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ABSTRACT

We establish the heavy traffic approximation for the scaled offered waiting time process and for the scaled queue length
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Abstract

We analyze a sequence of single-server queueing systems with impatient customers in heavy
traffic. Our state process is the offered waiting time and the customer arrival process has a
state dependent intensity. Service times and customer patient-times are independent, i.i.d. with
general distributions subject to mild constraints. We establish the heavy traffic approximation
for the scaled offered waiting time process and obtain a diffusion process as the heavy traffic
limit. The drift coefficient of this limiting diffusion is influenced by the sequence of patience-
time distribution in a non-linear fashion. We also establish an asymptotic relationship between
the scaled version of offered waiting time and queue-length. As a consequence, we obtain the
heavy traffic limit of the scaled queue-length. We introduce an infinite-horizon discounted cost
functional whose running cost depends on the offered waiting time and server idle time processes.
Under mild assumptions, we show that the expected value of this cost functional for the n-th
system converges to that of the limiting diffusion process as n tends to infinity.

Keywords: Stochastic control, Controlled queueing systems, Heavy traffic theory, Diffusion approx-
imations, Customer abandonment, Customer impatience, Reneging.

AMS Subject Classifications: primary 60K25, 68M20, 90B22; secondary 90B18.

1 Introduction

In this article, we study a heavy traffic approximation result for a sequence of single-server queue-
ing systems with impatient customers. Customers are served under First-Come-First-Serve (FCFS)
service discipline. This sequence of queueing systems with a similar dynamic structure is parame-
terized by n = 1,2,3,... and is in heavy traffic in a sense that will be made precise in Section
3. The arrival process of the n-th system has a dynamic intensity which depends on the offered
waiting time and this intensity is of order O(n) for large n. The service times are i.i.d. with general
distributions and for the n-th system, mean service time is of order O(1/n), and thus creating heavy
traffic. The customers abandon the system if the service is not initiated within their patience-time.
They act independently and in the n-th system, their patience-times are i.i.d. distributed and this
distribution may depend on n.

*Research supported by U. S. Army Research Office grant W911NF(0710424.



In many real world examples, such as telephone call centers or internet traffic, customers may
not observe the actual queue-length but often approximate waiting time is available to them. In
our model, offered waiting time (or the workload process) is the basic state process and the arrival
intensity of the customers is dependent on it. To motivate this work, consider a processing facility
where each customer or job arrives with a deadline. Upon the arrival of each customer, a system
manager learns about the customer deadline as well as the required service time. Hence, the
information on offered waiting time is available to the manager and accordingly, the manager can
influence the arrival intensity by means of admission control. In practice, customer abandonment
is a well documented significant feature of the queueing systems. In the queueing models, Palm
[23] initiated the importance of incorporating this feature. In the telephone call center setting with
many-server systems, such models are considered in [14, 19, 11, 12, 36, 29, 22, 25]. For single server
setting, Ward and co-authors addressed several performance evaluation issues of such systems in
[30, 31, 26]. For general queueing systems in heavy traffic (with or without customer abandonment),
there are numerous articles that address the issue of system optimization and [3, 5, 15, 16] is a
partial list of such articles.

The results established in this article are closely related to the works of [26] and [30, 31], but
they differ in three main aspects: First, in the n-th system, the intensity of our arrival process is
non-constant and may depend on the current value of the offered waiting time. Loosely speaking,
system manager may exercise adjustments of order O(y/n) to the admission rate of the n-th system
without disturbing the delicate balance in heavy traffic conditions. But such adjustments have
an influence on the drift coefficient of the limiting diffusion process as described in our Theorem
4.8. In controlled queueing systems, such adjustments are known as “thin control” and we refer to
[1, 16] for such problems. Second, our assumptions on patience-time distribution are quite general.
In Markovian abandonment regimes [30] and also in [31] (for many-server queues in Halfin-Whitt
heavy traffic regime see [4, 12, 11, 21, 14, 22, 25]) where the same patience-time distribution is used
in the modeling, only the behavior of patience-time distribution in a neighborhood of origin effects
the dynamics of the limiting diffusion. But, in an interesting article [26], Reed and Ward consider
the patient time distribution of the n-th system to have a hazard rate intensity dependent on n (see
[25] for a many-server Halfin-Whitt heavy traffic case). They provide statistical data in support
of their choice. The dynamics of their limiting diffusion process depends on the entire patience-
time distribution function. Our results incorporates both of these scenarios in the same general
framework as illustrated in the examples of Section 3. Our assumptions can be satisfied by many
other classes of patience-time distribution functions, and Theorem 4.8 describes the effect of these
distribution functions on the limiting diffusion. One key ingredient in our proof of Theorem 4.8 is
the martingale functional central limit theorem, and this approach helps us to accommodate these
general assumptions. This is in contrast with the proofs in [26]. Third, we employ Theorem 4.8
to establish the convergence of the expected value of an infinite horizon discounted cost functional
of the n-th system to that of the limiting diffusion process as n — oo. Such convergence results
for the expected value of the cost functionals are important in deriving asymptotically optimal
strategies for the system optimization problems in heavy traffic regime. We refer to [32, 16] (and
[5, 4, 22] in many-server Halfin-Whitt heavy traffic regime) for such results related to controlled
queueing systems. We intend to use the results obtained here to address such a controlled system
optimization problem in a future article.

This article is organized as follows. In Section 2 we introduce the basic model. We give details
about the construction of the arrival process with an intensity dependent on offered waiting time,
and introduce the key martingale relevant to the arrival process. Such a martingale formulation is
used in [35] for the heavy traffic analysis of queue length processes, when the arrival and service



rates are dependent on queue length. In Section 3, we speed up the arrival rates to be of order
O(n) and to balance this and to obtain heavy traffic conditions, we make the average service time
in the n-th system to be % We carefully lay out our assumptions on arrival intensities, service
times and patience-time distributions. Section 4 addresses the weak convergence of scaled offered
waiting time processes in heavy traffic. We establish the fluid limit first and then use it to obtain
the diffusion limit for the scaled offered waiting time process. Main result in this section is Theorem
4.8, and we use martingale functional central limit theorem to obtain this weak convergence result.
In Section 5, we establish the asymptotic relationship between the scaled queue length and scaled
offered waiting time processes. Here we follow the proof of a similar result in [26], but supplement
it with necessary additional estimates to accommodate our general assumptions. We address the
issue of convergence of the expected value of infinite horizon discounted cost functional of the n-th
system to that of the limiting diffusion under heavy traffic in Section 6. In this cost functional,
the running cost function depends on offered waiting time and server idle time. Since the running
cost function is unbounded and is of polynomial growth, we need a few additional assumptions
there. To reach our conclusion, we establish necessary moment estimates and combine them with
the weak convergence result in Theorem 4.8. For controlled queueing networks, such convergence
results are obtained in [32, 16] and in the case of many-server systems, we refer to [5].

The following notation is used. The set of positive integers is denoted by IV, the set of real
numbers by IR and nonnegative real numbers by IR,. Let IR? be the d-dimensional Euclidean
space and for x € IR? the Ly norm of z, i.e., Zf-l:l |z;|, will be denoted by |z|. For a,b € IR, let
a Ab=min{a,b} and a™ = max{a,0}, a~ = —min{a,0}. We use [a] to denote the integer part of
a € IR. The convergence in distribution of random variables (with values in some Polish space) ®,, to
® will be denoted as ®,, = ®. With an abuse of notation weak convergence of probability measures
(on some Polish space) pi,, to ¢ will also be denoted as p,, = p. When sup |fn(s) — f(s)| — 0 as

0<s<t

n — oo, for all ¢ > 0, we say that f, — f uniformly on compact sets. For a real valued function
f defined on some metric space X and T € IR, define ||f||r = sup |f(x)|. Finally, let D]0, c0)

z€[0,T

denote the class of right continuous functions with having left limit defined from [0,00) to IR,
equipped with the usual Skorokhod topology.

2 Basic Model

First we describe the queueing model with FCFS service discipline and customer abandonment
on a probability space (2, F, IP). Let A(t) be the number of customers arrived at the station by
time ¢. The random variable t; represents the arrival time of the j-th customer, and we assume
IE(tj) < co. Service time of the j-th customer is represented by the random variable v;. We assume
that the customers are impatient and the j-th customer may leave the system at a random time
d; if the service is not completed by then. The sequences (v;) and (d;) are assumed to be i.i.d.
and independent of each other, IF(v;) = 1 and var(v;) = 02 < oo. We let F be the cumulative
distribution function of dj.

The amount of time an incoming customer at time ¢ has to wait for service depends upon the
service times of the non-abandoning customers, who are already waiting in the queue. Similar to
[26], we define the offered waiting time process

A(t) t
V() =Y vl -)<d) —/0 Ly (s)>0)(s)ds. (2.1)

J=1



0 t1 to t3
Figure 1: A typical sample path of V (t).

The process {V(t) : t > 0} is non-negative, has sample paths which are right continuous with left
limits and also it has upward jumps at the arrival epochs (¢;). On the time interval [t;,t;41), V(%)
is continuous, non-increasing and satisfies V' (t) = max{0, V(¢;) — (¢t —t;)}. The picture depicted in
Figure 1 shows a typical sample path of the process {V(¢) }+>0. The quantity V' (¢) can be interpreted
as the time needed to empty the system from time ¢ onwards if there are no arrivals after time ¢,
and hence it is also known as the workload at time ¢. We note that once V' (t,,) is known then V(¢)
is well defined on the next interval [t,,t,+1) (see below (2.9) for more details).

~

Next, we define the o-fields (F,,),>1 where

~

Fn = O‘((tl, V1, dl), RN (tn,vn,dn),th) CF. (2.2)

Notice that V(t,—) is .7?n_1—measurable and the abandonment time d, of the n-th customer is
independent of F,,_1. Hence,

PV (tn=) > du|Fn-1] = F(V(t,—)) (2.3)

holds, where F' is the distribution function of d,,. We introduce two martingales (M"(n)) and
(M9(n)) with respect to the filtration (F,),>1 introduced in (2.2). We let

D (W5 = Dy, -y<a; (2.4)

M%(n) =
j=1

M) = 3 (Wyirza) — Bllye,-yza)F-)) (2.5)
j=1

for alln € IN. Clearly, M¢(n) is an F,,-martingale (see also [26]). Here we show that M"(n) also is
an Fp-martingale. Since V(tnt+1—) and d,41 are measurable with respect to o(Fy, dp+1) and vy41
is independent of o(F,,dp+1), it follows that

E | (vn41 — 1)1[V(tn+r)<dn+1}!U(fmdnﬂ)} = 1 (tn1—)<dnia] (U1 — 1) = 0.

Now conditioning both sides of (2.4) with respect to Fn, we can see that MV (n)is an Frn-martingale
as well. Using (2.3) in (2.5), we also see that for all n € IN

M) = 3 [,z — FVE-)]- (2.6)
j=1



Using (2.1), (2.3)-(2.6) and after simple algebraic manipulations, we obtain the following system
equation: for all £ > 0,

V(t) +/0 F(V(s—))dA(s) = (A(t) —t) + M (A(t)) — MUA(t)) + I(t), (2.7)

where .
I(t) E/O Ly (s)=0] (8)ds, (2.8)

and I(t) represents the idle time at the station during time interval [0, ¢].

To describe the arrival process A(-) with arrival times (¢;), let A(-) be a given Borel measurable
function defined on [0, c0) which satisfies the condition 0 < € < A(z) < C for all z > 0. Here € and
C are positive constants. In our analysis, we assume that

{A(t) _ /Ot AV (s))ds : £ > 0} (2.9)

is a martingale with respect to the filtration (G;)¢>0, where G, = 0(A(s), V(s) : s < t). Notice that
once the value of V (¢,,) is known, the process V(t) can be obtained on [t,, t,,+1) as explained earlier.
Hence, the quantity fg AV (s))ds is also known for all ¢, <t < t,41.

