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Abstract

This thesis describes the physics of fully three-dimensional low frequency acoustic in-
teraction with internal waves, bottom sediment waves and surface swell waves that are
often observed in shallow waters and on continental slopes. A simple idealized model
of the ocean waveguide is used to analytically study the properties of acoustic normal
modes and their perturbations due to waves of each type. The combined approach
of a semi-quantitative study based on the geometrical acoustics approximation and
on fully three-dimensional coupled mode numerical modeling is used to examine the
azimuthal dependence of sound wave horizontal reflection from, transmission through
and ducting between straight parallel waves of each type. The impact of the natural
crossings of nonlinear internal waves on horizontally ducted sound energy is studied
theoretically and modeled numerically using a three-dimensional parabolic equation
acoustic propagation code. A realistic sea surface elevation is synthesized from the di-
rectional spectrum of long swells and used for three-dimensional numerical modeling
of acoustic propagation. As a result, considerable normal mode amplitude scintilla-
tions were observed and shown to be strongly dependent on horizontal azimuth, range
and mode number. Full field numerical modeling of low frequency sound propaga-
tion through large sand waves located on a sloped bottom was performed using the
high resolution bathymetry of the mouth of San Francisco Bay. Very strong acoustic
ducting is shown to steer acoustic energy beams along the sand wave’s curved crests.

Thesis Supervisor: James F. Lynch
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Chapter 1

Introduction

1.1 Background

Low frequency acoustic propagation in shallow waters has received a lot of attention
in the last several decades. While naval operations and underwater surveillance were
some of the primary motivations of studying this field, a number of scientific and
commercial applications such as studying the dynamics of the ocean, underwater
long range communications or tracking marine mammals showed a growing interest
in shallow water acoustics. Early studies were focused on sound interactions with
the sea bottom whose geological structure, slope and roughness are known to be
important parameters for acoustic energy loss [1]. Along with the seabed, there
are many other oceanographic features that create loss or gain of acoustic energy
and are as important. Propagation of sound waves through meso-scale eddies or a
meandering shelfbreak front can result in a significant variability of acoustic pulse
travel time and the acoustic depth energy distribution. On the ocean fine scale,
nonlinear internal waves [2], that are common for most of the continental shelves
in the summer time or at low latitudes, are known to be very important features
for low frequency acoustic propagation and scattering. In the 1980’s Yellow Sea
experiments, Zhou et al. [3] showed and theoretically explained very strong (up
to 25 dB) resonance-like intensity fluctuations that are both frequency and internal

wave direction dependent. Preisig and Duda [4] studied the impact of individual
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soliton-type internal waves on normal mode coupling physics and clearly showed its
dependence on wave width, amplitude and acoustic frequency. Colosi and Flatte
theoretically showed [5] that acoustic normal mode coupling induced by deep water
internal waves largely contributes to scattering of low frequency signals at long ranges.
In the 1995 Shallow Water Acoustics in a Random Medium experiment (SWARM95)
[6], strong mode coupling was observed and studied statistically [7] for the across
internal wave propagation direction. Also as part of the SWARMO95 experiment,
Badiey [8] measured acoustic signals for an along waves path and showed that strong
intensity fluctuations are caused by horizontal ducting of the acoustic signal between
internal waves. This was the first experimental evidence of an out of vertical plane
acoustic interaction with internal waves, which was predicted theoretically in [9] and
numerically in [10, 11]. The Shallow Water 2006 Experiment (SW06) [12, 13] was
the first effort that concentrated on measuring the fully three-dimensional variability
of the water column as well as acoustic signals coming from both the across and
along internal waves directions. For that experiment, both intensity and angle of
arrival fluctuations analyses [14], that are also presented in this thesis, were made
for the along internal wave acoustic track with a fixed source and receiving array.
The first experimental evidence of the horizontal Lloyd’s mirror, an inherently three-
dimensional acoustic effect, was clearly observed in SW06 by Badiey et. al. [15].
Also in SWO06, Lynch et. al. [16] presented results on intensity fluctuations and
their azimuthal dependence for a mobile source acoustic signal. As a result of SW06,
studies of three-dimensional low frequency acoustic, including the effects of internal

waves natural curvature [17] and termination [18, 19], were extensively developed.

