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Sensor Integration and Joint PDF Construction

for Distributed Detection and Classification

Steven Kay, Fellow, IEEE, Quan Ding, Student Member, IEEE, and Muralidhar
Rangaswamy, Fellow, IEEE

Abstract

With multiple sensors in distributed systems, one is expected to make better decisions than with a
single sensor. We investigate the problem of sensor integration to combine all the available information.
In this paper, we propose a novel method of constructing the joint probability density function (PDF)
based on the exponential family. This method does not require the knowledge of the marginal PDFs and
hence is useful in many practical cases. We prove that our method is asymptotically optimal in Kullback-
Leibler (KL) divergence. It is shown that the performance of our method is the same as existing methods,

while it requires less information.

Index Terms

Distributed detection and classification, exponential family, joint probability density function, Kullback-

Leibler divergence, sensor integration

I. INTRODUCTION

Distributed systems and information fusion have been widely studied and used in engineering, finance,
and scientific research. Such applications are radar, sonar, biomedical analysis, stock prediction, weather
forecast, and chemical, biological, radiological, and nuclear (CBRN) detection, to name a few. If the

joint probability density functions (PDFs) under each candidate hypothesis are known, we would easily
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obtain the optimal performance by the Neyman-Pearson rule for detection (binary hypothesis testing) and
by the maximum a posteriori probability (MAP) rule for classification (multiple hypothesis testing) [1].
However in practice, this information may not be available. This usually happens when the dimensionality
of the sample space is high and we do not have enough training samples to have an accurate estimate of
the joint PDF. This is also recognized as “curse of dimensionality” in pattern recognition and machine
learning. Hence it is important to construct an appropriate joint PDF when it is not available. One
common approach is to assume that the measurements from different sensors are independent [2], [3].
This approach has been widely used due to its simplicity, since the joint PDF is then the product of
the marginal PDFs. This is also known as the “product rule” in combining classifiers [4]. In spite of
its popularity, the independence assumption may not be a good one if the measurements are actually
correlated. Furthermore, as stated in [4], the product rule is severe because “it is sufficient for a single
recognition engine to inhibit a particular interpretation by outputting a close to zero probability for it”.
Hence people have studied other methods that consider the correlation among the measurements. A
copula based frame work is proposed in [5], [6] to construct the joint PDF. The exponentially embedded
families (EEFs) are used in [7] to estimate the joint PDF that is asymptotically closest to the true one in
Kullback-Leibler (KL) divergence.

Note that the above methods all require the knowledge of marginal PDFs. In this paper, we consider the
case when the marginal PDFs are not available or accurate, which can happen due to high dimensional
sample space and insufficient training data. We present a new way of constructing the joint PDF without
the knowledge of marginal PDFs but only a reference PDF. The constructed joint PDF takes the form
of the exponential family and it incorporates all the available information. The maximum likelihood
estimate (MLE) [8] of the unknown parameters can be easily solved based on the properties of the
exponential family. It is shown that the constructed PDF is asymptotically the optimal one in the sense
that it is asymptotically closest to the true PDF in KL divergence. Since there is no Gaussian distribution
assumption on the reference PDF, this method can be very useful when the underlying distributions are
non-Gaussian. We start with the detection problem, and then extend our method to the classification
problem. For detection, it is shown that under some conditions, our detection statistics are the same as
the the clairvoyant generalized likelihood ratio test (GLRT). For classification, our classifier also has the
same performance as the estimated MAP classifier. Both the clairvoyant GLRT and the estimated MAP
classifier assume that the true PDFs under each candidate hypothesis are known except for the usual
unknown parameters.

The paper is organized as follows. In Section II, we introduce a distributed detection/classification
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problem. In Section III, we construct the joint PDF by an exponential family and apply it to the problem
in Section II. The KL divergence between the true PDF and the constructed PDF is examined in Section
IV, and the result shows that the constructed PDF is asymptotically optimal. Examples for distributed
detection are given in Section V, and examples for distributed classification are given in VI. Simulation
results to compare the performance of our method with existing methods are shown in Section VIIL. In

Section VIII, we draw the conclusions.

II. PROBLEM STATEMENT

Consider the distributed detection/classification problem when we observe the outputs of two sensors,
T (x) and T2(x) which are transformations of the underlying samples x that are unobservable. We choose
two sensors for simplicity. All the results in this paper are valid for multiple sensors. For detection, we
want to distinguish between two hypotheses Hy and H; based on the outputs of the two sensors, and
for classification, we have M candidate hypotheses H; for i = 1,2,..., M.