Following several results in [8], here we indicate the construction of such a process A(-) and
several of its properties. We begin with a probability space (2, F, IFy). Assume that (v;) and (d;)
are independent sequences of positive i.i.d. random variables in this space. Recall that v; has
mean 1 and variance o? while d; has distribution function F. We introduce the o-algebra Gy by
Go = o((vi,di) : i = 1,2,...). Next, we let A(-) be a standard (unit intensity) Poisson process
which is independent of Gy, and (¢;) are the jump times of A(-). Using this Poisson process A(-),
the sequences (v;) and (d;), we can introduce the offered waiting time process V'(-) as in (2.1). We

introduce two filtrations (G;) and (G); by
G =0(A(s),V(s):0<s<t) and G, =G VG, (2.10)

that is, Qt is the o-algebra generated by the sets in Gy U Go. Next, we introduce the left-continuous
version V(-) of the offered waiting time process by

V(t) = {wt)’ ez (2.11)
V(ti—), ift =t

Thus V(-) is (G;)-adapted left-continuous process with left limits. Consequently, V(-) is a predictable

process with respect to each of the filtrations (G;) and (G;) (see Section 3 of Chapter 1 in [8]). Next,

we intend to apply change of intensities for point processes (cf. Section 2 of Chapter 6, [8]). We

introduce the process L(-) by

Lo - exp (/Ot(l_A(?(s)))ds>, ift<ti,

exp (/Otu _A(V(s)))ds + /Ot log(A(V(s)))dA(s)> RETTEN

Since A(-) is Borel measurable and 0 < ¢ < A(x) < C for all x > 0, we can use theorems T2, T3
and T4 in pages 165-168 of [8] to verify that L(-) is a (G¢)-martingale and IE[L(t)] = 1 for each
t > 0. Since L(-) is adapted to (G¢)s>o, it is also a (G;)-martingale.



Let T > 0 be fixed and introduce the probability measure Py on §T by

dIPr

ib L(T). (2.12)
Then by Theorem T3 in Chapter 6 of [8], the process A(-) has (PPp,G,)-intensity A(V(t)) for
0 <t <T. Using Theorem T9 in page 28 of [8] and by a straightforward computation, it follows
that {A(t) — fot AV (s))ds : 0 < t < T} is a (Gy)o<i<r-martingale with respect to Pp. Since
{A(t) — fg AV (s))ds : 0 < t < T} is adapted to (Gt)o<t<T, it is also a (Gi)o<i<r-martingale with
respect to [Pr. It is evident that the probability measures (IPr)7r~¢ are consistent and thus there
is a probability measure IP on Goo s0 that Py and IP agree on Gr.

Since each IPr and IPy agree on 50, it follows that (v;) and (d;) are independent sequences of
i.i.d. random variables with desired distribution with respect to IP. Also since V() = V(t) except
on a set of Lebesgue measure zero, it follows that [ A(V(s))ds = fot A(V(s))ds for all ¢ > 0. Hence,
we conclude that with respect to probability IP,

{A(t) — /0 AV (s))ds : t > 0} is a (G;)-martingale, (2.13)

and as a consequence,
t
{A(t) —/ AV (s))ds :t > 0} is also a (G;)-martingale. (2.14)
0

The martingale property of this process with respect to (’g}) filtration will be used only in the proof
of Proposition 4.10. This completes the construction of the arrival process A(-).

We note that since A(-) is a point process with (G;)-intensity A(V(¢)), we can use the random
change of time method (see Theorem T16 and Lemma L17 in Section 6 of Chapter 2, [8]) to obtain
the convenient representation

Aty =Y (/Ot A(v(s))ds> =Y </Ot A(V(s))ds) : (2.15)

where Y'(+) is a standard Poisson process. This representation helps us in several estimates.

3 Heavy Traffic Regime

We consider a sequence of queueing systems indexed by n € IN. In our analysis, basic state process
of the n-th system will be the offered waiting times process V,,(-). The arrival rate nA,(V,(-)) of
the n-th system is state dependent and the j-th customer arrival occurs at time iy The cumulative
number of customer arrivals in [0, ¢] in the system is given by A,,(t). When n becomes large, arrival
rate of the n-th system becomes large and thus to obtain heavy traffic conditions, we need to make
the service time of the n-th system small as described below.

For the j-th arrival in the n-th system, service time is v} = v; /n, and the abandonment time
is denoted by d7. As described in [26], the basic equation of the offered waiting time process
{Vn(t) : t > 0} is given by

An(t) t
1
Valt) = = D 0l -)<dy) —/0 Ly, (s)>0](5)ds, (3.1)
j=1



where A, () is the arrival process. We introduce the filtration {G;* : ¢ > 0} of the n-th system by
Gt = 0(An(s), Va(s) : s < t). We also introduce the filtration (G;*) as similar to (2.10). Next, we
define the discrete time filtration (F*);>1 by

(2
fn = (( ?7’01117d?) (t?ﬂ)z 7d?)7 ?—&-1) (32)
for i > 1 and let .7?5‘ = o(t}). Next, we define the associated continuous time filtration (F}*)¢>o by

Fi' = Fipg = o((@1,07,dY), -5 (s Vi ) Uy 1)- (3.3)
Now we describe our basic assumptions:

Assumption 3.1.

(i) The sequences (v});>1 and (d});>1 are non- negatwe valued, i.i.d. random variables with

vy = % forallj > 1, E(vj) =1 and IE(v; —1)® = ¢2 > 0. Furthermore, V7,1 is independent

of .75” and the sequence (d?)jzl is independent of the sequence (tj U7 )j>1-

(i) The arrival process Ay (-) of the n-th system has an associated intensity process n\n,(Vp(+));
that 1is,

{An(t) - n/ot Ana(Vin(s))ds : t > o} (3.4)

is a (G")-martingale and (G")-martingale as well.

Assumption 3.2.

(i) The function A\,(-) is Borel measurable on [0,00) and there exist two positive constants
€0, Co > 0 (independent of n and x) such that 0 < ey < A\y(z) < Cy for all z > 0 and
n>1.

(ii) For each K >0, lim sup |A,(z)—1|=0.
=0 2€[0,K]

(iii) There exist small 69 > 0 and M > 0 such that sup sup /n(A,(z) — 1)t < M < cc.
n>1 z€0,80]

(iv) There exists a non-negative continuously differentiable function u(-) defined on [0,00) such
that for each K > 0,

=0.

s [V (1200 (7)) =t

Assumption 3.3. Let F,(-) be the right continuous abandonment distribution function of the i.i.d.
sequence (d})j>1. Assume that F,(0) = 0 and there is a non-negative continuously differentiable
function H(-) such that for each K > 0,

lim sup ‘\/ﬁFn (x — H(z)| =0.

00 ¢e0,K] \/ﬁ>

As a consequence, we have H(0) =0 and lim F,(z/\/n) =0 for each x > 0.




Remark 3.4. We provide concrete examples that satisfy the above set of assumptions.

1. An example of arrival rate function A\,(-): Take

) =1 — U(gx) n 9%)’

where 6,(-) is a bounded function such that lim ||0,||x = 0 for each K > 0.

2. Examples of abandonment distribution functions (Fy,):

(a) Let F,, = F for alln, and F be differentiable with a bounded derivative on [0, 6] for some
§ > 0. Hence, H(z) = F'(0)z in Assumption 3.5.

(b) We may take F(xz) = 1 — exp(— [y h(y/nu)du) for z > 0 where h is a mon-negative
continuous function as in (14) of [26]. In this case, H(x fo u)du and it satisfies
Assumption 3.3 since h is continuous. Indeed, for any geneml sequence (Fy,), if F/L(\fﬁ)
converges to a non-negative function h(x) umformly on compact sets, then (F,) satisfies
Assumption 3.3 with the limiting function H(x fo

(c) Here we provide a simple example to zllustmte that there can be many limiting func-
tions H(-) other than the ones described in (a) and (b) above. Let H(-) be any non-
negative, non-decreasing, continuously differentiable function which satisfies H(0) = 0
and H(+00) = +oo. We let F,(z) = ﬁmin{H(\/ﬁa:),\/ﬁ} for all x > 0. Then, for
each n > 1, F,(0) =0, F,(+00) = 1 and F,, is a continuous, non-decreasing probability
distribution function. It is evident that the sequence of distribution functions F,, satisfies
the Assumption 3.3 with limiting function H(-).

Remark 3.5. To describe a specific example of a heavy traffic regime using the same arrival

process, we can consider the system (A(-),V(-)) satisfying (2.1), (2.7)-(2.9). Then we can scale

these processes as described next. First, we introduce the filtration (G') by Gi* = Gnt for each

n > 1, where G, = o(A(s),V(s) : 0 < s < t). Now let A,(t) = A(nt) and V,,(t) = V(nt)

for allt > 0. Then usmg (2.9) and by a change of variable in integration, it easily follows that
— nfo ))ds : t >0} is a (G')-martingale.

Throughout, one can consider the arrival intensity A,(-) as a “control process” related to the n-th
system. In a future article, we intend to address an optimal control problem associated with this
heavy traffic regime, which minimizes a prescribed cost functional. We refer to [2, 3, 16] for related
“thin control” problems and also refer to Chapter VII of [8].

It will be helpful to define fluid-scaled and diffusion-scaled quantities to carry out our analysis.

We let
R t
A1) = AT;(” and A, (t) = \}ﬁ <An(t) “n /0 )\n(Vn(s))ds> (3.5)

for all £ > 0. We also introduce the diffusion-scaled offered waiting time process

Vi(t) = Vi, (t) for all t > 0. (3.6)
We then have diffusion-scaled martingales with respect to the filtration (F/*) (see (3.3)), given by

[nt]

Z — Dy, @n-)<ars Z (1[vn tno)>dn] — E(l[Vn(t?—)Zd?}’ﬁ?—lo :

(3.7)



Using (3.1), (3.4) and the state equation described in (2.7), and after simple algebraic manipula-
tions, we obtain

Vn(t)+/0t Fo(Vi(s=))dAn(s) = ;<An(t) —n/ot )\n(Vn(s))ds>

4o (WA (0) = AT A1)
+/ An(Vi(s)) — 1]ds + I, (t), (3.8)
0

where I, ( fo 11y, (s)=qds for all t > 0.

4 Weak Convergence

4.1 Fluid limits

Throughout we use || - ||z defined by ||f||r = sup |f(s)| for any f in DI[0,00). Our aim here is
t€[0,T]
first to establish the fluid limit lim ||V,||7 = 0 in probability for each T > 0. We intend to employ
n—oo
several properties of the Skorokhod map I' (see, for example, [20, 9, 33, 17]) in the discussion below.
The Skorokhod map I' : D[0,00) — D|0, c0) is explicitly defined by

L)) = f(t)+ Sel[l()pt}(_f(S))+ for all ¢ > 0. (4.1)

Given a function f in D|0,00), the pair (I'(f), sup (—f(s))") is called the “Skorokhod decompo-
s€[0,°]
sition” of f and this decomposition is unique. In (3.8), we let

1 - _
Xn(t) = (An(t)—nt)Jr%(Mn(An(t)) MYAL()) - = / Fof An(s).  (4.2)

1
n

Thus, by (3.8)-(4.2), we observe that (V},, I,,) is the Skorokhod decomposition of the process X,
and thus
Vo(t) =T(X,)(¢), forallt>0. (4.3)

Theorem 4.1. (Fluid limit) For each T > 0,

IVallr =0 asn— . (4.4)
Proof. First we show that
nan(gO \FHA nllr =0 a.s., (4.5)

for each T' > 0. For the n-th system, we consider the martingale A\n() described in (3.5). Using
a random time change theorem for point processes (use Theorem T16 in page 41 of [8] with F; =
0(An(s), Va(s): 0 < s <t)and Lemma L17 therein and the fact that A, (z) > €y > 0 to guarantee
I nAn(Va(s))ds = +oo a.s.), there is a unit intensity Poisson process Y, (-) such that A (t) =
?n(fot An(Vin(s))ds) for all ¢ > 0. Here Y, (t) = (Yy(nt) — nt)/y/n for all n > 1. Thus, using part



(i) of Assumption 3.2, we have ”A\nHT < \|17n\|COT and we can estimate P[ﬁ“ﬁnHT > ¢ for e >0

arbitrary. Since }7” also is a martingale, using Doob’s inequality we have

E[p(|Ya(CoT))|)]
¢leyn) 7
where ¢(-) is a non-negative, convex, strictly increasing function on IRy. Let 6 > 1/2 be fixed.

