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On the Connectivity and Multihop Delay of
Ad Hoc Cognitive Radio Networks

Wei Ren, Qing Zhao, and Ananthram Swami

Abstract—We analyze the multihop delay of ad hoc cognitive
radio networks, wherethetransmission delay of each hop consists
of the propagation delay and the waiting time for the availability
of the communication channel (i.e., the occurrence of a spectrum
opportunity at this hop). Using theories and techniques from
continuum percolation and ergodicity, we establish the scaling
law of the minimum multihop delay with respect to the source-
destination distance in cognitive radio networks. When the prop-
agation delay is negligible, we show the starkly different scaling
behavior of the minimum multihop delay in instantaneously
connected networks as compared to networks that are only
intermittently connected dueto scarcity of spectrum opportunities.
Specifically, if the network is instantaneously connected, the
minimum multihop delay is asymptotically independent of the
distance; if the network is only intermittently connected, the
minimum multihop delay scales linearly with the distance. When
the propagation delay is nonnegligible but small, we show that
although the scaling order isalways linear, the scaling rate for an
instantaneously connected network can be orders of magnitude
smaller than the one for an intermittently connected network.

Index Terms—Cognitive radio network, multihop delay, con-
nectivity, intermittent connectivity, continuum percolation, er-
godic theory.

|. INTRODUCTION

HE BASIC idea of opportunistic spectrum access is to

achieve spectrum efficiency and interoperability through
a hierarchical access structure with primary and secondary
users [1]. Secondary users, equipped with cognitive radios [2]
capable of sensing and learning the communication environ-
ment, identify and exploit instantaneous and local spectrum
opportunities without causing unacceptable interference to
primary users [1].

In this paper, we focus on the connectivity and multihop de-
lay of ad hoc cognitive radio networks. Due to the hierarchical
structure of spectrum sharing, these issues are fundamentally
different from their counterpartsin conventional homogeneous
networks. In particular, even in a static secondary network,
the communication links are dynamic due to the spatial and
tempora dynamics of the primary traffic. As a consequence,
the connectivity of the secondary network depends not only
on its own topological structure, but also on the topology,
traffic pattern/load, and interference tolerance of the primary
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network. The multihop delay in the secondary network con-
sists of not only the propagation delay but also the waiting
time at each hop for the availability of the communication
channel, i.e,, the occurrence of a spectrum opportunity offered
by the primary network. It is this interaction with the primary
network that complicates the analysis of the connectivity and
multihop delay of the secondary network.

A. Main Results

We adopt a two-dimentional Poisson model for both the
secondary and the primary networks. A disk model for signal
propagation and interference is used as a starting point, which
alows us to highlight the fundamental interactions between
the primary and the secondary networks without delving into
potentially intractable details.

We first analytically characterize the connectivity of the
secondary network, where connectivity is defined by the finite-
ness of the minimum multihop delay (MMD) between two
randomly chosen secondary users. Specificaly, the network
is disconnected if the MMD between two randomly chosen
secondary users is infinite ailmost surely (a.s.). The network
is connected if the MMD between two randomly chosen
secondary users is finite with a positive probability. Notice
that the MMD considered here is not the multihop delay for a
specific routing protocol. Instead, it is the minimum multihop
delay that can be achieved by any routing protocol. The MMD
thus specifies the fundamental performance limit and provides
a benchmark for comparison.

Under the Poisson model, the key parameter that char-
acterizes the topological structure of the secondary network
is the density A\¢ of the secondary users. A topological
link connects any two secondary users that are within each
other’s transmission range. For a given transmission power
and interference tolerance of the primary network, the key
parameter that characterizes the impact of the primary network
is the density Apr of the primary transmitters that represents
the traffic load of the primary network. The connectivity of
the secondary network can thus be characterized by a partition
of the (As, A\pr) plane as shown in Fig. 1. Specificaly, we
show that when the temporal dynamics of the primary traffic
are sufficiently rich (for example, independent realizations of
active primary transmitters and receivers across dlots), the
connectivity of the secondary network depends solely on its
own density Ag and is independent of the density Apr of the
primary transmitters. In other words, no matter how heavy
the primary traffic is, the secondary network is connected,
either instantaneously or intermittently, as long as its density
Ag exceeds the critical density \. of a homogeneous network
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Fig. 1. Connectivity of ad hoc cognitive radio networks (the critical density
¢ of the secondary users is defined as the infimum density of the secondary
users that ensures instantaneous connectivity under a positive density of the
primary transmitters, and is equal to the critical density A. of a homogeneous
network; the upper boundary A}, ;. (As) is defined as the supremum density of
the primary transmitters that ensures instantaneous connectivity with a fixed
density of the secondary users).

(i.e, in the absence of the primary network). Note that when
As > A, there is as. a unique infinite connected component
in the secondary network formed by topological links. We
show that for any two secondary users in this infinite topolog-
ically connected component, the MMD s finite a.s. Since the
percentage of the secondary users in this infinite topologically
connected component is strictly positive!, it follows that the
MMD between two randomly chosen secondary usersis finite
with a positive probability, i.e.,, the secondary network is
connected.

We define a communication link as a topological link that
sees the spectrum opportunity, and also define the instan-
taneous connectivity of the secondary network as the as.
existence of an infinite connected component formed by all
the communication links. While the secondary network is
connected and the MMD is finite with positive probability
whenever there are sufficient topological links (i.e., Ag > \.),
there may not be sufficient communication links to make the
network instantaneously connected at any given time. As a
consequence, the instantaneous connectivity of the secondary
network is determined by the traffic load of the primary
network. As illustrated in Fig. 1, for any given density \g of
the secondary network, with Ag > A., there exists a maximum
density A\ (As) of the primary transmitters beyond which
the secondary network is only intermittently connected. When
intermittently connected, the secondary network has no infinite
connected component formed by communication links at any
given time. Messages can only traverse the topological path
connecting two secondary users by making stops in between
to wait for spectrum opportunities.

It is thus natural to expect that the MMD will behave dif-
ferently in an instantaneously connected secondary network as
compared to an intermittently connected secondary network.
Indeed, we show in this paper that the scaling behavior of
the MMD with respect to the source-destination distance is
starkly different depending on the type of the connectivity.
To highlight the impact of the waiting time for spectrum
opportunities on the MMD, we first ignore the propagation

1This percentage is a function of the density \g, where its analytical form
is generally open [3].

delay. Let i be the source, v the destination, (1, v) the MMD
from p to v, and d(u, v) the distance between p and v. We
show that, a.s.

t(u,v) {
1m
d(pv)—oo d(p, V)
When the secondary network is instantaneously connected, a
much stronger statement is actually shown, that is,
: t(p,v)
lim —
d(p.v)—oe g(d(p,v))

where ¢(d(u,v)) is any monotonicaly increasing function
of d(u,v) satisfying » liI)n g(d(p,v)) = oco. This implies
V) — 00

207
>0,

if instantaneously connected;
if intermittently connected.

=0 as,

that the MMD ¢(u,v) is asymptotically independent of the
distance d(u, v) as d(u, v) — oo. Thus when the propagation
delay is negligible, an instantaneously connected CR network
behaves aimost the same as a homogeneous ad hoc network
in the sense that the waiting time for spectrum opportunities
does not affect the scaling law of the MMD with respect
to the distance. On the other hand, if a CR network is
intermittently connected, the waiting time for the spectrum
opportunities accumulates linearly with the source-destination
distance, resulting in a fundamental difference in the MMD
as compared to a homogeneous network.