Assume that we have enough training data T, (x)’s and T9,(x)’s under Hy when there is no signal
present. Hence we have a good estimate of the joint PDF of T; and Ty under Hy [9], and thus we
assume pr, 1, (t1,t2; Ho) is completely known. Under H; or H; for i = 1,2,..., M when a signal is
present, we may not even have enough training data to estimate the marginal PDFs. This is especially the
case in the radar scenario, where the target is present for only a small portion of the time. So our goal
is to use as much information as we have to construct an appropriate pr, T,(t1,t2;H1) under H; for
detection or pr, T,(t1,t2; H;) under each H; for classification. A simple illustration is shown in Figure

1.

III. JOINT PDF CONSTRUCTION BY EXPONENTIAL FAMILY AND ITS APPLICATION IN DISTRIBUTED

SYSTEMS

To start with, we consider the detection problem, where we wish to construct pr, 1, (t1,t2; H1). The
result will then be extended to the classification problem.

Since pr, T, (t1,t2;H1) cannot be uniquely specified based on pr, T,(t1,t2; Ho), we need the fol-
lowing reasonable assumptions to construct the joint PDF.

1) Under H; the signal is small and thus pr, 1,(t1,t2;H1) is close to pr, T, (t1, t2; Ho).

2) pr,.1,(t1,t2;H1) can be parameterized by some signal parameters @ such that

P, T, (b1, t2; H1) = pr, 1, (1, t2; 0)
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Area of
Interest
X

Sensor 1 Sensor 2
Ti(X) T(X)
pro.r(t1t2.H0) Central
—_—
Processor

l

Detection: #o or #i ?
or
Classification: #?, i=1,...,.M

Fig. 1. Distributed detection/classification system with two sensors

pr,,T, (t1,t2; Ho) = pr, 1, (t1, t2; 0)

Note that since 0 represents signal amplitudes, @ # 0 under H;. Therefore, the detection problem is to

select between

Ho : 0=0
Hi: 60#0
To simplify the notation, let
- |
T,

so that we can write the joint PDF pp, 1, (t1,t2;0) as pr(t; 8). With the small signal assumptions, it has
been shown in [10] that by using a first order Taylor expansion on the log-likelihood function In pr(t; ),

we can construct the PDF of T as

pr(t;0) = exp [67t — K(6) + Inpy(t;0)] (1)
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where

K(0) =InEy [exp (67T)] 2

is the cumulant generating function of pr(t;0), and it normalizes the PDF to integrate to 1. Since T is
a sufficient statistic for the constructed exponential PDF in (1), this PDF incorporates all the information
from sensors. Note that only pr(t; 0) is required in (1) to construct pr(t; @), and is assumed that pr(t; 0)
is available or it can be estimated with reasonable accuracy. Also note that if T, Ty are statistically
dependent under Hy, they will also be dependent under H;.

The next step is to estimate the unknown parameters 8. We resort to the MLE [8] by maximizing (1)
over 0. Note that K(0) is convex by Holder’s inequality [11]. Since maximizing (1) is equivalent to
maximizing 07t — K (0), this becomes a convex optimization problem and many existing methods can
be readily utilized [12], [13]. Also, the MLE of @ will satisfy
o OK()

00
When the MLE @ is found, we will use pr(t; 9) as our estimated PDF under H;. Hence similar to the
GLRT [1], we will decide H; if

3)

pT(t;é)_AT ~

where 7 is a threshold. We will show in the next section that pr(t; 9) is asymptotically the optimal in
the sense of KL divergence.

To extend our method to classification, the above two assumptions can be simply modified as

1) The signal is small under each H; and hence pr, 1, (t1, t2; H;) is close to pr, T, (t1, t2; Ho).

