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Altitude Control of a Single Degree of Freedom Flapping Wing

Micro Air Vehicle
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A control strategy is proposed for a minimally actuated flapping wing
micro air vehicle. The Harvard RoboFly vehicle accomplished the first
takeoff of an insect scale flapping wing aircraft. This flight demonstrated
the capability of the aircraft to accelerate vertically while being constrained
by guide-wires to avoid translation and rotation in the other five degrees
of freedom. The present work proposes an altitude control scheme that
would enable a similar vehicle under the same constraints to hover and
track altitude commands. Using a blade element-based aerodynamic model
and cycle averaging, it will be shown that altitude control of such an aircraft
can be achieved. The RoboFly makes use of a single bimorph piezoelectric
actuator that symmetrically varies the angular displacement of the left and
right wings in the stroke plane. The wing angle-of-attack variation is passive
and is a function of the instantaneous angular velocity of the wing in the
stroke plane. The control law is designed to vary the frequency of the
wing beat oscillations to control the longitudinal body-axis force which is
used to achieve force equilibrium in hover and acceleration when tracking

time-varying altitude commands.
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I. Introduction

The first takeoff of an insect scale biomimetic flapping wing micro air vehicle was achieved
by an aircraft called RoboFly that was developed at Harvard University by Wood et.al.! A
key feature that led to the successful first flight is that the vehicle is minimally actuated
and makes use of passive wing rotation to mimic the wing beat patterns of a dipterian
insect. As shown in Figure 1, RoboFly uses a single bimorph piezoelectric actuator to
impart symmetric motion to two wings simultaneously. Tangential motion of the tip of the
piezoelectric actuator is converted to rotational motion of the wings by way of a linkage. The
linkage elements are designed to achieve impedance matching between the wing and actuator
forces and to amplify the relatively small motion of the tip of the bimorph strip into large
angular displacements of the wing in the stroke plane. A wing is connected to the movable
wing root by a flexible hinge that provides for passive rotation of the wing. The hinge allows
the wing to passively invert its orientation about the hinge joint as the wing reverses direction
at the end of each stroke. This results in planform rotations that approximate the motion
of dipterian insect wings. As the wing traverses through the stroke plane, dynamic pressure
acting on the wing tends to cause it feather into the wind; however, as shown in Figure 2,
the hinge joint is designed for interference between the planform and root to prevent the
wing from over-rotating. Therefore, the wing holds a constant angle of attack relative to the
stroke plane once a critical dynamic pressure is reached. The actuator and the carbon fiber
substrate to which it is mounted are cantilevered to the fuselage and together with the wing
form a spring-mass-damper system that has a known resonant frequency. In the Harvard
experiment, this dynamic system was driven at resonance for maximum energy efficiency
to achieve flight. The first flight resulted in unregulated flight up a wire that constrained
the vehicle motion to vertical translation. In the first part of this paper, we investigate the
suitability of wingbeat frequency modulation to allow tracking of a desired vertical position
profile of the single degree of freedom (DOF) RoboFly experiment. In the companion pair

23 a vehicle concept and associated control strategies that will allow the vehicle

of papers,
to break free of the wire and allow controlled six degree of freedom flight of the fuselage is

explored.

II. Single Degree of Freedom Dynamic Model of RoboFly

The first flight of the Harvard RoboFly was conducted by constraining the aircraft to
vertical translation on a pair of wires. Here, the motion of the RoboFly fuselage acting
under the influence of a time varying vertical aerodynamic force that is a function of the

wingbeat motion is modeled. The wings represent about 1% of the total vehicle weight and
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Figure 1. General assembly drawing of Harvard RoboFly.
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Figure 2. Detail of passive wing rotation joint.

are assumed to be massless for the purpose of this analysis. The equation of motion for the
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1 DOF Robofly is simply
Fo(t) = m(i +g) (1)

where x lies along a unit vector x; in an inertial frame that is taken to be positive away
from the center of the earth. The aerodynamic force in the z; direction is derived using
blade element theory for a triangular shaped wing that has two degrees of freedom, namely
angular displacement, ¢(t), about the wing root in the stroke plane, which is normal to the
body x-axis xp, and angular displacement about the passive rotation hinge joint, which is
equivalent to wing angle-of-attack « in still air. The triangular planform wing shown in
Figure 3 is taken to be a rigid flat plate whose elemental lift at a spanwise location in the

local wing planform plane is given by
dL = gCL(a)prI%VPC(yWP)dyWP (2)

dD = gCD(@)ézygvPC(yWP)dyWP (3)

where ¢(yw p) is the chord at the spanwise location yy p, which is a location on the wing spar.
The total lift and drag on the wing expressed in a wing planform fixed coordinate system,
e.g., RWPU, RWPD, LWPU, and LWPD is now computed, where RWPD is the right wing
planform coordinate system for the downstroke, RWPU is the right wing planform coordinate
system for the upstroke, and similarly for the left wing. Such a coordinate frame has an origin

at the wing root hinge point and its x-y plane is coincident with the wing planform. The lift

