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Non-Equilibrium Gas Dynamics 
From Physical Models to Hypersonic Flights 

(RTO-EN-AVT-162) 

Executive Summary 

 

Development of hypersonic flights for aerospace transport industry, space agencies, and defense programs 
requires in-depth knowledge of non-equilibrium gas dynamics effects for accurate design and safe 
operation of spacecraft, planetary probes, and rockets. The transport of mass, momentum, and energy in 
flows in thermo-chemical non-equilibrium involves kinetic processes at a microscopic level and relies on 
the set-up of fine experimental apparatus and development of physical models built and elaborated along 
with the demand of aerospace activities.  
 
Objectives of this special course are to review the up-to-date theoretical models describing non-
equilibrium effects, the experimental techniques, as well as the numerical simulation strategies specific to 
aerothermochemistry, in particular, aiming at better predicting the thermal loads on atmospheric entry 
bodies.  
 
The course is organised to expose thermo-chemical non-equilibrium models for gas dynamics and 
databases for kinetic mechanism and radiation phenomenon. Theoretical basis are given and microscopic 
mechanisms are discussed in details, it allows to have a wide view on the collection of phenomena to 
integrate for an efficient energy transfer modelling. Advanced modelling are also proposed including 
kinetics and radiation in simple application cases. Experimental techniques for the validation of the 
theoretical models are presented in a following section devoted to high enthalpy facilities operation for 
simulating planetary re-entry conditions and the optical measurements associated for the diagnostic of 
these non-equilibrium flows. The course is concluded by a very comprehensive presentation of numerical 
capabilities applied to atmospheric entries. The interaction with the physical modelling is focus in 
particular as the potentialities and the limits are underlined for the current aerospace applications. 
 
In overall the lectures give a complete perspective from the basic research to the applied studies in the 
context of hypersonic flights. 
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Dynamique des gaz non-équilibrés 
Des modèles physiques jusqu'au vol hypersonique 

(RTO-EN-AVT-162) 

Synthèse 

 

 
Le développement des vols hypersoniques au profit de l'industrie du transport aérospatial, des agences 
spatiales et des programmes de défense exige une connaissance détaillée des effets de la dynamique de gaz 
non équilibrés pour la conception précise et l'exploitation sûre des vaisseaux spatiaux, des sondes 
planétaires et des fusées. Les transferts de masses, leur moment, et l'énergie dans les flux en non équilibre 
thermo-chimique impliquent des processus cinétiques à un niveau microscopique et reposent sur 
l'installation d'un appareillage expérimental fin et sur le  développement de modèles physiques construits 
et élaborés en accompagnement des activités aérospatiales.  
 
Les objectifs de cette session spéciale sont de passer en revue les derniers modèles théoriques en vigueur 
décrivant les effets du non-équilibre, les techniques expérimentales, aussi bien que les stratégies de 
simulation numérique spécifiques à la chimie aéro-thermique. Elle vise, en particulier, à mieux prévoir les 
charges thermiques qui s’appliquent sur les corps en rentrée atmosphérique.  
 
La session est organisée de façon à  présenter les modèles thermo-chimiques de non-équilibre pour la 
dynamique des gaz et les bases de données pour les mécanismes cinétiques et les phénomènes de 
rayonnement. Les bases théoriques en sont données, et les mécanismes microscopiques sont discutés dans 
le détail. Cela permet d'avoir une large vue sur l’accumulation  des phénomènes à intégrer pour obtenir 
une modélisation efficace du transfert d'énergie. Il est également proposé une modélisation avancée 
incluant la cinétique et le rayonnement dans des cas simples d'application.  Des techniques expérimentales 
de validation des modèles théoriques sont présentées dans une section suivante dédiée à l'utilisation de 
laboratoires pour les hautes enthalpies en vue de simuler des conditions de rentrée planétaire et de donner 
les mesures optiques associées nécessaires au diagnostic de ces écoulements en non-équilibre. La session 
s’est terminée par une présentation très compréhensible des possibilités numériques appliquées aux 
rentrées atmosphériques. L'accent fut mis sur l'interaction avec la modélisation physique en particulier car 
les potentialités et les limites furent soulignées  pour ce qui concerne les applications aérospatiales 
courantes. 
 
Dans leur ensemble les conférences donnent une perspective complète allant de la recherche fondamentale 
aux études appliquées dans le contexte des vols hypersoniques. 
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Hypersonic-Flow Governing Equations with
Electromagnetic Fields


D. Giordano 1


European Space Research & Technology Center
P.O. Box 299, 2200 AG Noordwijk, The Netherlands


Abstract


The paper deals with the formulation of a consistent set of governing equations apt to de-
scribe the physical phenomenology comprising the hypersonic flow field of an ionized gas
mixture and the electromagnetic field. The governing equations of the flow field and those
of the electromagnetic field are revisited in sequence and differences or similarities with
past treatments are pointed out and discussed. The equations governing the flow field hinge
on the customary balance of masses, momenta and energies. The equations governing the
electromagnetic field are introduced both directly in terms of the Maxwell equations and
by recourse to the scalar and vector potentials. The theory of linear irreversible thermody-
namics based on the entropy-balance equation is also revisited for the purpose of obtaining,
consistently with the presence of the electromagnetic field, the phenomenological relations
required to bring the governing equations into a mathematically closed form. Old problems,
such as the influence of the medium compressibility on chemical-relaxation rates or the im-
portance of cross effects among generalized fluxes and forces, are re-discussed; additional
problems, such as the necessity to consider the tensorial nature of the transport properties
because of the presence of the magnetic field, are pointed out. A non-conventional choice
of first-tensorial-order generalized forces and corresponding fluxes is proposed which ap-
pears to offer more simplicity and better convenience from a conceptual point of view when
compared to alternative definitions customarily used in the literature. The applicability do-
main of the present formulation is clearly outlined and recommendations for further work
are given.


Key words:
PACS:
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Nomenclature


A vector potential
Ak affinity of k-th chemical reaction
B magnetic induction
C constant (in Arrhenius law)
c speed of light in vacuum, 299792458 m·s−1


Dij diffusion tensor
DT


i thermodiffusion tensor
Dik diffusion tensor (Fick law)
dj diffusion vector (kinetic theory)
E electric-field intensity
Ea activation energy (in Arrhenius law)
e electronic charge, 1.602176462 · 10−19 C
em matter energy per unit total mass
ėm,v matter-energy production
ėem,v electromagnetic-energy production
F i external force (kinetic theory)
Fi generalized force [Eq. (127)]
fiδ Helmholtz potential of δ-th molecular degree of


freedom of i-th component
G generic extensive variable
g generic-variable density (mass)
gv generic-variable density (volume)
ġ generic-variable production (mass)
ġv generic-variable production (volume)
hi enthalpy of i-th component per its unit mass
JG generic-variable diffusive flux
JEm matter-energy diffusive flux
Jmi


component-mass diffusive flux
Jm∗j element-mass diffusive flux
JQ electric-charge diffusive flux or conduction-current density
Jq heat flux (see text)
JU internal-energy diffusive flux
JUiδ


diffusive flux of Uiδ (see below)
JS entropy diffusive flux
j electric-current density
KB Boltzmann constant, 1.3806503·10−23 J·K−1


K c
k chemical-equilibrium constant (concentrations)


`i number of molecular degrees of freedom of i-th component
M magnetization
M gas-mixture average molar mass
Mi component molar mass
Ma


j element molar mass
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n number of components
NA Avogadro number, 6.02214199 · 1023


Ni component particle number
N a


j element particle number
P polarization
p pressure
pi partial pressure of i-th component
Qi component molar electric charge
q electric charge per unit mass
RG universal gas constant, 8.314472 J·K−1


r number of chemical reactions
s number of elementss entropy per unit total masss i entropy of i-th component per its unit massṡv entropy productionṡv,0,1,2 entropy production related to tensorial order 0, 1, 2
T temperature (thermal equilibrium)
Tiδ temperature associated with δ-th molecular degree


of freedom of i-th component
t time
U unit tensor
U internal energy of the gas mixture
Uiδ internal energy distributed over δ-th molecular degree


of freedom of i-th component
u internal energy per unit total mass
uiδ internal energy distributed over δ-th molecular degree


of freedom of i-th component per unit mass of i-th component
u̇v internal-energy production
u̇v,iδ production of Uiδ


v velocity vector
(∇v) s


o traceless symmetric part of velocity gradient
(∇v) a antisymmetric part of velocity gradient
v specific volume
vi specific volume of i-th component
v̇v volume production
wi component diffusion velocity
xi molar fraction of i-th component
αi component mass fraction
αa


j element mass fraction
ε0 dielectric constant of vacuum, 8.854187817 · 10−12 F·m−1


η temperature exponent (in Arrhenius law)
κf


k,κb
k reaction constant (forward, backward)


le scalar electrical conductivity
le electrical-conductivity tensor
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lp
ej pressoelectrical-conductivity tensor


lT
e thermoelectrical-conductivity tensor


l′ thermal-conductivity tensor (see text)
µi chemical potential of i-th component
m dynamic-viscosity tensor
mv bulk-viscosity coefficient
νki global stoichiometric coefficient
ν (r)


ki, ν
(p)
ki stoichiometric coefficient (reactant, product)


ξ̇k chemical-reaction rate
π normal mean stress
ρ total-mass density
ρc electric-charge density
ρi component partial density
ρa


j element partial density
σij formation-matrix coefficient
τ stress tensor
τ s


o traceless symmetric part of stress tensor
τM Maxwell stress tensor
ΦG generic-variable flux
φ scalar potential
Xi generalized force [Eq. (111)]
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1 Introduction


Interest in theoretical investigations [1–26] aimed at the understanding of the fluid
dynamics and the thermodynamics of flows subjected to the action of electric and/or
magnetic fields can be traced back, at least, to the first half of the past century. The
main driving motivation that justifies such an interest was probably best expressed
by Resler and Sears [9] in 1958:


If a fluid is a conductor of electricity, the possibility arises that an electric body
force may be produced in it that will affect the fluid flow pattern in a significant
way . . . The attractive thing about the electric body force . . . is that it can be
controlled, insofar as the current and the magnetic field can be controlled, and
perhaps made to serve useful purposes such as acceleration or deceleration of
flow, prevention of separation, and the like.


Since those pioneering years, the scientific/engineering discipline in question has
been going through a continuous process of maturation. This process, however,
has been continuously and systematically marked in time by researchers’ com-
plaints about the unsatisfactory state-of-the-art of the theory. Indeed, notwithstand-
ing many efforts, and the voluminous literature generated by them, to confer the
discipline the status of being firmly established on physically rigorous and consis-
tent foundations freed from ad hoc assumptions, progress to achieve convergence
to that goal appears today not completed yet.


The study presented here was carried out in the context of a research activity mo-
tivated by renewed interest in investigating the influence that electric and/or mag-
netic fields can exert on the thermal loads imposed on a body invested by a hyper-
sonic flow [18,27–34]. In this regard, spacecraft thermal protection during planetary
(re)entry represents the driving engineering application. The contents of the study
should be considered, to a certain extent, a systematic reexamination of past work
complemented with somewhat innovative ideas. The aim concentrates on the for-
mulation of a consistent set of governing equations in open form apt to describe the
physical phenomenology comprising the hypersonic flow field of an ionized gas
mixture and the presence of the electromagnetic field. The discourse opens with
stoichiometric considerations that are important to comprehend how specific para-
meters of electromagnetic nature, namely electric-charge density and conduction-
current density, can be expressed in terms of variables of fluid-dynamics nature.
Subsequently, the governing equations of the flow field and those of the elec-
tromagnetic field are revisited in sequence; differences or similarities with past
treatments are pointed out and discussed. The equations governing the flow field
hinge on the customary balance of masses, momenta and energies. The equations
governing the electromagnetic field are introduced both directly in terms of the
Maxwell equations and by recourse to the scalar and vector potentials. In the latter
case, the convenience of adopting the Lorentz gauge, rather than the magnetosta-
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tic gauge, in order to obtain field equations with favorable mathematical symmetry
is adequately pointed out. Features, limitations and approximations implied in the
open-form governing equations are explicitly addressed. Thermodynamics aspects
associated with the necessity to assign the thermodynamic model of the gas mix-
ture are described and discussed. The theory of linear irreversible thermodynamics
[20,21,23,35–37] based on the entropy-balance equation is examined for the pur-
pose of obtaining, consistently with the presence of the electromagnetic field, the
phenomenological relations required to bring into a mathematically closed form the
governing equations. Old problems, such as the influence of medium compressibil-
ity on chemical-reaction rates or the importance of cross effects among generalized
fluxes and forces, are re-discussed; additional problems, such as the necessity to
take into account the tensorial nature of the transport properties because of the
anisotropy introduced by the magnetic field, are pointed out. A non-conventional
choice of first-tensorial-order generalized forces and corresponding fluxes is pro-
posed which appears to offer more simplicity and better convenience from a con-
ceptual point of view when compared to alternative definitions customarily used in
the literature.


Polarization and magnetization have not been considered in this study. Setting aside
their expected negligibility in hypersonic flows, there is an important reason behind
that choice. The inclusion of polarization and magnetization effects in the Maxwell
equations is conceptually (almost) straightforward. That, however, would constitute
only a unilateral approach to the physical phenomenology. Indeed, the important
fact should not be overlooked on the fluid-dynamics side that not only body-force
distributions but also torque distributions exist [21,38] within a polarized and mag-
netized medium subjected to the action of the electromagnetic field. Under these
circumstances, the velocity vector is not the sole kinematic unknown that charac-
terizes the flow field; the specific angular momentum [21,23,38] of matter may not
identically vanish throughout the flow field, as it usually happens in the absence of
polarization and magnetization, and must necessarily be taken into account as an
additional kinematic unknown. The appearance of the corresponding balance equa-
tion in the set of the governing equations is inescapable. A non-vanishing specific
angular momentum in matter can have far reaching consequences. For example,
the stress tensor loses its symmetry; its antisymmetric part, conjointly with the an-
tisymmetric part of the velocity-vector gradient, contributes to produce entropy and
the familiar Newton law does not suffice anymore to characterize the tensional state
in the medium. Implications of energetic nature should also be expected because
there is energy associated with specific angular momentum; in addition, the polar-
ization and magnetization vectors belong to the set of the thermodynamic indepen-
dent state parameters [19,20]. These and similar aspects cannot be ignored at the
moment of constructing a physically rigorous theory, even if the mentioned effects
may turn out to be negligible under specific flow circumstances. The complexity
of the physical phenomenology in the presence of polarization and magnetization
increases enormously and its study presupposes a degree of difficulty which can be
adequately tackled only after that acquisition of solid understanding of the coupling
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between fluid dynamics and pure electromagnetic field has been secured. The latter
constitutes the main target of the present study and the motivation to postpone to
future investigations the behaviour of polarized and magnetized media.


2 Stoichiometric aspects


The chemical constituents that compose an ionized gas mixture can be subdivided
in neutral components, ionized components and free electrons. The knowledge of
how many and which components intervene within a given flow problem relies
on experimental evidence complemented with the judicious choice dictated by the
researcher’s expertise. The acquisition of such knowledge is sometimes straightfor-
ward, sometimes rather involved; in any case, it constitutes a problem of its own.
When the n components are identified then it is possible to recognize the s (s ≤ n)
reference elements that participate in their formation. There is, obviously, a cer-
tain arbitrariness in the qualification of the reference elements. For example, either
the molecule N2 can be considered formed by putting together two N atoms or,
vice versa, the atom N can be considered formed by breaking the N2 molecule; the
role of reference element is played by N or N2 in the former or latter case, respec-
tively. For reasons of convenience, the reference elements are enumerated in such
a way that the first (s − 1) are the true atoms/molecules E1, E2, ..., Es−1 and the
last one Es is the electron ‘e’ responsible for building the electric charge carried
by the ionized components (if any). The formation concept is formalized in the
chemical formula E1


σi1
E2


σi2
· · ·Es


σis
of the generic component. The coefficient σij


represents the number of Ej atoms/molecules required to form the i-th chemical
component; if σij = 0 then the j-th element does not intervene in the formation of
the i-th component and the corresponding symbol (Ej) is dropped from the chemi-
cal formula. The non-vanishing coefficients σij (j = 1, . . . , s− 1) are necessarily
positive, even integers if the elements are monatomic. For a neutral component, the
coefficient σis is identically zero. For an ionized component, the coefficient σis is
positive or negative for exceeding or missing electrons and its opposite gives the
electric charge carried by the component molecule as an integer multiple of the
electronic charge. In a more common formalism, Es


σis
is replaced by superscripting


the chemical formula with ‘+’ signs, if σis < 0, or ‘−’ signs, if σis > 0, in number
equal to | σis |. The coefficients σij can be grouped together to compose the (n× s)
formation matrix. The rightmost column (j = s) of the matrix is the electric-charge
column which appears and acquires significance exclusively when ionized compo-
nents are present in the mixture. The coefficients σij permit to express the molar
masses Mi of the components as linear combinations


Mi =
s∑


j=1


σijM
∗
j (1)
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of the molar masses M∗
j of the elements (M∗


s = 5.48579911 · 10−7 kg is the mass
of one mole of electrons) intervening in their formation. The molar electric charges
Qi require only the coefficients in the electric-charge column


Qi = −σiseNA (2)


in combination with the electronic charge e = 1.602176462 · 10−19C and the Avo-
gadro number NA = 6.02214199 · 1023. An explicit example of formation matrix
relative to a seven-component high-temperature air mixture reads


N O e


N 1 0 0


O 0 1 0


e− 0 0 1


NO 1 1 0


N2 2 0 0


O2 0 2 0


NO+ 1 1 -1


or


N2 O2 e


N 1/2 0 0


O 0 1/2 0


e− 0 0 1


NO 1/2 1/2 0


N2 1 0 0


O2 0 1 0


NO+ 1/2 1/2 -1


depending whether atoms or molecules are chosen as reference elements. In this
case, there are n = 7 components formed by s = 3 elements.


Another important construct is the stoichiometric matrix connected with the r chem-
ical reactions


n∑


i=1


ν (r)
ki [CF]i ⇀↽


n∑


i=1


ν (p)
ki [CF]i k = 1, 2, · · · , r (3)


that can occur in the gas mixture; ν (r)
ki, ν


(p)
ki are the stoichiometric coefficients of reac-


tants and products, respectively. The processes formalized in Eq. (3) are subjected
to component-mass conservation


n∑


i=1


ν (r)
kiMi =


n∑


i=1


ν (p)
kiMi (4)


After defining the global stoichiometric coefficients νki = ν (p)
ki − ν (r)


ki, Eq. (4) can be
recast into the form


n∑


i=1


νkiMi = 0 (5)
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The coefficients νki are integer numbers and are conveniently assembled in a (r ×
n) stoichiometric matrix. The combination of the formation concept embodied in
Eq. (1) and the component-mass conservation enforced by Eq. (5) allows to ob-
tain important conditions to which formation and stoichiometric matrices are sub-
jected and that express physically the element-mass conservation. The substitution
of Eq. (1) into Eq. (5) and the permutation of the sum operators yields


s∑


j=1


M∗
j


n∑


i=1


νkiσij = 0 (6)


Given the (mathematical) arbitrariness of the molar masses M∗
j , the solution


n∑


i=1


νkiσij = 0 (7)


is the sole possibility left to have Eq. (6) identically satisfied. It is interesting to
notice that when j = s, and taking in account Eq. (2), Eq. (7) yields the electric-
charge conservation


n∑


i=1


νkiQi = 0 (8)


across the given chemical reaction. The conservation of the electric charge is, there-
fore, not an independent statement but follows from the mass conservation relative
to the electron as reference element.


The formation matrix permits to express composition parameters, and their proper-
ties, related to the elements in terms of those related to the components. The basic
relation, in this regard, is the one that connects particle number of the elements with
particle number of the components


N ∗
j =


n∑


i=1


Ni σij (9)


From Eq. (9), for example, one obtains similar expressions for mass fractions


α∗j =
n∑


i=1


αi


Mi


σijM
∗
j (10)


and partial densities


ρ∗j =
n∑


i=1


ρi


Mi


σijM
∗
j (11)
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The electric charge per unit mass also follows from Eq. (9) after setting j = s and
multiplying by −e; it reads


q = −eNA


α∗s
M∗


s


= −eNA


n∑


i=1


αi


Mi


σis (12)


In turn, multiplication of Eq. (12) by the total-mass density ρ provides the expres-
sion for the electric-charge density


ρc = ρq = −eNA


ρ∗s
M∗


s


= −eNA


n∑


i=1


ρi


Mi


σis (13)


Equation (13) is an important relation. It establishes a first necessary link between
the electromagnetic side (ρc) of the physical phenomenology and its fluid-dynamics
counterpart (ρ∗s or all ρi). It also endorses the idea that the electric-charge density
should not be looked at as a basic field unknown because it can be straightforwardly
calculated when the gas mixture composition has been determined.


3 Physical significance of the balance equations


In view of the analysis in the following sections, it appears appropriate to dwell
preliminarily upon an important aspect related to the physical significance of the
balance equations which becomes manifest when the presence of the electromag-
netic field has to be considered.


It is a recurrent occurrence in the mechanics of continuous media that important
equations governing the dynamic evolution of a system, namely the portion of the
medium contained in a specified control volume, are developed from the idea of
balancing the variations of the extensive properties (mass, momentum, energy, etc)
that characterize the macroscopic state of the system. If G is any generic extensive
variable owned by the system and gv, ΦG, ġv are respectively its density, flux and
production, then the typical balance equation


∂gv


∂t
= −∇ ·ΦG + ġv (14)


is the translation in mathematical language of the basic principle [35,36,39] affirm-
ing that the variable G can vary in time t only for two specific reasons: a) an ex-
change with the external environment and b) an internal production. Equation (14)
constitutes the local formulation of such a principle and establishes a formal link
between time variation and reasons of change. Density and production in Eq. (14)
carry the subscript v to emphasize that they are referred to unit volume. Feynman
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provided a very interesting disquisition in his famous lectures [40] concerning the
physics behind Eq. (14); his reasoning, although expounded in didactic style, is
certainly one of the most lucid accounts the present author ever had the opportunity
to read.


The aspect related to Eq. (14) that is meant to be pointed out here regards the possi-
bility for the quantities gv,ΦG and ġv of being attached directly to space instead of
being associated with the matter occupying that same space. Such an occurrence is
somewhat forgotten in traditional fluid dynamics because the physical variables are
all associated with matter in that case. Indeed, customary practice proceeds one step
further from Eq. (14) by introducing density g = gv/ρ and production ġ = ġv/ρ
referred to unit mass and by separating the flux


ΦG = ρvg + JG (15)


in a convective part, associated with the flow velocity v, that takes care of the trans-
port associated with the macroscopic motion of matter and a diffusive part JG which
takes care of everything else. Accordingly, Eq. (14) becomes


∂ρg


∂t
+ ∇ · (ρvg) = −∇ · JG + ρġ (16)


Equation (16) is the stencil that embeds all the governing equations belonging to
traditional fluid dynamics. It comes to no surprise, therefore, that the mathematical
structure of Eq. (16) has stood as the starting point in computational fluid dynam-
ics (CFD) from which all efforts towards the development of numerical algorithms
have originated. In this sense, Eq. (16) has undoubtedly contributed to forging the
way of thinking in the CFD community. Yet, things may be looked at from a dif-
ferent perspective in the presence of the electromagnetic field. Obviously, the ap-
plicability of the convection-diffusion separation [Eq. (15)], pertaining to the flux
ΦG, and of Eq. (16) still survives when the fluid-dynamics field and the electromag-
netic field have to coexist. However, Eq. (14) can also play a role if the definition
of global variables, namely momentum and energy, are adequately generalized in
a manner that relaxes the unnecessary conceptual habit of matter association; then
the ensuing equations become statements of conservation (ġv = 0) and, in so doing,
they assume a mathematical structure that, in principle, may favorably lend itself
to a more simplified numerical analysis.


In the following sections, the formal balance-equation concept will be explicited
in relation to the fundamental physical quantities mass, momentum and energy
in order to formulate a consistent set of governing equations. Concerning the lat-
ter two quantities, the programme will be carried out in a comparative fashion by
confronting the fluid-dynamics habitual approach with the novel perspective just
discussed and brought to surface by the presence of the electromagnetic field.
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4 Mass-balance equations


The standard equations balancing the component masses


∂ρi


∂t
+ ∇ · (ρiv) = −∇ · Jmi


+
r∑


k=1


ξ̇kνkiMi i = 1, · · · , n (17)


are available for the determination of the gas-mixture composition. The component-
mass diffusive fluxes Jmi


and the chemical-reaction rates ξ̇k require the assignment
of phenomenological relations (Secs. 8 and 9). Other variables with same require-
ment will be encountered in the sequel; they should be viewed as windows through
which models, describing the physical behaviour of the medium, manifest their
influence on the open-form governing equations. The component-mass diffusive
fluxes are linked to the corresponding diffusion velocities


Jmi
= ρiwi (18)


and are subjected to the condition


n∑


i=1


Jmi
=


n∑


i=1


ρiwi = 0 (19)


Equation (19) enforces the physical fact that total mass cannot diffuse. In other
words, there are only n − 1 independent diffusive fluxes or diffusion velocities.
Taking into account Eq. (5), Eq. (19) and mass additivity


ρ =
n∑


i=1


ρi (20)


the continuity equation


∂ρ


∂t
+ ∇ · (ρv) = 0 (21)


follows from the summation of Eq. (17) on the subscript i. There are two options
for the determination of the n + 1 unknowns ρi, ρ. The most straightforward way
would seem to consist in the selection of Eqs. (17) and (20) because the use a
very simple algebraic equation, as Eq. (20) is, is appealing, of course. There is,
however, a risk in doing so because potential inconsistencies carried into Eq. (17)
by phenomenological relations for component-mass diffusive fluxes and chemical-
reaction rates would produce inaccurate partial densities which, in turn, would pass
on their inaccuracy to the total-mass density via Eq. (20). The alternative way to
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proceed could be to replace Eq. (20) with Eq. (21). In this manner, the effect of
the previously mentioned inconsistencies is somewhat contained because neither
partial densities nor phenomenological relations are explicitly required in Eq. (21).
As a matter of fact, Eq. (20) could be used aside, once the unknowns ρi, ρ have
been obtained, as a sort of error verifier. The drawback of this approach consists in
the necessity to solve an additional differential equation [Eq. (21)].


The chemical-reaction rates are known to be numerically stiff properties to deal
with. It is, therefore, desirable to make them appear as sparingly as possible in the
governing equations. To this aim, simplification can be achieved to some extent if
the element-composition parameters are brought into the picture. Taking into ac-
count the definition of element partial densities [Eq. (11)], the balance equations of
the element masses are obtained by multiplying Eq. (17) by σijM


∗
j /Mi and sum-


ming on the subscript i; they read


∂ρ∗j
∂t


+ ∇ · (ρ∗jv) = −∇ · Jm∗j j = 1, · · · , s (22)


The element-mass diffusive flux on the right-hand side of Eq. (22) turns out to be
expressed in terms of the component-mass diffusive fluxes as


Jm∗j =
n∑


i=1


1


Mi


Jmi
σijM


∗
j (23)


The production term is absent in Eq. (22) because Eq. (7) makes it vanish iden-
tically. Thus, the element masses are conservative: they cannot be either created
or destroyed, regardless of the reactive mechanisms at work in the gas mixture.
This occurrence suggests an advantageous manoeuvre to limit the appearance of
the chemical-reaction rates. The idea is to relinquish as unknowns the last s partial
densities ρi and replace them with the partial densities ρ∗j ; at the same time, the last
s equations of the set (17) are replaced with the set (22). In this way, the number of
differential equations is unchanged but the chemical-reaction rates appear only in
n − s equations. The s relinquished partial densities ρi can be expressed in terms
of the first n − s partial densities ρi and of the s partial densities ρ∗j from Eq. (11)
after expanding


ρ∗j =
n−s∑


i=1


ρi


Mi


σijM
∗
j +


n∑


i=n−s+1


ρi


Mi


σijM
∗
j j = 1, · · · , s (24)


and re-arranging


n∑


i=n−s+1


ρi


Mi


σijM
∗
j = ρ∗j −


n−s∑


i=1


ρi


Mi


σijM
∗
j j = 1, · · · , s (25)
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Equation (25) represents an algebraic system of s equations for the s relinquished
partial densities ρi. It can be formally solved in the following manner. First, intro-
duce for brevity the (s× s) coefficient matrix


σ̂ij = σij


M∗
j


Mi


i = n−s+1, · · · , n; j = 1, · · · , s (26)


and the (1× s) known-term array


ρ̂∗j = ρ∗j −
n−s∑


i=1


ρi


Mi


σijM
∗
j j = 1, · · · , s (27)


so that Eq. (25) can be recast in the standard form


n∑


i=n−s+1


ρiσ̂ij = ρ̂∗j j = 1, · · · , s (28)


The matrix σ̂ij can be inverted once and forever when the formation matrix σij and
the element molar masses are known. Then, the formal solution of Eq. (28) is


ρi =
s∑


j=1


ρ̂∗j σ̂-1
ji i = n−s+1, · · · , n (29)


Another important aspect to look at in connection with the elements is the balancing
of the electric charge. The electric-charge balance equation is not an independent
statement but is embedded in Eq. (22) when particularized to the case of the electron
element. Indeed, setting j = s in Eq. (22) and multiplying it by −eNA/M


∗
s [see


Eq. (13)] yields the fluid-dynamics styled equation


∂ρc


∂t
+ ∇ · (ρcv) = −∇ · JQ (30)


in which, taking into account Eq. (23) with j = s, the electric-charge diffusive flux
turns out to be expressed by the following linear combination


JQ = −eNAJm∗s
1


M∗
s


= −eNA


n∑


i=1


1


Mi


Jmi
σis (31)


of the component-mass diffusive fluxes of the electrically charged components
(σis 6= 0). It is important to notice that Eqs. (30) and (31) warn against any pre-
sumptive imposition of charge neutrality (ρc = 0) throughout the flow field; even
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if there are zones in which the gas mixture is electrically neutral, the mass diffu-
sion of ionized components and free electrons works towards the removal of such
a condition. Rephrasing Eq. (30) in electromagnetic-theory style


∂ρc


∂t
+ ∇ · (ρcv + JQ) = 0 (32)


leads to the identification of, in the corresponding parlance, the electric-current
density


j = ρcv + JQ (33)


and to the recognition of its separability in convection-current (ρcv) and conduction-
current (JQ) densities. These are the sole contributions that need to be accounted
for in the absence of polarization and magnetization. Equation (31) represents the
other important relation that establishes a second, and final, necessary link between
electromagnetism (JQ) and fluid dynamics (all Jmi


). Both Eq. (13) and Eq. (31)
converge into the definition provided by Eq. (33) and, in so doing, enforce the
unambiguous assertion that the electric-current density is specified entirely in terms
of variables of fluid-dynamics nature. Also, the dependence expressed in Eq. (31)
clearly shows that it is not necessary to pursue an independent phenomenological
relation for the conduction-current density because the latter descends naturally
from the knowledge of the phenomenological relations for the component-mass
diffusive fluxes. It will be seen in Sec. 9.4 how the famous Ohm law and additional
effects of thermodynamic origin arise naturally in this way.


5 Electromagnetic-field equations


The essence of electromagnetism finds its deepest representation in the differential
equations that govern the electromagnetic field, namely the well known Maxwell
equations. The body of didactic literature on this subject matter is enormous and the
theory can very well be considered consolidated on solid foundations. The contents
of this section take advantage mainly from Feynman’s lectures [40]; Maxwell’s fun-
damental treatise [41,42] together with the textbooks written by Møller [43], Lor-
rain and Colson [44], Persico [45], Tolman [46], and Pauli [47] were also helpful.
Notwithstanding the satisfactory state-of-the-art of the theory, there is one peculiar
aspect of electromagnetism that always deserves extreme care and attention: the
choice of the physical units. In SI units, the Maxwell equations read


∇ · E =
ρc


ε0


(34)


∇ · B = 0 (35)
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∇× E =−∂B
∂t


(36)


ε0c
2∇× B = j + ε0


∂E
∂t


(37)


The electric-charge and electric-current densities represent the channels through
which the coupling between fluid-dynamics field and electromagnetic field be-
comes manifest [recall Eq. (13), Eq. (31) and Eq. (33)]. The constants c and ε0


are respectively the velocity of light (299792458 m·s−1) in and the dielectric con-
stant (8.854187817·10−12 F·m−1) of vacuum. In principle, Eqs. (36) and (37) are all
that is required to associate with the fluid-dynamics equations in order to determine
simultaneously electric-field intensity E and magnetic induction B. However, their
mathematical structure is substantially distinct from the habitual fluid-dynamics
stencil [Eq. (16)]. A widespread practice [34,48–55] that aims to derive and use an
equation with more CFD-suitable form is based on the adaptation of Eq. (36) fol-
lowing the neglect of the displacement-current density (ε0∂E/∂t) in Eq. (37) and
the assumed validity of the generalized Ohm law


JQ = le (E + v× B) (38)


although with a scalar electrical conductivity le. The method leads to an algebraic
relation for the electric field


E =
ε0c


2


le


∇× B− ρc


le


v− v× B (39)


and to the so-called magnetic-induction equation


∂B
∂t


+ ∇ · (vB) = ∇ · (Bv) +
ε0c


2


le


∇2B +
ε0c


2


l 2
e


∇le × (∇× B)


+
ρc


le


∇× v− v×∇
(


ρc


le


)
(40)


The details of the derivation of Eq. (40) are given in appendix A. Further simpli-
fied forms in the event of electric-charge neutrality (ρc ' 0) or uniform electrical
conductivity (le 'const) are easily deduced. Equation (40) looks certainly attrac-
tive from a numerical point of view because its structure reflects perfectly that of
Eq. (16). In this way, the solution of the electromagnetic field is brought within the
reach of familiar algorithms in CFD. At the same time, the idea of magnetic-field
convection is favoured to find its way into the picture of the physical phenomenol-
ogy. The computational fluid dynamicist is most likely satisfied with this situation
because he is provided with an additional instrument [Eq. (40)] which features the
same mathematical characteristics of familiar tools, namely the flow-field equa-
tions without the electromagnetic field. He can, then, proceed to calculate. Seen
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from the perspective of the hard efforts and time invested in the development of
numerical schemes, this attitude is comprehensible. Yet, the theoretical fluid dy-
namicist would feel concerned about the same situation because Eq. (40) and its
associated interpretation are very much in contrast with the physical fact that the
electromagnetic field is attached to space regardless of the matter flowing through
that same space. In this regard, he may ponder about the physical significance of
Eq. (40), asking important questions such as: can the vector B be interpreted as the
volume density of some extensive property of the matter moving in the space oc-
cupied by the electromagnetic field? If there is such a property then can the diadic
tensor Bv and the remaining terms on the right-hand side of Eq. (40) be interpreted
as, respectively, its diffusive flux and production? The difficulty in finding con-
vincing answers suggests a critical scrutiny of the assumptions on which Eq. (40)
is built. The neglect of the displacement-current density is justifiable in circum-
stances of not rapidly varying electric field but it is still an undesirable limitation at
the moment of constructing a general theory. The generalized Ohm law [Eq. (38)]
is more prone to criticism. Concern about its applicability is not a novelty and was
explicitly raised long time ago by Maxwell [41,42] and emphasized in more recent
times by Napolitano [11,16], Pai [18] and Sedov [21]. The major hurdle to accept
is the fact that the applicability of Eq. (40), which is a governing equation, is subju-
gated to the validity of Eq. (38), which is a phenomenological relation. This levies
a serious toll on the generality of the ensuing theory because the latter becomes
medium-dependent. Equation (17), for example, is medium-independent because it
remains applicable regardless of the phenomenological relations assumed for the
component-mass diffusive fluxes and chemical-reaction rates. This is not the case
for Eq. (40). What happens if the tensorial nature of the electrical conductivity, a
feature already discussed by Maxwell in 1873, cannot be neglected or, worst, if the
medium does not comply with Eq. (38)? Indeed, and just to mention an example,
Ohm law [Eq. (38)] becomes meaningless for a polarizable and magnetizable neu-
tral gas. There can be no electrical conduction (JQ = 0) in such a gas because free
electric charges are absent; yet there is an electrical-current density


j =
∂P
∂t


+ ∇×M (41)


produced by the polarization P and magnetization M of the gas. In this case, the
whole edifice built on the magnetic-induction equation [Eq. (40)] must be thrown
away because absolutely inapplicable and a new theory must be constructed afresh.
These arguments may appear irrelevant to the computational fluid dynamicist who
is interested mainly in numerical algorithms but for the theoretical fluid dynamicist
they are strong reasons of concern that originate from the awareness of operating
on the basis of a theory whose solidity may be compromised in unforeseeable and
uncontrollable particular situations.


Another exploitable method takes advantage of the scalar and vector potentials
φ, A often used in electromagnetism. The knowledge of the potentials implies that
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of electric-field intensity and magnetic induction because the latter vectors follow
from the definitions


E = −∇φ− ∂A
∂t


(42)


B = ∇× A (43)


The substitution of Eqs. (42) and (43) into Eqs. (36) and (37) leads to the following
nicely symmetrical field equations


1


c2


∂2φ


∂t2
=∇2φ +


ρc


ε0


(44)


1


c2


∂2A
∂t2


=∇2A +
1


ε0c2
j (45)


The details of the derivation are provided in appendix B. The mathematical sym-
metry of Eqs. (44) and (45) is strongly dependent on the adoption of the condition


1


c2


∂φ


∂t
+ ∇ · A = 0 (46)


known as Lorentz gauge [40,47]. A similar approach was already pursued by Burg-
ers [14] and Pai [18] who, however, opted for the typical magnetostatic gauge


∇ · A = 0 (47)


Instead of Eqs. (44) and (45), they obtained two much more complicated highly
cross-coupled field equations in which terms involving φ and A appear simultane-
ously in both equations.


Equations (44) and (45) indicate explicitly the wave-like evolution taking place in
the electromagnetic field and how that is influenced by the presence of matter
through the electric-charge and electric-current densities. The equations reduce to
the Poisson equation in steady-state circumstances. It may be asked what is the
gain of using Eqs. (44) and (45) rather than Eqs. (36) and (37) or Eq. (40). First
of all, Eqs. (44) and (45) are four scalar differential equations instead of the six
represented by Eqs. (36) and (37). Moreover, they are general and independent of
the medium in so far as they are unaffected by arguments related to importance or
disregard of the displacement-current density and as they need no appeal to any
phenomenological relation to provide reason for their existence. It is true that, once
again, Eqs. (44) and (45) do not reflect the structure of Eq. (16) and, therefore,
they presuppose the necessity to develop new numerical algorithms for their simul-
taneous solution with the fluid-dynamics equations. On the other hand, they are
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equations of the mathematical physics which have been studied numerically since
long time and for whose properties a huge body of knowledge and understanding
has been accumulated.


6 Momentum-balance equations


The determination of the velocity-vector field occurs via the equation balancing the
momentum associated with the matter flowing in the control volume. For reasons
that will appear evident soon, it is appropriate to emphasize the association to mat-
ter by systematically referring to this quantity with the term matter momentum. In
the presence of the electromagnetic field, its balance equation assumes the form


∂ρv
∂t


+ ∇ · (ρv v) = ∇ · τ + ρcE + j × B (48)


As in traditional fluid dynamics, the matter-momentum diffusion is characterized
by the stress tensor τ which requires the assignment of a phenomenological re-
lation and, as anticipated in Sec. 1, preserves its feature of being a symmetrical
tensor in the absence of polarization and magnetization. The gravitational contri-
bution to the body force on the right-hand side of Eq. (48) has been omitted for
compatibility with the typical circumstances settling in in hypersonic regime that
presuppose the negligibility of gravitational effects with respect to those due to the
tensional state of the medium. As a matter of fact, the inclusion in the discourse of
a (Newtonian) gravitational field is conceptually straightforward because the grav-
itational body-force term can be treated similarly to the electric counterpart (ρcE)
and made fit smoothly in the equation framework described in the sequel. On the
other hand, the emphasis of the present context addresses the importance of the
electromagnetic field; the presence of a gravitational field would only burden the
equations with unnecessary additional terms whose inclusion would not change at
all the considerations that will follow and the conclusions that will be drawn.


The electromagnetic field produces matter momentum through the body force


ġv = ρcE + j × B (49)


This is the term to which the statement of Resler and Sears [9] quoted in the in-
troduction refers to and that is responsible for a variety of new effects substantially
inimaginable in traditional fluid dynamics. Under the action of the electromagnetic
field, for example, the mass diffusion of the electrically charged components takes
an active role in affecting the motion of the fluid particles because it enters ex-
plicitly into the equation of their motion [Eq. (48)] via the electric-current density
[see Eqs. (31) and (33)]. Without the electromagnetic field, mass diffusion produces
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only an indirect effect on the dynamics of the flow field through a thermodynamic
pathway that involves the gas-mixture composition and, subsequently, the pressure
distribution; the latter, in turn, represents a substantial contribution to the build-up
of the stress tensor.


Equation (48) is a necessary and sufficient equation qualified for inclusion in the
governing set; one could be satisfied with its availability. Nevertheless, there are
more interesting features of the physical phenomenology that await to be unrav-
elled. Whether it may, perhaps, appear a somewhat fortuitous circumstance or it
could be looked at as the manifestation of something of deep physical significance,
it is certainly interesting that the Maxwell equations [Eqs. (34) and (37)] allow a
very useful transformation [43,45–47] of the electromagnetic body force (49). In a
single stroke, this transformation provides evidence of the existence of momentum
associated with the electromagnetic field, namely the electromagnetic momentum,
and leads to the formulation of its balance equation. The mathematical details are
given in appendix C. The final outcome from the mentioned transformation pro-
vides the electromagnetic body force in the form


ρcE + j × B = ∇ · τM − ∂


∂t
(ε0E× B) (50)


In Eq. (50), the tensor τM represents the following combination


τM = ε0(EE− 1


2
E2U) + ε0c


2(BB− 1


2
B2U) (51)


of electric-field intensity, magnetic induction and unit tensor U. It is, therefore, a
symmetric tensor. Equation (50) can be simply overturned as


∂


∂t
(ε0E× B) = ∇ · τM − (ρcE + j × B) (52)


to match exactly the structure of Eq. (14). Hence, Eq. (52) is a balance equation.
It shows unequivocally the existence of electromagnetic momentum distributed in
space with density ε0E×B and transported through space with flux−τM. The sym-
metric tensor τM plays in Eq. (52) the same role fulfilled by the stress tensor in
Eq. (48) and, for this reason, it is suggestively named as Maxwell stress tensor.
Equation (52) highlights in an evident manner also that the transport of electro-
magnetic momentum takes place through space exclusively in consequence of the
presence of the electromagnetic field and bears no relation whatsoever with the
matter transported through that same space. It is important to keep in mind that,
although very useful, Eq. (52) is not a new independent equation. In principle, it
can replace one of Eqs. (36) and (37) but it does not say anything more that is not
already contained in the Maxwell equations. The nice features of Eq. (52) consist
in its balance-equation structure and that it fulfills the task of permitting a deep
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insight towards the understanding of the existence of important properties of the
electromagnetic field that are not immediately recognizable from the equations of
electromagnetism as given by Maxwell.