2) Under each H;, the joint PDF can be parameterized by some signal parameters 6; so that
pr, T, (t1,t2; Hi) = pr, 1, (1,25 0;)
pr,.T,(t1,t2; Ho) = pr, T, (t1,t2; 0)
Similar to (1), as shown in [14], we can construct the PDF of T under H; as
pr(t:0;) = exp [0 t — K(8;) + Inpr(t; 0)] (5)

where

K(8;) = In Ep [exp (6]'T)] (6)

is the cumulant generating function of pr(t;0) that normailzes the constructed PDFE. When the MLE of

0, is found by maximizing pr(t;8;) over ;, we consider pr(t; 9Z) as our estimate of pr(t; H;) where
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9i is the MLE of 6;. Hence similar to the MAP rule [1], we will decide H; for which the following is

maximum over i: .
pr(t; Hi)p(H;) _ pr(t; 0:)p(H;)
pr(t) pr(t)

When we assume that the prior probabilities of each candidate hypothesis, i.e., p(H1) = ..., = p(Hum) =

(7N

p(Hilt) =

1/M, p(H;) cancels and we can equivalently decide H; for which the following is maximum over i:

pr(t;0;) T ,
mER Y gt K (0, 8
" pr(t;0) ‘ (6:) ®

I'V. KL DIVERGENCE BETWEEN THE TRUE PDF AND THE CONSTRUCTED PDF

The KL divergence is a non-symmetric measure of difference between two PDFs. For two PDFs p;

and pyg, it is defined as

D (p1 llpo) = / pr(0) I 220

It is well known that the D (p; ||po) > 0 with equality if and only if p; = py almost everywhere [15]. By
Stein’s lemma [16], the KL divergence measures the asymptotic performance for detection. An extended
result to classification is recently presented in [17]. Next we will show that pr(t; é) is the optimal under
both hypotheses. That is, if it is under Hy, pr(t; @) = pr(t;0) asymptotically, and if it is under Hy,
pr(t; 9) is asymptotically the closest to the true PDF in KL divergence. Similar results and arguments
have been shown in [7], [18].

Assume that we observe independent and identically distributed (IID) T;’s with

T,
T,

i

T; =

fori =1,2,..., M. Without abuse of notation, we will write p, 1, . T, (t1,t2,...,ta;0) asp(ti, ta,. .., ta;0).

The constructed PDF can be easily extended as

p(tl,tz,... ,tM;O)

— exp HTZiAilt,-—MK(0)+lnp(t1,t2,...,tM;O)} 9)
So we want to maximize
M
1 p(tl,tg,...,tM;a) 1 T
—In = —0 t; — K(0 (10
M p(tl,tQ,...,t]V[;O) M IZ; ( ) )
and 0 is found by solving
M
1 0K (6)
— t; = —2 11
3= 2 o
6
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Now we consider two cases. First, if the true PDF is under Hg, then by the law of large numbers,

1 M
i Z t; — Eo(t)
=1

as M — oo. Note that
0K (0)
00

|0=0 = Ep(t)

Since the solution of (11) is unique, asymptotically we have

N

6=0

A~

and hence p(tl,tg, e ,tM;O) :p(tl,tz, R ,tM;O).

Secondly, if the true PDF is under H;, then by the law of large numbers,

1 M
i >t — Eu(t)
i=1

as M — oo. From (10), we are asymptotically maximizing
0" Ei(t) — K(6) (12)

To avoid confusion, we will denote the underlying true PDF under H; as p(tq,ta,...,ta; H1) and our
constructed PDF as p(ti,ta,...,ty;6). Since
n p(t1,ta, ..., tar; Ha)
p(t17t27 cee 7tM7 0)

M
t1,t0, ..., tar H1)
( 2; ( )> T Dt tri0)

the KL divergence between the true PDF and the constructed one is
D (p(t1,ta, ..., tars Ha)|[p(t1, b2, ... a3 0))

M
_ T ) (t1,to,.. by Ha)
=F [— (0 Z; t; — MK(9)> +1In p—p(tl,t27...,tM;0)

=—M [6TE(t) — K(9)]
+ D (p(t1,to, ..., tars Hy)l|p(t1, t2, ..., tas;0)) (13)

Since D (p(t17t27 R 7tM;H1)Hp(t17t27 et 0)) is fixed, D (p(t17t27 s atM;Hl)Hp(tth? cotarg 0))
is minimized by maximizing (12). This shows that p(ti,to, ..., tas; é) is asymptotically the closest to

p(t1,t2,...,ta; Hy) in KL divergence.

