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1 Introduction

Many of the most successful quantum algorithms are designed around symmetries, for which
group representation theory provides the mathematical foundation. These algorithms tradition-
ally have achieved their speedups with the quantum Fourier transform (QFT), but this is not the
only method known to exploit group symmetries. One concept which has been productive in
mathematics, chemistry, physics, and recently quantum information theory, is known as Schur (or
Schur-Weyl) duality. Early in this project we gave an efficient quantum circuit, which we call the
Schur transform by analogy to the QFT, for transforming quantum data between two different
forms: the standard computational basis and the Schur basis. This allows quantum computers
to efficently compute using the Schur symmetries of quantum information. While this already
has applications to quantum communication, one of our main goals is to find algorithmic uses of
the transform. We are also looking at ways of using Schur symmetry in a purely mathematical
sense to construct quantum algorithms, so that Schur duality would be used in the analysis of the
algorithm but its implementation would not explicitly use the Schur transform.

We report the following major accomplishments over the span of this project timeline, from

09/01/05 to 08/31/08:
e Efficient circuit for the Schur transform devised — Phys. Rev. Lett., vol. 97, pp. 170502, 2006.

e Qudit version of Schur transform devised — Proc. 18th ACM-SIAM Symposium on Discrete
Algorithms (SODA), pp. 1235-1244, 2007.

e Schur transform applied to hidden subgroup problem — Proc. 24th Symposium on Theoretical
Aspects of Computer Science (STACS 2007), Lecture Notes in Computer Science 4393, pp. 598—
609, 2007.

e Quantum expanders developed - Q. Inf. Comp., vol. 8, no. 8/9, pp. 715-721, 2008. [arXiv:0709.1142]

e Analysis of random quantum circuits — Comm. Math. Phys. vol. 291, no. 1, pp. 257-302, 2009.
[arXiv:0802.1919]

e Study of tensor product expanders — Q. Inf. Comp. vol. 9, pp. 336-360, 2009. [arXiv:0804.0011]
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e New quantum algorithm for superpolynomial speedups based on quantum circuits — Proc.
of the 35th International Colloquium on Automata, Languages and Programming (ICALP 2008),
LNCS 5125, pp. 782-795, 2008. [arXiv:0805.0007]

Major publications detailing these results, specifically including those cited here, appear in the

appendix of this report.

2 Project motivation and summary of scientific results

The main goal of this project was to develop new quantum algorithms, based on the application
of the Schur transform, as a new building block, different from the quantum Fourier transform.

We analyzed a natural strategy for using the Schur transform to solve the hidden subgroup
problem (HSP; a common framework for quantum speedups), and found that it failed to give an
exponential speedup. Along the way, we gave upper and lower bounds on the complexity of the
quantum collision problem, which are tight for oracle complexity and nearly tight for time com-
plexity. (Here we mean a quantum generalization of the classical collision problem from cryptog-
raphy, in which we want to distinguish a uniform distribution on an unknown N elements from
one on an unknown 2N elements.) This work was published in STACS.

We also looked beyond the HSP for problems where quantum computers can exhibit exponen-
tial, or at least superpolynomial, speedups over classical computers. Initially, we found a problem
which cannot be solved on a classical computer in polynomial time, but which can be solved quan-
tumly using the QFT over the symmetric group, which is closely related to the Schur transform,
and for which no previous application was known. By generalizing our construction, we found
that these sorts of speedups can in fact be obtained from any efficiently implementable QFT (i.e.
over any finite group), or even from most random circuits that are sufficiently long. On the one
hand, this shows that the group symmetry was less important than many people initially believed.
On the other, it means we have constructed a large class of superpolynomial quantum speedups
which look radically unlike the speedups based on the HSP.

One of the building blocks of the Schur transform was a quantum Clebsch-Gordan transform



for the unitary group. If this could be generalized to a quantum Fourier transform on the unitary
group, it could have many applications to dealing with unitary symmetries on quantum comput-
ers. However, we have not yet been successful at turning classical circuits for the unitary group
Fourier transform4 into quantum circuits for the unitary group QFT. The difficulty is that, un-
like simpler Fourier transforms, the unitary group Fourier transform involves intermediate steps
which, if implemented on a quantum computer, would not preserve the overall normalization of
the state. Thus, these transformations would either be physically impossible, or would have an
unacceptably high failure rate. This only means that our first approach failed, however, and not
that an efficient quantum algorithm is ruled out. We are currently investigating other ways to
approach the problem, mostly involving technical changes in how the data is represented, as well
as examining different recursive decompositions of the Legendre transform that is at the heart of
the problem.

