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EFFIcmNT RECONSTRUCTION OF BLOCK-SPARSE SIGNALS 

Joel Goodmal/ • 

Naval Research Laboratory 
4555 Overlook Ave. SW 
Washington. DC 20375 

ABSTRACT 

In many sparse reconstruction problems, 111 observations arc 
lIsed 10 estimate J( components in an N dimensional basis, 
where N > A1 » Ie The exact basis vectors, however, 
arc not known a priori and Illust be chosen from an flit x N 
matrix. Such Ililderdelcfmincd problems can be solved using 
an £2 optimization wilh an i t penalty on the sparsity of the 
solution. There arc practical applications in which multiple 
measurements can he grouped together, so that f( x P data 
must be estimated from /0.1 x P observations, where the f l 
sparsity penalty is taken wilh respect 10 the vector fOfmed us­

ing Ihe f2 norllls of Ihe rows of the data matrix. In thi s paper 
we develop a computationally efficient block partitioned ho· 
111010PY method fo r reconstructing f( x P data from A4 x P 
observations using a grouped sparsity constraint, and compare 
its pcrfonnance to other block reconstruction algorithms. 

1. INTRODUCTION 

Sparse reconstruction is essential to compressed sensing 
C'lpplicatiolls, where it has been shown that it is possible to rc· 
cover a J( -sparse signal of Icngth N from O( J( log N) com­
press ive meaSllrcments 11 - 31. 

In applications where measurements Me obtaincd from 
Illultiple scnsors [4], it is advantagcous to group thc sensor 
mcasuremenls togcther to provide robustness against impair. 
ments sllch as noise and s ignal fadin g. The formulation for 
ll1ultichanlle llllcasuremcnts 

N 

1I~lI l1 vcc(y) - q>vcc(X)II ~ + I' L lIeT XII2 ( I) 
i= 1 

uses an i t spa rs ity constra int vec tor grouped across the i2 
norlllS of the rows of the data matrix , where (I) E RA IP xN P 

is the di c tionary matrix , the matrix }/ E RM x P represe llt s A4 
obscrvations from each of P sensor channe ls, X E aNx P is 
the spa rse data matri x, vcc (·) is an operator which stacks the 
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rows of a matrix to form a column vector and ej E jRN x 1 is a 
column vector of Os with a 1 in the ith posi tion. 

To solve (I), the subgradients arc formulatcd with respect 
to blocks (rows) o f the matrix X. and the regularization pa· 
rameter It is sys tematically reduccd, tracking the solution 
X(/-L), until a new i2 normed row of the solution is about to 
turn nOll lero. Rcduction in 11 continues, activating more and 
more rows of X(lt). We will demonstrate that an approx· 
imate form of block homotopy outperforms grcedy block 
reconstruction (with arbitrary (I> in (1)) for roughly the same 
computational complexity, while solving (1) for all sparsity 
levels of X. The rest of thi s paper is organized as follows. In 
Section 2, we extend the homotopy technique in [5] to block 
partitioning. In Scction 3, wc demonstrate thc pcrformance 
of block homotopy continuation with respect to other block 
reconstruction algorithms, and in Section 4 we provide a brief 
summary. 

2. BLOCK PARTITIONED HOMOTOPY 

We return to the original optimization problem in (I) with 
a s light variation in notation, 

N 

L(x) ,~ Ily - <l>xll~ + I' L IIx(k)1I2. (2) 
1.: = 1 

where x(k) is the k lh row of X, and y E R M P x t and :,; E 
JR:N P X l are vec (1/) and vcc(X), respectively. Complcx vcc· 
tors can be handlcd in the form (2) by grouping the real and 
imag inary components together aftcr observing that complex 
i2 norms can be written as real 1.2 norms in these componcnts. 