The above scaling law may be illustrated by an analogy
of traveling from one place 1 to another place v, where the
waiting time for the spectrum opportunities is likened to the
waiting time for traffic lights. Suppose that we can move fast
enough such that the driving time on the road is negligible.
When the secondary network is instantaneously connected,
there exists a.s. an infinite connected component consisting
of communication links which can be considered a highway
without traffic lights between 1 and v. Given that both 1 and
v are within a finite distance to the highway (independent of
the distance between p and v), the travel time from y to v,
which is the waiting time for traffic lights before entering the
highway and after leaving the highway, is independent of the
distance between p and v. When the secondary network is
intermittently connected, such a highway between ;. and v
can not be found. Then we have to use local paths and wait
for traffic lights from time to time, leading to the linear scaling
of the travel time with respect to the distance between 1 and
v even when the driving time is ignored.

We also study the impact of the propagation delay on the
MMD. When the propagation delay 7 is nonnegligible, we
show that the MM D scales linearly with the source-destination
distance in both instantaneously connected and intermittently
connected regimes, but with different rates. In particular, the
limiting behavior of the rate as = — 0 is distinct in the two
regimes, i.e, as.

lim t(p, v) {

7—0 d(p,v)—o0 d(,LL, l/)

:O’
>0,

if instantaneously connected,
if intermittently connected.

It indicates that when the propagation delay is sufficiently
small, the scaling rate of the MMD for an instantaneously
connected network is much smaller than the one for an
intermittently connected network.

The analytical results presented above also provide im-
portant insights and design guidelines for practical systems.
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If a secondary network is overlaid with a primary network
with heavy traffic, then it can only be used for delay-tolerant
applications. Conversely, if a secondary network is deployed
for delay-sensitive applications, then it should be operated
within the instantaneous connectivity region C, which puts a
cap on the tolerable traffic load of the primary network.

B. Related Work

As a fundamental indicator of the feasibility and efficiency
of large-scale wireless networks, the scaling law for capacity
has received increasing interest in the research community
since the seminal work of Gupta and Kumar [4]. The capacity
scaling law of CR networks has been analyzed under different
CR network models in [5-7]. A single-hop ad hoc secondary
network overlaid with a single pair of primary users is consid-
ered in [5], and a multihop ad hoc secondary network overlaid
with a denser ad hoc primary network is studied in [6, 7].
In [7], the authors also derive the capacity-delay tradeoff for
a specific routing and scheduling algorithm which is shown
to achieve the optimal one for homogeneous networks. To our
best knowledge, the scaling law of the MMD with respect to
the source-destination distance in a CR network has not been
characterized in the literature.

The scaling law of the multihop delay in homogeneous ad
hoc networks has been well studied (see [8-18] and references
therein), where the multihop delay does not include the
waiting timefor the availability of the communication channel.
Based on continuum percolation theory, the scaling law of the
multihop delay with respect to the source-destination distance
is established in [17, 18]. In particular, Kong and Yeh [18]
considered homogeneous ad hoc networks with dynamic on-
off links and showed that the scaling of the MMD behaves
distinctly in two regimes, depending on whether the network
is percolated. While some common techniques in continuum
percolation are used in both [18] and this paper, they are
applied to different network models. Specifically, in a con-
ventional ad hoc network, the availability of a communication
link is time-varying due to noise, interference, and fading, and
it is assumed to be independent across communication links
in [18]. In an ad hoc cognitive radio network, the availability
of a communication link is, however, correlated with that of
other communication links, because they can be affected by
the same set of primary users. This leads to a dependent
percolation model in the analysis, which is in general more
difficult to tackle than the independent percolation model
in [18]. Furthermore, in this paper, we use techniques in
ergodic theory to establish the result on the scaling law of the
MMD with respect to the source-destination distance, which
is different from [18].

There are also a number of results on intermittently con-
nected homogeneous networks (see, for example, [19-22]),
where the intermittent connectivity is caused by node mobility
or duty cycling, rather than by spatial and temporal dynamics
of spectrum opportunities. The problem and the technical
approach are generally different.

C. Organization and Notation

The rest of the paper is organized as follows. In Sec. II,
the Poisson CR network model is specified. Based on a

close examination of the conditions for the existence of a
communication link in CR networks, the connectivity of the
CR network is analytically characterized in Sec. Ill. The
results about the scaling behavior of the MMD with respect
to the source-destination distance are presented in Sec. V.
Simulation results are provided in Sec. V to illustrate the
analytical results proven in Sec. IV. Conclusions and further
discussions are given in Sec. VI.

Throughout the paper, we use capital letters for parameters
of primary users and lowercase letters for those of secondary
users.

Il. NETWORK MODEL

We consider a Poisson distributed secondary network over-
laid with a Poisson distributed primary network in an infi-
nite two dimensional Euclidean space?. The primary network
adopts a synchronized dotted structure with a slot length
Ts. The redlizations of active primary transmitters vary from
dot to slot and are assumed to be i.i.d. across slots®. Thus
Ts can be considered as the time constant of the spectrum
opportunities which are determined by the transmitting and
receiving activities of the primary users. Without loss of
generality, we set Tg = 1.

At the beginning of each dlot, the primary transmitters
are distributed according to a two-dimensional Poisson point
process X pr with density Apy. Primary receivers are uni-
formly distributed within the transmission range R,, of their
corresponding transmitters. Here we have assumed that all the
primary transmitters use the same transmission power and the
transmitted signals undergo an isotropic path loss*. Based on
the displacement theorem [23, Chapter 5], it can be shown that
the primary receivers form another two-dimensional Poisson
point process X pr with density A pr, which is correlated with
XPT-

The secondary users are distributed according to a two-
dimensional Poisson point process X g with density \g, which
is independent of Xpr and Xpgr. The locations of the
secondary users are static over time, and they have a uniform
transmission range 7.

I1l. CONNECTIVITY

In this section, we examine the connectivity of the sec-
ondary network by analytically characterizing the partition of
the (As, Apr) planeillustrated in Fig. 1.

2This infinite network model is equivalent in distribution to the limit of a
sequence of finite networks with a fixed density as the area of the network
increases to infinity, i.e., the so-called extended network.

3The different redlizations of active primary transmitters in different slots
can be caused by the mobility of these users or changes in the set of active
primary transmitters and receivers or both.

4Given a fixed power and a fixed power threshold for successful recep-
tion/interference tolerance, the transmission/interference range is a function
of the pass-loss exponent. Thus, the pass-loss exponent affects the topology
of the secondary network and the interactions between the primary network
and the secondary network. As a consequence, changing its value can lead
to the variation of the take-off point A% and the upper boundary A% .-(As)
of the instantaneous connectivity region C (see Fig. 1 for an illustration). But
the path-loss exponent does not affect any of the conclusions on connectivity
(Theorem 1) and MMD (Theorem 2 and Theorem 3) obtained in this paper.
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Primary Rx

Fig. 2.  Definition of spectrum opportunity. © and v denote secondary
transmitter and recelver. r; and R; denote the interference radii of the
secondary and primary users. A spectrum opportunity from p to v exists
only if there are no primary receivers within the solid circle and no primary
transmitters within the dashed circle.

