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Abstract

We consider a cognitive radio network, whe¥é distributed secondary users search for spectrum
opportunities amongV independent channels without information exchange. The occupancy of each
channel by the primary network is modeled as Bernoulli process with unknown mean which represents
the unknown traffic load of the primary network. In each slot, a secondary transmitter chooses one
channel to sense and subsequently transmit if the channel is sensed as idle. Sensing is considered to
be imperfect,i.e, an idle channel can be sensed as busy and vice versa. Users transmit on the same
channel collide and none of them can transmit successfully. The objective is to maximize the system
throughput under the collision constraint imposed by the primary network while ensuring synchronous
channel selection between each secondary transmitter and its receiver. The performance of a channel
selection policy is measured by the system regret, defined as the expected total performance loss with
respect to the optimal performance under the ideal scenario where all channel means are known to all
users and collisions among users are eliminated throughput perfect scheduling. We show that the optimal
system regret rate is at the same logarithmic order asettealized counterpart withperfect sensing. An
order-optimal decentralized policy is constructed to achieve the logarithmic order of the system regret

rate while ensuring the fairness among all users.
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. INTRODUCTION

We consider a distributed learning problem arisen in the context of cognitive radio networks. There
are multiple distributed secondary users searching for idle channels temporarily unused by the primary
network. We assume that the state—1 (idle) or 0 (busy)—of each channel evolves as an i.i.d. Bernoulli
process across time slots with an unknown mean which represents the unknown traffic load of the primary
network. At the beginning of each slot, each secondary transmitter chooses one channel to sense and
subsequently transmits to its receiver if the channel is sensed as idle. Sensing is subject to errors: an idle
channel may be sensed as busy &itg versa. If the transmission is successful, the secondary receiver
sends back an acknowledgement (ACK) to the transmitter over the same channel at the end of the slot. The
secondary users do not exchange information on their decisions and observations. There are two types
of collisions that may occur: arimary collision happens when a secondary user transmits in a busy
channel and aecondary collision happens when multiple secondary users transmit in the same channel.

In either case, the transmission fails. The objective is to design a decentralized channel selection policy
for optimal long-term network throughput under a constraint on the maximum probabilipyiméry
collisions.

Another important design constraint is the synchronous channel selection between each secondary
transmitter and its receiver. We do not assume any dedicated control channel to coordinate each pair of
the secondary transmitter and receiver. To ensure synchronization, they can either make the decision based
on the common observation historiye(, number of ACKs observed from each channel) or exploiting
the idle channels to exchange control information to coordinate. The tradeoff involved here is that the
information from ACKs may not be sufficient for learning the channel rank due to collisions while
additional communications between a secondary transmitter and its receiver causes a sacrifice in the
throughput.

We measure the performance of a decentralized policy by the system regret, which is defined as the
expected total data loss with respect to the optimal performance under the ideal scenario where all channel
means are known to all users and collisions among users are eliminated throughput perfect scheduling.
The objective is to minimize the rate at which the regret grows with time. Note that the system regret
rate is a finer performance measure than the long-term throughput. All policies with a sublinear regret
rate would achieve the maximum long-term throughput. However, the difference in their performance
measured by the expected total bits of transmitted data over a time horizon of Tewgthbe arbitrarily

large asT grows. It is thus of greatly interest to characterize the mimn regret rate and construct
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policies optimal under this finer performance measure.

The above problem involves a complicated dilemma of exploitation, exploration, and competition.
Specifically, each user needs to learn the channel rank efficiently in order to choose the best channels while
avoiding significant collisions to other users. Compared to the scenario of perfect sensing, learning the
channel rank under imperfect sensing is substantially more challenging due to the imperfect observation
of channel states and the synchronization constraint between each secondary receiver and its transmitter.

In this paper, we show that the minimum system regret rate is at the same logarithmic order as
the centralized counterpart withperfect sensing. A decentralized policy is constructed to achieve this
optimal order. Under this policy, the system throughput quickly converges to the maximum throughput
in the ideal scenario of known channel model and centralized scheduling. The proposed policy further
achieves the fairness among usess, all users converge to the same local throughput at the same rate as
time goes to infinity. Last, we extend the problem to general decentralized multi-armed bandits (MAB)
with imperfect observation models where control information exchange between the transmitter and the
receiver is prohibited. A decentralized policy is proposed to achiev&théT) regret rate with timel’.

