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ABSTRACT. Recently, Parida and Gupta [J. Comp. Appl. Math. 206 (2007),
873-877] used Rall’s recurrence relations approach (from 1961) to approximate
roots of nonlinear equations, by developing several methods, the latest of which
is free of second derivative and it is of third order. In this paper, we use an
idea of Kou and Li [Appl. Math. Comp. 187 (2007), 1027-1032] and modify
the approach of Parida and Gupta, obtaining yet another third-order method
to approximate a solution of a nonlinear equation in a Banach space. We give
several applications to our method.

1. INTRODUCTION

Newton’s method and its variants are used to solve nonlinear operator equations
F(z) = 0 or systems of nonlinear equations. The convergence of these methods
was established using Kantorovich theorem (see e.g. [1, 2, 3]). The convergence
of the sequences obtained by these methods in Banach spaces is derived from the
convergence of majorizing sequences (see [4] and references therein). Rall [5] has
suggested a different approach for the convergence of these methods, based on
recurrence relations. Parida [6], and Parida and Gupta [7] used this idea for several
third-order methods (see also the work of Candela and Marquina [8, 9], Ezquerro
and Herndndez [10], and Gutiérrez and Herndndez [11, 12]).

Here we apply the idea to the third-order method free of second derivative pro-
posed by Kou and Li [13]. They developed a family of methods for the solution of
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a nonlinear equation f(z) = 0 as follows

)
b= I OEGY

) oo ) (0240 - 1)f(zn)
n+1 - n 92]“(1371)

It turns out that this method is of third order when approximating a simple root.

(1.1)

2. RECURRENCE RELATIONS

In this section, we discuss a third-order method for solving nonlinear operator
equations

F(z) =0, (2.1)
where F' : 2 C X — Y is a nonlinear operator on an open convex subset () of a

Banach space X with values in a Banach space Y. The third-order method [13] is
defined as follows:

Yn =, —OF (x,) ' F(zn),
0 +6—1 _ 1 _ (2.2)
Tntl = Tp — TF,(xn) 1F(mn) - 072F/(xn) 1F(yn)

This family uses two evaluations of F and one evaluation of F’. In [7] they discuss a
third-order method requiring one evaluation of F' and two evaluations of F’. Several
choices of 6 were suggested in [14] and [15].

Let F be a twice Fréchet differentiable in © and BL(Y, X) be the set of bounded
linear operators from Y into X. Let us assume that I'g = F'(20)~! € BL(Y, X)
exists at some xg € 2 and the following conditions hold:

(1) [F"(z) = F'(y)ll < kalle —yl, =,y €D,
2) [I1F" (@)l <M, ze€Q,
(3) IIToll < B,
(4) IToF (o)l < 7.

Let us also denote

a = klﬂna
02 +60 — 1|+ |1 — 0]
a = o , (2.3)
v o= 6
Now, we define the sequences
ao = bp=1dy=a+~, b1 =0,
an
(2.4)
bn+1 - an;—lﬁncn;
|0% + 60 — 1] 1 M

dpy1 = Tbm—l + ﬁanﬂﬁn |1 - Q‘Cn + ?9%24—1 )
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where

M M
C, = 7K§+k1|9\ann+?|92—1|bi, (2.5)
with 0 0 2 0 M
1/(6 -1 1-
K, = P+ 92) i il P ~-anBbin, (2.6)
Note that we can rewrite d,, 1 also in the form
dnJrl - abn+1 + lyan+1b$7,+17 (27)

or, equivalently, as
dn+1 = dobnt1 + Ybnt1 (@nt1bpi1 — 1)
The polynomials C,, and K, can be rewritten as
Cp, = (Po + Prapby, + Poa2b?) b2,
Kn = (Qo + Q1anby) by.