Another aspect worth of attention is that all the electromagnetic momentum that
disappears locally turns out to reappear as matter momentum or viceversa. This is
the obvious conclusion ensuing from the appearance of the electromagnetic body
force both in Eq. (48) and, with changed sign, in Eq. (52). In other words, the sum of
the two forms of momentum cannot be produced, either created or destroyed. Thus,
the global momentum ρv+ε0E×B is a conservative property of the physical system
composed by the conjoint fluid-dynamics and electromagnetic fields. This profound
characteristic of the physical phenomenology is brought to surface by summing
together Eqs. (48) and (52) to obtain the balance equation of total momentum


∂


∂t
(ρv + ε0E× B) = −∇ · (ρv v− τ− τM) (53)


Equation (53) is equivalent to Eq. (48) and constitutes a valid and, perhaps, more
convenient alternative at the moment of performing numerical calculations because
it is not burdened by the presence of any production term.


7 Energy-balance equations


7.1 Preliminary considerations


The prerequisite steps in the formulation of balance equations related to the concept
of energy, in its entirety and in its variety of kinds, are the identification of the forms
that play a role within a specific physical phenomenology and the recognition of
the sum of those forms as the total energy. In turn, the subduing of the latter’s
production ėv per unit volume and time to the famous principle of conservation
(ėv = 0) leads to the deduction and, at the same time, the physical interpretation
of interesting and important features related to the possible mechanisms of energy
conversion.


In the absence of electromagnetic fields, the typical forms of energy that intervene
in hypersonic regime are the kinetic energy possessed by the fluid particles as a
consequence of their macroscopic motion and the internal energies distributed over
the molecular degrees of freedom of the components. Energy ascribed to intermole-
cular interactions is systematically neglected. Gravitational energy is not admitted
in the picture for the same reason of negligibility adduced in Sec. 6 to justify the
omission of the gravitational-field contribution to the body force on the right-hand
side of Eq. (48). Under the assumed circumstances, the sum of kinetic energy and
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internal energies constitutes the total energy and, as such, that sum acquires the
prerogative of being conservative. The situation changes drastically in the presence
of the electromagnetic field. The kinetic energy and the internal energies associated
with matter are still part of the scene but their sum, which will be referred to as mat-
ter energy for consistency with the terminology introduced in Sec. 6 when dealing
with momentum, does not exhaust the totality of forms. The electromagnetic field
possesses energy in the same way as it does for momentum. It turns out, therefore,
that there is a further kind of energy to account for: the electromagnetic energy. It is
the sum of matter energy and electromagnetic energy to provide the total energy in
this case and to be characterized by a vanishing production. It will be shown in the
sequel that, once again, the Maxwell equations [Eqs. (36) and (37)] and their ade-
quately manipulated blend with the balance equations of kinetic energy and internal
energies play a fundamental role in the achievement of the outlined understanding
of the physical situation.


7.2 Kinetic energy


The kinetic-energy balance equation


∂


∂t
(ρ


v2


2
) + ∇ · (ρv2


2
v) = ∇ · (τ · v)− τ : ∇v + ρcv · E− JQ · v× B (54)


descends straightforwardly from that of matter momentum simply by scalar-multi-
plying both sides of Eq. (48) by the velocity vector and by rearranging the resulting
right-hand side to reflect the structure of Eq. (16). Inspection of Eq. (54) indicates
at once kinetic-energy diffusive flux and production. The latter comprises the ha-
bitual contribution that includes the combined action of medium deformation and
tensional state, and a contribution originating from the existence of the electromag-
netic field. With regard to this additional contribution, the magnetic part contains
only the conduction-current density. This is the obvious consequence of the or-
thogonality [v · (ρcv×B) = 0] between the velocity vector and the part of the body
force in Eq. (49) containing the convection-current density that appears explicitly
after expanding the electric-current density according to Eq. (33). Equation (54) is,
clearly, not an independent equation; it merely represents the projection of Eq. (48)
along the local direction of the instantaneous streamlines of the flow field.


7.3 Internal energy


From a thermodynamic point of view, the ionized gas mixture of interest in the
present context has to be considered as a composite system whose subsystems, rep-
resented by the molecular degrees of freedom possessed by the components, are in
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disequilibrium with respect to mass exchanges (chemical reactions) and energy ex-
changes (thermal relaxations) [39]. In other words, the internal energies distributed
over the molecular degrees of each component must be introduced and accounted
for separately. In general, the i-th component owns `i independent molecular de-
grees of freedom (δ = 1, · · · , `i) and the δ-th degree of freedom features its private
internal energy Uiδ. It appears worthwhile, incidentally, to mention that the prob-
lem of the explicit separation of the molecular degrees of freedom in independent
entities at the level of the internal Schrödinger equation of the molecules is still an
open issue in demand of satisfactory resolution and is systematically glossed over
by making recourse to the poor, and incorrect, classical separation in electronic,
vibrational, rotational (and etc) molecular degrees of freedom. This is certainly
a gap that calls for enhancement of basic understanding achievable only through
advanced research. The pointed-out limitation, however, does not prevent the de-
velopment of a formal equation framework. The independence of the degrees of
freedom implies the additivity of the internal energies


U =
n∑


i=1


`i∑


δ=1


Uiδ (55)


Equation (55) gives the internal energy of the gas mixture and can be conveniently
rephrased in terms of specific quantities as


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ (56)


The specificity of uiδ refers to the unit mass of the i-th component while the speci-


ficity of u refers to the unit total mass. On the fluid-dynamics side, the
n∑


i=1


`i specific


internal energies uiδ are unknowns of the flow field and their determination can be


achieved through the following
n∑


i=1


`i balance equations


∂ρiuiδ


∂t
+ ∇ · (ρiuiδv) = −∇ · JUiδ


+ u̇v,iδ


δ = 1, · · · , `i; i = 1, · · · , n


(57)


The diffusive fluxes and productions appearing on the right-hand side of Eq. (57)
require the assignment of phenomenological relations. With regard to the produc-


tions, it will be shown in Sec. 7.4 that only
n∑


i=1


`i − 1 of them are independent in


consequence of the principle of total-energy conservation. On the thermodynam-
ics side, the specific internal energies uiδ are linked to the Helmholtz potentials


Hypersonic-Flow Governing Equations with Electromagnetic Fields 


RTO-EN-AVT-162 1 - 25 


 


 







fiδ(Tiδ, vi) that describe the thermodynamic behaviour of the molecular degrees of
freedom via their dependence on the corresponding temperatures Tiδ and on the
specific volumes vi of the components. The link takes the form


uiδ = −T 2
iδ


(
∂fiδ/Tiδ


∂Tiδ


)


vi


= uiδ(Tiδ, vi)


δ = 1, · · · , `i; i = 1, · · · , n


(58)


Each of the
n∑


i=1


`i thermodynamic relations (58) provides the functional dependence


to obtain the temperature Tiδ for prescribed specific internal energy uiδ and specific
volume (vi = 1/ρi) of the i-th component. The set of the functions fiδ(Tiδ, vi) char-
acterizes the global thermodynamic model [39] of the gas mixture. Their explicit
determination presupposes the knowledge of appropriate partition functions [56,57]
whose construction, in turn, belongs to the domain of statistical thermodynamics
(Refs. [56–59] and references therein). It ought to be remarked that the described
equation scheme is founded on the assumption that the population distributions
over the quantum-energy states associated with the molecular degrees of freedom
can be represented in analytical form, the Boltzmann distribution being a particular
case. This assumption is critical for the effectiveness of Eq. (57) and the validity
of Eq. (58). Circumstances cannot be excluded in which this assumption becomes
untenable. In that case, a deeper characterization of the thermal relaxations, with
repercussions on the chemical kinetics of the gas mixture, becomes necessary be-
cause the quantum-state populations are themselves unknowns subjected to balance
equations that deal with state-to-state exchanges of energy and mass. A substantial
body of works (Refs. [60–64] and references therein) addressing the state-to-state
phenomenology has been growing recently but the methods elaborated so far are
not yet completely free from difficulties of conceptual and computational nature.
However, these difficulties notwithstanding, experimental and computational evi-
dence (Refs. [65,66] and references therein) of the existence of non-analytical dis-
tributions of the quantum-state populations points towards the conclusion that the
avenue of state-to-state thermal kinetics certainly deserves to be explored with vig-
orous effort for reasons of both scientific and engineering interest. This topic will
not be elaborated further here because it is beyond the scope of the present context.
Interested readers are referred to the cited literature.


Taking into account the additivity [Eq. (56)] of the internal energies, the balance
equation of the gas-mixture internal energy


∂ρu


∂t
+ ∇ · (ρuv) = −∇ · JU + u̇v (59)


Hypersonic-Flow Governing Equations with Electromagnetic Fields  


1 - 26 RTO-EN-AVT-162 


 


 







is easily deduced from the summation of Eq. (57) on the subscripts i, δ. The internal-
energy diffusive flux and production on the right-hand side of Eq. (59) read respec-
tively


JU =
n∑


i=1


`i∑


δ=1


JUiδ
(60)


u̇v =
n∑


i=1


`i∑


δ=1


u̇v,iδ (61)


Equation (59) is not in its final form. There is more to say about the internal-energy
production in consequence of the principle of total-energy conservation. The com-
pletion will be done in Sec. 7.4.


Thermal equilibrium prevails when all temperatures Tiδ equalize to a common
temperature T . This situation should arise as a particular solution of the multi-
temperature scheme embodied in Eqs. (57) and (58), assuming that the component
internal-energy diffusive fluxes and productions are correctly prescribed. An al-
ternative approach, possible when there is sufficient (experimental) evidence that
supports the idea as a useful approximation accurate enough to reflect realism, con-
sists in the presumptive imposition of thermal equilibrium as a shortcut to spare the
numerical costs of dealing with the mathematical complexity of Eqs. (57) and (58).
In this manner, the details associated with Eq. (57) are given up and Eq. (59) is used
directly for the determination of the gas-mixture specific internal energy with the
provision that, now, a phenomenological relation is needed for the internal-energy
diffusive flux appearing on the left-hand side of Eq. (60). A phenomenological re-
lation for the internal-energy production appearing on the left-hand side of Eq. (61)
is not needed because its expression is fixed by the imposition of total-energy con-
servation (see Sec. 7.4). Obviously, the thermodynamic relations (58) are still ap-
plicable with Tiδ = T ; thus, the temperature of the gas mixture follows from the
resolution of


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ(T, vi) (62)


7.4 Matter energy


According to the considerations of Sec. 7.1, specific matter energy is defined as the
sum


em = u +
v2


2
(63)
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of kinetic energy and gas-mixture internal energy. The corresponding balance equa-
tion


∂ρem


∂t
+ ∇ · (ρemv) =−∇ · (JU − τ · v)


+ u̇v − τ : ∇v + ρcv · E− JQ · v× B (64)


follows, therefore, from the sum of Eqs. (54) and (59). The inspection of the right-
hand side of Eq. (64) provides the matter-energy diffusive flux


JEm = JU − τ · v (65)


and production


ėm,v = u̇v − τ : ∇v + ρcv · E− JQ · v× B (66)


In the presence of the electromagnetic field, one is not entitled to assume the matter-
energy production as unconditionally vanishing. The further addendum to account
for is the production of the electromagnetic energy


ėem,v = −j · E (67)


Its expression derives from arguments related to the work done by the electromag-
netic field when electric charges are displaced within it [40]. So, for consistency
with the physical phenomenology, the principle of total-energy conservation must
be enforced as


ėm,v + ėem,v = 0 (68)


The substitution of Eqs. (66) and (67), the latter expanded according to Eq. (33),
into Eq. (68) leads to the following important, full of physical significance, expres-
sion of the internal-energy production


u̇v = τ : ∇v + JQ · (E + v× B) (69)


The Joule effect appears naturally in Eq. (69) and is represented by the electro-
magnetic term linked exclusively to the conduction-current density. With regard
to this point, it seems worth mentioning that sometimes the electromagnetic term
on the right-hand side of Eq. (67) is erroneously confused as being responsible
for the Joule effect. An important conclusion to be drawn from Eq. (69), with a
view to Eq. (61), is that not only the combined action of medium deformation and
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tensional state but also the flowing of a conduction current through the electromag-
netic field concurs to induce non-equilibrium excitation of the molecular degrees of
freedom. How the repartition of the converted amount of energy takes place among
the molecular degrees of freedom can be ascertained only when the expressions of
the productions u̇v,iδ are explicitly known. In any case, Eqs. (61) and (69) together


indicate that in multi-temperature circumstances, only
n∑


i=1


`i − 1 productions need


the assignment of phenomenological relations, and that such a necessity does not
exist in the event of thermal equilibrium.


The availability of Eq. (69) leads to recast Eq. (64) into the final form


∂ρem


∂t
+ ∇ · (ρemv) = −∇ · (JU − τ · v) + j · E (70)


and to the completion of the balance equation [Eq. (59)] of the gas-mixture internal
energy which now reads


∂ρu


∂t
+ ∇ · (ρuv) = −∇ · JU + τ : ∇v + JQ · (E + v× B) (71)


Equation (70) or Eq. (71) can replace anyone of Eq. (57) in the set of the governing
equations.


7.5 Electromagnetic energy


The recognition of the existence of the electromagnetic energy and the derivation of
its associated balance equation are achieved by following a procedure very similar
to the one worked out for the electromagnetic momentum, that is, through a skillful
transformation [40,43,46,47] of the electromagnetic-energy production [Eq. (67)]
by taking advantage of the Maxwell equations [Eqs. (36) and (37)]. Appendix D
provides the mathematical details. The final result already cast in accordance with
Eq. (14) reads


∂


∂t
[
ε0


2
(E2 + c2B2)] = −∇ · (ε0c


2E× B)− j · E (72)


Equation (72) indicates explicitly that the electromagnetic field contains energy dis-
tributed in space with density


ε0


2
(E2 + c2B2), transported through space with flux


given by the Poynting vector ε0c
2E × B, and exchanged with the energy of mat-


ter with the production rate −j · E. Once again, Eq. (72) is not an independent
equation; there is no new physical information in it that is not already contained in
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the Maxwell equations. The considerations made in this regard with respect to the
balance equation of electromagnetic momentum [Eq. (52)] apply here unvaried.


Equation (72) reflects the structure of Eq. (14) but there have been attempts [13,14]
to adapt it for the purpose of fitting the structure of Eq. (16). The adaptation is based
on the transformation of electric-field intensity and magnetic induction between
two reference systems in the non-relativistic approximation


E′ = E + v× B (73)


B′ = B− 1


c2
v× E (74)


The primed reference system is identified with the one attached to the generic fluid
particle during its motion. The basic step is the evaluation of the Poynting vector in
the primed reference system [13,14,20]


ε0c
2E′ × B′ = ε0c


2E× B− ε0


2
(E2 + c2B2)v + τM · v (75)


by taking advantage of the transformations (73) and (74). Appendix E contains the
mathematical details. It is then a simple matter to solve Eq. (75) for ε0c


2E× B and
to substitute the resulting expression into Eq. (72) to obtain an alternative balance
equation of the electromagnetic energy


∂


∂t
[
ε0


2
(E2 + c2B2)] + ∇ · [ε0


2
(E2 + c2B2)v] =


−∇ · (ε0c
2E′ × B′ − τM · v)− j · E (76)


Equation (76) reflects the structure of Eq. (16) and shows an interesting and re-
markable similarity with Eq. (70). From its perspective, electromagnetic energy
is convected with matter and diffused with flux ε0c


2E′ × B′ − τM · v. This view-
point shares many analogies with the one discussed in Sec. 5 in relation to the
magnetic-induction equation [Eq. (40)]. In this case also, there is a conceptual ob-
jection, already hinted at by Napolitano [16], that obscures the appeal of this adap-
tation and of its consequent interpretation. The transformations (73) and (74) are
rigorously valid only between two reference systems in uniform rectilinear mo-
tion with respect to each other. Thus, they are not complete if the primed refer-
ence system is attached to the generic fluid particle because the latter is acceler-
ated (a = ∂v/∂t + v ·∇v). As explicitly emphasized by Feynman [40], transfor-
mations of electric-field intensity and magnetic induction between two reference
systems in relative accelerated motion do depend on the acceleration. One may
wonder whether or not the terms connected with acceleration that should appear in
Eqs. (73) and (74) are negligible in the non-relativistic approximation. Besides the
fact that general transformations including acceleration seem to be found nowhere
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in the literature, the question appears to be a moot argument not worth grappling
with because even if a positive answer is found, one cannot reconcile Eq. (76) with
the physical fact that the electromagnetic field and its properties momentum and
energy are attached to space.


7.6 Total energy


According to Eq. (68), all the electromagnetic energy that disappears locally reap-
pears as matter energy or viceversa, exactly in the same guise of what happens to
momentum. The sum of Eqs. (70) and (72), therefore, provides the balance equa-
tion of total energy


∂


∂t
[ρem +


ε0


2
(E2 + c2B2)] = −∇ · (ρvem + JU − τ · v + ε0c


2E× B) (77)


For the purpose of numerical calculations, Eq. (77) is perfectly equivalent to either
Eq. (70) or Eq. (71) but, on the contrary of the latter equations, it does not present
any burdensome production term.


7.7 Mechanisms of energy conversion


A summary of the productions relative to kinetic energy, internal energy and elec-
tromagnetic energy is illustrated in Table 1. The electromagnetic-energy production
[Eq. (67)] has been expanded according to Eq. (33). The tabulation gives a visual
representation of the possible mechanisms of energy conversion. Thus, electromag-
netic energy is converted partly in kinetic energy (ρcv ·E) through the action of the
electric field on the convection current and partly in internal energy (JQ ·E) through
the action of the electric field on the conduction current. In turn, kinetic energy
is converted in internal energy via the interplay between medium deformation and
tensional state (τ : ∇v), and through the combined action of the conduction cur-
rent and the magnetic induction (JQ · v × B). The Joule effect [JQ · (E + v × B)]
is the conjoint manifestation of two different conversion mechanisms of, respec-
tively, electromagnetic and kinetic nature. A more complete characterization of the
energy-conversion schematism illustrated in Table 1 covering aspects of reversibil-
ity and irreversibility presupposes the explicit knowledge of the entropy production.
By definition, the latter identifies the irreversible processes and, being subdued
to the second law of thermodynamics that guarantees its non-negativity, imposes
an inviolable direction arrow on some of the conversion pathways existing among
the corresponding terms in Table 1.The entropy production will be dealt with in
Sec. 9.2.
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Table 1
Mechanisms of energy conversion.


energy form production


kinetic −τ : ∇v + ρcv · E −JQ · v× B


internal +τ : ∇v +JQ · E +JQ · v× B


electromagnetic −ρcv · E −JQ · E


8 Concluding considerations related to the governing equations in open form


The governing equations in open form surveyed in the preceeding sections embrace
the physical phenomenology comprising the hypersonic flow field of an ionized,
but not polarized and magnetized, gas mixture and the presence of the electromag-
netic field. For quick reference, they are summarized in Tables 2–5 according to
several alternative but physically equivalent options. Regardless of the selected op-
tion, the set of equations is not operative yet because it contains the variables requir-
ing the assignment of phenomenological relations. These variables identify the
fundamental disciplines that converge into the foundational framework on which
hypersonics rests, namely thermodynamics (fiδ), chemical kinetics (ξ̇k), thermal
kinetics (u̇v,iδ), diffusion theory (Jmi


,τ, JUiδ
), and call for the selection of models


apt to represent in an as accurate as possible manner the physical behaviour man-
ifested by a given real medium under the specific circumstances characteristic of
a given application. The latter requirement materializes through the assignment of
the thermodynamic model (all fiδ) for the gas mixture and of the phenomenologi-
cal relations establishing the link between the unknowns ξ̇k, u̇v,iδ, Jmi


, τ, JUiδ
and


the basic unknowns, and/or their gradients, of the flow field. Only then, the equa-
tions in the governing set acquire the prerequisite closed form necessary to proceed
towards the achievement of their mathematical solution. It seems appropriate at
this point to emphasize that the seemingly incomplete character of the governing
set in open form should not hinder at all the development of algorithms for the
numerical solution of the differential equations that belong to the set. On the con-
trary, such a development is highly desirable. As a matter of fact, it will never be
stressed enough how much convenient it is for the efficient resolution of the flow
field that algorithm-development studies would concentrate on the governing set in
open form as main target. This is a proposition that certainly implies an ambitious
programme but the prospective benefits are too appealing to be ignored and the
idea to be hurriedly dismissed. If such a programme succeeds then the phenom-
enological relations become relegated to the role of subroutines, interchangeable
according to the specific necessities of a given application, and the architecture of
the numerical kernel will feature the extraordinary useful flexibility of being gen-
erally applicable and independent from the specific physical behaviour of the real
medium.
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Table 2
Governing equations relative to gas-mixture composition


equations Eq. unknowns
no. of equations


or sub. range


∂ρi


∂t
+ ∇ · (ρiv) = −∇ · Jmi +


r∑


k=1


ξ̇kνkiMi (17) ρi i = 1, · · · , n− s


∂ρ∗j
∂t


+ ∇ · (ρ∗jv) = −∇ · Jm∗j (22) ρ∗j j = 1, · · · , s


Jm∗j =
n∑


i=1


1
Mi


JmiσijM
∗
j (23) Jm∗j j = 1, · · · , s


ρ̂∗j = ρ∗j −
n−s∑


i=1


ρi


Mi
σijM


∗
j (27) ρ̂∗j j = 1, · · · , s


ρi =
s∑


j=1


ρ̂∗j σ̂-1
ji (29) ρi i = n−s+1, · · · , n


∂ρ


∂t
+ ∇ · (ρv) = 0 (21) ρ 1


ρc = −eNA


n∑


i=1


ρi


Mi
σis (13) ρc 1


JQ = −eNA


n∑


i=1


1
Mi


Jmiσis (31) JQ 3


j = ρcv + JQ (33) j 3


The construction of the thermodynamic model is a task belonging to the realm of
statistical thermodynamics (see Sec. 7.3). There are a few options available con-
cerning the derivation of the phenomenological relations for the unknown produc-
tions and diffusive fluxes. One can seek recourse to irreversible thermodynamics
[20–24,35–37,67–70], to the more sophisticated kinetic theory of gases [71–77] or
to experimental investigation. In practice, the phenomenological relations emerge
as the outcome of a concerted effort involving all three options to different degrees
of depth. The approach relying on irreversible thermodynamics is preferable to get
started in the derivation endeavour because, although its findings may have some-
times narrow limits of validity from a quantitative point of view, it proceeds in a
conceptually straightforward manner from the exploitation of the entropy produc-
tion and of the second law of thermodynamics, it is not affected (not to the same
extent, at least) by the overwhelming mathematical cumbersomeness and complex-
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Table 3
Governing equations relative to momentum


equations Eq. unknowns no. of equations


∂ρv
∂t


+ ∇ · (ρv v) = ∇ · τ + ρcE + j × B (48) v 3


or


∂


∂t
(ρv + ε0E× B) = −∇ · (ρv v− τ− τM) (53) v 3


τM = ε0(EE− 1
2
E2U) + ε0c


2(BB− 1
2
B2U) (51) τM 6


ity of the detailed kinetic theories and, above all, it offers a depth of insight that
goes a long way in the direction of understanding the transport processes at work
in the flow field and of recognizing the associated driving forces.


9 Linear irreversible thermodynamics


9.1 Preliminary remarks


The linear theory of irreversible thermodynamics will be revisited in the follow-
ing sections in conformity with the prescription of thermal equilibrium. The as-
sumption that thermal equilibrium prevails among the molecular degrees of free-
dom of the components is a recurrent characteristic shared by authors that follow
the irreversible-thermodynamics approach. Some [23,37] even go further and as-
sume mechanical equilibrium. Thermal equilibrium implies the possibility of deal-
ing with one single temperature and, obviously, brings in great simplification; on
the other hand, it restricts the applicability domain of the ensuing phenomenolog-
ical relations. The sole attempts the present author is aware of that ventured into
a thermal-disequilibrium analysis were made by Woods [22], Napolitano [35,36],
and Morro and Romeo [78–80]. However, the treatments proposed by Woods and
by Napolitano share similarities that contain elements, bearing on the definition of
the driving forces connected with the occurrence of multiple temperatures, appar-
ently not yet completely freed from conceptual objections. Similarly, Morro and
Romeo did not consider the internal structure of the molecules; in other words,
they implicitly assumed for each component the thermal equilibrium among its
molecular degrees of freedom. More work is certainly needed to improve knowl-
edge in this department of irreversible thermodynamics. The motivation justifying
the choice adopted here resides mainly in the intention to put the emphasis on
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Table 4
Governing equations relative to energy


equations Eq. unknowns
no. of equations


or sub. range


∂ρiuiδ


∂t
+ ∇ · (ρiuiδv) = −∇ · JUiδ


+ u̇v,iδ (57) uiδ
δ = 1, · · · , `i


i = 1, · · · , n


uiδ = −T 2
iδ


(
∂fiδ/Tiδ


∂Tiδ


)


vi


= uiδ(Tiδ, vi) (58) Tiδ
δ = 1, · · · , `i


i = 1, · · · , n


vi = 1/ρi vi i = 1, · · · , n


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ (56) u 1


em = u +
v2


2
(63) em 1


or


∂ρu


∂t
+ ∇ · (ρuv) =


− ∇ · JU + τ : ∇v + JQ · (E + v× B) (71) u 1


JU =
n∑


i=1


`i∑


δ=1


JUiδ
(60) JU 3


∂ρiuiδ


∂t
+ ∇ · (ρiuiδv) = −∇ · JUiδ


+ u̇v,iδ (57) uiδ


n∑


i=1


`i − 1


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ (56) uiδ 1


uiδ = −T 2
iδ


(
∂fiδ/Tiδ


∂Tiδ


)


vi


= uiδ(Tiδ, vi) (58) Tiδ
δ = 1, · · · , `i


i = 1, · · · , n


vi = 1/ρi vi i = 1, · · · , n


em = u +
v2


2
(63) em 1


the peculiarities of the physical phenomenology connected with the existence of
the electromagnetic field and, for that purpose, to keep the mathematical analysis
relieved from tangential or, even, unnecessary complexity. Nevertheless, the multi-
temperature phenomenology is quantitatively important in hypersonic applications
and should not be forgotten.
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Table 4
Continued


equations Eq. unknowns
no. of equations


or sub. range


or


∂ρem


∂t
+ ∇ · (ρemv) =


− ∇ · (JU − τ · v) + j · E (70) em 1


JU =
n∑


i=1


`i∑


δ=1


JUiδ
(60) JU 3


∂ρiuiδ


∂t
+ ∇ · (ρiuiδv) = −∇ · JUiδ


+ u̇v,iδ (57) uiδ


n∑


i=1


`i − 1


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ (56) uiδ 1


uiδ = −T 2
iδ


(
∂fiδ/Tiδ


∂Tiδ


)


vi


= uiδ(Tiδ, vi) (58) Tiδ
δ = 1, · · · , `i


i = 1, · · · , n


vi = 1/ρi vi i = 1, · · · , n


em = u +
v2


2
(63) u 1


or


∂


∂t
[ρem +


ε0


2
(E2 + c2B2)] =


−∇ · (ρvem + JU − τ · v + ε0c
2E× B) (77) em 1


JU =
n∑


i=1


`i∑


δ=1


JUiδ
(60) JU 3


∂ρiuiδ


∂t
+ ∇ · (ρiuiδv) = −∇ · JUiδ


+ u̇v,iδ (57) uiδ


n∑


i=1


`i − 1


ρu =
n∑


i=1


`i∑


δ=1


ρiuiδ (56) uiδ 1


uiδ = −T 2
iδ


(
∂fiδ/Tiδ


∂Tiδ


)


vi


= uiδ(Tiδ, vi) (58) Tiδ
δ = 1, · · · , `i


i = 1, · · · , n


vi = 1/ρi vi i = 1, · · · , n


em = u +
v2


2
(63) u 1
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Table 5
Governing equations relative to the electromagnetic field


equations Eq. unknowns no. of equations


∂B
∂t


+ ∇× E = 0 (36) B 3


ε0


∂E
∂t


− ε0c
2∇× B = −j (37) E 3


or


1
c2


∂2φ


∂t2
= ∇2φ +


ρc


ε0


(44) φ 1


1
c2


∂2A
∂t2


= ∇2A +
1


ε0c2
j (45) A 3


B = ∇× A (43) B 3


E = −∇φ− ∂A
∂t


(42) E 3


9.2 Entropy-balance equation and entropy production


The thermodynamics of the irreversible processes hinges on the entropy balance
equation


∂ρs
∂t


+ ∇ · (ρvs) = −∇ · JS + ṡv (78)


Equation (78) represents a formal balance involving entropy density s, diffusive
flux JS, and production ṡv, and acquires operational character only after that entropy
diffusive flux and production are given more explicit expressions. This is achieved
by taking advantage of the thermodynamic fundamental relation [24,39,68,81] of
the gas mixture in the entropic formulation which, under the assumption of thermal
equilibrium, reads formally


s = s (u, v, α1, α2, . . . , αn) (79)


In Eq. (79), v = 1/ρ is the specific volum of the gas mixture. In view of the forth-
coming analysis, it is appropriate to recall that the first derivatives of the function
(79) represent the state equations in the entropic scheme and define, respectively,
temperature, pressure and chemical potentials
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1


T
=


(
∂s
∂u


)


v,α


(80)


p


T
=


(
∂s
∂v


)


s,α


(81)


−µi


T
=


(
∂s
∂αi


)


u,v,αj 6=i


i = 1, · · · , n (82)


of the gas mixture. Also, for reasons of simplicity in the notation, it is convenient to
work out the mathematical details with the aid of the substantial-derivative operator
D/Dt = ∂/∂t+ v ·∇, whose intervention in the balance equations stems from the
equivalence [recall also Eq. (16)]


∂ρg


∂t
+ ∇ · (ρvg) = ρ


Dg


Dt
(83)


Equation (83) is a direct consequence of total-mass conservation [Eq. (21)]. Taking
into account the definitions (80)–(82), the application of the substantial-derivative
operator to the function (79) leads to


ρ
Ds
Dt


=
1


T
ρ
Du


Dt
+


p


T
ρ
Dv


Dt
−


n∑


i=1


µi


T
ρ
Dαi


Dt
(84)


The steps to achieve the explicit form of the entropy-balance equation appear now
evident. The first step consists in obtaining the volume-balance equation. The quick-
est way is to set g ≡ v in Eq. (83) and to take into account that ρv = 1; hence


ρ
Dv


Dt
= ∇ · v (85)


Counterintuitively as it may appear at first sight, the term on the right-hand side of
Eq. (85) does not represent the divergence of the diffusive flux of volume because,
by its very definition, a diffusive flux cannot depend on the velocity vector [see
Eq. (15)]; this inescapable requirement suggests that a volume-production (v̇v =
∇ · v) interpretation is the sole possible for the term in question. An alternative
explanation reaching the same conclusion can be found in Ref. [19]. The second
step involves the substitution of the component-mass balance equations [Eq. (17)],
the internal-energy balance equation [Eq. (71)] and the volume-balance equation
[Eq. (85)] into Eq. (84), and the consequent rearrangement to reflect the structure
of Eq. (78). This brings to the identification of the entropy diffusive flux


JS =
1


T
JU −


n∑


i=1


µi


T
Jmi


(86)


and of the entropy production
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ṡv =
1


T
τ : ∇v


− 1


T 2
(JU −


n∑


i=1


µiJmi
) ·∇T − 1


T


n∑


i=1


Jmi
·∇µi +


1


T
JQ · (E + v× B)


+
p


T
∇ · v− 1


T


r∑


k=1


ξ̇kAk (87)


The affinities of the chemical reactions are defined as linear combinations


Ak =
n∑


i=1


νkiMiµi (88)


of the chemical potentials. The entropy production [Eq. (87)] is not in its final form
but must be furtherly refined for the purpose of the present context. The refinement
consists in performing the standard expansion of the stress and velocity-gradient
tensors to bring forth their isotropic, traceless-symmetric (or deviatoric) and anti-
symmetric parts. This operation presupposes some familiarity with tensor analysis;
extensive help, in this regard, is provided in Refs. [22,23,37,71,74]. The stress ten-
sor separates in the sum


τ = πU + τ s
o (89)


of the isotropic part, which contains the (scalar) mean normal stress built as the
arithmetic average (π = 1/3τ : U) of the diagonal terms of the stress tensor, and of
the traceless-symmetric part τ s


o . The antisymmetric part of τ vanishes identically
because the stress tensor remains symmetric in the absence of polarization and
magnetization. The same expansion performed on the velocity gradient yields


∇v =
1


3
(∇ · v)U + (∇v) s


o + (∇v) a (90)


The isotropic part [1/3(∇ · v)U] describes volume deformation of fluid particles,
the traceless symmetric part [(∇v) s


o] describes their shape deformation, and the an-
tisymmetric part [(∇v) a] describes their rigid rotation with 1/2 ∇× v as angular
velocity. With the help of relatively simple tensor algebra, it can be shown that, tak-
ing into account Eqs. (89) and (90), the first term on the right-hand side of Eq. (87)
becomes


τ : ∇v = π(∇ · v) + τ s
o : (∇v) s


o (91)


The substitution of Eq. (91) and of the expression of the conduction-current density
in terms of the component-mass diffusive fluxes [Eq. (31)] into Eq. (87) leads to
the desired final form of the entropy production
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ṡv =
1


T
τ s


o : (∇v) s
o


− 1


T 2
(JU −


n∑


i=1


µiJmi
) ·∇T − 1


T


n∑


i=1


Jmi
· [∇µi + eNA


σis


Mi


(E + v× B)]


− 1


T
[−(π + p)]∇ · v− 1


T


r∑


k=1


ξ̇kAk (92)


In irreversible-thermodynamics parlance, Eq. (92) shows the generalized fluxes and
the generalized forces that produce entropy and, in so doing, identifies the processes
responsible for promoting irreversibility in the flow field. In addition to the habit-
ual effects, namely shape [(∇v) s


o] and volume (∇ · v) deformation of the medium,
nonequilibrium chemical reactions (Ak 6= 0), thermal (∇T ) and chemical-potential
(∇µi) disuniformities, also the electromagnetic field enlists in the category of the
irreversible processes through contributions that add to the chemical-potential gra-
dients and connect to the mass diffusive fluxes of the electrically charged compo-
nents. Generalized fluxes and forces are summarized in Table 6.
Table 6
Generalized fluxes and forces contributing to the entropy production [Eq. (92)]


flux force tensorial order subscript range


τ s
o (∇v) s


o 2


1
T


(JU −
n∑


i=1


µiJmi) ∇T 1


Jmi ∇µi + eNA


σis


Mi
(E + v× B) 1 i = 1, · · · , n


−(π + p) ∇ · v 0


ξ̇k Ak 0 k = 1, · · · , r


The core of irreversible thermodynamics is the exploitation of the expression of the
entropy production [Eq. (92)] and of the second law of thermodynamics


ṡv ≥ 0 (93)


which endorses its unconditional non-negativity as an ineluctable fact of nature, for
the purpose of obtaining suitable expressions of the generalized fluxes in terms of
the generalized forces. In this regard, the validity of the Curie postulate is assumed
here. The postulate affirms that generalized fluxes of a given tensorial order can
depend only on generalized forces of the same tensorial order. This is a simplifica-
tion because the postulate is rigorously applicable only for isotropic media; that is
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not the case in the presence of the electromagnetic field because the existence of
the magnetic induction removes the medium isotropy. Thus, the assumption of the
postulate validity implies the negligibility of the couplings among each generalized
flux and all the generalized forces of different tensorial order. The motivation be-
hind this choice is the same adduced at the end of Sec. 9.1 to justify the assumption
of thermal equilibrium, namely the intention to emphasize the essential characteris-
tics due to the presence of the electromagnetic field and, at the same time, minimize
mathematical complexity. Readers interested in the general case that includes the
neglected cross effects are referred to the specialized literature mentioned in Sec. 8
(Refs. [22,23] in particular). To compensate to some extent for the limitations en-
suing from the Curie postulate, the anisotropy imposed on the medium by the mag-
netic induction will be taken into account in the tensorial nature of the transport
coefficients [22,23,71,74,75,77,82–90].


In compliance with the invoked Curie postulate, it is convenient to emphasize the
subdivision of the entropy-production terms with same tensorial order by rephras-
ing Eq. (92) as


ṡv = ṡv,2 + ṡv,1 + ṡv,0 (94)


in which


ṡv,2 =
1


T
τ s


o : (∇v) s
o (95)


ṡv,1 =− 1


T 2
(JU −


n∑


i=1


µiJmi
) ·∇T


− 1


T


n∑


i=1


Jmi
· [∇µi + eNA


σis


Mi


(E + v× B)] (96)


ṡv,0 = − 1


T
[−(π + p)]∇ · v− 1


T


r∑


k=1


ξ̇kAk (97)


Given the independence of the three groups (95), (96) and (97), the non-negativity
property of the entropy production [Eq. (93)] is passed on to each of them. They
will be dealt with separately in the following sections.


9.3 Tensorial (second-order) generalized force


The traceless symmetric part of the velocity gradient is the sole generalized force
of second tensorial order that, conjointly with the traceless symmetric part of the


Hypersonic-Flow Governing Equations with Electromagnetic Fields 


RTO-EN-AVT-162 1 - 41 


 


 







stress tensor, participates in the entropy production [Eq. (95)]


ṡv,2 =
1


T
τ s


o : (∇v) s
o ≥ 0 (98)


The application of the Curie postulate leads to the relatively simple phenomeno-
logical relation [22,23,74]


τ s
o = 2 m : (∇v) s


o (99)


that resembles the more familiar Newton law. The dynamic viscosity m in Eq. (99)
is a fourth-order tensor due to the anisotropy introduced by the magnetic induction.
Its determination is beyond the reach of irreversible thermodynamics and it must be
considered an import either from the kinetic theory of gases or from experiments.
A thorough analysis of the dynamic-viscosity tensor is beyond the purpose of the
present context. Here, it is sufficient to recall that most of the 81 scalar coefficients
required to compose the tensor turn out to vanish and that its complete characteri-
zation is limited to the knowledge of only five scalar coefficients. The sign of some
of them must be necessarily positive for compliance with the non-negativity of ṡv,2.
References [22,23,74] provided detailed descriptions of structure and properties of
the dynamic-viscosity tensor.


9.4 Vectorial generalized forces


Phenomenological relations for vectorial generalized forces arise from the entropy
production related to the first tensorial order


ṡv,1 =− 1


T 2
(JU −


n∑


i=1


µiJmi
) ·∇T


− 1


T


n∑


i=1


Jmi
· [∇µi + eNA


σis


Mi


(E + v× B)] ≥ 0 (100)


In this regard, one has to confront a multifaceted situation because the combination
of generalized fluxes and forces appearing in Eq. (100) is not unique. Different,
although equivalent, forms of ṡv,1 exist in consequence of transformations to which
fluxes and forces can be subjected, a peculiarity due to the occurrence of mass dif-
fusion and recognized long time ago. The equivalence of the several forms stems
from the expectable, and provable, invariance of the phenomenological relations
for internal-energy diffusive flux and component-mass diffusive fluxes with respect
to the mentioned transformations. On the other hand, the multiplicity of forms im-
plies the non-uniqueness of the heat-flux definition. This fact should not come as
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a surprise or be perceived as the manifestation of some inconsistency in the theory
because, as appropriately remarked by Napolitano [35,36] in 1969, the


. . . arbitrariness in the definition of heat flux stems from the fact that any time
there is a flux of matter . . . there is also a flux of energy . . . and it is only a mat-
ter of convention (or of convenience) to single out one or more of these fluxes of
energy and call them heat flux. . . . Any possible definition obviously leaves all
physical results unchanged and one should only pay attention in using it consis-
tently, i.e. in associating to it the pertinent expression for the entropy production
. . .


For a given selection of generalized forces, the heat flux is identified with the gen-
eralized flux associated with the temperature gradient. Thus


J′q = JU −
n∑


i=1


µiJmi
= TJS (101)


is the heat-flux definition compatible with the generalized forces that appear in
Eq. (100). Equation (101) is somewhat reminiscent of the classical-thermodynamics
relation dQ = TdS but it has received scant attention and its implications on the
derivation of the phenomenological relations have rarely been pursued in detail
[23,24,68]. Another form of ṡv,1 encountered in the literature [21,23,35–37] is ob-
tained by contracting the terms with the component-mass diffusive fluxes


µi


T 2
Jmi


·∇T − 1


T
Jmi


·∇µi = −Jmi
·∇µi


T
(102)


in Eq. (100). In this way, the latter becomes


ṡv,1 = − 1


T 2
JU ·∇T − 1


T


n∑


i=1


Jmi
· [T∇µi


T
+ eNA


σis


Mi


(E + v× B)] (103)


and yields the heat-flux definition


J′′q = JU = TJS +
n∑


i=1


µiJmi
(104)


The overwhelmingly preferred form [23,35–37] of ṡv,1, however, is the one arrived
at from the assumption according to which the components of the gas mixture be-
have as perfect gases. Indeed, in this case the chemical potential can be expressed
in terms of specific enthalpy hi and entropy s i of the i-th component


µi = hi − T s i (105)
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and its gradient depends on those of temperature and partial pressure pi


∇µi = −s i∇T + vi∇pi (106)


The substitution of Eqs. (105) and (106) into Eq. (100) leads to the form


ṡv,1 =− 1


T 2
(JU −


n∑


i=1


hiJmi
) ·∇T


− 1


T


n∑


i=1


Jmi
· [vi∇pi + eNA


σis


Mi


(E + v× B)] (107)


with the corresponding heat-flux definition


J′′′q = JU −
n∑


i=1


hiJmi
= TJS − T


n∑


i=1


s iJmi
(108)


The instances considered so far by no means exhaust the list of possibilities. Other
choices [37] of the generalized fluxes and forces, together with the identification of
the correspondig heat flux, are possible. On the other hand, it is neither necessary
nor intended in the present context to embark in an exhaustive survey. The three
described forms of ṡv,1 suffice to portray the manifoldness of the heat-flux concept.
The irrelevance of its arbitrariness, pointed out in Napolitano’s remark, becomes
mathematically evident and comprehensible by overturning Eq. (101), Eq. (104)
and Eq. (108) as


JU = J′q +
n∑


i=1


µiJmi
= J′′q = J′′′q +


n∑


i=1


hiJmi
(109)


and by keeping in mind that the internal-energy diffusive flux is invariant with
respect to any possible selection of generalized fluxes, forces and corresponding
heat-flux definition. Indeed, it is the internal-energy diffusive flux to be the physical
flux that really matters in order to evaluate the thermal energy transferred from the
flow field into a body or viceversa.