AYwp

>|

\QSpa Ywp

Root,
Center of Rotation

AYyp

Figure 3. Blade element computation of aerodynamic forces, moments and centers of pressure.

is computed by integrating the elemental lift over the span according to

L= /0 4L = L (@)1 (@)
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Similarly, drag is computed according to

R
D= / 4D = 2Co(a)3(1 (5)

where 1,4 is the area moment of inertia of the planform about the root and R is the length
of the wing.

Experiments by Sane and Dickenson®* for a dynamically scaled model of a flapping insect
show that while quasi-steady estimates fail to capture the temporal variation in lift over a
stroke cycle, it does capture the the cycle averaged lift with reasonable accuracy. Best fit
estimates of quasi-steady lift and drag coefficients derived from measurements acquired from

180° sweeps of wing motion as a function of angle of attack are given by

Cp, = 0.225 + 1.58sin(2.13a — 7.2)

(6)
Cp = 1.92 — 1.55 cos(2.04a — 9.82)

where a in Equation 6 is in degrees. For convenience, all of the time invariant parameters

are lumped together according to

k’L é gCL(a)[A

(7)
k‘D é gCD(a)[A

Thus, lift and drag can be expressed as the product of time invariant parameters and time

varying functions

(8)

Note that the only variable that can be actively manipulated to control the instantaneous
aerodynamic forces is the angular velocity of the wing, é(t), and the forces are quadratic
functions of this motion variable. Furthermore, because the vehicle is designed to mimic
dipterian insect flight, gb(t) must be a time varying function that is equal to zero at the
extreme limits of wing position. It is assumed that one can directly control the wing position.
This assumption approximates the physics of applying a voltage to an actuator that induces
a strain in the carbon fiber substrate that pushes and pulls on rigid linkage elements that
translate the tip motion of the bimorph strip into rotational motion of the wing root. The

forcing function that drives the wing rotation is

o(t) = coswt 9)
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Assuming that the frequency of the oscillating wing is held constant over each wingbeat

cycle, the angular velocity of the wing is given by
d(t) = —wsin wt (10)

Note that the units of ¢(t) are radians and that the amplitude of the wing rotation in the
stroke plane is 1 rad. The frequency of the oscillator that drives the actuator is the control
input variable. The proposed control strategy is based on the assumption that the gain
crossover frequency of the fuselage controller is much less than the trim flapping frequency
required for hover. If a non-oscillatory control force were available and altitude and altitude
rate measurements were available for feedback, one could simply implement a linear feedback
control law that produced the response of a damped harmonic oscillator. But since the system
is constrained to use time varying high frequency oscillatory control inputs, the relationship
between the time averaged vertical force and the control input is computed. Also note that
wing angle of attack is a function of the wing rotation rate because of the passive wing

rotation joint discussed earlier.

A. Expression of Aerodynamic Forces in Body Axis Coordinate System

Six axis systems are defined to aid in mapping the lift and drag forces acting in the plane of
the wing into body axis coordinates. The coordinate systems are body, inertial, right wing
planform, right wing spar, left wing planform, and left wing spar. As shown in Figure 4, a
body fixed axis system. xg,yg, 25, is defined whose origin is located at the center of gravity
of the fuselage. The x body axis lies in the plane of symmetry of the fuselage and the y
body axis points out the right hand side of the vehicle, while the z body axis points out the
ventral side of the MAV. A right wing root fixed frame, zgwr, Yrwr, 2rw R, is defined that
is aligned with z g, yg, zg but whose origin is located at the right wing root pivot point. A
right wing spar fixed frame, xrws, Yrws, 2rw s, is defined that rotates through an angle ¢(t)
about the root pivot point. Here, when ¢(t) = 0, zrpws = —Trwr, Yrws is coincident with
the wing spar, and zry s completes the right handed coordinate system. The transformation

between the spar and root axis system is given by

TRWR 0 0 —1| [zgws
Yyrwr| = |—sing(t) cos¢(t) 0 YRWS (11)
ZRWR COS ¢(t) SiIl ¢(t> O ZRWS

The right wing planform frame rotates about the leading edge spar by an angle a which

corresponds to the wing angle of attack when the vehicle is at hover in a quiescent air mass.
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LW Planform
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LW Root
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Figure 4. Relationship between, inertial, body, root, spar, and wing planform axis systems.

