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ABSTRACT. In order to quantify the reliability of NDE systems, large amounts of experiments are
performed to develop a probability of detection (POD) curve for the system. These POD studies require
a substantial amount of experimentation which can sometimes be cost prohibitive. To expedite the
process of developing these curves, highly precise numerical models are used in conjunction with NDE
sensors to understand the uncertainties associated with the inspections. Numerical models are also used
in stochastic inversion methods such as Bayesian inversion, which provide a means of characterizing
system properties with uncertainties. A strong basis has been developed in the modeling and simulation
community for deterministic forward models in NDE, but to fully incorporate these models in model-
assisted probability of detection (MAPOD) studies or stochastic inversion schemes, the models must be
treated in a stochastic sense. A method of taking random inputs to a “black box” forward model and
developing the full probability distribution function (PDF) of the response has been proposed. This
method, called the probabilistic collocation method (PCM), takes random inputs to a forward model and
uses orthogonal polynomials to construct a surrogate model in the area of the expected values of the
inputs which is solved much quicker than the original forward model. In the NDE community, this
method has only been used with inputs of known, named distributions. In this work, inputs of arbitrary
distribution were used and the orthogonal polynomials for these inputs were developed with a recursion
relationship that has been shown to produce orthogonal polynomials with respect to a given, continuous
function. A concise code was written to make testing the method and incorporating it into MAPOD
studies and inversion schemes relatively easy. The routine was tested with academic problems as well as
eddy current problems.

INTRODUCTION

Physics based computational models have been developed for a wide variety of
NDE methodologies using many different numerical methods [e.g. 1,2,3]. Many of these
models have been further developed into commercially available software packages such as
Vic3D, ECSIM, PZFLEX, and CIVA, among others. Typically, these forward models are
deterministic which implies the requirement of exact knowledge of problem specifics, such
as material parameters, geometry parameters, and boundary conditions. In practice
however, these parameters are rarely represented accurately by a single value. Rather, the
exact value of the parameter is uncertain, and the parameter must be represented in the
forward model as a random variable. This causes problems in forward models because the
value of the parameter could then take on any value within the range of interest. The full
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probability distribution of the output of the forward model is needed for inversion methods
and MAPOD studies using a Bayesian framework. There have been many methods
proposed to accomplish this task, many of which can be found in [4]. The most
straightforward approach, called the Monte Carlo sampling method, is to sample the
uncertain parameters at an adequate amount of points and solve the forward model at these
points. The values can then be used to generate moment information about the distribution
of the output or to construct histograms of the output values to determine the overall shape
of the probability distribution function (PDF). While advancements have been made in
reducing the sampling points needed to accurately represent these parameters of the output
distribution, MC methods still require many forward model runs and can be costly.
Another method to solve stochastic problems of this type is called the stochastic spectral
finite element method [5]. In this method, the uncertain parameters are expanded in terms
of their truncated Karhunen-Loeve approximations which results in a system of equations
to be solved with the finite element method. The issue with this method is that the problem
requires development theoretically and numerically, whereas most commercially available
software that solve NDE problems cannot be developed further. ldeally the UQ method of
choice would be non-intrusive, i.e. would not require tampering with the program code that
has already been developed. In 1938, Wiener proposed a new method to represent a
stochastic process, called the Wiener process, that described the random motion (Brownian
motion) of atoms in a drop of water [7]. This method involved representing the stochastic
process as a series expansion of polynomials. In his study, the polynomials chosen
(Hermite Polynomials) were orthogonal with respect to the PDF of a Gaussian distribution.
From this, the polynomial chaos expansion (PCE) was defined and used to represent
several different distributions. The PCE of the distributions can be used to represent
functions of the distributions, which then leads directly to the PCM. In this work, the PCM
is used to model uncertainties in a forward model for eddy current testing (ECT) in NDE.
The PCM is extended to inputs with arbitrary distributions to account for the many
different uncertain parameters in NDE applications.