The derivation of the phenomenological relations of first tensorial order pursued
here differs from the habitual treatments found in the literature. It proceeds along a
pathway that, starting from a slight adaptation of Eq. (107), establishes a strong par-
allelism with the Chapman-Enskog method [71–77,82,84–88] of the gas-kinetics
theory and enormously facilitates the import of the transport coefficients provided
by that method. The transformation that takes care of bringing ṡv,1 into the appropri-
ate form presupposes the temporary replacement of the component-mass diffusive
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flux in the term


Jmi
· [vi∇pi + eNA


σis


Mi


(E + v× B)] (110)


with the intermediate appearance of the diffusion velocity defined in Eq. (18). After
substituting the latter into Eq. (110), taking into account that ρivi = 1, and setting
for brevity


Xi = ∇pi + eNAρi
σis


Mi


(E + v× B) (111)


Eq. (107) can be rephrased as


T ṡv,1 = −(JU −
n∑


i=1


hiJmi
) ·∇ ln T −


n∑


i=1


wi ·Xi (112)


The advantage of using Eq. (112) rather than Eq. (107) is that the former leads to
operate with the central ingredients [71,72,74] of the Chapman-Enskog method,
namely the vectors wi,Xi and ∇ ln T . The application of the Curie postulate to
Eq. (112) provides the phenomenological relations


wi =−
n∑


j=1


Lij ·Xj − LiT ·∇ ln T (113)


JU −
n∑


i=1


hiJmi
=−


n∑


i=1


LTi ·Xi − LTT ·∇ ln T (114)


in which the phenomenological coefficients Lij,LiT,LTi and LTT are second-order
tensors due to the presence of the magnetic induction. Equations (113) and (114)
mirror exactly the expressions intervening in the Chapman-Enskog method and, in
consequence of that, the tensors Lij,LiT,LTi and LTT can be directly and explicitly
related as


Lij =−1


p


ρ


ρi


MiMj


M2
Dij (115)


LiT =
1


ρi


DT
i (116)


LTi =
1


ρi


D̃
T


i(−B) (117)


LTT = T l′ (118)
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to the tensors of diffusion Dij , of thermal diffusion DT
i and to the primed thermal-


conductivity tensor l′. The prime attached to the thermal-conductivity tensor in
Eq. (118) is important: it represents the definition of thermal conductivity consis-
tent with the scalar one that does not include the thermodiffusion ratios [72,74].
The latter tensors are styled according to the (scalar) notation of Hirschfelder, Cur-
tiss and Bird [72] only for reasons of convenience related to flow calculations.
Yet, the diffusion tensors Dij in Eq. (115) must be consistent with the conven-
tion adopted by Chapman and Cowling {Eqs. (18.2,9) and (18.3,4) in Ref. [71]}
and Ferziger and Kaper {Eq. (6.3-24) in Ref. [74]} to fix the indeterminacy of the
diffusion-related coefficients appearing in the first-order perturbation of the distri-
bution function in order to make Eq. (113) operational. The diffusion tensors con-
sistent with the indeterminacy-fixing convention adopted by Hirschfelder, Curtiss
and Bird {Eq. (7.3-31) in Ref. [72]} are incompatible with Eq. (113) because of the
presence in it of the vectors Xj rather than the vectors {Eq. (18.2,6) in Ref. [71]}


dj = ∇xj + (xj − ρj


ρ
)∇ ln p− ρj


ρp
(ρF j −


n∑


k=1


ρkF k) (119)


habitually employed in kinetic theory and based mainly on the gradients of the
molar fractions xj . In the present case, the external forces in Eq. (119) arise from
the electromagnetic field


F i = −eNA


σis


Mi


(E + v× B) (120)


Another important reason that justifies this choice was expressed by Ferziger and
Kaper [74]


We remark that there is a considerable variation among authors in the nomen-
clature and definition of the multicomponent diffusion and thermal diffusion co-
efficients. The definition [adopted by Ferziger and Kaper, as well as Chapman
and Cowling] of the multicomponent diffusion coefficients is consistent with
Onsager’s reciprocity relations of irreversible thermodynamics ... This consis-
tency is of particular importance if one desires to generalize the kinetic theory
of gas mixtures to systems in which the number density of each species is not
a conserved quantity — e.g., in gas mixtures in which chemical reactions occur
between constituents or in polyatomic gases in which transition occur between
states with different internal degrees of freedom ... It has been shown ... that, in
these cases, it is of importance to choose the definition of the transport coeffi-
cients in such a way that they are consistent with Onsager’s reciprocity relations
and that the definition of the multicomponent diffusion coefficients given [here]
is therefore to be preferred to, e.g., the definition given by Hirschfelder, Curtiss
and Bird ... Recently, J. Curtiss ... has supported this point of view.
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In Eq. (115), M is the average molar mass


M =


(
n∑


i=1


αi


Mi


)−1


=
n∑


i=1


Mixi (121)


of the gas mixture. Equation (117) is an Onsager reciprocal relation. The tilde in-
dicates matrix transposition and the attached functional dependence reminds the
necessary inversion of the sign of the magnetic induction. Similar reciprocal re-
lations apply also to the diffusion and thermal-conductivity tensors. However, al-
though important, reciprocity details are not of specific relevance in the present
context; interested readers are referred to the specialized literature, particularly the
textbooks by Woods [22] and De Groot and Mazur [23].


The phenomenological relations


Jmi
=


ρ


p


Mi


M


n∑


j=1


Mj


M
Dij ·Xj − 1


T
DT


i ·∇T (122)


for the component-mass diffusive fluxes follow from the substitution of Eqs. (115)
and (116) into Eq. (113) and of the resulting diffusion velocities into Eq. (18). The
kinetic-theory result


n∑


i=1


MiDij = 0 (123)


n∑


i=1


DT
i = 0 (124)


makes the condition (19) identically satisfied. In the same guise, the substitution
of Eqs. (117) and (118) into Eq. (114) yields the phenomenological relation for the
internal-energy diffusive flux


JU =
n∑


i=1


hiJmi
−


n∑


i=1


1


ρi


D̃
T


i ·Xi − l′ ·∇T (125)


In Eq. (125), the functional dependence (−B) has been dropped from the trans-
posed thermal-diffusion tensor in order to simplify the notation; nevertheless, this
peculiarity should always be kept in mind.


In order to derive phenomenological relations analogous to Eqs. (122) and (125),
several authors [23,35–37] followed an alternative procedure starting directly from
Eq. (107). In their analyses, the term vi∇pi appears as the isothermal gradient of
the chemical potential whose definition descends from the following rearrangement


vi∇pi = ∇µi + s i∇T = ∇Tµi (126)
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of Eq. (106). Then, the generalized forces associated with the component-mass
diffusive fluxes in Eq. (107) appear as


Fi = ∇Tµi + eNA


σis


Mi


(E + v× B) (127)


The ensuing phenomenological relations for the component-mass diffusive fluxes
and the internal-energy diffusive flux are further manipulated to bring forth the gra-
dients of mass fractions (Fick law) and pressure. The drawback of this procedure
resides in the fact that the intervening tensorial phenomenological coefficients, say
L′ij,L


′
iT,L


′
Ti,L


′
TT, are not expressible in terms of the kinetic-theory tensors Dij,D


T
i , l


′


as simply as in Eqs. (115)–(118) but, in order to obtain the required correlation,
necessitate an elaborate manipulation involving the resolution of cumbersome al-
gebraic systems of equations.


The phenomenological relations (122) and (125) are operational equations that, to-
gether with Eq. (111) and with adequate input from the kinetic theory, qualify to
complement the set of governing equations in open form for the purpose of nu-
merical calculations. However, noticeable insight towards the understanding of the
transport processes can be gained if the role played by the contributions compos-
ing the generalized force Xi is made explicit. The substitution of Eq. (111) into
Eq. (122) yields


Jmi
=


ρ


p


Mi


M


n∑


j=1


Mj


M
Dij ·∇pj + Fm


i · (E + v× B)− 1


T
DT


i ·∇T (128)


with the tensorial coefficients


Fm
i = eNA


ρ


p


Mi


M2


n∑


j=1


Dijρjσjs (129)


Equation (128) shows explicitly how the electromagnetic field participates to the
build-up of the component-mass diffusive fluxes at the same footing of the partial-
pressure and temperature gradients. The appearance of the mass-fraction gradients
is one step away from Eq. (128) and is produced by expanding the partial pressures
with the aid of the perfect-gas relations pi = xip and xi = αiMi/M . Accordingly,
Eq. (128) becomes


Jmi
= −


n−1∑


k=1


Dik ·∇αk + Pm
i ·∇p + Fm


i · (E + v× B)− 1


T
DT


i ·∇T (130)


with the tensorial coefficients
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Dik = (
Mi


Mk


− Mi


Mn


)(
n∑


j=1


Dijρj)− ρ
Mi


M
(Dik −Din) (131)


Pm
i =


1


p


Mi


M


n∑


j=1


Dijρj (132)


Equation (130) warns against the uncareful practice of limiting the expressions of
the component-mass diffusive fluxes to the sole Fick law, namely the first term on
the right-hand side. Even in the event of negligible thermodiffusion and vanishing
electromagnetic field, that widely assumed law may not be sufficient to charac-
terize completely the component-mass diffusive fluxes because the tensorial coef-
ficients Pm


i , being constructed according to combinations of the diffusion tensors
very similar to those that appear in Eq. (131), could have magnitudes compara-
ble to the tensorial coefficients Dik. Thus, it seems safer not to discard a priori
the pressure-gradient contribution in Eq. (130) but to let its negligibility, if any,
arise spontaneously during the course of numerical simulations. Equation (131) il-
lustrates the sometimes forgotten fact that the diffusion coefficients appearing in
Fick law must be obtained from appropriate adaptation of those provided by the
Chapman-Enskog method.


The substitution of Eq. (128) into Eq. (31) leads to a more explicit and meaningful
expression of the conduction-current density


JQ =
n∑


j=1


lp
ej ·∇pj + le · (E + v× B) + lT


e ·∇T (133)


and to the recognition of the pressoelectrical-conductivity tensors


lp
ej = −eNA


ρ


p


Mj


M2


n∑


i=1


σisDij (134)


the electrical-conductivity tensor


le = −(eNA)
2 ρ


pM2


n∑


i=1


n∑


j=1


σisDijρjσjs (135)


in rigorous agreement with the expression derived by Chapman and Cowling [71],
and the thermoelectrical-conductivity tensor


lT
e = eNA


1


T


n∑


i=1


σis


Mi


DT
i (136)


Equation (133) evidences unambiguously that the generalized Ohm law alone may
not be sufficient to characterize the conduction-current density in an ionized gas
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mixture because, even in the event of negligible thermodiffusion, the contributions
associated with the partial-pressure gradients may not be negligible with respect to
the diffusion promoted by the electromagnetic field. These considerations have a
negative impact on the applicability of the magnetic-induction equation discussed
in Sec. 5. At the same time, Eq. (135) casts skepticism about the physical mean-
ingfulness of (actually, it severely admonishes against) undertaking flow-field sim-
ulations in the presence of the electromagnetic field in which the gas mixture is
assimilated to a perfect gas without electrically charged carriers but still with a
finite (scalar) electrical conductivity. This is a flagrant infringement of physical
coherence because the electrically-conductivity tensor vanishes identically in the
absence of electrically charged components, as Eq. (135) unconditionally indicates
(σis = σjs = 0).


An expression structured in the same style of Eq. (128) can be obtained also for the
internal-energy diffusive flux by substituting Eqs. (111) and (128) into Eq. (125);
the final outcome reads


JU =
n∑


j=1


Pu
j ·∇pj + Fu · (E + v× B)− lu


T ·∇T (137)


with the tensorial coefficients


Pu
j =


n∑


i=1


(δij
1


ρj


D̃
T


j +
ρ


p
hi


MiMj


M2
Dij) (138)


Fu = eNA


n∑


i=1



D̃


T


i


σis


Mi


+
ρ


p
hi


Mi


M2


n∑


j=1


Dijρjσjs



 (139)


lu
T = l′ +


1


T


n∑


i=1


hiD
T
i (140)


There are two aspects related to Eq. (137), usually not encountered in traditional
hypersonic-flow theory, that may have implications for spacecraft thermal protec-
tion during planetary reentry. As clearly shown in Eq. (137), there is a direct con-
tribution arising just from the mere existence of the electromagnetic field. In par-
ticular, the influence of the magnetic induction disappears on the wall (v = 0) of a
reentry body but the influence of the electric field could still play a role. Moreover,
Eq. (137) indicates also that, on the contrary of the widespread habitude acquired
within the realm of a scalar transport theory, the component of JU normal to the
wall of a reentry body depends not only on the normal gradients of partial pres-
sures and temperature but also on their tangential gradients [23]. With the goal in
mind of achieving a controlled mitigation of the internal-energy diffusive flux, this
occurrence gives cause for the necessity to produce an accurate assessment of the
importance of the off-diagonal terms in the transport tensors. More specifically,
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a thorough understanding of the anisotropic character of the transport tensors un-
der the influence of the electromagnetic field appears to be a worthwhile target.
Chapman and Cowling [71] pioneered the study of this subject but the cases they
considered were subdued to simplifications (steady states, slight or full ionization,
binary mixtures, absence of chemical reactions, mixtures macroscopically at rest,
and the like) which appear (sometimes very) restrictive when looked at from the
perspective of hypersonics applications. Chapman and Cowling’s findings and con-
clusions have reverberated throughout the literature [11,22,74]; unfortunately, the
accompanying simplifications seem to have been somehow diluted during the rever-
beration process. Thus, central issues are still in demand of attention. For example,
it is important to identify the circumstances according to which the anisotropy pos-
sessed by the transport tensors is or is not negligible, to recognize if the anisotropy
works against or in favor of the sought mitigation, to investigate the existence of
potential ways to enhance the anisotropy effects and drive them towards the sought
mitigation. The work already done [71,74,75,77,82–90] requires improvement in
the generality of the findings and, if necessary, in their adaptation to routine use in
numerical calculations.


9.5 Scalar generalized forces


The derivation of the phenomenological relations relative to the scalar generalized
forces is based on the entropy production related to the zero tensorial order


ṡv,0 = − 1


T
[−(π + p)]∇ · v− 1


T


r∑


k=1


ξ̇kAk ≥ 0 (141)


The application of the Curie postulate to Eq. (141) provides the phenomenological
relations


−(π + p) =−
r∑


k=1


lvkAk − lvv∇ · v (142)


ξ̇k =−
r∑


j=1


lkjAj − lkv∇ · v (143)


The scalar phenomenological coefficients lvk, lvv, lkj, lkv form an [(r + 1) × (r +
1)] matrix which must be positive definite in order to have the inequality (141)
identically satisfied. Onsager reciprocal relations exist also for these coefficients;
plenty of information is available in the specialized literature. The scalar phenom-
enological coefficients appearing in Eqs. (142) and (143) have not been investi-
gated with the same attention devoted to the kinetic-theory tensors encountered
in Secs. 9.3 and 9.4 because it was soon recognized [23,35,36,69] that the linear
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combinations of the affinities in Eqs. (142) and (143) have very narrow limits of
validity. The coefficient lvv is better known as the bulk-viscosity coefficient


lvv = mv (144)


and is the only one which has received attention because it characterizes the direct
effect of the medium compressibility (∇ · v) on the generation of normal stresses.
Even with the limitation imposed by their restricted applicability, Eqs. (142) and
(143) retain importance from a theoretical point of view because they reveal unam-
biguously the existence of cross effects between chemical reactions and medium
compressibility [21,35–37]. This aspect has been systematically ignored by au-
thors concerned with CFD applications. Notwithstanding a few daring attempts
[91–93] towards theoretical progress on the subject matter, the concern expressed
by Napolitano [35,36] in 1969 that


Not much is known nor is done . . . to ascertain the order of magnitude of this
type of coupling . . .


is, unfortunately, still applicable today.


The disregard of cross effects brings Eq. (142) into the simplified form


π = −p + mv∇ · v (145)


which finds widespread use in the applications, most often accompanied by the
ulterior approximation of vanishing bulk viscosity (mv = 0). In the same guise,
Eq. (143) would become


ξ̇k = −lkkAk (146)


However, chemical-reactions rates are never used in the form (146) but, rather, in
the non-linear form


ξ̇k = κf
k


n∏


i=1


(
ρi


Mi


)ν (r)
ki −κb


k


n∏


i=1


(
ρi


Mi


)ν (p)
ki


(147)


that features explicit dependence on the component partial densities and that some-
times is referred to as the law of mass action [23,35,36]. Equation (147) arises from
a blend of theoretical considerations and (mainly) experimental evidence [76,94–
99]. The reaction constants κf


k,κb
k are in reality functions of the temperature, cus-


tomarily assumed in accordance with a modified version


κf,b = CT ηe−Ea/KBT (148)
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of the Arrhenius law, and are related to each other through the chemical-equilibrium
constant defined in terms of the component concentrations


κf
k


κb
k


= K c
k(T ) (149)


A theoretical justification for Eq. (148) can be produced only in particularly sim-
ple cases. In it, KB is the Boltzmann constant (1.3806503·10−23 J·K−1) while the
constant C, the temperature exponent η, and the activation energy Ea are derived,
in practice, by utilizing that expression as an interpolation formula constructed on
experimentally determined data and, then, collected in databases [100,101] readily
available to serve the needs of the applications. The reliability of Eq. (148) becomes
weak in the high-temperature range due to serious difficulties encountered in carry-
ing out accurate measurements. The uncertainties of the reaction constants at high
temperatures is a well known and long standing problem in demand of resolution.
In the chemical-equilibrium limit [(Ak → 0) ⇒ Ak/RGT<<1], Eq. (147) reduces
[35–37,69] to Eq. (146) with the phenomenological coefficient given by


lkk =
κf


k


RGT


n∏


i=1


(
ρe


i


Mi


)ν (r)
ki


=
κb


k


RGT


n∏


i=1


(
ρe


i


Mi


)ν (p)
ki


(150)


The subscript “e” attached to the partial densities in Eq. (150) indicates chemical-
equilibrium values corresponding to a local couple of thermodynamic parameters
[(T, v) or (T, p)]; RG is the universal gas constant (8.314472 J·K−1).


Notwithstanding the widespread use of Eq. (147) in CFD, it is important to keep
in mind that the premises on which it is constructed reflect the chemical kinetics
of a perfect-gas mixture contained in a constant volume, macroscopically at rest,
without spatial disuniformities, and whose population distributions over the quan-
tum energy states associated with the molecular degrees of freedom can still be
sufficiently assimilated to a Boltzmann distribution [35,36]. The chemical-kinetics
phenomenology described by Eq. (147) is, therefore, substantially simpler than the
more complex one accompanying hypersonics situations. For example, some un-
resolved, but of extreme relevance, issues are the failure of Eq. (147) to bring into
account the influence of the medium compressibility, the intrinsic difficulty to adapt
it to multitemperature situations, and its incompatibility with quantum-state popu-
lations that do not follow a Boltzmann distribution.


10 Conclusions


The understanding of the coupling between the hypersonic flow field of an ionized
gas mixture and the electromagnetic field is conceptually straightforward in the ab-


Hypersonic-Flow Governing Equations with Electromagnetic Fields 


RTO-EN-AVT-162 1 - 53 


 


 







sence of polarization and magnetization effects. The recognition of the weaknesses
affecting the assumptions on which the derivation of the largely used magnetic-
induction equation is based indicates that the adoption of either directly the Maxwell
equations [Eqs. (36) and (37)] or the field equations for the electromagnetic scalar
and vectorial potentials [Eqs. (44) and (45)] represents a better choice reflecting a
more consistent physical description of the electromagnetic field. The cost to pay is
the development of appropriate numerical algorithms that, especially in the case in
which the field equations of the potentials are chosen, may turn out to be substan-
tially different from those in use since many years in computational fluid dynam-
ics. Obviously, the coverage of the physical phenomenology relative to polarization
and magnetization is desirable for reasons of both scientific interest and engineer-
ing necessity. Thus, the open-form governing equations should be extended for that
purpose. The extension should be accomplished in a bilateral manner, that is, not
only by using the appropriate Maxwell equations but also by introducing the re-
quired ingredients on the fluid-dynamics side such as, for example, the specific
angular momentum, its associated energy, their respective balance equations, and
so on. Subsequently, the formalization of state-to-state thermal kinetics and radia-
tion together with their integration in the open-form governing equations represent
a wishful endeavour towards completion.


The open-form governing equations must be complemented with phenomenolog-
ical relations. In this respect, the method of irreversible thermodynamics, based
on the analysis of the entropy production, proves useful to recognize generalized
fluxes and generalized forces at work in the flow, achieves deep insight into the
physics of their cross couplings, and provides linear phenomenological relations
that, although with the exception of the chemical-reaction rates, go rather far in
satisfying the needs of engineering applications. The method straightforwardly re-
veals how the influence exerted by the electromagnetic field on the diffusion of
(electrically-charged) component masses and internal energy becomes manifest.
There is a novelty with respect to more habitual fluid-dynamics situations without
electromagnetic field: the presence of the magnetic induction destroys the isotropy
of the flow. The introduced anisotropy calls for particular attention to the possibility
of cross coupling between generalized fluxes and forces of different tensorial order
and to understand the importance of the tensorial nature of the transport coefficients
with the goal in mind of exercising control over the distributions of internal-energy
diffusive flux imposed on the surfaces of a body during planetary reentry. Multi-
temperature circumstances should not be underestimated. There have been efforts
to bring the multitemperature phenomenology within the reach of irreversible ther-
modynamics but the actual status of the theory demands further improvements.
This appears a mandatory task to pursue in order to incorporate correctly the ef-
fects originating from the thermal disequilibrium among the molecular degrees of
freedom of the components.


The final goal of the theoretical fluid dynamicist is the construction of an ade-
quate mathematical apparatus with the proper physics built in it. According to the
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previous considerations, there is plenty of work in the theoretical arena awaiting
investigation and understanding. New problems join old ones, some of which were
identified and formulated long time ago but are still unresolved today. In this re-
spect, it can be safely maintained that two antithetical approaches emerge. The
minimalist approach consists in throwing into the equations a simplified physics,
most of the times even stretched beyond its domain of applicability, and rushing
to the computer in the hope that the discarded physics is unimportant and that ei-
ther numerically predicted flows match experimental evidence within an acceptable
approximation or sensitivity analyses produce conservative results. This is a risky
approach. For one thing, accurate experimental evidence in hypersonic regime may
be difficult to gather; in addition, the necessity imposed by engineering applications
to produce results within awfully short time limits induces to yield at the temptation
of numerically fine-tuning the physical models, an exercise that sometimes is cam-
ouflaged under the epithet of validation. The maximalist approach is characterized
by an attitude of thoroughness towards the physics translated into the equations;
conceptual difficulties are not avoided but are confronted without hesitation in or-
der to push further ahead the comprehension of the phenomenology dealt with.
This is a lengthy approach, certainly incompatible with the shortness of the time
limits mentioned above. On the other hand, it is inescapable when the minimalist
approach leads into a situation of stagnating failure. The choice between the two
approaches is a matter of personal taste. The last years have seen an unquestionable
unbalance towards the former approach sponsored by an unjustified rush to compu-
tational fluid dynamics. Probably, the most convenient way to go about is the one
that takes advantage of both. When dealing with new physical complexities, the
minimalist approach is acceptable to start with but resources should also be allo-
cated to promote a parallel line of development following the maximalist-approach
philosophy. In the author’s opinion, the latter is a sine qua non condition to achieve
progress in such a complex discipline as hypersonics is.
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Appendices


A Magnetic-induction equation


Neglecting the displacement-current density ε0∂E/∂t, Eq. (37) becomes


j = ε0c
2∇× B (A.1)


Expanding the electric-current density in Eq. (A.1) according to Eq. (33) gives the
conduction-current density


JQ = ε0c
2∇× B− ρcv (A.2)


The presumed applicability of the generalized Ohm law [Eq. (38)] brings Eq. (A.2)
into the form


le (E + v× B) = ε0c
2∇× B− ρcv (A.3)


from which the electric field


E =
ε0c


2


le


∇× B− ρc


le


v− v× B (A.4)


can be obtained. The substitution of Eq. (A.4) into Eq. (36) and the subsequent
expansion of the terms affected by the curl operator leads to Eq. (40).


B Field equations for scalar and vector potentials


Taking into account that the divergence of a curl and the curl of a gradient give
always a null result, Eq. (35) implies that the magnetic induction can be expressed
in terms of a vector potential and of an arbitrary function of space and time as


B = ∇× (A′ + ∇ψ) (B.1)


The replacement of three scalar quantities, namely the components of the vector B,
with four scalar quantities, namely the components of the vector A′ and the scalar
function ψ, introduces an arbitrariness about the vector potential A = A′ + ∇ψ
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which, in order to be resolved, requires the assignment of a conveniently chosen
scalar condition. With this provision, Eq. (B.1) can be simply rephrased as


B = ∇× A (B.2)


The field equation for the vector potential derives from Eq. (37). Performing the
curl on both sides of Eq. (B.2) yields


∇× B = ∇× (∇× A) = ∇(∇ · A)−∇2A (B.3)


The substitution of Eq. (B.2) into Eq. (36) provides the form


∇× E +
∂


∂t
∇× A = 0 (B.4)


which, after permutation of the time derivative with the gradient operator, turns into


∇× (E +
∂A
∂t


) = 0 (B.5)


The quantity in brackets is, thus, irrotational and can be expressed as the gradient
of a scalar potential


E +
∂A
∂t


= −∇φ (B.6)


From Eq. (B.6), the electric-field intensity is obtained in terms of the potentials as


E = −∇φ− ∂A
∂t


(B.7)


The substitution of Eqs. (B.3) and (B.7) into Eq. (37) leads to


ε0c
2[∇(∇ · A)−∇2A] = j − ε0


∂


∂t
(∇φ +


∂A
∂t


) (B.8)


which can be rearranged as


1


c2


∂2A
∂t2


−∇2A + ∇(∇ · A +
1


c2


∂φ


∂t
) =


1


ε0c2
j (B.9)


Inspection of Eq. (B.9) suggests that the gauge transformation


1


c2


∂φ


∂t
+ ∇ · A = 0 (B.10)
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rather than the gauge ∇ · A = 0, customarily imposed in magnetostatics, is the
most convenient choice to resolve the arbitrariness about A. The condition (B.10) is
known as the Lorentz gauge [40,47]. Following it, Eq. (B.9) reduces to the simpler
Eq. (45).


The field equation for the scalar potential derives from Eq. (34). The substitution
of Eq. (B.7) into Eq. (34) gives


−∇ · (∇φ)−∇ · ∂A
∂t


=
ρc


ε0


(B.11)


Equation (B.11) is equivalent to


−∇2φ− ∂


∂t
∇ · A =


ρc


ε0


(B.12)


The term ∇ · A is obtained from the Lorentz gauge [Eq. (B.10)]


∇ · A = − 1


c2


∂φ


∂t
(B.13)


and substituted into Eq. (B.12) to obtain Eq. (44).


C Transformation of the electromagnetic body force and derivation of the
balance equation of electromagnetic momentum


The electric-charge density and the electric-current density can be obtained from
Eqs. (34) and (37) as


ρc = ε0∇ · E (C.1)


j = ε0c
2∇× B− ε0


∂E
∂t


(C.2)


and substituted into Eq. (49) to yield


ġv = ε0E∇ · E + ε0c
2(∇× B)× B− ε0


∂E
∂t


× B (C.3)


At the same time, one can take advantage of Eqs. (35) and (36) to construct the
identity


0 = ε0c
2B∇ · B + ε0(∇× E +


∂B
∂t


)× E (C.4)
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and to expand it into the expression


0 = ε0c
2B∇ · B + ε0(∇× E)× E + ε0


∂B
∂t


× E (C.5)


somewhat symmetrical with respect to Eq. (C.3). The sum of Eqs. (C.3) and (C.5)
yields


ġv = ε0c
2[B∇ · B + (∇× B)× B]


+ ε0[E∇ · E + (∇× E)× E]− ∂


∂t
(ε0E× B) (C.6)


Taking into account that the terms in squared brackets can be contracted as


B∇ · B + (∇× B)× B = ∇ · (BB− 1


2
B2U) (C.7)


E∇ · E + (∇× E)× E = ∇ · (EE− 1


2
E2U) (C.8)


Eq. (C.6) can be rephrased in the final form


ġv = ∇ · [ε0c
2(BB− 1


2
B2U) + ε0(EE− 1


2
E2U)]− ∂


∂t
(ε0E× B) (C.9)


which, considering the definitions (49) and (51), coincides with Eq. (50).


D Transformation of the electromagnetic-energy production and derivation
of the balance equation of electromagnetic energy


Equation (37) can be resolved to express the electric-current density as


j = ε0c
2∇× B− ε0


∂E
∂t


(D.1)


Taking into account Eq. (D.1), the electromagnetic-energy production becomes


j · E = ε0c
2E ·∇× B− ε0E · ∂E


∂t
= ε0c


2E ·∇× B− ε0


∂E2/2


∂t
(D.2)


The first term on the right-hand side of Eq. (D.2) can be easily transformed


E ·∇× B = −∇ · (E× B) + B ·∇× E (D.3)
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to bring forth the curl of the electric-field intensity. The substitution of Eq. (36) into
Eq. (D.3) yields


E ·∇× B = −∇ · (E× B)− B · ∂B
∂t


= −∇ · (E× B)− ∂B2/2


∂t
(D.4)


so that Eq. (D.2) finally takes the form


j · E = −∇ · (ε0c
2E× B)− ∂


∂t
[
ε0


2
(E2 + c2B2)] (D.5)


that coincides with Eq. (72).


E Poynting-vector transformation


From Eqs. (73) and (74), the vector product between E′ and B′ can be expanded as
follows


E′ × B′ = E× B− 1


c2
E× (v× E)− B× (v× B)


− 1


c2
(v× B)× (v× E) (E.1)


The second term on the right-hand side of Eq. (E.1) expands as


E× (v× E) = (E · E)v− (E · v)E = (E2U− EE) · v


=
E2


2
v + (


E2


2
U− EE) · v (E.2)


Similarly, the third term on the right-hand side of Eq. (E.1) expands into


B× (v× B) =
B2


2
v + (


B2


2
U− BB) · v (E.3)


The fourth term on the right-hand side of Eq. (E.1) is a little bit more complicated.
It expands as


(v× B)× (v× E) = (v× B) · Ev = E · (v× B)v = v · (B× E)v


= −v · (E× B)v (E.4)
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In the non-relativistic approximation, therefore, the term


1


c2
(v× B)× (v× E) = − 1


c2
v · (E× B)v (E.5)


is negligible with respect to E×B and can be disregarded in Eq. (E.1). Taking into
account the definition [Eq. (51)] of the Maxwell stress tensor, the substitution of
Eqs. (E.2) and (E.3) into Eq. (E.1) and the subsequent multiplication by the factor
ε0c


2 leads to Eq. (75).
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1 Introduction


Plasmas are ionized gas mixtures, either magnetized or not, that have many practical
applications: lightning, atmospheric pressure discharges for surface treatment and flame
stabilization, Hall thrusters for on-orbit propulsion tasks on communications and explo-
ration spacecraft, laboratory thermonuclear fusion, magnetic reconnection phenomenon in
astrophysics. An application is also encountered in hypersonics when a spacecraft enters
into a planetary atmosphere at hypervelocity; the gas temperature and pressure strongly
rise through a shock wave, leading to excitation of the particle internal energy modes,
dissociation of the molecules, and ionization of the particles in the shock layer (Park,
1990, 2008; Tirsky, 1993; Gnoffo, 1999; Sarma, 2000). It is important to mention that
aerothermodynamic heating by convection and radiation dominates the design of the
spacecraft (Wright, 2008; Prabhu, 2008). Another consequence of high temperature ef-
fects is the communications blackout experienced during a part of the entry trajectory,
where is it impossible to transmit radio waves either to or from the vehicle. Atmospheric
entry plasmas are reproduced in dedicated wind-tunnels such as plasmatrons, arc-jet fa-
cilities, and shock-tubes (Bogdanoff, 2008; Bose, 2008; Brun, 2008b; Chazot, 2008; Hollis,
2008; Panesi, 2008; Surzhikov, 2008b).


Depending on the magnitude of the ratio of the reference particle mean free path to
the system characteristic length (Knudsen number), two different approaches are gener-
ally followed to describe the transport of mass, momentum, and energy in a plasma (Bird,
1994): either a particle approach at high values of the Knudsen number (see Boyd, 2008,
for direct simulation Monte Carlo methods), or a fluid approach at low values (see Can-
dler, 2008; Yee, 2008, for computational fluid dynamics methods). In this work, we study
plasmas that can be described by means of a fluid approach. In this case, kinetic theory
can be used to obtain the governing conservation equations and transport fluxes. Hence,
closure of the problem is realized at the microscopic level by determining from experi-
mental measurements either the potentials of interaction between the gas particles or the
cross-sections, allowing for the transport coefficients to be computed. We do not consider
the transition regime between the continuum and rarefied regimes (see Barth, 2008, for
Boltzmann moment methods).


A complete model of plasmas should describe the following physical phenomena


• Thermal nonequilibrium of the translational energy,
• Influence of the electromagnetic field,
• Occurrence of reactive collisions,
• Excitation of internal degrees of freedom.


So far, no such unified model has been derived by means of kinetic theory. Besides, a
derivation of the mathematical structure of the conservation equations also appears to be
crucial in the design of the associated numerical methods. We have recently investigated
the thermal nonequilibrium of the translational energy and the influence of the electro-
magnetic field (Graille et al., 2009). In this work, we summarize the main results for
unmagnetized and weakly magnetized plasmas relevant to hypersonic applications. Let
us now describe in more detail how these issues are addressed in the literature.
First, a multiscale analysis is essential to solve the Boltzmann equation governing the
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velocity distribution functions. We recall that a fluid can be described in the contin-
uum limit provided that the Knudsen number is small. In the case of plasmas, a thermal
nonequilibrium may occur between the velocity distribution functions of the electrons and
heavy particles (atoms, molecules, and ions), given the strong disparity of mass between
both types of species. The square root of the ratio of the electron mass to a character-
istic heavy-particle mass represents an additional small parameter to be accounted for
in the derivation of an asymptotic solution to the Boltzmann equation. The literature
abounds with expressions for the scaling for the perturbative solution method (Devoto,
1966; Chmieleski and Ferziger, 1967; Daybelge, 1970; Kolesnikov, 1974; Zhdanov, 2002).
Petit and Darrozes (1975) have suggested that the only sound scaling is obtained by means
of a dimensional analysis of the Boltzmann equation. Moreover, they have deduced that
the Knudsen number is proportional to the square root of the electron heavy-particle mass
ratio. Subsequently, Degond and Lucquin-Desreux (1996a,b) have established a formal
theory of epochal relaxation based on such a scaling. In their study, the mean veloc-
ity of the electrons was shown to vanish in an inertial reference frame. Moreover, the
heavy-particle diffusive fluxes were scarcely dealt with since their work is restricted to a
single type of heavy particles, and thus no multicomponent diffusion was to be found.
In such a simplified context, the details of the interaction between the heavy particles
and electrons degenerate and the positivity of the entropy production is straightforward.
Here, we will establish a theory based on a multiscale analysis for multicomponent plas-
mas (which includes the single heavy-particle case) where the mean electron velocity is
the mean heavy-particle velocity in the absence of external forces. As an alternative,
Magin and Degrez (2004b) have also proposed a model for multicomponent plasmas in a
hydrodynamic velocity frame. They have applied a multiscale analysis to the derivation of
the multicomponent transport fluxes and coefficients. However, since the hydrodynamic
velocity is used to define the reference frame instead of the mean heavy-particle velocity,
the Chapman-Enskog method requires additional low order terms in the integral equa-
tion for the electron perturbation function to ensure mass conservation. Finally, we also
desire that the development of thermal equilibrium models shall always be obtained as a
particular case of the general theory.
Second, the magnetic field induces anisotropic transport coefficients when the electron
collision frequency is lower than the electron cyclotron frequency of gyration around the
magnetic lines. Braginskii (1958) has studied the case of fully ionized plasmas composed
of one single ion species. However, the scaling used in this study does not comply with a
dimensional analysis of the Boltzmann equation. Lucquin-Desreux (1998, 2000) has inves-
tigated magnetized plasmas in this framework, but still restricted to a single type of heavy
particles. Finally, Giovangigli and Graille (2003) have studied the Enskog expansion of
magnetized plasmas and obtained macroscopic equations together with expressions for
transport fluxes and coefficients. Unfortunately, they did not account for the difference of
mass between the electrons and heavy particles. In this work, we will deal with isotropic
transport coefficients, typical of unmagnetized plasmas, such as atmospheric entry flows,
and weakly magnetized plasmas, such as plasmatron flows.
Third, plasmas are strongly reactive gas mixtures. The kinetic mechanism comprises nu-
merous reactions (Capitelli et al., 2000; Bourdon, 2008; Huo, 2008; Laux, 2008; Surzhikov,
2008a): dissociation of molecules by electron and heavy-particle impact, three body re-
combination, ionization by electron and heavy-particle impact, associative ionization, dis-
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sociative recombination, radical reactions, charge exchange. . . Giovangigli and Massot
(1998) have derived a formal theory of chemically reacting flows for the case of neutral
gases. Subsequently, Giovangigli and Graille (2003) have studied the case of ionized gases.
We recall that their scaling does not take into account the mass disparity between elec-
trons and heavy particles. Besides, in chemical equilibrium situations, a long-standing
theoretical debate in the literature deals with nonuniqueness of the two-temperature Saha
equation for quasi-equilibrium composition. Recently, Giordano and Capitelli (2001) have
emphasized the importance of the physical constraints imposed on the system by using a
thermodynamic approach. A derivation based on kinetic theory should further improve
the understanding of the problem; Choquet et al. (2007) have already studied the case of
ionization reactions by electron impact.
Fourth, molecules rotate and vibrate, and moreover, the electronic energy levels of atoms
and molecules can be excited. Generally, the rotational energy mode is considered to be
fully excited above a few Kelvins. In a plasma environment, the vibrational and electronic
energy modes are also significantly excited. The detailed treatment of the internal degrees
of freedom is however beyond the scope of the present work where we will only tackle the
translational energy in the context of thermal nonequilibrium. The reader is thus referred
to the specialized literature for the treatment of the internal energy (Brun, 2006, 2008a;
Capitelli, 2008; McCourt et al., 1990; Macheret, 2008; Nagnibeda and Kustova, 2003;
Schwenke, 2008).
Fifth, the development of numerical methods to solve conservation equations relies on
the identification of their intrinsic mathematical structure. For instance, the system of
conservation equations of mass, momentum, and energy is known to be nonconservative
for thermal nonequilibrium ionized gases. Therefore, this formulation is not suitable for
numerical approximations of discontinuous solutions (Liu and Vinokur, 1988; Josyula and
Bailey, 2003). Coquel and Marmignon (1998) have derived a well-posed conservative for-
mulation based on a phenomenological approach. Nevertheless, their derivation is not
consistent with a scaling based on a dimensional analysis. Our kinetic theory derivation,
based on first principles, naturally allows for an adequate mathematical structure to be
obtained, as opposed to the phenomenological approach.


In this work, we propose to derive the multicomponent plasma conservation equations
of mass, momentum, and energy, as well as the expressions for the associated multicom-
ponent transport fluxes and coefficients. The multicomponent Navier-Stokes regime is
reached for the heavy particles and is coupled to first-order drift-diffusion equations for
the electrons. We deal here with first-order equations for electrons, thus one order be-
yond the expansion commonly investigated in the literature. The derivation relies on
kinetic theory and is based on the ansatz that the particles of the plasma are inert and
only possess translational degrees of freedom. The electromagnetic field influence is ac-
counted for. In Section 2, we introduce the Boltzmann equation, derive the H-theorem
and the Maxwell transfer equations. In Section 3, we express the Boltzmann equation in
the heavy-particle velocity frame. This step is essential to establish a formalism where
the electrons follow the bulk movement of the plasma. Then, we define the reference
quantities of the system in order to derive the scaling of the Boltzmann equation from a
dimensional analysis. The multiscale aspect occurs in both the streaming operator and
collision operator of the Boltzmann equation. We use a Chapman-Enskog method to
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derive macroscopic conservation equations. The system is examined at successive orders
of approximation, each corresponding to a physical time scale. For that purpose, scalar
products and linearized collision operators are introduced. The global expressions for
the macroscopic fluid equations are then provided up to Navier-Stokes equations for the
heavy particles and first-order drift-diffusion equations for the electrons. In Section 4, the
multicomponent transport coefficients are calculated in terms of bracket operators whose
mathematical structure allows for the sign of the transport coefficients to be determined,
including for the Kolesnikov effect, or the crossed contributions to the mass and energy
transport fluxes coupling the electrons and heavy particles. The explicit expressions for
the transport coefficients by means of a Galerkin spectral method (Chapman and Cowl-
ing, 1939) are not given in the present study. Finally, in Section 5, the mass conservation
law, the first and second laws of thermodynamics are proved to be satisfied by deriving a
mass conservation equation, a total energy equation and an entropy equation. Moreover,
Onsager’s reciprocal relations hold between the transport coefficients.


2 Boltzmann equation


The plasma is a gas mixture composed of electrons, denoted by the index e, and heavy
particles (atoms, molecules, and ions), denoted by the set of indices H; the full mixture
of species is denoted by the set of indices S. At atmospheric pressure and a temperature
of 0◦ C, a perfect gas is composed of 3 × 1019 particles in a cubic centimeter. Given
the enormous number of particles to be considered, it would be a perfectly hopeless task
to attempt to describe the state of the gas by specifying the so-called microscopic state,
i.e. the position x? and velocity c?i of every individual particle1, and we must resort to
statistics.


2.1 Assumptions


1. The plasma is described by the kinetic theory of gases based on classical mechanics,
provided that: a) The mean distance between the gas particles 1/(n0)1/3 is larger
than the thermal de Broglie wavelength, where n0 is a reference number density
(Hirschfelder et al., 1954), b) The square of electron thermal speed V 0


e is smaller
than the square of the speed of light.


2. Reactive collisions and particle internal energy are not accounted for.


3. The particle interactions are modeled as binary encounters by means of a Boltzmann
collision operator, provided that: a) The gas is sufficiently dilute, i.e., the mean
distance between the gas particles 1/(n0)1/3 is larger than the particle interaction
distance (σ0)1/2, where σ0 is a reference differential cross-section common to all
species, b) The plasma parameter, quantity proportional to the number of electrons
in a sphere of radius equal to the Debye length, is supposed to be large. Hence,
multiple charged particle interactions are treated as equivalent binary collisions by


1Dimensional quantities are denoted by the superscript ?.
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means of a Coulomb potential screened at the Debye length (Delcroix and Bers,
1984; Balescu, 1988).


4. The plasma is composed of electrons and a multicomponent mixture of heavy par-
ticles. The ratio of the electron mass m0


e to a characteristic heavy-particle mass m0
h


is such that the nondimensional number ε = (m0
e/m


0
h)


1/2 is small.


5. The pseudo Mach number, defined as a reference hydrodynamic velocity divided by
the heavy-particle thermal speed, Mh = v0/V 0


h , is supposed to be at least of order
one.


6. The macroscopic time scale t0 is assumed to be comparable with the heavy-particle
kinetic time scale t0h divided by ε. The macroscopic length scale is based on a
reference convective length L0 = v0t0.


7. The reference electrical and thermal energies of the system are of the same order of
magnitude. The magnetic field intensity is such that the electron Hall number, or
gyration frequency around the magnetic line multiplied by the kinetic time scale, is
at most of the order of ε.


The mean free path l0 and macroscopic length scale L0 allow for the Knudsen number
to be defined Kn = l0/L0. We will show that this quantity is small, provided that
assumptions 4-6 are satisfied. Therefore, a continuum description of the system is deemed
to be possible.


2.2 Inertial reference frame


In kinetic theory, the plasma particles of species i are described in the one-particle phase
space (x?, c?i ) by f ?i , their velocity distribution function. It gives the probability of finding
one particle of species i at position x? and time t? with a velocity c?i . In other words,
f ?i dx?dc?i is the expected number of i species particles in the volume element dx? located
at x?, whose velocities lie in the velocity element dc?i about velocity c?i at time t?. The
gas macroscopic properties at that position are then obtained as average microscopic
properties over the velocity. The partial mass density ρ?i , the hydrodynamic velocity v?,
and the gas thermal energy ev? are defined by


ρ?i =
∫
f ?i m


?
i dc?i , i ∈ S,


ρ?v? =
∑


j∈S


∫
f ?j m


?
jc
?
j dc?j ,


ρ?ev? + 1
2
ρ?v?·v? =


∑
j∈S


∫
f ?j


1
2
m?
jc
?
j ·c?j dc?j ,


(1)


where m?
i is the mass of the particle i, and ρ? =


∑
j∈S ρ


?
j the mixture mass density.