The wing plane rotates about an ideal hinge located at the spar-root hinge point. As the
wing rotates about the root pivot point, dynamic pressure acting on the wing causes it to
feather into a direction parallel to the stroke plane; however, the magnitude of the rotation
is limited by the design of the joint as illustrated in Figure 2. When qb(t) = 0 the wing hangs
vertically, i.e., & = 90, under the influence of gravity alone. On the downstroke of the right-
hand wing, gb(t) > 0 and when sufficient dynamic pressure is achieved to engage the hinge
stop, & = Q. Similarly, on the upstroke when qb(t) < 0, @ = agm. Note that o = agy,
on both the upstroke and downstroke because positive « is defined as a counter clockwise
rotation for the downstroke and a clockwise rotation for the upstroke. Figure 5 shows the
relationships between the right wing spar axis system and the upstroke and downstroke

wing fixed coordinate systems. The transformation between the spar and downstroke wing
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ywd’ys

Downstroke >

Figure 5. Relationship between right wing and spar axis systems .

coordinate system is defined as

TRWS cosae 0 sina| |Trwpp
Yrws | = 0 r 0 YRWPD (12)
ZRWS —sina 0 cosal| |zrwpepp

While, the transformation between the spar and upstroke wing coordinate system is defined

TRWS —cosa 0 sin « TRW PU
Yrws| = 0 1 0 Yrw PU (13)
ZRWS —sina 0 —cosa ZRW PU

With the relationships between the body, root, spar, upstroke wing, and downstroke wing
axis systems established, we may transform the instantaneous values of lift and drag on the
wing into the body axis coordinate frame. Recall that lift is defined as the component of
aerodynamic force perpendicular to the relative wind, while drag is defined as the component
of aerodynamic force parallel to the relative wind. If the air mass is quiescent, then the

relative wind is parallel to the stroke plane defined by xrws — yrws. For the upstroke, the
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aerodynamic forces expressed in body axis coordinates are given by

Fyu., Drwu Lrwu
Ffyp, | =RiwsREVS | 0 | = |~Drwosin(9) (14)
Fyu. —Lrwu Drwu cos())

and for the downstroke

FRvp, —Dgrwp Lrwp
Fiwp, | = Riw rRiws 0 = | Drwpsin(e) (15)
Fwp. —Lrwp —Dprwp cos(¢)

For the left wing, a wing-root fixed frame xrwgr,yrwr, zLwr is defined that is parallel to
TR, YR, zp but whose origin is located at the left wing root pivot point. A spar fixed frame,
Trws,Yrws, zLws 1S defined that rotates through an angle ¢(t) about the root pivot point.
Here, when ¢(t) =0, zLws = —Zrwr, Yrws is coincident with the wing spar, positive proxi-
mal to distal, and x5 completes the right handed coordinate system. The transformation

between the spar and root axis system is given by

TLWR 0 0 —1| |zws
yrwr| = | —sing(t) —cos¢(t) O YLWS (16)
ZLWR — COS ¢(t) Sil’l ¢(t) 0 ZILWS

The relationship between the left wing spar axis and left wing planform coordinate system

on the downstroke is

TILWS —cosa 0 sin o TIWPD
Yrws | = 0 1 0 YLwPD (17)
ZILWS —sina 0 —cosa ZLWPD

while the transformation between the left wing spar and upstroke left wing planform coor-

dinate system is

TLwSs COS v 0 sina TLw PU
Yrws | = 0 1 0 Yrwpu (18)
ZLWS —sina 0 cosa ZLW PU

Approved for public release; distribution unlimited.
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For the upstroke, the aerodynamic forces from the left wing expressed in body axis coordi-

nates are given by

Ffvu, —Drwu Liwu
Fhyp, | =RiwaRiws | 0 | = | Dowysin(o) (19)
Ffyu. —Lrwu Dyrwu cos(¢)

and for the down stroke

Ffyp, Drwp Liwp
FEWDy = RfWRR£%§ 0 = _DLWD Siﬂ((ﬁ) (20)
Fiwp. —Liwp —Drwp cos(9)