Then there is a real number zy > 0 so that e* < (1+x)+60x2 for 0 < z < x9. We pick any o > 0 so
that 0 < o < zp and let ¢(z) = e** for all z > 0. Then by an elementary computation, we obtain

Ep(Ta(CoT)) _ oot ey
dlevi) |

(See also Theorem 5.18, page 114 of Chen and Yao [10].) Consequently, P[ﬁ"gnHT > €] <

eea2COTe_€‘/ﬁ, where § > 1/2, o > 0 and Cy > 0 are constants independent of n. Now we can
apply Borel-Cantelli lemma to conclude the a.s. limit in (4.5). Hence, there is no(w) € IN such
that A, (T) < /n for all n > ng(w). This together with Assumption 3.2(i) implies that

1, ~ ~
Pl > o] < P[Ifallar > v <

An(T) < \/ﬁgn(T) + ConT < n+ ConT < Kin for all n > ng(w),
for some constant K7 > 0. Next, using (3.1)

1 An(T) Kin

1
|Vallr < - Z vj < EZvj for all n > ng(w).

Jj=1 Jj=1

But lim %Z]qu vj exists a.s. by SLLN and hence ||V,||r < K>T for all n > nq(w) and for some
n—oo
constant Ky > 0. This, together with Assumption 3.2(ii), implies that

T
/ An(Vi(s)) = 1lds < sup | M\u(z) — 1T — 0 asn — oo.
0 z€[0,K2T)

Hence lim fOT [An(Vi(s)) — 1|ds = 0 a.s. Since
B T
sup |An(t) — 1] < — sup | ()] +/ An(Va(s)) — 1]ds,
t€[0,T] \F t€[0,T] 0
using the above fact with (4.5), we obtain

lim sup |A,(t) —t|=0 as. (4.6)
00 +0,T)

Next, we consider the martingale term f(M v(t) — M\nd(t)) Notice that

[nT)

B (1T1) < 15 3By 1)< 7

and similarly E< > < % — 00 as n — oo. We consider the vector valued martingale
M, (t) = ( Y (t)//n, Md( )/v/n) and define M (t) = sup |M,(s)| for all ¢ > 0. Using Doob’s
s€[0,¢]

10



inequality once more, we obtain IE[ sup |M,(t)|?] < CT/n where C > 0 is a generic constant
te[0,7)
independent of n. We conclude that

lim IF

n—oo

sup |Mn(t)|2] =0. (4.7)
te[0,T]

Consequently, (M (T))? = 0 as n — oo. This, together with (4.6) and the random change of time
theorem (cf. Section 14, [7]), implies that

M (A, (T)) =0 (4.8)
as n — oo. Hence, using (4.6) and (4.8), we have

sup |A,(t) —t| + M (A, (T)) — 0 in probability, (4.9)
te[0,T

as n — oo. Let

j— 1 ¢ ]- ]_ AU — /\d —
Yn(t> = Xn(t) + "/0 Fn(vn(s_))dAn(s) - E(An(t) - nt) + ﬁ (Mn(An(t)) - Mn(An(t))) )
(4.10)
where X, is described in (4.2). With (4.9) in hand and using (4.2), we observe that
lim ||Y,||7 =0 in probability, (4.11)
n—oo

for each T" > 0. By (4.2), we have Y, (t) > X,(¢) for all ¢ > 0 and Y,(¢t) — X, (¢) is a non-
negative, non-decreasing process in D[0,00). Therefore, we can use the comparison theorem for the
Skorokhod map (Propositions 3.4 and 3.5 of [9]) to conclude that

0 <V,(t) =T(X,)(t) <T(Yp)(t) forallt>0. (4.12)

Since ||I'(Y,)||r < 2||Ya||r by the Lipschitz continuity of I', using (4.11)—(4.12) we can conclude
nh—{lgo ||[Vollr =0  in probability. (4.13)
This completes the proof. [ |

Remark 4.2. In Theorem 6.4 of Section 6, we are able to show that lim IE [||V,||7'] = 0 for some
n—oo

m > 2, under an additional hypothesis given in (6.6).

4.2 Diffusion limits

Here we intend to establish the weak convergence of the process XA/n() defined in (3.6) to a (reflected)
diffusion process. We need to establish several technical results to achieve this objective. Our first
proposition is an improvement of (4.4). Using (3.5)—(3.8), we can describe the state equation for

o~

)

= A, (t) + MU(A, (1)) — MY(AL (1) + Vi Ot (An ( ”5?) — 1) ds 4+ /nly(t), (4.14)



where I, ( fo V(s (s)ds. Notice that (Vn, v/nl,) is indeed the Skorokhod decomposition of

the process an( ) where X, is described in (4.2). Then, I'(yv/nXy)(t) = V,(t) for all t > 0 where
I' is given in (4.1). We use this fact in the following proposition.

Proposition 4.3. We have for each T > 0,

hm lim sup IP {HTA/nHT > K] =0. (4.15)
Proof. We introduce )?n(t) = /nX,(t) and

(e (55

for all ¢ > 0, where X,, is defined in (4.2) and 2~ = — min{x, 0}. Notice that {Z,(t)— X, (t) : t > 0}
is a non-negative, non-decreasing process and thus by a comparison argument as in (4.12), we obtain
0 < V,(t) <T(Z,)(t) for all t > 0. Consequently, using the Lipschitz continuity of I', we get

Z(t)

Villr < 2| Zn||lz for all T > 0.

But Z,(t) = A, (t) + MY(An(t)) — MIA(A,(t)) + \Ffo — 1)*ds for all t > 0, and hence
we have

R R o L T
HVnHT <Cq HA’VLHT"‘F sup ‘M;L)(An(t)” + sup ‘Mg(An(t)” +\/ﬁ/0 (An(vn(s)) - 1)+dS] )

te[0,7) te(0,7
(4.16)

where C'y > 0 is a generic constant independent of 7'. To estimate P[||T7n||T > K| for K > 0, we
estimate the probability corresponding to each term in the right hand side of (4.16). Throughout,
we consider K > 0 to be a generic constant. First, we estimate IP[||A,||r > K]. Using the same
technique used in the proof of (4.5), we obtain

E|Y,(CoT)? _cr

Pl > K] < =220 <

where Cjy > 0 is the constant as in Assumption 3.2 (i) and C' > 0 is a generic constant independent
of K. Here Y, (t) = (Yp(nt) — nt)/\/n for all t > 0 and Y,,(-) is a unit intensity Poisson process.
Hence

hm lim sup IP [HA |7 > K} =0. (4.17)

K—oo nooo

Next we consider IP[ sup \]\/Zﬁl’(ﬁn(t))\ > K], and here we intend to use (4.6). We have
te[0,7)

P | sup M5<An<t>>|>f<] < zp[sup M2 (An ()| > K, A, (T) < 2T | + IP[A,(T) > 2T

te[0,T] (0,77

IN

+ IP[A,(T) > 2T).

P | sup |]/\4\7€’(t)| > K
t€[0,27]

12



Notice that [M2](t) < 321"} (v;—1)?/n and hence IE([MY](2T)) < 2T0?2, where 02 = E(v;—1)? > 0

is a finite constant. Thus, IP | sup |]\7ﬁj(t)| > K| < CT/K? where C' > 0 is a constant indepen-
t€[0,27]

dent of 7" and n. Hence lim limsup P | sup |]/\4\}L’(t)| > K| =0 and by (4.6), lim IP[A,(T) >
—00  p—0oo t€[0,27] n—0o0
2T = 0. Thus we have

sup | MY (An(t))| > K
te[0,T]

lim limsup IP

—X0 n—oo

=0. (4.18)

The proof of lim limsup /P | sup \M\g(fln(t)ﬂ > K| = 0 is very similar to that of (4.18). For

K—o0o n—oo te[0,T]
the last term in the right hand side of (4.16), we intend to use (4.4). Recall 69 > 0 and M > 0 are
as in Assumption 3.2(iii). Then we have

IN

[\f/ —1)+ds>K] [\f/ $) = 1)tds > K, |[Vallr < 6

+IP [||Vyl|r > d0]
< PPIMT > K, ||Vallr < o] + P[||Vallr > do] -

Notice that Klim P[MT > K, ||Va||r < do] = 0 and by (4.13) we obtain
— 0

lim 1P [||V,||7 > 8] = 0.

Consequently,
lim limsup IP [\F/ —~1)Tds>K| =0 (4.19)
K—oo n—oco

Now, (4.16)—(4.19) imply (4.15) and this completes the proof. [ |

Next, we introduce
i
OEDY L, n—)zdns (4.20)
=1

which represents the number of customers who abandoned the system among the first ¢ customers.
We also define its fluid-scaled term

[nt]
_ 1

for all t > 0. We intend to show R, (-) = 0. In the case of constant intensity, this is indeed proved
in the Lemma 5.5 of [26]. But, our proof mainly uses the previous proposition and martingale
property of A,,.

Lemma 4.4. For each T > 0,
lim FE[R,(T)] = 0. (4.22)

n—0o0



Proof. Consider the martingale {A\ (t) : t > 0} and the stopping times {tng] :n>1}. Let M >0
and 7, =t A M. Then A,(1,) < A,(t [nT]) = [nT]. Since 7, is a bounded stopping time,

E[Ay(7,)] = 0. Thus 0 < IE [An () = 1 [;" An(Va(s—))ds| and using Assumption 3.2, we have
neolE[m,] < IE[An ()] < [nT], which implies IE[r,] < T/eo. By letting M 1 400, we have

Elty,p] < CiT, (4.23)

where C1 > 0 is a generic constant. Next, we estimate IP[ ma[x ]?n(t”—) > K]. Let € > 0 be
1<j< nT

ClT < £ i Then we have

arbitrary. We pick a large constant Cs such that 0 <

V(1" —) > < V., (t"—) > K. 7 no>

PN €
< P [I%llcar > K] + 5,
where the second inequality follows from Chebyshev’s inequality and (4.23). Also,
lim limsup IP [H‘/}HHCQT > K} =0
K—oo n—ooo

by (4.15). Hence, there exists a Ko > 0 such that for all K > Ko, limsup IP[||V,||cyr > K] < €/4

n—oo
and as a consequence we have
lim sup 1P [ max_ V(£ —) > K} < forall K > K. (4.24)
n—o00 1<5<[nT) 2

To estimate IE[R,(T)], we pick K > Ky and consider PV, (th—) > d}], where j = 1,2,...,[nT].
Then it follows that

PV, (t2—) > d]

IN

ZP[Vn(t )>d”>\[;] —I—lP[d” \2]

el 500 o] - ().

By Assumption 3.3, lim Fn(%) = 0 and consequently, there is a ng > 1 such that
n—oo

IN

S

sup PV, (t7—

1< <[nT]

for all n > ng. Hence by (4.21), IE[R,(T)] < 1[nT]e < Te and we conclude that lim IE[R,(T)] = 0.

This completes the proof. [ |

1
n

. t .
Our next step is to show that the term \% Jo Fn ( \(/‘i )> dAy(s) in the state equation (4.14)

can be well approximated by fo V,o(s))ds, where H(-) is given in Assumption 3.3.

