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Dynamics and Control of a Biomimetic Vehicle Using Biased

Wingbeat Forcing Functions: Part I - Aerodynamic Model

Michael W. Oppenheimer *
David B. Doman ¥

David O. Sigthorsson *

An aerodynamic model, for a minimally actuated flapping wing micro
air vehicle (FWMAYV), is derived from blade element theory. The vehicle
considered in this work is similar to the Harvard RoboFly, except that it
is equipped with independently actuated wings. A blade element-based
approach is used to compute both instantaneous and cycle-averaged forces
and moments for a specific type of wingbeat motion that enables nearly
decoupled, multi-degree-of-freedom control of the aircraft. The wing po-
sitions are controlled using oscillators whose frequencies change once per
wingbeat cycle. A technique is introduced, called Split-Cycle Constant-
Period Frequency Modulation with Wing Bias, that provides a high level
of control input decoupling for vehicles without active angle of attack con-
trol. This technique allows the frequencies of the upstroke and downstroke
of each wing to differ such that non-zero cycle-averaged drag can be gen-
erated. Additionally, a wing bias term has been added to the wingbeat
waveform and is utilized to provide pitching moment control. With this
technique, it is possible to achieve five degree-of-freedom control using only

two physical actuators. The present paper is concerned with the derivation
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of the instantaneous and cycle-averaged forces and moments for the Split-
Cycle Constant-Period Frequency Modulation with Wing Bias technique.
Implementation of the wing bias is discussed and modifications to the wing-
beat forcing function, which are necessary to maintain a continuous wing

position, are made.

I. Introduction

For years, researchers have been interested and intrigued by the flight of flapping wing
insects. Some of the earliest research efforts on flapping wing vehicle flight took place in
the 1950’s and 1960’s.™* Osborne! used blade-element analysis to represent the forces on
a flapping wing. Jensen? studied the flight of locusts while Vogel®* analyzed the fruitfly
Drosophila and calculated a lift coefficient for this insect. More recently, flapping wing micro
air vehicles (MAVs) have received a great deal of interest from the research community due
to their potential to achieve insect-like maneuverability.> ! The ability to mimic the flight
behavior of insects could enable such a vehicle to perform missions which larger, fixed wing
vehicles are unable to perform, such as intelligence, surveillance, and reconnaissance in urban
environments and indoor locations. These potential capabilities have prompted continued

1213 and fabrication.”?

9,14-18

research into flapping wing flight dynamics, control law development

Biologists have been interested in insect flight for some time. Ellington provided
detailed analysis of hovering insect flight, including kinematics, lift and power requirements,
and aerodynamic mechanisms. Other researchers have studied the flight of butterflies,!®
Diptera,?® bumblebees,'* ! and the hawkmoth Manduca Sexta.?'?* The desire was to char-
acterize and understand the mechanisms that enable insect flight.

The aerodynamics of flapping wing flight are complex.% 147182427 Wing-wing interactions,
wake capture, leading-edge vortices, wing rotation and acceleration are examples of some of
the complex phenomena that occur. Dickinson?® has studied the unsteady aerodynamics
of model wings at low Reynolds numbers. Sane and Dickinson® have performed mineral oil
experiments on a flapping wing and generated a quasi-steady aerodynamic model of the wing,
while Sitaraman? developed a numerical model of the unsteady aerodynamics of flapping
flight.

In this work, a simplified aerodynamic model, which does not take into account unsteady

12,32 and Oppenheimer!'® have

effects, is utilized for control law design. Deng,3*3! Doman,
developed cycle-averaged control laws for flapping wing micro air vehicles. These control
strategies used wing flip timing and mean angle of attack as control variables or included
an additional control effector to adjust the center-of-gravity (CG) of the vehicle. The con-

trol strategy introduced by Deng® required 4 actuators. Oppenheimer!? utilized split-cycle
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constant period frequency modulation without wing bias to control a six degree-of-freedom
(DOF) unsteady simulation model of a FWMAV using three actuators. Two actuators con-
trolled wing position while the third controlled a bobweight. Here, the need for the bobweight
actuator is eliminated by modifying the wingbeat profile to include a non-zero bias. The

12,13 45 still utilized, however, the wingbeat

split-cycle constant period frequency technique
can be biased, which has the effect of providing control of the pitching moment. Due to
the periodic nature of flapping wing motion, the forces produced by the wings are periodic
functions of time. Thus, continuous control, of the forces and moments produced by the
wings, is not an option and control variables should only be modified at the start of a cycle.
Therefore, a cycle-averaged control law is developed and in this paper, the cycle-averaged
forces and moments for a flapping wing MAV are computed. The vehicle used in this work
is similar to the RoboFly” with a key difference being that the present vehicle has indepen-
dently actuated wings.!? Wood™® 33 has shown that liftoff can be achieved with these types
of vehicles. The goal of this work is to provide a wingbeat forcing function and control law

that can yield controlled six DOF flight of the vehicle using only two physical actuators.

A. Preliminary Assumptions

The purpose of this investigation is the development of a control strategy. Hence, an idealized
model is desired, which allows one to study the dynamic behavior of the aircraft. This
objective limits the fidelity of the aerodynamic and structural models that can be utilized.

In light of the above objective, the following assumptions are made:
e There are no aerodynamic interactions between the left and right wings.
e There are no aerodynamic interactions between the wings and the fuselage.

e The passive wing rotation joint is on a limit when the wing angular velocity in the

stroke plane is non-zero.

e The 2D sectional aerodynamic coefficients are known and constant throughout each
stroke. Three dimensional and unsteady effects from leading edge vortex and wake

phenomena are not present.
e The air mass surrounding the vehicle is quiescent.

e Aerodynamic forces and moments are the sole result of wing motion, i.e., only flight

conditions in the neighborhood of hover are considered.

e The bandwidth of the piezoelectric actuators exceeds the wingbeat frequency.
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A reduced-order model for control law design is developed. Ultimatley, the controller
developed will be tested on a truth model that relaxes some of the assumptions made above
and includes unsteady aerodynamic effects. Although the unsteady model is not developed

here, it will be a focus of future research efforts.

II. Split-Cycle Constant-Period Frequency Modulation With
Wing Bias

12 was shown to be ca-

The wingbeat position command structure presented by Doman
pable of producing horizontal and vertical forces as well as rolling and yawing moments.
The inability of that control strategy to independently generate pitching moments led to the
addition of a bobweight actuator. Here, a wing position bias is introduced that enables the
cycle-averaged center-of-pressure of the beating wings to be moved such that cycle-averaged
pitching moments can be manipulated without a bobweight. It will be shown that the new
control strategy is capable of generating six independent forces and moments using only two

physical actuators.

Gupw (t) = Arw cos [(wow — ow) ] + nw )

Gy (1) = Apw cos [(wow + oLw )t + Eow]| + now

and

Gup () = Arw cos [(Wrw — Orw) t] + Nrw @)

Gdpw (t) = Arw cos [(wrw + orw ) t + Erw]| + Nrw

where ¢,,,,(t) is the wing position of the left wing on the upstroke, ¢g4,,, (¢) is the wing
position of the left wing on the downstroke, ¢y, (t) is the wing position of the right wing on
the upstroke, ¢g,,, (t) is the wing position of the right wing on the downstroke, ngw, now are
the wing bias terms, and Agrw, Arw are the wingbeat amplitudes. Practical implementation
requires that the bias terms be delayed by one full wingbeat cycle for reasons that will
become evident shortly. Changing the amplitude will have a similar effect as changing the
fundamental wingbeat frequency because these variables change the wing velocities in the
same way. Hence, either the amplitude or the wingbeat frequency can be a control variable.
In this case, left and right wingbeat frequency will be used for control purposes, while the
amplitude is maintained constant (with the exception of the necessary last quarter stroke
amplitude change for wing position continuity with nonzero bias, which will be discussed
shortly).