Related Work Under perfect sensing, the cognitive radio network with unknown Bernoulli channel
model and multiple distributed users was considered in [1-3]. In [1], a heuristic policy based on his-
togram estimation of the unknown parameters was proposed. This policy provides a linear order of the
system regret rate, thus cannot achieve the maximum throughput. In [2], the problem is formulated as
a decentralized MAB, which generalizes the classic MAB with a single user [4,5]. A time division fair
sharing (TDFS) framework for constructing order-optimal and fair decentralized policies is proposed
under general reward, observation, and collision models. In [3], order-optimal distributed policies were
established based on the single-user polices proposed in [6]. Compared to the TDFS policies developed
in [2], the policies proposed in [3] are limited to Bernoulli reward models and cannot achieve fairness
among users. In [7], a more general channel model that allows each channel to have different means for
different users is considered under perfect sensing. A centralized policy that assumes full information
exchange and cooperation among users is proposed which achieves the logarithmic order of the regret
rate.

Notation Let |.A| denote the cardinality of sed. For two positive integers and!, definek @ 12 ((k—

1) mod!) + 1, which is an integer taking values from?2, - - , 1.
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[I. NETWORK MODEL

Consider the spectrum consisting &f independent but nonidentical channels ahf distributed
secondary users. Each user consists of one transmitter and one recei&(t)Let[S,(¢),--- ,Sn(t)] €
{0,1}" (¢t > 1) denote the system state, whefgt) € {0 (busy), 1 (idle)} is the state of channélin
dlot ¢ that evolves as as an i.i.d. Bernoulli process with unknowam#g € (0,1). We assume that the
M largest means are distinct.
In slott, a secondary user (say usefl < i < M)) chooses a sensing actian(t) € {1,--- ,N}
that specifies the channel (say, chanmeto sense based on its observation and decision historydBase
on the sensed signals, the user detects the channel state, which can be considered as a binary hypothesis
test:

Ho: Sn(t) =1 (idle) vs. Hi: Sp(t) =0 (busy).

The performance of channel state detection is characteliyetthe receiver operating characteristics

(ROC) which relates the probability of false alaento the probability of miss detectioft
2 Pr{decide™;|H, is true, T Pr{decideH,|H; is trug.

If the detection outcome i%{,, the user accesses the channel for data transmission. The design should
be subject to a constraint on the probability of accessing a busy channel, which causes interference to
the primary network. Specifically, the probability of collisi@, (¢) perceived by the primary network in

any channel and slot is capped below a predetermined threghole,
Po(t) 2 Pr(decide™;[S,(t) =0) =6 < ¢, ¥n, t.

We should set the miss detection probability- ¢ as the detector operating point to minimize the false
alarm probabilitye. If multiple users decide to transmit over the same chanhel; tollide and no one

can transmit successfully. In other words, a secondary user can transmit data successfully if and only if
the chosen channel is idle, detected correctly, and no collision happens. Since failed transmissions may
occur, acknowledgements (ACKs) are necessary to ensure guaranteed delivery. Specifically, when the
receiver successfully receives a packet from a channel, it sends an acknowledgement to the transmitter
over the same channel at the end of the slot. Otherwise, the receiver does naothing,NAK is

defined as the absence of an ACK. We assume that acknowledgements are received without error since

acknowledgements are always transmitted over idle channels.
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I1l. PROBLEM FORMULATION

In each slot, each secondary transmitter and its receiver need to select the same channel for data
transmission without a dedicated control channel. One natural way is that the transmitter and its receiver
use the common local observation history (ACKs/NAKSs) in learning and decision making. However, due
to the collisions among secondary users, the information included in previously observed ACKs/NAKs
may not be sufficient to learn the unknown channel model efficiently. An alternative approach is to
let each transmitter decide whether or not to send its receiver the control information (instead of the
objective data) in the chosen channel for future synchronization. We consider the worst scenario that
each transmission of the control information occupies an entire idlé. Since sending the control
information causes a sacrifice in the immediate throughput, it should be avoided as much as possible in
order to maximize the number of opportunities for transmitting the objective data.