Lemma 4.5. We have for each T > 0,
H ))ds
G [ (5 aae - f[

14

sup — 0 in probability as n — co.  (4.26)

te[0,T)




Proof. We recall A, (t) = LA, (t) and it satisfies (4.6). Hence we can write

L t ‘7”(8_) S)— t Vo (s))ds
Jﬁ/F< NG )dAnU /OH(Vn( ))d

$—) ! Va(s—) 5
/ JnF, ( >(dA (s) — )+/0 (ﬁFn< NG ) —H(Vn(s))> ds. (4.27)

To obtain (4.26), we estlmate the rlght hand side of (4.27) using (4.6) and Assumption 3.3. First
we note that {MA(t) fo ))ds : t > 0} is a martingale and [M2|(T) = LA, (T).
By random time change theorem of pomt processes (see (2.15) and the proof of (4.5)),

A,(T) = %Yn <n /0 ! )\n(Vn(s))ds) < %Yn(nCoT),

where Y}, is a standard Poisson process and Cy > 0 is as in Assumption 3.2(i). Thus, [M](T) <
#Yn (nCoT) and consequently

dA,(t) — dt = dMZHt) + A (Viu(t)) — 1)dt

and the first term on the right side of (4.27) is equal to

f/(

We consider an arbitrary § > 0 and have

)dMA +f/ ( "(8_)> M (Viu(s)) — 1)ds. (4.28)

: Vi (s~ Y n r An S— _
ZPLSEPT]*/E J F”(%ﬁ))dw 0] > < 5| | Fr?(V&ﬁ))d[Mf](s)]
< 5B [FWll)NAT)] < 5 [EVall) FEAT)] < — BB [Fu([[Valle)Va (nCoT)]
< b EE B e < S (EE v ). (129)

In the above estimation, we have used 0 < F,(z) < 1 for all x, Cauchy-Schwarz inequality and
the fact that IE[Y,2(nCoT)] < C2n*T? for some generic constant C; > 0 independent of n and 7.
Next, we will show IE[F2(||Vy||7)] approaches 0 as n — oo. By Assumption 3.3, there exist ny and

M; > 0 such that sup F, (f) < % for all n > ng. We consider n > ng and then
z€[0,K]
BIE)] = B0Vl sy | + 8 [ 20Vl
M?
< 1JrIP[\fHV||T>K]

Now, letting n — oo and then K — oo and using (4.15), we obtain lim IE[F2(||V,||7)] = 0.
n—oo
Consequently, by (4.29), we conclude that

! Vn(s_) A
/OFn( N )dMn(t)

15

n=00 | ie(o,T]

lim IP [ sup /n

> 6] =0. (4.30)



Similar to the previous estimation, we obtain

P \F/ Fo (Va(s=)) Pa(V ())—1|ds>6]
<P f/ ) (Y, <>>—1|ds>a,¢ﬁ|rvn||TSK]+1Pwa|\vn|rT>K1
< Plm /0 (Vi >>—1ds>6]+P[ﬁ|\vn||T>K]. (431)

In the derivation of (4.6), we have obtained lim fOT |[An(Vi(s)) — 1|ds = 0 a.s. This together with
n—oo
(4.15) implies that the right hand side of (4.31) tends to zero as n — oo. This yields

lim P [f/ 1) P (Va(s)) — 1]ds > 5] —0. (4.32)

n—oo

Consequently, using (4.28), (4.30) and (4.32), we obtain for each T' > 0

lim ]P[sup /fF ( (s= )>(dA (s) —ds)| > 6| = 0. (4.33)
n—00 te[0,T] Vn
Finally, we intend to establish
. ‘ ‘?n(s_) %
lim /P | sup VnF, — H(V,(s)) | ds| > d| =0. (4.34)
n—0oo t€[0,77] |J0 \/ﬁ

Pick € > 0 so that 0 < €

<
such that sup \\/ﬁFn(\iﬁ
z€[0,K]

T Vo(s-) -
zp[ /0 <\/ﬁFn< N )—H(Vn(S))>

s (wm (V"fﬁ‘)) - H<?n<s>>)

< P[eT > 6, Vn|[Vallr < K]+ P[Vnl||Vallr > K].

y Assumption 3.3, we take any K > 0 and then there is a nqy € IN

)
T
) — ( )| < e for all n > n;. We consider n > n; and estimate

ds>5]

ds > 0,/nl|Vollr < K| + P[Vn||Vallr > K]

Since €I < 6, the first term of the above is 0 for all n > n;. Also, Klim lim P[y/n||V,|lr > K] = 0.
Hence (4.34) follows. Therefore, (4.33) and (4.34) yield (4.26). This completes the proof. [ |

Our next lemma shows that the term \/ﬁfg(l — An(Viu(s)/+/n))ds can be well approximated by
fo ))ds, where the function wu(-) is as given in Assumption 3.2.

Lemma 4.6. We have for each T > 0,

r

and consequently,
t YA/n(s) ~ ]
/0 [\/ﬁ(l—)\n< \/ﬁ>>—u( ()| ds

16

NG

vn (1 — A (Vn(s)>> —u(V,(s))|ds — 0 in probability as n — oo, (4.35)

sup
te[0,7

— 0 in probability as n — oo. (4.36)




Proof. Fix T > 0. Let 6 > 0 and pick € > 0 small so that ¢I" < . Let K > 0 be arbitrary. By

Assumption 3.2(iv), there is ng = ng(K) so that sup |v/n(1 — \.(z/v/n)) —u(z)| < € whenever
z€[0,K]
n > ng. Thus, when n > ny,

/0 N <1 Y (U;)) —u(T(s)

on the set [||V,||7 < K]. Following an estimation similar to that of Lemma 4.5, we can have

T v ~
hrILrLSolipP [/0 Vn (1 -\ (V%))) —u(Vy(s))

Hence, using (4.15), desired conclusion (4.35) follows. ]

ds < el <§

ds > 5] < limsup P[||V,||r > K].

n—oo

The following result is an immediate consequence of Lemmas 4.5 and 4.6. Therefore, we omit the
proof.

Lemma 4.7. For allt >0, let

t):/ot \}ﬁFn <‘7"(Sn ) /H ds+/

Then for each T > 0, ||en||7 — 0 in probability as n — oo.

ds.

(4.37)

To discuss the weak convergence of the process {Vj,(t) : t > 0}, we intend to rewrite the state
equation (4.14) in the following form:

V(t) = £n(t) — en(t) — / ds—/H )ds + /L), (4.38)

where

6n(t) = An(t) + My(An(t) — M{(An(1)), (4.39)
and I,(t), €,(t) are given in (3.8), (4.37), respectively.

4.3 Generalized Skorokhod map and weak convergence

Following Section 4 of [26], we introduce the generalized Skorokhod map. Its properties are dis-
cussed in [26] and we refer to them as necessary. Let p : [0,00) — IR be a continuously differentiable
function with p(0) = 0. Then for a given x in D[0, c0), with 2(0) > 0, there exists a pair of functions
(z,¢) such that z, /¢ are also in D[0, c0) and

(i) =2(t) fo w))du + £(t), z(t) > 0 for all ¢,
(ii) £(-) is non-decreasing, £(0) = 0, and [;° z(t)d¢(t) =

The condition p(0) = 0 in [26] can be easily removed by considering p(t) — p(0) instead of p(-) and
then appropriately changing the input z(t) to z(t) +p(0)¢, whenever p(0) > 0. We use the notation
in [26] and write

(@7, ") (x) = (2,0). (4.40)

17



Since (4.38) describes a Skorokhod decomposition, it is easy to observe that

(@F, ¢P)(n — €en) = (Vi, VL), (4.41)

where p(x) = u(x) + H(x) in this case. Since both functions ¢P and P are continuous on D|0, o),
when the space DI0,00) is endowed with Skorokhod Ji-topology as in Proposition 4.1 of [26], we
can establish the following theorem for weak convergence of the process (V,(t))i>0.

Theorem 4.8. (Diffusion limit) The process (Vy,/nl,) converges weakly to (Z,L) as n — oo in
D®2(0,00), where (Z, L) is the unique solution to the reflected stochastic differential equation

2(t) = oW (t) — /0 w(Z(s))ds — /O H(Z(s))ds + L(#), (4.42)

for allt > 0. Here, W(-) is a standard Brownian motion and o > 0 is a constant which satisfies
02 = 1+ 0% The functions u(-) and H(-) are described in the Assumptions 3.2 and 3.3. The
process Z(-) is non-negative and has continuous sample paths. Here, L(-) is the local-time process
of Z at the origin. The process L(-) is continuous, non-decreasing, L(0) = 0 and satisfies

/ t Z(s)dL(s) = 0. (4.43)
0

Proof. Recall that the process €,(-) in (4.41) converges to 0 uniformly on compact sets in probability
as shown in Lemma 4.7. We intend to show &,(-) = ¢W(:) in D[0, 00) in the next proposition and
we assume this fact here. Here W is a standard one-dimensional Brownian motion. Our proof of
the next proposition is based on the martingale functional central limit theorem. Hence, by the
continuous mapping theorem, we can conclude &, — €, weakly converges to cW. Therefore, by the
continuity properties of the mapping (¢P,P) in (4.41) (see Proposition 4.1 in [26]), we have

(P, YP)(&n — €n) = (PP, P)(c W) as n — oo.

Since the reflected SDE in (4.42)—(4.43) has a unique pathwise solution, (¢?, ¢¥?)(cW) = (Z, L) and
the proof of the Theorem 4.8 is complete. |

It remains to establish the weak convergence of the process (£,(+))n>1 to oW (-) in D[0, 00). We
will prove this in Proposition 4.10. We begin with a technical lemma that will be used in the proof.

Lemma 4.9. Let H,(-) be the process defined by
) = = [+ 1) = [ N W (4.4
n = — n — N n n S S .
vn 0

for all t > 0. Introduce the vector-valued process {ﬁn(t) = (ﬁn(t),]\/fﬁ(t),]\?g(t)) :t > 0}, where
the processes MY and MZ are defined in (3.7). Then the following results hold:

o~

(i) (M, (t),F{") is a mean zero martingale, where the filtration (F}*) is defined in (3.3).
(ii) For each t > 0, the quadratic variation processes have the following limits in probability:

(a) lim [H,, H,](t) = t,

n—oo

(b) lim [M2, M2)(t) = o2,

18



(c) lim [MZ, M)(t) =0,

n—oo

(d) lim [H,, M?)(t) = lim [H,, M4)(t) = lim [M?, M7)(t) = 0.

n—oo n—oo
In part (b), 02 is given by 02 = IF(vy — 1)2.

Proof. We already know M and MY are (F¢')-martingales from the discussion after (2.4) and (2.5).
To prove part (i), it remains to show that H,, is also an (F7")-martingale. Since H,(-) has piecewise

constant paths with possible jumps at the times %, we consider

1 i
H (i) = —— [(i 1) —n / )\n(Vn(s))d,s} (4.45)
vn 0

for i = 0,1,2,.... Notice that Hp(t) = H,([nt]) for all t > 0 and H, is adapted to the filtration
(F]")i>o defined in (3.2). We show that (H, (), F]") is a martingale and from this, it follows that
(Hy(t), F}*) also is a martingale. Following (2.10), we introduce two filtrations (Gf*):>0 and (Gf*)i>0
by

G =0(An(s), Va(s):0<s<t), G'=G'VvGy, foralt>0, (4.46)

where ég =o((v,d}) :i=1,2,...). Here, Q{L is the o-algebra generated by the sets in GJ* U QN{)L
For each i, the jump time ¢]' of the process A,(-) is clearly a (G;*)-stopping time and IE[t]'] is also
finite as in (4.23). Thus the filtration (G}, );>1 is well defined. Since A,(t) is a (G}')-martingale as

observed in (2.13), we have

E[A (,+2)\gtn ] = A, (th,) for eachi=0,1,2,.... (4.47)

Next, we observe that A, (¢ #1) = Hp(i) and ]?” - QNt’% for each i = 0,1,2,.... By conditioning
both sides of (4.47) with respect to ]:” we obtain that (H,(i), ]:”) is a martingale. This completes
the proof of part (i).