While we have not yet constructed an efficient QFT over the unitary group, we have found one
important application that would be made possible by such a QFT. Classically, expander graphs
are an extremely useful algorithm tool, with applications in error-correcting codes, network de-
sign, probabilistically checkable proofs, pseudorandomness, cryptographic hash functions, and
other fields. Only recently, a definition of a quantum expander was proposed, and applications
were given to cryptography5 and to condensed matter physics6. However, no efficient implemen-
tations of quantum expanders are currently known. We found a method to implement a quantum
expander that would be efficient if rotations in high-dimensional irreps of SU(2) could be effi-
ciently simulated on a quantum computer. This task would in turn be efficiently implementable
if a QFT over SU(2) could be efficiently carried out on a quantum computer. On the other hand,
a direct implementation of rotations in SU(2) irreps was claimed. The method there turns out to
be missing some crucial steps, which we have worked to fill in. Doing so gives the only known
efficient construction of a quantum expander.

Finally, we also investigated Clebsch-Gordan transforms over groups other than the unitary
group, and have constructed explicit efficient circuits for the dihedral and Heisenberg group. Cas-

cading them will allow the construction of circuits that are analogous to the Schur transform, but



with the dihedral or Heisenberg group in place of the unitary group. We have investigated vari-
ants of the HSP for which these circuits might be useful.

Our work on superpolynomial speedups also led us to investigate the properties of short ran-
dom quantum circuits (a.k.a. pseudorandom unitaries), and the extent to which they approximate
the behavior of fully random unitary matrices. The superpolynomial speedup mentioned above
can be obtained by analyzing the second moment of a family of pseudorandom unitaries (inspired
by the techniques in 8), but we expect better constructions and additional applications (efficient
methods of randomizing quantum states, or of constructing unknown quantum states from ora-
cles) to arise from studying their higher moments. Ideally, the results would be analogous to the
classical case, where polynomial-size random circuits approximate random functions to all orders
(in other words, achieving nearly t-wise independence, for any t) as the circuit size increases. For
this project, the quantum circuits that are constructed would not explicitly use the Schur trans-

form; instead it is our analysis of the circuit that makes use of Schur duality.

3 List of manuscripts submitted/appearing in print

o Papers in Refereed Journals and Conferences:

1. D.A.Bacon, LL. Chuang, A.W. Harrow. “Efficient Quantum Circuits for Schur and
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2. D.A.Bacon, LL. Chuang and A.W. Harrow. “The Quantum Schur Transform: I. Efficient
Qudit Circuits.” Proc. 18th ACM-SIAM Symposium on Discrete Algorithms (SODA), pp.
1235-1244, 2007.

3. AM. Childs, AW. Harrow and P. Wocjan. “Weak Fourier-Schur sampling, the hidden
subgroup problem, and the quantum collision problem,” Proc. 24th Symposium on The-
oretical Aspects of Computer Science (STACS 2007), Lecture Notes in Computer Science
4393, pp. 598-609, 2007.

4.  AW.Harrow. “Quantum expanders from any classical Cayley graph expander.” Q. Inf.
Comp., vol. 8, no. 8/9, pp. 715-721, 2008. [arXiv:0709.1142]
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Abstract: Given a universal gate set on two qubits, it is well known that applying
random gates from the set to random pairs of qubits will eventually yield an approxi-
mately Haar-distributed unitary. However, this requires exponential time. We show that
random circuitsof only polynomial length will approximatethefirst and second moments
of the Haar distribution, thus forming approximate 1- and 2-designs. Previous construc-
tions required longer circuits and worked only for specific gate sets. As a corollary of
our main result, we also improve previous bounds on the convergence rate of random
walks on the Clifford group.