Considering assumptions 1-3, the temporal evolution of the velocity distribution func-
tion is governed by the Boltzmann equation (Chapman and Cowling, 1939; Ferziger and
Kaper, 1972; Cercignani et al., 1994)


∂t?f
?
i + c?i ·∂x?f ?i +


q?i
m?
i


(E? + c?i ∧B
?)·∂c?


i
f ?i =


∑
j∈S


J?ij
(
f ?i , f


?
j


)
, i ∈ S, (2)
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where symbol E? stands for the electric field, B?, the magnetic field, and q?i , the charge
of the particle i. The left-hand-side is the temporal derivative of the distribution function
f ?i (x?, c?i , t


?) in the phase space


df ?i
dt?


= ∂t?f
?
i + c?i ·∂x?f ?i +


dci
dt?
·∂c?


i
f ?i ,


accounting for the acceleration of the particles due to the Lorentz force q?i (E
?+c?i ∧B


?)/m?
i


acting on the charged particles. The right-hand-side is the collision operator, it describes
the changes of the distribution function due to interaction with all the particles of the
mixture, i.e. collisions. The partial collision operator of particle j impacting on particle i
reads


J?ij
(
f ?i , f


?
j


)
=


∫ (
f ?′i f


?′
j − f ?i f ?j


)
|c?i − c?j |σ?ijdωdc?j , i, j ∈ S.


Quantities after collision are denoted by the superscript ′. The particle momentum changes
during a collision. The loss term is proportional to the number of particles j colliding with
particles i, thus proportional to the product of distributions functions f ?i f


?
j , if we assume


a lack of correlation (molecular chaos) between two particles that are about to collide.
Considering the inverse collision, the gain term is proportional to f ?′i f


?′
j . It is necessary


to use the trick of the inverse collision to derive the expression for the gain term, since we
can not assume that two particles that have just collided are uncorrelated (see Chapman
and Cowling, 1939; Ferziger and Kaper, 1972; Cercignani et al., 1994). The differential
cross-section σ?ij is defined in such a way that the probable number of collisions per unit
volume and time, for which the direction of relative velocity after collision is given by
ω = (c?′i − c?′j )/|c?′i − c?′j |, reads f ?i f


?
j |c?i − c?j |σ?ijdωdc?idc


?
j . The differential cross-sections


depend on the relative kinetic energy of the colliding particles and the cosine of the angle
between the unit vectors of relative velocities ω and e = (c?i − c?j)/|c?i − c?j |. The partial
collision operator of particle j impacting on particle i is obtained by integrating over all
the velocities of the collision partner j and over all the directions of the relative velocities
after collision. We notice that the differential cross sections are symmetric with respect
to their i, j indices, i.e., σ?ij = σ?ji. This property of microreversibility yields the sign for
the entropy production rate, implying irreversibility of the macroscopic system.


Boltzmann gave a heuristic derivation of his equation in 1872. His theory was attacked
by several physicists and mathematicians in the 1890s, because it appeared to produce
paradoxical results (Ehrenfest and Ehrenfest, 1990). However, within a few years of
Boltzmann’s suicide in 1906, the existence of atoms had been definitively established
by experiments such has those on Brownian motion. Today, Boltzmann’s equation is
rigorously derived from the basic laws of mechanics in the so-called Boltzmann-Grad
limit of a huge number of particles interacting as hard spheres of very small diameter
with a finite mean free path value.


2.3 H-Theorem


Cercignani (2006) emphasizes that Boltzmann’s motivation when deriving his equation
seems to be dealing with irreversibility as opposed to study the distribution function in
time. Boltzmann has also introduced a quantity, later denoted by H, defined in terms
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of the velocity distribution functions. He then established that as a consequence of his
equation, this function must always decrease in an isolated system or, at most, remain
constant, the latter case occurring only if a state of statistical equilibrium prevails. His
result is usually quoted as “H-Theorem” and indicates that H must be proportional to
minus the entropy. Based on this result, Boltzmann showed not only that the distribution
introduced by Maxwell is a steady solution of his equation, but that no other solution can
be found.


We consider here the simplified case of a spatially uniform gas in the absence of external
forces and define the mathematical entropy H? =


∑
i∈S


∫
f ?i ln f ?i dc?i . By taking the time


derivative of this quantity and using the Boltzmann equation for this simplified case, one
obtains after some algebra


dH?


dt?
= −1


4


∑
i,j∈S


∫ (
f ?′i f


?′
j − f ?i f ?j


)
[ln(f ′?i f


′?
j )− ln(f ?i f


?
j )]|c?i − c?j |σ?ijdωdc?idc


?
j ,


as shown in Appendix A. Since the function (x−y)(lnx−ln y) is non negative, dH?/dt? ≤
0 and H? is a non-increasing function of time. Based on energy consideration, it can be
shown that H? is bounded from below as t? → ∞, corresponding to a state in which
dH?/dt? = 0 (Ferziger and Kaper, 1972). Thus, at equilibrium, the integrand vanishes,
f ?i f


?
j = f ′?i f


′?
j , or equivalently,


ln f ?i + ln f ?j = ln f ′?i + ln f ′?j .


This property is typical of a collisional invariant that is a microscopic quantity globally
conserved during a collision between two particles i, j ∈ S, such as the mass, momentum,
and energy


m?
i = m?′


i , m?
j = m?′


j ,


m?
i c
?
i +m?


jc
?
j = m?


i c
?′
i +m?


jc
?′
j ,


1
2
m?
i c
?
i ·c?i + 1


2
m?
jc
?
j ·c?j = 1


2
m?
i c
?′
i ·c?′i + 1


2
m?
jc
?′
j ·c?′j .


Introducing the species vectors2
ψl? =


(
m?
i δil
)
i∈S
, l ∈ S,


ψn
S+ν? =


(
m?
i c
?
iν


)
i∈S
, ν ∈ {1, 2, 3},


ψn
S+4? =


(
1
2
m?
i c
?
i ·c?i
)
i∈S
,


(3)


where δil is the Kronecker symbol and nS denotes the number of species, a compact
notation is found


ψl?i + ψl?j = ψl?′i + ψl?′j , l ∈ {1, . . . , nS + 4}.
We notice that the mass of each particle is conserved during the collision. Since quantity
ln f ? is in the space of collisional invariants, it can be expressed as a linear combination
of the basis vectors ψl?


ln f ?i = m?
iA


1?
i +m?


i c
?
i ·A2?


i + 1
2
m?
i c
?
i ·c?iA3?


i ,


2Species quantities are indicated by a subscript. When the subscript is dropped, this quantity is
a species vector. Concerning notation of spatial quantities, light-face type stands for spatial scalars,
bold-face type for spatial vectors and tensors.
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where the coefficients A1?
i , A2?


i , and A3?
i may explicitely depend on m?


i . These coefficients
are identified by means of eq. (1). For that purpose, the temperature is defined in kinetic
theory as


3
2
n?kBT


v? =
∑
j∈S


∫
f ?j


1
2
m?
j(c


?
j − v?)·(c?j − v?) dc?j , (4)


where the mixture number density reads n? =
∑


j∈S n
?
i , with the partial number density


n?i = ρ?i /m
?
i . The superscript v indicates that temperature is measured in the hydrody-


namic velocity frame. After some algebra, we obtain the Maxwell-Boltzmann distribution
function


fM?
i = n?i


(
m?
i


2πkBT v?


)3/2


exp


(
−m?


i (c
?
i − v?)2


2kBT v?


)
, i ∈ S, (5)


corresponding to the velocity distribution for a gas in an equilibrium state.


Boltzmann’s H-Theorem is equivalent to the second law of thermodynamics for dilute
gases. It is important to mention that irreversibility is contained in the collision operator
of the Boltzmann equation associated with the molecular chaos assumption. We recall
that this assumption, needed for particles that are about to collide, is rigorously valid
in the Boltzmann-Grad limit. It can be shown that the molecular chaos property, if
initially present, is preserved during the evolution of the system. Finally, the initial chaos
assumption is justified as follows. Physically, it is hard to prepare an initial state for
which the molecular chaos assumption does not hold. The physical reason is that, in
general, we cannot handle the single particles but rather act on the gas as a whole at a
macroscopic level, usually starting from an equilibrium state (see Cercignani et al., 1994;
Villani, 2002).


2.4 Maxwell transfer equations


The transfer equations express conservation of the microscopic properties at the macro-
scopic level of the flow. They are obtained by multiplying the Boltzmann equation by the
collisional invariants, integrating over the velocity, and summing over the species in the
mixture. For that purpose, let us introduce the scalar product


〈〈ξ?, ζ?〉〉? =
∑
j∈S


∫
ξ?j�ζj? dc?j ,


for families ξ? = (ξ?i )i∈S and ζ? = (ζ?i )i∈S.3 It is important to mention that the explicit
expression of the partial collision operator J?ij(f


?
i , f


?
j ) is not required if we impose that


the mass, momentum and energy are conserved in the mixture. Actually, Maxwell had
derived transfer equations in 1867, before Botlzmann proposed an expression for the
collision operator. Projecting eq. (2) on the collisional invariants given in eq. (3), one
obtains


〈〈∂t?f ?, ψl?〉〉+ 〈〈c?·∂x?f ?, ψl?〉〉+ 〈〈 q
?


m?
(E? + c?∧B?)·∂c?f ?, ψl?〉〉 = 0,


3The fully contracted product in space is denoted by symbol “ � ”, for instance, for two scalar a and
b, it is associated with a product ab, for two vectors a and b, a scalar product a·b, and for two matrices
A and B, a Frobenius inner product A:B.
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l ∈ {1, . . . , nS + 4}, where the right-hand-side vanishes. The conservation equations of
mass, momentum, and energy are derived after some algebra


∂t?ρ
?
i + ∂x?·(ρ?iv?) = −∂x?·[


∫
m?
i (c


?
i − v?)f ?i dc?i ], i ∈ S, (6)


∂t?(ρ?v?) + ∂x?·(ρ?v?⊗v?) = −∂x?·[
∑
j∈S


∫
m?
j(c


?
j − v?)⊗(c?j − v?)f ?j dc?j ] + n?q?(E? + v?∧B?)


+
(∑
j∈S


q?j


∫
(c?j − v?)f ?j dc?j


)
∧B?, (7)


∂t? [ρ?(ev? + 1
2
v?·v?)] + ∂x?·[ρ?v?(ev? + 1


2
v?·v?)] = −∂x? ·[


∑
j∈S


∫
1
2
m?
j(c


?
j − v?)2(c?j − v?)f ?j dc?j ]


− ∂x?·[
(∑
j∈S


∫
m?
j(c


?
j − v?)⊗(c?j − v?)f ?j dc?j


)
·v?]+


(
n?q?v? +


∑
j∈S


q?j


∫
(c?j − v?)f ?j dc?j


)
·E?,


(8)


where the mixture charge is given by n?q? =
∑


j∈S n
?
jq
?
j and symbol ⊗ stands for the tensor


product. The expression for the velocity distribution function is required to determine the
expression of the transport fluxes and close the system. In particular, let us substitute
the Maxwell-Boltzmann distribution eq. (5) for f ?i in eqs. (6)-(8)


∂t?ρ
?
i + ∂x?·(ρ?iv?) = 0, i ∈ S, (9)


∂t?(ρ?v?) + ∂x?·(ρ?v?⊗v?) = −∂x?·(p?I) + n?q?(E? + v?∧B?), (10)


∂t? [ρ?(ev? + 1
2
v?·v?)] + ∂x?·[ρ?v?(ev? + 1


2
v?·v?)] = −∂x? ·(p?v?) + n?q?v?·E?, (11)


where quantity p? = n?kBT
? stands for the mixture pressure. At equilibrium, the fluxes


of mass and energy vanish, the flux of momentum is the hydrostatic pressure tensor,
and the electric current is only due to convection; the transfer equations are the Euler
equations. In order to describe the system out of equilibrium and account for dissipative
effects (gradients of velocity, temperature, pressure, and species concentrations) in the
transport fluxes, a perturbative solution method can be used to linearize the Boltzmann
equation about the equilibrium state and obtain a perturbed solution for the velocity
distribution function. In neutral gases, the Knudsen number constitutes the small per-
turbation parameter. In plasmas, an additional small perturbation parameter appears:
the square root of the electron heavy-particle mass ratio. This parameter is essential
to describe thermal nonequilibrium between both types of species, associated with their
quasi-equilibrium states at the electron temperature and heavy-particle temperature, re-
spectively. A multiscale perturbative method for plasmas for plasmas is proposed in the
following section.


3 Multiscale Chapman-Enskog expansion


In about the same year (1916-1917), Chapman and Enskog independently obtained ap-
proximate solutions of the Boltzmann equation. In this section, we adapt the Chapman-
Enskog perturbative solution method to the multiscale problem of the Boltzmann equation
for plasmas. We introduce a suitable reference frame and propose a scaling of this equa-
tion based on a dimensional analysis. A translational thermal nonequilibrium appears
between the electrons and heavy particles, as a consequence of the difference of mass
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between both types of species. Conservation equations are derived at successive orders of
approximation, each corresponding to a physical time scale.


3.1 Heavy-particle velocity frame


Given the strong disparity of mass between the electrons and heavy particles, a reference
frame linked with the heavy particles appears to be a convenient choice for plasmas. This
step is essential to easily derive a formalism where the electrons follow the bulk movement
of the plasma. We define the mean electron velocity and mean heavy-particle velocity


ρ?ev
?
e =


∫
m?


ec
?
ef


?
e dc?e, ρ?hv


?
h =


∑
j∈H


∫
m?
jc
?
jf


?
j dc?j ,


where the heavy-particle mass density reads ρ?h =
∑


j∈H ρ
?
j . In the v?h frame, the free


electrons interact with heavy particles whose global movement is frozen in space. A
similar viewpoint is commonly adopted in the quantum theory of molecules when the
Born-Oppenheimer approximation is used to study the motion of the bound electrons
about the nuclei (Born and Oppenheimer, 1927). Based on the following definition of
peculiar velocities


C?
i = c?i − v?h, i ∈ S, (12)


the heavy-particle diffusion flux vanishes∑
j∈H


∫
m?
jC


?
j f


?
j dc?j = 0. (13)


Then, the Boltzmann eq. (2) is expressed in a frame moving at v?h velocity by means of
this change of variables


∂t?f
?
i + (C?


i + v?h) ·∂x?f ?i +
q?i
m?
i


[E? + (C?
i + v?h) ∧B


?] ·∂C?
i
f ?i −


Dv?h
Dt?
·∂C?


i
f ?i


− (∂C?
i
f ?i ⊗C


?
i ):∂x?v?h =


∑
j∈S


J?ij
(
f ?i , f


?
j


)
, i ∈ S, (14)


where the material derivative reads D/Dt? = ∂t? + v?h·∂x? .


3.2 Dimensional analysis


A sound scaling of the Boltzmann equation is deduced from a dimensional analysis in-
spired by Petit and Darrozes (1975). First, reference quantities are introduced in Table 1.
The characteristic temperature, number density, differential cross-section, mean free path,
macroscopic time scale, hydrodynamic velocity, macroscopic length, and electric and mag-
netic fields are assumed to be common to all species. Reference dimensional quantities
are denoted by the superscript 0. The nondimensional number


ε =


√
m0


e


m0
h
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Common to all species
Temperature T 0


Number density n0


Differential cross-section σ0


Mean free path l0


Macroscopic time scale t0


Hydrodynamic velocity v0


Macroscopic length L0


Electric field E0


Magnetic field B0


Electrons Heavy particles
Mass m0


e m0
h


Thermal speed V 0
e V 0


h


Kinetic time scale t0e t0h


Table 1: Reference quantities.


quantifies the ratio of the electron mass to a reference heavy-particle mass. According to
assumption 4, the value of ε is small. Consequently, electrons exhibit a larger thermal
speed than that of heavy particles


V 0
e =


√
kBT 0


m0
e


, V 0
h =


√
kBT 0


m0
h


= εV 0
e . (15)


Moreover, the electron and heavy particle temperatures may be distinct, provided that
eq. (15) does not fail to describe the order of magnitude of the thermal speeds. The
differential cross-sections are of the same order of magnitude σ0. Hence, the characteristic
mean free path l0 = 1/(n0σ0) is found to be identical for all species. As a result, the
kinetic time scale, or relaxation time of a distribution function towards its respective
quasi-equilibrium state, is lower for electrons than for heavy particles


t0e =
l0


V 0
e


, t0h =
l0


V 0
h


=
t0e
ε
. (16)


Assumption 6 states that the macroscopic time scale reads


t0 =
t0h
ε
. (17)


This quantity corresponds to the average time during which electrons and heavy particles
exchange their energy through encounters. In addition, the macroscopic temporal and
spatial scales are linked by the expression


L0 = v0t0,


where the hydrodynamic velocity is determined by the pseudo Mach number Mh = v0/V 0
h .


Given assumption 5, the Knudsen number


Kn =
l0


L0
=


ε


Mh


, (18)
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is small, due to our choice of macroscopic and temporal scales, leading to a continuum
description of the gas. Finally, following assumption 7, the reference electric field is such
that q0E0L0 = kBT


0. The intensity of the magnetic field is governed by the Hall numbers
of the electrons and heavy particles


βe =
q0B0


m0
e


t0e = ε1−b, βh =
q0B0


m0
h


t0h = εβe,


defined as the Larmor frequencies, q0B0/me for the electrons and q0B0/m0
h for the heavy


particles, multiplied by their corresponding kinetic time scale. The magnetic field is
assumed to be proportional to a power of ε by means of an integer b ≤ 0. The dimensional
analysis can be summarized as follows: a) Two spatial scales were introduced, one spatial
scale at the microscopic level and one spatial scale at the macroscopic level, they are
related by eq. (18); b) Whereas three temporal scales were defined in eq. (16), two time
scales at the microscopic level, respectively for the electrons and for the heavy particles,
and one time scale at the macroscopic level, given in eq. (17), common to all species.


Nondimensional variables are based on the reference quantities. They are denoted by
dropping the superscript ?. In particular, one has the following expressions for the particle
velocities


c?e = V 0
e ce, c?i = V 0


h ci, i ∈ H.


The reference hydrodynamic velocity, mean electron velocity, and mean heavy-particle
velocity are equal to v0. We investigate the system at the macroscopic time t? = t0t
and macroscopic length x? = L0x. The reference hydrodynamic velocity, mean electron
velocity, and mean heavy-particle velocity are equal to v0. The hydrodynamic velocity is


(ρh + ε2ρe)v = ρhvh + ε2ρeve,


in terms of nondimensional variables, whereas the mean electron and heavy-particle ve-
locities given in eq. (3.1) read


ρeMhve =
1


ε


∫
cefe dce, ρhMhvh =


∑
j∈H


∫
mjcjfj dcj.


The peculiar velocities defined in eq. (12) are given by the relations


Ce = ce − εMhvh, Ci = ci −Mhvh, i ∈ H.


The heavy-particle diffusion flux vanishes, as shown in eq. (13)∑
j∈H


∫
mjCjfj dCj = 0. (19)


Thus, the Boltzmann eq. (14) can be expressed in nondimensional form as


∂tfe + 1
εMh


(Ce+εMhvh)·∂xfe +ε−(1+b)qe
[
(Ce+εMhvh)∧B


]
·∂Ce


fe +
(


1
εMh


qeE−εMh
Dvh


Dt


)
·∂Ce


fe


− (∂Ce
fe⊗Ce):∂xvh = 1


ε2
[Jee (fe , fe ) +


∑
j∈H


Jej (fe , fj )], (20)
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∂tfi + 1
Mh


(Ci+Mhvh)·∂xfi +ε1−b qi
mi


[
(Ci+Mhvh)∧B


]
·∂Ci


fi +
(


1
Mh


qi
mi
E−Mh


Dvh


Dt


)
·∂Ci


fi


− (∂Ci
fi⊗Ci):∂xvh = 1


ε
[1
ε
Jie(fi , fe ) +


∑
j∈H


Jij(fi , fj )], i ∈ H, (21)


for the electrons and heavy particles, respectively. Let us emphasize, for a reader familiar
with kinetic theory, that eq. (20) for the electrons exhibits a similar scaling as that of
the kinetic equation for neutral gases in the low Mach number limit (yielding parabolic
macroscopic equations), whereas the scaling of eq. (21) for the heavy particles is typical
of that of the kinetic equation for neutral gases in the compressible gas dynamics regime
(yielding hyperbolic macroscopic equations). Therefore, the coupled system of kinetic
eqs. (20) and (21) combines the usual scalings and the mathematical structure of the
resulting system of macroscopic equations has to be identified.


The multiscale analysis occurs at three levels: a) In the kinetic equations (20) and (21);
b) In the collisional invariants and thus in the conservation of the associated macroscopic
quantities; c) In the collision operators. Encounters between particles of the same type
are dealt with as usual (Chapman and Cowling, 1939), whereas the collision operators
between unlike particles (electron heavy-particle interactions) depend on the ε parameter
via their relative kinetic energy and velocity, and the vectors ω and e. The scaling of
these operators is investigated in Appendix B.


3.3 Enskog expansion


We employ an Enskog expansion to derive an approximate solution to the Boltzmann
equations by expanding the species distribution functions in a series of the ε parameter


fe = f 0
e (1 + εφe + ε2φ2


e + ε3φ3
e ) +O(ε4),


fi = f 0
i (1 + εφi + ε2φ2


i ) +O(ε3), i ∈ H.


Injecting these expressions into the Boltzmann eqs. (20) and (20), one obtains


ε−1D−1
e (f 0


e , φe ) + D0
e (f 0


e , φe , φ
2
e ) + εD1


e (f 0
e , φe , φ


2
e , φ


3
e )


= ε−2J−2
e + ε−1J−1


e + J0
e + εJ1


e +O(ε2), (22)


D0
i (f 0


i ) + εD1
i (f 0


i , φi ) = ε−1J−1
i + J0


i + εJ1
i +O(ε2), i ∈ H, (23)


given in more detail in Appendix C. In the Chapman-Enskog method, the plasma is
described at successive orders of the ε parameter as equivalent to as many time scales.
The equations derived at each order are reviewed in Table 2. In the remainder of Section
3, we deal with the macroscopic equations, in Section 4, with the expressions for the
transport fluxes.


3.3.1 Thermalization


We solve the electron Boltzmann eq. (22) at order ε−2


J−2
e = 0,
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Order Time Heavy particles Electrons


ε−2 t0e Expression for f 0
e


Thermalization (Te)


ε−1 t0h Expression for f 0
i , i ∈ H Equation for φe


Thermalization (Th)


ε0 t0 Equation for φi , i ∈ H Equation for φ2
e


Euler equations Zero-order drift-diffusion equations


ε t0/ε Navier-Stokes equations First-order drift-diffusion equations


Table 2: Chapman-Enskog steps.


corresponding to the kinetic time scale t0e. It is necessary to impose mass and energy
constraints


ne =
∫
f 0
e dCe,


3
2
neTe =


∫
f 0
e


1
2
Ce·CedCe,


(24)


whereas no constraint is related to momentum. The electron population is shown to
thermalize in the heavy-particle reference frame to a quasi-equilibrium state described by
a Maxwell-Boltzmann distribution function at temperature Te (Graille et al., 2009)


f 0
e = ne


(
1


2πTe


)3/2


exp


(
− 1


2Te


Ce·Ce


)
. (25)


Electrons thermalize in any velocity frame, however, in the vh frame, they follow the bulk
movement associated with the heavy particles, leading to a physically plausible scenario.
In contrast, heavy particles do not exhibit any ensemble property at this order.


Then, we solve the heavy-particle Boltzmann eq. (23) at order ε−1


J−1
i = 0,


corresponding to the kinetic time scale t0h. It is necessary to impose mass, momentum,
and energy constraints


ni =
∫
f 0
i dCi, i ∈ H,


0 =
∑


j∈H


∫
f 0
j mjCjdCj,


3
2
nhTh =


∑
j∈H


∫
f 0
j


1
2
mjCj·CjdCj,


(26)


where nh is the heavy-particle number density. The heavy-particle populations are shown
to thermalize in the heavy-particle reference frame to a quasi-equilibrium state described
by a Maxwell-Boltzmann distribution function at temperature Th (Graille et al., 2009)


f 0
i = ni


(
mi


2πTh


)3/2


exp


(
− mi


2Th
Ci·Ci


)
, i ∈ H. (27)
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The quasi-equilibrium states are described by means of distinct temperatures for the
electrons and heavy particles. This is not contradiction with the H-Theorem, since the
equilibrium state has not been reached by the system.


3.3.2 Linearized collision operators


We introduce some mathematical tools to derive the conservation equations and the ex-
pressions of the transport fluxes. The electron linearized collision operator Fe(φe ) and the
heavy-particle linearized collision operator Fh = (Fi)i∈H read


Fe(φe ) = − 1
f0
e
J−1


e = − 1
f0
e


[
Jee(f


0
e φe , f


0
e ) + Jee(f


0
e , f


0
e φe ) +


∑
j∈H


J0
ej(f


0
e φe , f


0
j )
]
,


Fi(φh) = − 1
f0
i


(J0
i − Ĵ0


i ) = − 1
f0
i


∑
j∈H


[
Jij(f


0
i φi , f


0
j ) + Jij(f


0
i , f


0
j φj )


]
, i ∈ H,


where f 0
e is given by eq. (25), f 0


i by eq. (27), and φh = (φi)i∈H. Then, we define the
electron and heavy-particle scalar products


〈〈ξe, ζe〉〉e =


∫
ξe�ζe dCe, 〈〈ξh, ζh〉〉h =


∑
j∈H


∫
ξj�ζj dCj.


The electron collisional invariants are introduced, for the mass and energy, as{
ψ̂1


e = 1,


ψ̂2
e = 1


2
Ce·Ce,


(28)


and the heavy-particle collisional invariants, for the mass, momentum, and energy, as
ψ̂lh =


(
miδil


)
i∈H


, l ∈ H,


ψ̂n
H+ν
h =


(
miCiν


)
i∈H


, ν ∈ {1, 2, 3},


ψ̂n
H+4
h =


(
1
2
miCi·Ci


)
i∈H


,


(29)


where symbol nH denotes the number of heavy particles in the mixture. The linearized
collision operators verify the following properties


〈〈Fe(φe ), ψ̂le〉〉e = 0, l ∈ {1, 2},
〈〈Fh(φh), ψ̂lh〉〉h = 0, l ∈ {1, . . . , nH + 4},


for all functions φe and φh .


3.3.3 Electron momentum relation


Macroscopic equations, such as the transfer eqs. (6)-(8), can be derived by means of a
scalar product. The projection of the Boltzmann eq. (22) at order ε−1 on the collisional
invariants ψ̂le, l ∈ {1, 2}, is trivial. We notice that momentum is not included in the
electron collisional invariants given in eq. (28), as opposed to full set of collisional invari-
ants given in eq. (3). This is due to the structure of the linearized collisonal operator
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for electrons in the multiscale analysis, for which 〈〈Fe(φe ),Ce〉〉e 6= 0. The projection of
eq. (22) at order ε−1 on the electron momentum


〈〈D−1
e ,Ce〉〉e = 〈〈J−1


e ,Ce〉〉e,


yields a macroscopic relation for the zero-order momentum transfered from electrons to
heavy particles ∑


j∈H


〈〈J0
ej(f


0
e φe , f


0
j ),Ce〉〉e =


1


Mh


∂xpe −
neqe
Mh


E, (30)


where the electron pressure reads pe. This original property of the Chapman-Enskog ex-
pansion at this order is associated with the absence of a momentum constraint in eq. (26).
Finally, the net zero-order momentum exchanged between electrons and heavy particles
vanishes, i.e.


〈〈J1
he


(
f 0
h , f


0
e φe


)
, ψ̂nh+ν


h 〉〉
h


+
∑
j∈H


〈〈J0
ej


(
f 0
e φe , f


0
j


)
, Ceν〉〉e = 0, (31)


for ν ∈ {1, 2, 3}.


3.3.4 Zero-order electron drift-diffusion and Euler equations


We derive zero-order electron drift-diffusion equations and Euler equations based on the
Boltzmann equations at order ε0 corresponding to the macroscopic time scale t0. We
project eqs. (22)-(23) on the collisional invariants,


〈〈D0
e , ψ̂


l
e〉〉e = 〈〈Ĵ0


e, ψ̂
l
e〉〉e, l ∈ {1, 2},


〈〈D0
h, ψ̂


l
h〉〉h = 〈〈Ĵ0


h, ψ̂
l
h〉〉h, l ∈ {1, . . . , nH + 4}.


After some algebra and using eqs. (30)-(31), one obtains


∂tρe + ∂x·
[
ρe


(
vh + 1


Mh
Ve


)]
= 0, (32)


∂t(ρeee) + ∂x· (ρeeevh) = −pe∂x·vh − 1
Mh
∂x·qe + 1


Mh
Je·E + ∆E0


e , (33)


∂tρi + ∂x·(ρivh) = 0, i ∈ H, (34)


∂t(ρhvh) + ∂x·(ρhvh⊗vh + 1
M2


h
pI) = 1


M2
h
nqE + δb0I0∧B, (35)


∂t(ρheh) + ∂x·(ρhehvh) = −ph∂x·vh + ∆E0
h, (36)


where the heavy-particle pressure is ph = nhTh, and the mixture pressure, p = pe + ph.
Dissipative effects already appear at this time scale, we introduce the electron diffusive
velocity, the electron conduction current density, the total current density


Ve =
1


ne


∫
Cef


0
e φe dCe, Je = neqeVe, I0 = nqvh +


1


Mh


Je, (37)


and the electron heat flux


qe =


∫
1


2
Ce·CeCef


0
e φe dCe. (38)


It is important to mention that the electrons diffuse in the heavy-particle velocity frame,
following the bulk movement, even though they thermalize in any reference frame. Finally,
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the energy transfered from heavy particles to electrons at order zero follows a Landau-
Teller relaxation term


∆E0
h =


3
2
ne(Te − Th)


τ
,


1


τ
=
∑
j∈H


2nj
3nemj


νje,


where τ is the relaxation time. The expression for the collision frequencies νie is given
in Appendix B. The net zero-order momentum exchanged between electrons and heavy
particles vanishes


∆E0
e + ∆E0


h = 0.


3.3.5 First-order electron drift-diffusion and Navier-Stokes equations


We derive first-order electron drift-diffusion equations and Navier-Stokes equations based
on the Boltzmann equations at order ε corresponding to the macroscopic time scale t0/ε.
We project eqs. (22)-(23) on the collisional invariants,


〈〈D0
e , ψ̂


l
e〉〉e + ε〈〈D1


e , ψ̂
l
e〉〉e = 〈〈Ĵ0


e, ψ̂
l
e〉〉e + ε〈〈Ĵ1


e, ψ̂
l
e〉〉e, l ∈ {1, 2},


〈〈D0
h, ψ̂


l
h〉〉h + ε〈〈D1


h, ψ̂
l
h〉〉h = 〈〈Ĵ0


h, ψ̂
l
h〉〉h + ε〈〈Ĵ1


h, ψ̂
l
h〉〉h, l ∈ {1, . . . , nH + 4}.


After some algebra, one obtains


∂tρe + ∂x·
[
ρe


(
vh + 1


Mh
(Ve + εV 2


e )
)]


= 0, (39)


∂t(ρeee) + ∂x· (ρeeevh) = −pe∂x·vh − 1
Mh
∂x·


(
qe + εq2


e


)
+ 1


Mh


(
Je + εJ2


e


)
·E


+ δb0εMhJe·vh∧B + ∆E0
e + ε∆E1


e , (40)


∂tρi + ∂x·
[
ρi
(
vh + ε


Mh
Vi
)]


= 0, i ∈ H, (41)


∂t(ρhvh) + ∂x·(ρhvh⊗vh + 1
M2


h
pI) = − ε


M2
h
∂x·Πh + 1


M2
h
nqE + δb0I0∧B, (42)


∂t(ρheh) + ∂x·(ρhehvh) = −(phI + εΠh):∂xvh − ε
Mh
∂x·qh + ε


Mh
Jh·E + ∆E0


h + ε∆E1
h.


(43)


Like in the case of neutral gases, dissipative effects for the heavy particles appear at
this time scale. We introduce the heavy-particle diffusion velocities, the heavy-particle
conduction current density


Vi =
1


ni


∫
Cif


0
i φidCi, Jh =


∑
j∈H


njqjVj , i ∈ H, (44)


the heavy-particle viscous tensor,


Πh =
∑
j∈H


∫
mjCj⊗Cjf


0
j φj dCj, (45)


and the heavy-particle heat flux


qh =
∑
j∈H


∫
1


2
mjCj·CjCjf


0
j φj dCj. (46)
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For a multicomponent mixture of heavy particles, the model for the electron transport
fuxes is extented one order further than in the literature. We introduce the second-order
electron diffusive velocity, the second-order electron conduction current density


V 2
e =


1


ne


∫
Cef


0
e φ


2
e dCe, J2


e = neqeV
2


e , (47)


and the second-order electron heat flux


q2
e =


∫
1


2
Ce·CeCef


0
e φ


2
e dCe. (48)


The energy transfered from heavy particles to electrons at order one


∆E1
h =


∑
j∈H


njVj ·Fje, (49)


is expressed by means of the average force of an electron acting on a heavy particle i


Fie =


∫
Q


(1)
ie (|γe|2) |γe|γe f


0
e (γe)φe (γe) dγe, i ∈ H, (50)


where the expression for the average momentum cross-section Q
(1)
ie is given in Appendix B.


The net first-order momentum exchanged between electrons and heavy particles vanishes


∆E1
e + ∆E1


h = 0.


The second-ordre electron transport fluxes given in eqs. (47)-(48) and the first-order energy
echange term given in eq. (49) are essential to derive a total energy equation and an entropy
equation that satisfy respectively the first and second laws of thermodynamics.


4 Transport fluxes and coefficients


In this section, we derive the perturbation functions yielding the expressions for the trans-
port fluxes that appear in the macroscopic equations. We give a complete description of
the Kolesnikov effect, or crossed contributions to the mass and energy transport fluxes
for multicomponent plasmas coupling the electrons and heavy particles.


4.1 First-order electron perturbation function


The first-order electron perturbation function φe is a solution to the electron Boltzmann
eq. (22) at order ε−1, i.e.,


Fe(φe ) = − 1
f0
e
D−1


e (f 0
e )


= −pe ΨDe
e ·de −Ψλ′


e
e ·∂x


( 1


Te


)
,


where ΨDe
e and Ψλ′


e
e are functions of Ce (Graille et al., 2009). The electron diffusion


driving force is defined as de = (∂xpe−neqeE)/pe. Uniqueness of the solution is imposed
by means of the constraints


〈〈f 0
e φe , ψ̂


l
e〉〉e = 0, l ∈ {1, 2},
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i.e., the perturbation function does not contribute to the macroscopic electron mass and
energy. By linearity and isotropy of the linearized collision operator Fe, the electron
perturbation function is expressed in terms of the electron driving force and temperature
gradient


φe = −peφ
De
e ·de − φλ


′
e


e ·∂x


( 1


Te


)
, (51)


where the vectorial functions φDe
e and φλ


′
e


e are the solutions to the equations


Fe(φ
µ
e ) = Ψµ


e ,


under the scalar constraints


〈〈f 0
e φ


µ
e , ψ̂


l
e〉〉e = 0, l ∈ {1, 2},


with µ ∈ {De, λ
′
e}.


The transport fluxes are obtained by injecting the expression for φe given in eq. (51)
into the eqs. (37) and (38) and introducing the electron bracket operator


[[ξe, ζe]]e = 〈〈f 0
e ξe,Fe(ζe)〉〉e.


We obtain the electron diffusion velocity and heat flux


Ve = −Dede − θe∂xlnTe, qe = −λ′e∂xTe − peθede + ρeheVe, (52)


where the electron diffusion coefficients, thermal diffusion coefficients, and partial thermal
conductivity are given by


De = 1
3
peTeMh[[φ


De
e ,φ


De
e ]]e, θe = −1


3
Mh[[φ


De
e ,φ


λ′
e


e ]]e, λ′e = 1
3T 2


e
Mh[[φ


λ′
e


e ,φ
λ′
e


e ]]e.


The first term of the diffusion velocity in eq. (52) yields diffusion effects due to the partial
pressure gradient and electric field. The second term represent diffusion arising from the
electron temperature gradient and is termed the Soret effect. The first term of the heat
flux represents Fourrier’s law, the second term corresponds to the Dufour effect, that is,
heat diffusion due to the electron partial pressure gradient and electric field, which is the
symmetric of the Soret effect. Finally, the third term is the transfer of electron energy
due to diffusion. Alternative forms of the electron diffusion velocity and heat flux are also
introduced


Ve = −De(de + χe∂xlnTe), qe = −λe∂xTe + peχeVe + ρeheVe, (53)


where the thermal diffusion ratio χe is defined by the relation θe = Deχe, and the thermal
conductivity by λe = λ′e − neχeθe.


4.2 First-order heavy-particle perturbation function


The first-order heavy-particle perturbation function φh = (φi )i∈H is a solution to the
heavy-particle Boltzmann eq. (23) at order ε0, i.e.,


Fi(φh) = 1
f0
i


[−D0
i (f 0


i ) + Ĵ0
i ]


= −Ψηh
i :∂xvh − ph


∑
j∈H


Ψ
Dj


i ·d̂j −Ψ
λ′


h
i ·∂x


(
1
Th


)
−ΨΘ


i (Te − Th), i ∈ H,


Kinetic Theory of Plasmas 


RTO-EN-AVT-162 2 - 21 


 


 







where Ψµ
i , µ ∈ {ηh, (Dj)j∈H, λ


′
h,Θ}, are functions of Ci (Graille et al., 2009). A linearly


independent family of diffusion driving forces is also introduced


d̂i = 1
ph
∂xpi −


niqi
ph
E − niMh


ph
Fie, i ∈ H, (54)


where quantity pi = niTh stands for the partial pressure of species i ∈ H. Uniqueness of
the solution is imposed by means of the constraints


〈〈f 0
h φh, ψ̂


l
h〉〉h = 0, l ∈ {1, . . . , nH+4},


i.e., the perturbation function does not contribute to the macroscopic heavy-particle mass,
momentum, and energy. By linearity and isotropy of the linearized collision operator
Fi, the heavy-particle perturbation function is expressed in terms of the heavy-particle
velocity gradient, diffusion driving force, temperature gradient, and the difference between
the electron temperature and heavy-particle temperature


φi = −φηh
i :∂xvh − ph


∑
j∈H


φ
Dj


i ·d̂j − φ
λ′


h
i ·∂x


(
1
Th


)
− φΘ


i (Te − Th), i ∈ H, (55)


where the families of tensorial functions φηh


h = (φηh
i )i∈H, of vectorial functions φ


Dj


h = (φ
Dj


i )i∈H,
j ∈ H, and φ


λ′
h
h = (φ


λ′
h
i )i∈H, and of scalar functions φΘ


h = (φΘ
i )i∈H are the solutions to the


equations


Fi(φ
µ
h) = Ψµ


i , i ∈ H,


under the scalar constraints


〈〈f 0
hφ


µ
h, ψ̂


l
h〉〉h = 0, l ∈ {1, . . . , nH + 4},


with µ ∈ {ηh, (Dj)j∈H, λ
′
h,Θ}.


The transport fluxes are obtained by injecting the expression for φi given in eq. (55)
into the eqs. (44)-(46) and introducing the heavy-particle bracket operator


[[ξh, ζh]]h = 〈〈f 0
h ξh,Fh(ζh)〉〉h.


We obtain the diffusion velocity of species i ∈ H


Vi = −
∑
j∈H


Dijd̂j − θhi ∂xlnTh, (56)


where the diffusion coefficients and thermal diffusion coefficients are given by


Dij = 1
3
phThMh[[φ


Di
h ,φ


Dj


h ]]h, i, j ∈ H, θhi = −1
3
Mh[[φ


Di
h ,φ


λ′
h
h ]]h, i ∈ H.


The diffusion matrix Dij is symmetric. The first term of the diffusion velocity in eq. (56)
yields diffusion effects due to the partial pressure gradient, electric field, and average elec-
tron force. The second term represent diffusion arising from the heavy-partcile tempera-
ture gradient (Soret effect). It is interesting to notice that, before the work of Chapman
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and Enskog, thermal diffusion in the gas phase had been unknown theoretically and unob-
served experimentally. Then, we introduce the tensor S =


[
∂xvh + (∂xvh)


T
]
− 2


3
∂x·vh I.


The heavy-particle viscous tensor reads


Πh = −ηhS, (57)


where the shear viscosity is given by ηh = Th[[φ
ηh


h ,φ
ηh


h ]]h/10. The heavy-particle heat flux
reads


qh = −λ′h∂xTh − ph
∑
j∈H


θhj d̂j +
∑
j∈H


ρjhjVj , (58)


where the partial thermal conductivity is given by λ′h = Mh[[φ
λ′


h
h ,φ


λ′
h
h ]]h/(3T


2
h ). The first


term of the heat flux represents Fourrier’s law, the second term corresponds to the Dufour
effect, that is, heat diffusion due to the partial pressure gradient, electric field, and average
electron force. Finally, the third term the transfer of heavy-particle energy due to diffu-
sion. In Appendix D, we show that the heavy-particle diffusion velocities and heat flux
are proportional to the electron driving force and electron temperature gradient through
the Fie contribution to d̂i, i ∈ H. Kolesnikov (1974) has already introduced electron
heavy-particle diffusion coefficients and thermal diffusion coefficients and ratios to couple
the heavy-particle diffusion velocities and heat flux to the electron forces. Therefore, we
propose to refer to this phenomenon as the Kolesnikov effect for the heavy particles. Al-
ternative forms of the heavy-particle diffusion velocities and heat flux are also introduced


Vi = −
∑
j∈H


Dij


(
d̂j + χhj∂xlnTh


)
, i ∈ H, (59)


qh = −λh∂xTh + ph
∑
j∈H


χhjVj +
∑
j∈H


ρjhjVj , (60)


where the thermal diffusion ratios are defined from the relations∑
j∈H


Dijχ
h
j = θhi , i ∈ H,


∑
j∈H


χhj = 0,


and the thermal conductivity by λh = λ′h − nh
∑


j∈H χ
h
j θ


h
j .


4.3 Second-order electron perturbation function


The second-order electron perturbation function φ2
e is a solution to the electron Boltzmann


eq. (22) at order ε0, i.e.,


Fe(φ
2
e ) = 1


f0
e


[−D̂0
e (f 0


e , φe ) + Jee(f
0


e φe , f
0


e φe ) + Ĵ0
e


]
= −Ψηe


e :∂xvh − δb0peΨ
De
e ·d2


e − pe


∑
j∈H


ΨDj
e ·d2


j − Ψ̃2
e.


where Ψµ
e , µ ∈ {ηe, De, (Dj)j∈H}, are functions of Ce (Graille et al., 2009). The second-


order electron diffusion driving force is defined as d2
e = −neqeM


2
hvh∧B/pe, and the second-


order heavy-particle driving forces d2
i = −Vi , i ∈ H. Uniqueness of the solution is imposed


by means of the constraints


〈〈f 0
e φ


2
e , ψ̂


l
e〉〉e = 0, l ∈ {1, 2},


Kinetic Theory of Plasmas 


RTO-EN-AVT-162 2 - 23 


 


 







i.e., the perturbation function does not contribute to the macroscopic electron mass and
energy. By linearity and isotropy of the linearized collision operator Fe, the second-order
electron perturbation function is expressed in terms of the heavy-particle velocity gradient,
and second-order diffusion driving forces


φ2
e = −φηee :∂xvh − δb0peφ


De
e ·d2


e − pe


∑
j∈H


φDj
e ·d2


j − φ̃2
e, (61)


where the vectorial functions φηee , φDe
e , and φDj


e are the solutions to the equations


Fe(φ
µ
e ) = Ψµ


e ,


under the scalar constraints


〈〈f 0
e φ


µ
e , ψ̂


l
e〉〉e = 0, l ∈ {1, 2},


with µ ∈ {ηe, De, (Dj)j∈H}.