For part (ii), first notice that H,, can be written as

TL

[nt]
1, (fz< L mem) (4.43)

for all t > 0, where t{ = 0. Recall that using (2.15), we can write A, (t) fot nAn(Va(s))ds) for
all t > 0, where Y, is a standard Poisson process. Let ( )J>1 be the sequence of j Jump times of
Yy, and define the sequence (1});>1 by n{' = e} and 1} " ej_ for all j > 2. Then (n7}) is an
i.i.d. sequence of exponential random variables with parameter 1. With the above representation,

fotj nAn(Va(s))ds = e and hence H,, can be written as

[nt]
~ 1
H,(t) = — 1—n). 4.4
= 75 20 (4.49)
Therefore,
L [nt]
(Hn, Hal(t) = fZ L—n)?. (4.50)
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Let (7;) be a generic i.i.d. sequence of exponential random variables with parameter 1. Then for
cach € > 0, IP[|[H,, H,](t) — t| < €] = ]PH%ZE@O(I —1;)? — t| < €] and by strong law of large
numbers, hm 1 Z[m]( ;)2 = t a.s. Consequently, for each ¢t > 0, lim [H,, H,)(t) =t in
probabihty e

Next, we consider [Z\/Z;L’, Z\/Z,ﬂ(t) Using (3.7), we obtain

1 [nt]

[]\7;’,]\/4\;’](16) = n Z(Uj - 1)21[\4L(t;?—)<d;l]-
7j=1
Let S,(t) = zg’“ﬂl( — 1) Then [ S,(t) — My, M2)(8)] = £ S0 (v = 1)1y, 62 4n)- Since v

is independent of 0(]:" U {d”}) and 1[Vn(t" )>dr] is measurable with respect to this o-algebra, we
have IE[(v; — 1)1y, (tr >dn]\a( L u{dr )] = agl[vn(t?,)zd?]. Taking the expected value in both
sides, we have IE[(v; — 1)? 1[Vn(t§b—)2d§b}] = O-SE[]‘[Vn(t;L—)Zd?]]‘ Consequently,

[nt]
E|Sa(t) — [My, My)(8)] = Zl (e2—)>a] = 0L B[R (t)],

where R, (t) is given in (4.21). By Lemma 4.4, we have nango IE[R,(t)] = 0 and thus

lim E\Sn(t)—[]\//z‘{, ]\7;{](15)\ = 0. On the other hand, (v;) is an i.i.d. sequence with IE(v;—1)? = o2,
%Tloej"efore, by strong law of large numbers, nh_)rr;o Sn(t) = o2t a.s. Using these two facts, we can
conclude nlgr;o []\//_T;L’, ]\/4\5](75) = 02t in probability for each t > 0.

Using (3.7), we have

[nt]

o 1 ~ 2
BB M) = Y (L zan — By, ozalF)) -

Jj=1

Since ]E(l[Vn(t;L,)Zdy]]ﬁ”_l) < 1, we obtain

IE (1[Vn(t?—)2d?] —E(l[vn(ty—)zd;]lff_1)) < 2By, @ —)zan]-

Therefore, E([Md Md]( ) < 2[E[R,(t )], where R, (t) is given in (4.21). Using (4.22), we have
hm ]E([Md Md}( )) = 0 and thus hm [Md Md]( ) = 0 in probability for each ¢ > 0.

Slmllar to the above computatlons, we have
1 [nt]
(M, M](t) = == > (v = Dy, o) <an B, i) 2an) [ F71)

n 4
Jj=1

But V,,(t]—) and d] are measurable in J(}'" 1U{d}}) and vj —1 is independent of O‘( L u{dr}).
Also, FElv; — 1| < \/JE(’U] —1)2 = 05. Hence we can easily obtain

E|[M!, MY(t)| < 05 E[Rn(t)] — 0 asn — oo
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by (4.22). Thus, lim [M?, M7)(t) = 0 in probability for each ¢ > 0.
From (4.48) and (3.7), we obtain

[nt]

~ 1 t?+1
[H,, M?)(t) = EZ(vj — D1y, my<ar | 1 /tn nAn(Viu(s))ds | . (4.51)
j=1 /

Let Y, (t) = [fIn,]\/ig](t) We claim that (Y, (¢), F;') is a martingale. Clearly, {Y,(¢)} is adapted
o (F{"). Using the notation in (4.49), we can write

n

tis
(vj = Dy, en—)<ar) (1 - /t nAn(Vn(S))d5> = (v = DA =)y, -y <)

This term is integrable since E(v; — 1)? = 02 < oo and (1 — ngl)2 = 1. This term is also
equal to /n(v; — 1)1 [Vn(t?*)<d§”](;{ ( ]H) At (;L)) Using the fact that vj,Vn(t?—) and d are
gﬁb-measurable and by (4.47), we see that
J
N”_] = 0.
J

i

E [(Uj — Dy, e —y<dn) (1 —/ n/\n(Vn(S))dS>
tn
J

But .7?]”_1 C ,C’Z%L and therefore by conditioning on .7?]”_1, we have {Y,(t)} is an (F}")-martingale.
Consequently,

[nt]
(Y, Yo ZJE [0 = DA (An(t0) = An(t5))?]
Slnce (ﬁ (1), t") is a martingale (recall (2.13)) and [An,An](t) = TllAn(t), we have E[(ﬁ ( ]+1)

Ay (t7 ))2]97;;] = ~. Also, (v; — 1) is @?}—measurable, and hence

B [(0 ~ DA(An(840) — Aa(E)?|G] = - (0 — 1)
Consequently, E[(v; — 1) (An(t thig) — An(t?))Q] = 02/n and we deduce that

o?[nt]
2

E([Yn, Ya](t)) <

—0 asn— oo.
n

Therefore, Y, (t) = [Hnp, ]\7}{] (t) — 0 in probability. The proof of lim [H,, J/\Zg] (t) — 0 in probability
n—oo

is similar to that of the previous result and therefore we omit it. This completes the proof of part

(ii) of lemma. |

Proposition 4.10. Let &, be defined by (4.39). Then the process &,(-) converges weakly to oW (-)
in D[0,00) as n — oo, where W(-) is a standard Brownian motion and o > 0 is a constant given
byo? =1+ Jg. Here, ag = IE(vy — 1)? is a constant as in Assumption 3.1.

Proof. We consider the vector-valued process {(gn(t),M\ﬁ(ﬁn(t)),]@f(ﬁn(t))) : t > 0}, where
A, (t) = LA, (t) for allt > 0. We intend to show that this process converges weakly to (W1, o, Wa,0)
in D®3[0,00), where W; and W» are independent standard Brownian motions. If we can write
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A, (t) = H,(A,(t)) for some process H, and if we can establish the weak convergence of (H,,, ]/\4\5 , ]\//.7,‘11)
to (W1, 0,W3,0), then we can use the almost sure limit of A,(¢) in (4.6) together with the random
time change theorem (cf. Section 14 of [7]) to obtain the desired conclusion. Unfortunately, the
representation A, (t) = H,(A,(t)) for all t > 0 is not possible, and we need some adjustments to
this idea in our proof. Another point is that A, is a martingale with respect to (G}") as well as
(G1) filtrations defined in (4.46), while ]\7{;’ and ]\/fo are martingales with respect to (F}*) filtration
in (3.3).

To overcome those difficulties, we observe two facts. First, consider process H, defined in (4.44).
Then R R

Hn(An(t)) = An( Z—i—l) iftf <t < tZ—H’ (4.52)

Second, the vector-valued process ﬁn(t) = (H,(t), A/Zjl’(t),]\/ig(t)) for t > 0 is an (F}")-martingale
by part (i) of Lemma 4.9. Our approach here is to use the martingale functional central limit
theorem (cf. Theorem 1.4, Chapter 7 in [13] or Theorem 2.1 in [34]) to establish the weak con-
vergence of ﬁn to (W1,05W2,0) and then to apply random time change theorem (cf. Section 14

of [7]) to conclude ﬁn (Afln(t)) also converges to (W1, 0sWs,0). Finally, we establish that for each

T >0, sup |A(t) — H(A,(t))| converges to zero in probability. Then as a consequence of this,
te[0,7)

(A (), M2(A,(-)), ME(A,(-))) converges weakly to (Wi, 0,Wa,0) in DE3[0, 00).
To implement the sketch of the proof given above, we consider the vector-valued martingale

(1/\\/In(t), JF{') and apply the martingale FCLT, Theorem 1.4 of Chapter 7 in [13]. We intend to verify
the assumption in the quoted Theorem 1.4, part a). First, we show that for each T' > 0,

lim IE | sup [My(t) — M, (t—)| | =0.
n—oo te[0,77]
Using the representation (4.49) for H,, we can write

PN PN 1 1 1/2
FE H,t)— H,t-)|| =FE | —= 1-n") < |2E 1—n??
s ) =] = (s, ) < [ (1)

where (77) is an i.i.d. sequence of random variables with exp(1) distribution. If (7;) is a generic
ii.d. sequence of exp(1) random variables, then %]E(lg}g)éT 11— 77;}’2) = %E(lggﬁT 11— ﬁjp) and

since IE(1 —7;)? = 1, by (A1) (see the Appendix), we have

1 ~
lim —IF < max |1 —nj|2> =0.
n—oo n 1<j<nT

Hence lim IE[ sup |H,(t) — H,(t—)|] = 0. Similarly,
N0 €01

— — 1 1 ) 1/2
v _ v _ < - L < - L
B s [3T30) - 313 >|]_1E(ﬁlgg>;T\vj 1) < [ (o - 17)|

Since (vj) is ii.d. and IE(v; — 1) = 02 < o0, again by (A1), lim 1E( max |v; —1|?) = 0.

lim

n— oo 1<5<nT

In part (ii) of Lemma 4.9, we have established lim []\7}1, ]\7%](15) = ¢j;t in probability for 1 <
n—oo

i,7 < 3 where []\7}1, M3] represents the (i, j)-th quadratic-covariation process of the martingale M,
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(see Remark 1.5 in page 340 of [13]) and the constant matrix C' = (¢;5)3x3 is described by the

diagonal matrix C' = diag(1,02,0). Hence, the assumptions of the martingale FCLT, Theorem 1.4,

part a) in pages 339-340 of [13] are satisfied. Thus, we can conclude that ﬁn converges weakly to
(Wy,05W2,0) as n — oo, where W and Ws are independent standard Brownian motions. By (4.6),
sup |An(t) —t| — 0 as n — oo for each T > 0, and hence by the random time change theorem

t€[0,T)]

(Section 14, [7]), M, o A, also converges weakly to (W1, 0sWa,0) in D®3[0,00) as n — oco.

Now, to establish the weak convergence of the process (An(t), ]\//.7,"; (A, (1)), Mg(fln(t))) it remains
to estimate sup |H,(An(t)) — A,(t)| for each T'> 0. Let € > 0. Notice that
]

te[0,T
P | sup |Hu(A,0) - En(t)‘ el < P| sup ‘ﬁn(ﬁn(t)) - En(t)‘ > ¢, A,(T) < 2T
t€[0,T t€[0,T]
+IP [A,(T) > 2T . (4.53)
On the set [A,(T) < 2T, using (4.52), we have
sup | Ba(An(t) = ()] = sup sup | Au(t,) = An()].
te[0,T] 0<j<[2nT] ¢7 <t<t?,

But using the i.i.d. sequence of exp(1) random variables (7}) introduced in the discussion above
(4.49), we have

sup ]ﬁn(t}ul) —ﬁn(t)\ < \}ﬁ <1+/t”1 n)\n(Vn(s))ds> _ \/lﬁ(ungql).

tn<e<t? n

Therefore,

IN

P [ sup ‘f]n(fln(t)) - En(t)‘ > ¢, A,(T) < 2T

t€[0,7] B 0<j<[2nT]

1
ZP[ sup \/ﬁ(1+n?+1)>e]

0<j<[2nT]

= P [ sup f(l +jg1) > e] (4.54)

where (7)) is a generic sequence of i.i.d. exp(1) random variables. Since IE(1 + 7;+1)? < oo, by
(A1) (see the Appendix),

1 -
lim —E | sup (1+7;41)%| =0.
n—oomn 0<j<[2nT)

Hence, the right hand side of (4.54) tends to zero and consequently, the first term on the right side
of (4.53) converges to zero as n tends to infinity. On the other hand, A, (T') converges to T" almost
surely, and hence the second term on the right side of (4.53) also converges to zero as n — oo.