Figure 1 shows the effects, on the wingbeat forcing function, of changing the wing bias.
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The wing bias is forced to be constant over each full cycle. Since g # 11 # 12, discontinuities

Wing Position vs. Time
1.5 r T T T T

¢ (rad)

-1.5 i 1 1 1 i
0 0.5 1 1.5 2 2.5 3
Normalized Time

Figure 1. Wing Position With Variable 7.

exist in the wing position. This is a situation that cannot physically exist. To overcome this
issue, the second half of the downstroke is modified by the addition of a cosine wave. For
the first half of the downstroke, the wing position forcing function is exactly as shown in
Equations 1 and 2. For the second half of the downstroke, the wing position forcing functions

are modified to the following form

Gapy (1) = Apw cos [(wow + oow) t + Eow] + now + AALw cos [(wow + ow) t+ Eow]  (3)

and

P (t) = Arw cos [(wrw + orw) t + Erw| + naw + AAgw cos [(wrw + orw) t + Erw] (4)

The terms AA;y and AAgy are used to maintain a continuous wingbeat position forcing
function. Figure 2 shows the results of adjusting the last half cycle of the downstroke. In this
case, the wing position is continuous. Because frequency was chosen as a control variable
instead of amplitude, this work utilizes constant amplitudes, i.e., Arw = Agrwy. Allowing

the amplitude to vary between the up and downstrokes would force changes to the wingbeat
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functions at the half and full cycle points of the wing motion to maintain a continuous
wing position, whereas, changing the wing bias at the end of a full cycle only requires one

modification to maintain a continuous wing position.

Wing Position vs. Time
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Figure 2. Wing Position With Variable n Altered to Maintain Continuity.

Figure 3 shows the points in the wingbeat cycle where wj;, d;,m;, AA; are calculated and
applied. Note that these variables are calculated at the beginning of the upstroke and that
AA; is applied for the last half of the downstroke to ensure wing position continuity. The bias
term is delayed by one full wingbeat cycle and then is applied for the next complete wingbeat
cycle. Thus, at the beginning of an upstroke, w; and ¢; are calculated and immediately applied
for a complete cycle. Also, AA;, A;, and n; are calculated with AA; being applied for the
last half of the current wingbeat downstroke and A; and 7; being applied for the next full
cycle.

In order to calculate the amplitude adjustment terms, consider the end of a complete
wingbeat and, for brevity, consider only the left wing (right wing calculations are similar).
Using Figure 3 and Equation 3, it can be seen that at the end of the first complete cycle,

when t = %’r, the modified downstroke wing position is
¢dLW (t)|t:%’“ = ALWO + NLw, T+ AALW1 (5)
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Figure 3. Points In Wingbeat Cycle Where Control Parameters Are Calculated And Applied.

while at the beginning of the second cycle upstroke, the wing position, Equation 1, is given
by

(6)

¢ULW (t)‘t:%’r = ALW1 + NLw,

Equating the expression in Equations 5 and 6 and solving for AAy, yields
AArw, = Arw, + nowy — (Arwg + o) (7)

In general, this expression becomes

AA; =A +n — (Aimr +mim1) (8)

Thus, in order to determine AA;, the system needs information about the amplitude and

bias during the next wingbeat cycle.
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The forcing functions driving the positions of the wings are

Gupw (t) = Apw cos [(wow — dow) t] + now (upstroke)

1
Gdpw (t) = Apw cos [(wow + ow) t+ Eow] + now (ﬁrst 5 of downstroke)

Gapw (t) = (Apw + AALw) cos [(wew + orw) t + Eow] + now (second % of downstroke)
9)

and

Gup (1) = Agw cos [(wpw — 0rw ) t| + nrw (upstroke)

1
Gy () = Arw cos [(wWrw + orw) t + Erw| + NrW (ﬁrst 3 of downstroke)

1
Gdpy (t) = (Arw + AAgw ) cos [(wpw + orw ) t + Erw| + NrRW <second 3 of downstroke)
(10)

It is important to point out that, in Equations 9 and 10, the time index subscripts on the
variables have not been included. It should be understood that for wingbeat cycle 7, the
biases and amplitudes used are nrw, ., Mrw,_,, Arw,_,, ALw,_, while the fundamental fre-
quency wWrw,wrLw, split-cycle parameters gy, 0w, and amplitude modification parameters
AArw, AApw are the current time values. These variables are produced by the cycle-
averaged control law presented in Part I11.3* In other words, bias and amplitude are delayed
by one complete wingbeat cycle prior to their use in generating the wingbeat forcing func-

tions.

III. Instantaneous Blade Element Model of Flapping Wing
Vehicle with Independently Actuated Wings

In this section, an aerodynamic model of the flapping wing vehicle is developed. One of
the objectives of this work is to develop a model which yields insight into the controllability
of this class of vehicles. In light of this objective, the aerodynamic model is void of any
unsteady effects and is based solely on blade element theory. The use of computational
fluid dynamics or finite element models would provide a higher fidelity model, however,
these techniques would not allow designers to make vehicle modifications and rapidly asses
their effects and have a tendency to mask the most pertinent factors in force and moment

generation.
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A. Instantaneous Aerodynamic Forces and Centers-of-Pressure in Wing Plan-

form Frames

The aerodynamic forces are derived, using blade element theory, for triangular shaped wings
that have two degrees of freedom, namely, angular displacement, ¢(¢), about the wing root
in the stroke plane, and angular displacement of the planform about the passive rotation
hinge joint, which is equivalent to wing angle-of-attack, «, in still air. The lift and drag due
to the wings was previously calculated!? and is summarized here.

The lift and drag can be expressed as the product of time invariant parameters and time

varying functions

_ y 2
b= kL(?(t) (11)
D = kpo(t)?
where
]{JL é gCL(Oé)]A
. (12)
]{ZD == §CD(CY)]A

p is the atmospheric density, 14 is the area moment of inertia of the planform about the
wing root and Cf(a), Cp(«) are the lift and drag coefficients, which are computed using the

following expression from Sane and Dickinson®

Cp(o) = 1.58sin (2.13c — 7.2) + 0.225

(13)
Cp(a) = —1.55cos (2.04cc — 9.82) 4 1.92

The only variable that can be actively manipulated to control the instantaneous aerodynamic

forces is the angular velocity of the wing, ¢(t). Differentiating Equations 9 and 10 yields

(éULW (t) = _ALW (wLW — 5LW) SiIl [(CULW — 5LW) t] (upstroke)

. 1

Gapy (1) = —Apw (wow + oow) sin [(wew + ow) t + Ew] <ﬁrst 3 of downstroke)
) (14)
Gapw () = — (Aw + AArw) (wew + oLw)

1
«sin [(wew + ow) t + Eowl (second 5 of downstroke)
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and
Gupw (1) = —Arw (Wrw — Orw) sin [(wrw — 0rw) t] (upstroke)
<15de (t) = —Apw (wrw + ogw) sin [(waw + orw) t + Erw] (ﬁrst % of downstroke)
G () = — (Arw + AAgw) (Wrw + Trw) (15)
« sin [(wrw + 0rw ) t + Erw] (second % of downstroke)

The instantaneous lift and drag of the left and right wings on the upstrokes and downstrokes

are obtained by substituting Equations 14 and 15 into Equation 11 to yield
Luyw = kL A2y (wow — 0pw)” sin? [(wow — dzw) 1] (upstroke)
1
La,w = kL ALy (wow + ULW)2 sin? [(wrw + orw) t + Ew] <ﬁrst 5 of downstroke)
Layy =k (Apw + AArw)® (wrw + orw)’

1
s sin? [(wrw + ow) t + Eow] (second 5 of downstroke)

Do,y = kpA2y (ww — 6pw)’ sin? [(wow — dzw) 1] (upstroke) (16)
Da,y = kpA3y (wiw + O'Lw)2 sin? [(wrw + orw) t + Ew] (ﬁrst % of downstroke)
Da,w = kp (Apw + AALw)? (wiw + oow)?