1. Introduction: Pseudo-Random Quantum Cir cuits

There are many examples of agorithms that make use of random states or unitary
operators (e.g. [5,28]). However, exactly sampling from the uniform Haar distribution
is inefficient. In many cases, though, only pseudo-random operators are required. To
quantify the extent to which the pseudo-random operators behave like the uniform dis-
tribution, we use the notion of k-designs (often referred to ast-designs). A k-design has
k" moments equal to those of the Haar distribution. For most uses of random states or
unitaries, thisissufficient. Constructions of exact k-designs on states are known (see[3]
and references therein) and some are efficient. Ambainis and Emerson [3] introduced
the notion of approximate state k-designs, which can be implemented efficiently for
any k. However, the known constructions of unitary k-designs are inefficient to imple-
ment. Approximate unitary 2-designs have been considered [10,14,18], although the
approaches are specific to 2-designs.

We consider ageneral class of random circuits where a series of two-qubit gates are
chosen from a universal gate set. We give a framework for analysing the k™ moments
of these circuits. Our conjecture, based on an analogous classical result [23], isthat a
random circuit on n qubits of length poly(n, k) is an approximate k-design. While we
do not prove this, we instead give atight analysis of the k = 2 case. We find that in a
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Fig. 1. An example of arandom circuit. Different lines indicate a different gate is applied at each step

broad class of natural random circuit models (described in Sect. 1.1), acircuit of length
O(n(n+1log1l/e¢)) yields an e-approximate 2-design. Our definition of an approximate
k-designisin Sect. 2.2. Our results aso apply to an aternative definition of an approxi-
mate 2-design from [10], for which we show random circuitsof length O(n(n+log1/¢))
yield e-approximations, thus extending the results of that paper to alarger class of cir-
cuits. Moreover, our results also apply to random stabiliser circuits, meaning that a
random stabiliser circuit of length O(n(n+log1/¢)) will be an e-approximate 2-design.
This both simplifies the construction and tightens the efficiency of the approach of [14],
which constructed e-approximate 2-designs in time O(n®(n? + log1/¢)) using O(n°)
elementary quantum gates.

1.1. RandomCircuits. Therandom circuit wewill useisthefollowing. Choosea2-qubit
gate set that is universal on U (4) (or on the stabiliser subgroup of U (4)). One example
of thisisthe set of all one qubit gates together with the controlled-NOT gate. Another
issimply the set of al of U (4). Then, at each step, choose a random pair of qubits and
apply a gate from the universal set chosen uniformly at random. For the U (4) case, the
distribution will be the Haar measure on U (4). One such circuit is shown in Fig. 1 for
n = 4 qubits. Thisis based on the approach used in Refs. [9,26] but our analysisis both
simpler and more general.

Since the universal set can generate the whole of U (2") in this way, such random
circuits can produce any unitary. Further, since this process converges to a unitarily
invariant distribution and the Haar distribution is unique, the resulting unitary must be
uniformly distributed amongst all unitaries [15]. Therefore this process will eventually
convergeto aHaar distributed unitary from U (2"). Thisisprovenrigourously in Lemma
3.2. However, ageneric element of U (2") has 4" real parameters, and thus to even have
Q(4~™) fidelity with the Haar distribution requires €2 (4") 2-qubit unitaries. We address
this problem by considering only the lower-order moments of the distribution and show-
ing these are nearly the same for random circuits as for Haar-distributed unitaries. This
claim isformally described in Theorem 2.2.

Our paper isorganised asfollows. In Sect. 2 we define unitary k-designs and explain
how arandom circuit could be used to construct ak-design. In Sect. 3 we work out how
the state evolves after asingle step of the random circuit. We then extend thisto multiple
stepsin Sect. 4 and prove our general convergence results. A key simplification will be
(following [26]) to map the evol ution of the second moments of the quantum circuit onto
aclassical Markov chain. We then prove a tight convergence result for the case where
the gates are chosen from U (4) in Sect. 5. This section contains most of the technical
content of the paper. Using our bounds on mixing time we put together the proof that
random circuitsyield approximate unitary 2-designsin Sect. 6. Section 7 concludeswith
some discussion of applications.
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2. Preliminaries

