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Abstract

In this paper we investigate the spectra and related questions for various combi-
natorial matrices, generalizing work by Carlitz, Cooper and Kennedy.

1 Introduction

In [8], R. Peele and P. Stanica studied n x n matrices with the (7, j) entry the binomial
coefficient (j’j), respectively, (fl__i) and derived many interesting results on powers of
these matrices. In [10], one of us found that the same is true for a much larger class of
what he called netted matrices, namely matrices with entries satisfying a certain type of
recurrence among the entries of all 2 x 2 cells.

Let R, be the matrix whose (,j) entries are a; j = (i_l

n—j

), which satisfy
Qij—1 = Gi—1,j—1 + Qi—15- (1)

The previous recurrence can be extended for ¢ > 0,5 > 0, using the boundary conditions
a1, =1, a1 j =0, j # n. Remark the following consequences of the boundary conditions
and recurrence (1): a;; =0 for i +j <n, and a; 41 =0,1 < i < n.

The matrix R, was firstly studied by Carlitz [2] who gave explicit forms for the
eigenvalues of R,. Let f,4+1 (z) = det (I — R,,) be the characteristic polynomial of R,,.

Thus
n+1 n
_ _1\r(r+1)/2 n—r
o) = L R (M)

r=0
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where (%) 7 denote the Fibonomial coefficient, defined (for n > r > 0) by

(n) - F1F2 F,
T F (FIFQFT) (FlFQ...Fn,T)

with (Z)F = (S)F = 1. Carlitz showed that

=T o)

where ¢, ¢ = (1 + \/5) /2. Thus the eigenvalues of R, are ¢",¢" ¢, ... ,(;5(%”_1,(?5”. We
shall give another proof of this result in the next section.
In [8] it was proved that the entries of the power R satisfy the recurrence

Fordl) = Fdl) 4 Fopral®) ;| — Fal) (2)

where I is the Fibonacci sequence. Closed forms for all entries of R}, were not found,
but several results concerning the generating functions of rows and columns were obtained

(see [8, 10]). For instance, the entries in the first row and column of RS, are
age). = (n— 1)F” R

TN 6

aff = FISE

Further, the generating function for the (4, j)-th entry of the e-th power of a generalization
of R,, namely
Qn(a) b) — <a’i+jn1 bn—J <'L — ]_>>
n—=171//1<ij<n

(Uefl + Uey)(b Ue—1+ Yy Ue)n_l
Uefl + Uey - x(Ue + Ue+ly)

Certainly, @,(1,1) = R,,. As an example,

18

B (z,y) =

0 0 0 0 0 1
0 0 0 0 b a
0 0 0 b2 2ab  a?
Qslab) =1 o ¢ 3ab2  3a2b do®
0 vt 4ab3 6a2b%>  4a3b a*
b5 5ab* 10a26® 10a3b? 5a*b

Regarding this generalization, in [3], the authors gave the characteristic polynomial
of Qn (a,b) and the trace of kth power of Q, (a,b,), that is, tr(QF (a,b)), by using the
method of Carlitz [2].



Lemma 1. Let g, (x) denote the characteristic polynomial of @, (a,b). Thus
gn (z) = (_1)z(z+1)/2 bz(z—l)/2< ) L ()
; tJu

and
o (Qh () = 2

where (T;)U stands for the generalized Fibonomial coefficient, defined by

(n) - UlUQUn
r)y  (UUz...U) (UiUs.. . Unpy)’

form >1i >0, where (Z)U = (S)U =1.

One of us extended in [10] some of these results to netted matrices, say R%”g"y’é, whose
entries a; j, @ > 0, j > 0 satisfy (for i > 1,j > 1)
da;j = aai—1,; + Bai—1,j-1 + Vai -1, (6)
with the boundary conditions
Baio +vait10 =0, forall 1 <i<n-—1 (7)
0Git1n41 — Q@ipe1 =0, forall 1 <i<n—1. (8)

It was shown in [10] that the entries of any power of such a matrix will satisfy a similar
recurrence, and generating functions for these powers were found. In the case of the
Fibonacci sequence, the generating function of the i-th row of R is

(@) =30l a9 7t = (Fo o+ Fupra) ™ (Fooy + For)™™
j>1

and, if e > 1, the generating function for the j-th column of R is
©) () = (FeHx—Fe)j voFRr, 1+JZ <n) ( Fo(Fe—1 — Fex) >
= \s) \Fe1(Feqr7 — F)
where cg.l)(az) = (1 — )/~ t=ngn—J,

“ Fooi—Fux) Fo,-Fu
The matrix @, (a,b) was introduced as a generalization of the Fibonacci matrix Q =
1 F_
( (1) i ) which has the property that Q" - <0> = < ;, 1>. The matrix @ (a, b) displays
n
a similar property on the sequence U,y1 = aU, + bU,_1, that is, any e-th power of
Qn(a,b) multiplied by a fixed vector gives an n-tuple of consecutive terms of the sequence
U = (Uy)r. We refer to [10, 3] for more details.