* sin? ((wew +ow)t+ Eow] (second % of downstroke)
Lupw = kA% (Wrw — 0rw )’ sin? [(waw — drw) t] (upstroke)
Lapw = kr A%y (wrw + URW)2 sin® [(wrw + orw) t + Erw] (ﬁrst % of downstroke)
Lipy = ki (Arw + AARW)2 (wrw + URW)2

* sin? ((wrw + orw )t + Erw] (second % of downstroke)

(17)

Dy = kp Ay (wrw — 0rw)” sin? [(wgpw — 0rw) 1] (upstroke)
Dy = kpAgy (Wrw + URw)2 sin® [(wrw + orw ) t + Erw] (ﬁrst % of downstroke)
Dy = kp (Apw + AARW)2 (wrw + URW)2
* sin? (wrw + orw )t + Erw] (second % of downstroke)
With the relationships between the body, roots, spars, upstroke planform and downstroke
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planform axis systems established by Doman, et. al.,'? the instantaneous values of lift and
drag on each wing may be transformed into the body-axis coordinate frame. If the air mass
is quiescent, then the relative wind is parallel to the stroke plane, which is coincident with
the x-y plane of the local spar frames. Therefore, the lift and drag forces are conveniently
expressed in the spar coordinate frames, which can be transformed to the body frame using
rotation matrices.!? The aerodynamic forces, associated with each wing and stroke expressed

in the body frame, are summarized in Table 1.

Force Body Frame
LuRW
RW Upstroke | FJ = |—-D,  sing,,, (t)
| Daugyy €OS Qugyy (1) ]
= o =
RW Downstroke | FY = | Dy sin g, ()
| —Dapy COS Qg (1) ]

uLW
LW Upstroke FfLW = | Dy S0 @y, ()
Dy, COS oy (1)
Layy,
LW Downstroke | FY = | —D, sing¢y,,, (t)

_DdLW CO8 ¢dLW (t)

Table 1. Aerodynamic forces expressed in local spar and body frames.

In Table 1, the subscripts denote which wing and stroke while the superscript defines the
axis system in which the force vector is written. For example, the subscript ugy denotes
the right wing upstroke while dry denotes the right wing downstroke. The superscript B
denotes the body frame.

The center-of-pressure of each wing is conveniently expressed in the local wing planform
frame associated with each stroke. The centers-of-pressure'? of each wing on the upstroke
and downstroke are summarized in Table 2. In Table 2, Ar? is the position vector from the

center-of-gravity to the origin of the right wing coordinate system, Ar? is the position vector

wp , WP

from the center-of-gravity to the origin of the left wing coordinate system, and z.,", v,

define the location of the center-of-pressure in the local wing planform frame. These position

vectors are explicitly expressed as
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CP Location

Body Frame Expression

zotsino + Axg
B WP w
RW Upstroke | rep,, Sin ¢y, COS 0 + y P cos Pupy + 2
xWP COS Doy, COS QA + Yoy ¥ SIN Puyyy, + Az
zyFsino + Axg
B WP w
RW Downstroke | rep dw = sin ¢dnw cos o + y P cos Dip + %
zgpF COS Qg cos a + Yyl sin Gap,, + Az
zg P sina + Azf
B — WP w
LW Upstroke | rep,, = | —zl/”sin nguLW cosar — Y ¥ cos yyyy — 2
xWP COS Py, COS QU+ Yo b sin Gy, + Azp
zyFsino + Axp
B — WP w
LW Downstroke GCdLW T sin ¢dLW cos v — ycp CcoSs ¢dLW )

W

zoF cos ¢,y cosa+ yu Fsin b, + Azp

Table 2. Centers-of-pressure expressed in body frame.

B _
Ary =

where w 1s the width of the vehicle.

B
Azy

B. Aerodynamic Moments in Body Frame

(18)

The expressions for the aerodynamic moments associated with each wing and stroke are

given by!?

URW

_ B B
rcde X FdRW

=7 B B
CPurw urLw

B B
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Carrying out the cross product operations and substituting the values from Tables 2 and 1

into the expressions in Equation 19 yields'?

URW

ULw

Dupy [y + 5 008 Gupyy + A2 S Gy

{LURW [chZP SIN Py + AZ}Bﬂ — Doy pyy ATE cOS Puypy —

WP

(L cOSQ + Dy, sina x,,

COS Doy oy }

URW URW

{—DURWA:I:}Bz SIN Gy — Ly [— + oy cos QS“RW} _

(L cOs @+ Dy, sina P sin gy, }

—Dap [yfgp + 5 €OS Papyy + Azg sin ngdRW}

wpP

[Lagy €08+ Dy, sin o] 207 cos ¢y,

WP

[Lagy, cos @+ Day, sinal 27 sin ¢y, }

Dy, . [—yfgp — % COS Puyyyy — Azf sin ¢uLW]

Dy [Y7 + % cos ¢y, + AzP sin gy, |

wpP

[La,y cosa+ Dy, sina] zVF cos ¢y, }

[Layy cosa+ Dy, sina] sV F sin ¢, ,, }

{Lagw [yZXP SN Gy + A28 ] + Dy Az €08 Gy, +

{Dapyy AzE sin Gapyy — Lapy |2+ Yo ¥ cos D] + - - -

{LULW [yfgp Sin Gy, + Azﬂ — Dy, AxP cos by, —

[Lupy cos o+ Dy, sina] 2 F cos ¢y,
{DuLWAxf SIN Gupyy + Ly gy [— + y P cos gbuLW} +...
[Luyy cosa+ Dy, sinal a2l Psin gy, }

{Layw [ygzp sin @, + AzP] + Da,,, AP cos ¢y, ,, +

{—DdLWALL’L sin ¢dLW —+ LdLW [— + y COS ¢dLW:| _

(21)

(23)

Equations 20-23 provide the expressions for the instantaneous aerodynamic moments gener-

ated by each wing at any point in a wingbeat cycle in the body-axis coordinate frame.

In this work, the relationships between the cycle-averaged forces and moments and the

wing kinematic parameters that can be manipulated for control are derived. These pa-

rameters are wrw, Wrw, Orw, Orw, Nrw, and Nrw, which are the fundamental frequency,

split-cycle parameters, and wing biases for the left and right wings, respectively, are derived.