2.1. Pauli expansion. Much of the following will be done in the Pauli basis. The Pauli
operators will be taken as {09, 01, 02, o3} and defined to be

(1 0 (0 1 (0 —i (1 o0
%=\o 1) °1=\1 o) “°2=\i o) “°=\o -1)-

If ) € C?" isastate on n qubits then we write v = |v)(y|. We can expand v in the
Pauli basis as

Y =2"2>"y(pop. (2.1)
p

where op = op, ® ... ® op, forthestring p = p1--- pn. Inverting, the coefficients
y(p) are given by

y(p) = 2""2tropy. (2.2)

It iseasy to show that the coefficients y (p) are rea and, with the chosen normalisation,
the squares sum to tr v2, which is 1 for pure . In general

> i <1
p

witt}zequality if and only if ¢ is pure. Note also that tr = 1isequivalent to y(0) =
2-"e,

Thisnotation isextended to states on nk qubits by treating y asafunction of k strings
from {0, 1, 2, 3}". Thus astate p on nk qubitsiswritten as

0 — 2~ Nk/2 Z Yo(P1, -+, Pk)Op; ® ... Q opy. (2.3)

2.2. k-designs. We will say that a k-design is efficient if the effort required to sample
astate or unitary from the design is polynomial in n and k. Note that we do not require
the number of statesto be polynomial because, even for approximate unitary designs, an
exponential number of unitariesis required. Rather, the number of random bits needed
to specify an element of the design should be poly(n, k).

2.2.1. Statedesigns A (state) k-designisan ensemble of states such that, when one state
is chosen from the ensemble and copied k times, it isindistinguishable from auniformly
random state. Thisis away of quantifying the pseudo-randomness of the state and is
a quantum analogue of k-wise independence. Hayashi et al. [20] give an inefficient
construction of k-designsfor any n and k.

The state k-design definition we use is due to Ref. [3]:

Definition 2.1. An ensemble of quantum states { p;, |i)} is a state k-design if
> (v = /w (¥ (D= dy, (2.4)

where the integration is taken over the left invariant Haar measure on the unit sphere
in CY, normalised so that [,, dy = 1.
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Itiswell known that the aboveintegral isequal to Z%tk—l) ,where IT. isthe projector onto

the symmetric subspace of k d-dimensional spaces. I(For arigourous proof, see Ref. [16]
and for aless precise proof, but from a quantum information perspective, see Ref. [7].

2.2.2. Unitary designs A unitary k-design is, in a sense, a stronger version of a state
design. Just as applying a Haar-random unitary to an arbitrary pure state results in a
uniformly random pure state, applying a unitary chosen from a unitary k-design to an
arbitrary pure state should result in a state k-design. Another way to say thisisthat the
state obtained by acting U®X, where U is drawn from a unitary k-design on U (d), on
any dX-dimensional state should be indistinguishable from the case where U is drawn
uniformly from U (d). Formally, we have:

Definition 2.2. Let {p;, U;j } be an ensemble of unitary operators. Define

Gw(p) = > pUSp(U)ek (25)

and
Gh(p) = / u®kpuh®kdu. (2.6)
U

Then the ensembleis a unitary k-design iff Gw = Gn.

Unitary designs can also be defined in terms of polynomials, sothat if pisapolynomial
with degree k in the matrix elementsof U and k in the matrix elements of U *, then aver-
aging p over aunitary k-design should give the same answer as averaging over the Haar
measure. To seethe equivalence with Definition 2.2 note that averaging amonomial over
our ensemble can be expressed as (i1, ..., ik|Gw(lj1, .-, jk) (g -0 TN oo i),
and so if Gw = Gy then any polynomial of degree k will have the same expectation
over both distributions.

2.3. Approximate k-designs.

2.3.1. Approximate state designs Numerous examples of exact efficient state 2-design
constructions are known (e.g. [8]) but general exact constructions are not efficient in n
and k. Approximate state designs were first introduced by Ambainis and Emerson [3]
and they constructed efficient approximate state k-designs for any k. Aaronson [1] also
gives an efficient approximate construction.

We define approximate state designs as follows.