Most of the theoretical work on three-dimensional acoustic propagation in the
along internal wave direction has been made under the adiabatic approximation, and
mode coupling for these scenarios was not considered important. However, refraction
of internal waves in shallow waters, as well as the existence of strong scatterers such
as bottom canyons, causes internal wave front’s curvature and wave crossings. These
crossings are observed [20] in almost every region of continental shallow waters when

nonlinear internal wave activity exists. Since the angle of crossing varies widely, from
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zero to ninety degrees, acoustic energy ducted in between internal waves from one
train may interact with another train of waves at all possible angles, and the effects

of energy transfer due to normal mode coupling need to be addressed.

Besides internal waves, there are two other types of shallow water inhomogeneities
that we will consider to be important for three-dimensional acoustics: bottom sedi-
ment waves and surface gravity waves. Bottom waves are common in shallow water
and on the shelfbreak in the forms of small (ripples), medium (megaripples) and large
(sand waves) transverse bedforms [21]. Note that in the literature the term ”sand
dunes” can refer to both sand waves and megaripples. Bottom ripples have wave-
lengths of centimeters, whereas the length scales of megaripples and sand waves are
tens and even hundreds of meters. The last two are of more importance for the low
frequency acoustics because of their size. Middleton and Southard [22] summarized
the major distinctions between megaripples and sand waves based on their formation
mechanisms and the seabed type. He concludes that sand waves are more regular
and have longer crest continuity than megaripples. Reeder et al. [23] has recently
observed large sand waves on the continental slope of the Northern South China Sea
that have crest to crest wavelengths exceeding 350 meters and amplitude exceeding
16 meters. He discovered that these waves were generated by strong interaction of
nonlinear internal waves with the continental slope. In similar observations at the
Japan Sea shelf, Serebryany showed very good correlation between the shapes of non-
linear internal waves and sand waves located one above another [24]. In his thesis,
de Koning [25] applied a stochastic approach to describe the sand waves geometrical
distribution in the North Sea and provided its directional spectrum. The literature
and bathymetry data suggest that the existence of megaripples and sand waves of
various amplitudes is common for the majority of continental shelf regions and shelf-
breaks. Although many of the mechanisms of their formation are known and well
understood now, their impact on three-dimensional acoustic propagation has not yet
been studied, and is of great interest to us. For the purposes of this thesis, we will

refer to both types of bedforms above as to bottom sediment waves.

Ocean surface waves with relatively short wavelengths generally act as random
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scatterers for acoustic signals [1]. If wave breaking occurs, they are also known to
be strong generators of ambient noise [26]. When studying low frequency (ten to
a thousand Hz) acoustics, longer wavelength ocean surface waves are of particular
interest. In a developing storm area, longer wavelength, and therefore longer period,
surface waves are generated last. However, once generated, these long waves, also
called swell, travel with faster speed and to longer distances than the shorter (sea)
waves [27]. A striking example of swell that traveled along a great circle from the
Indian ocean to California was digitally recorded and described in detail by Munk [28].
Similar measurements by Goda [29] showed a significant wave height of two meters
for swell that traveled over nine thousand kilometers, and had a narrow directional
spectrum. Similarly to internal waves and bottom waves, long wavelength narrow
directional swells are believed to have a noticeable three-dimensional impact on low

frequency acoustic propagation, which has not been investigated before.

1.2 Overview of the Thesis

This work is dedicated to studying the three-dimensional interaction of low frequency
acoustic signals with ocean internal, surface and bottom waves. As a motivation for
the theoretical study, in Chapter 2 we present our observations of the horizontal angle
of arrival variability noticed in the SW06 data for a fixed acoustic source and receiver
array. In Chapter 3, we will briefly summarize the fundamentals of acoustic normal
mode theory, a primary tool used to approach our problem. Theoretical analysis of
normal mode properties and their perturbation due to the presence of each of the three
types of waves is studied using the example of an idealized, but insightful waveguide
model, and this is presented in Chapter 4. In Chapter 5, a theoretical approach is used
for studying three-dimensional effects of acoustic propagation in presence of straight
and parallel waves of each type. These effects are also illustrated by fully three-
dimensional coupled mode numerical modeling. A natural and important property of
internal waves is to have crossing structures, and this is discussed with applications to

three-dimensional acoustics and also simulated numerically in Chapter 6. In Chapter
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7, we present a computational look into acoustic propagation through real ocean
environments with each type of wave present, as well as discuss our suggestions for

possible future experiments. The summary and conclusions of this work are found in