The transport fluxes are obtained by injecting the expression for φ2
e given in eq. (61)


into the eqs. (48), (47), and (50). We obtain the second-order electron diffusion velocity
and heat flux


V 2
e = −δb0Ded


2
e −


∑
j∈H


αejd
2
j , q2


e = −δb0peθed
2
e − pe


∑
j∈H


χe
jd


2
j + ρeheV


2
e , (62)


and the average electron force acting on i heavy particles


Fie = − pe


niMh


αeide −
pe


niMh


χe
i∂xlnTe, i ∈ H. (63)


The αei coefficients and second-order electron thermal diffusion ratios read


αei = 1
3
peTeMh[[φ


De
e ,φ


Di
e ]]e, χe


i = −1
3
Mh[[φ


Di
e ,φ


λ′
e


e ]]e, i ∈ H.


The second-order electron diffusion velocity and heat flux are thus proportional to the
heavy-particle diffusion velocities, that is the Kolesnikov effect for the electrons. To
the authors’s knowledge, it is the first time that such second-order transport fluxes are
rigorously derived from a multiscale analysis. The Kolesnikov effect terms for heavy
particles and electrons are essential to derive a total energy equation and an entropy
equation that satisfy respectively the first and second laws of thermodynamics, as shown
in the following section. Since the electron collision operator is of the order of 1/ε2 in
the electron Boltzmann eq. (20), it is important to mention that they should not be
confused with Burnett transport fluxes (Ferziger and Kaper, 1972) based on a second-
order perturbation function and a collision operator of the order of 1/ε.


5 Discussion


5.1 Mass conservation


Summing eq. (41) over i ∈ H and using the constraint
∑


j∈H ρjVj = 0 given in eq. (3.2),
a heavy-particle mass conservation equation is obtained


∂tρh + ∂x·(ρhvh) = 0. (64)
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The heavy-particle mass is conserved in the mean heavy-particle velocity frame. Then,
adding the electron drift eq. (39) to eq. (64) and using the relation ρv = ρhvh + ε2ρe[vh +
(Ve + εV 2


e )/Mh], a conservation equation is also established


∂tρ+ ∂x·(ρv) = 0, (65)


for the global mass ρ = ρh + ε2ρe. We notice that eq. (65), can be retrieved by summing
the Maxwell transfer eq. (6) over the species.


5.2 First law of thermodynamics


A flow kinetic energy equation is obtained by projecting eq. (42) onto the mean heavy-
particle velocity


∂t(
1
2
ρh|vh|2) + ∂x·


[
vh
(


1
2
ρh|vh|2 + 1


M2
h
p
)]


= 1
M2


h
p ∂x·vh − ε


M2
h
vh·∂x·Πh + 1


M2
h
nqE·vh + vh·δb0I0∧B.


A total energy equation is derived by adding eqs. (40) and (43) to the flow kinetic energy


∂t(E) + ∂x· (Hvh) = −ε∂x·(Πh·vh)− 1
Mh
∂x·Q + I·E, (66)


where quantity E = ρe + M2
hρh


1
2
|vh|2 stands for the total energy, H = E + p, the total


enthalpy, and I = nqvh + [neqe(Ve + εV 2
e ) + ε


∑
j∈H njqjVj ]/Mh, the total electric current


density. The term I·E represents the power developed by the electromagnetic field. It
has the form prescribed by Poynting’s theorem. Hence, the first law of thermodynamics
is satisfied. We notice that eq. (66) is similar to the Maxwell transfer eq. (8) for the
total energy, the difference is attributed to the heavy-particle velocity frame chosen for
the Chapman-Enskog method.


5.3 Second law of thermodynamics


In addition to the thermal energy, we introduce other relevant thermodynamic functions.
First, the species Gibbs free energy is defined by the relations


ρege = neTe ln


(
nen


0


T
3/2
e Q0


e


)
, ρigi = niTh ln


[
nin


0


(miTh)
3/2Q0


h


]
, i ∈ H,


where the translational partition functions read


Q0
e =


(
2πm0


ekBT
0


h2
P


)3/2


, Q0
h =


(
2πm0


hkBT
0


h2
P


)3/2


.


Then, the species enthalpy is given by


ρehe =
5


2
neTe, ρihi =


5


2
niTh, i ∈ H.
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Finally, the species entropy is introduced as


se =
he − ge


Te


, si =
hi − gi
Th


, i ∈ H.


Therefore, the mixture entropy reads ρs =
∑


j∈S ρjsj. The thermodynamic functions
exhibit a wider range of validity than in classical thermodynamics, introduced for sta-
tionary homogeneous equilibrium states (Giordano, 2008). Indeed, they are interpreted
in the framework of kinetic theory by establishing a relation between the thermodynamic
entropy and the kinetic entropy (Giovangigli, 1999). This quantity is based upon the
distribution functions


Skin =
∑
j∈H


∫
fj


{
1− ln


[
(2π)3/2n0


m3
jQ


0
h


fj


]}
dCj +


∫
fe


{
1− ln


[
(2π)3/2n0


Q0
e


fe


]}
dCe.


The kinetic entropy and the thermodynamic entropy are asymptotically equal at order ε2


Skin = ρs+O(ε2),


provided that the distribution functions follow the Enskog expansion given in eqs. (22)
and (22). Consequently, a first-order conservation equation of thermodynamic entropy can
be used instead of a conservation equation of kinetic entropy to ensure that the second
law of thermodynamics is satisfied. A global entropy equation is derived in Graille et al.
(2009)


∂t(ρs) + ∂x· (ρsvh) + ∂x·J = Υ, (67)


where the global entropy flux is given by


J = J 0
e + εJ 1


e + εJ 1
h,


J 0
e =


1


MhTe


(qe − ρegeVe), J 1
e =


1


MhTe


(q2
e − ρegeV


2
e ), J 1


h =
1


MhTh
(qh −


∑
j∈H


ρjgjVj),


For weakly magnetized plasmas (b = 0) and unmagnetized plasmas (b < 0), we define
xh = (∂xlnTh, ph(d̂i)i∈H)T and xe = [∂xlnTe, pe(de + εδb0d


2
e)]T . Hence, the global entropy


production rate reads


Υ =
(Te − Th)2


TeTh


∑
j∈H


nj
mj


νje + εηhS:S + ε
1


MhTh
〈Ahxh,xh〉+


1


MhTe


〈Aexe,xe〉


− ε2δb0
ne


Mh


Ded
2
e·d2


e.


The mass-energy transport matrices Ah and Ae defined in Appendix D are symmetric
positive semi-definite. The global entropy production rate is thus nonnegative provided
that ε is small enough in the b = 0 case and that the collision frequencies νie, i ∈ H,
are nonnegative in the two b = 0 and b < 0 cases; the second law of thermodynamics
is satisfied. The first term of the global entropy production rate expresses that thermal
nonequilibrium between the electrons and heavy particles is associated with a production
of entropy. When Te = Th, the quasi-equilibrium Maxwell-Boltzmann distributions, given
in eqs. (25)-(27), degenerate to the equilibrium Maxwell-Boltzmann distribution, given in
eq (5), prescribed by the H-Theorem.
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5.4 Onsager’s reciprocal relations


In this section, we deduce from kinetic theory the Onsager reciprocal relations. The
expressions for the transport fluxes, denoted by the vector F, are proportional to the
diffusion forces, denoted by the vector X, i.e.,


Fα = −
∑
β


Lαβ Xβ.


Onsager’s reciprocal relations are symmetry constraints which must hold between the
transport coefficients (see de Groot and Mazur, 1984; Woods, 1986)


Lαβ = [Lβα]T . (68)


They result from microscopic reversibility. We identify the diffusion forces from the
quadratic form of the entropy production rate given in eq. (67) and use the transport
coefficient expressions established in Section 4.


At order ε0, the first-order electron mass-energy flux vector


Fe = [qe − ρeheVe, Ve]T


is proportional to the electron diffusion force vector Xe = (∂xlnTe, pede)
T , as expressed


by the relation


Fe = −Ae Xe.


The matrix Ae, given in Appendix D, satisfies Onsager’s reciprocal relations. At order
ε1, the momentum flux is decoupled from the mass and energy fluxes (de Groot and
Mazur, 1984). The heavy-particle viscous tensor flux Πh is proportional to the force S
through a scalar transport coefficient, the shear viscocity ηh; Onsager’s relation is trival.
In Appendix D, we rewrite the mass and energy transport fluxes in terms of the diffusion
forces by replacing expression (63) for Fie in eq. (54). The global mass-energy flux vector


F =
(
q2


e − ρeheV
2


e , qh −
∑
j∈H


ρjhjVj , V
2


e , (Vi )i∈H


)T
,


is proportional to the global diffusion force vector


X =
(
∂xlnTe, ∂xlnTh, phd


′
e, ph(d


′
i)i∈H


)T
,


as expressed by the relation F = −A X, where the modified driving forces read


d′e =
pe


ph
de, d′i =


1


ph
∂xpi −


niqi
ph
E, i ∈ H.


Thus, concerning the mass-energy transport, the generalized Onsager reciprocal relations
for the second-order electron transport coefficients and first-order heavy-particle transport
coefficients are also satisfied.
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6 Conclusions


In the present study, we have derived from kinetic theory a unified fluid model for multi-
component plasmas by accounting for electromagnetic field influence, neglecting particle
internal energy and reactive collisions. This model is valid for unmagnetized and weakly
magnetized plasmas encountered in hypersonic applications. Given the strong disparity
of mass between the electrons and heavy particles, such as molecules, atoms, and ions,
we have conducted a dimensional analysis of the Boltzmann equation, following Petit and
Darrozes (1975), and introduced a scaling based on the ε parameter, or square root of the
ratio of the electron mass to a characteristic heavy-particle mass. The multiscale analysis
occurs at three levels: in the kinetic equations, the collisional invariants, and the collision
operators. The Boltzmann equation has been expressed in the heavy-particle reference
frame allowing for the first- and second-order electron perturbation function equations
to be solved, as opposed the inertial reference frame chosen by Degond and Lucquin-
Desreux (1996a,b). The system has been examined at successive orders of approximation
by means of a generalized Chapman-Enskog method. The micro- and macroscopic equa-
tions derived at each order are reviewed in Table 2. Depending on the type of species,
the quasi-equilibrium solutions are Maxwell-Boltzmann velocity distribution functions at
either the electron temperature or the heavy-particle temperature, thereby, allowing for
thermal nonequilibrium to occur. At order ε1, the set of macroscopic conservation equa-
tions of mass, momentum, and energy comprises multicomponent Navier-Stokes equations
for the heavy particles and first-order drift-diffusion equations for the electrons. The ex-
pressions for the transport fluxes have also been derived: first- and second-order diffusion
velocity and heat flux for the electrons, and first-order diffusion velocities, heat flux,
and viscous tensor for the heavy particles. The transport coefficients have been writ-
ten in terms of bracket operators. We have also proposed a complete description of the
Kolesnikov effect, i.e., the crossed contributions to the mass and energy transport fluxes
coupling the electrons and heavy particles. This effect, appearing in multicomponent
plasmas, is essential to obtain a positive entropy production. It also contains, as a de-
generate case, the single heavy-species plasmas considered by Degond and Lucquin for
which the Kolesnikov effect is not present. The properties of symmetry and positivity
of the electron and heavy-particle mass-energy transport matrices imply that the second
law of thermodynamics is satisfied, as shown by deriving an entropy equation. Moreover,
Onsager’s reciprocal relations hold between the transport coefficients. The first law of
thermodynamics was also verified by deriving a total energy equation. Finally, the purely
convective system of equations is found to be hyperbolic in Graille et al. (2009), thus
leading to a well defined structure. The explicit expression for the diffusion coefficients,
thermal diffusion coefficients, viscosity, and partial thermal conductivities can be obtained
by means of a variational procedure to solve the integral equations (Galerkin spectral
method, see Chapman and Cowling, 1939). The expressions for the thermal conductivity,
thermal diffusion ratios, and Stefan-Maxwell equations for the diffusion velocities can be
derived by means of a Goldstein expansion of the perturbation function, as proposed by
Kolesnikov and Tirskiy (1984). Finally, the mathematical structure of the transport ma-
trices obtained by the variational procedure can readily be used to build efficient transport
algorithms, as already shown by Ern and Giovangigli (1994) for neutral gases, and Magin
and Degrez (2004a) for unmagnetized plasmas.
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Brun, R. (2008b). Shock tubes and shock tunnels: design and experiments. In VKI LS
Non-equilibrium gas dynamics from physical models to hypersonic flights, Rhode-Saint-
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A H-Theorem


We consider here the simplified case of a spatially uniform gas in the absence of external
forces. In this case, the Boltzmann eq. (2) reads


∂t?f
?
i =


∑
j∈S


J?ij
(
f ?i , f


?
j


)
, i ∈ S.


By taking the time derivative of this quantity and using the simplified Boltzmann equation


dH?


dt?
=


∑
i∈S


∫
(ln f ?i + 1)∂t?f


?
i dc?i


=
∑
i,j∈S


∫ (
f ?′i f


?′
j − f ?i f ?j


)
(ln f ?i + 1)|c?i − c?j |σ?ijdωdc?idc


?
j


=
∑
i,j∈S


∫ (
f ?′i f


?′
j − f ?i f ?j


)
(ln f ?j + 1)|c?i − c?j |σ?ijdωdc?idc


?
j


=
∑
i,j∈S


∫ (
f ?i f


?
j − f ′?i f ′?j


)
(ln f ′?i + 1)|c′?i − c′?j |σ?ijdωdc′?i dc′?j


=
∑
i,j∈S


∫ (
f ?i f


?
j − f ′?i f ′?j


)
(ln f ′?j + 1)|c′?i − c′?j |σ?ijdωdc′?i dc′?j


= −1
4


∑
i,j∈S


∫ (
f ?′i f


?′
j − f ?i f ?j


)
[ln(f ′?i f


′?
j )− ln(f ?i f


?
j )]|c?i − c?j |σ?ijdωdc?idc


?
j


where we have used the equalities dc′?i dc′?j = dc?idc
?
j and |c′?i − c′?j | = |c?i − c?j |.


B Electron heavy-particle interactions


The study of the electron heavy-particle collision dynamics yields the dependence of the
peculiar velocities on the ε parameter. First, we express momentum conservation in terms
of the peculiar velocities in the heavy-particle velocity frame. Considering a collision of a
heavy species, i ∈ H, against an electron, the peculiar velocities after collision C ′i and C ′e
are related to their counterpart before collision Ci and Ce


C ′i =
ε


mi + ε2
Ce +


mi


mi + ε2
Ci +s


ε


mi + ε2
|εCi −Ce|ω, i ∈ H,


C ′e =
ε2


mi + ε2
Ce +


εmi


mi + ε2
Ci −s


mi


mi + ε2
|εCi −Ce|ω,


provided that the mean heavy-particle velocity is not modified by this single collision
event. The direction of the relative velocities after collision is defined in their center of
mass by


ω = s
εC ′i −C ′e
|εC ′i −C ′e|


.
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Symbol s stands for an integer either equal to +1 for the collision operator Jie, i ∈ H, or
−1 for Jei, i ∈ H. The crossed-collision operators are expanded in Graille et al. (2009).
The collision operator Jie, i ∈ H, can be expanded in the form


Jie(fi , fe )(Ci) = εJ1
ie(fi , fe )(Ci) + ε2J2


ie(fi , fe )(Ci) + ε3J3
ie(fi , fe )(Ci) +O(ε4),


where the zero-order collision operator J0
ie(fi , fe )(Ci), i ∈ H, vanishes. The collision


operator Jei, i ∈ H, can be expanded in the form


Jei(fe , fi )(Ce) = J0
ei(fe , fi )(Ce)+εJ


1
ei(fe , fi )(Ce)+ε


2J2
ei(fe , fi )(Ce)+ε


3J3
ei(fe , fi )(Ce)+O(ε4).


We also define a collision frequency as an Maxwell-Boltzmann averaged momentum
cross-section


νie =
1


Te


∫
Q


(1)
ie (|Ce|2)|Ce|3f 0


e (Ce) dCe, i ∈ H,


and introduce the generalized momentum cross-section of Chapman and Cowling (1939)
in a thermal nonequilibrium context (Mitchner and Kruger, 1973)


Q
(1)
ie (|Ce|2) = 2π


∫ π


0


σie(|Ce|2, cos θ)(1− cos θ) sin θ dθ, i ∈ H,


where symbol θ stands for the angle between the vectors ω and e.


C Whale equations


Based upon the dimensional analysis of Section 3.2, the electron Boltzmann eq. (20)
becomes


ε−1D−1
e (f 0


e , φe )+D0
e (f 0


e , φe , φ
2
e )+εD1


e (f 0
e , φe , φ


2
e , φ


3
e ) = ε−2J−2


e +ε−1J−1
e +J0


e+εJ1
e+O(ε2),


where the electron streaming operators read at successive orders


D−1
e (f 0


e , φe ) = 1
Mh
Ce·∂xf


0
e + qe


(
1
Mh
E + δb0Ce∧B


)
·∂Ce


f 0
e ,


D0
e (f 0


e , φe , φ
2
e ) = ∂tf


0
e + 1


Mh
Ce·∂x(f 0


e φe ) + vh·∂xf
0


e −
(
∂Ce


f 0
e ⊗Ce


)
:∂xvh


+ qe
(
δb0Mhvh∧B + δb(−1)Ce∧B


)
·∂Ce


f 0
e + qe


(
1
Mh
E + δb0Ce∧B


)
·∂Ce


(f 0
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e , φe , φ
2
e , φ


3
e ) = ∂t(f


0
e φe ) + 1


Mh
Ce·∂x(f 0


e φ
2
e ) + vh·∂x(f 0


e φe )−Mh
Dvh


Dt
·∂Ce


f 0
e


−
(
∂Ce


(f 0
e φe )⊗Ce


)
:∂xvh + qe


(
δb(−1)Mhvh∧B + δb(−2)Ce∧B


)
·∂Ce


f 0
e


+ qe
(
δb0Mhvh∧B + δb(−1)Ce∧B


)
·∂Ce


(f 0
e φe ) + qe


(
1
Mh
E + δb0Ce∧B


)
·∂Ce


(f 0
e φ


2
e ).


The electron collision operators are given by


J−2
e = ������


Jee(f
0


e , f
0


e ) +
∑
j∈H


������
J0


ej(f
0


e , f
0
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0
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0
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0
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0
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0
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0
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J0
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Ĵ0
e =


∑
j∈H


J0
ej(f


0
e φe , f


0
j φj ) +


�������
J1


ej(f
0


e φe , f
0
j ) + J1


ej(f
0


e , f
0
j φj ) + J2


ej(f
0


e , f
0
j ),


J1
e = Jee(f


0
e φ


3
e , f


0
e ) + Jee(f


0
e φ


2
e , f


0
e φe ) + Jee(f


0
e φe , f


0
e φ


2
e ) + Jee(f


0
e , f


0
e φ


3
e )


+
∑
j∈H


J0
ej(f


0
e φ


3
e , f


0
j ) +


�������
J0


ej(f
0


e , f
0
j φ


3
j ) + Ĵ1
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For ease of readability, we strike through the collision operators that vanish when f 0
e and


f 0
i , i ∈ H, are isotropic functions. Likewise, the heavy-particle Boltzmann eq. (21) is


found to be


D0
i (f 0


i ) + εD1
i (f 0


i , φi ) = ε−1J−1
i + J0


i + εJ1
i +O(ε2), i ∈ H,


where the heavy-particle streaming operators read at successive orders
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The heavy-particle collision operators are given by
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D Transport matrices


The first-order heavy-particle mass-energy flux vector Fh = (qh−
∑


j∈H ρjhjVj , (Vi )i∈H)T ,


is proportional to the heavy-particle diffusion force vector Xh = (∂xlnTh, ph(d̂i)i∈H)T , as
expressed by the relation Fh = −Ah Xh, where the heavy-particle mass-energy transport
matrix is given by


Ah =


(
Thλ


′
h [(θhi )i∈H]T


(θhi )i∈H
1
ph


(Dij)i,j∈H


)
.
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The first-order electron mass-energy flux vector Fe = [qe − ρeheVe, Ve]T is proportional
to the electron diffusion force vector Xe = (∂xlnTe, pede)


T , as expressed by the relation
Fe = −Ae Xe, where the electron mass-energy transport matrix is given by


Ae =


(
Teλ


′
e θe


θe
1
pe
De


)
.


The heavy-particle diffusion velocities given in eq. (56) read


Vi = −θe
i∂xlnTe − θhi ∂xlnTh −Died


′
e −
∑
j∈H


Dijd
′
j, i ∈ H,


with the modified driving forces


d′e =
pe


ph
de, d′i =


1


ph
∂xpi −


niqi
ph
E, i ∈ H.


The matrices of heavy-particle electron diffusion coefficients and electron thermal diffusion
coefficients are defined as


Die =
∑
j∈H


Dijαej, θe
i =


pe


ph


∑
j∈H


Dijχ
e
j, i ∈ H.


The heavy-particle heat flux given in eq. (58) reads


qh = −λh′e ∂xTe − λ′h∂xTh − phθhed′e − ph
∑
j∈H


θhj d
′
j +
∑
j∈H


ρjhjVj ,


with the matrices of partial thermal conductivity and thermal diffusion coefficient


λh′e = ne


∑
j∈H


θhj χ
e
j, θhe =


∑
j∈H


θhj αej.


Then, substituting the previous expression for Vi , i ∈ H, into the eq. (62) for the second-
order electron diffusion velocity V 2


e , one has


V 2
e = −θe


e∂xlnTe − θhe∂xlnTh −Deed
′
e −
∑
j∈H


Dejd
′
j,


with the following second-order matrices of electron diffusion coefficients, electron heavy-
particle diffusion coefficients, and electron thermal diffusion coefficient


Dee =
∑
j∈H


αejDje, Dei = Die, i ∈ H, θe
e =


∑
j∈H


αejθ
e
j .


Regarding the electron heat flux given in eq. (62), one obtains


q2
e = −λ2′


e ∂xTe −
Te


Th
λh′e ∂xTh − phθe


ed
′
e − ph


∑
j∈H


θe
jd
′
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2
e ,
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with the second-order matrix of electron partial thermal conductivity λ2′
e = ne


∑
j∈H χ


e
jθ


e
j .


The global mass-energy flux vector F = (q2
e−ρeheV


2
e , qh−


∑
j∈H ρjhjVj , V


2
e , (Vi )i∈H)T , is


proportional to the global diffusion force vector X = (∂xlnTe, ∂xlnTh, phd
′
e, ph(d


′
i)i∈H)T ,


as expressed by the relation F = −A X, where the mass-energy transport matrix has the
following block structure


A =



(λ2′


e Te) (λh′e Te) (θe
e) [(θe


i )i∈H]T


(λh′e Te) (λ′hTh) (θhe ) [(θhi )i∈H]T


(θe
e) (θhe ) ( 1


ph
Dee) [( 1


ph
Dei)


i∈H
]T


(θe
i )i∈H (θhi )i∈H ( 1


ph
Die)i∈H


( 1
ph
Dij)i,j∈H


 .
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1.0
Introduction


In high enthalpy gaseous flows associating high velocities and/or high temperatures, physical and chemical processes such as vibrational excitation, dissociation, ionisation and various reactions, can take place. The characteristic times of these processes have often the same order of magnitude as the “mechanical” or aerodynamic characteristic times, so that these flows constitute typical non-equilibrium media.


The best way for analysing these reactive flows in continuous or “collisional” regime consists in using a statistical approach by considering the macroscopic quantities as local averages of various properties of elementary particles (molecules, atoms, ions,…) and by taking into account their interactions resulting from their “collisions”. Thus, the Boltzmann equation seems to be an appropriate tool for the description of these flows.


Among the methods used for solving the Boltzmann equation, the Chapman-Enskog method, consisting in expanding the distribution function in a series of a “small parameter” 
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 equal to the ratio of the characteristic time between collisions to a reference flow time has known a great success. However, in the past, it has been generally limited to the case where only one single type of collision is present in the medium. Thus, at relatively low temperature, when the elastic collisions are “dominant”, the behaviour of the system is correctly described by Navier-Stokes equations in which transport terms are satisfyingly calculated by the Chapman-Enskog method [1], [2], [3].


Now, when physical and chemical processes take place, the ratio of their characteristic times 
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 (inelastic and/or reactive collisions) to the reference flow time can take any value. The problem first is to compare 
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 and to insert the terms of physical and chemical production in the hierarchy imposed by the expansion in a series of 
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 and then to compute the modifications brought to the Navier-Stokes system and to the transport terms [4], [5].


It is obvious that a great variety  of non-equilibrium situations may exist due to the numerous possible multi-scale physical and chemical processes. However, it is imperative that the number of collision types should be restricted to only two (collisions I and II), in order to avoid an expansion beyond the first two terms in the Chapman-Enskog expansion (Navier-Stokes level) [6].


The strict application of the Chapman-Enskog method to non-equilibrium situations is first presented: it leads to two main general approaches called WNE and SNE methods depending on the degree of non-equilibrium considered : WNE for “weak” non-equilibrium situations and SNE for “strong” ones [7]. In the application of these methods to concrete cases, it is obvious that they do not match in the intermediate situations. That is why, a generalized Chapman-Enskog method (GCE), capable of realizing this matching is finally presented and developed [8], [9].


On the other hand, as it is impossible, in the framework of this lecture to analyse all possible situations, two typical situations are examined hereafter: first the case of vibrational non-equilibrium in pure gases and gas mixtures and second the case of dissociating pure gases. A few results are also given for more complex systems [10], [11].


At last, applications of the results obtained from the GCE method are presented for hypersonic flows in which vibrational and chemical non-equilibriums simultaneously take place: they concern the kinetic rate constants, the transport coefficients and more generally the characteristics of hypersonic flows such as shock waves, boundary layers and flows around bodies [12], [13], [14]. 


2.0
Generalities on non-equilibrium flow regimes


2.1 The Boltzmann Equation in Reactive Systems


In a flow of gas mixture, the Boltzmann equation governing the distribution function 
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 of the particles of the component p in the quantum state i can be simply written
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where the quantum level i includes a rotational level 
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, a vibrational level 
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 and, eventually an electronic level 
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The collisional term J includes all types of collision, elastic, inelastic and reactive, that is
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where 
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 represents the collisional balance of particles undergoing a velocity change only (elastic collisions), 
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 the balance of collisions with rotational and vibrational change respectively (inelastic collisions), 
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 the balance of collisions with species change (reactive collisions), etc…


These collisions may be subdivided in more specific types, such as VV collisions (both interacting molecules change their vibrational level) , TV (only one molecule change its level) or resonant collisions (they interchange their level), etc….


These collisions of course have different probabilities to occur, so that they have different characteristic times (probable times between specific collisions), 
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,… which may differ by an order of magnitude. Thus, two examples are given in Figs.1 and 2 for O2 and N2 respectively.


In these conditions, we may write the Boltzmann equation (1) in the following dimensionless form:





[image: image16.wmf]*


****


*


1111


...


ip


TRVC


TRVC


df


JJJJ


dt


eeee


=++++


    ,                  
    (3)


or any other form adapted to the specific case considered.


In Eq.(3), we have:


[image: image17.wmf]T


T


t


e


q


=


 ,  

[image: image18.wmf]R


R


t


e


q


=


 , 

[image: image19.wmf]V


V


t


e


q


=


 , ……,


where 
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 represents the “aerodynamic” reference time, depending on the problem under study and that may take considerably different values.


As stated in the introduction, we will consider only two collisional characteristic time scales 
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 , so that all collisions are classified in two groups, for example elastic collisions in group I and inelastic in group II; or TRV collisions in group I and reactive in group II, etc… Thus, we will simply write Eq.3 in the following form:
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Figure 1: Translation, rotation, vibration, dissociation characteristic times  (Nitrogen)
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Figure 2:  Translation, rotation, vibration, dissociation characteristic times  (Oxygen)


2.2 Chapman-Enskog expansion: Flow regimes


Considering flows in “collisional regime”, we may assume that the collisions I are dominant (the most probable), so that 
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. In this case, we can classically expand 
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or, stopping the expansion at the first order:
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where 
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 is the zero order distribution function and 
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Now, we have to substitute the expansion (5) in Eq.(4) and to introduce the collisional term II into the expansion. In order to do that, there are three possibilities: 1)
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In the first case, we obtain the following system giving successively 
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Thus, the collisions II have no influence on the zero and first order distribution function. This corresponds to the “frozen case” for the collisions II. 


On the contrary, in the case 2), the collisions II play the same role as the collisions I in the determination of the distribution function, since we have the following system to solve:





[image: image41.wmf](


)


(


)


0


0


1


0


III


ip


III


JJ


df


JJ


dt


+=


=+


  




                (7)


In the intermediate case 3), we have the following system:
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Thus, we can dismiss the frozen case which brings nothing new in comparison with the classical CE method used when only one type of collision is considered.


Considering now the case 2), we easily find that, at the zero order of the system (7), the Euler equations govern the system with an equilibrium distribution (levels and species) for the zero order distribution function 
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. On the contrary, in the case 3), at zero order of the system (8), the Euler equations must be closed by kinetic equations (species) and/or relaxation equations giving the evolution of “populations” due to collisions II in the time scale 
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At first order, the linear integral-differential equations allow to obtain the perturbation 
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and the Navier-Stokes equations govern the system, but kinetic and/or relaxation equations are still necessary in the case 3) and, moreover, the collisions I and II appear in a different way in cases 2) and 3).


It is also to be noted that, whatever the form of 
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 is, in equilibrium or not, the first order solution always exhibits a non-equilibrium which remains small because of the linearisation. Therefore, the solution obtained from Eqs.(7) corresponds to a weak non-equilibrium case called WNE regime and the solution corresponding to Eqs.(8) is denoted SNE regime (strong non-equilibrium).


The cases presented above may hide complex situations: first, the indices I and II represent various types of collisions, either simple (T, R, V, C), complex (TR, TRV,…), or particularized (VV, resonant…) ; thus the specific situations are numerous.


Furthermore, each type of regime may apply to one or several types of collisions. For example, we call (WNE)I+(SNE)II a weak non-equilibrium regime for the collisions I and a strong non-equilibrium for the collisions II. If, as a standard example, we consider the case of a pure gas in a strong vibrational non-equilibrium, we call this case (WNE)TR+(SNE)V. In the same way, if the chemical non-equilibrium is significant at the zero order and if the vibrational non-equilibrium is “less” important, we call this regime (WNE)TRV+(SNE)C, or simply (WNE)V+(SNE)C, etc…Simple typical examples are presented below.


3.0
Vibrationally relaxing gases


3.1 Zero Order Solutions


Pure diatomic gas flows are first considered. The equilibrium zero order solution (Maxwell-Boltzmann) is well known and is obtained from the equation: 
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with usual notations: n number density, m molecular mass, T temperature, 
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rotational and vibrational energies per molecule, 
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rotational and vibrational partition functions, g statistical weight. One single temperature T is defined. The macroscopic quantities are given by Euler equations.


3.1.1 General non-equilibrium situations


The most general non-equilibrium situation corresponds to the equation 
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The corresponding macroscopic equations are the Euler equations and the relaxation equations giving the vibrational populations 
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where V is the macroscopic velocity, 
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 the collision rate coefficients corresponding to the transitions 
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3.1.2 Particular non-equilibrium situations


Now, if particular highly probable collisions with vibrational exchanges are included in collisions I, the vibrational populations take specific forms. Thus, three important examples are briefly presented hereafter.


· TV collisions are dominant and are included in collisions I; we have:
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In this case,  the solution is given by the relation (9), which means that the TV    collisions are sufficient to establish an equilibrium regime.


· VV collisions are dominant [15] and are included in collisions I; in this case, we find a non-equilibrium distribution (10), with 
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 (Treanor distribution)
  (12)                                


     The macroscopic parameter K is given by the following unique relaxation equation:
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where 
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is a mean quantum number defined as 
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and where, here, only  monoquantum transitions are assumed to take place.


This distribution presents a minimum  for a particular quantum number, so that         “population  inversions” are possible , especially in gas mixtures. 


· Resonant collisions 
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 are dominant and are included in collisions I. In this case, we find a Boltzmann distribution at a “vibrational temperature” 
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This temperature is also given by a unique relaxation equation giving the mean vibrational energy 
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In order to complete the previous equations, a physical oscillator model is required. For example, the choice of the simple harmonic oscillator model, leading to the Landau-Teller relaxation equation simplifies the problems but may mask detailed (and essential) features of the relaxation…


On the other hand, before choosing a global model (Boltzmann, Treanor,…), it is essential to determine its domain of validity: thus, for example at low temperature, the VV collisions are more probable for the low levels and the TV collisions more probable for the highest levels at high temperature: An example [16] is presented in Fig.3.
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Figure 3:  TV and VV collision rates (
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From a general point of view, the macroscopic parameters appearing in 
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 are given by the conservation equations including Euler and relaxation equations corresponding to the Fredholm alternative of the first order equation of the system (8), that is
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where 
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 are the collisional invariants of collisions I.


3.2 First order solutions. Transport Terms


3.2.1 WNE Case


This is a relatively classical case. We start from the equilibrium zero order solution (9) and we have to solve the equation 
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where 
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with 
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xabd


=


. In the expansion (15), only zero and first order terms are retained, i. e. 
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; each index corresponds to the order of expansion respectively for translation, rotation and vibration. These terms are determined from particular equations involving the corresponding terms of 
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where the populations 
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 the diffusion solid angle. These integrals involve all types of collision.


At the macroscopic level, the Navier-Stokes equations govern the evolution  of macroscopic quantities 
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Stress tensor:
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Heat flux:
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where the viscosity and conductivity coefficients 
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 are also known functions of collisional integrals of type (16). More details and approximate expressions may be found in Ref.24 . Thus, we can see that 
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Temperatures, specific to each energy mode 

[image: image103.wmf], , 


TRV


TTT


 may thus be defined at first order but this is independent of the definition of a single “average” temperature T, common to the three modes and given by Navier-Stokes equations. It may be also noted that the difference between 
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3.2.2 SNE Case


We start from the zero order non-equilibrium solution (10), with vibrational population given by Eq. (13) in which the dominant collisions include the vibrational resonant transitions: this enables us to preserve the notion of vibrational temperature 
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Taking into account the zero order terms 
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where, as above, 
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The last two terms in Eq.(20) arise from the vibrational non-equilibrium already present at zero order.


Expanding 
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 as above (15), we can also express the coefficients x as functions of collisional integrals: however, as expected from Eq.(19), these coefficients (except g) depend on integrals including only the collisions I, that is here the TR collisions, noted 
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The macroscopic conservation equations are also the Navier-Stokes equations, completed by relaxation equation giving 
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Of course, a physical oscillator model is necessary.


Moreover, the transport terms in the Navier-Stokes equations become



Stress tensor: 
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Heat fluxes : 


[image: image124.wmf]TRV


=++


qqqq


  ,  with






[image: image125.wmf]V


TTTV


V


RRRV


V


VVTRV


T


T


T


T


T


T


ll


ll


ll


¶


¶


=--


¶¶


¶


¶


=--


¶¶


¶


¶


=--


¶¶


q


rr


q


rr


q


rr







  (23)



Thus, in the stress tensor (22) we find the “usual” terms and a “relaxation pressure” term 
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include only TR collisions (and resonant V collisions). The bulk viscosity 
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Thus, starting from zero order solutions, either in equilibrium or not, we find structural differences in the description of non-equilibrium situations at first order. This is summarized in Table I.


		         Method
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		                     SNE



		Zero order
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TRV equilibrium, with single temperature T.


Euler equations
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Weak RV non-equilibrium.


Navier-Stokes equations
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Weak R non-equilibrium.


Navier-Stokes equations, with vib.relaxation equation



		Transport

		Transport terms 
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 depending on TRV collisions.
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Table I


Comparison of WNE and SNE methods for vibrationally relaxing gases


It is thus obvious that there is no matching between both first order solutions when 
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. That is why, a generalized Chapman-Enskog method (GCE) is proposed hereafter.


3.2.3 GCE Method


The matching between WNE and SNE cases is simply realized by adding a 
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At zero order, we have the SNE solution covering, as previously discussed, the non-equilibrium and equilibrium situations (Euler system + kinetic and/or relaxation equations). At first order, far from equilibrium the 
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 and the first order solution is the WNE  solution.


The first order equation of the system (24) is however more difficult to solve than in the WNE or SNE cases because of the structure of the operator 
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 is not a self-adjoint operator, but it may be decomposed into two operators; among them the dominant term 
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 is self-adjoint and the other may be neglected. Finally, in the present case of vibrational non-equilibrium, we can write the system in the following way:






[image: image145.wmf]0


0


101


0


TR


A


i


TRVV


J


df


JJJ


dt


=


=++


     




  (25)


As previously discussed, the zero order solution of the system (25) is the SNE solution (13) with Euler and relaxation equations. The perturbation 
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 is given by Eq.(20) and we have the same equations for the coefficients 
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. Thus, solving the equation systems giving the coefficients x, we have to add collisional integrals 
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where 
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 and where 
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are vibrational non-equilibrium populations.


Thus, in integrals 
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 the non-equilbrium appears explicitly. Navier-Stokes equations, of course, remain valid as well as relaxation equations similar to Eq.(21), but the transport coefficients such as 
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depend on the relaxation explicitly. For example, the viscosity coefficient 
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where R represents the ratio of two integrals similar to (26) and (27), that is 
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For the heat transfer terms, we find expressions similar to those of the SNE system (23), but, when 

[image: image161.wmf]V


TT


®


, we find the expressions of the WNE case (17) for the conductivity coefficients. Approximate expressions may be obtained and the GCE method can be extended to gas mixtures: details may be found in Ref.10 . An example of vibrational conductivity is represented in Fig.4.
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Figure 4: Vibrational conductivity of nitrogen in a mixture (air)     (
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4.0
Dissociating gases


4.1 (WNE)V+(SNE)C Case


We consider dissociating polyatomic gases; as generally the characteristic chemical times are larger than vibrational relaxation times (Figs.1 and 2), we consider a WNE case for vibration and a SNE case for chemistry, that is a (WNE)V+(SNE)C case. For a molecular component p, we have therefore the following system:
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At zero order, we have a Maxwell-Boltzmann distribution (9) and corresponding Euler equations closed by kinetic equations of the following type:
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Considering first only a dissociating pure gas, we have two species, molecules p and atoms q. Neglecting the recombination process, we simply have
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where 
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 is the Arrhenius dissociation rate coefficient.


At first order, we can write the perturbation 
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 (32)                                     Comparing with the previous expressions for 
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, we see in Eq.(32) a diffusion term 
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The transport terms of the Navier-Stokes equations may be calculated as above but also the dissociation rate constant at first order; thus we find
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Similarly, we find for the vibrational energy at first order





[image: image173.wmf]001001


.


1


VV


EEgd


¶


æö


=++


ç÷


¶


èø


V


r



   ,
    


  (34)


so that combining (33) and (34), we obtain an expression for the rate constant depending on the vibrational non-equilibrium, i.e.
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where 
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 represents the vibrational energy loss due to dissociation (at zero order).


We need a physical model of course in order to have a complete expression: details may be found in Ref.11.


4.2 (SNE)V+(SNE)C Case


We consider simultaneous vibrational and chemical non-equilibriums. Thus, we have
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At zero order, we have simultaneously a vibrational relaxation and a chemical production. 


This case has been widely analysed in the past at the macroscopic level [19], [20], [21]: dissociation rate constants are modified and, depending on various assumptions and models, expressions for 
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 have been obtained. Similarly, the usual vibrational relaxation equation is modified because of the dissociation.


However, at first order, no important interaction takes place, since the first order terms depend only on rotational relaxation, generally negligible. It is the same for the transport terms which do not depend on vibration (see previous SNE cases). Further discussions may be found in Ref.24.


An example of comparison for the ratio 
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 computed from different models is represented in Fig.5.


4.3 Tentative general solution


In an attempt to unify the calculation methods of relaxing and reacting gas flows at the macroscopic level, we suggest to use the Navier-Stokes equations closed with species conservation equations (kinetic equations) and vibrational relaxation equations taking the chemical reactions into account: this is an SNE formulation, but the reaction rate constants are computed with the WNE model [8].


For example, in the simple case of dissociating pure gases, the formula for 
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 is given by Eq.(35) and the relaxation equation may be written as follows, if we use the harmonic oscillator model:
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The term 
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, is calculated at first order, like

[image: image182.wmf]D


k


. We can note that realistic values for 
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 lie in the range 0.3-0.5
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In this framework, the transport terms may be used in their GCE formulation which takes into account the vibrational relaxation. From a general point of view, it is also recommended to use these terms in their dimensionless form, less sensitive to non-equilibrium effects.


Extensions to dissociating-recombining case and to gas mixtures including atomic and molecular components as well as numerous reactions have been carried out. A few examples are given below. 
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Figure 5: Vibration-dissociation factor V for nitrogen, T=2.104 K
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A:  (SNE)+(WNE)Case


 : Non-preferential anharmonic oscillator model 
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B:  (SNE)+(WNE)Case


 : Preferential model, 
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C : Semi-empirical model [21]


5.0
Applications to hypersonic flows


5.1 Shock Waves


We consider the flow behind a straight strong shock wave moving in quiescent air, with the following conditions: 
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. A classical chemical model including 17 reactions is adopted and the classical Landau-Teller equations for the molecular components are used; however, formulas of the type (35) are used for the chemical rate constants involving dissociation and exchange reactions and the relaxation equations include energy loss (gain) due to chemical reactions (cf Eq.37). One-dimensional Euler equations are also used [12].


An example of variation of a dissociation rate constant (N2) behind the shock is shown in Fig.6 and compared to the corresponding Arrhenius rate constant. Thus, strong differences may be pointed out due to the vibrational relaxation in the region where 
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The evolution of the vibrational temperatures is represented in Fig.7 where we can see a minimum for 
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 which does not exist without vibration-chemistry interaction.


In order to give an idea about the order of magnitude of the “relaxation pressure” 
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is represented in Fig.8: thus, close to the shock wave, we see that this ratio is of the order of a few per cent.
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Figure 6: Dissociation rate constants of nitrogen behind a shock wave in air 
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Figure 7: Spatial variation of temperatures behind a shock wave


in air (Conditions of Fig.6)
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Figure 8: Relaxation pressure behind a shock wave in air


(Conditions of Fig.6)


5.2 Boundary Layers


We consider the boundary layer in vibrational and chemical non-equilibrium developing at the end-wall of a shock tube after the reflection of the incident shock wave. The reflected shock wave propagates in the non-equilibrium medium generated by the incident shock wave: an example is represented in Fig.9, [13]. 