Lemma 1. Under the previous assumptions, we prove the following:

(In) ITnll = I1F"(zn) "M < anB,
(L) |TnF(zn)]l < bun,
(I11) ||zns1 — | < dnn,

(IVH) Hxn-i-l - yn” < (dn + 2Kn—1 + obn)n
Proof. We use induction to prove the above claims. Notice that (Ip) and (I1p)

follow immediately from the assumptions. To prove (I11y), we start with the first
substep of (2.2),

F(yo) = F(yo) — 0F (z0) — F'(x0)(yo — o) (2.8)
This can be written as
F(yo) = (1-0)F(z)+ Fl(yo) — F(z0) — F'(z0)(yo — o) (2.9)
(1 = 0)F(wo) + Jo F"(z0 + t(yo — x0))(1 = t)dt(yo — z0)?. '
Now multiply by I'g and use the assumptions, it follows that
M
IToF (yo)|| < [1—0n+ 7592 % (2.10)
so that
0> +6-1 1
e —woll < = g B 4+ lToF o)l
?+60—1+1—60] M
S (I + 2' * | + 677> n = don, (2.11)
0 2
and (I1Ip) holds.
We have ) 0 1)2
+ 1) -1 1
e -y = - PO pay) — LroF (), (212)
so that it follows from (2.10) that
6+1/(0—1)? 1
e —oll < PO p ) 4+ L imoF (o))
O+1](0—-1)*+1-60] M
o (LRUeenon Mo,y
< (d() + 2K71 + gbo)ﬂ, (213)
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and (IVp) also holds.
Following an inductive procedure and assuming z,, € Q? and aa,d, < 1,ifz,11 € Q,
we have

11— PnF,(anrl)H < ”Fn””F/(xn) - F/(fnJrl)” < aand, < 1. (2.14)
Now, we note that
Lrs1 [T = (F'(zn) = F'(@n41)) Tn] = T (2.15)
Then I';, 11 is defined and

[Tl a8
Dyl < =
Wil S T )~ Pl = T ot

= an+1B- (2.16)

Hence, by induction (2.16) holds for all n. This proves condition (I,).
Using the first step of (2.2), we have

F(yn) = Flyn) —0F(zn) — F'(20)(Yn — n)
= (1=0)F(@n) + Fyn) = Flan) = F'@n) (yn — 2n) (2.17)
= (1=0)F(zn)+ [y F"(xn +t(yn — 20))(1 — t)dt(yn — zn)?.

Now subtract the first step of (2.2) from the second to get

03 —62—0+1 1
H—QF(%) - ﬁF(yn)- (2.18)

n)
n)

F/(Il’n)(l'n+1 - yn) =
Using (2.17) on the identity

F(anrl) = Fl(xn)(anrl - yn) + F(yn> + [F/(yn) - F/(xn)](anrl - y’ﬂ)
+F(xn+l) - F<yn) - F/(yn)(xn-l-l - yn)
(2.19)
and

1
F(J;n+1)—F(yn)—F'(yn)(xn_H—yn) :/ F/,(yn‘f't(xn-i-l_yn))(l_t)dt(xn-i-l_yn)Qv
0

(2.20)
we have
Flean) = o0 Flan) = 55 Fun)
+/ F'"(xn + t(yn — 20)) (1 — )dt(yn, — ,)?
01 (2.21)
+/ Fu(yn + t(xn-f—l - yn))(l - t)dt(xn_,_l - yn)2
0
+[F (yn) = F'(20))(Zni1 — Yn),
-1 [+ _, )
F($n+1) = 921/0 F (xn + t(yn - xn))(l - t)dt(yn - $n)
+/O F”(yn + t(‘rn—&-l - yn))(]- - t)dt(xn-i—l - yn)2 (222)

+[F/(yn) - F/(xn)](anrl - yn)



Hence,

M9 -1 M
1Pl < g — a4 Y s — g
k1 lyn — ool l2nr — ynll- (2.23)
From (2.17) we get
M 2
1T ' (yn) || < 11 = 6bpn + 7an3”yn — T, (2.24)

so that since ||y, — n|| = |07 F (z5)]| < 10]bnn, and combining (2.24) with (2.18),
we have

02 —02—0+1]+1[1-0 M
| I | ‘ b +7an5||yn_xn||2

[Zn1 —ynll <

02 292
< |6+ 1](0 —012)2 +1]1-— 9\ anﬁbz 2 _fn (2.25)
Hence,
IF(zn1)]| < Ci?, (2.26)

where C), is given by (2.5).
Therefore

P @) < [TusllE @)
< an+1ﬂcn772 = bn+177a (227)

So, by induction (2.27) holds for all n. This proves condition (I1,).
Using (2.17) with z,, and y,, replaced by x,11 and y, 11 respectively,