Chapter 8.
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Chapter 2

Observations from the Shallow

Water 2006 Experiment

2.1 Experiment Overview

The Shallow Water 2006 (SWO06) experiment [12, 13] was conducted off the coast of
New Jersey (Fig. 2-1a), in the same area as the previous SWARM95 [6] experiment,
and lasted over two months (mid-July - mid-September). The experiment involved
sixty two environmental and acoustic moorings, seven research vessels, ten ocean
gliders, mobile acoustic sources, airborne and satellite measurements, and the mutual
effort of many institutions and universities. One of the primary goals was the de-
tailed study of the linear and nonlinear internal waves found in that region and their
three-dimensional interaction with low and medium frequency acoustic signals. To
accomplish this goal, environmental moorings were deployed in a T-geometry (Fig.
2-1b) that includes a thirty kilometer path along the shelfbreak at the eighty me-
ter isobath (stem of the T) and a fifty kilometer path across the shelfbreak (top of
the T). Acoustic sources were deployed at the outer ends of the T and an L-shaped
acoustic receiving array was placed at the intersection of the along and across shelf-
break paths (WHOI array in Fig. 2-1b). A number of closely spaced environmental
moorings were concentrated near the acoustic array to measure the three-dimensional

structure of the internal wave fields. This overall setup allowed the measurement of
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mental and acoustic moorings during the deployment.

acoustic signals traveling along and across shelfbreak, the latter of which also is nearly
perpendicular to mean direction of the prominent nonlinear internal wave crests. The
amplitudes of nonlinear internal waves observed at the moorings along eighty meter

isobath varied from a few to 25 m with mean amplitude of approximately 8 m [30].

Physically the acoustic L-shaped WHOI array consisted of horizontal and verti-
cal line arrays (HLA/VLA) connected by a heavy steel box with electronic hardware.
This box, also called Shark because of its shape, was simultaneously recording the sig-

nals received by the HLA and VLA hydrophones (Fig. 2-2). The HLA had 31 evenly
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Figure 2-2: Configuration of the horizontal and vertical line arrays connected to the
hardware recording box (called Shark because of its shape).

spaces hydrophones and a total aperture of 465 meters. During the deployment, the
HLA was stretched tight between the Shark node at the south end and HLA tail sled
node at the north end. The VLA consisted of 16 hydrophones of total aperture 66
meters and was kept tightened by large flotation sphere at 11 meters depth. A long
baseline acoustic navigation system was also deployed and used both for tracking the
lateral movement of the HLA and the VLA tilt caused by the semiduirnal tides and

internal wave induced currents (see Appendix A for details).

2.2 Observations

Though SW06 was perhaps the third experiment to examine low frequency acoustic
transmission along internal waves (after the Yellow Sea experiment and SWARM95),
it was the first to provide extensive environmental measurements and support along
such paths. Our initial interest here is to look at the signals coming from along the
shelfbreak directions. The Naval Research Lab (NRL) linear frequency modulated
source (denoted as NRL300 in Fig. 2-1b) was deployed at a depth of 72 meters at
the outer end of the along shelf path. The straight line horizontal distance and the
bearing relative to the True North to this source from the Shark were 18 km and 27.2
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Figure 2-3: Position of the Naval Research Lab source, NRL300, relative to the Shark
(WHOI array).
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Figure 2-4: Demodulated replica of the NRL300 LFM signal (black line) and its
envelope (red line).