2 Spectra of R, and Q,(a,b)

In [8], the authors proposed a conjecture on the eigenvalues, which was proven indepen-
dently in [1] and the unpublished manuscript [11]. In this section we give the proof of the
conjecture from [11] and we find the eigenvectors of R,,. In [8, 10], it was shown that the
inverse of R,, is the matrix

R = <(_1)n+z’+j+1 <”_;>> :
J 1<i,j<n

and, in general, the inverse of Q,(a,b) is
Q;l(m b) _ ((_1)n+i+j+1an+1—i—j bi—n <n - ;)) _ (9)
J = 1<i,j<n

We define K, to be the matrix with (4, j)-entry 6;,—;41 (the Kronecker symbol), that
is, K, is a permutation matrix having 1 on the secondary diagonal and 0 elsewhere.

Theorem 2. Let ¢ = 1+—2‘/5,<?5 = % be the golden section and its conjugate. The
eigenvalues of Ry are:

L{(=D)FHQH T ()R T Yy s if = 2.

2. {(-1)Fu{(-1)F* ¥, (—1)k+i<_52i}i:1,...,k, ifn=2k+1.

Equivalently, the eigenvalues of R,, are ¢",¢" 1o, ... ,(bg_ﬁn_l, o".

Proof. First, we show that R, is a permutation matrix away from L,,, namely
R, K,=L,+~—R,=1, K,. (10)

It is a trivial matter to prove K2 = I,,, which will give the equivalence. It suffices to show
the second identity, which follows easily, since an entry in L,, - K,, is

Z”: i1\, (i1
E—1 kn—j+1 — n—j .
k=1

Now, denote by A,, the matrix obtained by taking absolute values of entries of R .
We show that R,, has the same characteristic polynomial (eigenvalues) as A,,, namely we

prove their similarity,
K, R, K,=A,. (11)

Since K, - Ry, - K,, = K,, - L, (by (10)), to show (11) it suffices to prove that K,, - L,, =
((”_Z)) . Therefore, we need
7

i1 »J
Z”: 5 <k — 1> <n — 2)
in—k+1| . . = - 5
k=1 g1 g1

which is certainly true.



We use a result of [7] to show that A, in turn is similar to D,,, the diagonal matrix
whose diagonal entries are the elements in the eigenvalues set listed in decreasing order
according to size of the absolute value. For instance, for n = 4,

a> 0 0 0
0 —a 0 0
Pa=1 ¢ -8 0
o o o p

Our claim will be proved if one can show that A,, is similar to D,,, and this will follow
from [7]. We sketch here that argument for the convenience of the reader. Define an array
bp,m by

bpo=1foralln>0

bp,m = 0 for all m >n

Fn
bn7m - bn—17m—1 (_1)m Fi for all m S n

Fnanl "'anerl

Certainly, by | = . Let Cp, = (¢4,5)i,j, where

F, B
Ci,i+1:1 ifi:1,...,n—l
Cn,j = _bn,n+1—j ’ij = 1, oy
cij =0 otherwise.

We observe that, in fact, C), is the companion matrix of the polynomial with coefficients
bont1—j- Let X, be the matrix with entries (7:{)F;]:21Fln:1] . It turns out that the
eigenvector matrix E, of A,, with columns vectors listed in decreasing order of absolute
value of the corresponding eigenvalues, normalized so that the last row is made up of all
1’s, satisfies

XnEn = Vna

where V,, is the Vandermonde matrix, which is the eigenvector matrix of C,, with eigen-
vectors listed in decreasing order of the absolute values of the corresponding eigenvalues.
Also,

X, A, X' =C, and E;'A,E, = D,,.

Our theorem follows. 1
Easily we deduce

Corollary 3. The eigenvectors matriz of Ry, say Wy, with eigenvectors listed in decreas-
ing order of the absolute values of the corresponding eigenvalues, is

W, = K Ep = K, X, 'V,

Proof. We showed that K, R, K,, = A, and E; 1A, E, = D, It follows that (E, ' K,,)R,,( K, E,,) =
D,,, which together with X,,F,, = V,,, proves the corollary. I



Example 4. For n = 4, the eigenvectors matrix s

—a? Q 15} -3

2 1 1 2
@ —3 —sza  f
W, = 3 3
—a a2 -1p* —p
1 1 1 1

We present below the first few characteristic polynomials of Qy(a,b) (for 1 <n < 7)
and we ask whether one can find their roots as in Theorem 2:

2 —ax —b;

—(b+z) (—za® +b* + 2 — 2bz) ;

(b3 —axh — $2) (:Uag + 3bza + b — :cz) ;

(b2 — ac) (—xa4 — 4bza® + b + 2% — 2b2;1:) (b4 + 22b% + a®xb + x2) ;

— (b5 — 3azb® — adzb — :UQ) (b5 + axb® — ::/:2) (:L‘a5 + 5bxa® + 5b%za + b° — 1‘2) .