Feedback control laws based on cycle-averaged forces and moments will allow a vehicle to

track desired angular and spatial positions in a mean sense; however, because of the true

periodic nature of the aerodynamic forces, the vehicle will exhibit limit cycle behavior in a

neighborhood about the mean position.
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IV. Definite Integrals for Computation of Cycle-Averaged

Aerodynamic Forces and Moments

In this section, expressions for the compute cycle-averaged forces and moments are de-
rived. Since the introduction of the split-cycle parameter changes the frequency of the cosine
wave when (w — §)t = 7 in each cycle and because the downstroke is split into two parts, it

is convenient to split the integrals, used to evaluate the cycle-averaged forces and moments,

as follows
L(S Tr(3E0726(5)) 27
o w w— 2w (w— w
G- [ [ et [F comas [ G(@(t))dt] (21)
0 5 Bt

where the downstroke is split into first-half and second-half parts. Note that G in Equation 24
is a generalized force that represents either a force or moment.

In order to calculate the cycle-averaged forces and moments, it will be necessary to
evaluate numerous integrals. Many have no indefinite integral solutions. For example, many
of the integrands will be of the form cos(coswt) or sin(cos wt). Fortunately, definite integrals
involving such functions exist over the intervals of interest for the present problem and can
be derived from results presented in Gradshteyn & Ryzhik.*® The solution of many of these
definite integrals involve a Bessel function of the first kind, J;(+), as well as a Struve function,
H,(-).%® For convenience, the solutions to the definite integrals that are required to compute
the cycle-averaged forces and moments are provided.

For the upstroke, there are three integrals of interest. The first is

™

™

prar
I = in? [(w — oy a— 2
1 /0 sin® [(w — 9)t] dt 2w =) (25)
The second integral used during the upstroke is
L2 / " in? [(w — 6)f] sin (A cos [(w — 6)] + 1) dt (26)
0
Using the following identity,
sin (3 + 1) = sin B cosn + cos Bsinn (27)
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Equation 26 can be rewritten as

LE /M sin? [(w — 6)t] sin (A cos [(w — 0)t]) cos ndt
. 29
+ /0 sin? [(w — §)t] cos (A cos [(w — 0)t]) sinndt = Iy + I

Evaluating the integrals yields

121 =0 [22 = ﬁjl(/l) SiIl?] (29)

where J;(A) is a bessel function of the first kind. The last upstroke integral necessary to

compute cycle-averaged forces and moments is

™

L2 / " sin? [(w — 6)1] cos (A cos [(w — 8)1] + ) dt (30)

0

Using the following identity,
cos (B +n) = cos fcosn — sin B sinn (31)

Equation 30 can be rewritten as

I £ /OM sin? [(w — §)t] cos (A cos [(w — 0)t]) cos ndt

i (32)
- /wa sin? [(w — 6)t] sin (A cos [(w — 0)t]) sinndt = I3 + I3
0
Evaluating the integrals yields
]31 = mJI(A) cosn ]32 =0 (33)

Since the second half of the downstroke is modified to ensure wing position continuity,
integrals over the downstroke become more complicated than those over the upstroke. In

fact, the integrals are split into two parts. The first downstroke integral is

7 (3w—26) 27
2w(w—10) W
I 2 sin [(w + o)t + &) dt + / sin” [(w + o)t + &] dt
e =) (34)
T T
= + = In + Lo

dw+o) 4w+o)
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The fifth integral is

7w (3w—26)
2w(w—10)

A

Is = sin? [(w + o)t + €] sin (Acos [(w + o)t + &] +n) dt

o (35)
sin? [(w + o)t + &) sin ({4 + AA} cos [(w + o)t + €]+ 1) dt

w

w(3w—26)
2w(w—10)

Using the identity in Equation 27, I5 can be written as

w(3w—26)
I 2 G2 [(w+ o)t + &]sin (A cos [(w + o)t + &]) cosndt
w;(i(ulJfZ(;?))
2w(w—
+ / sin? [(w + o)t + &) cos (A cos [(w + o)t + £]) sin ndt
= (36)
o2 sin? [(w + o)t + €] sin ({A + AA} cos [(w + o)t + €]) cosndt
2;}7‘:‘)76)
o sin? [(w + o)t + €] cos ({A + AA} cos [(w + o)t + €]) sinndt
2w(w—19)
= I51 + Io + Is3 + I54
where
I = Hy(A) cosn
Iz = 3a0070) 1( ) sin ) (37)

Hi(A+ AA)cosn

Iss = sparaayere M
Jl(A + AA)sinn

Isq = 2{A+AA} w+to)

and H,(-) is a Struve function. The last integral of interest is

7 (3w—26)
2w(w—10)

A

Is = sin? [(w + o)t + &] cos (A cos [(w + o)t + &] +n) dt

. (39)
sin? [(w + o)t + &) cos ({A + AA} cos [(w + o)t + & + 1) dt

w

7(3w—26)
2w(w—17)
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Using the identity in Equation 31, Equation 38 can be rewritten as

7 (3w—24)

w(w—
= Y Gin? [(w+ o)t + €] cos (Acos [(w+ o)t + &]) cosndt
o5
7(3w—24)
w(w—
— / T in? [(w+ o)t + &]sin (Acos [(w+ o)t + &]) sinndt
o5
o (3)
sin® [(w + o)t + & cos ({A + AA} cos [(w + o)t + &]) cosndt
ot
2
- (: ,, S0 [(w o)t + €] sin ({A + AA} cos [(w + o)t + €]) sin nat
2w(w—19)
= Io1 + lo2 + Loz + Loa
where
Iy = ﬁJl(A) cosn
]62 2A(w+a) Hl(A) Sm?? (40)
Iss = sraraayaray 1 (A + AA) cosy
[6 mHl(A‘I‘AA) Slnn

V. Cycle-Averaged Forces and Moments

The cycle-averaged aerodynamic forces and moments in the body frame will now be
calculated. The cycle-averaged forces and moments will eventually form the basis for the
computation of sensitivities to changes in control parameters. These cycle-averaged sensitiv-
ities form the control effectiveness matrix, which is used to compute the wingbeat kinematic
parameters. These kinematic parameters produce the cycle-averaged forces and moments
that are commanded by a feedback control law that regulates the mean motion of the vehi-

cle.

A. X Force

Substituting the expression for the instantaneous x-body force from Table 1 into Equation 24

produces

7(3w Rw —20RW )

_ SR SR o (o
Xﬁw _ WRW / RW —9RW LuRW (t)dt n /2 rw (WRW —SRW) LdRW (t)dt
27 0 u’Rwiémv

. Ly (t
+ /”(SWRW%RW) dRW()

2wrw (WRW —9RW)
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Note that the limits of integration in Equation 41 for the last two integrals define which part

of the downstroke is under consideration and hence, which ¢4, () from Equation 10 to use.
T T(Bwrw —20rwW )
BW —0RW 2wrw (WRW —0RW

W(3“’RW_2ERW) to -2 is the second half of the downstroke. Substituting
2wprw (WRW —O0RW ) WRW

Equation 17 into Equation 41 yields

The integral from — ) is the first half cycle of the downstroke, while

the integral from

—B ]{j w w 715' .
X = g [ / T AL (wrw — Orw)? sin®[(wrw — Opwy)t]dt
0

M
2w w -4 ]
R AR (wrw + orw ) sin?[(wrw + orw )t + Epw]dt

N S
WRW —SRW

27

+ /wa (Arw + AARW)2 (wrw + orw )? sin®[(wrw + orw )t + Epw|dt

7(3wpw —25 g )
20rw (“RW —0RW)