M
[F(yns)ll < 1 —0|Cun® + 7921?%“1727 (2.28)
so that
T 1 F g )l < ITns I F(yns) | < angan” [1 —0|Cp +

Using (2.27) and (2.29), we therefore have

M
2921)2“} . (2.29)

62 +6—1
|Tnto — Tpga|] < %”DWIFWHHH + 5 92 Tt (g0
02 +6—1 M
< |972|bn+177 + Hjanﬁ—anQ |:|1 - 0|Cn + ) 02bn+1:|
2+0-1 1
= <|92|bn+1 + szanﬂﬁn [1 - 9|Cn + 92b3l+1]> n

dn_‘_ﬂ’], (230)

Hence, by induction, this inequality holds for all n. This proves condition (I11,).
Since

04+1)(0—1)2
Tptl = Yntl = Yn — Tni1t+ %anw(%) (2.31)

1
— 2D F (W) + 0T F (@), (2.32)
we have from (2.24), (2.25),(2.27) that

Jnss = yurll < (K + 0b,i1)n. (2.33)
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Hence we have

[#nt2 = ynsrll < llente = zngall + 201 = ynga | (2.34)

< dppin+ (2K, + 60byi1)n (2.35)

= (dnt1+ 2K, + 0byy1)n. (2.36)

Hence, by induction, condition (IV;,) holds for all n. This proves condition (IV},).
O

3. CONVERGENCE ANALYSIS

In this section, we shall establish the convergence of our third-order method
(2.2). To this end, we have to prove the convergence of the sequence z,, defined in
a Banach space or, which is the same, to prove that d,, is a Cauchy sequence and
that the following assumptions hold:

(1) z, € Q,
(2) aand, <1, neN.
The next two lemmas will show the Cauchy property for the sequence d,,.

Lemma 2. Assume that xo is chosen so as to satisfy 0 < do < 1/a, that is,
ala+ ) < 1, where o and ~y are given by (2.3). Then, the sequence a, > 0 is
increasing, as n increases.

Proof. We show now that all the involved sequences are positive. Under the imposed
conditions, we see that ag, by, dg, Co, K are all positive, and also that 1—aagdy > 0.
Assume, now, that all a;, b;, d;, C;, K;, and 1 —aa;d; are positive, fori =0,1,...,n.

Since C,, > 0 and by41 = Gn416MCh, it follows that a,41,b,41 have the same
sign, and so an41b,41 > 0. Further, from d,,11 = bpy1(a 4+ Yany1bny1), we get
that d, 11 has the same sign as b, 11, and so, all three terms a1, bp,+1,dn41 share
the same sign.

By absurd, we suppose that the implied sign is negative. Then d,, + d,,+1 < d,,
and so,

1 —aan(dy + dpt1) > 1 — aapd,,
which renders
1 —aan(dn + dpt)
1—aa,d,

which implies aa,,+1d,+1 < 0, but that is impossible since @41, d, 41 have the same
sign and a > 0.

>1

1- aan+1dn+1 =

7

a‘TL

Next, since a,41 = , then

1 — aa,d,

1 1 1
)
a \ Qp Ap+41

and so, by telescoping, we get

n—1

1/1 1
E di:<—>, where a¢g = 1.
: a \ ap a

This will render

=0



n—1

Certainly, since a > 0,d; > 0, for all ¢ > 0, then a Z d; increases as n increases,

i=0
n—1
and so, 1 —a g d; decreases as n increases, which implies that the reciprocal,
i=0
namely, a,, is an increasing sequence, and consequently, a,, > ag = 1. (I

We define the sequence ¢, = apb,. Then the sequences {a,},{b,}, {cn}, {dn}
can be rewritten as

" an an
ntl 1 —aand, 1—a(ac,+~yc2)’
6nbncn PO +Plcn+P2C$L
bn+1 = an+1ﬁncn = ( 2 ) )
1—a(ac, +7c2)
Bnc? (PO + Pic, + ch%)
Cn+41 - an+1bn+l - D)
(1 —a(acy, +7¢c})]
doy1 = abpg1 + Yani1bl gy ,
Bnbncn PO + Plcn + PQCn
= ( ) (o +7yent1) -

1—a(ac, +7c2)

That the sequence {c,} is a decreasing sequence under the assumption that
a1by < 1 can be proved by using the mathematical induction. It is obvious that
c1 = a1b; < 1 = ¢p. Assuming that ¢, < ¢,_1 for some n > 0, we have

. Bnc? (PO + Pie, + ch%)
n+l1 —
. [1— a(ac, +7e2)
Bnct_, (PO + Picp,—1 + chi_l)

[1 —a (ozcn_l + ’yci_l)]Q

=cp.