7
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V. EXAMPLES-DISTRIBUTED DETECTION

In this section, we compare our method with the clairvoyant GLRT for some detection problems. The
clairvoyant GLRT assumes that we know the true PDF of T under H; except for the underlying unknown
parameters «, and it decides H; if

87
In—/—————=>r (14)
pr(t;0)

A. PFartially Observed Linear Model with Gaussian Noise

Suppose we have the linear model with

x=Ha+w (15)
with

Ho: a=0

Hq a#0

where x is an IV x 1 vector of the underlying unobservable samples, H is an N X p observation matrix
with full column rank, ¢ is an p x 1 vector of the unknown signal amplitudes, and w is an N x 1 vector

of white Gaussian noise with known variance 2. We observe two sensor outputs
T, (x) = HI x
T
Ty(x) = Hyx (16)

where Hj is N x p; and Hy is N X p,. Note that [H;, Hs| does not have to be H. This model is called
a partially observed linear model.
Let G = [H;, Hy]. We assume that G has full column rank so that there is no redundant measurements
of the sensors. Then we have
po | D00 Hx o (17)
Ty (x) HIx
So T is also Gaussian and

T ~ N (0,0°G"G) under H,
Let p = p1 + p2, and we can see that T is p x 1. As a result, we construct the PDF as in (1) with

K(8) = InEy [exp (67t)] = %UQOTGTGO (18)

8
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Hence the constructed PDF is

pr(t;0)

= exp [BTt — K(6) + Inpr(t;0)]

1 t7 (GTG) 't
- z o1 P\~ 52
(2mc?)2 det2 (GTG) 20
1
cexp |07t — 5029T GTGH} (19)
which can be simplified as
T ~ N (0°G"G0,0°G"G)  under H; (20)

Note that 0 is the vector of the unknown parameters in the constructed PDF, and it is different from the
truly unknown parameters a. From (3) and (18), the MLE of @ satisfies
0K (0)

_ _ 2aTl
t = 20 c°G* GO
So
A 1 -1
0=— (GTG) 't
5 (@7q)
and the test statistic becomes
AT A 1 -1
0 t—K@O0)=—tT(GTG) 't 21
( ) 20.2 ( ) ( )

Next we consider the clairvoyant GLRT. That is the GLRT when we know the true PDF of T under
‘H1 except for the truly underlying unknown parameters . It is considered as the suboptimal test by
plugging the MLE of « into the true PDF parameterized by «. Since the constructed PDF may not be
the true PDF, the clairvoyant GLRT requires more information than our method. From (17) we know
that

T~ N (G"He,0?G"G)  under M, (22)

Note that (20) is the constructed PDF while (22) is the true PDF. We write the true PDF under H; as
pr(t; ). The MLE of «v is found by maximizing

pr(t; @)
pr(t;0)
1 T T T\ 1 T

1 -1
+ @tT (G'G) 't

In

9
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If ¢ < p, ie., the length of t is less than the length of . Then the MLE & may not be unique but
since (t — GTHa)T (GTG)_1 (t — GTHa) > 0, we could always find & such that t = G Hé and
hence (t — GTHd)T (GTG})_1 (t — GTHéa) = 0. Hence the clairvoyant GLRT statistic becomes

t; & 1 -1
Pl 1 grgyty
which is the same as our test statistic when ¢ < p.

B. Fartially Observed Linear Model with Gaussian Mixture Noise

The partially observed linear model remains the same as in the previous subsection except for instead
of assuming that w is white Gaussian, we will assume that w has a Gaussian mixture distribution with

two components, i.e.,

w ~ 7N (0,0%T) 4 (1 — 7)N(0, o21) (23)

where 7, 0? and o2 are known (0 < 7 < 1). The following derivation can be easily extended when
w~ S mN(0,02T).

Since w has a Gaussian mixture distribution, T = GZx is also Gaussian mixture distributed and
T ~ 7N (0,07GTG) + (1 — m)N(0,02GTG) under H,
So we have
K(0) =In Ey [exp (HTt)]
= In (meii0 G7GO 1 (1 _ )33 G7GH) (24)
Hence the constructed PDF is

pr(t; 0)

=exp [07t — K(0) + Inpr(t;0)]

- i €xp —tT (GTG)_I ¢ + Lo exp _w
(2702) % det? (GTG) 207 (2702) % det? (GTG) 203
cexp (07t) / (meiei® €760 4 (1 — )30 G7GO) (25)
10
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Although this constructed PDF cannot be further simplified, we can still find the MLE by solving
_ 0K(6)

= o0
= (met0'6760. p2GTGo

4 (1 m)erid eTGo 3GTGo)

(m;o—fGTGTGG (11— W)egggngTGB) (26)
Our test statistic is just
o't — K(9)
—9't—In <ﬂeé”f9TGTG9 +(1- w)ei"gé’TGTG‘)) 27)

where 0 satisfies (26). Although no analytical solution of the MLE of @ exists, it can be found using
convex optimization techniques [12], [13]. Moreover, an analytical solution exists when |[|@|| — 0. To

see this, we will show that

K
lim 250). / (r01GTGO + (1 — 7)05GTGO) =1 (28)
16)1—0 900

where ./ means element-by-element division.