(42)

Noting that the time varying functions under the integral signs are of the form I; and I, as

given by Equations 25 and 34 respectively, Equation 42 can be written as

Yﬁw = l{@;u% [A%%W(WRW — Spw ) + Ay (Wrw + orw ) La (43)
+kr (Apw + AArw)? (wrw + orw ) Lao]
or simply
X = ]W% {Agw (Wrw — Orw) + M {A%w + (Arw + AARW)2}] (44)

Following a similar procedure for the left wing, it can be shown that

~B krwrw

wrw + 0o
X}, = e [ A2 (wnaw — O) + v o)

5 {ATw + (Aw + AALW)Q}} (45)

Note that both ng and wa are positive quantities. At a hover condition, where the
x-body axis is normal to the surface of the earth, the forces produced by both wings act
to counter the weight of the vehicle. Also, from Equations 44 and 45, it can be seen that
wing bias has a secondary effect on the vertical force produced and only appears in the
AAgpw, AArw terms. In practice, it is expected that AAgy < 1 and AAry < 1 and thus

minor changes to vertical force will be experienced by a non-zero wing bias. Recall, from

Doman,'? that when no wing bias is used, Yf;w = kL“;RW (2wrw — Orw + orw ) and similarly

for the left wing. Comparing this previous result with the expression in Equation 44 and
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setting Agy = 1 rad shows that the increase in x-body axis force, that results from the

introduction of a wing bias, is given by kL“’RW(“’gW+0RW) {2AApw + AA%Z, } and similarly
for the left wing.
B. Y Force

The cycle-averaged y-body force for each wing is now considered. Substituting the expression

for the instantaneous y-body aerodynamic force from Table 1 into Equation 24 produces

™

Vi = =W [ / YD (8) S0 (G (1))t
0

2
M 2z
2w w -4 d
W D (£) sin[ gy, (8)]dE + / ) Dagy (t) sin[@ag,, (¢)]dt
o _m(3wpw ~20pw) _
e 20rw (WRW —0RW)
(46)
Substituting Equations 10 and 17 into Equation 46 yields
—B ]{} w # .
Ypw = D2:W / T A2 (wrw — Srw)? sin®[(wrw — Opw )t]
0
* sin (Arw cos[(wrw — Orw )t] + Nrw ) dt
w 20pw (wRW —OR .
DQ:W Y A%W(WRW + URW)2 SIH2[(WRW + URW)t + gRW]
WRW —ORW
* sin (Arw cos[(wrw + orw )t + Erw] + Nrw ) dt
27
kpw W .
| kpwrw / - (Apw + AApi)? (wrw + orw ) sin?[(Wrw + orw )t + Erw]
2 _"(Bwrw ~20Rw) _
20pw (WRW —SRW)
sin ({Arw + AAgw } cos[(wpw + orw )t + Epw| + Nrw) dt
(47)
Using Equations 28, 29, 35, 36, and 37, Equation 47 becomes
B kpwrw 2 2 2 2
Viw = =5 | — 4aw (wrw — Orw)” (I21 + I22) + ARy (Wrw + orw)” (Is1 + Is2)
(48)

+ {Agpw + AARW}2 (Wrw + URW)2 (I53 + I54)
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Simplifying Equation 48 yields

vB —kDARWJl(ARW)wRW (WRW - 5RW) SN Ngw
RW — 2
kpw Wrw + O .
+ 2 mw ( ZW ) {Arw (J1(Arw) sinnrw — Hi(Agw) cosnrw )}
kpwrw (wRW + URW) (49)

1 (Apw + AAgw) {Jl(ARW + AAgw) sin nrw

—+ HI(ARW -+ AARw) COS ) RwW :|

From Table 1, it can be seen that the left wing side force has the same form of the right

wing side force, except for a minus sign. Hence, for the left wing, it can be shown that

B kDALWJl(ALW)wLW (WLW - 5LW) sin npw
LW —
2

_ Fowiw (wZW +ouw) {Aw (J1(Arw) sinnw — Hy(ALw) cosnw) }

_ kpwrw (wew +orw) (Aw + AArw) {Jl(ALW + AApw) sinnow

(50)

4

+ Hl(ALW + AALW) CoSNLw :|

Note that when the wing bias is zero (ngw = 0,nLw = 0) the amplitude continuity term is
also zero (AArw = 0,AALyw = 0) and 7§W|WW:0 = O>75W|77LW:0 = 0. Without wing bias,
a side force could not be generated even when using split-cycle frequency modulation. Now,
the wing bias has added the ability to generate side forces, although for small wing biases,

it is expected that only small side forces could be produced.

C. Z Force

The calculation of the cycle-averaged force in the z-body direction follows a similar procedure.
Substituting the expression for the instantaneous z-body aerodynamic force from Table 1 into

Equation 24 gives

—B w “’sz‘sRW
ZRW = [/0 DuRW (t) COS[¢“RW (t)]dt

2
M o
2w w -0 “
AR IR (1) cos|Gapy (D]dE+ Dy () €O8[ By (1)) dt
R S _m(8wRrw ~20RW) _
WRW —ORW 2RW (wRW 76RW)
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Substituting Equations 10 and 17 into Equation 51 yields

—B wRwW —9 .
Zpw = o /0 AL (wrw — Srw)? sin?[(wrw — Orw )]

kpwrw [ -
* cos (Arw cos[(wrw — Orw)t] + nrw) dt
%
20RW (WRW —SRW
A (

wrw + opw)? sin®[(wrw + orw )t + Erw]
WRW —ORW (52)

« cos (Apw cos[(wrw + orw )t + Erw] + Nrw ) dt
2

7
w

T renw—26mw) (Arw + Adgw ) (wrw + orw)? sin®[(Wrw + 0rw )t + Erw]
20rw (“RW —ORW)

* COS ({ARW + AARw} COS[((URW + O'Rw)t + ng] + T]Rw) dt ]

Noting that the terms of the integrand are of the form I3 and I as given by Equations 30

and 38 respectively, Equation 52 can be written as

=B kpwrw

Zpw = o Al (wWrw — 0rw)? (Is1 + I32) — Anyy (wrw + orw)” (Ie1 + Le2)
(53)
— {Apw + AArw ) (wrw + orw)? (Iss + Isa)
Simplifying Equation 53 yields
=B kpArw Ji(Arw )wrw (Wrw — Orw) COS NrRW
RW = 5

kpw Wrw + 0O .

_ kpwrw ( ZW ) {Arw (J1(Agw) cosnrw + Hi(Apw ) sinnrw ) }
k (54)

— DWRW (WZW * URW) (ARW + AARw) |;]1 (ARW —+ AARw) COS ) RwW

— Hi(Apw + AAgrw) sinnrw }
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For the left wing, the cycle-averaged z force becomes

=B kDAijl(ALW)wLW (wLW - 5LW) COSNLw

LW — 2

_ kowiw (WZW o) {Aw (J1(Arw) cosnrw + Hi(Arw) sinnrw) }

_ kpwrw (WZW +oLw) (Apw + AALw) {Jl(ALW + AApw) cosnow

(55)

— Hl(ALW + AALw) sin now :|

The result for the z-body axis is important because it means that non-zero cycle-averaged
forces can be generated and used to induce fore and aft linear accelerations by symmetrically
varying the split-cycle parameters. It can also be used to generate rolling moments by
asymmetrically (right to left) varying the split-cycle parameters.