deg respectively (Fig. 2-3). The source radiated an upsweeping LFM signal (270-330
Hz) with a length of 2.048 seconds. Ten percent of the signal length (0.2048 seconds)
in the beginning and at the end are tapered with a cosine function. Signal was
repeated every 4.096 seconds, i.e. with 2.048 seconds of silence between repeating. A
demodulated replica of the signal (i.e. with central frequency 300 Hz extracted) and
its envelope are shown in Fig. 2-4. Transmissions were scheduled every half hour with
total duration of seven minutes. For the central frequency of 300 Hz, a reference
sound speed 1500 m/s and a horizontal range of 18 km, the first Fresnel zone has a
diameter of 752 m which covers the HLA aperture. This allows us to use plane wave
approximation for the wave front. Figure 2-5 illustrates the example of the received at
the HLA signals cross-correlated with its replica shown in black lines (these outputs

are called compressed pulses). As one can see from the figure, normal mode arrivals
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are not totally time resolvable. The more detailed analysis of signal received at the
VLA showed that the first peak was often a result of the interference between the first
two (and highest amplitude) modes. In order to separate modes one and two from the
other arrivals, the signal was multiplied by a Hann window of 0.2 seconds length and
centered at the first peak of the compressed pulses. The windowed signals are shown
by red lines in Fig. 2-5. Using the shape of the HLA and its hydrophone locations
found in Appendix A, the angle of the signal arrival is then found by plane wave
beamforming [31] of the filtered pulse compressed signals. For our signal processing,
we assumed the waveguide properties along the HLA to be locally range independent
for the time frame of each transmission and used the water column properties for the
VLA location. This is a reasonable assumption for our application since the signal’s
distortion over the length scale of the HLA aperture is considered very small compared
to the total traveled distance of 18 km. However, it is not perfect, especially when
strong acoustic scatterers like a internal solitons or high sea swell are over the array.
We also used the group speed of mode one, that was computed with KRAKEN normal
mode code [32], for beamforming computations. We note that our filtered signal is a
superposition of modes one and two, and there is thus associated uncertainty in angle
of arrival estimation that needs to be addressed. Using the first order assumption of
range independent waveguide and adiabatic propagation of normal modes along the
transmission path, this uncertainty was evaluated numerically to be 1.1 degrees for

the examples we will consider below.

Scheduled transmissions started every half hour, with a duration of 7 minutes and
30 seconds. Figure 2-6 shows the output of beamforming for three selected receptions,
one for the transmission session during 11:30-11:37 UTC and two others for 12:00-
12:07 UTC on August 19, 2006. At this time, internal waves activity with amplitudes
exceeding 18 m was registered at the VLA. One can clearly see from the figure that
over the time window of 37 min (two transmission sessions), the difference in the
maximum of beamforming output (horizontal beam wobble) is approximately four
degrees. The modal interference uncertainty is a part of the beam wobble, but it

constitutes only 25 percent of this phenomenon. This beam wobble was not observed
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Figure 2-5: Signals received along the HLA and cross-correlated with its replica
(compressed pulses) are shown by black lines. Hann windowed outputs are shown by
red lines.

in the quiescent periods of internal wave activity. In an independent analysis, Duda
et. al. showed [14] similar angle of arrival fluctuations using horizontal coherence
analysis along the HLA for the lower frequency (100 Hz) phase-coded signal radiated
by the Miami Sound Machine source that was located not far from the NRL300 (MSM
source in Fig. 2-3). Also, Badiey et. al. [15] performed careful modal and frequency
decomposition of the NRL300 signal on the August 17, during another time of strong
internal wave activity, and registered two distinct arrivals for certain modes, clearly

indicating the out of vertical plane acoustic propagation.

The uncertainty in the directional characteristics of the acoustic signals seen in
our observations and other known directional studies from SWO06 clearly indicate the
importance of understanding the three-dimensional acoustic propagation in presence
of fine scale oceanography. In the studies which follow, we use both theoretical and
computational approaches to summarize both the known effects and also to investigate

other possible three-dimensional mechanisms causing out of vertical plane acoustic
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Figure 2-6: Beamforming output for three selected receptions for transmissions during
11:30-11:37 and 12:00-12:07 on August 19, 2006.

propagation through ocean internal waves as well as two other wave types that are

also believed to impact the three-dimensional acoustics.
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Chapter 3