A. Topological Link vs. Communication Link

Topological links in the secondary network are independent
of the primary network. A topological link exists between any
two secondary users that are within each other’s transmission
range. In contrast, the existence of a communication link
between two secondary users depends not only on the distance
between them but also on the availability of the communi-
cation channel, i.e., the presence of a spectrum opportunity
offered by the primary network. As a result, even in a static
secondary network, communication links are time-varying due
to the temporal dynamics of spectrum opportunities. The
presence of a spectrum opportunity is determined by the
transmitting and receiving activities of the primary network
as described below.

We consider the disk signal propagation and interference
model as illustrated in Fig. 2. There exists an opportunity
from 1, the secondary transmitter, to v/, the secondary receiver,
if the transmission from ;. does not interfere with primary
receivers in the solid circle, and the reception at v is not
affected by primary transmitters in the dashed circle [24].
Referred to as the interference range of the secondary users,
the radius r; of the solid circle centered at ;. depends on the
transmission power of 1 and the interference tolerance of the
primary receivers, whereas the radius R; of the dashed circle
(the interference range of the primary users) depends on the
transmission power of the primary users and the interference
tolerance of the secondary user v.

It follows from the above discussion that spectrum op-
portunities are asymmetric. Specifically, a channel that is an
opportunity when 4 is the transmitter and v the receiver may
not be an opportunity when v is the transmitter and . the
receiver. Since unidirectional links are difficult to utilize, es-
pecialy for applications with guaranteed delivery that require
acknowledgements, we only consider bidirectional linksin the
secondary network when we define connectivity.

B. Connectivity and the Finiteness of MMD

As stated in Sec. |, the connectivity of the secondary
network is defined by the finiteness of the MMD between two
randomly chosen secondary users. In this section, we show
that while the transmissions between two secondary users
can only be carried by communication links, the finiteness

of the MMD depends solely on the topological connectivity
of the secondary network when the temporal dynamics of the
primary traffic are sufficiently rich.

Consider an undirected random graph Gs(Ag) consisting of
all the secondary users and the topological links. Notice that
Gs(As) depends only on the Poisson point process Xg of
the secondary network. Under the i.i.d. model of the temporal
dynamics of the primary traffic, we show in Theorem 1 below
that a necessary and sufficient condition for the a.s. finiteness
of the MMD in the secondary network is the connectivity of
Gs(As) in the percolation sense.

Theorem 1: Let ¢(u, v) denote the MMD between two ran-
domly chosen secondary users ;. and v. Then with a positive
probability, t(u,v) < oo as. if and only if Ag > A, where A\,
is the critical density of homogeneous ad hoc networks.

Proof: It follows from the classic result on homogeneous
networks [25, Chapter 3] that there exists an infinite connected
component in Gg(Ag) if and only if Ag > A., where \. isthe
critical density of homogeneous networks.

If Ag < A, then there exist only finite connected compo-
nents in Gs(\s); there is no topological path between n and
v as, i.e, t(u,v) = co as. On the other hand, if Ag > A,
then with a positive probability ;. and v belong to the infinite
topologically connected component®. In other words, there
exists atopological path L with finite number of hops between
p and v. Let t#(u,v) denote the multihop delay from p to v
aong the path L. Next we prove the a.s. finiteness of £ (y, v)
by establishing the following lemma on the single-hop delay.

Lemma 1: Let ¢4(w, w2) denote the single-hop delay from
wi t0 wo, Where w; and ws are connected via a topological
link. Then we have that ¢s(w;,ws) < oo as.

Proof of Lemma 1: see Appendix A. [ |

Since t*(u, v) is afinite sum of single-hop delays, we have
that ¢~ (i, v) < oo as. Thus, t(u,v) < tl(u,v) <occ as. ®

Theorem 1 shows that under the i.i.d. model of the tem-
poral dynamics of the primary traffic, the connectivity of the
secondary network defined by the finiteness of the MMD is
equivalent to the topological connectivity of Gs(\s) which
is independent of the primary network. In other words, no
matter how heavy the primary traffic is, the MMD between
two secondary users in the infinite topologically connected
component of Gg(Ag) is finite as.

We point out that the i.i.d. model of the temporal dynamics
of the primary traffic is not necessary for Theorem 1 to hold
and is only assumed here for ease of presentation. It can
be shown that as long as the primary network has mobility
or the set of active primary transmitters and receivers is not
static over time, the finiteness of MMD is equivalent to the
topological connectivity of Gs(Ag).

C. Instantaneous Connectivity vs. Intermittent Connectivity

In a primary slot ¢, we can obtain an undirected random
graph Gp(As, Apr,t) consisting of al the secondary users
and the communication links which represents the instanta-
neous connectivity of the secondary network in this dot. As
illustrated in Fig. 3, this graph Gy (As, Apr,t) is determined

51t is shown in [25, Theorem 3.6] that when Ag > )., there exists a unique
infinite connected component in Gg(Ag) as.
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Primary Tx
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® Secondary User

Fig. 3. A redization of the random graph Gy (As, Apr,t) which consists
of al the secondary users and all the communication links in the primary
slot ¢ (denoted by solid lines). The solid circles denote the interference
regions of the primary transmitters within which secondary users can not
successfully receive, and the dashed circles denote the required protection
regions for the primary receivers within which secondary users should refrain
from transmitting.

by the three Poisson point processesin dot t: Xg, Xpr, and
Xpr, Where Xpr and Xppr are correlated.

We define the instantaneous connectivity of the secondary
network as the a.s. existence of an infinite connected com-
ponent in Gy (As, Apr,t) for dl ¢t. Given the transmission
power and the interference tolerance of both the primary and
the secondary users (i.e., R,, Ry, rp, and r; are fixed), the
instantaneous connectivity region C is defined as

C2{(\s, Apr): Gu(\s, Apr,t) is connected for all ¢}.

A detailed analytical characterization of C is given in [26].
Let O(\g, A\pr) denote the probability that an arbitrary sec-
ondary user belongs to an infinite connected component® in
Gu(As, Apr,t), then we have that

if (As,Apr) €C;
otherwise.

>0,

Y &)

O(As, Apr) {

Referred to as the critical density of the secondary users,
A% isthe infimum density of the secondary users that ensures
instantaneous connectivity under a positive density of primary
transmitters:

A2 inf{\s : IApr > 0 st. Gu(As, Apr,t) is connected V ¢}.

It is shown in [26] that A% equals the critical density A. of
a homogeneous ad hoc network.

Gu(As, Apr,t) can aso be obtained by removing topolog-
ical links that do not see the opportunities in ot ¢ from the
random graph Gs(\s). Thus, even if the secondary network is
connected (i.e.,, Gs(As) has an infinite connected component),
it may not be instantaneously connected. Specifically, the in-
finite connected component in Gs(\s) may break into infinite
number of finite connected componentsin G (As, Apr, t) due
to scarcity of spectrum opportunities. In this case, we define
the intermittent connectivity region C; as

a {()\57 )\pT) .

Ccr = As > A and G (Mg, Apr,t)

is disconnected V t}.

6Since the distribution of the primary network is i.i.d. across slots, it can
be shown that this probability 6 is time-invariant.