Therefore the sequence {c,} becomes a decreasing sequence with ¢,, < 1 for all n.
If0<s<1andc, <sc,_1, then

67]6% (PO + Pic, + ch%)

Cn+1 =
" [1 = a(ac, +7e2))?
2 Bnct_, (Po + Piscp,—1 + P282C%71)
2
Ll —a(ascy_1 +vs2c2_,)]
2 5776n_1 (PO + Picp—1 + P2Ci_1) — &2
2 =9 Cn-
[1 —a (ozcn_l + ’yci_l)]
c
Let ¢ = C—l = ¢1 = a1by, then we have 0 < ( <1 and ¢; < {cg = (, so that
0
c1 < (co,
C2 < (e,
c3 < (Pey,
Cy S <23037
J nyon—1, . ol n+1
Cra1 < 4(2 +2 +2 +1)CO — <—2 . %’



On the other hand, with the sequence {d,,} under the assumption that a1b; < 1
we have

4, = % = (acy, +WC721) i
< (ac, + ’YCrQL) % = acn+e
< (a+7)en
< (a+7)¢7 - %

since {a,} is an increasing sequence, and ag > 1.
We have thus proved the following estimates.

Lemma 3. We assume that a1by < 1. Then the sequence {c,} is a decreasing
sequence and for all n € N we have the following estimates

n+1

Cn+1 S C2 . 27
dn < (a + 7)<2 : %

where 0 < { = a1b; < 1.

Lemma 4. The sequence d,, > 0 is a convergent sequence and its limit is 0.

Proof. Since a,, > 1 is increasing, then 1/a, < 1 is a decreasing sequence and
further 0 < 1/a, < 1. Therefore, a, is convergent (it is monotonic in a compact

1/1 1
set) to a limit L. Since d,, = — < - ), then d,, is convergent to the limit
a\a, Gpi1

LL-rn)=o. O

Remark 1. A similar approach would work for some of the lemmas in the paper [7],
as well. Some of their results, like Lemmas 4 — 7 can be simplified using a similar
o0

approach: for instance, in Lemma 7 of [7], it is claimed that Zdi < 00, but that
i=0
00 n—1 1 1 1
iS i diate, si d; = i di=lim —|1—— ) =—-(1-L), where L
is immediate, since ; n;n;og Jim ~ ( an) a( ), where

would be the (finite) limit of 1/a,. -

Now, we state the semilocal convergence of the method defined by (2.2).

Theorem 5. Let X,Y be Banach spaces and F be a twice Fréchet differentiable in
an open convex domain 2 of a Banach space X and BL(Y, X) be the set of bounded
linear operators from Y into X. Let us assume that Ty = F'(z9)~' € BL(Y, X)
ezists at some xg € ) and the following conditions hold:

(1) [1F'(z) = F'(y)ll < kallz —yll, 2,y €Q

2) [[F"(@)| <M, z€Q,

(3) [[Toll < B,

(4) [[PoF (zo)|| < n.
Let us denote a = k1. Suppose that xg is chosen so as to satisfy a(a+7y) < 1
and a1by < 1, where a and v are given by (2.8). Then, if B(xg,rn) C Q, where
7= 0" odn, then the sequence {x,} defined by (2.2) and starting at x¢ converges
to a solution x* of the equation F(x) = 0 . In this case, the solution z=* and
the iterates x,, belong to B(wg,rn), and x* is the only solution of F(z) = 0 in
B(xo,2/(k18) —rn) N Q.
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Furthermore, the error bound on x* depends on the sequence {d,} given by
- (@410 o o
leni —a®l< D din< == > ¢* (=ab @D
k=n-+1 k=n-+1

Proof. Tt is easy to see that the sequence {z,} is convergent. Hence, there exists a
limit * such that lim, o 2, = z*. The sequence {a,} is bounded above since

IS S

- n—1 - 0 ’

lfaZdi l_azdi
i=0 i=0

Since lim, o d, = 0, by (2.7), we have lim,,_,,, b, = 0. This indicates that
lim,, o C;, = 0. Thus, by (2.26) and by the continuity of F', we proved that

Qn

[F (") = 0.
Also,
[#ns1 —zoll < lzntr —anll + o0 — zaall + - + Iz — 2o
n
< > dwn <, (3-2)
k=0

where 7 = 37 d,,. We conclude that z,, lies in B(xo,rn) and taking limit as
n — oo we have z* € B(zg,rn).