For the single degree of freedom problem, the cycle averaged force from both wings,
B

., is computed. Assuming that the wing is always on the hinge

in the zp direction, F
limit when qb(t) # 0, then o = ay;,, and for convenience the subscript on « in the subsequent
equations is eliminated. By design, the wings beat synchronously, thus ¢y (t) = ¢rw (t) and
Liwuv=Liwp = Lrwp = Lewr £ [ and these subscripts are also eliminated. Equation 10
indicates that the wing angular velocity is cyclic with a frequency of w and a period of 27 /w,

thus the cycle averaged force in the body x-axis direction for the left and right wings is given
by

27

J g FByuy + Fhyy.dt (21)
21 Jo
or o
—B w w
- = oL(t)dt 922
© o ), (t) (22)

Substituting Equations 4 and 10 into Equation 22 yields

. 3 27w
FP =2 1.00(a) / sin?(wt)dt (23)
27 0
which reduces to )
Fo = %IACL(a) = kpw? (24)

Note that because the MAV is constrained to flight in one direction x; = xg. Thus,

2
T = %]ACL(Q) (25)

From Equation 25, the wingbeat frequency that produces a specified cycle-averaged force in
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the vertical direction is given by

—I
A 2F
WF, pIACL(Oé> ( )

and a trim hover frequency can be computed as

2mg
plaCr(a)

Wy =

(27)

B. Altitude Control System

If F,(t) could be manipulated as desired and if sensors are available to measure altitude and
altitude rate, a linear control law can be implemented that allows the aircraft to track a
desired altitude command. A control law that produces a damped second order response to

a desired altitude command, x4, is given by
Fo(t) = m(—2Cwad — 2T + wTges + g) (28)

Of course, F(t) cannot be arbitrarily manipulated because it is constrained to be periodic.
However, it is postulated that if the bandwidth of the tracking law is much less than the
wing beat frequency, i.e. w, < w, then the cycle averaged force I}, can be specified and used
in place of a perfect x-force generator. The one control variable that we have at our disposal
for this problem is the wing beat frequency w which is related to F, by Equation 26. Figure 6
shows a block diagram of the control law. Note that 2w, and w? are design variables and
that the feedback controller manipulates the frequency of the oscillator that drives the wing

angular position. The “Cycle ZOH” block is an element that takes the instantaneous value

Plant Dynamics
g
@ (nT) [Oscillator | ()| |y @) F"(Q 1 s ).C‘ x

" |#v=cos@, 1) 1 1 om
#(1) =12 —

: o, (t ) F

ZOH — 1
i@
Cycle ZOH _

Figure 6. Block Diagram of Altitude Command Tracking Control System.
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of the oscillator frequency command signal and holds it constant until the current wingbeat
cycle is complete. Its’ purpose is to preserve the shape of a cosine wave over each wingbeat
cycle. Without such an element, the control law can fundamentally change the shape of the

wingbeat position wave form resulting in spikes or other undesired features.

III. Stability of Dynamic Systems Under the Influence of

Periodic Control Inputs

In this section, it is desired to analytically determine an expression for the altitude of
this system driven by a periodic input. The goal is to gain insight into the problem and to

determine limitations of control for these types of systems.

A. Analytical Solution

The point mass, single degree-of-freedom equation-of-motion for a flapping wing micro air
vehicle in hover can be written as P

i:—g—irﬁ (29)

where F, = 2L = QkLéz. The force F, is an instantaneous aerodynamic force generated
by the flapping motion of both wings. For this analysis, the angle-of-attack of the wing is
assumed to be constant along the entire span on both the upstroke and downstroke, with an
instantaneous change in angle-of-attack at the end of each stroke. Thus we are neglecting
the rotational dynamics at the end of each upstroke/downstroke where the wing “flips” in
order to maintain the same leading edge, and thus a positive angle-of-attack with respect to
the mean stroke plane. This approximation is made in order to simplify the analysis.
Equation 29 is a second-order, ordinary differential equation with constant coefficients.
The forcing terms are a step function with magnitude g and a harmonic forcing term; there-
fore, it is rather straight-forward to find an analytical solution to this differential equation.