809

IV. MULTIHOP DELAY

In this section, we analytically characterize the scaling
behavior of the MMD with respect to the source-destination
distance. Let C'(Gs(\s)) be the infinite connected component
in Gs(As) when A\g > ., i.e, the secondary network is
connected. We seek to establish the scaling law of the MMD
between two arbitrary usersin C(Gs(A\s)) with respect to the
distance between them. As shown in the following two sub-
sections which consider the two cases when the propagation
delay 7 = 0 and 7 > 0, the scaling behavior of the MMD is
determined by the connectivity - intermittent or instantaneous
- of the secondary network.

A. Negligible Propagation Delay

When the propagation delay 7 = 0, once a user has re-
ceived the message, it can spread the message instantaneously
throughout the connected component formed by communica-
tion links which contains it. Thus, if the secondary network
is instantaneously connected, the source can route its message
via the infinite connected component such that the message
can move a large number of hops towards the destination
within a single primary slot. As we will see, this use of the
infinite connected component leads to the multi-hop delay
being asymptotically independent of the source-destination
distance. On the other hand, if the secondary network is
intermittently connected, the message can move forward only
a limited number of hops within each primary sot, which
results in the linear scaling of the MMD. A mathematical
statement about the scaling is given in the following theorem.

Theorem 2: Assume that = = 0. For any two secondary
users u, v € C(Gs(Ag)), where C(Gs(Ag)) is the infinite
connected component of Gg(\s), let t(x, v) denote the MMD
from p to v and d(u, v) the distance between 1 and v; then

T21 if (As,)\pT) eC,

)
d(p.v)—oc g(d(p,v))
where ¢(d) is any monotonically increasing function of
d with dli_)rrolog(d) = o0;
T2.2 if (As,Apr) € Cr, 30 < [ < oo such that

t(u,v)
11m
d(p,v)—o00 d(/L, V)
where the value of 3 depends on (g, Apr).

To simplify the notation, let the minimum path denote
the path from the source to the destination with the MMD.
Notice that the minimum path depends on both the topology
of the secondary network and the realizations of the primary
network over time. In other words, the minimum path for a
realization of the primary network may not be the minimum
path for another realization of the primary network. It is, thus,
intractable to directly study the minimum path between the
source and the destination. Instead, we analyze the multihop
delay along a constructed path to obtain an upper bound on the
MMD for an instantaneously connected network, and derive
a lower bound on the MMD for an intermittently connected
network by considering a.s. finiteness of the connected com-
ponents formed by communication links. In the proof, we

=0 as,

= as, )
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, C(to) Lc
// l/ Wy ‘,‘
‘ M
\ v

Fig. 4. An illustration of the constructed path Lo from pu to v
when (Ag,Apr) € C. C(to) is the infinite connected component of
G(As, ApT,to) which first contains p, and w, is the user in C(to) which
is closest to v.

borrow techniques and theories from continuum percolation
and ergodicity, including the discretization technique, the FKG
inequality, and the Subadditive Ergodic Theorem [27].

The assumption that the redlizations of active primary
transmitters are i.i.d. across slots can be relaxed. Given a
mobile primary network, the asymptotic independence of the
MMD with respect to the source-destination distance for an
instantaneously connected network follows more or less along
the same lines as the proof of T2.1, and the linear scaling of
the expected MMD for an intermittently connected network
can also be shown based on the proof of Lemma 4.

Proof of T2.1: We use the infinite connected component
consisting of communication links’ in G (\s, Apr, to) during
some primary dlot ¢y to construct a path Lo from p to v
such that the multihop delay along this path is independent of
the distance d(p, v) (see Fig. 4 for an illustration). Then we
analyze the multihop delay t“ (u,v) adong Lc.

Assume that p starts trying to send the message at time
t = 0. Let C(t) be the infinite connected component in
Gu(As, Apr,t), and to the first primary slot such that 1 €
C'(to). Based on (1), we know that the probability 6(\s, Apr)
that ;. € C(t) for each ¢ is strictly positive. It follows from
the i.i.d. distribution of the primary network across dots that
to isfinite as. Given C(to), we define user w,, as the user in
C'(to) which is closest to v, i.e,

w, 2 argmin d(w;, v).
w; €C(to)
Notice that if v € C(to), then w, = v.
As illustrated in Fig. 4, the constructed path Lo passes
through w,,, then the multihop delay t“ (u, v) along the path
L¢ can be expressed as:

tc(u, v) =to+ t(p,w,) + t(w,,v) =tg + t(w,,v),

where t(w,,v) is the MMD from w, to v. In the last step,
we have used t(p, w,) = 0, since u, w, € C(tp) and 7 = 0.
Next we show the following lemma.
Lemma 2: t(w,,v) isfinite as.
Proof of Lemma 2: We first show that d(w,,, ) < oo as.
by using the ergodicity of the CR network model, and then
obtain an upper bound on the multihop delay along the shortest

71t is shown in [26] that there exists either zero or one infinite connected
component in G (As, Apr,t) as. for any given t.

path® L(w,,v) from w, to v. Since t(w,,v) < ti(w,,v)
where t” (w,, v) is the multihop delay along L(w,, v), theas.
finiteness of ¢(w,, v) follows from that of the upper bound on
t(w,, v). The proof hereisinspired by the proof of Lemma9
in [18], but with a much simpler proof of d(w,,v) < co. For
details, see Appendix B. [ |

It can be shown that ¢, and ¢(w,,r) are independent of

d(u,v). Then we conclude that

c

o )

d(pv)—oo g(d(p,v))

and T2.1 follows immediately from the fact that ¢(u,v)
t¢ (i, v).

From the above proof, we can see that the existence of
the giant connected component can significantly reduce the
multihop delay, especially when the destination is far away
from the source.

Proof of T2.2: Based on the scaling argument [25,
Chapter 2], we set the transmission range r,, of the secondary
usersto 1 without loss of generality. Take p as the origin, and
the line connecting i and v as the x-axis. Define an auxiliary
node w; in C(Gs(As)) for every integer i:

=0 as,

<
]

A .
w; = argmin

weC(Gs(As))

d(w, (i,0)).

Obvioudly, wy = p. Let n be the closest integer to v, then

t(ﬁ]o, wn) - t('Ut]n, l/) t(,u, V)
n+1 ~d(p,v)

If @, = v, then t(w,,v) = 0; if w, # v, then t(w,,v) is a
most the single-hop delay because d(1,,, v) < d(1w,, (n,0))+
d(v, (n,0)) < 2d(v, (n,0)) < 1.

Let tp,.n = t(Wm,w,) for any two integers m, n. Then to
show T2.2, it suffices to show that

t(wo, Wy,) + (W, V)
n—1 ’

<

. tOJL
lim
n—oo

The proof of (3) is divided into the following two lemmas.
. A : tO n H
Lemma 3: = lim —* existsas.

=p>0as (3)

Lemma 4: 0 < 8= lim 22 < co.

The proof of Lemma 3 is based on the Subadditive Ergodic
Theorem [27, Theorem 1.10], and the proof of Lemma 4 is
based on properties of the diameter® of the finite connected
components formed by communication links in an intermit-
tently connected network. For details, see Appendix C and
Appendix D. |

B. Nonnegligible Propagation Delay

When the propagation delay = > 0, it takes at least time
7 for the message to traverse a distance r,, which imposes
a lower bound 7/r, on the ratio of the MMD to the source-
destination distance. Thisimpliesthat the MMD scales at |east
linearly with the source-destination distance.