What is of interest here is the behaviour of the rate constants in the end-wall boundary layer; thus, the time evolution of the vibrational non-equilibrium across the boundary layer is represented in Fig.10 in which we can see a vibrational freezing zone 
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appearing some time after the reflection, due to the migration towards the wall of high energy molecules. The result is an increase of the dissociation rate constant in this zone in spite of the decrease of T (Fig.11). The phenomenon is accentuated when the wall is non-catalytic. 
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Figure 9: Temperature distributions behind a reflected shock wave


 (Nitrogen, 
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Figure 10: Vibrational non-equilibrium distribution across the boundary layer


(Conditions of Fig9,  
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Time after reflection : Α :25µs, B :500µs, C : 900µs


Full line : Catalytic wall.    Dotted line : Non-catalytic wall
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Figure 11: Dissociation rate constants across the boundary layer


(Conditions and notation of Fig.9)


5.3 Flows around Bodies


Comparisons of results obtained from Navier-Stokes computations using the present model discussed above with experimental results carried out in shock tunnel and ballistic range are presented in Figs.12 and 13. In fact, they refer to the shock stand-off distance over hemisphere-cylinder bodies: this parameter is sensitive to the non-equilibrium effects, as it may be seen in the figures [14]. The good agreement observed between experimental and simulated values gives support to the reliability of the models used.
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Figure 12: Measured (•) [22] and computed 


stand-off distances in carbon dioxide flow (shock tunnel)
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Figure 13: Measured [23] and computed shock stand-off distances
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  ,   (  : Experiments (gun tunnel)


6.0
Conclusions


Much work remains to be done in the field of kinetic theory of reactive molecular gases: more elaborate models, STS models, inelastic and reactive cross-sections, electronic transitions, direct simulations, complete GCE method, …. The results presented above, however, prove a relative maturation of ideas and methods, so that reliable computations of non-equilibrium flows may be carried out.


References


[1] S.Chapman, T.G.Cowling, The Mathematical Theory of Non Uniform Gases , Cambridge Univ.Press, Cambridge (1970)


[2] J.H.Ferziger, H.G.Kaper, Mathematical Theory of  Transport Processes in Gases, North Holland, New-York (1972)


[3] J.O.Hirschfelder, C.F.Curtiss, R.B.Bird, Molecular Theory of Gases and Liquids, J.Wiley, New-York (1959)


[4] M.N.Kogan, Rarefied Gas Dynamics, Plenum Press, New-York (1969)


[5] R.Brun, Transport et relaxation dans les écoulements gazeux, Masson, Paris (1986)


[6] R.Brun, B.Zappoli, Phys.Fluids, 20, 9, 1441 (1977)


[7] R.Brun, AIAA Paper 88-2655 (1988)


[8] M.N.Kogan, V.S.Galkin, N.K.Makashev, Rarefied Gas Dynamics, 2, 653, CEA, Paris (1979)


[9] R.Brun, M.P.Villa, J.G.Meolans, Rarefied Gas Dynamics, 2, 593, Univ. Tokyo Press, Tokyo (1984)


[10] S.Pascal, R.Brun, Phys. Rev. E, 47, 5, 3251 (1993)


[11] N.Belouaggadia, R.Brun, J. Therm. Heat Transf., 12, 4, 482 (1998)


[12] N.Belouaggadia, R.Brun, J. Therm. Heat Transf., 20, 1, 148 (2006)


[13] N.Belouaggadia, R.Brun, K.Takayama, Shock Waves, 16, 1, 16 (2006)


[14] N.Belouaggadia, T.Hashimoto, S.Nonaka, K.Takayama, R.Brun, AIAA J., 45, 6, 1420 (2007)


[15] C.E.Treanor, J.W.Rich, R.G.Rehm, J. Chem. Phys., 48, 1798 (1967)


[16]  R.N.Schwartz, Z.I.Slavsky, K.F.Herzfeld, J. Chem. Phys., 20, 1591 (1952)


[17] C.S.Wang-Chang, G.E.Uhlenbeck, J.De Boer, Studies in Statistical Mechanics, II, 242, North Holland Publishing Company, Amsterdam (1964)


[18] R.Brun, N.Belouaggadia, 3rd Eur. Symp. on Aero. for Space Vehicles, 266, ESTEC, Nordwijk (1998)


[19] C.E.Treanor, P.V.Marrone, Phys. Fluids, 5, 9, 1022 (1962)


[20] P.V.Marrone, C.E.Treanor, Phys. Fluids, 6, 9, 1215 (1963)


[21] C.Park, J. Therm. Heat Transf., 2,1,8 (1988)


[22] C.Y.Wen, H.G.Hornung, J. Fl. Mech., 299, 389 (1996)


[23] S.Nonaka, K.Takayama, AIAA Paper 99-1025 (1999)


[24] R.Brun, Introduction à la Dynamique des Gaz Réactifs, Cepadues Editions, Toulouse (2006)






















































RTO-EN-AVT-162
3 - 1

3 - 20
RTO-EN-AVT-162

RTO-EN-AVT-162
3 - 19



_1275714911.unknown



_1275724729.unknown



_1275745583.unknown



_1275808059.unknown



_1275830320.unknown



_1275891694.unknown



_1281532176.unknown



_1283606503.unknown



_1283606671.unknown



_1275986253.unknown



_1280760895.unknown



_1275986338.unknown



_1275986131.unknown



_1275986237.unknown



_1275913633.unknown



_1275830322.unknown



_1275839896.unknown



_1275891533.unknown



_1275840317.unknown



_1275839441.unknown



_1275830321.unknown



_1275812651.unknown



_1275828053.unknown



_1275828960.unknown



_1275828961.unknown



_1275830156.unknown



_1275828382.unknown



_1275826584.unknown



_1275812399.unknown



_1275812463.unknown



_1275812160.unknown



_1275812370.unknown



_1275803705.unknown



_1275806377.unknown



_1275806924.unknown



_1275807638.unknown



_1275806701.unknown



_1275804693.unknown



_1275806022.unknown



_1275804220.unknown



_1275804450.unknown



_1275748195.unknown



_1275749195.unknown



_1275803075.unknown



_1275748687.unknown



_1275746130.unknown



_1275746874.unknown



_1275745891.unknown



_1275740759.unknown



_1275742258.unknown



_1275743485.unknown



_1275745445.unknown



_1275745546.unknown



_1275743518.unknown



_1275742679.unknown



_1275743405.unknown



_1275743344.unknown



_1275742617.unknown



_1275741650.unknown



_1275742106.unknown



_1275742172.unknown



_1275741991.unknown



_1275741173.unknown



_1275741287.unknown



_1275740881.unknown



_1275727030.unknown



_1275727501.unknown



_1275740169.unknown



_1275740401.unknown



_1275739862.unknown



_1275727396.unknown



_1275727435.unknown



_1275727373.unknown



_1275726088.unknown



_1275726422.unknown



_1275726666.unknown



_1275727029.unknown



_1275726286.unknown



_1275725199.unknown



_1275725937.unknown



_1275724929.unknown



_1275718048.unknown



_1275722597.unknown



_1275723095.unknown



_1275723725.unknown



_1275724268.unknown



_1275723343.unknown



_1275722837.unknown



_1275722979.unknown



_1275722770.unknown



_1275718618.unknown



_1275720932.unknown



_1275722508.unknown



_1275720676.unknown



_1275720930.unknown



_1275718488.unknown



_1275718511.unknown



_1275718252.unknown



_1275716459.unknown



_1275717466.unknown



_1275717738.unknown



_1275717943.unknown



_1275717683.unknown



_1275716840.unknown



_1275716946.unknown



_1275716525.unknown



_1275715277.unknown



_1275715895.unknown



_1275716072.unknown



_1275716173.unknown



_1275716230.unknown



_1275716003.unknown



_1275715583.unknown



_1275715793.unknown



_1275715303.unknown



_1275715218.unknown



_1275715244.unknown



_1275715040.unknown



_1274874736.unknown



_1274958336.unknown



_1274960746.unknown



_1274972030.unknown



_1275714533.unknown



_1275714787.unknown



_1275714454.unknown



_1274964594.unknown



_1274971562.unknown



_1274971643.unknown



_1274971691.unknown



_1274965058.unknown



_1274964109.unknown



_1274959428.unknown



_1274960345.unknown



_1274960612.unknown



_1274960187.unknown



_1274958909.unknown



_1274959163.unknown



_1274959373.unknown



_1274958415.unknown



_1274878871.unknown



_1274942575.unknown



_1274943626.unknown



_1274944137.unknown



_1274944200.unknown



_1274949398.unknown



_1274944138.unknown



_1274943810.unknown



_1274943540.unknown



_1274879395.unknown



_1274941224.unknown



_1274878965.unknown



_1274875141.unknown



_1274876023.unknown



_1274878546.unknown



_1274875813.unknown



_1274874802.unknown



_1274875117.unknown



_1274874768.unknown



_1274799017.unknown



_1274870250.unknown



_1274870653.unknown



_1274874626.unknown



_1274874688.unknown



_1274870776.unknown



_1274870519.unknown



_1274870576.unknown



_1274870388.unknown



_1274814048.unknown



_1274870111.unknown



_1274870215.unknown



_1274815574.unknown



_1274813924.unknown



_1274813968.unknown



_1274813870.unknown



_1274795987.unknown



_1274796751.unknown



_1274797094.unknown



_1274798495.unknown



_1274796940.unknown



_1274796059.unknown



_1274796594.unknown



_1274795996.unknown



_1274789480.unknown



_1274795743.unknown



_1274795907.unknown



_1274795483.unknown



_1274789233.unknown



_1274789348.unknown



_1191786909.unknown



_1191787071.unknown



_1274789138.unknown



_1272870129.unknown



_1191786972.unknown



_1191167218.unknown




[image: image172.wmf][image: image173.jpg]}
A NATO
\4% OTAN








 TITLE  
Electronically Excited States and Their Role in Affecting 


Thermodynamic and Transport Properties of Thermal Plasmas







 TITLE   \* MERGEFORMAT 
Electronically Excited States and Their Role in Affecting 


Thermodynamic and Transport Properties of Thermal Plasmas



Electronically Excited States and Their Role in Affecting Thermodynamic and Transport Properties of Thermal Plasmas


M. Capitelli, D. Bruno, G. Colonna, C. Catalfamo and A. Laricchiuta


Dept Chemistry University of Bari, via Orabona 4, 70125 Bari Italy


CNR IMIP Bari, via Amendola 122/D, 70125 Bari


mario.capitelli@ba.imip.cnr.it

abstract


The contribution of internal degrees of freedom to thermal-plasma properties has been investigated in a wide range of temperature and pressure. 


Thermodynamic functions have been calculated modelling in different ways the electronic levels of atomic species (ground-state, Debye-Hückel and confined-atom approximations). Frozen and reactive specific heats are strongly affected by electronic excitation whereas compensation effects smooth its influence on the total specific heat, i.e. the sum of frozen and reactive contributions. 


High-order Chapman-Enskog method has been applied to evaluate transport coefficients. The inclusion of electronically excited states have a twofold impact, reflecting the changes on thermodynamic properties and on transport cross sections of excited species. 


Results for atomic hydrogen, nitrogen and air plasmas are considered in this lecture.
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Introduction


The role of electronic excitation in affecting the thermodynamic and transport properties of thermal plasmas is a subject of large interest which is however often overlooked by the scientific community. The reasons of this underestimation are essentially due 


1. to the small differences reported by different authors when comparing thermodynamic properties obtained by using partition functions of atomic species obtained inserting only the ground state term with the corresponding values obtained by inserting in the partition function all electronic states compatible with a given cut-off criterion;


2. to the same situation occurring when comparing transport properties obtained by inserting in the relevant equations either transport cross sections equal to the ground state for all electronic states or transport cross sections depending on the principal quantum number, n.


These two points allow to bypass the problems associated with accurate determinations of electronic partition functions as well as the more difficult problem of calculating the transport cross sections of electronically excited states. Of course this approach is in contradiction when computing radiative energy fluxes due to the presence of a multitude of electronically excited states in the medium. Moreover statements 1 and 2 are a consequence of compensation effects between the different contributions of the thermodynamic and transport properties of thermal plasmas rather than to an insensitivity of the relevant properties on the electronic excitation of atomic species. These aspects which have been extensively studied by our group for both thermodynamic and transport properties of thermal plasmas will be reported in the present lecture.


The paper is basically divided in two parts, the first one dedicated to clarify the role of electronic excitation on the thermodynamic properties of thermal plasmas; the second part treats the influence of electronically excited states on the transport properties of thermal plasmas.


For the thermodynamic properties we in particular discuss H2 and N2 plasmas. In the first case we limit our study to the partially ionized regime i.e. we suppose that our plasma is composed by H(n), H+ and electrons and we report the dependence of the specific heats and isentropic coefficient (frozen, reactive and total) on the electronic contribution. The large differences observed in this plasma by comparing ground state and Debye-Hückel results are due to electronically excited states with principal quantum number n(1. An other interesting aspect studied in this case is the  dependence of thermodynamic properties on the different energy levels inserted in the partition function of atomic hydrogen i.e. energy levels obtained by introducing in the Schrödinger equation the Coulomb potential or the Debye-Hückel potential. Large differences are observed at high pressure.


The nitrogen plasma case is indeed interesting because the partition function of atomic species (neutral, ionized) inserts both low-lying (n=2) and high-lying (n(2) electronically excited states. As an example the nitrogen atom presents two low-lying excited states (2D, 2P) and a multitude of high-lying electronically excited states mainly coming from the interaction of the optical electron (3s, 3p, 3d, 4s, 4p, 4d, 4f ...) and the nitrogen core (3P). The low-lying excited states are able to affect the thermodynamic properties of nitrogen plasmas also in the dissociation regime, while the high-lying excited states are important for the different ionization regimes.


Different case studies are reported to emphasize the role of electronically excited states on the transport properties of thermal plasmas. We start again with the hydrogen atomic plasma. In this case we report the dependence of transport coefficients (thermal conductivity, electrical conductivity and viscosity) on the cut-off criterion (Debye-Hückel, confined-atom approximation, ground-state method) used for calculating the electronic partition function and therefore the concentrations of the relevant species entering in the transport equations. In a second step we study these effects by using a state-to-state approach i.e. by considering each electronically excited state as a new species with its own transport cross section. In the hydrogen case the dependence of transport cross sections (diffusion and viscosity-type) of atomic hydrogen in the n-th principal quantum number with the other partners of the mixture (H(n), H+ and electrons) is known. Interesting results are obtained including also the explanation of compensation effects arising in the calculation of transport coefficients by using the rigorous Chapman-Enskog method. 


The extension of these ideas to air plasmas is discussed. At the moment the knowledge of transport cross sections for low-lying electronically excited states of oxygen and nitrogen atomic species (neutral and ionized) is well developed while the transport cross sections of high-lying excited atomic nitrogen and oxygen atoms is limited to the diffusion transport cross sections of excited atoms through ionized species. The present state of art of transport cross sections therefore allows us to study the influence of low-lying excited states on the internal thermal conductivity and of the viscosity of atmospheric air plasmas in the temperature range 5,000-12,000 K when high-lying excited states do not contribute to the transport coefficients. The role of high-lying excited states in affecting the transport coefficients can be inferred by scaling the transport cross sections of atomic oxygen and  nitrogen electronically excited states with the corresponding hydrogen ones.


Part I : Thermodynamic properties


Thermodynamic properties of high pressure-high temperature plasmas are a research field of continuous interest due to their importance in different technological applications. Several research groups are presenting new results for different systems including plasmas [1,2] for aerospace applications, plasma mixtures generated in the chamber of inertial fusion energy reactors from the molten salts Flibe and Flinabe [3] salts and different gas mixtures for thermal plasma processing [4-5]. At the same time, high-temperature-high-pressure plasmas are important for astrophysics, e.g. for helioseismology [6]. The method of calculation in general starts with the determination of electronic partition functions and continues with the definition of the different thermodynamic properties of an ideal multi-component mixture with Debye-Hückel corrections. These corrections induce an iterative procedure due to interdependence of partition function and electron densities. Apparently the theory is well established even though many problems still exist. We refer in particular to the non-uniqueness equilibrium criteria [6-11] for multi-temperature plasmas as well as for the application of different mechanical statistical approaches [12-14] for the calculation of thermodynamic properties of very high pressure strongly coupled plasmas. Interesting in this context is the REMC (Reaction Ensemble Monte Carlo) [15] method i.e. a molecular level simulation method for calculating equilibrium compositions and thermodynamic properties of plasmas including Coulomb forces, ionization potential lowering and short range interactions.


Coming back to the multi-component ideal mixtures recent interest has been devoted to the role of electronic excitation in affecting the thermodynamic properties of an hydrogen plasma [16-20] under local thermodynamic equilibrium (LTE) conditions. The strong dependence of these quantities on the cut-off criterion used in calculating the atomic partition function has been observed [16-18]. In particular, use of Fermi’s criterion, which excludes from the partition function levels with Bohr’s radius exceeding the inter-particle distance, increases the importance of electronically excited states as compared with the results obtained by considering Griem cut-off, based on the Debye-Hückel theory [21,22]. This result is the consequence of the minor number of excited states considered in the calculation of the partition function and of its derivatives as well in the lowering of the ionization potential in the Saha equation. This last effect accelerates the ionization reaction thus decreasing the number density of H atoms, which, in the case of atomic hydrogen plasmas (H, H+, e), is the only species possessing electronic energy. Use of Griem criterion decreases the importance of electronically excited states in affecting the thermodynamic properties of thermal plasmas also because some compensation effects arise in the self-consistent calculation. However, Griem cut-off criterion, as usually used, suffers of an important limitation. In fact, while the cut-off is determined self-consistently with the electron density, the energy levels considered in the partition function are those derived from the Schrödinger equation inserting in it the Coulomb potential for electron-proton interaction. This is a strong limitation specially at high electron density when the Debye-Hückel potential predicts large variation in the H level energies [23] as compared with the Coulomb levels.


1.1
Hydrogen plasmas


We study the influence of the selection of energy levels (Coulomb versus Debye-Hückel potential) in affecting the properties of single species (partition function an specific heat) as well as typical mixture thermodynamic quantities. In particular, frozen, reactive and total specific heat of the LTE atomic hydrogen plasma mixture has been reported as a function of temperature in a wide range of pressure. To complete this study we consider also the dependence of the isentropic coefficient =cp/cv on the electronic excitation, a quantity which plays an important role on the dynamical expansion of plasmas [6,24].

1.1.1
Method of calculation


Starting from a mole of atomic hydrogen and introducing the ionization degree 
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 we can assume that the H, H+, e moles are respectively 1-(, (, (.


For any species the translational molar enthalpy is given by 
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 and, being D the dissociation energy of H2 and I the ionization energy of H atoms, D/2 and D/2+ IH are respectively the chemical enthalpy of atomic hydrogen, and of protons, and denoting by EH the electronic energy of atomic hydrogen, the total enthalpy (in J) of the plasma is given by




[image: image3.wmf]  


H


=


5


2


(


1


-


a


)


RT


+


5


2


a


RT


+


5


2


a


RT


+


(


1


-


a


)(


D


2


+


E


H


)


+


a


(


D


2


+


I


H


)


=


=


5


2


(


1


+


a


)


RT


+


(


1


-


a


)


E


H


+


D


2


+


a


I


H



(1.1)


Note that in this equation the lowering of the ionization potential has been neglected, while in the full calculation has been taken into account.


The frozen specific heat of the LTE atomic hydrogen plasma (H, H+, e) is given by
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where 
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 is the internal specific heat of atomic hydrogen which depends on the first and second logarithmic derivatives of the partition function i.e. 
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where 
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 is the electronic partition function of atomic hydrogen.


The first term in Eq. (1) is the translational contribution to the frozen specific heat and the second term is the internal contribution which is the product of the internal specific heat of atomic hydrogen and its concentration. To calculate the ionization degree, we must solve the Saha’s equation written in the form
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where I is the ionization potential of the atomic hydrogen corrected for the lowering of the ionization potential 
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 depends, in the Griem approach, on the number density of the ionized species (electrons and protons). Therefore, an iterative procedure must be used for the calculation of 
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where nmax,

[image: image13.wmf]  


  


l


max are the quantum numbers of the last level to be inserted in the electronic partition function. According to Griem approach, this level is determined by the following inequality
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Partition functions and their derivatives depend on the energy level values. We use two types of energy levels: the unperturbed energy levels obtained from the Coulomb potential 
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 is the Debye length) in the Schrödinger equation. For the Coulomb potential, we obtain the well known energy levels and statistical weights
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depending only on the principal quantum number n (IH is the ionization potential of atomic hydrogen).


The Debye-Hückel levels have been obtained from the numerical solution of the Schrödinger equation inserting in it the screened Coulomb potential. A complete set of energy levels up to n=9 has been obtained by Roussel and O’Connell [23] and tabulated as a function of the Debye length 
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Let us consider now the total specific heat of the plasma mixture i.e. the derivative of the total enthalpy with respect to temperature at constant pressure. This quantity has been calculated in the present work by numerical derivative of the total enthalpy including also the lowering of the ionization potential. A simplified expression can be obtained from Eq. (1.1) getting
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(1.8)


which can be thought as the sum of frozen and reactive contributions i.e.
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Note that in this equation we are using the Van’t Hoff treatment of the equilibrium constant written in the classical form 
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for obtaining 
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All the quantities are expressed in Joule/K. In the present case, because the total mass is 1 g, same values are for J/K/g.


To get the isentropic coefficient cp/cv we have solved the thermodynamics of the plasma mixture  alternatively imposing constant pressure and volume constraints. In both cases the total specific heats have been calculated by numerical derivation of the total enthalpy and total energy with respect to the temperature by imposing the appropriate constraints.


To better understand the numerical results, we report an analytical formula of the isentropic coefficient based on the classical thermodynamics. We must first write the total energy as 




[image: image30.wmf]  


E


=


3


2


(


1


-


a


)


RT


+


3


2


a


RT


+


3


2


a


RT


+


(


1


-


a


)(


D


2


+


E


H


)


+


a


(


D


2


+


I


H


)


=


=


3


2


(


1


+


a


)


RT


+


(


1


-


a


)


E


H


+


D


2


+


a


I


H
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Then we can calculate
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To get 
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 one should consider the classical equilibrium constant (i.e. Eq. (1.10)) as a function of V.


Therefore we obtain for the isentropic coefficient of atomic hydrogen plasma the following equation 
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This equation assumes  simplified forms for the following extreme cases


· for an atomic neutral gas i.e. (=0
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yielding a value 
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 when electronic excitation is not considered (i.e  when 
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· for a fully ionized atomic hydrogen plasma ((=1) again we obtain 
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· for a partially ionized gas in the absence of electronic excitation of hydrogen atoms (i.e. when 
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 we obtain




[image: image42.wmf]  


g


=


c


p


c


v


=


1


RT


2


a


(


1


-


a


2


)


2


I


H


+


5


RT


2


æ 


è 


ç 


ö 


ø 


÷ 


2


+


(


1


+


a


)


5


2


R


é 


ë 


ê 


ê 


ù 


û 


ú 


ú 


1


RT


2


a


(


1


-


a


)


(


2


-


a


)


I


H


+


3


RT


2


æ 


è 


ç 


ö 


ø 


÷ 


2


+


(


1


+


a


)


3


2


R


é 


ë 


ê 


ê 


ù 


û 


ú 


ú 



(1.19)


In the last equation are well evident in both numerator and denominator the reactive and translational contributions to the isentropic coefficient. 


Finally the frozen isentropic coefficient for the atomic plasma assumes the form 
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It should be noted that the frozen isentropic coefficient keeps a constant value of 5/3 as a function of temperature independently of the ionization degree when we neglect the electronic excitation i.e.
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(1.21)


which is recognized as the value for inert mono-atomic gases with only translational degrees of freedom.


1.1.2
Thermodynamic properties


In this section, we compare results obtained by considering 


· (curve a) energy levels from the Debye-Hückel potential [23]


· (curve b) energy levels from the Coulomb potential


· (curve c) only hydrogen ground state (fH= 2, cp,int(H)=0).


For curves a and b the number of levels is truncated by using the Griem cut-off, calculated self-consistently with the plasma composition.


All the results have been calculated by using a self-consistent cut-off. From a qualitative point of view, it can be expected that the use of Debye-Hückel energy levels should increase the electronic partition function and its derivatives as compared with the corresponding results obtained by using energy levels from the Coulomb potential. The action of the Debye-Hückel potential in fact is to decrease the energy of the levels as the Debye length decreases and to increase the Boltzmann factors as well as the number of levels included in the electronic partition function calculation, this last effect being predominant. The increase in the electronic partition function generates an increase of the atomic-hydrogen molar fractions and, in turn, increases the importance of electronic excitation on the thermodynamic properties of the plasma.


Figure 1.1 shows the self-consistent partition functions calculated with the two sets of levels as a function of temperature for different pressures. We can see, as expected, that the Debye-Hückel levels increase the partition function as compared with the corresponding values obtained by Coulomb potential. The effects are appreciable for p>10 atm.
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Fig. 1.1. Electronic partition function of atomic hydrogen as a function of temperature at different pressures (curves a-b as explained in the text).
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Fig. 1.2. Internal specific heat of atomic hydrogen as a function of temperature at different pressures (curves a-b as explained in the text).

Figure 1.2 shows the trend of the internal specific heat of atomic hydrogen normalized to R. In this case some differences appear also at 10 atm. Note that the specific heat calculated with the Debye-Hückel levels overcomes the corresponding values from the Coulomb potential in a large temperature range, reversing the trend from a given temperature depending on pressure. This behavior is due to the first and second derivatives of the partition function. Note also that the discontinuities present in the partition function and in the specific heat are due to the abrupt change of the number of energy levels entering in the different quantities.


Figure 1.3 shows the frozen specific heat of the mixture calculated with the two series of levels. The largest differences occur at p=100 atm. as a result of the combined effect of the specific heat of atomic hydrogen and of the molar fraction of the same species. Note that in any case the frozen specific heat calculated from the Debye-Hückel levels overcomes the corresponding quantity calculated from Coulomb levels in all the considered temperature range. The maximum deviation can reach a value of 40%. This result is the consequence  of the internal contribution of atomic hydrogen on the frozen specific heat of the mixture (see Eq. (1.1)). In Figure 1.3 we have also reported the frozen specific heat calculated by completely disregarding the internal electronic contribution of atomic hydrogen either in the equilibrium composition or in the thermodynamic quantities (ground-state model). Comparison of these values with those reported in curves (a) and (b) gives an idea of the importance of electronic excitation on the frozen specific heat of the mixture.


Let us now consider the reactive contribution to the total specific heat. Inspection of Eq. (1.8) shows that the internal energy has a negative effect on this contribution, as illustrated in Fig. 1.4. The curves (c) correspond to the ground-state model which is characterized by completely neglecting of the electronically excited states in the partition function and its derivatives. Ground-state results overestimate the reactive contribution up to 15%.
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Fig. 1.3. Frozen contribution to constant-pressure specific heat of the plasma mixture (H, H+, e) at as a function of temperature at different pressures (curves a-c as explained in the text).
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Fig. 1.4. Reactive contribution to constant-pressure specific heat of the plasma mixture (H, H+, e) at as a function of temperature at different pressures          (curves a-c as explained in the text) [image: image49.jpg]C, (J/g/K)
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Fig. 1.5. Total constant-pressure specific heat of the plasma mixture (H, H+, e) as a function of temperature at different pressures (curves a-c as explained in the text).

A sort of compensation appears in the total specific heat thus decreasing the role of electronically excited states in affecting this quantity (see Fig. 1.5). We see that in this case the differences, even still existing, strongly decrease, the maximum deviation being of the order of few percents. This point , already reported by one of the present authors many years ago [24], should not confuse the reader on the importance of electronically excited states in affecting the thermodynamic properties of thermal plasmas.


1.1.3
Isentropic coefficients


We discuss now the isentropic coefficients following the same lines previously reported i.e. we compare the results for cases a, b and c previously defined. In particular Figure 1.6 reports the frozen isentropic coefficients as a function of temperature for different pressures, while Figure 1.7 reports the corresponding total isentropic coefficients. 


Inspection of Figure 1.6 shows the strong dependence of the frozen isentropic coefficient on the electronic excitation. This coefficient in the absence of electronic excitation keeps a constant value of 1.666 as already pointed out (see Eq. (1.21)). The strong minima present in Fig. 1.6 are the result of the electronic contribution to atomic hydrogen specific heat; the value of the minimum strongly depends on the pressure, the maximum effect occurring at 100 atm. In this case the isentropic coefficient for case (a) i.e. for the self-consistent Debye-Hückel treatment for both cut-off criterion and energy levels presents a value of 1.25 to be compared with  the value of 1.666 (case c) occurring in the absence of electronic excitation. It should be also noted the importance of the self-consistent Debye-Hückel energy levels in affecting the isentropic coefficient when comparing the minimum value of case a (i.e. 1.25) with the corresponding minimum obtained with the Coulomb energy levels (i.e. 1.45). 


The contribution of electronic term tends to be masked in the total isentropic coefficient which includes reactive, translational and electronic contributions as can be appreciated from Fig. 1.7. In fact in this case calculated values for the cases a-c differ by not more than 5% as a result of some compensation in the different terms of Eq. (1.16). 
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Fig. 1.6. Frozen isentropic coefficient of the plasma mixture (H, H+, e) as a function of temperature at different pressures (curves a-c as explained in the text).
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Fig. 1.7. Total isentropic coefficient of the plasma mixture (H, H+, e) as a function of temperature at different pressures (curves a-b as explained in the text).

1.2 Nitrogen plasmas


1.2.1
Thermodynamic properties


Let us consider as a second example a nitrogen plasma in the conditions similar to those examined for the atomic hydrogen plasma. We consider now the following species N2, N, N+, N+2, N+3, N+4, e linked by the equilibria




[image: image52.wmf]  


N


2


=


2


N


N


=


N


+


+


e


N


+


=


N


+


2


+


e


N


+


2


=


N


+


3


+


e


N


+


3


=


N


+


4


+


e




The calculations we report have been calculated by a self-consistent approach described in Ref. [1]. Briefly the electronic partition functions of atomic species (neutral, ionized) are calculated by inserting all levels (tabulated and unknown) the energy of which is less than the lowering of the ionization potential i.e.
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(1.22)


where Enj and gnj represent in the order the energy and the statistical weight of the n-th level of the j-th species. The sum includes all levels up to a maximum value given by
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In turn the lowering of the ionization potential (Ij,j+1 is given according to the Debye-Hückel (DH) theory by
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(1.24)

Debye-Hückel corrections are also used to correct the thermodynamic properties of plasmas. Relevant results are then compared with the corresponding ones obtained by the ground-state method (GS) i.e.
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Let us consider first the properties of single species.
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Fig. 1.8. Electronic partition function of N, N+, N+2, N+3 species as a function of temperature at different pressures.
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Fig. 1.9. Internal specific heat of of N, N+, N+2, N+3 species as a function of temperature at different pressures.

Figure 1.8 compares the electronic partition function of the nitrogen species calculated by applying DH and GS methods as a function of temperature for different pressures. To understand these figures we report in the following the statistical weights of the ground states of the different species. We obtain
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(1.26)


These values persist for all temperature and pressure ranges for the different species in the GS approximation. The insertion of electronic states is such to enormously increase the electronic partition functions of nitrogen species. It should be also noted the role played by the so called low-lying (valence) levels in affecting the partition function in the relatively low temperature regime followed by the enormous role played by high-lying excited states (i.e. states with principal quantum numbers n>2). This last effect is strongly dependent on pressure.


It should be noted that only the N+3
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 does not possess low-lying excited states so its partition function starts increasing from its 1 value up to the insertion on the electronic partition function of high-lying electronically excited states. On the other hand the species N, N+, N+2 possess low-lying excited states so that their partition functions are different from their ground state statistical weights at temperature lower than 10,000 K.


The temperature dependence of partition function is reflected on the first and second logarithmic derivatives and on the quantities depending on them. As an example we report in Fig. 1.9 the electronic specific heats of the species N, N+, N+2, N+3 as a function of temperature for different pressures calculated according to the DH theory. Keeping in mind that the corresponding values from GS method is zero, we can understand the dramatic role of electronic excitation in affecting the specific heats of atomic species. In this figure we can appreciate the role of low-lying and high-lying excited states in affecting the specific heat. It should be noted that the unusual behaviour of cp for N+, N+2 species at very low temperatures is due to energy splitting of the ground state levels.

Let us now examine the behaviour of the enthalpy variation of the different ionization processes. We select in particular 
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We can write respectively
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where (1, (2 and (3 represent, in the order, the first, second and third ionization potentials of nitrogen corrected by the corresponding lowering and 
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Values of (H for the ionization reactions calculated at different pressures according to DH and GS methods have been plotted as a function of temperature in Fig. 1.10. We can note strong differences between the linear increase of (H calculated according to the ground state method and the corresponding quantities calculated by using the Debye-Hückel theory. In this last case in fact (H goes through a minimum and can become larger than the ground state value. This is the consequence of taking into account the excitation energies of the species relevant to each reaction which occur in different temperature ranges. As an example, for the first ionization reaction, beyond the minimum of (H/T curves the electronic excitation of the ionized species 
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Fig. 1.10. Enthalpy of nitrogen ionization reactions as a function of temperature at different pressures.


Figures 1.11-1.13 report the specific heat (frozen, reactive, total) of nitrogen plasma as a function of temperature calculated according to the Debye-Hückel and the ground-state methods. The results can be rationalized on the basis of previous considerations on hydrogen plasmas, taking into account the different ionization processes in the nitrogen plasma. In particular the frozen specific heat is positively affected by the presence of electronically excited states for all ionization reactions. On the contrary the reactive specific heat for the first two ionization reactions is negatively affected by excited states as in the case of atomic hydrogen. The situation is much more complicated for the very high temperature regime (T>50,000 K) where the two sets of results (DH and GS approaches) considerably differ. Figure 1.14 reports the percentage difference in the specific heats calculated by using DH and GS methods. Again we see a compensation between frozen and reactive contributions in the total specific heat, this compensation tending to disappear for T>50,000 K. An interesting effect is also present in the first peak of both reactive and total specific heats. This peak is due to the dissociation reaction which is affected by the presence of electronically excited states in both atomic, N, and molecular, N2, species. This effect strongly increases in going from p=1 atm to p=1000 atm.
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Fig. 1.11. Frozen contribution to constant-pressure specific heat of the nitrogen plasma at as a function of temperature at different pressures.
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Fig. 1.13. Total constant-pressure specific heat of the nitrogen plasma as a function of temperature at different pressures.
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Fig. 1.12. Reactive contribution to constant-pressure specific heat of the nitrogen plasma at as a function of temperature at different pressures.
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Fig. 1.14. Relative differences in the total specific heat and its components between cases a and b as a function of temperature at different pressures. 1.2.2
Isentropic coefficients


Figures 1.15 and 1.16 respectively report the frozen and total isentropic coefficients for nitrogen plasmas calculated with (curves a) and without (curves b) electronic excitation. The role of electronic excitation is well evident in both cases and can be rationalized extending the previous considerations for atomic hydrogen plasmas. In addition we can note for both frozen and total isentropic coefficients that at very low temperature (100-3,000 K), i.e. when only molecular nitrogen is present, ( changes from the value of 1.4 (T(100 K) to 1.3 (T(3,000 K). The first value corresponds to the excitation of translational and rotational degrees of freedom of N2, the second value to the excitation of vibrational, translational and rotational degrees of freedom.
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Fig. 1.15. Frozen isentropic coefficient of the nitrogen plasma as a function of temperature at different pressures.
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Fig. 1.16. Total isentropic coefficient of the nitrogen plasma as a function of temperature at                different pressures.

Part II : Transport properties


The role of electronically excited states (EES) in affecting the transport properties of thermal plasmas is a topic of renewed interest as attested by numerous contributions appearing in the literature [19,20,25-29]. Electronically excited states modify the composition and the thermodynamic (internal energy, specific heat) properties of the plasma, both quantities entering in the relevant transport equations. Moreover they present transport cross sections which dramatically increase as a function of the principal quantum number n determining unusual effects in the transport equations. Previous work presented by our group on atomic hydrogen plasma (H(n), H+ and electrons) has shown these effects either in a parametric form [25,26] or by comparing the results obtained by the so called ground-state method (GS) with the corresponding ones obtained by the confined-atom method (CA) [19,20]. The first method (GS) completely disregards the presence of electronically excited states by imposing an electronic partition function of atomic hydrogen equal to 2 i.e. to the degeneracy of the ground state. As a consequence internal energy and specific heat of atomic hydrogen is zero in this approximation. The confined atom (CA) approximation inserts in the electronic partition function of atomic hydrogen all levels whose Bohr radius does not exceed the inter-particle distance. This method can be considered well representative for describing high pressure-high temperature plasmas. An other method very often used in truncating the electronic partition function is the Griem method [22], essentially based on the Debye-Hückel theory (DH) of electrolytes i.e. on the static screening Coulomb potential model. The three models (GS, CA, DH) have been extensively used to calculate the composition and the thermodynamic properties of atomic hydrogen plasmas to be inserted in the Chapman-Enskog formulation of the transport coefficients [30]. At the same time the effect of inserting actual transport cross sections, i.e. cross sections depending on the principal quantum number of electronically excited states, in the three thermodynamic models has been tested by comparing the results with the corresponding ones obtained by imposing the ground state cross section to all electronically excited states.


2.1 Hydrogen plasmas


2.1.1
Cut-off of the atomic partition function

In the first part of our lecture we have shown the strong dependence of partition function on the number of levels included in it. Although methods have been developed to correctly account for non-ideal effects in the thermodynamics of dense plasmas [31,32], these methods cannot be directly extended to a transport theory. Several simplified models are currently used in practice [33]:


· Ground state (GS) model. In this simplest case only the ground state is considered;


· Confined atom (CA) model. Those excited states whose size exceeds the inter-particle separation are excluded from the summation;


· Static screening Coulomb potential (DH) model. This model attempts to simulate the intra-atomic effects of the Debye-shielded Coulomb interactions.


The effect of the different criteria on the equilibrium composition of the plasma is shown in Fig. 2.1 for hydrogen plasma at different pressures. Reference results obtained from a sophisticated model [34] are reported for comparison indicating a satisfactory agreement specially with the CA model.


It is worth mentioning that the DH model, at variance from the other two, entails a pressure-dependent lowering of the ionization threshold. This has a deep influence on the equilibrium ionization degree, especially at large pressure where this effect becomes significant.
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Figure 2.1. Hydrogen atom number density for equilibrium hydrogen plasma at different pressures as obtained by different cut-off models (solid line: GS; dashed line: CA; dotted line: DH; symbols: from Ref. [31]).


2.1.2
Collision integrals of electronically excited states


The calculation of the transport coefficients is straightforward once the collision integrals describing the interaction among different plasma constituents are specified. In order to properly account for the presence of EES, each electronic excited state of the hydrogen atom, H(n), n being the principal quantum number, is considered as a separate species. The collision integrals for the relevant interactions among H(n), H+ and electrons are the same used in our previous works [25,26]. They present a strong dependence on the principal quantum number especially for collision integrals diffusion-type of H(n)-H+ collisions. A sample of results is reported in Figs. 2.2a-b where we show the temperature dependence of the H(n)-H+ collision integrals for selected values of the principal quantum number.
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Figure 2.2. Temperature dependence of diffusion- and viscosity-type collision integrals for H(n)-H+ interactions for selected values of the principal quantum number n and for the H+-H+ interaction at two pressures.


These are compared to the Coulomb collision integrals H+-H+ at three different pressures. We note that the latter depend on pressure through the Debye length which is a function of the electron concentration. The reported H(n)-H+ collision integrals at high temperature are higher than the corresponding H+-H+ values.


2.1.3
Transport properties


Results are reported for the viscosity, thermal conductivity and electrical conductivity of equilibrium hydrogen plasma. These coefficients are obtained in the framework of the Chapman-Enskog method; the first non-vanishing approximation in terms of Sonine polynomials [19,20] has been used to estimate the heavy particle contributions and the second for the electron component [35].


2.1.3.1
Influence of composition and thermodynamic properties


The first effect of the different cutoff criteria is to produce differences in the equilibrium composition of the plasma. In order to show the extent of this influence, transport coefficients are calculated by using for EES the same cross sections as the ground state.


Figure 2.3 reports the comparison of the translational thermal conductivity of heavy particles for different plasma pressures as calculated under the three cutoff models. The thermal conductivity of atoms grows monotonously with temperature and is obviously independent of pressure. It is the large charge-exchange and Coulomb cross sections (see Figs. 2.2a-b) that make the conductivity decreasing as the proton concentration increases. When the plasma approaches the fully ionized limit, the coefficient grows again because the Coulomb cross sections decrease with temperature. The differences in the predictions of the three models are therefore explained by the differences in ionization degree. While at p=1 atm the differences are small, at higher pressures they can be very important. The DH model produces a higher ionization due to the insertion of the lowering of ionization potential and the predicted coefficient is smaller. The results of the GS model lie somewhat in between the other two: it follows the CA results at low temperature and then tend to the fully ionized limit at high temperature. The CA model instead, predicts a larger atom concentration at high temperature.
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Figure 2.3. Translational thermal conductivity of heavy particles of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).
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Figure 2.4. Viscosity of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).


The viscosity coefficient behaves essentially like the thermal conductivity of heavy particles. In Fig. 2.4 the plasma viscosity for different plasma pressures as obtained with the three cutoff models is reported. Also in this case, the differences are due to differences in the equilibrium composition. Again at high pressure the viscosity calculated with the ground state method lies between GS and DH methods.


The thermal conductivity of electrons and the electrical conductivity are shown in Figs. 2.5-2.6 respectively. These coefficients depend on electron collisions, therefore the differences of the three models in electron concentration, coupled to the differences between electron-atom and electron-proton cross sections explain the observed results.
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Figure 2.5. Translational thermal conductivity of electrons of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).
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Figure 2.6. Electrical conductivity of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).


Finally in Figs. 2.7-2.8 we show the reactive thermal conductivity and the internal thermal conductivity of all components. Also in this case the cut-off criterion used in the calculation of equilibrium composition and of thermodynamic properties entering in the relevant equations for internal and reactive contribution determines strong differences in these transport coefficients.
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Figure 2.7. Reactive thermal conductivity of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).


In particular the inclusion of the lowering of ionization potential in DH method is such to anticipate the maximum in the reactive thermal conductivity as compared with the corresponding results obtained with GS and CA methods (see Fig.2.7). On the other hand GS and CA methods present maxima in the reactive thermal conductivity located approximately at the same temperature. Moreover the maximum occurring in the GS method is much higher than the corresponding maximum of the CA method. This is the consequence of the fact that the H of the ionization reaction: H(n) = H+ + e, appearing in the reactive thermal conductivity is higher in the GS method compared with the corresponding quantity obtained by the CA method.


Concerning the internal contributions calculated according CA and DH methods, we can note that they present a trend similar to that one discussed for the reactive thermal conductivity (the internal thermal conductivity in the GS method is zero for definition). Again the maximum in the DH method anticipates that one of CA method presenting at the same time smaller values as a result of the minor number of levels inserted in the electronic partition function and in their internal specific heats. It is also worth noting that the differences in the two methods increase with pressure.


As a whole these results confirm and extend earlier results describing the dependence of transport coefficients on the cut-off criterion used for terminating the electronic partition function in atomic nitrogen plasmas [36].
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Figure 2.8. Internal thermal conductivity of equilibrium hydrogen plasma at different pressures. Usual values for the transport cross sections (dashed line: CA; dotted line: DH).


2.1.3.2
Influence of EES cross sections


The effect of EES on the plasma transport coefficients is due to the large EES collision integrals. The largest increase pertains to H(n)-H+ diffusion-type collision integrals (Fig. 2.2a) and, to a minor extent, to H(n)-H+ viscosity-type collision integrals (Fig. 2.2b), whereas H(n)-e show a smaller dependence on the principal quantum number n. The highest effect is therefore expected on the internal and reactive contributions while the translational thermal conductivity of heavy particles as well as the viscosity should be less affected. These effects are then modulated by differences in the atom concentration and in the number of allowed EES predicted by different models. In order to show the relative weight of these effects, the GS model results are taken as benchmark for comparisons. The GS model completely neglects the presence of EES and is therefore not dependent on any assumption about EES cross sections. In the following, the results obtained by using a different cutoff model and appropriate EES cross sections (abnormal values) are compared for equilibrium atomic hydrogen plasma at different pressures.