We define a local policyr; for useri as a sequence of functions = {m;(t)}+>1, wherem;(t) maps
users’s local information that is common to its transmitter andeiger to the sensing actiom;(¢) in
dot ¢. The decentralized policy is thus given by the concatenation of the local policy for easér:

m = [m,- -, 7| Define immediate rewardf (¢) as the total number of successful transmissions of the

objective data by all users in slot
Y (1) = BILI5()S5(1),

Where]I;-(t) is the indicator function that equals toif channelj is accessed by only one user and used
for transmitting the objective data, afdtherwise.
Let© = (61,0q,--- ,0n) be the unknown parameter set and permutation such thaf, ;) > 0,(2) >

-++ > 0,(n)- The performance measure of a decentralized poticy defined as the system regret
R1(0) = TEinl(l - 6)9<r(j) - Eﬂ[Egzly(t)]'

It is easy to see thal“Ejf‘il(l — €)0,(;) is the maximum expected total reward owesslots under the
ideal scenario that the parameter et (0y,--- ,0x) is known and users are centralized.

Note that the regret is always growing with time since users can never identify the channel parameters
perfectly. The objective is to minimize the rate at whiBh(©) grows with timeT" under any parameter

set © by choosing the optimal decentralized policy.

1The results established in this paper can be directly extended to a more rpiggghcking scenario that assumes that the

control information occupies negligible capacity and is included in the data package in each slot.
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IV. OPTIMAL ORDER OF THESYSTEM REGRET

In this section, we show that the minimum system regret rate is at the logarithmic order with time,
which implies that the system can achieve the maximum throughput at a significantly fast rate.
Theorem 1: The optimal order of the system regret rate is logarithmic with tineg, for an optimal

decentralized policyr*, we havey ©,

.. RE(Oe) R%(©)
= —x K —_— =
L(©) hTHi, 10133f ogT 11;11 —»Solip o T U(©) Q)

for some constants(©) andU(©) that depend or®.

Proof: To prove the lower bound, we consider a genie-aided system where users are centralized
and the synchronization constraint on each secondary transmitter and its receiver is removed from
consideration. Note that the channel parameters remain unknown to all users in the genie-aided system.
It is easy to see that the problem is equivalent to the one with a single user that canVsehsenels
simultaneously in each slot. For simplicity, we focus on the latter one. In each slot, the user obtains two
types of observations from each chosen channel: the detection outcome and the ACK/NAK. In Lemma 1,
we show that the regret rate in the genie-aided system is at least logarithmic with time. The proof is thus
completed by noticing that the minimum regret rate in the problem at hand is lower bounded by the one
in the genie aided system.

Lemma 1. Let R;ﬂ(@) denote the regret under a poliayin the genie-aided system ovér slots. If
RZ(©) = o(T°) ¥ ¢ > 0 andV O, then,V O,

.. .Rr(©) (O (ary) — 11(0n)
1 - > (1 — 6%, 2
T logT = (1= %0 u0,)<plbr000) GO Ooary) @)
where
i,0i) = i 1-— 1-6; I I—HZ- log ————~ 1- 21 —_—
G(0;,0;) = (e0;+(1-6)(1-6;)) 0g€9j+(1_5)(1_9j)+5( ) Ogé(l—ﬁj)+( €)f Og(l—e)ﬂj

is the K-L distance between two joint distributions of the detection outcome and the ACK/NAK para-
meterized byy; and 6;, respectively.
Proof: The proof follows a similar line to that of Theorem 3.1 in [5] by combining the detection
outcome and ACK/NAK as a single observation vector of an arm. |
For the upper bound, we show that their exists a decentralized policy that achieves the logarithmic

order of the growth rate of the system regret. See Sec. V for details. ]
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V. THE ORDER-OPTIMAL DECENTRALIZED PoLICY

In this section, we establish an order-optimal and fair decentralized pojictp achieve the optimal
logarithmic order of the system regret rate. The general structure of the policy is based on the time
division fair sharing (TDFS) of thé/ best channels among thé distributed users. The TDFS structure
is first proposed in [2] in the scenario of perfect sensing. Due to the imperfect observation of channel
state and the synchronization constraint, extending the TDFS framework to the problem at hand is highly
nontrivial.