Using these two limits in (4.53), we obtain

lim [P | sup )H (1)) —An(t)) >¢e| =0 foreachT > 0.
oo te[0,7]

We can combine this result with the already established weak convergence of

(Hp(An (1)), M2 (A (1)), ME(A (1)) to (Wi, 0sWa,0) as n — oo to obtain that the process

(A (t), MY (A, (t)), MA(A,(t))) converges weakly to (Wi, sWa,0) in D3[0, 00) as n — oco. There-
fore, the process &,(-) defined in (4.39) converges weakly to oW (- ) in D[0,00) as n — oo, where
W (-) is a standard one-dimensional Brownian motion and 0 = 1+0¢2. This completes the proof. W
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5 Scaled Queue Length

Here we establish an asymptotic relationship between the queue-length and offered waiting time
processes under heavy traffic conditions. We essentially follow the proof of this fact in Reed and
Ward [26] (Theorem 6.1) and supplement it with necessary estimates to accommodate our general
assumptions. For a conventional GI/GI/1 queue, this fact was established in Theorem 4 of Section
3 in Reiman [27]. We circumvent the use of Reiman’s “Snap-shot Principle” and a comparison

result with a non-abandoning queue used in Reed and Ward [26] by obtaining different estimates.
For t > 0, let Q,,(t) be the queue length of the n-th system at time ¢ and @n(t) = Q"TS) be the
diffusion-scaled queue length. Following the notation in [26], we also introduce the random variable

an(t) = the arrival time of the customer in service at time ¢ in the n-th system.

If the server is idle at time ¢, we let a,(t) = t.

Theorem 5.1. Let @n and 17” be scaled queue-length and scaled offered waiting time processes,
respectively. Then as n — 00,
Qn - Vn =0

in D[0, o).
To prove this theorem, we follow the discussion in page 21 of [26] with appropriate changes and

then establish two lemmas. Recall that for the j-th arrival in the n-th system, service time is vj/n.
First, notice that Vi (an(t)—) <t — an(t) < Valan(t)=) + 204, (. (1)) and hence

Dr(an(t)=) < Vilt — an(t)) < Valan(t)=) + ;ﬁ%(an(t))

for all t > 0. For T > 0, let u,(T) = max{v; : 1 < j < A,(T)}. Then we observe that for each
T >0, u,(T)/y/n=0as n— oco. Indeed, for an arbitrary ¢ > 0,

(5.1)

P [\}ﬁun(T) > e] <P [\}ﬁun

We know from (4.6) that lim IP[A,(T) > 2T] = 0. Also, note that
n—oo

(T) > ¢, An(T) < QT] + IP[A,(T) > 27).

1 = 1
—_— < N .
P [\/ﬁun(T) > e, An(T) < QT] <P [\/ﬁ ISI?SaQ);TUJ > e]

: B . _ : -
and nh—>Hc>loP [\/ﬁ | hax v > 6:| 0 follows from (Al) in the Appendix or Lemma 3.3 of [18].

Thus, we have

Tim 1P [\/lﬁun(T) > e} 0. (5.2)

Notice that for n > 1 and 0 <t < T, we have 0 < vy, (4,(1)) < un(T') and this together with (5.2)
implies that

sup [vn(t — an(t)) — Valan(t)=)| = 0
te[0,7

as n — oo. Dividing by /n, and using Theorem 4.1, we deduce that

sup (t—an(t)) =0 (5.3)
te(0,7)
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as n — OoQ.

The next two technical lemmas enable us to prove Theorem 5.1 and we use the above facts in
their proofs. Our Lemma 5.2 corresponds to Lemma 6.1 of [26] but the proof requires a different
estimate to accommodate our general assumptions.

Lemma 5.2. For each T > 0,
An
1

sup —

(t)
1[Vn(t”—)2d”} =0 asn— oo.
t€[07T} \/ﬁj:An(an(t)) ] ]

Proof. We begin with the following identity: for ¢ > 0
1 An(t) 1 An(t)

T2 Wz = MiAO) - Mi@O) + o= 3 FVato), (654)
Jj=An(an(t)) Jj=An(an(t))

where ]\/J\nd(t) is described in (3.7) (see also (2.6)). By Proposition 4.10, ]\//Tff = 0 as n — oo and
by (4.6), sup |An(t) —t| — 0 as n — oo. Using these facts together with (5.3) and then applying
te€[0,T]

random-time change theorem in [7], we can conclude
MY (A, () = Mo Ay 0an(-) =0 (5.5)

in D[0,00) as n — oo. Next, we show

An()
1
7 2. BaGg-)=o0
J=An(an())

as n — oo and hence by (5.4) this will imply the stated result. For ¢t > 0, let

1 An(t)

— sup > Fu(Va(t]-))

Wi (t) =
vn te(0,7] j=An(an(t))

and €, € > 0 be arbitrary. Choose K > 0 large enough then, by (4.24), there is ng € IN so that

P { max ‘//\}l(t?—) > K] <€
1< <[nT]

for all n > ng. Using the fact that F,(-) is non-decreasing, we obtain

P[W,(T < P |Wo(T) > e, Vo(t"—) < K| +¢
WaT)>d < PWall) > e max V() < K|+

IN

P llp <K> SUp (An(t) — An(an(®)) > €| + ¢ (5.6)

\/ﬁ " \/ﬁ t€[0,T]

for all n > ng. We take 67 > 0. Then by the Assumption 3.3, there is n; € IN such that
\/ﬁFn(%) < H(K) + 01 for all n > ny. We let the constant Cy = H(K) + 91 > 0. Then for all

n > max{ng, n1}, ﬁFn(K/\/ﬁ) < C1/n and thus

P LFH (K) sup (A, (t) — Ap(an(t))) > e] <P [ sup (An(t) — An(an(t))) > 1. (5.7)

\/ﬁ \/ﬁ t€[0,T] te€[0,7)] 1
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But since a,(t) < t, we have

2 sup |fln(t) —t|+ sup |t —ap(t)] > sup [/_ln(t) — Ay (an(t))].
te[0,T te[0,7) te[0,T

Hence by (4.6) and (5.3), it follows that

1 K
lim P Fn<> sup (A, (t) — Ap(an(t))) > €| =0
Jim P | F (75 s ()~ Ao (0)
and using this in (5.6), we have lim IP[W,(T) > ¢ = 0. Using this together with (5.5) in the
identity (5.4), we obtain the desired conclusion. [ |

Lemma 5.3. Let T > 0. As n — oo,

Vv/n sup /t ds = 0. (5.8)

te[0,T] Jan(t)

‘771(5)
A -1
Proof. Let € > 0 be arbitrary. We pick K > 0 large enough then, by (4.15), there is ng € IN so
that

P[|[Vallr > K] < ¢/2

for all n > mng. Let 6 > 0. Using part (iv) of Assumption 3.2, there is n; € IN so that

vnosup |A(xz/y/n) — 1| < max u(x) + 9§ for all n > n;. We let C = max u(z) +95 > 0
2€[0,K] z€[0,K] z€[0,K]

and for n > 1, introduce W, (T') = y/n sup f;n(t)

An <M) — 1’ ds. Then, we have
te[0,T

Jn

PWa(T) > < P [Wal(D) > 6 [[Tallr < K| + 5

< P

C sup (t—an(t)) > ¢
t€[0,T

_l’_

bl

|

for all n > max{ng,n1}. Using this together with (5.3), we obtain lim IP[W,(T) > €] = 0 and this

n—oo

yields (5.8). [ |
Next, we use Lemmas 5.2 and 5.3 to prove Theorem 5.1.

Proof of Theorem 5.1. We begin with the estimate

An(t)
An(t> - An(an(t)) - Z 1[Vn(t?—)2d?} < Qn(t) < An(t) - An(an(t)) +1
J=An(an(t))

as explained in the proof of Theorem 6.1 in [26]. For n > 1 and ¢ > 0, let

= A — An(a n t Vn(s) S
Vu(t) = An(t) — Anlan(t)) +v/n " )\n< NG >d ;

where A,,(-) is described in (3.5). Then,

An(t)

1 ~ 1
Yn(t) — 7 Z Ly, (tr—yzar) < Qn(t) < Wn(t) + NG

j=An(an(t))
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for all t > 0. Hence we can write

for all ¢ > 0. Then we can employ the estimates for V,(a,(t)) in (5.1) and obtain,

An(t)

1 ~ N
Zn(t) — —= Z Ly, —yzdn + [Va(an(t)) — Va(t)]
\/ﬁ J=An(an(t))

~

~ 1 ~ 1
n(t) = Va(t) < Z,(t) + %UAn(an(t)) + [Valan(t)) — Va(t)] + %

IN
Q)

Consequently,

An(t)

- 1
Qu(t) = Va(®)] < 1Za(0)]+ = Yo oz
J=An(an(t))

N ~ 1 1
+[Va(an(t)) — Va(t)] + T VAn(an () + T (5.9)

Since A, = W) as n — oo, and by (5.3), we have |A,(-) — A, 0 an(-)] = 0 as n — oco. We use
this fact together with Lemma 5.3 to conclude |Z,(-)| = 0 as n — oo. Similarly, V;,(-) converges
weakly as in Theorem 4.8. This together with (5.3) yields |V, o0 an(-) — Vo(-)] = 0 as n — oo.

Finally, notice that 0 < ﬁ”An(an(t)) < @) where un(T) is as in (5.2), and hence by (5.2), we

= Vn
deduce that v, (a,())/vn = 0 as n — oo. Using all these facts in (5.9), we are able to conclude
Qn(-) = Vyo(-) = 0 as n — oo. This completes the proof. [ |

As a consequence of Theorem 4.8, we have the following corollary.

Corollary 5.4. The scaled queue-length process (@n(t))tzo also converges weakly as n — oo to the
diffusion process (Z(t))t>0 of (4.42) in DI]0, 00).

6 Convergence of Cost Functionals

6.1 Introduction

Here we introduce an infinite horizon discounted cost functional associated with the n-th system
described in (3.8). Our goal is to show that the expected value of this cost functional converges to the
expected value of the same cost functional associated with the limiting diffusion process described
in (4.42). For heavy traffic limits related to scaled queue-length processes, such convergence of cost
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functionals are obtained in [5, 32, 19] and they are very useful in controlled queueing systems to
obtain an asymptotically optimal arrival rate An(+). First we introduce the scaled idle time process
L,(-) associated with (3.8) by

L (t) = v/nL,(t) for all ¢t > 0. (6.1)

Then, after scaling we can rewrite (3.8) as

ke (%

)dA (5) = Au(t)+ MI(Au(t) — Mii(A, (1)) (6.2)

for all t > 0.

Let v > 0 be a discount factor and C(-) be a running cost function of polynomial growth. For
the n-th system described in (6.2), we introduce two types of costs: A cost of [ e "C(V,,(t))dt

related to the waiting times and an idleness cost proportional to [, e‘”tdfn(t). Thus the infinite
horizon discounted cost functional associated with the n-th system is given by

I IE/ et [CDaw)dt +p- ()] (6.3)
where p > 0 and v > 0 are fixed constants. The cost functional related to the limiting diffusion in

(4.42) is given by
J(Z,L) JE/ e "[C(Z(t))dt +p- dL(t)]. (6.4)

Under our assumptions, we intend to show that these cost functionals in (6.3) and (6.4) are finite.
Our main result here is the convergence of J(V,,, Ly,) to J(Z, L) as n tends to infinity.
6.2 Assumptions and the convergence of the cost functionals

We need to make further assumptions in this section. We assume that the running cost function
C'(+) can have polynomial growth and the service times (v;) have higher moments. We also need to
strengthen the part (iii) of Assumption 3.2. All these assumptions will be used in the proof of main
theorem (Theorem 6.2) here, but Theorem 6.4, which is of independent interest remains valid only
with the assumption (6.6) below. We will make it clear in the statements of these results. Next,
we list the additional assumptions below:

(a) There are constant K7 > 0 and integer ¢ > 1 such that
0<C(x) < Ki(1+z%), for all z > 0. (6.5)
Here C(-) is the running cost function in (6.3).