To show the uniqueness of the solution, let y* € B(x,2/(k18) — rn) be another
solution of F(z) = 0. Then

o:F@w—F@ﬂ:Azwﬂ+u¢—xmﬁ@hﬂﬂ. (3.3)

To show that y* = z*, we have to show that the operator fol F'(z* +t(y* — x*))dt
is invertible. Now, for

1
MﬂAHF@”%W—fﬂ—F@MW

1
< mﬁ/'mﬁ+ay—xw—xﬂﬁ
0
1
< hﬁ/(ﬂfﬂmfme+WffxﬂMt
0
kip 2
< - _ =1 .4
< 5 (m+k15 m) , (3.4)

it follows from Banach’s Theorem [1] that the operator fol F'(z*+t(y* —a*))dt has
an inverse. Therefore, y* = z*.
For every m > n + 1, we have

[Zm = Zont1ll < om = Tmoall + | Tm—1 — Tm—all + - + [[Tnr2 — Taga]|

m—1
< Y dm<r (3.5)
k=n+1



By taking m — oo, we get

oo
i1 — 2| < Y din <, (3.6)
k=n+1
and from Lemma 3
- @+ o= o
|Znir —2*[ < > din < —-— Yoot 0<(<l, (3.7)
k=n-+1 k=n-+1

which shows that {z,} converges and proves (3.12). This completes the proof. O

4. EXAMPLES

In this section, we give some examples to illustrate the previous convergence
result.

Example 4.1. [7] Let X = C[0,1] be the space of continuous functions on [0,1]
and consider the integral equation F(x) =0, where

F(m)(s):—l—i—x(s)—&—)\x(s)/o S—Si—tx

where s € [0,1],z € C[0,1] and 0 < XA < 2. The norm is taken as sup-norm. We
easily find

(t)dt, (4.1)

1

Uos
F'(x)u(s) = u(s) + )\u(s)/ x(t)dt + )\x(s)/o S—Hu(t)dt, ue (4.2)

0 S+t
and
1 1
F"(z)(uv)(s) = )\u(s)/o " tv(t)dt + )\v(s)/o " tu(t)dzﬁ u,v € Q. (4.3)
Since
[[F"(z) = F'()l(w)| < 2AIn2||ul[[|z — yl|, (4.4)
we get k1 = 2XIn2. Since
1
IF" (2)|] < 2\ maxo<s<i / Sdt' =2\In2, (4.5)
=< L st
we get M = 2\1n2.
1 [zo — 1| + Aln 2[jzo?
We also h 7] that p = ———————— andn =
¢ also have from [7] that § = 3= 35 5y and n 1— 23In2||zo |

22 In2(||zo — 1| + An 2|z ||?)
(1 —2XIn2||zo)?
|62+ 6 — 1|+ |1 — 0|
= Y =

, the sequence {x,} defined by (2.2) and starting at

In our case, we have a = k101 =

If zo is chosen so that a(a + ) < 1, where a =
An2(|Jzo — 1| + AIn 2[|z?)

(1= 2xIn 2[[zo])?
such an z, converges to a solution z* of the equation F(z) = 0.
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Example 4.2. Consider the solution of the nonlinear equation F(x) = x3+x — 10
on [1,3]. We let § = —2. Now the initial condition is xo = 1.7, and it is easy
to show that F'(zg) = 322 +1 = 9.67, a = 1, B = ||F'(z0) 7! = .1034126163,
n = ||F'(z0) " F(z0)| = |(.1034126163)(—3.387)| = .3502585314 and |[F"(z)| =
I62]) <18 = M. Now F'(z)—F'(y) = 3(x—y)(x+y) and therefore ky = 18. There-
fore a = kifn = 6519807199 and v = X Bn = 9(.1034126163)(.3502585314) =
.3259903600. Then the condition holds: a(a+ ) = 0.8645201495 < 1. As a result,
the convergence of this nonlinear equation can be studied by Theorem 5.