Specifically, the local policy of each user consists of disjoint rounds of playingMhehannels
considered to be the best. Different users have different offsets in sensing the skftschannels.
Consider, for example, usérhas offsetd. In each round, the user successively senses the best, second
best,---, and theMth best channels it considers to be. The offset in each usarisdrrobin schedule
can be predetermine&.g., based on the user’s ID).

To achieve the optimal order of the system regret rate, it is crucial that each user efficiently learns and
senses thé/ best channels in the correct order while ensuring the synitation between each trans-
mitter and its receiver without significant communication overhead. We first propose a synchronization
mechanism for each transmitter and its receiver. Based on the symmetry among users, it is sufficient to
consider one user, say, user 1. We assume that its transmitter and receiver have a simple initial setup
for synchronizatione.g., in the first round, they will both tune to channgl2, ---, M (i.e., the initial
channel rank of thél/ channels considered to be the bestlis2,--- , M)). As shown in Fig. 1, if an
ACK is observed, the transmitter will update the channel rank according to its sensing and detection
history. If the updated channel rank is different from the current one, the transmitter will keep sending its
receiver the updated channel rank (instead of the objective data) until the channel is successfully received
(i.e.,, a new ACK is observed). For simplicity of presentation, we assume that the channel capacity is
enough to send the channel rank in one slot when it igidased upon a successful reception of the
updated channel rank, the transmitter and receiver will use this new channel rank for channel sensing
in the next round. If there is no new channel rank received, they will keep using the previous one. We
point out that each round the transmitter only updates the channel rank once based on the first ACK (if
exists) received in this round.

Next, we consider the learning of channel rank at the transmitter whenever an update is required. The

2Note that the channel rank consists of integer values and only needs finite capacity to transmit. If the channel capacity is

not enough to send the channel rank in one slot, the transmitter will send the channel rank in multiple slots.
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basic approach is to reducing the problem to the one with the perfect observation model as considered
in [2]. Note that the transmitter only uses the detection outcome (not ACKs/NAKS) to learn the channel
order at each update. Since the mean of the detection outcome from a channel (say, chanequal
to (1 —€)0,, the channel rank ordered by their state means is the same as that ordered by their detection
means. We can thus treat the detection outcome aselietate of each channel in learning the channel
rank. Consequently, the observation of the new state becomes perfect. The user then adopts a procedure
analogous to that in [2] to identify the set of tié best channels. Basically, the user first identifies the
best channel by applying a single-user policy (say, Lai-Robbins policy established in [4]) for the classic
MAB. To identify the kth (1 < k < M) best channel, the user removes the 1 channels considered
to have a higher rank than other channels and apply Lai-Robbins policy to the remaining + 1
channels. The main difference here to that in [2] is that ther ngeds to identify the entire rank of the
M best channels in one shot (as the first ACK is observed in themuround) and the channel sensing
under this rank can not be realized until the round before which the receiver has successfully received
this rank information and no newer update has been received. Establishing the efficiency for learning the
channel rank is thus more challenging compared to the scenario addressed in [2].

A detailed implementation of the decentralized policy is given in Fig. 2.

Theorem 2: Under the decentralized policyy,, we have

o Rj(O)
h;n—ilip e T C(©) (3)

for some constant’(©) that depends o®.
Proof: Note that the set of slots in which a reward loss occurs is a subset of slots in which there exist

a user that does not sense the correct channel or a transmitter that sends the channel rank information
instead of the objective data. It is thus sufficient to prove the expected number of slots that a user does
not sense thé/ best channels in a correct order or its transmitter sendsthanel rank information
to the receiver is at most logarithmic with time. Without loss of generality, considerluséfe first
present the following lemma, which shows that the expected number of times that the transmitter does
not update the channel rank correctly is at most logarithmic with time.