Figures 2.9-2.10 report the translational thermal conductivity of heavy particles and the viscosity. In the CA model the differences produced by EES cross sections are very large and overcome the differences introduced by different thermodynamic models. We can note in fact that the CA curves  are situated below the corresponding GS ones reversing the behavior shown in Figs. 2.3-2.4. The DH model, instead, predicts larger ionization and smaller number of EES. In particular at high pressure, where the effect of EES should become significant, DH model predicts a large lowering of the ionization potential that affects the atom concentration together with the number of allowed EES. Thermodynamics prevails on the effect due to abnormal cross sections so in DH model the effect of EES is strongly reduced, never exceeding 5% of the GS value. The differences with Figs. 2.3-2.4 are indeed small.
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Figure 2.9. Translational thermal conductivity of heavy particles of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).
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Figure 2.10. Viscosity of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).


The electron transport coefficients weakly depend on EES cross sections and strongly on ionization degree. This is shown in Figs. 2.11-2.12 for the translational thermal conductivity of electrons and the electrical conductivity. Comparison of the relevant curves with the corresponding results reported in Figs. 2.5-2.6 shows the effect of abnormal cross sections specially for the CA method compared with GS one. The effect is indeed very small in the DH model where thermodynamic effects prevail.
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Figure 2.11. Translational thermal conductivity of electrons of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).
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Figure 2.12. Electrical conductivity of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).


Finally in Figs. 2.13-2.14 we report the reactive thermal conductivity and the internal thermal conductivity calculated by using the abnormal cross sections.


[image: image87.wmf]0


1


2


3


4


5


6


1 10


4


2 10


4


3 10


4


4 10


4


5 10


4


l


r


, W/m*K


Temperature, K


p=1atm


p=100atm


p=1000atm




Figure 2.13. Reactive thermal conductivity of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (solid line: GS; dashed line: CA; dotted line: DH).
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Figure 2.14. Internal thermal conductivity of equilibrium hydrogen plasma at different pressures. Abnormal values for the transport cross sections (dashed line: CA; dotted line: DH).

Comparison of the relevant curves of the reactive thermal with the corresponding values of Fig. 2.7 shows that CA results are strongly affected by the insertion of abnormal cross sections, while the DH results are slightly modified. This is indeed due to compensation effects rather than to an insensitivity of the reactive thermal conductivity on the abnormal cross sections.


The situation completely changes for the internal contribution to the thermal conductivity. Comparison of the relevant curves of Fig. 2.14 with the corresponding ones of Fig. 2.8 shows dramatic effects on the influence of the abnormal cross sections in both the results coming from CA and DH methods (see Appendix A for details).


2.2 Air plasmas


Extensive and accurate tabulations of transport coefficients (viscosity, thermal and electrical conductivity) [1,37,38,39] and transport cross sections [40,41] for air plasmas are nowadays available in literature, the excited state issue still represents an open problem. In transport calculations, chemical species are usually regarded as being in the ground state, however a deep investigation on the case of atomic hydrogen plasma reported in section 2.1 has shown that transport coefficients are strongly affected by the presence of electronically excited atoms, especially in high pressure regimes and under the action of an external magnetic field [20]. These results justify the interest for re-evaluation of air plasma transport coefficients including excited states and, in turn, for the extension of existing collision integral database to excited species, i.e. oxygen and nitrogen atoms and ions. Reference it should be done to the pioneering work in this field by different authors [42,43,44,45], attempting the accurate calculation of diffusion and viscosity-type collision integrals for interactions involving the so-called low-lying excited states of N and O atoms, i.e. low-energy states characterized by the same electronic configuration of the ground state. Recently a complete revision of old results for oxygen system has been performed [46], based on accurate ab-initio interaction potentials for valence states. The inelastic contribution to odd-order collision integrals due to resonant charge-exchange processes in atom-parent-ion collisions have been evaluated from the corresponding cross sections  recalculated in the framework of the asymptotic theory [47,48,49] considering different momentum coupling schemes. An attempt to study the effects of excited species in an LTE nitrogen plasma can be found in recent papers by Aubreton et al. [28,29], however restricted to dissociative regime, i.e. neutral atom interactions. The transport coefficients of an air plasma, in thermodynamic equilibrium, are derived, considering low-lying excited atoms (N(, O() and ions (N+(, O+() as independent chemical species, characterized through their own transport cross sections. The sensitivity of results to the inclusion of excited states is proven by comparison with the usual ground-state approach. A phenomenological approach [50] is proposed for the calculation of internally consistent and complete data sets of elastic collision integrals for excited-state interactions.


2.2.1 Collision integrals for low-lying excited state


The traditional scheme of collision integral calculation needs the knowledge of accurate potential energy curves for the electronic terms correlating with species in a specific quantum state. In many cases this represents the main difficulty in including excited species, and the reason is that in the composition of orbital and spin angular momenta a multiplicity of states arise, whose potential energy curves are largely unknown. For N2( and N2+( excited systems only few electronic terms are available from ab-initio calculations or from spectroscopic data models, reflecting the theoretical and experimental limits in studying excited states.


The elastic contribution to collision integrals is estimated classically from the interaction potential, (, adopting a phenomenological approach, already validated in the case of ground state interactions [50]. The proposed approach models the potential, considering the average interaction and resulting from the balance of attractive and repulsive terms [51,52]
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where x=r/re, n(x)=(+4x2. Potential features, as the well depth, (0, and well position, re, are derived by correlation formulas given in terms of fundamental physical properties of involved interacting partners (polarizability (, charge, number of electrons effective in polarization) [53,54,55,56,57]. The m parameter depends on the interaction type (4 for ion-neutral and 6 for neutral-neutral interactions, respectively), while a simple empirical formula, based on polarizability of colliders, has been proposed [50] for the estimation of ( parameter, whose values range from 6 to 10 depending on the hardness of interacting electronic distribution densities. Polarizability values for relevant species are taken from literature [58,59,60]. It should be noted that the potential functional form is the same adopted for describing the interaction between not excited species, this choice is justified considering that low-lying excited states are characterized by physical properties quite similar to the ground state and by small energy separation.


Reduced collision integrals, 
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, have been calculated, up to order (4,4), over a wide range of reduced temperatures and fitted as a function of both temperature and ( parameter [61], allowing the estimation of collision integrals on the base of the tuplet (re,(0,(,m) completely characterizing the physical system.
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Fig. 2.15. Viscosity-type collision integrals for O-O( interactions from phenomenological approach (continuous lines), compared with results from Refs. [43] (dashed lines) and [46] (dotted lines).

Viscosity-type collision integrals for O-O( interactions, obtained with the phenomenological approach, are plotted in Fig. 2.15 together with two series of data available in literature [43,46], based on a multi-potential traditional approach. Being the (2,2) term not affected by resonant excitation-exchange in asymmetric collisions, the observed deviations could give indication of the accuracy of the proposed procedure. A general satisfactory agreement is found between data sets in the considered temperature range [2,000-20,000 K], being the percentage relative error confined below 25% with respect to Ref. [46]. The error analysis should also take into account that the traditional multi-potential procedure, including all electronic-term contributions, is based in Refs. [43,46] on a rigid classification of repulsive (decaying exponential function) and bound (Morse function) states that could affect data accuracy.


2.2.1.1
Resonant excitation/charge exchange processes

The proposed phenomenological approach does not account for the contributions to odd-
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 collision integrals coming from inelastic channels, represented by the resonant charge-exchange and excitation-exchange processes occurring in atom-parent-ion and asymmetric atom-atom interactions, respectively. The actual collision integral results from the following relation [62]
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The inelastic term, 
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, is estimated by means of a closed formula, suggested by Devoto [63], for a linear dependence of the square root of charge transfer cross section on the collision velocity, and then fitted with a suitable function of ln(T).


For the resonant charge exchange process (Fig. 2.16), occurring in atom-parent ion collisions, reference is made to recent papers by Kosarim and Smirnov [48,49], in which the corresponding cross sections have been derived in the asymptotic theory, considering different momentum coupling schemes, for those interactions, between nitrogen atoms and ions, allowed by single-electron transition.
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Fig. 2.16. Effective diffusion-type collision integral, with elastic and inelastic components, as a function of quantum state of the ionic collision-partner in (N+)(-N(2P) interactions, at T=10,000 K.


Concerning the exchange of excitation in asymmetric collisions between nitrogen atoms, few references can be found in literature [42,28] and it is re-evaluated adopting an asymptotic approach and considering, for these cases of dipole-forbidden electronic transitions, the simultaneous transition of two electrons between the two ionic cores. The exchange interaction has an analytical expression [64], depending on the quantum numbers characterizing the state of valence electrons undergoing the resonant process, and present results are obtained including only terms with null axial projection (
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=1,m=0), representing the main contribution [65]. This approach predicts higher values than those obtained by the evaluation of gerade-ungerade splitting from potential energy curves [42,28], however the direct estimation could be affected by the lower accuracy characterizing the region of large internuclear distances, where the process takes place favourably. As generally observed, the inelastic contribution is significantly higher with respect to the elastic one, especially in the high temperature region, dominating the temperature-dependence of the diffusion-type collision integral and, consequently, also its dependence on the electronic excitation of colliding partners.


2.2.2 Transport properties


Transport coefficients (multi-component diffusion coefficients, Djk, true translational thermal, 
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, conductivities) are calculated, in the framework the Chapman-Enskog theory, using, as input data, the recommended collision integral values for ground air species collected in Ref. [66] and, for low-lying excited states of atomic oxygen and nitrogen, the dynamical data discussed in the previous section. Where no state-dependent collision integrals are available, as for electron-atom interactions, it is assumed that their values are equal to ground-state case (
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The third Chapman-Enskog approximation has been used throughout in order to provide accurate results also in the ionization regime.


The equilibrium composition of the 19-ground-species air plasma (N(4S), O(3P), N2, O2, NO, N+(3P), N2+, N3+, N4+, O+(4S), O2+, O3+, O4+, O–, N2+, O2+, O2–, NO+, e) is determined as a function of temperature, at atmospheric pressure, by using a hierarchical algorithm, recently reconsidered in Ref. [67]. The equilibrium assumption leads to excited state population densities governed by the corresponding term in the Boltzmann distribution.
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Fig. 2.17. Self diffusion coefficients of nitrogen and oxygen atoms, as a function of temperature. case (a)-(continuous lines), case (b)-(dotted lines), percentage relative error-(dashed lines).
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Fig. 2.18. Self diffusion coefficients of nitrogen and oxygen ions, as a function of temperature. case (a)-(continuous lines), case (b)-(dotted lines), percentage relative error-(dashed lines).


In order to investigate the role of electronically excited states in determining transport coefficients, two cases are considered


· case (a) collision integrals for excited-species interactions are set equal to the corresponding ground state value (27 species)


· case (b) low-lying excited states for ions and atoms are included with their own collision integral values (27 species)
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Fig. 2.19. True translational thermal conductivity as a function of temperature, neglecting [case (a)-(continuous line)] or including [case (b)-(dotted line)] low-lying excited states, with percentage relative error-(dashed line).
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Fig. 2.20. Internal thermal conductivity as a function of temperature, neglecting [case (a)-(continuous line)] or including [case (b)-(dotted line)] low-lying excited states, with percentage relative error-(dashed line).


Figs. 2.17-2.18 display the temperature dependence of selected self-diffusion coefficients in the two cases. The percentage relative error, defined as 100 [case (a)-case (b)]/case (a) is also reported. Deviations are found in the [15,000-30,000 K] interval, corresponding to the appearance of ionic species in the plasma, where the diffusion is governed by charge exchange processes. The true translational thermal conductivity (Fig. 2.19) shows differences in the temperature region where excited atoms exist, while the effect is lower in ionization regime. Differently the internal thermal conductivity value is significantly modified by excited-state inclusion (Fig. 2.20) in the whole temperature range, with extrema of the percentage relative error localized at temperatures corresponding to the existence of excited atoms and ions. In particular we can note that the used of actual transport cross sections decreases the internal thermal conductivity of 35% at 10,000 K as compared with ground state transport cross sections. Finally Fig. 2.21 reports the role of low-lying excited states on the viscosity; differences in this case do not exceed 6%.
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Fig. 2.21. Viscosity as a function of temperature, neglecting [case (a)-(continuous line)] or including [case (b)-(dotted line)] low-lying excited states, with percentage relative error-(dashed line).

Significant departures are therefore observed from results obtained by using the usual approach, confirming the not negligible role of excited states, that are more effective in collisions, being, in general, characterized by higher cross sections. An increase of the pressure should emphasize the effects, because it acts shifting the ionization equilibrium to higher temperatures and favouring the population of excited states, however the system is sensitive even at p=1 atm, due to the small level energy separation. Presented results do not account for high-lying excited states of atomic species, whose collision integrals are expected to exhibit a strong dependence on the principal quantum number of the valence electrons, as demonstrated in the case of the 
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 for atom-parent-ion interactions [47] (see Fig. 2.22). These states should strongly affect the transport coefficients of air plasmas for T>10,000 K.
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Fig. 2.22. Dependence of diffusion-type collision integrals for the interaction N+(3P)-N on the principal quantum number of the atom valence shell electrons, n, at T=10000 K (different electronic states of N, arising from the same electronic configuration have been considered. n=2 N(2p3 4S,2D,2P), n=3 N(2p23s 2P,4P;), n=4 N(2p24s 2P,4P;), n=5 N(2p25s 2P,4P;).

Concluding remarks


In this lecture we have emphasized the role of electronically excited states in affecting the thermodynamic properties of high-temperature-high-pressure thermal plasmas. Detailed thermodynamic results have been reported for hydrogen and nitrogen plasmas. In both cases we have observed strong compensation effects between frozen and reactive contributions to the total specific heat. In particular the excited states strongly increase the frozen specific heat as compared with the ground-state method, having an opposite effect on the reactive contribution. This kind of compensation hides the importance of electronically excited states in affecting the total thermodynamic properties of thermal plasmas. This consideration is valid for atomic hydrogen plasma and for nitrogen plasma in the temperature range where the first two ionization equilibria exist. The situation completely changes at the onset of the third and fourth ionization equilibria. Another interesting aspect is the effect of electronically excited states on the dissociation equilibrium of N2 plasma. In this case comparison of the specific heat calculated including and neglecting the so-called low-lying excited states for both atoms and molecules shows non-negligible differences which increase with pressure. It should be also stressed the role of the choice of energy levels (Coulomb, Debye-Hückel) in affecting the thermodynamic properties of atomic hydrogen plasma. Similar trends occur for the isentropic coefficients of hydrogen and nitrogen plasmas.


The role of electronically excited states in affecting the transport properties of thermal plasmas has been investigated for both hydrogen and air plasmas. The previous differences observed for hydrogen thermodynamic properties propagate in transport coefficients when all the excited states are considered as having the same transport cross section as the ground state. The situation becomes more complex when inserting state-to-state cross sections, i.e. transport cross sections depending on the principal quantum number. This aspect has been fully considered for atomic hydrogen plasma, where we have shown important effects on transport coefficients. Once again due to mixed terms in the Chapman-Enskog theory internal and reactive contributions to the total thermal conductivity of the plasma present compensation effects similar to those described for thermodynamic properties. The situation for air plasmas is discussed especially from the point of view of transport cross sections of low-lying excited states. Extensive data sets of collision integrals have been tabulated in our group and used to clarify the influence of low-lying excited states on the transport coefficients of atmospheric air plasmas. The results show a non-negligible role of these states in determining multi-component diffusion coefficients as well as internal thermal conductivity and viscosity. Work is in progress to understand high-lying excited states as in the case of atomic hydrogen plasmas.


As a whole we can conclude that electronically excited states play an important role in affecting thermodynamic and transport properties of thermal plasmas. The complete solution of this problem needs an unique cut-off criterion of partition function as well as a reliable data set of high-lying transport cross sections for air plasmas.


Appendix A
Transport of internal and reactive energy


The transport of vibrational and rotational internal energy is an important mechanism for increasing the thermal conductivity of diatomic and polyatomic molecules. Different theories have been proposed, the most simple being represented by the Eucken theory [68]. In this case the rotational and vibrational contributions to the thermal conductivity can be obtained by the following equation:




[image: image109.wmf]  


l


Rot


+


Vib


=


h


×


(


c


V


,


Rot


+


c


V


,


Vib


)



(A.1)


where 
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 are the contribution of rotational and vibrational degrees of freedom to the constant volume specific heat. More precisely the Chapman-Enskog method gives for a simple gas [69]:
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where 
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 is the mass density and 
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 is the self-diffusion coefficient.

Equation (A.2) coincides with Eq. (A.1) in the following approximation:
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Equation (A.2) results from the following assumptions:


· Boltzmann distribution over internal states;


· Independence of internal states and molecular velocity;


· Inelastic collisions are negligible;


· Cross sections do not depend on the internal state.


Improvement of this simple theory has been obtained by including the effect of inelastic collisions [70,71] as well as the effect of non-equilibrium vibro-rotational distribution functions [72]. These studies basically confirm the Eucken approach.


On the contrary, the transport of electronic energy due to the diffusion of electronically excited states is usually neglected on the believe that the electronic energy content is usually small and that the diffusion cross sections of electronically excited states are very high. On the basis of these arguments Devoto concluded many years ago that the transport of electronic energy could be neglected in local thermodynamic equilibrium (LTE) plasmas [73]. Devoto used the simple Eucken expression, Eq. (A.2), that is reported here specialized for the electronic degrees of freedom:
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where 
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 is the total specific heat.


An estimation of the term 
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 for hydrogen gives a value of about 0.5 while 
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 was estimated to lie in the interval 1.34 10-4 - 4.7 10-2 in the temperature range 8,000-15,000 K, considering the effect of only the first electronic state of atomic hydrogen. This simple estimation does not consider that in thermal plasmas, depending on the pressure and on the temperature, the adimensional internal specific heat can reach values up to 10-100 so that the second term in Eq. (2.4) can be more important than the translational contribution. Of course this dramatic increase of internal specific heat is due to the excitation of electronically excited states belonging to very high principal quantum numbers so that also the rough estimation of the factor 
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 performed by Devoto should be improved. These considerations have never been taken into account so that the contribution of the electronic degrees of freedom to the thermal conductivity has been completely overlooked.


In addition, since the excitation of electronic states occurs in the same temperature range as the ionization process, the transport of ionization energy is a strictly correlated phenomenon to which we now turn. For atomic plasmas it can be calculated through the equation [74]:
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where 
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 is the atom-proton binary diffusion coefficient [69] and 
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Here, I is the ionization potential eventually corrected by its lowering due to the microfields, 5/2kT is the translational enthalpy and 
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 is the internal electronic energy of atomic hydrogen. According to these equations, internal energy content contributes to decrease the transport of ionization energy; in other words, electronic excitation can paradoxically decrease the diffusive transport in thermal plasmas.


Additionally, many years ago [75] it was found, and confirmed more recently [25], that the transport of ionization energy in atomic LTE plasmas is almost independent of the presence of electronically excited states which, with their enormous charge transfer cross sections, should decrease the corresponding contribution. The reactive thermal conductivity at atmospheric pressure is left unchanged when taking into account and neglecting the dependence of electronically excited cross sections on the principal quantum number. This puzzling behavior was ascribed to some compensation effects present in the determinantal equation describing the reactive thermal conductivity.


The maximum number of allowed EES is determined by the confined atom (CA) model:
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where 
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 is the Bohr radius, 
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 the maximum allowed principal quantum number and 
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 the particle density. The number of EES actually used in calculations, however, never exceeds 12 due to the poor knowledge of collision integral data for hydrogen atoms with larger principal quantum number. This restriction only affects calculations at p=1 atm where 
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 is used throughout.

Calculations are carried out to the second non-vanishing approximation in Sonine polynomials. The collision integrals for the relevant interactions among H(n), H+ and electrons present a strong dependence on the principal quantum number especially for collision integrals diffusion-type of H(n)-H+ collisions (fig. 2.2a). It is worth noting that the collision integrals adopted in this work describe only elastic and charge transfer processes. Other inelastic and reactive processes are completely neglected on the believe that they do not affect significantly the results. While this approach is certainly justified for inelastic processes [70,71] its extension to reactive processes is open to question [76].


The convective heat flux describes the transport of enthalpy due to diffusion. It is defined by:
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where 
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 is the enthalpy carried by i-type particles, 
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It is further assumed that [77]:


· thermal diffusion is negligible;


· total pressure is uniform;


· there are not non-electromagnetic forces acting on the plasma;


· the plasma is quasi neutral;


· the plasma is in thermal and chemical equilibrium;


· the total current density equals zero (i.e. the ambipolar diffusion regime has been established, as in all actual experiments).


Under these assumptions, the diffusion velocities read:
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where:
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and 
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 is the ambipolar electric field.


In particular, in Eq. (A.9) the sum over atomic levels read:
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The gradients of the species concentrations are then expressed in terms of the equilibrium constant and the ambipolar electric field in terms of the gradient of the temperature [77].


Now, the second term on the RHS. of Eq. (A.11) does not vanish also in the case that no chemical reaction occurs and it is therefore recognized as the term producing the internal thermal conductivity. It is also worth pointing out that the approach used in Ref. [25] combines these two contributions into a single thermal conductivity coefficient. The reactive conductivity discussed in that work, therefore, includes also the contribution from the transport of electronic excitation energy.


The assumption of equal cross sections for all EES being no longer valid, the question arises what the effect will be on the transport of electronic and ionization energy. In a previous work [25] the internal and reactive contributions were mixed together and the overall effect was barely noticeable. We wish to show that, indeed, the effect of EES is by no means negligible and that it produces in the two coefficients modifications of opposite sign that compensate in the thermal equilibrium case. This realization is useful in that, if the equilibrium condition is relaxed (it is often the case for low-temperature discharge plasmas) large influence of EES on transport of electronic and ionization energy can be expected.


In order to understand how the EES cross sections affect these coefficients rewrite the convective heat flux, Eq. (A.8) as:
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The diffusion velocities are made up of two contributions:
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Recalling that:
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and:




[image: image145.wmf]  


N


n


V


n


n


å


=


N


H


V


H


»


-


N


e


V


e



(A.15)


we arrive at:




[image: image146.wmf]  


  


q


int


=


N


e


y


e


5


2


kT


i


1


1 


2 


4 


3 


4 


+


N


e


y


H


+


I


-


E


H


(


)


i


2


1 


2 


4 


4 


3 


4 


4 


+


N


n


E


n


-


E


H


(


)


y


n


n


å


i


3


1 


2 


4 


4 


4 


3 


4 


4 


4 



(A.16)




[image: image147.wmf]  


  


q


r


=


N


e


z


e


5


2


kT


r


1


1 


2 


4 


3 


4 


+


N


e


z


H


+


I


-


E


H


(


)


r


2


1 


2 


4 


4 


3 


4 


4 


+


N


n


E


n


-


E


H


(


)


z


n


n


å


r


3


1 


2 


4 


4 


4 


3 


4 


4 


4 



(A.17)


A.1
Internal thermal conductivity

If equal cross sections are considered for all EES:
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that gives for the internal thermal conductivity:
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where 
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 is the internal specific heat per particle.


Eq. (A.19) is the extension of Eucken formula to a multi-component mixture. In the usual case, therefore, the internal thermal conductivity is proportional to the internal specific heat. As mentioned in the introduction the latter can be a considerable fraction of the total plasma specific heat [17].


Figure A.1 shows the internal thermal conductivity of equilibrium hydrogen plasma at different pressures, calculated with (“abnormal”) and without (“usual”) different cross sections for EES. It increases with increasing pressure as the population of EES increases and it becomes of comparable value as the reactive term at high pressure. Note that the effect of EES cross sections on this coefficient can be dramatic. Figure A.1, however, shows also some puzzling features: the increase of some cross sections should decrease the diffusion coefficients. According to Eq. (A.19), the abnormal internal thermal conductivity should be correspondingly smaller. The effect of EES cross sections, instead, is to reduce the coefficient below the usual value at low temperatures and above it at high temperatures.
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Figure A.1. Internal thermal conductivity of equilibrium hydrogen plasma at different pressures (solid line: abnormal; dashed line: usual).


In order to understand these features rewrite Eq. (A.16) for the usual case:
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This is obviously equivalent to Eq. (A.19): the internal thermal conductivity corresponds to the Eucken formula (i.e.: self diffusion times internal specific heat).


In the abnormal case this term is lower due to the large EES cross sections that make the diffusion velocities of high EES smaller. This effect is however counterbalanced by the presence of the terms i1 and i2 in Eq. (A.16), which are absent in the usual case. These additional terms read:
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In this formula, all diffusion coefficients are negative and low-lying levels (En<EH) give a positive contribution; the diffusion coefficients of higher levels are smaller (in absolute value) with respect to the usual case so that overall the term increases the internal conductivity: the electronic energy of high levels, not being diffused away, acts as if the internal specific heat had increased.


At high temperature, when the ionization fraction is large, this effect can become dominant and the abnormal coefficient is greater than the usual one. The different contributions to the internal thermal conductivity of equilibrium hydrogen plasma are reported in Figs. A.2a,b for two plasma pressures.
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Figure A.2a. Different contributions to internal thermal conductivity of equilibrium hydrogen plasma at p=1 atm (solid line: abnormal; dots: i3; crosses: i1+i2; dashed line: usual).
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Figure A.2b. Different contributions to internal thermal conductivity of equilibrium hydrogen plasma at p=1000 atm (solid line: abnormal; dots: i3; crosses: i1+i2; dashed line: usual). A.2
Reactive thermal conductivity


Figure A.3 shows the reactive thermal conductivity of equilibrium hydrogen plasma at different pressures. The two sets of curves refer to “usual” and “abnormal” values.
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Figure A.3. Reactive thermal conductivity of equilibrium hydrogen plasma at different pressures (solid line: abnormal; dashed line: usual).


We note that:


· the reactive thermal conductivity decreases with increasing pressure. This happens because at higher pressure ionization shifts to higher temperatures where the term 
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 is lower;


· although the EES cross sections are larger than the ground state ones, the abnormal coefficient can be larger than the usual one;


· the coefficient is not dramatically dependent on EES cross sections even at high pressure, when the population of EES is significant;


Overall, the curves follow the behavior predicted by Eq. (A.5) and peak when the reaction has the maximum temperature gradient.


In the usual case, 
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 and r3=0 so that:




[image: image160.wmf]  


q


r


=


N


e


V


e


D


H



(A.22)


The reactive thermal conductivity can therefore be seen as the reaction enthalpy carried by the ion diffusion, in accord with Butler and Brokaw expression, Eq. (A.5). In the abnormal case this term is suppressed due to the increase of atom-proton cross sections. From inspection of Eq. (A.13) we also note that, for each given species j, 
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In yj, instead, atomic diffusion is weighted with the energy content of each state: the importance of high-lying levels is therefore increased.


In the abnormal case, in addition, the term r3 does not vanish and balances the previous effect so that the overall effect is small. This latter term describes the difference of the actual atomic diffusion with respect to the average term 
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. Higher levels diffuse with lower velocity, since have higher cross sections and their contribution to r3 is smaller than in the usual case. This unbalance causes the sum not to vanish. As a result, an effective atomic energy is transported, which is less than the actual one (and the transported reaction enthalpy thus bigger). At its maximum, this effect can be more important than the decrease due to smaller ionic diffusion and the abnormal coefficient is bigger than the usual one. At high temperature, when the atomic fraction becomes small, the first effect dominates again. Figs. A.4a-b illustrate this by comparing the different contributions to the reactive thermal conductivity for the abnormal and usual cases at two different pressures.


The extent to which EES cross sections affect the calculation of the convective contribution (internal and reactive) to the thermal conductivity in atomic hydrogen thermal plasmas is summarized in Fig. A.5 that reports the percentage relative difference between abnormal and usual values of this quantity, normalized to the abnormal value, for different plasma pressures.
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Figure A.4a. Different contributions to reactive thermal conductivity of equilibrium hydrogen plasma at p=1 atm. In this plot the usual and abnormal values are indistinguishable (solid line: abnormal; dots: r1+r2; crosses: r3; dashed line: usual).
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Figure A.4b. Different contributions to reactive thermal conductivity of equilibrium hydrogen plasma at p=1000 atm (solid line: abnormal; dots: r1+r2; crosses: r3; dashed line: usual).
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Figure A.5. Percentage relative difference between abnormal and usual values of convective (internal and reactive) thermal conductivities for equilibrium hydrogen plasma at different pressures.


The results of the present work can be therefore summarized as follows:


· the internal thermal conductivity due to atomic electronic energy is a considerable fraction of the convective thermal conductivity, this ratio increasing with pressure;


· EES cross sections affect in a dramatic and non trivial way both the internal and reactive thermal conductivities;


· the changes produced by EES cross sections affect the two coefficients in opposite ways so that the changes on their sum are somewhat reduced. This, in particular, explain the partial compensation apparent in the results of Ref. [25].


These features are clearly visible in Fig. A.6 that reports the percentage relative difference between abnormal and usual values of internal and reactive thermal conductivities and their sum for equilibrium hydrogen plasma at different pressures. The differences are normalized to the abnormal value of the total thermal conductivity (i.e. translational of electrons and heavy particles, internal and reactive contributions) and thus give indications on the real weight of EES cross sections on the properties of thermal plasmas.


[image: image169.wmf]QuickTime™ and a


 decompressor


are needed to see this picture.




Figure A.6a. Percentage relative difference between abnormal and usual values of internal and reactive thermal conductivities and their sum for equilibrium hydrogen plasma at p=1 atm (solid line: internal + reactive; dashed line: internal; dotted line: reactive).
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Figure A.6b. Percentage relative difference between abnormal and usual values of internal and reactive thermal conductivities and their sum for equilibrium hydrogen plasma at p=1000 atm (solid line: internal + reactive; dashed line: internal; dotted line: reactive).
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Abstract


 The N, N2 system is studied to yield rate coefficients and cross sections for molecular dissociation under conditions important for assessing nonequilibrium heating of hypersonic vehicles. First principle calculations are used to generate realistic nuclear interaction potentials, and these are used with accurate molecular dynamics to yield the fundamental data required for a rigorous treatment of nonequilibrium chemistry.

1.0
Introduction


Space-craft entering planetary atmospheres must withstand significant heating as the aero braking arising from the interaction with the atmosphere converts kinetic energy of the craft into chemical energy. If the entry speed is low enough, e.g. less than about 11 Km/s, which is the entry speed for the space shuttle, the rates of the chemical processes are sufficiently fast that chemical equilibrium is an adequate model to describe the role of chemistry in the flow equations and to model the heating. When chemistry is in equilibrium, the chemical composition and chemical energy is determined by a single parameter, the local temperature. 


When entry speeds increase, the chemical time scales and flow time scales become more similar, and reliable predictions of heating are no longer possible without explicitly dealing with nonequilibrium chemistry. For example, the Stardust return capsule entered the earth's atmosphere at about 12.6 Km/s, and [image: image37.wmf]-0.40
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nonequilibrium N2 dissociation played a significant role in predicting the shock heating. At even higher entry speeds, such as lunar return, nonequilibrium ionization is expected to play an important role. However, in contrast to the equilibrium situation where the local temperature controls everything, a reliable description of nonequilibrium chemistry is much, much more complicated. In the past,[1] the solution to the nonequilibrium chemistry problem has been to build models with additional variables, such specific species concentrations and internal state distribution function parameters. The problem with this solution is that the model can contain many uncertainties that can be extremely difficult to quantify. One often ignored problem is that the phenomenological nature of the model causes the input rate coefficients to lose their physical meaning, thus it is difficult to judge how one relates data obtained from experiments designed to measure rate data to the quantities required for the model. One is then left with validation of the models by comparing to experimental data from laboratory experiments that only approximately mimic flight conditions, or by comparing to the very sparse flight data. In either case, the harsh conditions involved make the interpretation and exact characterization of the data fiendishly difficult and unambiguous model improvement is impossible.


Under the support of the NASA Fundamental Aeronautics Hypersonic research program, the computational chemists at NASA Ames have embarked on an alternate solution, namely the characterization of nonequilibrium chemistry from first principles. In this work we will focus our attention on the dissociation of N2 by means of collisions with N atoms and N2 molecules.


2.0
Chemistry based formalism


The theoretical formulation encompasses vast length scales, from macroscopic vehicle dimensions to atomistic dimensions. The makes a rigorous complete formulation impossible. Fortunately there are numerous physical approximations which are quite reliable that allow us to decouple various length scales. Thus we will take a divide and conquer approach.


We start at the atomistic level. Molecules and atoms move very fast and the range of inter-molecular interactions is fairly short range, thus the time between collisions is much greater than the duration of a typical collision. Thus, to a very good approximation, we can start by considering our universe  to consist of two particles that undergo a collision in isolation from all other particles.


2.1
N+N


We consider initially two nitrogen atoms. How do we describe their motion? This by itself is a difficult task, principally because the forces between particles is due not only to the nuclei, but also to the electrons. Thus we must explicitly treat the electrons and nuclei of the colliding particles. This leads to high dimensionality problems: for example, a nitrogen atom has seven electrons, so the treatment of two N atoms is a problem in 3(2((1+7)=48 dimensions.


Before we go on and describe how we proceed, it should be noted that nuclear spin plays a non-trivial role.[2] The nuclear spin leads to very small corrections to the forces between the particles, thus can be ignored when determining the interactions. However, since a N nucleus has a nuclear spin 1, it is a boson, and thus only spin-electronic-ro-vibrational wavefunctions that are totally symmetric are present in nature. Thus for the ground electronic state of N2, out of the 9 possible nuclear spin couplings, only 3 appear with odd rotational quantum numbers, and only 6 appear with even quantum numbers. In spectra, this is manifested by a 2:1 alternation in the intensities of  the different rotational levels. This complication on the kinetics can be included in a straightforward, rigorous manner, but introduces additional complications into the formalism[3] which will be neglected in the present work to make the presentation more transparent.


We will now speak of nuclear spin no more and go on to the treatment of the nuclei and electrons. A problem of this sort is not feasible to solve exactly, thus we must resort to further approximations. Fortunately nature is kind, and the ratio of N nuclear mass to an electron mass is about 2.6(104, which enables us to obtain excellent results if we consider the nuclei to be stationary when we treat the electrons. [2] For N2,  this enables us to reduce the problem to one in 3(2=6 dimensions (the nuclear problem), and many in 3(2(7=42 dimensions (the electron problem).


The electron problem remains a very formidable problem, but we again have several mitigating factors. The electron motion is governed by the laws of quantum mechanics, which simply put leads to probability distribution functions for particles, and the probability distribution goes hand in hand with an average energy, with the energy levels fixed by boundary conditions and Planck's constant. The first mitigating factor is that all electrons are indistinguishable, which means that a mean field approximation can provide a reasonable starting point for obtaining a solution. In the mean field approximation, the motion of one electron, a 3 dimensional problem, is found from using the average position of all the remaining electrons. This leads to an iterative refinement of the orbitals describing the probability distribution of an electron's position. This level of calculation is quite feasible for very large systems (hundreds of atoms). To go beyond this level of approximation, which is required for the accuracy we need, we can consider two electrons at a time, with the motion of the remaining electrons being averaged over. This is more expensive, and is still not accurate enough. The most reliable method used today is to treat the motion of two electrons explicitly, but allow the other electrons to interact via functional restrictions. Very efficient computer codes have been written to solve for this problem, but still solutions are practical only up to half a dozen or so atoms in the system.


The second mitigating factor is that the light mass of the electrons means that the spacing of energy levels is very great. Thus, to a very good degree of approximation, we need to consider only the lowest possible energy level of the electrons. Nonetheless, a calculation of the electron energy level for a single nuclear geometry requires the solution of a non-linear problem with millions of unknowns.


[image: image38.wmf]By splitting the nuclear and electron problems, we have enabled the solution of the electron problem without consideration of the nuclear motion, but at the expense of having to solve repeatedly the electron problem for each position the nuclei take during the collision. This is, of course, another formidable problem, because the nuclei sample an infinite number of positions during a collision. To circumvent this problem, we carefully select a set of nuclear geometries which we think well characterize the set of geometries encountered, and solve for the electronic energy at these points. These points are then fit to some analytic function in order to interpolate/extrapolate the energies. In Figure 2 we show such a result for N2. We show the data, the fitting function, and finally a Morse potential. The Morse potential is a simple three parameter function which has simple vibrational energy levels, while the fit is a 14 parameter analytic function. The fit reproduces the data very well, and the Morse function does a good job of representing the data until about half way up to dissociation limit, but then starts to give rise to large deviations. Since in the present work, N2 dissociation is of interest, it is likely that the Morse potential would not provide a good basis for further work. It is interesting to note that while the Morse potential appears to have longer range, i.e. it seems to decay more slowly than the fit, the fit is actually of longer range, for it approaches the asymptotic limit as r-6, where r is the N2 bond length, while the Morse potential approaches the asymptotic limit exponentially.[2] This has profound implications for the number of bound ro-vibrational levels of N2. Also note the higher density of data points in the vicinity of a bound length of 4. This was required to ensure the analytic representation behaved properly as the potential evolved from its asymptotic long range behaviour to the short range bonding interaction. This effected the number of bound ro-vibational levels, and will be discussed further below.


Let us now move on to the treatment of nuclear motion. After the electrons have been taken care of, we have 6 degrees of freedom remaining. By transforming to a new set of cartesian position vectors, one that specifies the center of mass of the N2 molecule, and the other which specifies the length and direction of the bond, we can simplify the problem, since the potential energy curve does not depend on the center of mass cartesians. This reduces the problem to one in three dimensions, since the center of mass motion is easily solved for and furthermore plays no role in this study. By transforming the cartesians specifying the length and direction of the bond into spherical polar coordinates, we can further simplify the problem, since the potential energy curve only depends on r, the length of this vector, and partially separate vibration and rotational motion. 


Thus we now have a rotational and vibrational problem to solve. How do we do this? By virtue of their small mass, electrons must be treated by quantum mechanics. As particles get heavier, gradually classical mechanics becomes more valid. Now since the mass of an N atom is about 2.6(104 times greater than an electron’s mass, it is tempting to consider using classical mechanics. This is because classical mechanics is local while quantum mechanics is non-local and hence much more expensive. Thus let us consider three ways for treating nuclear dynamics: classical mechanics, old quantum mechanics, and quantum mechanics. 


In a classical mechanical calculation, one determines the time evolution of a set of coordinates qi, and conjugate momentum pi. The time evolution is governed by Hamilton’s equations[4]
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where the Hamiltonian for a 1-d vibrator, for example, is
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where m is the reduced mass for the vibrator, mN/2 for N2. The solution of these equations, while interesting by themselves, do not appear helpful in the situation of approximating quantum mechanics, for nothing about quantization of energy appears. To proceed, we must invoke the premises of so-called “old” quantum mechanics. [5] In this procedure, we take the above equations and transform to a new set of variables, called action-angle variables. These variables are special in that the new momenta, the actions, are constant in time, i.e. the new Hamiltonian has no dependence on the variables conjugate to the actions, the angle variables. Then the quantization rule is that the only allowed values of the actions are half integral multiples of 
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, but the particles still follow regular trajectories: the angle variables progress in straight lines. The action-angle variables can be determined analytically for a few 1-d problems, but must be determined numerically for most systems of interest.


We now compare this to quantum mechanics. Now we must solve a eigenvalue eigenvector problem:
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where the quantum mechanical Hamiltonian operator is built from simple rules from the classical Hamiltonian, |(n|2 gives the probability density, and En is the energy. For the 1-d vibrator, the Hamiltonian operator is
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How do the predicted energies between the old and new quantum mechanics compare? For a diatomic molecule, like N2, the agreement is quite good. For example, the rotational energy levels from quantum mechanics are 
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, where j is the integral rotational quantum number and r is the bond length, while the rotational energy levels from old quantum mechanics are 
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. The difference between these two results is only 
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 which is pretty small considering how large m is. For vibration, the situation is similar: for a Morse oscillator and Harmonic oscillator, the old quantum mechanics gives the same answer as does quantum mechanics, provided the domain of the bond length is -∞ to +∞, a not to restrictive assumption for the current value of m. Thus we see that the old quantum mechanics works quite well for N2.


[image: image39.wmf]Now consider what happens when one couples vibration and rotation. One finds that the net effect is to add the term 
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 to the vibrational potential. It should be noted that the attraction of a Morse potential, namely that action-angle variables can be determined analytically, does not hold when the molecule rotates. The term 
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 that is added to the potential precludes analytic action-angle variables. 


The effect of rotation on the potential of N2 is shown in Figure 3. In general, as j increases, the potential minimum decreases in depth and gets pushed to larger r. An interesting situation occurs when the potential minimum rises to the point it is no longer the global minimum, but simply a local minimum. In this case, quantum mechanically, there is probability of finding the particle inside of the centrifugal barrier as well as outside the barrier. Physically, if the particle started inside the centrifugal barrier, the probability of finding it there will decay exponentially with time. These levels are called quasi-bound levels, predissociated levels, or resonant levels, depending on the scientific field in which they are discussed. Finally, eventually as j becomes larger, the potential will become purely repulsive, and no more bound or quasi-bound levels will exist.


In Figure 4, we show the range of v and j for which there are bound or quasibound levels. For j=0, there are bound vibrational levels up to 60, whereas for v=0, there are bound rotational levels up to j about 210, and quasibound levels continuing up to j=279. In our initial calculations on N2, we noticed a rather odd bulge on a plot of this type in the vicinity of v=50. This turned out to be due to additional bound states coming from incorrect behaviour of the potential of Figure 2 in the region around 4 bohr. When we added the additional points around 4 bohr and improved the analytic representation in this region, the bulge went away, and we were left with a plot very like Figure 4. The potential used to generate the data shown in this figure is obtained not from the potential of Figure 2, but rather an accurate potential determined from fitting spectroscopic data for N2.[6] The differences between these potentials is not that great, but certainly the one based on experiment is more accurate, so we will use it. The number of bound and quasibound levels for N2 is 9390 from old quantum mechanics.
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Let us consider the approximation of decoupling vibration and rotation for a moment. At the very least, for this approximation to be reasonable, it is necessary for the bound v,j states of interest to fall within a rectangle in a plot such as Figure 4. This occurs for v up to about 30 and j up to about 125. This does not include any levels near dissociation. When dissociation is important, the v,j states of interest fall within a shape more like a triangle. Furthermore, decoupling vibration and rotation precludes the existence of predissociated levels. However, these levels are expected to play a very important role in dissociation. Thus for dissociation, the decoupling of vibration and rotation can not be a reasonable assumption.


2.2
N+N2


We now add another particle to our mix, e.g. we consider our universe to consist of N and N2. The solution of the electronic structure problem proceeds as for N2, except now things are more complex because of the larger number of electrons and because the potential energy hypersurface now depends on three coordinates, rather than one. One interesting complication is that since the ground electronic state of the N atom is 4S, the N3 potential energy hypersurface has between 3 and 9 open shell orbitals, depending on whether the system looks more like N+N2, or 3N. The large number of open shell orbitals puts considerable stresses on the software we use to compute the potential energy hypersurface. [7] In contrast to the situation with N2, where we carried out electronic structure calculates and tens of geometries, for N3 we carried out calculations for hundreds of geometries. An analytic representation of these calculations was then carefully formed and used for all subsequent calculations.
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It is informative to consider the general topology of the potential energy hypersurface. The N2 potential energy curve in Figure 2 has a single minimum at r about 2, and then approaches a constant as r goes to ∞. In contrast, the N3 potential energy hypersurface has more complex structure. It has three equivalent asymptotes that look like N+N2, with the three structures differing by the choice of the lone N atom. It also has three local minima that look like N-N-N with a bond angle of about 115o, which differ in the identity of the central N atom, and six local maxima which are antisymmetric distortions of the local minima that look like N—N-N or N-N—N. There are also six global minima that look like N((N-N, where (( means van der Waals interaction. The van der Waals minima are very shallow. The minimum energy pathway on the potential energy hypersurface from one N+N2 structure to another involves passage from the asymptote to the van der Waals minimum, to one local maximum, N—N-N, to the local minimum N-N-N, to the next local maximum, N-N—N, to the van der Waals minimum, then on to the N2+N asymptote. The overall barrier height for this process is about 3(101 kcal/mol, which means the likely hood of N atom exchange, as this process is called, is very low except at elevated temperatures (several thousand degrees). Finally the N3 potential energy hypersurface approaches a constant, high energy as all atoms become far apart, i.e. forming 3N. A depiction of the potential energy hypersurface in the vicinity of the local maxima is shown in the next figure.