(b) The sequence of service times (v;) described in Section 3 satisfies

IE'[’Um(He)

%

] < oo for some integer m > max{¢,2}, and small € > 0. (6.6)

(¢) The arrival sequence of intensity functions (\,(-)) satisfies the following two conditions:
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(i) There exist two constants g > 0 and M > 0 such that

sup sup /n|A\,(x) — 1] < M. (6.7)
n>1 2€0,80]

(ii) There exist two constants A > 0 and B > 0 such that

sup vn(Ap(z) — 1)* < A+ Bz for all z > 0. (6.8)

n>1

(d) We also assume that the sequence of (F},) of distribution function of abandonments satisfies

0 < +/nk, < ><C’1:1:(1+1:) for all z > 0, (6.9)

vn

where C7 > 0 is a generic constant independent of n and the constant r > 0 satisfies
2(r+1)<m

Since /n(1 — A\p(x/4/n)) converges to a non-negative function u(x) for all x > 0 (Assumption 3.2,
part (iv)), conditions (6.7) and (6.8) are not very restrictive. (See also the examples in Remark
3.4.) Assumptions (6.6) and (6.9) will be used in obtaining some uniform integrability estimates
for the integrand in the cost functional J(Vj,, Ly,).

Remark 6.1. The assumption (6.9) indeed imposes some restrictions on the Assumption 3.3 of
Section 3. Here we follow up on the changes required in the examples (F,,) provided in Remark 3.4.

(a) Let F,, = F for all n, and assume F is differentiable with a derivative of polynomial growth
satisfying
sup F'(y) <C(1+2a") with0<r<m—1,
y€[0,7]

where F'(y) denotes a derivative of F at y. Then (F,) satisfies Assumption 3.3 as well as
(6.9).

(b) Take Fp(z) = 1—exp(— [} h(y/nu)du) for x >0 and assume that h is a continuous function
with polynomial growth satisfying sup h(y) < C(1+42") with 0 < r < m — 1. This sequence

y€[0,7]
(Fy) also satisfies Assumption 3.3 as well as (6.9).
(c) For a general sequence (F,,), assume that Fq’l(%) converges to a non-negative function h(z)
uniformly on compact sets and F/L(ﬁ) < C(1+z"), where C > 0 is a constant independent
of n. Then, (F,) satisfies Assumption 3.3 as well as (6.9).

Our main theorem in this section is the following:

Theorem 6.2. In addition to the basic assumptions in Section 3, assume (6.5)—~(6.9) to hold. Then
the cost functionals J(V,, Ly,) and J(Z, L) are all finite and

lim J(Vp, Ln) = J(Z, L). (6.10)

n—oo

Proof of this theorem needs several preliminary results. Using Theorem 4.8, together with Sko-
rokhod’s representation theorem, we can simply assume that hm (V (t),Ln(t)) = (Z(t), L(t)) for

all t > 0, a.s. To obtain the convergence of cost functionals, we need to obtain a polynomial growth
bound which is independent of n for the expected value of the integrand in J (Vn, L n)-
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Lemma 6.3. Assume (6.6) in addition to the basic assumptions in Section 3. Let £,(-) be the
process described in (4.39). Then,

E[|&|I7] < Ko(1+177), (6.11)
where Ko > 0 is a generic constant independent of n.

Proof. In (4.39), we let &,(t) = A,(t) + ]\7“(141 (t)) — ]\7‘1(121 (t )) for all t > 0. First, we estimate

]E[HﬁnH?] By (2.15), A, has the representation A, ( fo ds) for all ¢ > 0, where
Y, is a standard Poisson process. We introduce the P01sson martmgale Y (t) = %(Yn(nt) -
nt) and then we can write Ay () = Y ( fo w(s))ds) as in (2.15). Moreover, for any integer

k> 1, HA\nHQ < ||Y HCOT, where the constant C’o > 0 is as in Assumption 3.2. Consequently,
E[|| A3 < El[Yall% ).

The quadratic variation process of the martingale Y, is given by [Yn,Ya](t) = 1y, (nt) and
therefore, using Burkholder’s inequality (cf. [24]) we obtain IE[||Y,,|| COT] < S’;]E [V,,(nCoT)*] where
Cy > 0 is a constant depending only on k. Recall that if X is a Poisson random variable with
parameter A > 0, then for any integer j > 1, IE[X(X —1)--- (X — (j — 1))] = M. Consequently,
IE(X7) = p;j(\), where pj(z) is a degree j polynomial of the form p;(z) = 27 +¢j_127 1 4+ + 2
and the constants ¢, ca, ..., cj—1 may depend on j. Since Y;,(nCyT’) is a Poisson random variable
with parameter nCpyT > 0, we can easily obtain the bound n—l,cE[Yn(nCoT)k] < Cipi(T), where
Cy > 0is a constant and pi () is a polynomial of degree k. The constant C; > 0 and the polynomial
pr(+) can be chosen independent of n and they may depend on k. Using these estimates and letting
T > 1, we have R N

(A 24] < Copr(T) < Ci(1 +T%),

where Cy > 0 and ék > (0 are generic constants independent of n. Consequently, using Holder’s
inequality, R
B[ AJ[3] < Kn(1+T7/2), (6.12)

where K, > 0 is a constant independent of n. Since A, (T) < (\/ﬁﬁn(T) + nCoT), we can easily
use the above estimate to obtain

E[(A,(T)*] < Cyn* (1 +T%)  for each k > 1, (6.13)

where C), > 0 is a generic constant independent of n and T
Next, we intend to estimate IE[ sup |MY(A,(t))|™]. Consider the filtration (ﬁ]n)jzl introduced
]

te[0,T
n (3.2). Let T'> 0 be fixed. Then A4,(T) is a stopping time with respect to this filtration (ﬁ]n)jZI,
since [A,(T) = k] = [ty <T <t} ] € ﬁl? We introduce a sequence of random variables related
to the n-th system by
1 J
i=Tn ZZ;(vz ), r—)<ap) and  So (6.14)

We suppress the dependence of S; on n for simplicity of the presentation. Following an argument
similar to the establishment of martingale property of M"(n) in (2.4), we observe that (S;);>1 is a

martingale with respect to the filtration (fjn) j>1. Next, observe that

sup [ M) (An(8)|™ = sup |S;|™. (6.15)
t€[0,T] J<An(T)
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Hence, we can use the fact that A, (7) is an (ﬁf)—stopping time to estimate IE[ sup |S;|™].
J<An(T)

We intend to use Rosenthal’s inequality for square integrable martingales (see, e.g., [28]). First
notice that the predictable quadratic variation process of (S;) satisfies (S;) < 025 /n. Using Rosen-
thal’s inequality (Theorem 1 in Section 2 of [28] with p = m and the stopping time S = A, (T)
therein), we obtain

o™ m
E 1 <O | —=IE (A (T)™?) + E ((AS)* 16
LSSE?T)’SJ ]_C [nm/Q ( @) >+ <( S)A”(T)) } (6.16)

where Cy, > 0 is a constant depending only on m and (AS);f = supy<; |ASs|. It is easy to observe
that

* m 1 m
IE ((AS)ATL(T)) < WE (ji;lIzT) vj =1 ) :

Using (6.13) and the fact that [IF (An(T)m/Q)]2 < IE[A,(T)™], we have

Um

L2 (An(T)m/2> < Cy(1+T™2), (6.17)
nm

where (7 > 0 is a constant independent of n and T. To estimate the second term in (6.16), we let
K > 2 be a constant independent of n and T', and we pick the precise value of K later. We consider

E ( sup |vj — 1|m> <F ( sup |v; — 1|m> + IFE ( sup |vj — 1’m1[An(T)>KnT]> . (6.18)

Using (A2) and the estimates there in the Appendix, IE(sup;< g,z [v; —1|™) < ConT, where Cy > 0
is a constant independent of n and T'. Since m > 2, we have

1 N\ -
J<KnT
Next, we consider J = IF (SUPngn(T) lv; — 1|m1[An(T)>KnT]>- From (2.15), it follows that A, (T") <

Y, (nCoT) where Cp > 0 is the constant in Assumption 3.2 part (i) and Y, is a standard Poisson
process. Hence

J< > E (sup lvj — 1\m1[yn(nooT)=k]> :
k>KnT Jsk

Now we let p = (1+¢€) and ¢ = 1+ 2 so that %—1—% =1, where € > 0 is as in (6.6). Then by Holder’s
inequality,

1/(1+e¢)
k>KnT i<k

Using (6.6) together with (A1) and (A2) in the Appendix, we have JE (sup,;, [v; — 1|m(1+€)) < Csk,
where C3 > 0 is a generic constant independent of n and T. Furthermore, IP[Y,, (nCoT) = k] =

k
e‘”COT%. Using these two estimates and by a simple algebraic manipulation, we derive

00 e/(1+e)
~ € €) —n € € nC T i
J < Cy(nCoT) /(1+€) ;—nCoTe/(1+€) E k <(k(;]l)> ’
k=KnT
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where Cy > 0 is a generic constant independent of n and T. Next, we use the fact that log(k:!)l/ 7>
%(k log k — k) where ¢ = 1+ 2 and thus (K)e/(te) > (%)ke/(1+e). To simplify the notation, we also
introduce the function g(z) = z1/1e=7/9 for all z > 0. N9tice that g is positive, continuous, and
limg o0 g(z) = 0. Thus, ¢(-) is bounded and 0 < g(x) < M, where M = g(1). Then we obtain

eCy e/(1+e)1k
K

J<CM >k
k=KnT

Now, we choose the constant K > 0 so that (%)E/(Hd < % Then we have
[e'e) 1 k
J<OMY k (2) < 00 (6.20)
k=0

and all the constants on the right hand side are independent of n and 7T. Therefore, combining
(6.16)—(6.20), we obtain the estimate

E[ sup |S;|™ §C’m[1+Tm/2],

J<AR(T)

where C,, > 0 is a constant independent of n and 7.

Thus, we have

E[sup MY (A, ()™ < Kp(1+T™?), (6.21)

te(0,7)

where I_(m/\> 0 is a generic constant independent of n and T. A very similar computation for
E[ sup |MZ(A,(t))|™ yields
te[0,7

E [ sup |M3<An<t>>|m] < Kn(1+1M/?), (6.22)
te(0,7)

where K, > 0 is a generic constant independent of n and T. Combining (6.12), (6.21) and (6.22),
desired conclusion (6.8) follows. [ |

Next, we prove the following theorem which is of independent interest and it complements
Theorem 4.1 and Proposition 4.3.

Theorem 6.4. In addition to the basic assumptions in Section 3, assume (6.6) to hold. Then
lim IE[[Va[[7] = 0, (6.23)
where m > 2 is given in (6.6).