Lemma 2: Let 7,(T") denote the number of times that the channel rank is updatedréatly at the

transmitter, we have

: (1) _
h;n—ilip oeT V(©) 4)
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for some constant’(©) that depend or®.
Proof: See Appendix A for details. |

Now we show that the expected number of rounds that a user does not sengelibst channels
in a correct order is at most logarithmic with time. Note that expected number of slots between two
successive updates at the transmitter is uniformly bounded by some constant. So the expected number
of successive rounds that the user does not sensgfthhest channel in the correct order caused by the
previous incorrect update is uniformly bounded by some constant. The expected number of rounds that
the user does not sense thé best channels in a correct order is thus at the same order tasfttiee
incorrect updates on the channel rank at the transmitter, which is at most logarithmic with time based
on Lemma 2.

Note that the transmitter only needs to send its receiver an update if the the new channel rank is
different from the current one. Except that the channel rank is updated incorrectly, the updated channel
ranks are all the same. By noticing that the expected number of times that the channel rank is updated
incorrectly is at most logarithmic with time, the expected number of times that the transmitter needs
to send its receiver the updated channel rank information is at most logarithmic with time. Since each
sending duration till a successful reception is uniformly bounded in expectation, the expected number of
slots that the transmitter sends its receiver the updated channel rank information is at most logarithmic
with time.

We thus proved Theorem 2.

[ |

Based on the symmetry among users’ local policies, we showrthachieves the fairness among all
users.

Theorem 3: Define the local regret for usérunderry. as

. A 1

R™r:(0©) MTEjNil(l — ) ls(j)) — Ery [E;F:1Yi(t)]7

whereY;(t) is the immediate reward obtained by ugen slot ¢. We have

lim sup w = i lim sup ' (9)

2T ) e i1 MY,
Tooo logT M 7o logT PE L, M)

VI. EXTENSION TO GENERAL DECENTRALIZED MAB WITH IMPERFECTOBSERVATION MODELS

In this section, we formulate the decentralized MAB with imperfect observation models that generalizes

the cognitive radio problem considered in previous sections.
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Use the received updated channel rank for sensing
A A
Round 1 Round 2 Round 3 Round 4 Round 5

TN ONST NS, N N e

SensingactionlllQI1121112121311131 | | | |

NAK ACK N‘AK NAK /T\C\K NAK AC‘K AC T

|
Sending the updated channel ra&k

update the channel rank at the tx updated channel rank receivedpdate the channel rank at the t
new channel rank(2, 3) update the channel rank at the tx new channel rank(1, 3)
new channel rank(1, 2), same as current one updated channel rank received

Fig. 1. An example of the structure of user 1's local policy undgr(M = 2, N = 3, tx: transmitter).

In general, there exist/ distributed players (users) arid arms (channels) in the system. The reward
that each arm can offer is an i.i.d. process with unknown mean. In each slot, each player decides to
play one arm based on its local observation and decision history. If multiple players choose the same
arm to play, the reward obtained and observed by each of them will be distorted in an arbitrary way
(either deterministically or statistically). The cognitive radio problem considered in previous sections can
be considered as a special case of the general model, where sensing a channel corresponds to playing
an arm and the reward on each arm is given by its state. We point out that, in general, there is no
‘transmitter’ that can ‘sense’ the arm state without being affected by collisions.

To design an optimal decentralized policy under the general imperfect observation model, the local
observation history of each user needs to be filtered to extract trustable information for learning the arm
rank. This could involve a complicated change detection problem and the minimum system regret rate
may not achieve the logarithmic order. In this section, we propose a simple pdlidg achieve the
O(V/T) regret rate with tim&” while ensuring the fairness among all players. The follovasgumptions
will be adopted.

Al. The means of thé/ best arms are nonnegative and distinct.
A2. The variance of the reward from each arm is finite.

The basic idea inrf. is to constructing a deterministic sequence in which the collisions among players
are perfectly avoided. In this sequence, each user plays each &f #wens in a round robin fashion
with a different offset. Each user computes the sample mean of each arm solely based on the reward

obtained in the slots that belong to this sequence. In other slots that do not belong to this sequence,
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The Decentralized Policy 77

Without loss of generality, consider usir
« Notations and Inputs: le#,(t) denote the detection mean obtained from chanmeht the
transmiiter andr, ; the number of times that channelis sensed up to (but excluding) slatLet
1(6,0") =0log(6/6") + (1 —6)log((1 — 0)/(1 — ")) denote the K-L distance between the Berng
distributions parameterized by and #’, respectively. Uset first senses each channel once in

first N slots to establish initial observations. Starting from slat 1, useri’s local policy consist

up to (and including) round-. Initially, Q; = (1,2,--- , M) andlfy = 0. Select a (0 < b < 1/N).