Brief Overview of Normal Mode

Theory

There are three common approaches for describing underwater acoustic propagation:
rays, normal modes and the parabolic equation. Ray-based theory is constrained by
the high frequency approximation, and is most suitable at short distances from the
source, where the field is composed of a direct path and a few reflected waves. In
shallow water, the wavelength of low frequency signals is often comparable to the wa-
ter column depth. Also, we are interested in horizontal distances of several to tens of
kilometers over which multiple acoustic interactions with both the ocean surface and
seabed occur. This makes the normal mode and parabolic equation approaches more
suitable for our applications. Parabolic equation algorithms are very efficient meth-
ods of computing the acoustic field. However, they don’t provide us with the physics
insight of the normal mode technique, such as coupling in range dependent environ-
ments. In this chapter, we will review the fundamentals of normal mode theory and
its applications to shallow water waveguides. To start, we will derive the depth sepa-
rated normal mode equation for the case of a range independent environment (Section
3.1). For understanding the fundamental features of acoustic propagation in shallow
water, we will discuss normal mode solutions for two canonical waveguides: a hard
bottom ideal waveguide (Section 3.2), and the Pekeris waveguide, a more complex

problem that involves a penetrable acoustic half-space bottom (Section 3.3). In Sec-
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tion 3.4, coupled mode equations will be derived for the waveguides with properties

varying in three dimensions.

3.1 A Point Source in a Range Independent Waveg-
uide

We begin with the formal three-dimensional Helmholtz equation that governs the

sound pressure field excited by a point source at coordinates (xs, ys, 2s):

2

oV (;Vp) = b — )00y — o[ — =), (3.1)

where p(x,y, z) is the acoustic pressure, p(x,y, z) is the medium density, ¢(x,y, 2)
is the medium sound speed, w = 27 f is the acoustic angular frequency, and d(x) is
the Dirac delta function. In this section, we consider constant water depth, and a
horizontally stratified medium with sound speed ¢(z) and density p(z). We seek a
solution of the homogeneous part of Eq. (3.1) in terms of depth and radial functions

U(z) and ®(z,y):

p(z,y,z) = O(z,y)¥(2). (3:2)

By substituting acoustic pressure of the form of Eq. (3.2) into the homogeneous part

of Eq. (3.1) and dividing it by ® (x,y) ¥ (z), we obtain

11 0 (10V w? 1 [0*0 0%*0

— |p=|-—= —V|+ = |=—+—=—|=0. .

\I/[paz<p8z>+02 ]+®[8x2+8y2] 0 (33)
The left hand term in the above equation is a function of z and the right hand term

is a function of x and y. Therefore, Eq. (3.3) is satisfied if each of the terms is equal

2

rm?

to a constant. Denotong this constant by k- ., we obtain vertical equation

p(z)ddz <p(12)qujm(z)> (B () = 2,) W(2) =0, (3.4)
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where

(3.5)

is the medium wavenumber. Equation (3.4), when used with appropriate boundary

conditions on the finite depth interval 0 < z < 2,42, is a proper Sturm-Liouville
1

problem with a weighting function ﬁ The solutions to a proper Sturm-Liouville
p(z

problem are the eigenvalues k,,,, and associated eigenfunctions ¥,, that constitute a

complete set. The eigenfunctions are orthonormal in the sense that

U, (2)¥F (2) L _ 1, m=n,
/ S (3.6)

where 9,,, is called Kronecker delta and the star denotes Hermitian conjugate. The
eigenfunctions W,, are called the normal modes, and the eigenvalues k,,, are called
the horizontal modal wavenumbers. We also define the vertical modal wavenumber

to be
kom (2) = \/K2(2) — K2,,. (3.7)

Vertical equation (Eq. (3.4)) is often called the modal equation. Normal modes V,,
form a complete set, i.e. any function can be written as a weighted sum of normal

modes. Therefore, we write acoustic pressure as

p(z,y, 2 ZCD z, Y)W, (2). (3.8)

Substituting Eq. (3.8) into Eq. (3.1) yields

Z { [8232 a;jﬂ W + kf,m@qum} =—0(r—2)0(y—ys)d(2—z). (39
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Applying the operator

/ () Lalz)y, (3.10)

to both sides of Eq. (3.9), we obtain the separated horizontal equation

82 82 2 an(zs)
5t a3 = - - 11
(81'2 + 8y2> Py + K, P 0(x — 5)0(y — ¥s), (3.11)

which is a Bessel’s equation of the zeroth order and has solutions

i (k) W5 (24)

O, (r) = , 3.12
) 4p(zs) (312
where Hél)(kmr) is the zeroth order Hankel function of the first kind, and

r= (@ -2+ (v - w) (3.13)

Equations (3.8) and (3.12) give the following expression for acoustic pressure:

p(r, z) Z_ )H(l) (Kpmt) - (3.14)