To prove (28), we have

lim (we%”faTGTGG F(1- w)e%UE"TGTG") —1 (29)
16110

and

Hé’illlno (Weé"feTGTGa -0iGTGo

(1 - m)esoifGral 3GTGo) ./
(r0iGTGO + (1 — m)03GT GO)

-1 (30)

by L’Hopital’s rule. Dividing (30) by (29) and from (26), (28) is proved. As a result of (26) and (28),
the MLE of @ satisfies
t =710iGTGO + (1 —71)03GTGo

as ||]] — 0 and @ can be easily found as

L S (GTG) 't 31)

0=
ro? + (1 —m)o2

11
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Since
1 1
lim K(0)/ (ﬂ'U%GTGTGO + -(1— W)U%GTGTG9>
16]1—0 2 2
=1

by using L’Hopital’s rule twice, as ||@|| — 0, our test statistic becomes

. 1 . o . .
o't — <2m%0TGTG0 +5(1- w)ageTGTcw)

1
) (770% +(1- W)U%)
To find the clairvoyant GLRT statistic, we know that under H;

t7 (GTG) '

T ~ GTHa + 7N (0,0iGTG) + (1 — 7)N(0,03GTG) (32)
Note the difference between (25) and (32) since (25) is the constructed PDF and (32) is the true PDEF.

The MLE of « is found by maximizing

pr(t; o)
T

(27)92 det'/? (:2GT Q)

GTGg)™
- exp [—1(‘5 - GTHa)T%(t — GTHa)]
2 o7
n 1—m
(2m)7/? det!/? (03GTG)

GTG

1
exp [—;(t e E )¢ oA

03

When ¢ < p, the MLE of a may not be unique but satisfies t = G Ha. As a result, pp(t; &) is a

constant and the clairvoyant GLRT statistic becomes
—Inpr(t;0)

Note that pr(t;0) is decreasing as t7 (GTG)f1 t increases, the clairvoyant GLRT statistic

7 (GTG) ¢ (33)

which is the same as our test statistic as ||@|| — 0.
Note that the noise in (23) is uncorrelated but not independent. We consider a general case when the

noise can be correlated with PDF

w ~ N (0,Cq) + (1 — m)N(0, Cy) (34)

12
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TABLE I

COMPARISON OF OUR TEST STATISTIC AND THE CLAIRVOYANT GLRT

Our Method Clairvoyant GLRT
Gaussian Noise t" (G'G) Tt t" (G"TG) 't
T
Uncorrelated max [GTt —In <7re%"§0 c'cl - T -1
0 gt ag t" (GTG) 't
Non-Gaussian Noise +(1 —m)ez2? & G
T —
Correlated max (07t —n (me3® STOGO T (m e |- 17 (GTCIG) T ¢
. . 197 qT 2] o -1
Non-Gaussian Noise +(1 — m)e2? G ©26 )} +detll/72(02) exp [*%tT (GTC2G) tD
It can be shown that similar to (27), our test statistic is
o7 10°grc,ch 19" grc,cl
0 t—In | me:z Y 4 (1 —m)ez 2 (35)

and the clairvoyant GLRT statistic is

T 1 -1
—In|——r—exp |—=tT (GTC,G t}
<det1/2 (Cl) p |: 2 ( 1 )

1—7m 1 T T -1 :|
+—————exp |—=t" (G" CoG t (36
det1/2 (02) p |: 2 ( 2 ) > )

when ¢ < p.

C. Summary

We have considered a partially observed linear model with both Gaussian and non-Gaussian noise.
Table I compares our test statistic with the clairvoyant GLRT.

In Gaussian noise, w ~ N(0,02I)). The test statistics are exactly the same.

In uncorrelated non-Gaussian noise, w ~ N (0, 0?I) + (1 — m)AN(0, 031). The test statistics are the
same as 0 — 0.

In correlated non-Gaussian noise, w ~ A/ (0, C1) + (1 — )N (0, C3). Although we cannot show the
equivalence between these two test statistics, we will see in Section VII that their performances appear

to be the same.