« In the kth round, uset does the following.

to step2. The transmitter sends the receiver the updated channelifrénk different from 9y

until the next ACK observed. If the receiver received a packet consisting of the updated ¢

and receiver seQ;; equal to the updated channel rank; otherwike | = Q.

2. First, the transmitter identifies the best channel.d.éenote the current time. The user chog

with the largest detection mean among all channels that have been sensed for @f;leasfb
times. The user chooses the leaderas the best if6;,(t) > 6,,(t) and I(6,,(t),6;,(t)) >
log(t —1)/7,,+; otherwise the user chooses the round-robin candidads the best. To identif]
the kth (¢ > 1) best channel, the user removes the set ef 1 channels considered to have

higher rank than others from the channel set and then chooses between a leader and

of times that the same set of tike— 1 channels is removed. Among all channels that have
sensed for at leagtn(t) —1)b times, letl; denote the leader with the largest detection mean
re =m(t) @ (N — k+ 1) be the round-robin candidate where, for simplicity, we hassuanec
that the remaining channels are indexedlby-- , N — k + 1. The user chooses the leadggs

the kth best if6;, (t) > 6,,(t) and I(8,,(t), 8, (t)) > log(t — 1)/7,, +; otherwise the user choos

UJ

of disjoint rounds of sensing th&/ channels considered to be the best. gt denote the channe

1. Both the transmitter and receiver sense the channels considered toldebidt in turn according

between a leadd and a round-robin candidate = U/, ® N, where the leadd} is the channe

robin candidate defined within the remaining channels. Specificallyz (€t denote the numbe

ulli

the

sensing order in théth round. Letd;, denote the number of updates of channel rank at the transmitter

to Q. If an ACK is observed and this is the first ACK observed in this round, the transmitter

setU, = U,_1 + 1 and updates the rank of thg channels considered to be the best according

hannel

rank previously sent by the transmitter, the receiver sends back an ACK and both the transmitter

Ses

y

2 a

a round-

3

been
Let

)

es

the round-robin candidate as thekth best.

Fig. 2. The decentralized policyy.
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each user plays th&f arms that have the largest sample means in a round robin faglitio a different
offset. Since each user is obligated to play each of¥harms in the deterministic sequence. The system
regret rate is at least at the order of the number of slots in this sequence as time grows. In other words,
the density of the sequence should be small enough. However, the density of the sequence should also
be large enough to ensure an efficient learning of the arm rank. This tradeoff between exploitation and
exploration needs to be properly addressed in the policy design. We show that by choosing a sequence
of which the cardinality grows at the ordéx(+/T) with time T', the system regret rate can achieve the
same growth rate of its cardinality.

A detailed implementation of?, is given in Fig. 3.

Theorem 4: For the general decentralized MAB with imperfect observation models, the system regret
rate undem% is at the ordelO(\/T). Furthermoregr% achieves the fairness among all usdts, the
local regret rate of each user is the same.

Proof: Let D(t) denote the number of slots in the deterministic sequence (fputaexcluding) time

t. Let6,,(t) denote the sample mean of channddased on the observations in the deterministic sequence
up to (but excluding) timet. From [4], for i.i.d. random variable§Y;, Y3, - -} with a finite variance,
Pr(|E(Y1) — (25, V) /k| > €) = o(k™1), V e > 0. Choose) < e <min{#; —0;: 1<i<j<N, 0; #
6;}/2. We thus have,

g9

R7F(©) < S0, Pr(/6; — 6.(t)] > €)) + O(D(T)) (5)
= % 10(1/D(t)) + O(D(T)) (6)
= L0(1/t"?) + O(1'?). (7)
Note that
T
T o(1/t12) = of / tY2dt) = o(T"/?). (8)
t=1
From (5) and (8),R37 (©) = O(D(T)) = O(T/?). m

VII. SIMULATION EXAMPLES

In this section, we study the performance of the order optimal pafjcfor the cognitive radio problem

and the policyr?. for the general decentralized MAB with imperfect observation models.