Using the asymptotic form of the Hankel function for k,,,r >> 1, Eq. (3.14) becomes

Zﬂ'/4 etkrmr

p(x,y,2) ~ o) mZI\If 25) U, )m. (3.15)

3.2 Normal Modes for an Ideal Waveguide

Let us consider an example of the simplest shallow water profile, an ideal waveguide
with pressure release surface, hard bottom, depth Hy,, constant sound speed ¢y and

density po (Fig. 3-1). It can be shown [33] that corresponding normal modes are

2
U,.(2) = Hiot sin k. 2, (3.16)
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Figure 3-1: A homogeneous fluid layer with pressure release surface and hard bottom
(Ideal waveguide).

where the vertical modal wavenumbers are

Koo = (n - ;) % (3.17)

The horizontal wavenumbers are therefore

S EECEaE

Using Eq. (3.15), the acoustic pressure at a large distance from the source becomes

’L7T/4 eikrmr
p(r,z) =~ sin (kumzs) sin (kupmz) ——
Hyo /217 211 Z Vi (3.19)
_ 6—277/4 OO bln (ksz$> |: kzmz+]ngr) o efi(k‘zmszrmr)} )

Hyo\2mr 2 Ky,

The two terms in the square brackets of Eq. (3.19) represent down- and upgoing plane
waves with vertical grazing angles 6,, defined by the angle between the wavevector

and the horizontal plane (Fig. 3-1), such that

kpm = kcos b, k., = ksinb,,. (3.20)

With increasing mode number, the grazing angle increases, and therefore over a fixed
distance in range, higher order modes experience more bottom and surface interac-

tions.

Although there is an infinite number of normal modes for this waveguide, only a
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Figure 3-2: Homogeneous fluid layer with a pressure release surface and a homoge-
neous, higher sound speed, bottom half space (Pekeris waveguide); vertical grazing
angle regions are for the discrete and continous modal spectrum.

finite number of them have a real horizontal wavenumber. These modes are called

propagating modes. According to Eq. (3.18), for

Hy 1
Dbt 2 (3.21)

> M =
mn CoT 2

the horizontal wavenumber becomes imaginary, and the modal amplitude decays ex-
ponentially with range. The corresponding modes are called evanescent modes. Thus,

for large distances from the source, one can limit the sum in Egs. (3.19) and (3.15)

by M.

3.3 Normal Modes for Pekeris Waveguide

When deriving Eq. (3.14), we made an assumption of a non-singular Sturm-Liouville
problem that has a complete set of normal modes. Many ocean-acoustic problems,
however, have a mixed wavenumber spectrum composed of a discrete finite set of
normal modes that are associated with a properly-posed Sturm-Liouville problem,
and continuous part associated with an improperly-posed Sturm-Liouville problem.
One of the canonical shallow water waveguide examples that has a mixed spectrum
is the Pekeris waveguide. In this waveguide model, a homogeneous fluid layer with
depth Hp,, sound speed ¢y, density pg, and a pressure release surface overlies a

homogeneous bottom fluid half space with higher velocity cp,; and density ppo (Fig.
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3-2). The Pekeris waveguide is one of the fundamental problems in ocean acoustics,
because it describes a large number of the acoustic propagation properties in shallow

water.

We define the angle between the plane wave wavevector and the horizontal plane
as a vertical grazing angle (Fig. 3-2), similar to Eq. (3.20). Unlike the previous ideal
waveguide, acoustic reflection from the bottom interface is not always total, and the

reflection coefficient Ry,; depends on the vertical grazing angle:

_ ProtCoot/ SN Opor — poco/ sin 0
Rbot (6) - . . 9
PbotChot/ SIN Opor + poco/ sin @

(3.22)

where 6y, is the vertical grazing angle of the plane wave transmitted into the bottom

half space. It is related to the water layer grazing angle through Snell’s law:

Chot COS O = c cOS Opoy. (3.23)

There are two distinct vertical grazing angle regions that determine behavior of Rp;.

These are
Rytl <1, 0>0.,
B ! (3.24)
‘Rbot| = 1a 0 S ecrita
where
0. = cos ! ( 0 ) (3.25)
Chot

is the critical grazing angle.