8The shortest path is the path from the source to the destination with the
minimum number of hops. Notice that the shortest path is not necessarily the
minimum path, since the probability of having an opportunity is a function
of the hop length and a longer hop usualy results in longer waiting time.
9The diameter of a connected component C' is defined as max d(p, v).
8%
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The positive propagation delay 7 also imposes an upper
bound T's /7 on the maximum number of hops that the mes-
sage can traverse in a primary slot 7’s. For an instantaneously
connected network, this upper bound can be actually attained
in the infinite connected component consisting of commu-
nication links. But for an intermittently connected network,
this upper bound may probably not be attained due to the
limited diameter of the finite connected componentsformed by
communication links, especially when the propagation delay
7 is small. Specifically, there may not exist a connected
component which has a path with T's /7 hops. Thus, athough
the scaling order is aways linear, it can be expected that the
scaling rate for an instantaneously connected network is much
smaller than the one for an intermittently connected network.
The following theorem summarizes the above observations in
a rigorous form.

Theorem 3: Assume that = > 0. For any two secondary
users u, v € C(Gs(As)), where C(Gs(As)) is the infinite
connected component of Gg(As), let ¢"(u,v) denote the
MMD from p to v and d(u, v) the distance between p and v;
then 3 v = v(7) > 0 such that

" (p, v) T
———— =y > — as. 4
d(p,v)—o00 d(/L, V) = Tp ( )
Furthermore, if (As, Apr) € C,
lim  lim pv) =0 as; (5)
7—0 d(p,v)—o0 d(,u, I/)
and if (/\5, /\pT) e (Cy,
: . t(p,v)
lim  lim > (>0 as, 6
7—0 d(p,v)—o0 d(/L, V) = ( )
where 8 = p 1ir)n f}(*;;;g was defined in (2).
[,V ) —00 ’
Proof Sketch: The equality in (4) is based on the

Subadditive Ergodic Theorem [27], while the inequality in (4)
is a direct consegquence of the simple observation above. The
basic idea behind establishing (5) is to consider the multihop
delay along the path constructed in the proof of T2.1. Egn.
(6) follows immediately from the fact that ¢ (i, v) > t(u, v),
where t(u,v) is the MMD when 7 = 0. For details, see
Appendix E. |

V. SIMULATION RESULTS

In this section, we present several simulation results. The
density \g of the simulated secondary network is larger
than the critical density A.. Thus, the secondary network is
either instantaneously connected or intermittently connected,
depending on the density App of the primary transmitters.
Without loss of generality, we assume that the source is
located at the origin. Each node in the network is a potential
destination. This alows us to simulate different realizations
of the source-destination pair using one Monte Carlo run.

Please note that the MMD is not the multihop delay
for a specific routing protocol, but the minimum multihop
delay that can be achieved by any routing protocol. Since
it is difficult to identify the path with the MMD which
depends on the topology of the secondary network and the
transmitting and receiving activities in the primary network

in an intricate way, we obtain the MMD by considering a
flooding scheme that tries every possible path from source to
destination. During the flooding, every user that has received
the message (including the source) will transmit the message
to its neighbors (i.e., within its transmission range) when it
experiences a bidirectional spectrum opportunity to any of
its neighbors. The transmission attempts will not stop until
al its neighbors receive the message. The time that a user
first receives the message during the flooding is considered
as the MMD from the source to this user. To highlight the
impact of the waiting time for spectrum opportunities which
is unique to CR networks, we do not consider delay caused
by scheduling, contention, or queuing. It thus can be shown
that simulating this flooding scheme gives us the MMD. We
stress that flooding is used solely to determine the MMD and
verify the scaling laws that we have derived; flooding is not
suggested as a routing protocol in the secondary network.

Fig. 5 shows the MM D-to-distance ratio as a function of the
source-destination distance when the propagation delay 7 is
zero, where each dot represents a realization of the destination.
We can see that if the secondary network is instantaneously
connected (Fig. 5-(@)), the ratio decreases very fast as the
distance increases, and it can be expected that the ratio will
eventually tend to zero. On the other hand, if the secondary
network is intermittently connected (Fig. 5-(b)), the decreasing
rate of the ratio levels off as the distance increases, and the
ratio will gradually approach a positive constant. Note that in
Fig. 5-(a), the MM D-to-distance ratios of different realizations
of the destination are grouped into several continuous curves,
each associated with a fixed MMD. Specificaly, since the
message is mainly delivered via the infinite connected compo-
nent consisting of communication links when the secondary
network is instantaneously connected, the secondary users are
actually grouped according to the first time that they are in
an infinite connected component. From Fig. 5-(a) we can see
that due to the temporal dynamics of spectrum opportunities,
every node will be part of an infinite connected component
within a few number of primary dots.

In Fig. 5, we compare the MMD-to-distance ratio in an
instantaneously connected network and in an intermittently
connected network when the propagation delay 7 is nonzero
but small. The two red dashed lines in Fig. 5(c)(d) denote the
lower bound 7/, on the ratio imposed by the propagation
delay. Although the ratio for the instantaneously connected
network does not go to zero due to the nonnegligible prop-
agation delay, it is 10 times smaller than the ratio for the
intermittently connected network.

We aso compare the expected multihop delay of the
shortest-path routing (SPR) protocol with the expected MMD
achieved by the above flooding protocol when the propagation
delay 7 is zero, and the shortest path is the path with the
minimum number of hops. The expected multihop delay from
the source at the origin to a fixed destination is plotted for both
protocols as a function of the primary traffic load represented
by the density of the primary transmitters in Fig. 6-(a), and
the corresponding fractional difference (expected SPR delay—
expected MMD)/(expected MMD) expressed as a percentage
is given in Fig. 6-(b). Notice that here the multihop delay
only consists of the waiting time for the spectrum opportunity.
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(@) instantaneously connected (A\pr = 10km~2, 7 = 0)

(0) instantaneously connected (Ap = 10km~2, 7 = 0.019)

Fig. 5.

(b) intermittently connected (Apr = 50km~2, 7 = 0)

(d) intermittently connected (\pr = 50km~=2, 7 = 0.019)

MMD-to-distance ratio (in logarithmic scal€e) vs. the source-destination distance. Notice that the MMD-to-distance ratio is obtained in one Monte

Carlo run. The secondary users are distributed within a square [—5km, 5km] x [—5km, 5km] according to a homogeneous Poisson point process with density
s = 700km~2. Given the transmission range r, = 50m of the secondary users, we have that \g is larger than the critical density A\ (50) = 576km—2.
Some other simulation parameters are given by r; = 80m, R, = 50m, Ry = 80m, and T's = 1s.

When the primary traffic load is light, the message can make
a detour via flooding to reach the destination earlier than via
SPR if some node along the shortest path is not experiencing
a spectrum opportunity. But when the primary traffic load is
heavy, it is highly likely that the message still needs to wait for
the spectrum opportunity somewhere along the detour, which
leads to larger multihop delay than the one given by the SPR.
This explains why the fractional difference decreases as the
primary traffic load increases.