The homotopy <1pproach solves the optimization problem 
b<lscd on (2) for largc Jt and then tracks the solution as II is de­
crcased. Initially, /, is choscn to be 211<1/ r vlb, wh ich yields an 
all -zero sol ution. Solutions are tracked by solving the subgra · 
di ent cfluatio ll for a minimum. Rccall that the subdiffcrential 
at x of a convex fUllction f( :,;) is the set of subgradient vcctors 
€ that satisfy 

f(x) - f( x) 2 (:c - X)T~. (3) 

When f( x) is differentiable at :i': , the subgradicnt consists o f 
the derivative vector. Whcn x minimizcs J(:c), 0 is a subgra-
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dient of f (x) at x. The derivative of 11"112 is x/llxlb away 
from zero. With f(-) = II . 112 and x = 0, we observe that 

IIxl12 2 XT~ , where 11€lb ::; 1. 
If f(x) is the sum of convex functions f = I:k h(x), 

each of which has subgradicnts ~k, then ~ = Lk (k is a sub­
gradient of f. Using this observation, the subdifferential of 
L(x) contains the set 

where 

,"(k) #0 
x(k) = 0 

Any €k satisfying the constraints can be used. 

(4) 

(5) 

Let Coff represent a subset of the positive integers less than 
or equal 10 N such that k E Coff implies x(k) = O. Let COli 

represent the complement of Coif in the same sct of positive 
integers. Without loss of generality, assume that the compo­
nents are ordered so that 

x= ( xo,,) (xo,,) 
~t:o ff 0 ' 

(6) 

where the subscripts refcr to the sets COil and Coif. Partition 
the matrices accordingly, letting 

(7) 

and 

(8) 

The il zero is a subgradient if 

T he block components Uk with k E COil arc required to have 
unit e2 norm , even ir the corresponding :c(k) va nishes. This 
condition holds ror the initial nonzero solution and will hold 
throughollt the homotopy. We callullrave l the matrix equation 
to ge t 

A - 1
( z ol1 - IW olL ) ( 10) 

1 'J' -1 T - \ 
-(Zoff - B A ZOIl) + /J!1 Ilon · 
I' 

For su rficicnlly large It, (2) has the all -zero solution. In 
fact, for rea l Ph observe that 

min L Ipkl = ( max IIPlb) - 1 = 1 ( II ) 
IIpli'2 = l k L k Ipkl= l 

sillce 11·112 is a convex rUliction and thus assumes its llIaxi mum 
at the vertices of the simplex {p : Pk 2 0 and I: Pk = I} . 

Thus, letting Pk = xk/llxlb IIxlll 2 Ilxll2. Similarly, letting 

Pk = Ilx(k)1I2/1I '"1I 2' we have 

L IIx(k)1I2 2 IIx112. ( 12) 

k 

Consequently, the nonnegative, convex function 

( 13) 

is a lower bound on L(x) . If we show L 10III is minimized at 
x = 0, it follows that x = ° also minimi zes L(x). Further­
more, thi s minimulll is unique since Llow is strictly convex 
except potentially on rays from the origin where IIxlb is not 
st rictly convex. However, restricted to any ray, Llow has a 
unique minimulll and, hence. x = 0 is the unique minimum 

of L. 
To minimize LlolII. take the gradient away from :c = 0 and 

take the inner product with x. getting 

(xTV L 1ow )('") = 2xT (,pT <l>x _ <l>T y) + JlXT" , (14) 

where" = x/llxI12. This is strictly positive if 

( 15) 

Since IxT.pTyl ::; IIx11211 <1>TY1l2' we have a strictly positive 
inner product when It > 211cpTy 1l 2 • In this case. a nonzero x 
cannolminimize LlolII. so x = 0 provides the minimulll. 

Starting with x = 0 and I' = 211<1>7"Y1l2 = II zorrll2 
II zll" it is clcar that (10) is solved with a valid "off u: 
lIukil2 :S 1. In fact, thi s is the case as long as 

I' <: max IIz(k)1I2. 
k 

( 16) 

When Ji is reduced until equality holds in ( 16). we can incor­
porate the index k achieving equalit y into the set Can. Equa­
tion (1 0) still holds since Uk = z (h')/il. Then I' can be re­
duced furth er using ( 10). The se ts Can ,md Coff are modifi ed 
in the followin g manner. 

I. If reducing 11 causes a block component 'Uk with k E 
Coff to ac hieve unity norm, then en te r the kIll block inlo 

Can and reduce Coif accord ingly. 

2. If reduc ing It causes the ktlt block componcnt o r ;COII to 
van ish, then add the kill block to Coff and modiry Con 
accordillgly. 