Remark 2. One can take a larger interval, i.e. [1, A] for A > 3 and still satisfy

the condition. Suppose, we let xg = A > 3, then F'(A) =342+ 1, a =1, 8 =
344

1F/ (o) | = gazggs 1 = [F/(wo) ' F(xo)|| = 45582 and |F"(x)| = 62| <

6A =M. Now F'(x) — F'(y) = 3(z — y)(= +y) and thercfore k1 = 6A. Therefore

a=kifin = 6ALEAI0 g vy = %[377 = 3ALHAI0  Then the condition holds:

(3A2+1)2 (3A2+1)2
3 3
a(a+7) = 6A%357 [1+3AW} 58 <1 as A oo

Clearly the number of iterations (say, n) required for convergence depends on
how close A to x* = 2. Experimenting with various values of xq yields the following
results:

xo = 3. n=
.’170:5. n=4
.130210. n=4

Example 4.3. Let us consider the system of three nonlinear equations F(x,y, z) =
0 where F : Q — R3 where Q = [a1,b1] x [az,ba] x [a3,b3] is a domain of F
containing a solution of this system, and

F(x,y,2) = (@®+y?+22 =4, 22 +9° + 22 20 -2y —2, 2> +9° + 22 —4y—22—4). (4.6)

Then we have

2x 2y 2z
Flz,y,2)=| 20 —2 2y—2 2z , (4.7)
2z 20 —4 2z-2

and

1 —-y+z+1 y—2z z
Fllz,y,2) ' = ———mM —— z—1+z -z —2 . 4.8
() 2(-y + 2z + 2) —r—y+2 2z —z+vy )

We use the Frobenius norm in R®: || X|| = (22 +y* +22)/2 for X = (z,y,2) € R5.

1/2
The corresponding norm on A € R3 x R? is ||A|| = (E?Zl Z?Zl |aij|2) .
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The second derivative is a bilinear operator on R3 given by

fla:x
fly.'r
flza:

Fll(x7y72) = nyaL'

flacy
flyy

flzy

For a bilinear operator B : R? x R? — R3, given two vectors X,Y € R3, we have

B, U1

B(X, Y) = ($1,$2,$3) BQ Y2
B3 Y3

bitey + bf2wy + bi323

= b%ll’l + b%QSCQ + b§3x3

béllbl =+ b:_l),Q.’EQ + bé?).’ﬂg

where

b2tay + b2y + 02323

b%ll‘l —+ b%QSCQ —+ b%S.’Eg
21 22 23

b3 X1 +b3 .’E2+b3 I3

12

b3tay + b32wo + 03323
b‘gll‘l —+ bgzl’g —+ ng.’Eg
b%ll'l =+ ngLEQ —+ bg?’.’ﬂg

(4.10)

(4.9)

Y1
Y2 )

Ys



We consider the norm of a bilinear operator B on R3 by

5 5 2
Bl = sw [SS(S 0w (4.11)
lull =1\ =1 j=1 \k=1
where u = (u1, ug, us).
In our case, for any triple (z,y, z),
M= |[F"(z,y,2)| = 2V3 sup {jua]” + |us|” + us[}'/* = 2v/3. (4.12)
llull=1

Now, since

T—u Yy—v z—w

Flx,y,2) — Fl(u,v,w)=2| z—u y—v z—w |, (4.13)
T—Uu Y—v z—w
we have
IF'(@,y.2) = Fllwn,0)| = 2vV3[(@—w)’+(y—v)*+ (2 - w)*]"”
= 2\/5”(55»%2) - (uavaw)”v
and therefore k1 = 2/3.
We let 8 = =2, and so, « = 1. If we choose ©o = —0.2,y90 =
12,20 = —21, then B = |F'(z0,%0,20) ] = .675981901098132166,1 =

| F'(z0, yo, 20) "  F (0, Yo, 20)|| = .28125. Therefore a = k18n = .6585946863 and
v = %517 = .3292973430. Then the left side of the condition holds a(a + ) =
8754681666 < 1. As a result, the convergence of this system of equations can be
studied by Theorem 5.
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