VI. CONCLUSION AND DISCUSSION

We have studied the connectivity and multihop delay of
ad hoc cognitive radio networks. The impact of connectivity
on the multihop delay has been examined by establishing the
scaling behavior of the minimum multihop delay with respect
to the source-destination distance. Specifically, depending on
whether the cognitive radio network is instantaneously con-
nected or intermittently connected, the scaling of the minimum
multihop delay behaves distinctly, in terms of either the scaling

order when the propagation delay is negligible or the scaling
rate when the propagation delay is nonnegligible. This scaling
result is independent of the random positions of the source and
the destination, and it only depends on the network parameters
(e.g., the density of the secondary users and the traffic load of
the primary network). In establishing these results, we have
used theories and techniques from continuum percolation and
ergodicity including the concept of critical density, the FKG
inequality, the discretization technique, and the Subadditive
Ergodic Theorem.

We have highlighted the impact of the waiting time for
spectrum opportunities on the delay of the secondary network.
This impact is a unique feature in ad hoc cognitive radio
networks, and all other issues like scheduling share flavors
similar to those in the conventional homogeneous networks.
We have not considered delay caused by scheduling or con-
tention among secondary users, thus the results characterize
the minimum delay and the fundamental performance limit. It
is our hope that this paper serves as a starting point to a more
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Fig. 6. (&) the expected multihop delay for flooding and SPR vs. the density of the primary transmitters; (b) the fractional difference (expected SPR delay —
expected MMD)/(expected MMD) expressed as a percentage vs. the density of the primary transmitters. The expected MMD is obtained via flooding. The
destination is chosen from the secondary network generated for Fig. 5, which is a [—591.431m, 386.353m]. The average value is taken over 100 Monte
Carlo runs. Some other simulation parameters are given by r, = 50m, r; = 80m, R, = 50m, Ry = 80m, 7 =0, and Ts = 1s.

complete characterization of multihop delay that includes al
these different factors.

In the above analysis, we have assumed a disk signa
propagation model which only incorporates path-loss. If we
take into account fading and shadowing, then the condition
for the existence of atopological link between two secondary
users should be changed to take into account the received SNR
at each user. Under fading, a fixed transmission range does
not hold, leading to a random connection model (RCM) [25,
Chapter 1] where, for any two users in the network, there
exists a link connecting them with some probability (maybe
zero) depending on the distance between them. Since the RCM
shares several basic properties (e.g., the ergodicity and the
existence of the critical density) with the Boolean model used
in this paper, we expect that the results established here can be
extended to the RCM, although the derivations may become
more complicated.

We have also assumed that the interference region can be
represented by a circle with a fixed radius. It is possible that
interference aggregated from multiple interferers outside the
interference region cause an outage at the receiver. By choos-
ing a conservative interference range, however, this possibility
can be made negligible [28].

APPENDIX A: PROOF OF LEMMA 1

Assumethat 7 < T's = 1 such that the spectrum opportunity
lasts long enough to ensure the success of the transmission,
and w, intends to transmit the message at time 0. It follows
from Sec. IlI-A that the single-hop delay ¢s(w,w2) is the
waiting time ¢, (w1, ws) for the presence of the first bidirec-

tional opportunity plus the propagation delay T, i.e.,

tow(wr, we) + 7

argmin {I(y, w,)(n) =1} + 7,
ne{0,1,2,...}

ts (wla U)Q)

where I, .,,)(n) be anindicator such that I, .,,)(n) = 1 if
a bidirectional opportunity exists between w; and w, during
the nth primary slot, and Iy, .., (t) = 0 otherwise.

Due to the i.i.d. distribution of the primary network across
slots, ¢, (w1, w2) isageometric random variable with param-
eter po, where p is the probability of having a bidirectional
opportunity between w; and ws at any given time and is al-
ways strictly positive [29, Appendix A]. Thus, ¢, (w1, ws) <
oo as, and t,(p, v) < oo as.

APPENDIX B: PROOF OF LEMMA 2

We first establish that d(w,,v) < oco. Since d(w,,v) <
d(w,, (0,0))+d(v, (0,0)) and d(v, (0,0)) < cc as., it follows
that d(w,,v) < oo as. if d(w,, (0,0)) < co as. Consider the
following three events:

E = {d(wuv (070)) < OO},
B, = {w, e Clt) such that d(w,, (0,0)) < r},
En = {w, e Gs(\s) such that d(w,, (0,0)) < r}.

Then we have that for a fixed r > 0,

Pr{E} > Pr{E.}>Pr{E.1}0()\s,\pr)

[1 — exp(=Asmr?)]0(\s, Apr) > 0,

where §(A\s, Apr) isdefinedin (1) and is strictly positive since
(As, Apr) € C. It can be shown that the event E' is invariant
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37d
Fig. 7. A sequence {S; : j > 0} of squares cocentered at the middle point
O of w, and v. The shaded region is the square annulus A; inside S; with
side length 37d and outside S;_1 with side length 37~ 1d. In this example,
the four crossings associated with the four events E%, Eb, EL, and E7 all
P - : U A
exist in the corresponding four rectangles, which form a closed circuit in A ;.

to the shift transformations'®. Thus, based on the ergodicity!!
of the CR network model [26], we conclude that Pr{E} =1,
i.e, d(w,,(0,0)) < oo as.

Next we show that the multihop delay t*(w,,, v) along the
shortest path L(w,,v) between w, and v is finite as. We do
this in multiple steps. Without loss of generality, we set r, to
be 1.

First we show that there exists a sequence of topologically
connected nodes intersecting squares containing w,, and v with
positive probability. Second, we show that a closed circuit of
connected users exists in each square. Third, we show that a
finite hop-length path from w, to v exists within a square.
Finally, we show that this implies a finite multihop-delay path
from w, to v.

Step 1: We construct a sequence of concentric squares with
increasing side lengths asiillustrated in Fig. 7. Specifically, all
the squares are centered at the midpoint of the segment joining
w, and v, and the side length of the j-th (j > 0) square S; is
37d. Let A; (j > 1) denote the square annulus inside S; and
outside S;_1, and let E7' be the event that there exists a left-

10For a random model in a Euclidean space R? with a probability space
(€, SF,#), the shift transformation S, is to shift the redlization w € Q by
z € R%.

1A random model under a probability space (€, F, 1) is said to be ergodic
if there exists a transformation group {S; : = € R% or Z?} that acts
ergodicaly on (9, F, ). A transformation group {S, : z € R? or Z4}
is said to act ergodicaly if the o-algebra of events invariant under the whole
group is trivid, i.e, any invariant event has measure either zero or one. For
an ergodic random model (2, F, u), if an event E € F invariant under the
whole transformation group {S. : = € R% or Z4} occurs with a positive
probability, i.e., u(E) > 0, then it occurs as,, i.e, u(E) = 1.

Fig. 8. Anillustration of nonoverlapping colored circles with radii % centered
at alternating nodes on the path L' (w,, v).

to-right crossing®? in the upper horizontal rectangle of A; with
side length 37d x 37~'d. Similarly, define E?, E}, and E} as
the events that the bottom, left, and right rectangles of A; are
crossed from left to right or from top to bottom. By symmetry,
we know that Pr(E}) = Pr(Ej?) = Pr(Ej) = Pr(E7).