For 6 < 0., total internal reflection occurs and therefore, Eq. (3.4), together
with the free surface condition and the Neumann boundary condition at the bottom
interface, is associated with a proper Sturm-Liouville problem that has a finite discrete
set of perfectly trapped modes. At steeper grazing angles, 8 > 0..;, the acoustic
energy is no longer perfectly reflected, and leakage into the bottom half space occurs.

The Sturm-Liouville problem becomes improperly posed, and this corresponds to a
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modal continuum (See [34] for details). Acoustic pressure is formally expressed as
the sum of a trapped modes contribution (discrete part) and a contribution from the

modal continuum (continuous part):

p(r, 2) = pa(r, 2) + pe(r, 2). (3.26)

The modal continuum is associated with energy loss and thus its contribution to the
acoustic pressure decays with distance from the source. Therefore, at sufficiently large
distances from the source in a range independent environment or in an environment
with slowly varying parameters (see next section), its contribution is negligible, and we
can approximate an acoustic field by including only the first term in Eq. (3.26). The
continuous part of the pressure spectrum becomes important when either the distance
from the source or the distance at which significant changes to the environmental

parameters occur, are less than several wavelengths.

The normal modes for the Pekeris waveguide are [34]

W, (2) Ay sin (km2), 0 <z < Hyy, (3.27)
m\%) = . ’
A Sin (K Hyop ) €Fzmvor(z=Hoot) 5 > [,

where the vertical modal wavenumbers in the layer, k.,,,, and in the bottom half space,

E.m.bot, are related to the horizontal modal wavenumber by

2
T (“) k2 (3.28)
Co
W\ 2
Fompor = < )—k;,%m, (3.29)
Chot
and are found from
pbotkzm
tan(kyp Hpot) = —————. (3.30)
pﬂkzm,bot

Equation (3.30) is a transcendental equation for the eigenvalues k,.,,(w). Using the
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orthonormality of the modes defined by Eq. (3.6), it is found that

1 in (2k,m Hpo 1 sin? (kumHpo
A, =2 [ (Hbot _ Sm(bt)) _ W—m _ (3.31)
Po 2kzm Phot Zkam,bot‘

With Eq. (3.15), we can approximate the acoustic pressure field at large distances

from the acoustic source as

62'71'/4 % ) eikTmr
—_— Az sin (K zs) sin (K 2) 0 <z < Hpg,
V8mrpy S " Erm -0 ’
p(T? Z) ~ 6i7r/4p0 77}\}1 " eikrm'r (332)
—_— A2 sin (kymzs) Sin (Ko Hypr )€ Fembet G=Hoo) 2 > |,
/87TTp0 mz::1 m ( ) ( b t) krm =~ bot s

where M denotes the number of trapped modes.

3.4 Normal Modes for Range Dependent Environ-

ments

Let us return to the Helmholtz equation (Eq. (3.1)) and rewrite it in its Cartesian

components,

2

P (2] + o2 R+ p 2 2] +%p=—0 (v — )0 (y— ya) 0 (2 — ). (3.33)

p

Using the completeness of the normal mode set, we seek a solution of Eq. (3.33) as

a sum of local modes,

p(w,y,2) =3 Pl y) ¥ (2, y, 2), (3.34)

m

where ®,,(x, y) are the complex modal amplitudes and ¥, (z, y, z) are the local normal

modes defined by

OV (z,y,2 w?
P <I’ Y, Z) % [p(x,ly,z) 8(2 . )} + [c2(m7y,z) - k?m (Ia y)] v, (Iu Y, Z) =0. (335>
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and appropriate boundary conditions at the sea surface and bottom. The local normal

mode set is therefore found at each point (x,y) in the horizontal. Substituting Eq.
(3.35) into Eq. (3.33), applying the operator

[ ters,,

(5.7, 2) (3.36)

and using the orthonormality of the modes (Eq. (3.6)), we get the following equation
for modal amplitudes

0*®,, 0*®,,
- =+ k2, (x y) P, +2Amn®m+
n\L, Y, Zs
an Cmn __5 $—$s5y— s) T /N

where the coupling coefficients A,,,, Bpnn, Cmn are defined by

o [1ov, o [1]00,
A= [ (pax M o TPy M ay> Vi (3.:38)
0w, 0 [1 U,
By = / (2 St M \Ifm> —rds, (3.39)
and
ov. 01 U,