The argument that proves the next theorem is similar to the proof of Theorem 2, and so,
we omit it. One can also find two different ways to see its proof in [3] and [4].

be the roots of the polynomial x> — ax — b.

Theorem 5. Let \ = 4+va"+4b “;2“‘1’, )\ = a=va'+db ”2‘2+4b
The eigenvalues of Qy(a,b) are:
LA(=0)F TN ()R AT L if = 2k

-----

of Qn (a,b) can also be written in the following compact form N\, X"\, ... )\S\n_l, A"

Since R,,Qn(a,b) are column justified triangular matrices, the determinants of our
matrices are easy to compute, or we can use the previous result.

Corollary 6. We have det(R,) = (=1)"/2 and det(Q,(a,b)) = (=1)/2pn(n=1)/2,

3 Arithmetic progressions and spectra of other combinato-
rial matrices

Let the sequences {u,}, {v,} be defined by
Up = QUp—1+ buy_2
Up = QU1+ bvy_2,

for n > 1, where ug = 0,u; = 1, and vy = 2,v1 = a, respectively. Let a, 3 be the roots of
the associated equation 22 — ax — b = 0. The next lemma appears in [6].

Lemma 7. For k> 1 andn > 1,

Wen = Ukttggno) + (1) Py (12)

k+1 bk

Vkn = Ukvk(n—1)+(_1) Vk(n—2)-



Using the sequence v, we define the n x n matrix H, (vk, bk) as follows:

o () = (s () (00)

Observe that H, (vl, bl) = @Qn (a,b). As an example,

0 0 0 0 0 1
0 0 0 0 — (=0
0 0 0 b2k —2(=b)Fuy 02
H b = k
60k, b) 0 0 —(=b)* 3%y, —3(=b)F 02 WP
0 bR 4 (=0, 6002 —4(=b)F P ol
—(=b)*% 5b%e, =10 (=b)* 02 100%R0  —5(=b)F ol v}

As in equation (9), we can easily find the inverse of the matrix H,,, namely

27‘7

It is well known that for n > —1,

”
Upgl = Z (n B r) a? (13)

We generalize this identity next.

Lemma 8. Fork >0 andn > —1,

i D BN Ll CIETH

Proof. (Induction on n) If n = 1, then equations (12) and (13) give the identity. Suppose
that the result is true for n — 1 and n. Then

Uent1) = Uktten + (=) gy

= XT: (n _q - T) Q2= (_ (—b)k) n—1-r
_ (—b)k Z (n - 72’ - T) ,U]zr—n—f—Q <_ (—b)k) n—2—r
— Z [(n_g _T> + <n—;—1~)] p2r=n2 (_ (_b)k>”_1—r



Lemma 9. Let k,m >0 and 0 < r <n. Then

<Ukm$ — (=" U—1)m > " <U(k+1)m9«“ — (=0)" ugm > o

Um Um
Z <n—r> (n—r1> (n—rk_1>
71,7257k Tl r2 Tk
kn—r—2ry—--—2r,_1— _
% Umn r—2ry Th_1—Tk (_ (_b)m)T1+T2+ +7rE xn 7'k‘ (14)

Proof. (Induction on k) For k = 1, the proof follows from wg, = u,v, and

2 (v — (5" T =S (“ - 7“) oI (L (B)™) n

S
s

(see [3]). We assume that the equality holds for some positive integer k. If we replace
(Um —(=bn)" a:_l) by z and then multiply by z™, the left side of this equation becomes

(u(kJrl)mfl: - (_b)m Ukm>r <u(k+2)mx - (_b)m u(k+1)m)n_T

Um Um

After some simplifications, if we expand the right side of this equation, then we get

<n—r> <n—r1> (n—rk>
Z r r A\ r
T1,725--sTk4+1 1 2 k+1
E(n+1)—r—92r{ ——2r.— _
><'Um(n )—r—2r1 Th—Thk+1 (_ (_b)m)7“1+r2+ Frkt+1 2T