2. 1. A Simplified Approximation 

T he steps eva luated be low (for the case when the block 
size is greate r than unity) assumes l l on{j.t) is piecewise con­
stant between branches. Only rule I applies during the ho­
motopy. Wcjustify thi s by noting that mlc 2 involves finding 
a zeroed block component or X OIl ll sing the first equations of 
(10), assuming a constant 'llon. 



The new nonzero component Uk at each branch is deter­
mined by (10); once activated, thi s block component remains 
fixed throughout the algorithm. Dcfining Ek to be a matrix 
whose orthononnal columns span the entries associated with 
the kth block, and 

deC l'A - 1 {1 (!.!:.f B 'I'A- l 
0' :::: ZolT - B Zon , - Uou , 

the norm crossing ofrulc I is exprcssed, in the klh block com­
ponent of tloff, by the equality 

where 

1I 11(h +okll~ = IIE[(,,{1+o)lI~ = 
!l2I1E['lIorrll~ = 1,2 I1ukil~ = ,,2, 

(!.!:.f E'r rei c!.!:.f ETr' Ok - k 0' JI.: - k J . 

This quadratic in II. is solved for each block component using 

-2o[rh ± 4(nUh)2 - 411"kill( lI(hlll- 1) 
II. = -----'------::=""""';;---;-c------

2(lIlhlll- 1) 
( 17) 

The component crossing unity norm first (largest It) is acti­
vated. Pseudocode for the approximation is providcd in Al­
gorithm I. This mcthod differs from another approximation 
to group LASSO (6J in its solution path computation as well 
as its final result. 

Algorithm I ApPROXIM ATE BLOCKHOMOTOPY 

Input: ([) E IR:o\IPxNP,y E IRM PX1,imOL~ E Z 

k ~ a['glllaxk II Ek<l>'r Vll2 
ii~ 1I&,;<l>TVIl2 
Con ~ {k}.Corr ~ {i E 21 0 < i S N,i. i' k} 
while Ily - <l>xlll + illl xlli > e, and i S i"", do 

A 01----- 2<P~>1)0I1' B i- :N.)~~<f)off 
Z OIi 01----- 2(P~IY' Zoff i- 2q.~~y 

( 1 ( 'I' - I ) 11011 01----- BLKNORMALIZE Ii Zoff - B A Zon - EorlY) 
a 01----- BTA - 1uon 
fJ r- Zon - BT A -I Zon 

rO!' all k E Corr do 

I t I.: 01----- arglllaxo</I <i7lla·1.: + Ih. J.LII~ = 
end for 
k 01----- arg1ll3xI.: It". , j1 01----- Wi: 

Co<. ~ CO" U {k}. Corr ~ Corr \ (k}, i ~ i + 1 
end while 
rc tUnl COli 

3, PERFORMANCE 

Monte Carl o simulations were run comparing the de­
tection (dictionary column iden tification) pe rformance of 
exact and approximate block partitioned homotopy process­
ing, as well as S-OMP [7 ). The signttl s used were sparse 

in a Fourier bas is, where rI> = 8H1i llu E ClOOXSOO, with 
H'illu E C500x500 representing an inverse DFf matrix , and 
e E nlOO x500 a matrix whose e lemcnts we re drawn from a 

zero mean unit variance Gaussian di stribution . Monte Carlo 
simulations consisted of 1000 nllls at sparsity levels rang­
ing from 1 to 20 percent ill I percent steps. For both block 
partitioned homotopy and S-OMP, signals were blocked in 
groups of P = 5 (e.g., a 5-scnsor array). Block partitioned 
homotopy processing olltperfonned S-OMP, as illustrated in 
Fig. !. 

••• 
s l! •.• 
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Fig. 1. Comparison of detection performance between ap­
proximate block partitioned homotopy continuation , S-OMP, 
group LASSO, and SOCP where the signals arc down sam­
plcd by a factor of 5. In all cases Ihe SNR was 30dB. 