Definition 2.3. An ensemble of quantum states {p;, |¥i)} IS an e-approximate state
k-design if

(1—e)lb<|w><W|>®kdw <D p (Y)W < (1+E)/w () (wD®dy.  (27)
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In [3], a similar definition was proposed but with the additional requirement that the
ensemble also forms a 1-design (exactly), i.e.

anwwfémwww

This requirement was necessary there only so that a suitably normalised version of the
ensemble would form a POVM. We will not useiit.

By taking the partial trace one can show that a k-design is a k’-design for k' < k.
Thus approximate k-designs are always at |east approximate 1-designs.

2.3.2. Approximate unitary designs It was shown in Ref. [4] that a quantum anal ogue
of a one time pad requires 2n bhits to exactly randomise an n qubit state. However, in
Ref. [5] it was shown that n + o(n) bits suffice to do this approximately. Translated into
k-design language, this says an exact unitary 1-design requires 22" unitaries but can be
done approximately with 2" So gpproximate designs can have fewer unitaries than
exact designs. Here, we are interested in improving the efficiency of implementing the
unitaries. There are no known efficient exact constructions of unitary k-designs; it is
hoped that our approach will yield approximate unitary designs efficiently.

We will require approximate unitary k-designsto be closein the diamond norm [24]:

Definition 2.4. The diamond norm of a superoperator T,

. (T ® idg) X]|
1Tl = sup||T ® idg||e = SUP SUP L
d d X0 1 X111

whereidy isthe identity channel on d dimensions.

Operationally, the diamond norm of the difference between two quantum operationstells
usthelargest possible probability of distinguishing the two operationsif we are allowed
to have them act on part of an arbitrary, possibly entangled, state. In the supremum over
ancilladimensiond, it can be shown that d never needsto belarger than the dimension of
thesystemthat T actsupon. Thediamond normisclosely related to completely bounded
norms (cb-norms), inthat || T ||, is the cb-norm of T and can also be interpreted as the
L1 — Licb-normof T itself [11,27].
We can now define approximate unitary k-designs.

Definition 2.5. Gy is an e-approximate unitary k-design if
19w — GHll, <€, (2.8)
where Gy and Gy are defined in Definition 2.2.

InRef. [10], they consider approximatetwirling, whichisimplemented using an approxi-
mate 2-design. They give an aternative definition of closenesswhichismore convenient
for this application:

Definition 2.6 ([10]). Let { p;, U; } bean ensembl e of unitary operators. Then thisensem-
bleis an e-approximate twirl if

max HEWW(A(WT,OW))WT _EyUAUTHUNHU TH < (2.9)

€
@ )
where the first expectation is over W chosen from the ensemble and the second is the

Haar average. The maximisation is over channels A and d is the dimension (2" in our
case).

Our results work for both definitions with the same efficiency.
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2.4. RandomCircuitsask-designs. If arandom circuit isto be an approximate k-design
then Eq. 2.8 must be satisfied where the U; are the different possible random circuits.
We can think of this as applying the random circuit not once but k times to k different
systems.

Suppose that applying t random gates yields the random circuit W. If W®K acts on
an nk-qubit state p, then following the notation of EQ. 2.8, the resulting state is

ow = WK p (WK = p—nk/2 Z vo(p1, ..., pk)WaplWJr Q- ® WapkWT.

(2.10)

For thisto be ak-design, the expectation over all choices of random circuit should match
the expectation over Haar-distributed W € U (2").

We are now ready to state our main results. Our results apply to alarge class of gate
sets which we define below:

Definition 2.7. Let £ = {p;, U; } be a discrete ensemble of elements from U (d). Define
an operator G¢ by

Ge = > pUP® UHEK. (2.11)
i

More generally, we can consider continuous distributions. If i isa probability measure
on U (d) then we can define G,, by analogy as

G, :=/ du(U)U®K @ (U*)®k, (2.12)
U (d)

Then & (or ) is k-copy gapped if Gg¢ (or G,,) has only k! eigenvalues with absolute
value equal to 1.

For any discrete ensemble £ = {p;, U; }, wecan defineameasure u = >, pidy;. Thus,
it suffices to state our theoremsin termsof 1 and G,,.

The condition on G, in the above definiti