The results for the cycle-averaged forces can be simplified to those obtained in Doman?!?

by setting ngw = nrw =0 and Agw = Arw = 1.

D. Rolling Moment
For the rolling moment, the expression in Equation 24 becomes

7 (3w pw —285 W)

—B WRW SRW —SEW 20pw (WRW —SRW)
M py = or / Mgy ()t + } Mgy, ()
0 “RW —ORW

el

M, t)dt
+ 7(3wpw —26 R ) dRW( )
20 pw (WRW —9RW)
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Substituting Equations 10 and 17 into Equations 20 and 21, Equation 56 becomes

B w SRwW—TRW
MQCRW = %;:/ [kDyZZP(wRW — 6RW)2A%W/O 81112[(wa — (5Rw)t]dt

2

* sin2[(wRW — 5Rw)t]dt

w w 7:6
—+ kD—(wRW — 5RW)2Aizw/ e COS {ARW COS [(wRW — 5RW)t] + T]Rw}
0

™

ORI —O R
—+ ]{JDAZJEA?%W((URW — 5RW)2/ B SiIl {ARW COS [(wRW — 5RW)t] + ’/]Rw}
0

* sin2[(wRW - 5Rw)t]dt

m(3wpw —28pw )
20rw (WRW —0RW)

— kD((URW -+ O'Rw)zngA%W sin2 [(WRW + O'Rw)t + wa] dt

o
WRW —ORW
7 (3w rw —20RW )

2w (w —6 ) .
Y Gin? (wrw + orw )t + Erw]

_r
WRW —ORW

w
— kp(wrw + O'RW)2§A%%W

* COS {ARW COS [(wRW + O'Rw)t + ng] + T]Rw} dt

‘"‘(3“11(?W726RW))

2w w -4

— kp(wrw + orw )2 AzE Ay AT sin? [(waw 4+ orw )t + Erw]
SR SR

* sin {ARW COS [(WRW + O'Rw)t + ng] + an} dt

27
YRW

— kD((URW + O_RW)2yZI;P (ARW + AARw)z B sin2 [(WRW + O'Rw)t + wa] dt

m(3wrw —26 R )
20 rw (WRW —SRW)
27

YRW

w .
— kD(WRW + O'RW)2§ (ARW —+ AARw)zf SlIl2 [(WRW + O'Rw)t —+ wa]

7 (3wpw —26pW )
2wrw (@RW —9RW)

* COS {(ARW + AARw) COS [(wRW + O'Rw)t + ng] + T]Rw} dt

27
YRW

— kD(WRW + O'Rw)zAzg (ARW + AARw)2 Sil’l2 [(WRW + O'Rw)t -+ gRW]

7 (3w rw —25 W)
20rw (WRW —ORW)

* sin{(ARW + AARw) COS [(wRW + O'Rw)t + ng] + T]Rw} dt]

(57)
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Note that the integrals are of the form given in Equations 25 - 40; thus, Equation 57 can be

written as

~——B wrwk w
M:(:RW = R;;_ D {(UJRW - 6RW)2A%{W |:ng[1 + AZE]Q + 5]3i| }
wrwk w
Bt (wrw + orw )2 ARy yZZPI41 + Az (Isg + Iso) + = (It + Is2)
2 2
wrwk w
— R;:/r D {(wa +orw)? (Arw + AAgw)? [ycvaLQ + AzE (Is3 + I54) + ) (Is + [64)} }
(58)

Substituting the results for the definite integrals and simplifying yields

—B kpArww Wrw — 0 _
M, pw = chieill RWEL rw — o) [ngPARW + J1(Arw) {w cosnpw + 22z sin nry }]

kpAgrww Wrw + 0 .
_ DSARW RW; R RW) {ngPARW‘l’w{Jl(ARW)COSnRW‘I’Hl(ARW)SlnnRW}

-+ 2AZ§ {JI(ARW> SiIl NrRw — HI(ARW> COS ’/]Rw} :|

kp (Apw + AA w WRwW + O
B b (Arw RW)S rw (Wrw RW) [ng(ARWﬂLAARW)

+ w{Jy (Apw + AAgw) cosnrw — Hi (Arw + AAgw ) sin npw } }

kp (A AA
o ( v T RW)8WRW (WRW * URW) [QAZ}% {Jl (ARW + AARW) sin rW

+ H1 (ARW + AARW) COST]Rw} :|
(59)
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Following a similar procedure for the left wing, it can be shown that

——B kpArwwrw (wpw — 0 :
o = ——— LWZ(l Lw = Ouw) ey Arw + Ji(Aw) {w cos nrw + 24827 sinnrw ]

kpArwwrw (ww + o .
4 ZDOLW LW; ow + oLw) [yZZPALWjLw{Jl(ALW)cosnLW+H1(ALW)81H7]LW}

—+ 2AZ? {JI(ALW) Sil’l Nnw — HI(ALW> COS T]Lw} :|

kp (Arw + AA w wrw + 0o
p (ALw szg Lw (wWow Lw) |:ng (Apw + ML)

—|— w {Jl (ALW —|— AALw) COS?]LW — H1 (ALW —|— AALw) SiIl an} :|

n kp (Apw + AArw) wew (wow + oLw)
8

+ H1 (ALW + AALw) COS T]Lw} :|

|:2AZ§ {Jl (ALW + AALW) sin Now

(60)

When the wing bias terms were not included, then split-cycle frequency modulation was
necessary to generate non-zero cycle-averaged rolling moments. Note that, in this case,
without split-cycle frequency modulation, i.e., dgw = orw = drw = orw = 0, it would be
possible to generate non-zero cycle-averaged rolling moments on this aircraft with wing bias.
Hence, wing bias has effectively added an additional two control parameters (left and right

wing bias) capable of generating rolling moments.

E. Pitching Moment

The cycle-averaged aerodynamic moments in the y-body frame (pitching moment) is now
calculated. For the pitching moment, the expression in Equation 24 becomes

7\.6 W(SWI(QW*Q‘SRW))
—B WRW WRW —ORW 20pw (WRW —SRW
Mypy = or / MyuRW(t)dt‘i‘/ W My, (t)dt
0 “RW —ORW
27

w

- /’Wv%w) Mydaw (t)dt]

2wrw (WRW —ORW)
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Let C1 = (wrw — dgpw )t and Co = (wrw + ogw ) t + Erw. Then, substituting Equations 10 and 17
into Equation 61, while using Equations 20 and 21 yields

™

37 B WRW CRwWRW .
My gy = WA%%W(WRW — Srw)? {k:LAzﬁ/o WY Gin? Oy dt

SRS
— k;DAa;g / WY in? C4 cos (Agw cos C1 + nrw ) dt
0

™

. WRW —ORW .
— kpxgp sma/ sin? €} cos (Apw cos Cy + ngpw ) dt
0

™

WRW —ORW .
— k:L:EXZP cos a/ sin? Cy cos (Apw cos C1 + nrw ) dt
0

Py yeennd
—i—kLyXZP / WY gin? O sin (Apw cos C1 + ngpw) dt}
0

7 (3w pw —25pw’)

+ w;;ﬂWA%%W(wRW +orw)? § kLA ZWR:V(WRWJRW) sin® Cadt
WRW —ORW
(3w pw —25 R )
N kDAa:g 2wrw (WRW —ORW) gin2 Cs cos (Agw cos Co + ngw ) dt

S

WRW —ORW
7(3wrw —26 gy )

2wrw (wrw —SRW )

+ k;La;ggP Ccos o sin? Cy cos (Agw cos Co + nrw ) dt

wRW —SRW (62)
7(3wpw —26pW )

. 20RpwW (WRW —SRrW) .