VI. EXAMPLES-DISTRIBUTED CLASSIFICATION

In this section, we compare our method with the estimated MAP classifier for some classification

problems. The estimated MAP classifier assumes that the PDF of T under H; is known except for some
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unknown underlying parameters o;. We assume equal prior probability of the candidate hypothesis, i.e.,
p(H1) = ..., = p(Hy) = 1/M. So the estimated MAP classifier reduces to the estimated maximum

likelihood classifier [1], which finds the MLE of «; and chooses H; for which the following is maximum

over i:
pr(t; &) (37)
where ¢&; is the MLE of «;.
A. Linear Model with Known Variance
Consider the following classification model:
Hi: x=Aisi+w (38)

where s; is an NV x 1 known signal vector with the same length as x, A; is the unknown signal amplitude,
and w is white Gaussian noise with known variance 0. Assume that instead of observing x, we can

only observe the measurements of two sensors
T, =H'x
T, = HIx (39)

where H; is N x p; and Hy is N X ps. Here p; and p are the length for vectors T and T, respectively.

We can write (39) as

T=GTx (40)
by letting
_ |
= T
and
G = [H; Hy]

where G is N X (p1 + p2) with p; + po < N. We assume that G has full column rank so that there are
no redundant measurements of the sensors. Note that G can be any matrix with full column rank.

Let Hy be the reference hypothesis when there is noise only, i.e.,
Ho: x=w (41)
Since x is Gaussian under Hj, according to (40), T is also Gaussian and
T ~ N (0,0°G"G)
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under Hy. We construct the PDF under H; as in (1) with
1
K(6;) =InEy [exp (6] T)] = 5029?GTG0i (42)
Hence the constructed PDF is

pr(t; 6;)

= exp [07t — K(6;) + Inpr(t;0)]

1 t7 (GTG) ™'t
= 1 ¥p2 1 eXp —#
(2mo2) 2 det: (GTQ) .
1
-exp |01t — QUZOZ-TGTGOZ] 43)
which can be simplified as
T ~ N (6*°G"GO;,0°G"G)  under H; (44)

The next step is to find the MLE of 6. Note that the MLE of 0, is found by maximizing 0"t — K (6;)
over 0;. If this optimization procedure is carried without any constraint, then 6; would be the same for
all 7. Hence we need some implicit constraints in finding the MLE. Since 0; represents the signal under

‘H;, we should have

0; = A;GTs; = B3, (T) (45)
which is the mean of T under H;. As a result, (44) can be written as
T ~ N (6°4,GT'GG"s;,0°G"G)  under H; (46)
Thus, instead of finding the MLE of 8; by maximizing
01t — K(6;) =61t — %a2oiTGTG0i (47)

with the constraint in (45), we can find the MLE of A; in (46) and then plug it into (45). It can be found

that
A sT'Gt
A; = i 48
02s] GGTGGTs; (48)

and
5 GTs;sTGt
' 02T GGTGGTs;

(49)

Hence by removing the constant factors, the test statistic of our classifier for H; is

(TG
(GTs))TGTG(GTs;)

(50)
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according to (8).

Next we consider the estimate MAP classifier. In this case, we assume that we know the true PDF
T ~ N (4,G"s;,0°GTG)  under H; (51)

Note that (51) is the true PDF of T under H; and (46) is the constructed PDF. It can be found that the

MLE of A; in the true PDF under H; is

TG (GTG) 't

_ ol (52)
" TG (GTG) M GT;
By removing the constant terms, the test statistic of the estimated MAP classifier for H; is
T T 14)2
s;G(G'G) 't
sl (era) ') .

(GTs;) (GTG) ™' (GTs))
according to (37). Note that (48) and (52) are different because (48) is the MLE of A; under the constructed
PDF and (52) is the MLE of A; under the true PDF. Also note that if GT'G is a scaled identity matrix,
test statistics in (50) and (53) are equivalent, and hence our method coincides with the estimated MAP

classifier.

B. Linear Model with Unknown Variance

To extend the above example, we consider the above linear model with unknown noise variance o2.