A. The Performance of 77, for the Cognitive Radio Network

We consider the scenario that both the channel noise and the signal of the primary network are white

Gaussian processes with zero mean but different power densities. The energy detector is adopted that
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The Decentralized Policy 7¥.

Without loss of generality, consider user

« Notations and Inputs: Letl(¢) denote the index set of slots that belong to the deterministic
sequence up to (and including) time Let D(t) = |A(¢)|. Initially, A(1) = {1} and
D(1) = 1. Select am > 0.

« At time t, useri does the following.

=4

1. If at'/? > D(t) andt ¢ A(t), includet in A(t), setD(t) = D(t —1) + 1, and then g(

to step 2. For the case that'/? < D(t), go to step 2 ift € A(t) and stefB otherwise
2. User: plays the((D(t) +i—1) @ N)th arm and update the sample mean of this arm.
3. User: plays the arm with thé(¢ +i — 1) @ M)th largest sample mean.

Fig. 3. The decentralized policyy.

is optimal under the Neyman-Pearson criterion [8]. In Fig. 4, we observe that the regret converges
quickly as time goes. In Fig. 5, we plot the constant of the logarithmic order as a functidh @e

observe that, from this example, the system performs better for smaller detection errors. Furthermore, the
system performance is not monotonic as the number of channels increases. This is due to the tradeoff
that as N increases, users are less likely to collide but learning thébest channels becomes more
difficult. In Fig. 6, we plot the constant of the logarithmic order as a functionVof We observe that

the system performance degrades\asncreases. This is due to the increased competitions ancimgar

load encountered by all users.

B. The Performance of 7. for the General Model

W compare the performance af], by setting different values of parameter(see Fig. 3), which
equals to the constant of th@(/T) order of the cardinality of the deterministic sequence. Each
has a Bernoulli reward distribution. Intuitively, we want to choose a smaihce the regret rate is equal
to rate of the cardinality of the sequence. However, from Fig. 7, we observe that the regret under the
smaller parameter converges at a much slower rate than that under the larger parameter. This is due to
the fact that for any arm, the convergence of the sample mean to the true mean is not fast enough in
terms of the number of samples. It is thus better to choose a fairly large parameter when considering the

short-horizon performance.
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Fig. 4. The Convergence of the regrét/ (=2, N =9, © = [0.1, 0.2, ---, 0.9], e = 0.0854, 6 = 0.1, (primary) signal

to noise ratio=5db).

VIIl. CONCLUSION

In this paper, we formulated the distributed learning problem in cognitive radio networks under
imperfect sensing. The optimal system regret rate is shown to be at the logarithmic order. An order-
optimal decentralized policy is proposed to achieve the logarithmic order of the regret rate and thus lead
to a fast convergence to the maximum throughput in the ideal scenario of known channel model and
centralized users. Furthermore, the cognitive radio example is extended to the general decentralized MAB
with imperfect observation models. A simple decentralized policy is proposed under this general model

to achieve theD(v/T) order of the system regret rate &As— oc.

APPENDIX A. PROOF OFLEMMA 2

We prove by induction on selecting the best channels. Specifically, it is sufficient to show that,
given that the(i — 1)th best channels are correctly selected, the expected nuwhi@dates that théth
best channel is not selected correctly is at most logarithmic with time faor gll; < M.

Let K denote the total number of updates over the horizo¥'ddlots. LetD(K) denote the set
of updates at which th¢; — 1)th best channels are correctly selected up to Afth update. For any

a € (0, 1(0s(:)) — (0s@i+1))), let N1(K) denote the number of updatesin k') at which channeh is
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Fig. 5. The performance ofy (' = 5000, M =2, © =[0.1, 0.2, ---, %], SNR: (primary) signal to noise ratio).

selected as théth best wherl; = o(i) and |6, (t) — (1 — €)6;,(t)| < « (t is the update time)N,(K)
the number of updates i®(K) at which channeh is selected as théh best when, = o(i) and
0., (t) — (1 — €)8y,(t)| > a, and N3(K) the number of updates iP(K) whenl; # o(i). It is sufficient
to show thatE[NV; (K)], E[N2(K)], andE[N3(K)] are all at most in the order dbg T