It can be shown that for the initial conditions #(0) = &, and x(0) = o, the solution to

2k pw?
I(t)=—g+ LY Gin? wt
s opw? k
z(t) = 2 + dot + (—79 %) 2+ ﬁ [cos (2wt) — 1] (30)

Inspection of Equation 30 suggests that if £y = 0, then there is a unique wing beat frequency
that will render the solution to be a stable limit cycle that oscillates about zy, with an

amplitude k7 /(4m). The trim frequency is found by forcing the coefficient on the ¢* term to
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vanish

—g | kpw?
_ =0 31
2 * 2m (31)
Solving for w gives the trim frequency
wo =4[ 72 (32)
ki

Thus, for the frequency wy and o = 0, the vehicle will exhibit a stable limit cycle described
by
x(t) = xo + i3 [cos (2wt) — 1] (33)
dm
with amplitude k7, /(4m) about the point xy. In this case, for all frequencies w # wy the
coefficient on t? will be non-zero; therefore, the limit cycle will be unstable. Note that the

trim frequency calculated in Equation 32 is identical to the one calculated in Equation 27,

as can be seen by recalling that kp = £14CL(c).

IV. Simulation Results

The single degree of freedom altitude command tracking system was simulated in order
to evaluate system performance. The vehicle was constrained to move in the x direction only.

The vehicle parameters are The trim frequency is equivalent to a value of 120.1742 Hz. The

Table 1. Vehicle Specifications.

Parameter Value Units

Mass 60 mg
| Width | 4 | mm |
‘ Height ‘ 11 ‘ mm ‘
‘ Depth ‘ 1 ‘ mm ‘
| buing | | mm |
| Cuing | | mm |
‘ Twing ‘ 15 ‘ mm ‘
‘ ay ‘ 45 ‘ deg ‘
‘ ap ‘ 45 ‘ deg ‘
| w, | 755.0569 | md |
] 93 | omt |

desired altitude command is a series of step functions of magnitude 1 m. Figure 7 shows
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a close-up of altitude for an open-loop simulation. In this case, the left and right wing
frequencies were set to wy for all time. The vehicle should exhibit a stable limit cycle given
by Equation 33 with xqg = 0. Figure 8 shows the altitude from the simulation as well as
the limit cycle from Equation 33. As can be seen, a limit cycle does exist and is accurately

predicted by Equation 33.

X 10'6 Altitude vs. Time

I T I T AT eI

Altitude (m)

AR RERRRRRRRRRRRAI

1 1 i 1 1
1.87 1.88 1.89 1.9 1.91 1.92 1.93 1.94
Time (sec)

Figure 7. Altitude vs. Time.

Now, the feedback loop is closed and tracking of a reference command is desired. The
reference is a series of 1 m step changes in altitude. Figure 9 shows the command and actual
altitudes. Clearly, the system is capable of tracking these altitude commands. Recall, the
control variables are the fundamental wing beat frequencies of the left and right wing. The
left and right wing beat frequencies used to generate the appropriate altitude are shown in
Figure 10. Relatively large changes in wyw, wrwy are necessary in order to track the altitude

command. Figures 11 and 12 show the altitude tracking and required wing beat frequency

rad
sec”

when the desired altitude is a sinusoidal signal of amplitude 0.25 m and a frequency of 5
Tracking is acceptable, however, there is quite a variation in wing beat frequency to generate

a 0.25 m amplitude sinusoidal wave.
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X 10'6 Altitude vs. Time (Simulation & Analytical)

B | O O O | N | | (kL/4m)*(cos2wt-1) |d

Altitude (m)

1.87 1.88 1.89 1.9 1.91 1.92 1.93 1.94
Time (sec)

Figure 8. Altitude vs. Time.

V. Summary

In this work, an analysis of the one degree-of-freedom equation of motion was presented.
An aerodynamic model was developed using blade element theory. The cycle-averaged force
in the inertial x-axis direction (vertical) was computed, from which, a hover frequency was
calculated. The point mass single degree-of-freedom equation of motion was solved to yield
the altitude time history. A stable limit cycle was achieved with a suitable choice of wing
beat frequency, and this frequency was exactly the hover frequency. Results showed that the
solution to the single degree-of-freedom equation of motion was identical to that obtained
from the full simulation. A control law, that produces a damped second order response
to command inputs, was developed. Simulation results show that the performance of the

controller is acceptable.
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