As we have shown in (46), the constructed PDF is still
T ~ N (6°4,GT'GG"s;,0°G"G)  under H; (54)
except for that o? is unknown. Let B; = 02A4;, we have
T ~ N (B,G"GG"s;,0’G"G)  under H; (55)
Instead of finding the MLEs of A; and o2, we can find the MLEs of B; and o2. Let h; = GTGG’s;
and C = GTG. It can be shown that

B; = (h'C™'ny)"'hfCc 't (56)

and

1 . R
~2 TH—1
o° = t—h;B;)"C *(t —h;B; 57
) 2( ) ( ) (57)

By removing the constant factors, it can also be shown that the test statistic is equivalent to
tTCth;(hTC th;)'hfC 't
t7 [C~! — C~'h;(h]C~'h);'hIC-1] t

)

(58)
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TABLE I

COMPARISON OF OUR TEST STATISTIC AND THE ESTIMATED MAP CLASSIFIER

Our Method Estimated MAP
Known o (sT Gt)? (VG (G"G) "t
(GTs))TGTG(GTs;) (GTs;) (GTG) ' (GTs;)
Unknown o2 t7CTh;(h"CTh;) " ThfC~ 't tTC g (gfCTg,) ThTC Tt N
t” [C~! — C~'h;(hfC~'h);'hI'C-1]t | t"[C! — C'gi(gf C'gi) 'g/C ']t

where h; = G GGTsi, gi = GTs; and C = GTG.

Next we consider the estimated MAP classifier. So the true PDF is still
T ~ N (4;G"s;,0°G"G)  under H; (59)

with unknown A; and o2. Let g; = G”'s; and C = GT' G. Similar to (56), (57) and (58), it can be shown
that
A= (glCclg) gl Ct (60)

1 R .
62 = t — g AN)TCHE — g A; 61
p1+p2( giA;) (t —gidi) (61)

and the test statistic of the estimated MAP classifier is
t'Clg;(gl C'g;)'hTC 't
tT [C_l _ C—lgi(gg’c—lgi)—lgg“c—l] t

(62)

Note that if GT G is a scaled identity matrix, since h; = GTGg;, the test statistics in (58) and (62) are
equivalent. Hence our method is exactly the same as the estimated MAP classifier if GT G is a scaled

identity matrix.

C. Summary

We have considered a linear model both known and unknown noise variance. Table II compares our
test statistic with the estimated MAP classifier. If GG is a scaled identity matrix, our method and the

estimated MAP classifier are exactly the same.

VII. SIMULATIONS
A. Distributed Detection

Since our test statistic coincides with the clairvoyant GLRT under Gaussian noise as shown in subsec-
tion V-A, we will only compare the performances under non-Gaussian noise (both uncorrelated noise as

in (23) and correlated noise as in (34)).

17
Approved for public release; distribution unlimited



Consider the model where

z[n] = A1 4+ Aar™ + Az cos(2mfn + ¢) + wn|

forn=20,1,...
¢. This is a linear model as in (15) where
(11
H 1 r
1 PN

and o = [Ay, Ag, A3 cos ¢, — Az sin ¢]T

(63)

, N — 1 with known r and frequency f but unknown amplitudes A;, As, A3 and phase

1 0
cos(2m f) sin(27 f)

cos(2rf(N — 1)) sin(27f(N —1)) |

Let w have an uncorrelated Gaussian mixture distribution as in (23). For the partially observed linear

model, we observe two sensor outputs as in (16). We compare the GLRT in (27) with the clairvoyant

GLRT in (33). Note that the MLE of @ in (27) is found numerically, not by the asymptotic approximation

in (31). In the simulation, we use N = 20, Ay = 2, Ay =3, A3 =4, ¢ = /4, r = 0.95, f = 0.34,

T = 0.9, O'% = 50, O'% = 500, and H; and Hy are the first and third columns in H respectively, i.e.,

H; =[1,1,...,1]T, Hy = [1,cos(27f), ..., cos(2m f(N —1))]. As shown in Figure 2, the performances

are almost the same which justifies their equivalence under small signals assumption shown in Section

1 ‘ ——tr=— o\
A
o
0.9 S
A%
0.8 Aé
A
0.7
8 £
3
Sost
o ~
B o5 4
>
£ X
g oar &
Qo
S
T o3} 4
X
0.2 %
K
X
0.1 & %+ Our Method
—A— - Clairvoyant GLRT
0 0.2 0.4 0.6 0.8 1
Probability of False Alarm
Fig. 2. ROC curves for the GLRT using the constructed PDF and the clairvoyant GLRT with uncorrelated Gaussian mixture
noise.
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Next for the same model in (63), let w have a correlated Gaussian mixture distribution as in (23).
We compare performances of the GLRT using the constructed PDF as in (35) and the clairvoyant GLRT
as in (36). We use N = 20, Ay = 3, Ay =4, A3 =3, ¢ =n/7,r =09, f =046, 7 = 0.7,
H; = [1,1,...,1]T, Hy = [1,cos(27f),...,cos(2nf(N — 1))]T. The covariance matrices C;, Co are
generated using C; = RlT x Ry, Cy = Rg x Rg, where Ry, Ry are full rank NV x N matrices. As

shown in Figure 3, the performances are still very similar.