ORTHOGONAL POLYNOMIALS
A gPC basis for a distribution is defined as a sequence of polynomials,
e, i=1,..,n

that are orthogonal with respect to the density function of the distribution [9]. To define
orthogonal in this setting, let:

(0:9,9109) 1, = | @G0, Yim) ®

be an inner product with respect to the measure dm(x) where (2 is the support of x, or the
range of possible values that x could take on. The measure is a generalization of the notion
of length or size in Euclidean space, and is always positive. In probability theory, the
measure is defined as:
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p(x)dx (2)

where p(x) is the probability density function of the random variable. Functions that are
orthogonal with respect to the measure, and thereby the PDF of the random variable satisfy
the relation:

(G0, vy = [ uCIWEIP I = 0 ©)
0
and a sequence of polynomials are orthogonal if, forall i,j = 1, ..., n:
, , _(lloi@I% i=j (4)
(0. 0;00) =1{ 2

RECURRENCE RELATION

The approach above is valid if the polynomials orthogonal with respect to the given
distribution are of known form. Several distributions and their respective orthogonal
polynomials are documented in TABLE. For an arbitrarily distributed random variable,
these polynomials may not be known. The recurrence relation in (5) has been shown [6,8]
to produce orthogonal polynomials of increasing degree for a positive, Riemann integrable
function p(x).

po(x) =1
(XPo, Po)p

X)= X —
1) AL

Pn = (x — An)¢n—1(x) - Bn¢n—2(x); n=223,..

(5)
(XPn-1, (pn—l)p
A, = >
lon-1113
(x(pn—l' (pn—z)p
B, = >
lon-2ll3

Since the calculation of A,, and B,, require the evaluation of the inner product and its norm,
numerical integration of these values is needed. Fortunately, this integration is relatively
straight forward as it is always in one dimension. In the case studies presented here,
integration was performed with the trapezoidal method shown in [11].

STOCHASTIC PROBLEM

In this case study, the problem to be solved is change in impedance of an induction coil due
to eddy currents induced in a conductive sample. Damage in the sample is not considered
to make computations straightforward. In equation form, the deterministic problem can be
written as:

Z=21(r) (6)
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where r is a vector with elements that are parameters of the problem, such as the sample
conductivity, the liftoff of the probe, the length of the truncated domain on which the
problem is defined, etc. The deterministic problem is well defined and many methods exist
to solve it, but when the parameters of the problem are uncertain the problem needs to be
reformulated. The new problem can be written as:

Z=17(gr1") (7)

where g is the vector of the random parameters and r’ is the vector of the rest of the
parameters. A problem with multiple uncertain parameters can be represented as a problem
with one uncertain vector, and this vector has its own distribution and therefore, its own
orthogonal polynomials. If the elements of the vector are independent, the distribution
function of the vector, called the joint PDF, can be written as:

bg = ﬁpi ©))
i=1

where n is the number of uncertain parameters and p; is the PDF of the i*" distribution.
The polynomials orthogonal to this random vector are defined as [9]:

n
or=] [od) ©
j=1

0))
1(j)
orthogonal with respect to the jt* random variable. The sum of the components of I should
not exceed the maximum order of polynomial desired for the polynomial fit for the

problem, N. This will be clarified in a later section.

where I is a n-dimensional multi-index and ¢,;;, is the polynomial of order I(j) that is

PROBABILISTIC COLLOCATION METHOD

Once the orthogonal polynomials for the random parameters vector are determined, the
desired quantity can be represented as a linear combination of these polynomials [9]. In
this case, we have:

!
z(g) = Z'—1 a; gy, 40

Here, [ is the number of polynomials in the truncated sequence orthogonal to the random
vector and a; are the coefficients of each polynomial to be determined. Clearly, once these
coefficients are determined, we have a polynomial surrogate representation of the actual
model response, Z(g). To find these coefficients, a set of points, called collocation points,
is formed and the actual model is solved at these points. The orthogonal polynomials are
then also evaluated at these points and the residual between the actual solution and the
surrogate solution is set to zero, resulting in a linear system to be solved for the coefficient
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values, v, as shown in (11). This approach is analogous to basic polynomial interpolation,
except the polynomial bases are defined differently.