The proof is complete. 1

Lemma 10. For all m > 0,

tr (H;Ln (vk,bk>) = Lhnm
Uk

Proof. If we multiply both sides of the equation (14) by " and summing over r, we get

i Uk — (=0)" U(—1ym \ " [ Uk1)m® — (=) upm \ " -
Um Um

r=0

S e

T1,72,..Tk

vann—r—2r1—~~~—2rk_1—7"k (_ (_b)m>r1+7“2+~~-+7’k anrrfrk’

where the coefficient of 2™ on the right side is tr (H,T (vk, bk)) . The coefficient of ™ on
the left side of this equation without its denominator is

> <Z> (n ; T> W (= (=0)™ e 1ym) " W(geg 1y (= (=0)™ ttg)®

r+s+t=n

= 3 ()" - 0 ) i (= (0 )

r+s<n



For easy writing, denote this last expression by c,. Then

o0

5t

n=0

- r m\T  r—s s . r+s n—r n—r—s
= 3 () et Y (") )

n=r-4s

G r Mm\T  r—S8 s ,.r+s —-s—1
= 3 (1) 0 e (1 wsna)

= S i (1= ) X (1) (O™ )

s=0 r>s

= Z (= (=b)™)° ugs,a* (1 — U+ 1)mT) —s! (14 (=b)™ ug—1ym®) —ot

S

i
o

1 1
(]_ — u(k—|—1)m$) (1 + (*b)m u(k—l)mm) 1-— (1 5 ()7(7)1)()14-( b)™ (k—1) )
—U(k+1)mT - U(k—1)m®

m\s, 2s .2
) Uem®

1
(1 - u(k+1)mﬂf) (1 + (=)™ U(k—1)m$) + (=b)" Uii,ﬂz'

Here by the Binet formula for {u,}, we note that for all integers k > 0,

Ukn — (_b>k Uk(n—2)
U

2
UknUk(n—2) ~ Uj(n—1 e
_ < ( >> = (—b)F=2) (17)

D)
Uy

= Vp(n—1) (16)

and

Using (16) and (17), we write the right side of the equation (15) as

1

(1 = ugenyme) (14 (=0)" ug_1yma) + (=b)" ups a2
1

1 — v + (=b)™* 22

Thus, ¢, = “’;’Z“, and so, tr (Hﬁ” (vk, bk)) = % The proof is complete. I

Theorem 11. The eigenvalues of Hy, (Uk,bk) are

akn’ ak(n—l)ﬁk, o akﬁk(n—l), ﬁkn



10

Proof. Let f, (x) = det (iL‘I - H, (Uk, bk)) and Ao, A1,..., \n_1 denote the eigenvalues of
H, (vk, bk). Then by Lemma 10,

’ n—1 n—1 m

fn (.%') 1 —m—1 § :
— X\ J

fn () =0 A m=0 j=0

x_k_ltr< e (Uk, bk))

—m—1Yk(n—1)m
Uf;

Mg I[]#

X

3
IS

n—1
p—m-l Z ajkmﬁk(n—j—l)m
J=0

1
z — aikpn—i—Dk’

I
ingk

i
L

=]

)

Thus .
fu (@) =TI (o - a?tp0=3-1%)

J=0

and so the eigenvalues of H,, (vk, bk) are

ak(nfl)’ ak(n72)ﬁkz ., akﬁk(an), ﬁk(nfl).

5.

Next, we give an expression of the characteristic polynomial of H,, in terms of Gaussian
binomials. Fix k and let r,, := ug,. Define the k-Fibonomial coefficients by

{ n } B rireo...Ty
mIuk  (rir2...rm) (rire . Tem)’

where {Z}u,k = {g}u,k =1
Clearly, when k£ = 1, then {Z}u .. s reduced to the Fibonomial coefficient ( )u

n
m

Theorem 12.

|
—

n n

fo(z) = 0 (x _ aﬂcg(n—j—l)k) _ > (=1 (—p)kili-D/2 {T;}M =i

<.
Il

Proof. Here we can use the following familiar identity

n

nﬁl (- qja:) _ Z (—1)i gii-D/2 [T,Lin, (18)

1

J=0 i=0



11

where

[n] B (1—4g")... (1 — q”‘“‘l)
ilg 1-¢)...(0=q) ~
are the usual ¢g-binomial coefficients (Gaussian binomials).
If we replace ¢ by (5/ a)k we find that for all positive fixed integers k,

il =

Thus (18) becomes

M:

n—1 '
T (1 (a7'9)a) = 30 (1) gr-Draghicsnammi () o

Jj=0 1:0 ’
Replacing = by =Dy we get
n—1 n
_ (n—j—1)k gkj _ EREY ki(i—1)/2 [T i
IT (1l ) > (1) () U,
_ . PRy ki(i—1)/2 [T i
- Sty
Finally replacing « by «~! gives us
n—1 n
1 - (n—3—1)k gkj ) kz('L 1)/2 n—i.
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