0.9f IRV S
0.8f &%

07F X

06

0.5F

£
;
0.4 gg
i

Probability of Detection

0.3
0.24
:

0.1 X+ Our Method
—A~ - Clairvoyant GLRT

0 0.2 0.4 0.6 0.8 1
Probability of False Alarm

Fig. 3.  ROC curves for the GLRT using the constructed PDF and the clairvoyant GLRT with correlated Gaussian mixture

noise.

B. Distributed Classification

For the model in (38)
H;,: x=A;8;,+w

we first consider a case when GT' G is approximately a scaled identity matrix. Let A; = 0.4, Ay = 1.2,

A3 =0.9 and
s1(n) = cos(2m fin)
sa(n) = cos(27 fan)

s3(n) = cos(27 f3n)
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where n =0,1,...,N — 1 with N =25, and f; = 0.14, fo = 0.34, f3 = 0.41. Let p(H;1) = p(H2) =

p(Hs) = 1/3. Assume that there are two sensors, each with an observation matrix as follows respectively:

H o 1 cos(2mf1) --- cos(2mfi(N —1)) '
1=
1 cos(2mfy) -+ cos(2mfa(IN — 1))
T
H, = [ 1 COS(27Tf3) s+ COS (27rf3(N - 1)) ]

We use (50) and (53) as our test statistics for the two methods respectively when o2 is known. Test
statistics in (58) and (62) are used when o2 is unknown. The probabilities of correct classification are
plotted versus In(1/0?) in Figure 4. We see that our method has the same performance with the estimated

MAP classifier with known or unknown o2, and probabilities of correct classification goes to 1 as o> — 0.

091

0.8

0.6

0.5

x - Estimated MAP-Known ¢°
—A— - Our Method-Known o2
. | —e— Estimated MAP-Unknown &
— * — Our Method-Unknown °
I ; ;

0.4 - g8 o1

-4 -3 -2 -1 0 1 2 3
In(1/6?)

Fig. 4. Probability of correct classification for both methods.

Next we consider a case when GT'G is not a scaled identity matrix. Let A; = 0.5, Ay =1, A3 =1

and
s1(n) = cos(2m fin) + 1
sa(n) = cos(2m fan) + 0.5
s3(n) = cos(2r fn)

where n = 0,1,..., N — 1 with N =20, and f; = 0.17, fo = 0.28, f3 = 0.45. Let p(H1) = p(H2) =

p(Hs3) = 1/3. Assume that there are three sensors (this is an extension of the two sensor assumption),
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each with an observation matrix as follows respectively:

T
H=11 .. 1
11 ] T
1 cos(2mfr) -+ cos(2nfi(N —1))
H, =
1 cos

(
(2w fa) -+ cos(2mfa(N — 1))
Hj3 = [ 1 cos(27(f3+0.02))

cos (2m(f3 + 0.02)(N — 1))]*
Note that in H3, we set the frequency to f5+0.02. This is the case when the knowledge of the frequency
is not accurate. We also see in Figure 4 that the performances of both methods are the same with known

or unknown o2, and probabilities of correct classification goes to 1 as o2 — 0.

1
0.9F b
0.8 i
0.7 b

©
al
0.6 g B
0.5F i
x - Estimated MAP-Known ¢°

04 —A— - Our Method-Known 62

' 4 —©&— Estimated MAP-Unknown 6°

— * — Our Method-Unknown ¢?
i i i I ; ;
-4 -3 -2 -1 0 1 2 3

In(1/6?)

Fig. 5. Probability of correct classification for both methods.

VIII. CONCLUSIONS

A novel method of constructing the joint PDF of the measurements from multiple sensors distributed
systems has been proposed. Only a reference PDF is needed in the construction. The constructed PDF is
asymptotically optimal in KL divergence. The performance of our method has shown to be as good as

existing methods for both detection and classification, while less information is needed for our method.
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