Since (As, Apr) € C, it follows that As > A. where A\,
is the critical density for a homogeneous network. By using
Corollary 4.1 in [25], we have that dlim Pr{E}} = 1. Then
for agiven §, 0 < 6 < 1, we choose o

d = ds 2 max{inf{d : P{E*} >6§ifd>d?},dw,, v}

We then have that Pr{E;-‘} >d>0fordlj>1.

Step 2: Let E; (7 > 1) be the event that there exists a
closed circuit of connected users in G(As) within A;. If £,
E?, E!, and E7 all occur, then E; occurs (see Fig. 7). Since
EY, EY, El, and E7 are al increasing events', it follows
from the FKG inequality [25, Theorem 2.2] that

Pr{E;} > P{E/NE'NE.NE]}
> Pr{E!}P{EV}P{E;}P{E} > §* > 0.

Step 3: When E; occurs, we claim that there exists a path
L' (w,,v) from w, to v within S;. If al the paths from w,
to v go outside S;, they will intersect the closed circuit in
A, and then we can construct a path L' (w,, v) within S; by
using part of the closed circuit.

As illustrated in Fig. 8, we place a circle with radius %
at each user aong L'(w,,v). It can be shown that any two
circles centered at the two users which are not neighbors on
L'(w,, v) do not overlap; otherwise we can shorten the path by
skipping the users between them. Thus, given the number of
hops |L'(w,,v)|, a least M nonoverlapping circles
centered at alternating nodes on L'(w,,v) can be found, and
they are al contained within the sguare with side length
37ds + 1. 1t follows that |L'(w,,v)| <2 [4(37ds + 1)? /7] <
co, Where 2 [4(37ds + 1)%/x| is the maximum number of
nonoverlapping circles with radius % within the square with
side length 37ds + 1.

2 Ieft-to-right crossing exists in a rectangle R = [z1, z2] X [y1, 2] if
and only if there exists a sequence of nodes p; (1 < @ < n) in G(Ag)
such that (i) p; € R for al ¢ (i) d(pit1, ) < 1lforadl 1 <i < nm;
(i) |z(p1) — 21| < % and |z(pn) — 22| < %, where z(p;) is the x-
coordinate of ;. The top-to-bottom crossing can be defined analogously. Note
that the sequence of nodes constituting the crossing represent a topologically
connected path.

13Consider two redizations w and w’ of G(\g). A partial ordering ‘<’ is
defined as w < w’ if and only if every node in w is aso present in w’. In
other words, w can be obtained from w’ by removing some secondary users.
An event E is said to be increasing if for every w </, Ig(w) < Ig(w’),
where I ¢ is the indicator function of the event E.
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Step 4: Since E; are independent, and 377, Pr{E;} >
Zj’;l §* = oo, it follows from the Borel-Cantelli Lemma that
E; occurs for some j as. We thus have that | L' (w,, V)| < oo
as. It implies that | L(w,,v)| < |L'(w,,v)| < oo as., which,
together with the a.s. finiteness of the single-hop delay (see
Lemma 1), yields the as. finiteness of the multihop delay
tL(w,, v) dong the shortest path L(w,, v). Hence, t(w,,v) <
th(w,,v) < < as.

APPENDIX C: PROOF OF LEMMA 3

The proof is based on the Subadditive Ergodic Theorem
which is stated next:

Fact 1: [27, Theorem 1.10] Let {¢,,,} be a collection
of random variables indexed by integers satisfying 0 <
m < n. Suppose {tm,.} has the following properties: (i)
ton < tom + tmn; (ii) for each n, E(|to,]) < oo and
E(to,n) > cn for some constant ¢ > —oo; (iii) the distribution
of {tm,m+k : k > 1} does not depend on m; (iv) for each
kE>1, {tug,(n+1)r : n >0} is a stationary sequence.

Hon] — jnf Llloal () 72 Jim ‘on

n>1

Then: () n 2 lim
exists as; (¢) E[T] =n.

Furthermore, if (v) the stationary sequencein (iv) is ergodic,
then (d) T =1 as.

By the definition of the MMD and the stationarity of the
CR network model, it is obvious that conditions (i), (iii), and
(iv) hold for {t,, »}. We only need to show that conditions
(i) and (v) also hold for {t,,. .}

Verification of condition (ii): We first show that E(|¢o.,|) <
oo for each n. By using techniques similar to those
used in showing d(w,,(0,0)) < oo as. in the proof of
Lemma 2, we conclude that d(wo, (0,0)) < oo as. as well
as d(iy,,(n,0)) < oo as. It follows that d(wg,w,) <
d(wo, (0,0)) + n + d(wy, (n,0)) < o as.

Let L(wg,w, ) be the shortest path from wy to w,,. Let |L|
denote the number of hops of L (wo, w,) and t{;,, the multihop
delay along L(wo, wy,). Consider the sequence {S; : j > 0}
of squares constructed in the proof of Lemma 2 (see Fig. 7).
For any given i‘/% < § < 1, we choose

d = ds 2 max{inf{d : Pr{E"} >4 if d=d'},d(ip, b))}

Similarly, when the event £; (j > 1) occurs, we have [L| <
2 [4(37ds + 1) /7].

If |L(@o,wy,)| > 2[4(37ds +1)?/x], then none of the
events Fy, E»,...,.[J; occur. Thus

Pr{|L| > 2[4(3ds +1)* /7| } < f[ Pr{E{} < (1-6".

i=1

W(nt1)k

jk

*

Fig. 9. The two minimum paths L7, (from @y, 0 @(,41)x) and Ly,
(from Wy, 4 jyi 10 Wiy j41)k) &€ contained in the two squares S, and
Sn+; centered at ((2n + 1)k/2,0) and ((2n + 25 + 1)k/2,0) with finite
side length d,, and d,,;, respectively. As j — oo, S, and S, ; become
nonoverlapping, and thus the multihop delay aong L7 is asymptoticaly
independent of the one along L}, -

Let M =2 [4(3ds + 1)*/x], then we have

E[|L[] =) _Pr{|L| > k}

k=0

M
= > P{|L|>k}+
k=0

')

> P{|L| >k}

k=M+1

< M+§:2 [4(39'“515 + 1)2/ﬂ Pr{\L|>2 [4(3jd5 + 1)2/7r”

j=1

<M+ iQ [4(3]’*1(15 + 1)2/ﬂ (1 - 8%

If 6> {5, (1-6%) <97 which implies that E[| ] < oc.
Let ty = Orgggl{ﬂi[ts(d)]} be the maximum expected single-

hop delay for al hop lengths 0 < d < 1, then for al n > 1,
Elton] < E[t§,] < tuE[|L|] < oo, i.e, {tm,.} sdtisfies the
condition (ii).