Consider firstE[N1(T")]. We have

E[N:(k)] = OE[{l1<k<K: ke {D(K)}, 0, =0,0), |01, (t)— (1 —€),(t)| < o, and thekth update is realized))

< O(Eﬂ{l <j<T-1: én (j Samp|e$z aa(i) —aor I(Gn (j Sampleg aa(i) - a) < 1Og(T - 1)/]}”)

< O(logT), 9)

where the first equality is due to the fact that the probability that each update will be realized for
channel sensing is lower bounded by some constant non-zero probability, the first inequality is due to
the structure of the local policy of}., and the second inequality follows the property of Bernoulli
distributions established in [4].

ConsiderE[Ny(K)]. Since the number of observations obtained frgnat the sth (v 1 < s < T)
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update is at leadts — 1)b, we have thaty 1 < s < T,

Pr{at thesth update ¢;, = 0,;), 101, (t) — (1 — €)6;,(t)| > a}

Pr{ sup |0, .. —(1—-¢€)0,(t)) >
{ij(s_l)| (4 samp|e$ ( ) ( )| }

= YXbo(s™h

IN

= o(s™h), (10)

where the first equality is due to the property of Bernoulli distributions established in [4].

We thus have,
E[N>(K)] = E({1<k<K: keD(K), b, =0y, 10, — (1), (&)] > al])
< I, Pr{at thesth update 6;, = 0,(;, |0;,(t) — (1 —€)0,,(t)| > o}
= o(logT). (11)

Next, we show thaE[N3(K)] = o(log T).
Choosel < ay < (1(0,(:)) —1(0s(i+1)))/2 @nde > (1=Nb)~!. Forr = 0,1, - -, define the following
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Fig. 7. The convergence of the regréif(=2, N =9, © =[0.1, 0.2, ---, 0.9]).

events.

A ~
A = ﬂigngN{émaX |90—(n) (s samples — 00(n)| <o},

cr—1<s

>

{050) (7 samples = boi) — @1 OF 1(0,;) (; samples Po() — @1) <log(sm —1)/j

forall 1<j<bm, ¢ ' <m<d* ands, > m}. (12)

By (10), we havePr(A,) = o(c¢™"). Consider the following event:
A ~ -~ . . T — T
C, :{Gg(i) G sample52 Oc(iy — 1 OF I(@U(i) (j samples Or(iy — 1) <log(m)/j forall 1 < j <bm, c L<m <t (13)

We have thatB, O C,.. From Lemmal — (i) in [4], Pr(C,) = o(c™"). We thus haveé’r(B,) = o(c™").
Consider thesth update where™~! < s — 1 < ¢"*1. When the round-robin candidate = o (i), we
show that on the eventl, N B,, o(i) must be selected as thith best. It is sufficient to focus on the
nontrivial case tha#;, < Oo(i)- Sincer;, ; > (s —1)b, on A,, we haveélt (t) < Oo(i) — 1. We also have,

on A, N B,,

Oy () = Oy — 01 OF T(0y5) (1), 055y — 1) < log(t — 1) /i) - (14)

Channels (i) is thus selected as thith best on4,.N B,.. Since(1—c~!)/N > b, foranyc” < s—1 < ¢+,

there exists amg such that onA, N By, 7, = (1/N)(s — &=t —2N) > bs for all » > rg. It thus



TECHNICAL REPORT TR-10-01, UC DAVIS, JUNE, 2010. 18

follows that onA, N B,, for any ¢" < s —1 < ¢"*!, we haver, ), > (s — 1)b, ando (i) is thus the

leader. We have, for all > rq,

Pr(at thesth update ¢! < s —1 < ™ |1, # 0(i)) < Pr(A,) + Pr(B,) = o(c™"). (15)

Therefore,

E[N3(K)] = E[{1<k<K: keD(K), Iy #0(i)}]
< xI_ Pr(at thesth update I; # o(i))
< 1+ 27[1;’%6 Tl Yer<s—1<e+1 Pr(at thesth update I; # o (1))
= 1+ 3% o(1)

= o(logT). (16)

From (9), (11), (16), we arrive at Lemma 2.

(1]

(2]
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