+ k;Da;ggP sin o ( ) sin? C4 cos (Apw cos Cy + ngpw ) dt
.m0

WRW —SRW

m(3wrw —26 R )
2w w -4
+ k:LyZZP aw {orw ~orw) sin? Cy sin (Agy cos Co + ngw ) dt }
WRWTL‘SRW
27
WRW 2 2 B WRW . 92
+ —27'(' (ARW + AARw) (wRW + URW) kLAZR (3w — 26 5ey) sin“ Cadt
20pw (vRW —6RW)
27
+ k:DA:Eg R sin? Cy cos ((Apw + AAgw) cos Co + ngw) dt
7 (3% pw —26 W)

20 pw (WRW —SRW)
27
wRW

+ k:L:EXZP L sin? Cy cos ((Agw + AAgw) cos Co + nrw ) dt
20pw (“RW —SRW)
27

WP . “RW .2
+ kpx,, Sma/ﬂ(Bwa%Rw) sin® Cy cos ((Arw + AAgw ) cos Cy + nrw ) dt
20pw (vRW —6RW)
27

+ k’LyZZP /WRW sin? Cysin ((Apw + AAgw ) cos Cy + nrw ) dt }

7 (3w rw —20pw )
2wrw (WRW —9RW)
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Note that the integrals are of the form given in Equations 25 - 40; thus, Equation 62 can be written
as

— B w
My, :% {A%w(w}gw — 5RW)2 [k‘LAzgll — k:DA:nﬁlg — k‘L:EXZP cos al3

— kaZgP sin al3 + k‘LyCVXPIg ] + A%W(wRW + opw )? [k‘LAszn

+ kpAxE (I + Isp) + k‘LxZgP cos o (Ig1 + Ig2)

+ kpzo P sina (Ier + Te2) + kryl” (Ist + Is) ] (63)
+ (Apw + AApw)? (wrw + orRW)? [kLAzgf42

+ kpAxB (Igs + Is) + k‘LxZgP cos o (Igs + Isa)

+ kaZgP sin o ([63 + [64) + kLyXZP ([53 + [54) :| }

Substituting the results for the definite integrals, I1 - Ig, and simplifying produces

B —Arww WRW — 0 .
My py = RWXRW (2 rw — Orw) [(cos oz:nggper + {Sln oz:z:ggp + Awﬁ} k:D) J1(ARw ) cos nrw
) AzBkr A
— yoy kL Jy (Arw) sin npyw — —E—— 2L Ul

wrw (Wrw + OrW )
4ARw

+ Hi(Arw)sinnrw } + Arw (Apw + AAgw)

+

(cos amZngL + {sin aa:ggp + Amﬁ} k:D) [A%%W {J1(Arw ) cos nrw

* {Jl (ARW + AARw) cosnrw — Hi (ARW + AARw) Sinan} :|

w w +o .
P, CRW (47:12‘4/ RW) [A%%W {J1(Arw) sinnrw — H1(Apw) cos nrw }

+ Yy
+Apw (Arw + AAgw) {1 (Arw + AArw) sinnrw + Hi (Arw + AAgw) cos nrw }

N AzBkrwrw (Wrw + oRrw)
8

[A%W + (Apw + AAgw)?
(64)
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Following a similar procedure for the left wing, it can be shown that

B —Arww wrLw — 0 .
M,y = LW LW(2 Lw — Orw) [(cos oz:nggper + {Sln a:sZZP + A:Ef} k:D) J1(Apw) cos npw

AZE]{?LALW

— yor Pk Jy (Apw) sinnpw — 5

(cos amZngL + {sin axZgP + Aazf} k:D) A2LW {J1(ALw) cosnpw

wrw (wWrw + orLw)

+ Hi(Arw)sinnow} + Arw (Aow + AALw)

* {Jl (ALW + AALw) cosnNLw — Hl (ALW + AALw) Sin?’]Lw}

Py WLW (wow +oLw)
L

w
T Yep 4ALw

[AQLW {Ji(Arw)sinnpw — Hi(Apw) cosnrw }

+Arw (Arw + AArw) {1 (Acw + AALw) sinnpw + Hi (Arw + AApw) cosnrw }

n AzPkrwrw (wew + orw)

g {A%W + (Apw + AALw)?

(65)

Note that without split-cycle frequency modulation, i.e., dpw = opw = drw = orw = 0, there
still exists a non-zero cycle-averaged pitching moment if AzE # 0 and AzP £ 0. Setting AzE =
0, AzLB = (0 will yield a zero cycle-averaged pitching moment when the split-cycle parameters and
wing biases are zero, which is a desirable feature for maintaining hover. Also note that the wing
bias appears throughout these expressions and thus will have an impact on the pitching moment of
the vehicle. To obtain a more quantitative estimate of cycle-averaged pitching moment change due
to wing bias, Equation 64 can be rewritten with Azg =0, sinnpw =0, cosnpw =1, Agw = 1 rad,
and (cos amZngL + {sin axggp + Aazg} k:D) = M to obtain

—B —w w -0

My gy = | };W RW)MJl(l)
4 SR R FORY) (1) 4 (14 M) S (1+ Adgar) (66)
N ngPkLwRW (wRW + O'RW) [—H1(1) + (1 + AARw) H; (1 + AARW)]

4

When AA =0, Ji(1) + (1 + AAgw) J1 (1 + AArw) = 2J1(1) = .8801 and

—Hi()+(1+AApw) Hi (1 4+ AAgw) =0. For AA=0.2rad, J1(1)+(1 + AAgw) J1 (1 + AArw)
Ji(1)+1.2J;(1.2) = 1.038 and —H;(1) + (1 4+ 0.2) H; (1.2) = 0.1344. Thus, a change in the second
and third terms in Equation 66 on the order of 15% can be expected; therefore, even a small wing
bias can significantly alter the cycle-averaged pitching moment. Figure 4 shows Hi(A) and J;(A)
vs. A. The slopes of the Bessel function of the first kind and the Struve function about A =1 are
nearly the same, thus it is expected that both the second and third terms in Equation 66 will im-
pact the cycle-averaged pitching moment. In other words, when computing the change in pitching
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0J1(1+AArw) _ 0J1(1+AArw) OAArw
Onrw OAARw IMMrw

and 21 %JFAARW) = 8H16(1AT4AARW) aaAARW. Since the derivatives of the Bessel function of the first
NIRW RW NIRW

kind and the Struve function with respect to A are non-zero about A = 1, the second and third

moment due to a change in n, the chain rule is used to obtain

terms in Equation 66 will create pitching moment increments.

Struve Function, H,(A), and Bessel function of first kind, J,(A), vs. A
07 ¥ ¥ ¥ ¥ ¥

H,(A)

H1(A) and J1(A)

Figure 4. H,(A) and J1(A) vs. A.