\Ve also compared the perrorm,mce of approx imate block 
partitioned homotopy to that of SOCP using 

P 

1l ~ 1l L IIx(k)1I2 S. t. IIv - 4>x1l 2 S c. ( 18) 
1.: = 1 

and group LASSO with the block shrinkage rUll cti on (sofl it­
erative thresholding) 

{ 
,,(.) e~ 

S,,(x(k)) = ., k - ~ 1I« k11l, ir IIx(k) 1I 2> !i 
if IIx(k} 1I2 S 'i 

( 19) 
replacing the shrinkage function givcn in l8J. In the cases 
SilllllJ:ucd, the idc lllificatioll performance of block partitioned 
homotopy process ing was virt ua lly identical to that of SOCP 
and group LASSO for the di screte spa rsity vnlucs of 2.5%, 
5%, 10%, 15% and 20%; howevcr, thcre was a performance 
advantage to block partitioned homotopy process ing di s­
c ll ssed in the computational complexity subsec ti on. No te 
that group CoSaM P [91 was not used in the comparison as 
it d id not detect signals beyond thc 7% sparsity leve l. T his 
is because during the support merger phase of CoSaMP 3 x 
as many colU1llllS are used in the est inwtio ll process prior to 
pruning. 



3.1. Array Processing Application Example 

\Vc simulated a CS receiver with P = 4 antCllnas opcr~ 

ating in an environment with RF cmitters, including hoppers, 
in the 2~6 GHz frequency range. The 4~antenna linear ar~ 
ray was spaced in 2.5 Clll incremcnts, with the rcsponse of 
cach antenna constant (unity gain) in azimuth. Compressivc 
measurements in a sensor-frequency basis were obtained via 
random sampling, with ell E IRMP XNP, where AI = 64 and 
N = 512 (sec [4] for a full description of the simulated sce­
nario) . As shown in Fig. 2, approximatc block homotopy 
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~ 
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Fig. 2. Comparison of dctcction perfonnance between ap~ 
proximate block partitioned homotopy continuation and S~ 
OMP as a function of SNR in an array processing application. 
Note that the signals 011 each of the 4 channels is randomly 
down~sampled by a factor of 8. 

detec tion perfonllance was noticeably bcller than that of S­
OMP at all SNRs and sparsity levels measured. 

3.2. Computational Coml1lexity 

The computationally taxing operations of approximate 
block partitioned homotopy includes the inversion of the ma­
trix A from (10). In block partitioned fonn at iteration k, the 
matrix A is l'Ix lated frolll ite ration k - L as 

(20) 

where A ij for i, j E {1 , 2} con'espo nds to the clements frolll 
2<{) 'I'<[> added to A when x(k) is added to Con . The inve rse of 
this matri x in block pal1itioncd fOfm is given by 

I - I A 5' - 1 1 , .. _ 1 - 12 

8 - 1 1 ' 
(2 1) 

where S = A22 - A21 A III A 12 [10]. TI1C dOlllinant opcration 
in (2 1) is the Illultiplication ;\k~ 1 A 1 2S~ 1 A21 Ak~ I ' which 
requires O (P 3k 2 ) ope rations, and summing through I( it ­
e rations yields O(P31(3) . Computing z = 1>T y requires 

0(AI/ NP2 ) operations, while the computation of 2<f!T<J:l re~ 
quires O(JH N I( p 3 ) operations to obtain the matrices A and 
B. In some cases, however, there may be suffi cient memory 
to store 2cpT <P for all realizations of <1). 

S-OMP's complexity is dominated by front end correla­
tions requiring O(P2 J( A1 N ) operations after J( iterations, 
given efficient rank-I updates arc used to compute the projec­
tor used in reconstruction. SOCP has complexity O((I( N )3) 
[II]. and in general, group LASSO approaches to solving (I) 
require iteratively searching for a Jt or c: to achieve the desired 
level of sparsity. 

4. SUMMARY 

In this paper we present block partitioned homotopy pro~ 
cessing for multichannel sparse signal reconstructioll. \Ve ex­
tendcd the homotopy continuation [5] to basis pursuit opti~ 
mizatioll with a block partitioned spars ity constraint that con­
sists of the £2 norl11 of each row of the signal matrix combined 
in an £1 fashion. Block partitioned homotopy processing out­
performed S-OMP in identifying the columns vectors of the 
dictionary spanned by signal, and did so with roughly the 
same computational complexity as S~OMP. Block partitioned 
homotopy processing performance was on par with soep, but 
with a significantly lower computational complexity. 
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