Proof. Let the processes X,, and Y,, be described by (4.2) and (4.10), respectively. Then using
(4.12) and the Lipschitz continuity of the Skorokhod map I' in (4.1), we have

0 < [[Vallr < 2/|Yallr- (6.24)
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But using (4.2), (4.37) and a simple algebraic manipulation, we can write Y,(t) = ﬁﬁn(t) +

f(f[)\(‘A/n(s)/\/ﬁ) — 1]ds for all ¢ > 0. Thus we have
T U (s m
#E(Ilinl\?) + B (/0 An (Vf/(ﬁ)> -1 d5> ] : (6.25)

where C,,, > 0 is a constant independent of n and 7. Also, notice that
T ~ m T A~ m
E / (L) Zlas) <m / Mo (9] ] g
0 Vn 0 vn
T A~ m T ~
Vi(s) / Va(s)
/) A — 1| ds1 FE An -1
(/0 ”( ND ) ’ “V"”T“ﬂ) * ( 0 < ND

where K > 0 is a constant. Hence using part (i) of Assumption 3.2, we have

T -~ m
E / W QiCon
0 vn
The first term in the right hand side of (6.26) tends to zero as n — oo, by part (ii) of Assumption

3.2, and the second term also tends to zero as n — oo by Theorem 4.1. Using this together with
(6.11) in (6.25), yields lim IE(||Yy,||*) = 0. Then we can use (6.24) to reach the desired conclusion
n—oo

(6.23). This completes the proof. [ |

E(|[YallT) < Cnm

< 7m 1

dslmvnwm)] :

sup |\ (z) — 1|+ (Co + 1) P[||V,||7r > K]
z€[0,K]

. (6.26)

ds) <7Tm

Remark 6.5. If IE(v21) < 0o for some ¢ > 0 then lim IE(||Y,]|3) = 0 holds.

Lemma 6.6. In addition to the basic assumptions in Section 3, assume (6.5)—(6.8) to hold. Then

T Vio(s)
e (v [ (o (%

Here K., > 0 is a constant independent of n and T.

+ m
) — 1) ds> < K (1 4+1T2%™), (6.27)

Proof. Assuming (6.8), we obtain

~

=( (-8

n(s)
NLD

+ m
) - 1) ds) < TIE(A+B|[Vol0)™ < Col T [1+ E(||[V,|[)], (6.28)

where C,, > 0 is a constant independent of n and T. The constants A > 0 and B > 0 are as in
(6.8). Next, by (6.24), E||V, ||} < 2™IE||Y,|"?. Then, we can employ (6.25) together with (6.11)

to obtain IE||Y,||[F < K[l +T™? + T™), where K,, > 0 is a generic constant independent of n
and T'. Combining these facts with (6.28), the desired result follows. [ |

Proposition 6.7. Under the assumptions of Theorem 6.2,
E||V, || < K[l + T2, (6.29)

where K, > 0 is a constant independent of n and T'.
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Proof. Let the process Z, be as in the proof of Proposmon 4. 3 Then HXA/ I < 2||Zp]|7 for all

T > 0 as explained there. Moreover, Zy(t) = &n(t) + \Ffo (s)/y/n) — 1)Tds for all t > 0,
where &, is as in Lemma 6.3. Consequently,
BIZu < Co (Bl + BV [ On(Ta(o)/va) - 1)7as]").

where Cp, > 0 is a generic constant independent of n and 7. Using this estimate, (6.11), (6.27),
and the fact that ||V, ||] < 2™IE||Z,||7, we obtain (6.29). [ |

Remark 6.8. The above proposition strengthens the result in Theorem 6.4. The estimate (6.29)
implies that IE||V,||™ < Kp(1+T%™)/(y/n)™.

In the following proposition, we obtain uniform L2-estimates for ﬁ fOT F, (Vo (s=)//n)dAn(s)
and for \ffo A (Vi (s)/+/n) — 1|ds.

Proposition 6.9. Under the assumptions of Theorem 6.2, the followings hold:

0 B [ Fn<?n<s—>/ﬁ>dAn<s>f < Cy1 4+ TH) and

(i) B[V T 0(Ta()/v/) — 11ds]” < Co(1 4 T20m40),

As a consequence, N
IE(L,(T))? < Cy(1 + T+, (6.30)
o)

where En is as in (6.1). Here Cq,Cq,C5 € (0, are generic constants independent of n and T .

Proof. Notice that 0 < - ST Fy(Va(5—)/v/m)dAn(s) < ﬁFn(HVnHT/\/ﬁ)An(T). Using this to-
gether with (6.9), we have

f/ ) VR)dA(S) < CLALT)(Tallr + 1],

where C1 > 0 is a constant independent of n and 7. Consequently,

[l = () o]

where Cs > 0 is a constant independent of n and T'. Using Holder’s inequality, we obtain

T 5 5 o2(r+1
<GB [ A0 (TallF +ITIF)] . (63D)

[JEI |Vl Iﬂ o [E(Anm )(zm>/(m—2)} (m-2)/m

Ky (1 + T2m)2/m (1 4 72/ (m=2))(m=2)/m
Ko(1+TH(1 +T%) < K3(1 +T5), (6.32)

E[A,(T)*||Val[7]

ININ A

where the second inequality follows from (6.29) and (6.13). Here K; > 0 (i = 1,2, 3) are constants

independent of n and T. Next we estimate the term E[ﬁn(T)QHXA/nH?F(TH)]. By (6.9), 2(r+1) <m
and we take p = 5+ )>1andq—l_11/p>1. Thus%—i—%:l. Then

- ~ oy ~ 1/ _ -
E | Ay (T)?||[V, |2 +1>] < [JEHVRHM " EAL(T)X)Y < Ky(1 4 )P (1 4 T2) 1/
< Ko(14TP)(1+T?) < Ks(1 4 T2+, (6.33)

34



where the second inequality follows from (6.29), (6.13), and K; > 0 (i = 1,2,3) are constants
independent of n and T'. Since m > 2, by combining (6.31)—(6.33) we obtain part (i).

For part (ii), notice that

[f/ /f>1\ds} <T1E/ f\A ()/f)*ll} (6.34)
By (6.7), we have

[/ Valn(Ta(s)/v/) — 1] dsl[.vnnmo]] < MPT (6.35)

where M > 0 is a constant independent of n and T" as given in (6.7). Also, since |\, (z)—1| < Cp+1
where Cj is as in Assumption 3.2, we obtain

IA

(Co + 1)2TnP[HVn||T > 50]

n E(|Val|#)
nm/2 om ’

B| / VAT V) = 11PdsLy 25

< (Co+1)*T (6.36)

where (6.36) is from Chebychev’s inequality. Since m > 2, —- <1 and by (6.29), the left side of
(6.36) is bounded above by Cy(1+12™) for some constant Cy > 0. Thus by combining (6.34)—(6.36),
we establish part (ii).
For (6.30), using (6.1) and (6.2), we notice that
A (V”(S)) - 1] ds, (6.37)
vn

L(T) = / ( )dAmsn(T)—\/ﬁ/oT

where &,(+) is described in (4.39). From (6.11), (6.29) and Jensen’s inequality, we have

E(6(T)P] < (Bl|&]F)Y™ < Ki(1+T™2)*™ < Ki(1+7T) and,
E[Vu(T)P] < (EValIF)Y™ < Ka(1+ T < Ko(14+T7).

Notice that m > 2, f(l = 2K1,I~(2 = 2K and these constants are independent of n and T. Now
using these two estimates together with parts (i) and (ii) of this proposition in (6.37), we obtain
(6.30). n

With all these preliminary results in hand, now we are able to prove Theorem 6.2.

Proof of Theorem 6.2. First we consider the cost functional J(V,, L,) in (6.3). With the poly-
nomial bound (6.30) in hand, using integration by parts, it can be easily verified that
E[f)" e " dLy(t)] = vE[[,° e " Ly(t)dt]. Therefore, we have the representation

_E / T MO (b)) + vpLn (O]t (6.38)
0

~

Since (V,, L) — (Z,L) a.s. as n — oo, using (6.30) together with Fatou’s lemma, we obtain

E[L(T)?] < Cs(1 4 T20m+0), (6.39)
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where C3 > 0 is a constant as in (6.30). Hence, using integration by parts again, we can also write
J(Z, L) described in (6.4) as

J(Z,L) = /O T e MO(Z(1) + pL(E)dt. (6.40)

Let us consider the term IE[ [ e C(V,(t))dt] in (6.38). Let u be the probability measure on
the Borel o-algebra B of [0,00), defined by u(B) =~ [ e "dt for each Borel set B. Consider the
probability measure p ® IP on the space [0,00) x © equipped with the product o-algebra B ® F,
where (€, F, IP) is our probability space. Then using Fubini’s theorem, we have

EuorlCV)] = 1B [ /0 - e‘”tC(XA/n(t))dt] . (6.41)

Since V,,(t) — Z(t) for all t > 0 a.s., we have C(V,(t)) converges to C(Z) almost surely in yu ® IP
as n — o0o. Next, we show the uniform integrability of (C(V},)). Let m > 2 be as in (6.6). Using
the assumptions (6.5), (6.6) and the simple inequality 0 < (1 +z") < 2(1 +z)" < 2"(1 + 2") for
r =" >1and z > 0, we obtain

sup ZE’M®1p[(C(‘7n))T] <~Kisup F [/000 e (1 + (Vn(t))m)dt} <Ko /OOO e 1+ t*™)dt < oo,

n>1 n>1

where the second inequality follows from (6.29). The constants K, Ko > 0 are independent of n.
Hence

Euep[C(Vy)] <oo forall n>1, and lim E,ep[C(V,)] = Euer[C(Z)).

n—oo

Indeed, E,qp|C(Z)] is finite and bounded above by 7Ky [;° e 7 (1 + ¢*™)dt. Hence

lim /O h e MOV, (t))dt = yIE /0 h e MC(Z(t))dt. (6.42)

n—oo

~

In a similar manner, we can establish uniform integrability of (L,,) by using (6.30),

sup IEM®1p[(En)2] =ysup F [/ e_'yt(zn(t))z)dt} < 03"}// e (14 2m ) dt < o0,
0 0

n>1 n>1

where C3 > 0 is a constant independent of n as in (6.30). Hence, using Theorem 4.8, we can
conclude

lim E,eop[ly) = Euepll] and [E,gp[L] < Cyy / e (1 4 2 ))dt < oo.
n—oo 0

This yields

o0

lim IE e ML, (t)dt = [E / e " L(t)dt. (6.43)
0

n—oo 0

Since v > 0 and p > 0 are constants in (6.38) and (6.40), it immediately follows that J(Vj,, L)
converges to J(Z, L) as n — oco. This completes the proof of Theorem 6.2. |

Remark 6.10. If the cost functional J(‘/}n,fn) does not deal with the idle time costs, that is if
p =0, then we do not need the assumptions (6.7) and (6.9). In that case, Proposition 6.9 also is
not necessary and the estimate (6.29) is sufficient to obtain Theorem 6.2 with p = 0.
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Appendix

The following lemma was used in the proofs of Proposition 4.10 and Lemma 6.3. We include it for
completeness.

Lemma 6.11. Let T > 0 be fized. Consider a sequence of non-negative i.i.d. random variables
(Xn) with IE(X,) < co. Then

lim 1E[ max Xj} = 0. (A1)

n—oo 7N, 1<5<[nT]

Proof. Without loss of generality, we can simply take T" > 2. Let G be the distribution function of
X, and introduce u = sup{z > 0 : G(z) < 1}. Notice that 0 < u < +o0. Since (X,,) is i.i.d., we

have IP[ max X; < z] = G(z)""] and therefore,
1<j<[nT]

JE[ max XJ} _ /Ou(l—G(m)[”T])dx

1<j<[nT)

-/ [ G G = ] [ 4G G ),

0

by using Fubini’s theorem. Consequently,

1 u u
0< - Xl <T G T-14G (y) < T/ dG(y). A2
<= Lg;lgféﬂ ;} < /0 yG(y) (y) < Y (v) (A2)

Since [nT] > 2, 0 < yG(y)"1=1 < y for all y > 0 and lim yG(y)""=1 =0 for 0 <y < u. On
n—oo
the other hand, [;'ydG(y) < oo since IE(X,) < oo. Therefore, by the dominated convergence
theorem, we conclude lim fouyG(y)[”T}_ldG’(y) = 0. Hence, using this in (A2) we obtain the
n—od

desired conclusion (Al). This completes the proof. [ |
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