F. Yawing Moment

The cycle-averaged yawing moment (z-body moment) is calculated in the same fashion. Substitut-
ing the expression for the instantaneous z-body moment from Equations 20 and 21 into Equation 24

produces

7 (3wpw —28 R )

B w # 2wp WRW —OR
Wy = S0 | [T it [FET 0
0 P ey pee
RW —OSRW (67)
27
wRW
* /_"(SWRW%RW) Mgy (£)dt

20 pw (WRW —SRW)
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Again, let C1 = (wrw — dgw )t and Cy = (wrw + orw) t+Erw. Substituting Equations 10 and 17
into Equation 67, while using Equations 10 and 17, yields

—=B w w [ Crw—trw .
M. pw = % {A%%W(WRW — 5RW)2 [—k‘LE/O VTR Gin? Oy dt

Py seuee
—k:DAxg / W Gin2 Cy sin { Agw cos C1 + nrw }dt
0
PRy seuees
—kLyggP / WY Gin? Cy cos {Apw cos Cy + npw } dt
0

™

w -5
—k‘LxZgP cos a/ VY sin?[(wrw — Opw )] sin { Arw cos C1 + nrw } dt
0

w 7L(S
—kD.Z'Z};P sina/ Y sin?[(wrw — 0rw )t] sin { Agpyw cos C1 + nrw }+ dt
0
7(3wrw —26gw )

+ A%%W(WRW +URW)2 _kL% 20 pw (WRW —SRW) sin2 Codt

N S
YRW —SRW

7 (3wpw —28 R )
20 pw (WRW —SRW)

+ k‘DAa;g sin? Cy sin { Agy cos C 4 nrw } dt

%
WRW —ORW

Tr(3“’1(?W726RW))

20pw (WRW—SRW) .

— kLngP i sin? C5 cos {ARrw cos Cy + nrw } dt

WRW*‘SRW (68)
M
20RwW (WRW —SRW) . .
+ k;La;ggP cos sin? Cy sin {Apw cos Cy + npw } dt
N S
WRW —ORW
7(3wpw —26pW )
20 rw (WRW —SRW )

+ k:D:EXZP sin v sin? Cy sin { Agy cos Co + npw } dt

™

WRW —ORW
27
2 2| 5 W [wrw .2
+ (Arw + AArw)” (WrwW + orRW) kr, 5 /”(3“’RW25RW) sin® Codt
2wpw (WRW —SRW)
27
B “RW .92 .
+ kpAzp /"(3“’RW25RW) sin® Cysin {(Arw + AAgw ) cos Co + nrw } dt
20w (WRW —SRW)
27
— kryo ¥ o sin? Cy cos {(Apw + AAgw) cos Co + npw } dt
P (3w rw —20 R )
20pw (WRW —SRW)
2w
WP “YRW .2 .
+ krag, cosa/ﬂ(?MRW%Rw) sin® Co sin { (Arw + AAgw ) cos Co + nrw } dt

20rw (“RW —0RW)
27

+ k:D:EXZP sin a /wa sin? Cy sin {(Agw + AAgw) cos Co + ngw } dt ] }

7(3w pw —28 W)
2wrw (RW —9RW)
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Note that the integrals are of the form given in Equations 25-40; thus, Equation 68 can be written

as

—B w w
MZRW :% {A%W(WRW — 5RW)2 [— k‘LE[l — kaA:EgIQ — k,LyZZPI3

wpP

— kL‘Tcp

cos aly — kaZgP sin aly } + A%W(wRW + URW)2 [ — k;L%IM
+ kDAa;g ([51 + 152) — kLngP (Iﬁl + Iﬁg)

(69)
+ k‘L:EZzP cosa (Is1 + Is2) + k:D:EZgP sina (151 + Is2) }

w
+ (ARW + AARw)2 (wRW + O'RW)2 |: — k‘LELQ + kDAxg (153 + I54)

— kpyiy " (Tes + Iga) + kpaly” cosa (Isg + Isa) + kpaly sina (Iss + I5s) } }

Substituting the results for the definite integrals, I1-Ig, and simplifying gives

—B  Apwwrw (Wrw — 0rw)

MZRW = B Jl(ARW) sinnRW {—kD (sin aa:ggp + Axg)

COS MRW kaARW
— cosamZngL — ngPkL - n —
S NRw 4

kpA
4+ D RWWRWZ(;URW—'—JRW) (sinaxgzp—i-Aa:g) <J1(ARW)sinnRW

— Hi(ARrw) cos nrw )

kL Apww WRW + 0O i
_ RLARW RWEL RW + ORW) (—cosangp {Jl(ARW)SlnnRW

. wA
— Hi(Arw)cosnrw} + yZ;fP {J1(Arw) cos nrw + H1(Agw ) sin nrw } + 4RW >

N kp (Arw + AArw) wrw (Wrw + 0rRW)
4

# (J1(Arw + AArw ) sinnrw + Hi(Arw + AAgrw ) cos nrw )

(sin a:sZZP + A:ztg)

kr (A AA
ki (Arw + RW)4WRW (Wrw + orRW) <_ cos az!/”

* {Jl(ARW + AARw) sinnpw + Hl(ARW + AARw) cos T]Rw}
+ vy {1 (Arw + AAgw) cosnrw — Hi(Arw + AAgw) sinnrw }
L w(Arw + Adpy) )

4
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Following a similar procedure for the left wing, it can be shown that

B Arwwrw (ww — drw)
2

Jl(ALW) sin nLw { — k‘D (sin Oél’zgp + A:Eg)

WP wp, COSNLW wkr Arw
— COSQTey," kL — Yo kL——— ¢ — ———

sinnLw 4

_ kpArwwrw (wew + orw)
4

— Hi(ALw) cosnrw >

(sin aa:gp + Axf) (Jl(ALW) sinnpw

+

krArww w + o .
LELW LWEl LW Lw) (—cosaajgp {J1(ALW)Sln77LW

) wA
— Hi(ALw) cosnw } + vy {1 (ALw) cosniw + Hi(Arw) sinnpw } + 4LW )

kp (Arw + AArw) wew (wew +o0w) , . wp B
— 1 (sinaxg," + Axp)

* (Jl (ALW + AALw) sinnrw + Hl(ALW + AALw) CcoS 77LW)

LR (ALw + AALW):JLW (wew +oLw) ( ~cosazllP
* {J1(Acw + AApw) sinnw + Hi(Arw + AApw) cosnrw }
+ yl U {1 (ALw + AApw) cosnpw — Hi(Apw + AALw) sinnpw }

L w(Anw + M) )

4
(71)

Note that without split-cycle frequency modulation, there exists a non-zero cycle-averaged yawing
moment on each wing since ngP # 0 and w # 0. When the split-cycle parameters for each wing are
zero and wrw = wrw, the cycle-averaged moments are opposing and balance one another. Since the
fundamental wingbeat frequency, w, can be independently varied for each wing, yawing moments
can be generated without varying the split-cycle parameters or wing bias terms. Nevertheless, the
bias terms are also present in Equations 70 and 71 and therefore can be used to generate yawing

moments. This is because there is a difference in the moment arm from left to right.

VI. Conclusions

The analysis presented shows that the use of split-cycle constant-period frequency modulation
with wing bias and independently actuated wings allows one to manipulate the x-body and z-
body axis forces. The y-body force is also controllable using this approach, however, since small

wing bias terms are needed to perform typical maneuvers, the available cycle-averaged y-body axis
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forces are small. Rolling, pitching, and yawing moments can also be generated using the split-cycle
technique with wing bias and it appears that wing bias can significantly change the cycle-averaged
pitching moment. Given the ability to manipulate the cycle-averaged body-axis forces and moments,
untethered controlled flight with insect-like maneuverability appears to be feasible with only two

physical actuators, which is supported by the simulation results presented in Part I1.34
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