For environments whose parameters change in the horizontal slowly compared to

the acoustic wavelength scale, the coupling coefficients are negligible, and the equation

for the modal amplitude becomes

0*®,, 0°d,, 9 . Vo (2,9, 2s)
572 + 012 -k (2 )‘I)m——5($—$s)5(y—ys)m,

(3.41)

often called the horizontal refraction equation [33]. This approximation, also called

the adiabatic approzimation was originally introduced for cylindrically symmetric
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range dependent waveguides by Pierce [35], and more formal derivations were ob-
tained in [36]. Using Eq. (3.41), our initial three-dimensional problem of Eq. (3.33)
reduces to finding the local normal mode set for each point in the horizontal fol-
lowed by solving several two-dimensional problems of Eq. (3.41), one for each normal
mode. This approximation is a very powerful tool as it allows us to solve a num-
ber of three-dimensional acoustic problems analytically and considerably reduces the
computational time of numerical modeling.

Coastal waters are often associated with considerable changes of waveguide prop-
erties over short distances, and generally speaking, mode coupling techniques need
to be employed. However, as we will see in Chapter 5, even with presence of strong
nonlinear internal waves or bottom waves of large amplitude, the adiabatic approx-
imation is sufficient for acoustic propagation within the narrow directional ranges

centered in the direction of the ocean wave crests.
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Chapter 4

Acoustic Normal Mode
Perturbations due to Ocean
Internal Waves, Bottom Sediment

Waves and Surface Waves.

To understand the physics of three-dimensional shallow water acoustic propagation
in the presence of internal waves, bottom sediment waves, or ocean surface waves, it
is important to know the impact of each of these effects on normal mode properties.
In this chapter, we will investigate the perturbation of the normal mode horizontal
wavenumbers and their corresponding mode functions due to the presence of waves
of three types. In order to do this, we will introduce a simple idealized model of
a background shallow water column and then derive the governing equation for the
modal wavenumbers (Section 4.1). Each of the three types of waves will be treated
as a corresponding modification of the model that allows us to find the perturbation

to the modal wavenumbers analytically (Sections 4.2 - 4.4).
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Figure 4-1: Background water column model: two homogeneous fluid layers (upper
layer having slightly higher sound speed) bounded by a free surface and a homoge-
neous half space bottom of higher sound speed.

4.1 Waveguide Model

Let us consider an idealized waveguide with two horizontal fluid layers bounded by
a vacuum half space on top and by a fluid half space below (Fig. 4-1). The lower
acoustic layer is characterized by a constant reference sound speed and density in the
water ¢y, and pg respectively. The upper layer, that is often called the mixed layer,
has the same density, but slightly higher than reference sound speed ¢,,; = ¢o + Ac.
The bottom half space has a constant density and sound speed equal to the seabed
reference values ¢,y and pp;. The depth of the interface between layers is D and
the a bottom depth is Hp,. Although this model does not exactly describe the
realistic vertical variation of sound speed, it is fairly simple, and at the same time
approximates a wide range of shallow water columns, especially in the summer time

or in low latitudes, when a higher sound speed surface mixed layer exists.

We assume our waveguide model to be range independent, and derive the ex-
pressions for the normal modes, together with a transcendental equation, similar to

derivations for the Pekeris waveguide [34]. The general solution of Eq. (3.4) within
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the two layers and the bottom half space is

Crn sin (kzm mi2), 0<z<D
U(2) =3 Apetbsmz 4 Bemihemz D < 2 < Hyy, (4.1)
Dmeikzm7b0tza z 2 Hbot,

where we have applied the free surface boundary condition for the upper layer and
the Sommerfeld radiation condition for the bottom half space. A,,, B,,, Cp,, and
D,, are the constants that satisfy continuity of pressure and particle velocity at the

interface between layers,

U, (DY) =¥,,(D7), (4.2)

OV,,(D*) _ 9%,,(D")

4.3

0z 0z (43)
and between the lower layer and bottom half space,

Ui (Hyoy) = Vin(Hpgy) (4.4)

1 a\IIVn(Hl;Zt) _ iﬁ\llm(Hb?ﬁJ (45)

Pbot 0z Po 0z

Vertical modal 