyT)e /Prdr = iPeXp (—41}33113)

we obtain that (C1) takes the form

5(0) = yPeww (~12,P) + o) (2)

where

H(g) = / Jo(vayT) [e_g(l_eXP(_TQ/TZ)) —e TP e_g] TdT .
0

We will show that, when g — oo,

const

g (& H(g) =0(g~")P). (C3)

[H(g)| <

Use |Jo(t)] <1 to write

H(g)| < /0 h

In (C4) change the integration variable from 7 to & = ge~™ /P9, for which we have

e—g(l—eXp(—’T2/P9)) _ G*TQ/P —e 9\ rdr. (04)

2r€dT
d¢ = — Py = 7dr = —Edﬁ

and
£0)=g,  &(o0)=0.

As a result, the relation (C4) is transformed to

) < [ E2]ere- (8) - erlae
< [ et [ ()«
T () [ e
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where we assumed that g > 1 and have used the fact that, for £ € [0, g],
g g

ef/9 > €§ s &> <€§> & eIt > (5) .

g g g

Rewrite (C5) as
|H(g)| < Hi(g) + Ha(g) + Hs(g) + Ha(9)

and estimate each term on the right separately.

' Pget—1 P
Hi(9) :/ %Lg*gdf < —gefg(e -1)
0 3 2

L pgga—t P
H = d —
209)= | oM =59

Pges~!
H3<g>z/1 25 e IEde / 92;

:/1 5 ‘9+5d£——(1— 9) = H3(g) + H3(g).

Use integration by parts to estimate H$(g):

Pge 9 [ef|7 e8! 9 e
H3(g) = 2[§1+£21+2/ ak
P 1
=— 1—geg+1+—geg+1+2geg/ —d€| .
2 g &

Next estimate the last term in (C10):

9 &£ 9/2 ¢9/2 g 3
o0 [ e sae [ s ||

— ge 92 (; _ 22> + 3 (1-e9) =0,

g g
Substitution of (C11) into (C10) gives

Hylg) = |

Estimate the last term in (C6):

9 Pge™9 Pge™9
H. = d€é = 1 .
4(9) /1 2% 3 5 108y

Combining (C6), (C7), (C8), (C12) and (C13), and using the fact that

1+0(g "] - g [1-g9 =0 "P.

ge ?, g9, glog(g)e™?

DSTO-RR~-0362

(C9)

(C10)

(C11)

(C12)

(C13)

vanish faster than O(¢g~"), where n is an arbitrarily chosen number, we obtain (C3).

Substitute (C3) into (C2) and use the fact that P = T?/g to obtain
2 2

exp _ eyl +0(g™h
4g

UNCLASSIFIED

T2
S(g) = g

as g — 00.

(C14)
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0.3
—nplot of w(g)/g‘
L N — e 9o g™ |
025 Exact = 2 Zm:l m!m
s . 1
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olidii i i . :
012345 10 20 30 40 50

Figure C1: Comparison of the exact and asymptotic forms of S(g) for the specular case
and plots of the remainder w(g)/g (b) and its coefficient w(g) (c).

Note 20. The remainder O(g~!) in (C14) is

10(g~ )| = w(g)/g, (C15)

where w(g) is a bounded function. We have verified, using (C6) and numeric evaluation
of (C7)—(C11) and (C13), that |w(g)| < 6.2 for all g > 1, |w(g)| becoming less than 1.1
when g > 200. These are quite coarse estimates, in reality w(g) can be smaller. A more
accurate estimate for w(g) is obtained by considering

29 U?cyTQ
ﬁS(g) — €Xp <— Ag

where S(g) is evaluated numerically using either (61) or

w(g) =g

9

02, T?
ey e (58

S(g) =

2~ mlm

(see [6, eqn. (35), p. 86]). Figure C1 compares the exact and asymptotic forms of S(g) for
the specular case. Figure C1 (a) shows that S(g) and its asymptotic approximation are
quite close even at moderately small (=~ 1) values of g. The plot of the remainder (C15)
in Figure C1 (b) shows that it does not exceed 0.5 at g > 1. Figure C1 (c) confirms our
upper estimates for w(g) and shows that for the specular case w(g) < 1.5 if ¢ > 1 and
w(g) < 1.05 if g > 50.
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