Verification of condition (v): We show that
{tok,(nt1)k n > 0} is mixing'4, which implies its
ergodicity. As illustrated in Fig. 9, we construct two sguares
Sp and S, centered at (M,o and (2tirlk o
with side length d,, and d,,+;. Let L;, be the minimum path
from ;. 10 W, 41yx- We claim that the two minimum paths
Ly and L}, . areas. contained in S, and .S, ;, respectively,

n+j
for some d,,, dn4; > 0. If, for example,

Pr{E,} = Pr{L} is not contained in any finite S,,} > 0,
then with a positive probability |L*| = oo, which implies that

> E[tnk7(n+1)k| En]Pr{En}

Eltnk,(nsnyx] 2
2 tmEHLm | En]Pr{En} = o0,
14A measure preserving transformation 7" is said to be mixing on a proba-
bility space (2, &, p) ifforal E,F € F, wW(T"ENF) — u(E)u(F) — 0
as n — oo. A sequence {xy} is said to be mixing if the unit right-shift
transformation is mixing on its probability space. The mixing property of a
sequence implies its ergodicity [30].
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T
=

7

Fig. 10. A path L from wg to w, which is partitioned into m segments
by users z; (1 < ¢ < m — 1) within these shaded ribbons R; between g
and w,,. Recall that wq is the user in the infinite topologically connected
component which is closest to the coordinate (0, 0) and ws, isthe user in the
infinite topologicaly connected component which is closest to the coordinate
(n,0).

AN

o +

e

with ¢, = OI<IldlI<11{E[ts(d)]} > 0 being the minimum ex-

pected single-hop delay for all hop lengths'®. This contradicts
Bty (nt1)k] < 00. Now we have that as j — oo, not only do
the two minimum paths L} and L™*7 not share any common
secondary users as., but also the subsets of the primary
transmitter-receiver pairs that affect their multihop delays
become digoint as. Thus, t,i (nt1)r A (i sk, (ntjt1)k
are asymptotically independent of each other as j — oo,
ie, jhj{)lo Pr{ (tnk,(nr1ye <) N (Entiyksnagrne <t')} =
Pritn, ik < t}P{tur (ny1)r < t'}. The mixing property
of {tpk,(n+1)k = n > 0} follows immediately. Since all the
five conditions in Fact 1 are satisfied by {¢,, ,}, we conclude
that 38 > 0 such that nmgo“;—y =g as.

APPENDIX D: PROOF OF LEMMA 4

We will need the following to prove Lemma 4.

Fact 2: Given Gy (As, Apr,t) for any t with (As, Apr) ¢
C, let By, = [—h,h]? (h > 0) and take an arbitrary secondary
user as the origin. Then 3 C;, Cy > 0 such that Pr{O «w
(Bp)} < C1 exp(—Cqh), where {O «~ (Bj)“} denotes the
event that the origin is connected with some secondary user
outside By, i.e., the origin and some node in (B;)“ belong
to the same connected component formed by communication
links.

Thisfact can be proven by using techniques similar to those
used in proving Theorem 2.4 in [25]. It provides an upper
bound on the CDF of the diameter of the connected component
formed by communication links in a secondary network that
is not instantaneously connected.

From Fact 1, we know that

= inf —E[to’n]

n>1 n

Choose H > 0 such that Cy exp(—CoH) < 1, where C;
and C; are the constants specified in Fact 2. For any path L
from wq to w,,, we partition it into several segments in the
following way; see Fig. 10. Define a sequence {R; : i > 1}
of uniformly distributed ribbons on R? as

< E[to,l] < 00.

where z:(1wy) is the x-coordinate of user w,. Since the width
of each ribbon is 1 which is equal to r,, there exists at least
one user z; within each R; that lies between wy, and w,.
Assume that these z; partition the path L into m segments,
then the multihop delay t” along the path L can be written as

m

th = Z t"(zio1, 2i),

i=1

(D1)

where zg = wy and z,,, = 0,,.

Based on Fact 2, with a probability greater than 1 at least
one hop on the segment of L from z; _; to z; does not see the
opportunity. We thus have that for al 1 < <m — 1,

]E[tL(Zi_l, Zl)] > %tm, (D2)

where ¢, = min {E[t(d)]} > 0.

Since d(io, wy,) > n — d(1, (0,0)) — d(i,, (n,0)), and
both d(wo, (0,0)) and d(ws, (n,0)) are finite as,, it follows
that lim Pr{d(wo,w,) > 2} = 1. When d(@o,w,) > 2

holds, any path from @, to @,, has at least {WJ segments.
By recalling (D1), (D2), we conclude that

Elto.n
S = lim [to.n]
n—oo n

tm n . n

lim = | — | Prid " —

- o 2(H+1)J {(“’O’w>>2}

. tm. 1 1
> (s a) 2o

n—oo 2 \2(H+1) n
Thisimpliesthat 5 = lim 22 > 0.

APPENDIX E: PROOF OF THEOREM 3

Similarly to the proof of T2.2, in order to show the

as. existence of » lir)n t;((lj‘f)), it suffices to prove that
V) —00 ’

lim th" exists a.s. By the same argument that was used in
the proof of Lemma 3, we can verify the five conditions in
Fact 1. Then the a.s. existence of lim tOT" follows.

Let v = y(r) = s

£ (p,v)
d(p,v)
number of hops between 1 and v is [ d(, v)/r,, | and the mini-
mum single-hop delay is 7, we havet™ (u, v) > 7|d(u, v)/rp ],
which implies that v > 7 /7.
From Fact 1, we have that for any = > 0,

i Cwv) Ef(mv)] o
(p,v)—o00 d(/L, V) d(p,v)—00 d(/L, V)
Since Eltf,] decreases as 7 decreases and it is strictly

Since the minimum

v(r) = .

positive, it follows that lim  lim W exists. Thus,
7—0 d(p,v)—o0 1)
lim  lim td((“’”) exists as.
7—0 d(p,v)—o0 1)
If (As,)\pT) e Cy, then
t7(p, v) t(p,v)

lim

lim  lim
~ 7—=0 d(p,v)—o0 d(,u, I/)

7—0 d(p,v)—o0 d(/L, V)

=0,

Ri = {(x, R®:H+ (i—1)(H +1) <z —z(d i(H +1)}, , :
@y e FEmDE+D < @ =ol@o) <i(H +1)) where t(u, v) isthe MMD from p to v when 7 = 0, and 3 is

15The inequality ¢,, > 0 is shown in [29, Appendix A]. defined in (2).
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If (A\s, \pr) € C, then we consider the path L from p to v
constructed in the proof of T2.1 which contains some nodes of
the infinite connected component C'(to) in Gi(As, Apr, to).
Notice that for fixed d(u, v), only a finite number of hopsin
L belong to C(ty). Thusif 7 is sufficiently small, it takes at
most one primary ot for the message from the source p in
C(to) to reach the end node w,. Then we have that for some
small 7o = 1o(d(p,v)) > 0, t5 (u,v) < to +t™(wy,v) + 1,
where tTCO (1, v) denotes the multihop delay aong the path L
when the propagation delay is 7. It implies that

lim ~(7)

T—0

B[t (p, v)]
d(p,v)
E[t™(p, v)]
d(p,v)
E[tS (4, v)]
d(p,v)
Elto] + E[t™ (w,,v)] + 1

< lim =0,
T d(pw)—oo d(p,v)

lim lim
T—0 d(p,v)—o0

= lim lim
d(p,v)—o0 T—0

<
d(p,v)—o0

since both E[t] and E[t™ (w,, v)] are finite and independent
of d(u, ). Inthe second equality, we can interchange the order
of the two limits because E[t™ (11, )] < co. Consequently, we
conclude that a.s.

(1]

(2]

(3]

(4]

(5]

(6]

(8]

(9]

[10]

(11]

[12]

) . T (pwv)

lim lim = lim ~(7) = 0.

70 d(pv)—oo d(p,v) 70 ()
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