Axv=u (11)

u=12(9;
A=a]= ¢1,(91)

Collocation points can be chosen by a number of methods. In this study, the roots of the
higher order polynomials were chosen as collocation points. The roots of orthogonal
polynomials are always real and distinct, and always lie in the interval of support of the
distribution. The roots would also be used as Gauss points in a quadrature estimate of the
moments of the distribution of impedance, and are thus the optimal points for this type of
analysis. Other methods, such as sparse grid selection, can offer more information at the
tails of the distributions and better convergence, but from experience, the roots provide
adequate convergence for the purposes of eddy current problems with low dimensionality

1
CONVERGENCE MEASURES

To evaluate the validity of the surrogate model, the forward model must be sampled again
and compared to the surrogate model by some means. For this study, these points were
chosen as the 2" higher order polynomial roots for the sake of computational savings in the
event that the approximation is not adequate at the current polynomial order. The solutions
of the forward model and the polynomial surrogate can be compared with the 2-norm:

e =|lun - uapp”z (12)
Another method of comparison is the probabilistic sum of the square residuals:

n
i=1 €i
SSr = =1

npg (gu) (13)
€ = (uapp,i - um,i)ng(gi)

or the relative measure:

SSTr 14
rssYr = —————
Eltiap (9)] a4
In these measures, p,(g) is the joint probability distribution function of the random vector,
r, is a vector of the means of the random parameters, u,,(g) is the forward model and

Ugpp (g) s the surrogate model.
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TABLE 1. A list of the distributions for each case study. The distributions in case study 2 were defined
numerically to show that the results compare the results from case 1.

Liftoff Distribution Conductivity Distribution

Case Study 2 Uniform — U[1.53,2.53] Normal — N[19.2,7.5]
(Def. Numerically) (Def. Numerically)

CASE STUDIES

In this study, the problem chosen for analysis is the well studied problem of the change of
impedance of an induction coil when placed over a conducting half space. An analytical
solution for this problem was developed by Dodd and Deeds [12]. Their integral solution
requires numerical integration in its raw form, so the series solution of these integrals
found in [10] was used in this study. Because the series solution can be solved relatively
quickly, a full Monte Carlo simulation on the numerical model can be performed within
reasonable time, and the results from the PCM development can be compared directly to
the model results. The uncertain variables in this study were conductivity and liftoff
because typical eddy current benchmark studies require inversion of this analytical model
to determine these parameters. To accomplish this inversion in a probabilistic setting, a
forward model that determines the distribution of impedance is crucial. The distributions
chosen for the different studies are shown in Table 1. For comparison purposes, the
parameters in the first case study were chosen to be distributed normally and uniformly,
and the polynomials used were the associated Hermite and Legendre polynomials,
respectively. In the second study, these distributions were defined numerically and their
orthogonal polynomials were determined with numerical integration. The polynomials are
compared to those from the first study, as well as the results from the simulation. In the
third study, liftoff had a triangular distribution and conductivity had a gamma distribution.
The triangular distribution has no associated orthogonal polynomials and the gamma
polynomials were determined numerically.

RESULTS AND DISCUSSION

In all cases, the surrogate model converged at third order. The final PDF’s from the
surrogate model and the Dodd and Deeds series expansion model are shown for each case
study for both resistance and reactance in Fig 1. In all studies, these plots matched very
well. The mean values from the Monte Carlo simulations and the model coefficients
estimate are shown in Table 1. These values agree for the first two cases but not in the
third study. These discrepancies result from differences in the actual Monte Carlo
simulations. Since the physical model has asymptotic tendencies that the polynomial
model does not account for, the sampling has to be limited to a certain range. A more
realistic choice of distribution would remedy this issue.
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TABLE 2. Average values of impedance change calculated with different methods

Surrogate MC | Model MC | Surrogate Coeffs.

Case 1| 1.232-5.392j 1.232-5.393j 1.235-2.405j
Case 2 | 1.229-5.381j 1.229-5.384j 1.235-5.407j
Case 3| 1.106-5.068j 1.160-5.063j 1.246-5.484j
700 " . 800
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600r ___Dodd and Deeds j
Series Soluti
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4001
400¢
300f
200f 200!
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FIGURE 1. PDF of the responses for all three case studies. (a) is the PDF of the resistance from case 1 and
(b) is the PDF of the reactance of case 1. (c) is the PDF of the resistance from case 2 and (d) is the PDF of
the reactance of case 2. (e) is the PDF of the resistance from case 3 and (f) is the PDF of the reactance of

case 3.
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