   For N+N2 collisions, there are three possibilities. The N atom can simply bounce off the N2 molecule, with some energy transfer between translation, rotation, and vibration. This is called an inelastic collision. The second possibility is for the trajectory to cross over from one arrangement valley, Na+NbNc in the figure, to another, say NaNb+Nc. This is called an exchange reaction, and in contrast to inelastic collisions, which involves fairly limited changes to rotational and vibrational energy, exchange reaction products tend to loose memory of the initial arrangement vibrational and rotational energies and lead to very broad product distributions. The final possibility is for the trajectory to climb to the N+N+N plateau and dissociate the N2 molecule.



How do we describe these processes? This can be done in several ways. The most rigorous way is to use quantum mechanics. This is quite expensive, but is feasible for energies below the dissociation limit. [3] Another way is to use classical mechanics for some or all of the dynamics. In our work, we will use the quasi-classical trajectory (QCT) method. [8,9]  In this method, we specify a relative translational energy and v,j quantum numbers, then use old quantum mechanics to relate the quantum conditions to the initial conditions for a classical trajectory. The variables not specified by Erel, v, and j, namely vibrational, rotational phases and impact parameter, are integrated over using Monte-Carlo techniques. The final state of the system is analyzed using old quantum mechanics. In general, the final values of the vibrational and rotational quantum numbers, v' and j', will not be integers. We turn them into integers by rounding them to the nearest integer. We thus obtain elementary measure of the outcome of a collision, the cross section ((((Erel), for initial state ( and final state (.[2] The cross section has units area. Although the calculation of a single trajectory is not time consuming, the number of trajectories that must be calculated is quite large. [image: image42.jpg]}
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For the N+N2 calculations presented here, nearly 108 trajectories were run.



Let us now consider the issue of selecting the relative translational energy Erel. To compute a rate coefficient at translational temperature Ttrans, we need to perform a Boltzman average of the average velocity times the cross section. In Figure 6 we show the (un-normalized) weighting function for the cross section for several temperatures. At low temperature, the distribution is very sharply peaked, and the most efficient way to proceed is to sample energies around the peak at each temperature. At higher temperature, the distribution becomes very broad, and it becomes more efficient to sample energies over a wide range and use them for multiple temperatures. Nonetheless, it is not necessary to converge the cross sections at high energy as much as for energies in the vicinity of the peak in the distribution, for the really high energy cross sections have only small impacts on the rate coefficients. In the present work, we use a combination of these ideas. We use Monte-Carlo sampling over Erel, with an importance sampling function the speed times the Boltzman distribution at Ttrans=20000K. We then divide the energy into 64 intervals, and take the cross section at the energy at the middle of the interval to be the average cross section we compute in that energy interval.



In Figure 7 we plot the computed dissociation rate coefficients vs. v at Ttrans=20000K. The lines track the v for selected values of j. We see that the largest dissociation rate coefficient occurs at the highest v for each j, with the largest dissociation rate being out of j=0, v=60. However, due to the 2j+1 degeneracy of the rotational levels,[2] we expect much larger populations for j >>0, so the j=0,v=60 level is not expected to play an important role in the dissociation process. A perhaps more useful way to understand the dissociation rate data is to plot it vs. the energy difference between the top of the centrifugal barrier and the ro-vibrational energy level. Such a plot is given in the Figure 8. Now we see a much clearer pattern, with the dissociation rate showing a power law relation with the energy gap. 


2.4
N2+N2


Now consider the universe to consist of two N2 molecules.  Now the electronic structure calculations are even more expensive, and calculations must be carried out at thousands of geometries. 

Furthermore, the topology of the potential energy surface is quite complicated. Below the N2+N+N asymptote, there exist several local minimum. One prominent one is the so-called tetrahedral (Td) N4 complex.  This local minimum on the N4 potential energy surface has been proposed as a high energy density material,[10] although it has  not yet been synthesized in the laboratory. The significance of this 

feature is if a trajectory samples this region, it will loose memory of the initial conditions and can lead to rearrangement scattering, which means unusually large vibrational and rotational energy transfer. There are also other local minima, such as the rectangle form of N4, of which there are a number of equivalent forms. This all makes the determination of a reliable analytic representation very difficult. Our best strategy so far is illustrated in Figure 9. There we show results of electronic structure calculations for the cross or X orientation as a function of one N2 bond length for two different values of the N2-N2 distance. The symbols are color coded so that green means the N2 bond length is smaller than the N2-N2 distance, so the system is more like N2+N2, while red means larger N2 bond lengths, so the system is more like N2+N+N. The dark purple curve is the result of diagonalizing a 4(4 matrix, with diagonals analytic representations of  potential energies of systems that look like N2+N2, N2+N+N, Td N4, and rectangular N4, and off diagonals being constants. For the small N2-N2 distance, we also show the Td N4 (light blue) and N2+N+N (purple) diagonals. Although this analytic representation is still only qualitatively correct, one can clear see how the different topological features of the potential come into play.



For nuclear dynamics, we can follow the same procedure as for N+N2. Now, however, quantum mechanical dynamics calculations will be possible only for quite low energy. In contrast, the QCT method can be used without much more effort per trajectory compared to N+N2. Once we have finalized out N2+N2 potential, we will be carrying out trajectories for N2+N2 on a similar scale as for N+N2.



2.4 Gaseous N, N2


We now transition from the atomic level to a macroscopic level. Once again we can take advantage of the properties of nature to simplify our simulations. As we saw, as we went from two, to three, to four atoms, our calculations got much more difficult. This will continue as we go from four to 16 to 32 ... But how far to we have to go? The unit of measure of the amount of a substance at the macroscopic level is Avogadro's number, NA=6.02(1023. This is the number of water molecules in a little more that one Tablespoon. This same amount of water, if allowed to evaporate at room temperature and pressure, would occupy about 22.4 liters. Avogadro's number is huge, and it will not be possible to treat this number of individual molecules. Fortunately, the fact that NA is so large also means that statistical treatments will be very accurate.[2] This means that the nature of our questions change, that is, rather than asking what the outcome of a collision is, we ask how level populations change with time. The equation we will use to describe this is the master equation.


In the master equation formulism, we assume that translational degrees of freedom equilibrate instantaneously to a distribution governed by the temperature Ttrans. See [11] for an example of previous work by Schwenke on the H, H2 system. The translational temperature can be fixed, or driven by coupling to flow equations. The solution then describes the time dependence of the concentrations for the processes
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(1)


for external temperature Ttrans, where j is the rotational quantum number and v is the vibrational quantum number. The master equation can be written in many forms, and the one we choose for Eq. (1) is
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where njv is the concentration of N2(j,v), nN is the concentration of N atoms, the sums are over all bound and all long lived metastable levels of N2, and the 
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(7)


where (nm is unity if n=m and zero otherwise, kET is an energy transfer rate coefficient, kD is an dissociation rate coefficient, kR is an recombination rate coefficient, kPD is a predissociation rate coefficient, kTR is a tunnelling recombination rate coefficient, kDD is a double dissociation rate coefficient, and kDR is a double recombination rate coefficient. The predissociation and tunnelling recombination rate coefficients are nonzero only for metastable jv levels. Since N2 has 9390 jv levels, this means for the N, N2 system there will 9391 coupled ordinary differential equations, thus the solution of the master equation will be very arduous.



For an example of what can be learned from a master equation study coupled with accurate state-to-state rate coefficients, readers are referred to Ref. 11. Here we studied the H, H2 system.  This system shares a great deal with the N, N2 system, except the fact that H2 has only 348  jv levels makes the solution of the master equation much easier. In Figure 10 we show populations as a function of time for a 2000K temperature jump. This figure is a distillation of a vast amount of data, yet we see some very interesting aspects of the dissociation of H2. First we note that the average value of j and v equilibrate at about the same rate, reaching their final values by a few (sec. In contrast, dissociation does not begin to occur until about 10 (sec, with vibrational and rotation in equilibrium. Now the different vibrational rotational spacings, potential energy surfaces, and temperatures for the N,N2 system will be different from the H, H2 system, so this decoupling of time scales may not occur in our system, but this remains a very tantalizing result. 



A serious difficulty addressed in Ref.[11] was how to compare the master equation simulations to experiment. This is because, e.g., experimental measurements report the rate kD in the expression 
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and the master equation can not be analytically reduced to this form. Therefore kD is known as the phenomenological rate coefficient because although the rate law of Eq. (8) is observed, it can not be derived from more accurate theory. To compare to experiment, we considered methods based on three broad ideas: (i) data fitting, (ii) equilibrium one way flux, and (iii) eigenvalue analysis.





In the data fitting approach, we closely mimicked experiment by determining the time dependence of the N and aggregate N2 concentrations, and then determining the best kD that reproduced the time profile when we used Eq. (8). In Figure 11 we show the comparison with experiment that we obtained. The results were very good. It should be noted that the apparent deterioration at the highest temperature is just simply a reflection on the uncertainty in determining the rate coefficient since at these temperatures, the equilibrium faction of H2 is very small.


 The next scheme we used to extract the phenomenological rate coefficient was the equilibrium one-way flux method. This was not nearly as reliable a method, being only capable of order of magnitude predictions of the recombination rate coefficient. Nevertheless this will give valuable insight into the dissociation process. In this method, we evaluate the rhs of Eq. (2) using equilibrium concentrations and only include terms leading to dissociation. We show the contribution of the various terms as a function of v in Figure 13 and as a function of j in Figure 12. We see that the dissociation rate is dominated by low v and high j.


We next turn to the eigenvalue analysis method. For H2, it proved to be a very accurate and efficient method. In this method, we observe that we can write the master equation in the form
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where bold means matrix and the superscript f means final. That is, we linearize the master equation. Then the solution can be found in terms of the eigenvalues and eigenvectors of the matrix C:
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Then the phenomenological rate coefficient is computed from the first nonzero eigenvalue. The problem with this procedure for the N2 system is that C is a 9391(9391 non-symmetric matrix, and good canned routines to determine the lowest eigenvalues and eigenvectors of a matrix of this size do not exist. But this can be overcome by the following technique: if we multiply C from the right by the diagonal matrix made up of the square roots of the 
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 and then multiply the result from the left with the inverse of this diagonal matrix, then we obtain a new matrix which is made up of a 9390(9390 symmetric part, and then one row and one column which are not symmetric. We can then diagonalize the symmetric part efficiently, determining only the eigenvalues of interest, and then use the non-symmetric Jacobi method to clean up the rest to yield the eigenvalues of interest. Thus we expect this to be a very promising method for treating the full system.


3.0 Modeling



Finally let us ask the question of what is it that computational fluid dynamics actually needs for accurate simulations. Clearly following the populations of all 9390 vj levels is a vast overkill and also prohibitatively expensive. What is actually needed are the N, and N2 number densities, to go into the mass conservation equations, the average internal energies, to go into the energy conservation equations, and finally the internal state distribution, to go into the radiation transfer equations. The eigenvalue analysis method gives all this information, except the eigenvalues and eigenvectors depend on Ttrans, the total density and the particular mixture. Thus a more flexible method is required.



Let us suppose that all the vj state number densities are not independent, i.e.
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etc. Then can we determine  how the x depend on time? This technique is known as lumping, and can be written mathematically as follows: let
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where M is some invertible 9391(9391 matrix. Then the governing equation for the x is
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with
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So far this has just introduced a large amount of extra work, but now make the approximation that xi=0 for all time for i>m, m<<9391. This converts the master equation into one having only m coupled equations. The advantage of this method is by performing a significant amount of work up front to determine the rate equations for the lumps, we can recover accurate time dependent populations from a much smaller set of equations.



What are some ways to choose the lumps? One choice is to have m run 0 to 60 and represent the vibrational levels with the j populations be Boltzman at some temperature, say Ttrans. This is a perfectly well defined and reasonable proposition, provided the j levels are those for the particular v. Thus we can eliminate the j levels, as we would like to do, but note that this is not the same is decoupling vibration and rotation. Some other lumping schemes are to sort jv levels by energy, and include in a lump all levels with similar energies. This has the advantage that the populations within the lump will be primarily determined by degeneracy factors, rather than an external temperature. Another idea would be to carry out the eigenvalue analysis for a series of likely situation, and then use the eigenvectors to define the lumps. And of course, other ideas are possible.


4.0 Conclusions


I have outlined the procedure involved from going from a first principle treatment of molecular dissociation to a model for use in CFD calculations. There are a multitude of complex problems that must be solved before a viable model is developed. Our goal is to use the first principle data to determine a hierarchal set of models that can be used in CFD calculations. These models will have wide applicability, and systematically trade off between accuracy and expense. 
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Figure � SEQ Figure \* ARABIC �11�: Comparison between calculated and experimental recombination rate coefficients for H2.
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Figure � SEQ Figure \* ARABIC �13�: Equilibrium dissociation flux at 20,000K.
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Figure � SEQ Figure \* ARABIC �10�: populations for H, H2 from master equation.
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Figure � SEQ Figure \* ARABIC �8�: Dissociation rates vs. dissociation energy
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Figure � SEQ Figure \* ARABIC �6�: Energy distribution for averaging cross sections.
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Figure � SEQ Figure \* ARABIC �9�: Cuts of N4 potential in X orientation.
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Figure � SEQ Figure \* ARABIC �4�: Rotational-vibrational levels of N2.
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Figure � SEQ Figure \* ARABIC �3�: Potential curve of N2 for j=0,20,40,..
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Figure � SEQ Figure \* ARABIC �5�: N3 PES for 115o. Blue is low energy, green moderate, and red high energy.
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Figure � SEQ Figure \* ARABIC �2�: Calculated and fitted potential energy curve of N2 and simple Morse model.
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Figure � SEQ Figure \* ARABIC �1� Stardust entering Earth's atmosphere
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Figure � SEQ Figure \* ARABIC �7�: Dissociation rate coefficients for 20,000K.
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Figure � SEQ Figure \* ARABIC �12�: Equilibrium dissociation flux at 20,000K.
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AbstracT


In a partially ionized hypersonic flow field, electron collision plays a significant role in energy re-distribution and in the production of excited states of atoms and molecules that can subsequently radiate. Thus electron collision data is part of the database used in modelling high speed entry flows. First principles computational methods for the calculation of electron-impact data are reviewed. Their merits are discussed, based on the requirements of reliability and the ability to handle high-lying excited states.  Three processes are considered: the production of electrons by electron-impact ionization, the removal of electrons by radiative recombination and dielectronic recombination, and the production of electronic excited states by electron impact. Electron-nitrogen atom collisions are used as an illustrative example. The study clarifies the role of high-lying electronic excited states in the ionization process. It shows that the recombination processes can produce sizable radiative heat load in the VUV region. It also shows examples using a scaling method to improve the frequently used Born approximation for electron-impact excitations.


1.0
INTRODUCTION


During the hypersonic entry of a space vehicle into a planetary or lunar atmosphere, the flow field becomes partially ionized. The percentage of ionization depends on the entry speed and the vehicle size. In this regime, electron collision provides an efficient means of producing electronic excited states of the atoms and molecules in the flow field. Thus it plays an important role in determining the internal energy and state distribution of the gaseous particles. The excited states in turn are the source of radiation observed during a hypersonic entry. 

Electron-atom/molecule collisions differ from heavy particle (atom-atom, atom-molecule and molecule-molecule) collisions in two aspects. First, the mass of an electron is more than four orders of magnitude smaller than the reduced mass of N2. Thus its average speed, and hence its average collision frequency, is more than 100 times larger. Even in the slightly ionized regime with only 1% electrons, the frequency of electron-atom/molecule collisions is equal to or larger than that of heavy particle collisions, an important consideration in the low density part of the atmosphere where the reaction probability is frequently controlled by the collision frequency. Second, the interaction potential between a charged particle (electron) and a neutral particle is longer range than neutral-neutral interactions. Hence electron-atom/molecule collision cross sections tend to be larger. Also, low-energy electron collisions can be effective in spin changing excitations. Another characteristic of electron collisions is that it generally produces a variety of excited states whereas heavy particle collisions tend to produce specific excited states.


Modelling electron collisions in nonequilibrium gas dynamics requires data to simulate its production and removal in the flow field. Also, in the non-equilibrium regime where the populations of radiative species are determined by the quasi-steady-state approximation, the electron number density, temperature, and electron-impact excitation rate coefficients are part of the input data for QSS calculation. Similar data needs also exist in other disciplines dealing with plasma, including astrophysics, fusion science, plasma processing in microelectronics, etc. While the composition and temperature of the plasmas may be different, these communities frequently employ a common set of approximate formulas for the cross section/rate coefficient expressions. Using a combination of experimental data and a variety of approximate formulas, a number of databases have been developed in the entry physics community. The data sets by Park [1,2], Losev [3] and Bird’s TCE [4,5] models are well established examples of this approach. The NEQAIR package [6] that simulates nonequilibrium radiation in an entry flow employs Gryzinski’s [7] classical formula is used for electron-impact excitation of atoms whereas for molecules experimental data are used, sometimes by extrapolation or by analogy. More recent models have incorporated improved databases, based on new experimental data and/or theoretical calculations. The collisional radiative model by Bourdon et al. [8] includes many updates. Similarly SPRADIAN07 [9] incorporated new, improved data into the NEQAIR model. 


As part of a systematic development of a physics-based model of nonequilibrium chemistry and radiation in hypersonic flow, it is timely to investigate and update the electron collision cross-sections/rate coefficients based on first principles calculations. The present focus is on electron-atom collisions, because atomic radiation dominates at high entry speed. Our study covers electron-impact ionization. Together with associative ionization, they are the production mechanisms of electrons in the flow field. Two electron removal mechanisms are investigated, radiative recombination and dielectronic recombination. Selected electron-impact excitations of bound-bound transitions are also studied.


2.0
quantum mechanical formulation of electron collisions


Due to the light electron mass, in general e-atom/molecule collisions should be treated using quantum mechanics instead of classical mechanics. The Schrödinger equation for an e-atom system is given by 
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Here H is the Hamiltonian of the e + atom system, E the total energy, ( the corresponding wave function, and (i the spatial and spin coordinates of the ith electron. The indices i and j label the bound electrons, and N+1 label the free electron. Due the large difference between electron and nuclear mass, it is assumed that the nucleus is fixed during the collision. The total Hamiltonian consists of the atomic Hamiltonian, HA, the kinetic energy operator of the free electron, Te, and the Coulomb potential V between the free electron and the atom.
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Here Z is the nuclear charge. The origin of the coordinate system is chosen to be at the nucleus.


The solution to Eq. (1) are obtained by first solving the atomic Schrödinger equation.
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In the range of incident electron energy of interest to hypersonic flow modelling, from threshold to (100 eV, the close coupling method [10] provides the most reliable solution of Eq. (1). 
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The antisymmetrizer A permutes the free electron with the bound electrons to account for the fact that electrons are indistinguishable and must satisfy Fermi statistics. The summation is over all possible states of the atom, including the continuum. The summation in Eq. (7) becomes integration in the continuum region. The excitation/ionization cross section is obtained by analyzing the asymptotic behavior of the function fm. Because there are an infinite number of discrete and continuum target states, for practical reasons the summation is necessarily truncated. The success of a close coupling calculation depends on the quality of the atomic wave functions used and the number of terms included in the summation. Two of the most successful approaches used in e-atom collisions are the convergent close-coupling (CCC) method [11, 12, 13] and the R-matrix with pseudo states (RMPS) [14,15]. In the CCC method expands target states using square-integrable functions. The convergence of such representation is tested by successively increasing the size of the basis. While the CCC method has demonstrated excellent results, so far its application is limited to atoms/ions with one or two electrons outside a closed shell core, i.e., the alkali and alkaline earth atoms. The current version is not applicable to N, O, and their ions that exist in the Earth entry environment. The RMPS method is an extension of the R-matrix method [16]. The target functions used in the Eq. (7) are constructed using both physical orbitals determined from the solution of Eq. (6) and pseudo orbitals constructed using a Sturmian-type basis or B-spline. The latter approximately represent the high-lying bound states and continuum states. This method is applicable to atoms/ions of arbitrary structure, but the accuracy of the calculation depends on the number of physical target states used in the expansion.


Simulation of nonequilibrium gas dynamics requires a complete set of cross sections involving all possible initial and final states of the atom/molecule. The NIST database [18] lists 381 levels for N atom not counting the high Rydberg states. Thus a very large set of cross-section data are needed. As discussed in the preceding paragraph, modern quantum mechanical calculations can provide reliable cross data but the accurate calculations are limited to a small set of low-lying states for a given atom, or applied only to a particular class of atoms. Therefore it is necessary to employ approximate methods. The most frequently employed approximations are classical mechanics or Born approximation based on screened hydrogenic target functions. Both are attractive to modellers of macroscopic phenomena because analytic formulas are available, making the calculation of large numbers of cross sections feasible. At present the best practice is to use experimental or more accurate quantal treatment when available, and supplement the data set using either the classical or the hydrogenic approximations. 


It is difficult to predict a priori, under what conditions these approximation will fail. As an example, consider a calculation of Li atom using three different types of target wave functions, screened hydrogenic, Hartree-Fock (HF) [17], and Multiconfiguration Hartree-Fock (MCHF) [17] functions.  In the HF method, the electron sees the averaged potential from other electrons and the atomic wave function is an antisymmetrized product of one-electron orbitals (one-electron solution of the Fock equation). Electron correlation arising from instantaneous electron-electron interaction is neglected. The MCHF method accounts for electron correlation approximately by expanding the wave function in terms configuration state functions, i.e, antisymmetrized products one-electron orbitals. The ground state of Li has the electronic configuration 1s22s 2S and the electronic configuration of the first excited state is 1s22p 2P. Since the 1s electrons are more tightly bound than the 2s or 2p electron, the screened hydrogenic approximation should apply well to these states. Table 1 presents selected properties calculated using these wave functions and experimental data when available. For the expectation value of r of the 2s orbital, ((2S(r((2S(, all three methods are in good agreement with each other. For the Einstein A coefficient of the 2S – 2P transition, A2S,2P, the HF and MCHF results are in good agreement with NIST tabulation [18], but A2S,2P calculated using screened hydrogenic functions is ≈ a factor of 5 smaller. The electron-impact excitation cross section for the 2S – 2P transition is calculated at 4 eV incident electron energy using both the Born approximation [19] and the BE scaling method [20]. The cross section recommended by Wutte et al [21] based on a compilation of experimental data is also presented. The BE scaling cross sections calculated using with MCHF and HF wave functions are in good agreement with experiment, with the MCHF result slightly closer to experiment. The Born cross sections are approximately a factor of 3 larger. On the other hand, the Born cross section from the screened hydrogenic calculation is in excellent agreement with experiment, whereas the BE scaling result is a factor of 3 smaller. However, based on the fact that the screened hydrogenic calculation gives a poor result for A2S,2P, the good agreement in the Born cross section is due to fortuitous cancelations of errors in which the screened hydrogenic approximation underestimates and the Born approximation overestimates the cross section.

Table 1: Comparison of properties of Li atom using screened hydrogenic, HF, and MCHF wave functions


		Property

		Screened hydrogenic

		HF

		MCHF

		Experiment



		((2S(r((2S( (au)

		4.00

		3.87

		3.86

		



		A2S, 2P (s-1)

		6.63E+06a

		3.75E+07a

		3.87E+07

		3.72E+07b



		(2S-2P  (Å2)c, Born

		36.6

		117.8

		106.6

		36.6d



		(2S-2P  (Å2)c, BE

		12.7

		39.7

		37.9

		36.6d





aPhoton wavelength is determined from MCHF calculation.

bNIST data [18].

c4 eV incident electron energy.


dCritical compilation by Wutte et al [21].


The Li atom example serves to illustrate two requirements for reliable transition properties, high quality atomic wave functions and a treatment of collision dynamics that is applicable to low energies. In the present application, the MCHF method is used. Since the study is limited to light atoms, relativistic effects are treated by solving the Breit-Pauli Hamiltonian [17]. The collision dynamics treatment used in the study of ionization and excitation is described below.


2.1
Electron-impact ionization


There are two mechanisms in electron-impact ionization. The first is direct ionization where the colliding electron directly detaches a bound electron from the atom or molecule. 





[image: image8.wmf]  


A


+


e


®


A


+


+


2


e


.













(8)


The second mechanism is autoionization. It is an indirect process where the atom is first excited to a bound electronic state that lies in the continuum. The bound state is sufficiently energetic that it automatically ionizes. 
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The total ionization cross section is the sum of the two contributions. 
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The cross term between direct and autoionization has been neglected. Different methods are used to calculate direct ionization and autoionization cross sections.


2.1.1
Direct ionization


Quantum theory has a demonstrated record of successful calculations of the total ionization cross-sections by electron impact [22]. The Binary-Encounter-Dipole (BED) model of electron-impact ionization developed by Kim and Rudd [23] has been used for a large variety of atoms and molecules and the BED cross-sections are available in the NIST database [24]. The improved Binary-Encounter-Dipole (iBED) model [25] was introduced in 2001 to improve the treatment of the dipole term in the BED model. In the iBED model, the direct ionization cross section is expressed in two terms,
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The Binary-Encounter cross-section (BinaryEncounter describes the close collision between the free electron and bound electron. It is represented by a modified Mott cross-section with the incident electron energy replaced by the average energy from the Binary-Encounter model [26]. The dipole Born cross section accounts for the long range interaction between the free electron and the target. The difference between the iBED and BED models lies in the use of the Dipole Born cross-section instead of the Dipole Bethe cross-section. The former includes the effect of electron shielding, thus improving the description of the process at low incident electron energies. The formula for (DI used in this study is given in Ref. 25, Eq. (2.46). All parameters used in the calculation are obtained using ab initio calculations.

2.1.2
Autoionization


Autoionization is a two-step process. The initial state of the atom, i, is first excited to a metastable state, m. The latter decays either by ionization or by radiative decay. Thus the autoionization cross section is given by the product of the electron impact excitation cross section (im and the ionization probability of the metastable state, PmI.
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The ionization probability is given by
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with kI,m and kR,m the ionization and radiative rate coefficients of state m. The electron-impact excitation cross section (im is calculated using the BE scaling method [20] discussed in Sec. 2.2.

2.2
Electron-impact excitation


The Born approximation [19] is the most commonly used method for the calculation of electron-impact excitation cross sections. It is based on a perturbation series expansion of the transition matrix element,
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( is a small positive number. The first term in Eq. (14) is the Born term. The series converges when the interaction potential V is significantly smaller than the incident electron energy. Thus the Born approximation is a high energy approximation. The Born cross section is given by
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The momentum transfer K is given by K = ki – kf, with ki and kf the momentum vector of the incident and scattered electron. For hydrogenic functions, the Born cross section is given in closed form. 


The energy regime of interest in modelling hypersonic flow is too low for the Born approximation to hold.  The Born approximation, while describing long range interaction such as dipole and quadrupole interaction well, does not account for electron exchange, the polarization of the target electrons by the free electron, and the distortion of the free electron by the target that are described by higher order terms in the perturbation series. The BE scaling method by Kim [20] incorporates these effects approximately by energy scaling.
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Here Ee is the free electron energy. B is the ionization energy of the initial state, i.e., the binding energy of the outermost electron. Ex is the excitation energy. The BE scaling method has been used successfully in treating electron collisions with neutral atoms and ions [20,27]. For ionic target, the plane wave in Eq. (14) is replaced by a Coulomb wave. It should be noted that this method does not include resonance effects, that is, the enhancement of the collision cross section due to the formation of transient compound states. Resonances should be treated separately. The BE scaling method is used in the present study of electron-impact excitation and autoionization.


3.0
Electron-Impact ionizatin of N atom


Ionization from ten states of N atom is studied. Their electronic structures and ionization potentials are presented in Table 2. The first three states share the ground state electronic configuration, 1s22s22p3. The upper seven states has one electron in the n=3 shell. 

Table 2: Electronic structure and ionization potentials of 10 states of N atom used in the ionization calculation 


		Electronic configuration

		Ionization potential (eV)

		Electronic configuration

		Ionization potential (eV)



		1s22s22p3  4So

		14.534

		1s22s22p2(3P)3s  2P

		3.854



		1s22s22p3  2Do

		12.151

		1s22s22p2(3P)3p  4Do

		2.784



		1s22s22p3  2Po

		10.959

		1s22s22p2(3P)3p  4Po

		2.697



		1s22s22p2(3P)3s  4P

		4.208

		1s22s22p2(3P)3d  4F

		1.557



		1s22s22p2(1D)3s  2D

		4.076

		1s22s22p2(3P)3d  4D

		1.518





The cross section calculations use atomic wave functions calculated using the ATSP2K code [28]. For the metastable 2Do and 2P0 states, the autoionizaton rate coefficients are taken from Kim and Desclaux [29]. Results for the three lowest states have been reported previously [30].


Figure 1 compares the calculated cross section with the cross-beam experiment of Brook et al [31]. The composition of the N atom beam used in the experiment has been analyzed by Kim and Desclaux [29] to be approximately 70% 4S0 and 30% 2D0. Figure 1 presents the calculated electron-impact ionization cross section for such mixture of N atoms and compares with experiment. The reported experimental error is ( 40% at low energies and ( 15% at higher energies. As seen in the Figure, the calculated cross sections agree with experiment to within their error estimate.
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Figure 1. Ionization cross-section as a function of free electron energy for a mixture of N atoms composed of 70% 4S0 and 30% 2D0. Experimental data are from Brook et al [31].
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Figure 2. Ionization rate coefficients for 10 states of N atom as a function of free electron temperature. 

The ionization rate coefficients from 10 states of N are presented in Figure 2. It is seen that the rate coefficients separate into two groups. The three lowest states, being more tightly bound, have smaller ionization rates than the seven states that has one electron in the n=3 shell. The difference is particularly striking at low electron temperatures. The large ionization rates of the upper states lends to the possibility that the upper states will first reach Saha equilibrium with the free electron before they reach Boltzmann equilibrium with the lower states.
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Figure 3. Boltzmann ionization rate coefficients of N atom as a function of free electron temperature. 10 electronic states of N atom are used in the Boltzmann calculation. The electronic temperature of the atom is (a) 7,500 K, (b) 10,000 K, (c) 15,000 K and (d) 20,000 K. The contributions from the 3 lowest states and the 7 upper states are also presented.


Since most CFD simulations employ a single ionization rate coefficient for each species, Boltzmann rate coefficients calculated using a Boltzmann distribution of the 10 states at 7,500, 10,000, 15,000 and 20,000 K electronic temperatures are presented in Figures 3 a - d. The calculation neglects the remaining upper states of the atom and separates the internal electronic temperature of the atom from the free electron temperature. Also shown are the contributions from the 3 lowest states and the 7 upper states. At  7,500 and 10,000 K, the Boltzmann rate is determined from the ionization of the upper states at low Te, but determined by the lower state rates at Te larger than the internal electronic temperature of the atom. At 15,000 – 20,000 K, the Boltzmann rate is determined by the upper state rates. Note that under hypersonic entry conditions, the upper states are likely not to be Boltzmann equilibrium with the 3 lowest states and their number densities are likely to be orders of magnitude smaller than the Boltzmann distribution. Instead, the upper states are in Saha equilibrium with the free electron. The FIRE II analysis by Panesi et al. [32] provides a good illustration of this situation. Thus a single ionization rate for each species, as presented in Fig. 3 for N atom, most likely is not a good approximation. 

4.0
Electron recombination with N+ ion


There are two types of electron-ion recombination processes, radiative recombination (RR) and dielectronic recombination (DR). In both cases the focus of the present study is in the radiance produced by the recombination because both RR and DR can be a significant source of radiative power. 


4.1
Radiative recombination


In radiative recombination, the electron recombines with an ion and a photon is emitted.





[image: image19.wmf]  


N


+


(


¢ 


n 


¢ 


l 


¢ 


s 


)


+


e


®


N


(


nls


)


+


h


n


.











(19)

It is the reverse of photoionization. The photon energy emitted in RR is given by 
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The process is illustrated schematically in Figure 4. Because the electron energy is continuous, the radiation emitted is also continuous.
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Figure 4. Schematic diagram of radiative recombination.

The radiative power produced by RR is given by [33],
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Here (=Ee/kBTe is the electron energy scaled by kBTe. In terms of the photon wavelength Eq. (21) is rewritten as 
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Thus the radiance R produced at wavelength ( by the RR of A+ ions in the (n’l’s’) state to all neutral states is
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The total radiance Rtotal is obtained by integrating over the photon wavelength
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The RR rate coefficients tabulated in the literature [34, 35] is related to the RR cross-section by
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The average RR cross-section [33] is related to the rate coefficient by
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The AMDPP website [34] provides RR rate coefficients of N+ recombined to form neutral N states up to n = 8 and l = 7. Under the ls coupling scheme, the calculation covers 4 ion states and 406 neutral states. Under jj coupling, there are 6 ion states and 1052 neutral states. Temperature covered ranges from 10 – 10,000,000 K. Nahar and Pradhan [35] also reported RR data of N+. They cover recombination to 20 neutral states, with highest n = 4, l = 3. Temperature range is 100 – 10,000 K. Only one ion state is covered. In the present calculation, we choose to use the AMDPP database because it covers four ion states in ls coupling. Two modifications were made to the AMDPP database. First, the energy levels of N and N+ in the AMDPP database were determined using approximate quantum mechanical calculations. For most states, there are significant differences between the AMDPP values versus the NIST data [18]. Hence all energy levels in the AMDPP database are replaced by the NIST data when possible. Scaling is used when the corresponding data are not available. The second modification is to extend the number of neutral states that are formed by the recombination of the ground (3Po) state of N+. We generate additional 176 N levels from n=9 to 12 and l=0 to 7. The RR rate coefficients for the additional states are assumed to be the same as n=8 levels.

The calculation [30] uses the parameters Te = 10,460 K, Ne = 1.19(1016 cm-3, and NN+ = 1.02(1016 cm-3. It covers wavelengths from 10 nm to 10,000 nm. The radiance from the four N+ states are weighed by the Boltzmann factor and summed. The electronic temperature of N+ is assumed to be the same as the free electron temperature. The calculated radiance spectrum can be divided into three regions. 

(1) 120 – 10,000 nm. In this region, the RR spectrum is low-intensity, continuous and rather structureless, a typical background spectrum.

(2) 50 – 120 nm. Here the radiance spectrum is significantly more intense, as shown in Fig. 5(a). It consists of a series of very sharp peaks, with a sharp, precipitous rise on the long wavelength side and a slower decrease on the short wavelength side. The onset of the sharp peaks are at 113.09, 101.97, 88.15, 85.25 nm. The maximum radiance in this region, at 85.25 nm, is 512.6 W cm-3 (m-1 sr-1. By comparison, the maximum radiance in the 120-1000 nm region is 0.5 W cm-3 (m-1 sr-1, approximately three orders of magnitude smaller. The large radiance and the continuous nature of the spectrum make this important contribution to the radiative heat flux. To better understand the peak structure, Figure 5(b) shows the individual contribution from the four ion states, without the Boltzmann weight factor. The RR of the ground state ion shows three peaks, from recombination to the lowest three neutral states, 2s22p3 4So, 2Do, and 2Po. The RR of the 1Do ion has two peaks, from recombination to the 2s22p3 2Do and 2Po states of N. The RR of the 1So ion has one peak for recombination to the 2s22p3 2Po state of N. The RR of the 5So ion has two peaks from recombination to the 2s22p3 4So and 2s2p4 4P of N. The sharp onset of each peak is characteristic of the RR process. As seen in Figure 5(b), the maximum of RR occurs at threshold electron energy, after which the rate goes down with electron energy. This is reflected in the decrease of radiance at the short wavelength side of the peak. 
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Figure 5. (a) Radiance spectrum from RR of N+ in the 50 – 120 nm region. (b) Radiance spectrum from the RR of four lowest N+ states. 

(3) 10 – 50 nm. The radiance spectrum in this region is extremely weak. Increasing the number of ion state used in the calculation may improve the spectrum. However, the higher-lying ion state has a small Boltzmann weight factor. Therefore they will not change the results in a meaningful way.


4.2
Dielectronic recombination


In dielectronic recombination, the electron recombines with an ion and produces a metastable, excited state of the neutral. The metastable state can either emits an electron and goes back to the ion (Auger process) or emits a photon and decays to a lower state.
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The emitted photon is from a bound-bound transition. Thus dielectronic recombination produces a discrete spectrum. A schematic diagram of dielectronic recombination is shown in Figure 6.
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Figure 6. Schematic diagram of dielectronic recombination.

The radiance R at wavelength ( produced by all dielectronic recombination processes is given by
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The dielectronic recombination cross section 
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 from ion state (n’l’s’) to form a neutral state (nls) is given by
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Here the summation is over all metastable states Ni* that participates in the recombination process. 


The dielectronic recombination of N+ has been studied at Te = 10460 K, Ne = 1.19(1016cm-3 and NN+ = 1.02(1016cm-3.  The metastable excited states N* used in the calculations are the series of states that converge to the 2s22p2(1D) state of N+: 2s22p2(1D)4s 2D, 2s22p2(1D)3d 2F, 2s22p2(1D)3d 2D, and 2s22p2(1D)3d 2P. The Auger rate coefficients in the cross section calculation are from the AMDPP database [36] and the radiative rate coefficients are from the NIST database [18].


Figure 7a compares the total radiance from DR and RR in the 98 – 112 nm region. The different characteristics of the two recombination processes are clearly evident. Except for the sharp threshold due to the onset of the recombination of the ground state N+(3Po) to the N(2Do) state at 102 nm, the RR spectrum is a continuum spectrum. The DR spectrum, on the other hand, is composed of sharp peaks typical of bound-bound transitions. This is in accordance with the physics of DR recombination where radiation is emitted from the bound, metastable state of the neutral atom, N*, to a lower bound state. At the sharp peaks in the DR spectrum, the RR spectrum is lower in intensity by a couple orders of magnitude or more. However, the continuum character of the RR spectrum means the total radiance from RR is significant. Indeed, in the VUV region, 50 – 120 nm, the two contributions are comparable: the total RR radiance is 6.50 W cm-3 sr-1 whereas the DR radiance is 7.28 W cm-3 sr-1. In the visible and near infrared region, the contributions from both processes drop significantly. For example, in the 1000 – 1500 nm region, the total radiance from DR is 0.14 W cm-3sr-1. An example of the DR spectrum in the infrared region is presented in Figure 7b.  In this region, the RR spectrum is too weak to be discernable.
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Figure 7. (a) Radiance spectrum from DR and RR of N+ in the 98 – 112 nm region. (b) Radiance spectrum from the DR of N+ in the 1000 – 1250 nm region. RR spectrum is not discernable in this region.

5.0
Electron-impact excitation of N atom


Experimental data of electron-impact excitation of N atom is sparse. Measurements of excitation cross section from the ground 4So to 1s22s22p2(3P)3s 4P have been reported by Spence and Burrow [37] and by Doering and Goembel [38]. Spence and Burrow [37] and Doering and Goembel [39] reported cross section measurements for the 4So to 1s22s2p4 4P transition, and Yang and Doering [40] measured cross sections for the 4So to 2Do transition. A number of R-matrix calculations have been reported for the e-N system, but so far no RMPS calculations have been carried out. Tayal and Beatty [41] reported a study of the 4So to 2Do excitation in an 11-state close coupling approximation using the R-matrix method. Frost et al. [42] carried out a 33-term close coupling calculation using the R-matrix method and determined collision strengths from the 3 lowest states to 21 states with n≤3. They also reported experimental rate coefficients determined using spectroscopic measurements in an arc chamber. Comparison between calculation and experiment shows agreement for some transitions and deviations in others.

As discussed in Sec. 2, quantal treatments based on the close coupling formulation using high-level atomic wave functions are not yet available to cover high-lying excited states, such as nitrogen with one electron in the n(4 shell. The BE scaling method is considered a possible alternative approach because it retains the simplicity of the Born approximation but included higher order effects not covered in the Born approximation by a scaling method. Figure 8 presents cross sections for the 1s22s22p3 2Po ( 1s22s2p4 2S transition calculated using both the Born and the BE scaling method. MCHF atomic wave functions determined using the ATSP2K code are used. Since the 2S state lies above the first ionization limit, it has not been treated by the R matrix method. Experimental data is also not available. It is seen from Fig. 8 that the Born cross section is significantly larger than the BE scaling cross section at low energies because the lack of polarization and distortion effects in the Born treatment. Note also that the Born cross sections in Fig. 8 are calculated using MCHF wave functions. Further deviation will be found if hydrogenic wave functions are used.
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Figure 8. Electron-impact excitation cross section for the 1s22s22p3 2Po ( 1s22s2p4 2S transition of N atom calculated using the Born approximation and the BE scaling method. 

6.0
Conclusion


In this study we have investigated quantum mechanical calculations of electron-collision data with the purpose of generating a database for modeling hypersonic entry flow. A major difficulty encountered is that simulations of nonequilibrium gas dynamics require a complete set of cross sections involving all possible initial and final states of the atom whereas modern quantum mechanical calculations can provide accurate cross section data only for a small set of low-lying states of an atom, or applied only to a particular class of atoms. Thus a major goal of this study is to investigate approximate methods that not only can extend the database beyond what is currently available from experiments or R-matrix calculations, but also can provide better quality data than the Born approximation or classical mechanics treatment used in many current databases.  Electron-nitrogen atom collisions are used as an example. For ionization, a combination of the iBED method for direct ionization, and BE scaling method for autoionization provides ionization cross sections of N atom in good agreement with experimental data for the low-lying states. The method is then used to calculate the ionization cross sections for higher-lying states. It is seen that the ionization rate coefficients for individual states separate into two groups. The three lowest states, being more tightly bound, have smaller ionization rates than the seven states that has one electron in the n=3 shell. The difference is particularly striking at low electron temperature. The large ionization rates of the upper states lend credence to the possibility that the upper states will first reach Saha equilibrium with the free electron before they reach Boltzmann equilibrium with the lower states. It is likely that, under such circumstances, a single ionization rate for each species, such as commonly used in CFD modeling, may not be adequate. For electron recombination, the radiance from radiative recombination and dielectronic recombination of N+ is investigated, based on the rate coefficients from the AMDPP database. These two processes contribute significantly to the radiative heat load in the VUV region, a region not easily accessible in experiment. For electron-impact excitation, the cross section for the 1s22s22p3 2Po ( 1s22s2p4 2S transition of nitrogen is used to illustrate the difference between the Born approximation and BE scaling method. A large difference is found in the low energy region important in modelling hypersonic flows. This is ascribed to the lack of polarization and distortion effects in the Born treatment. Thus the BE scaling method should offer a better description of the excitation process.
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8.0
NomenclatURE


A
=
neutral atom or molecule


A+
=
ion

AaN*N+
= 
Auger rate coefficient for the autoionization of a metastable state

Aki
=
Einstein A coefficient


ArN*N
=
radiative rate coefficient of a metastable state (n*l*s*) to the final state (nls)


c
=
speed of light


CCC
=
convergent close-coupling method for e-atom collisions


DR
=
dielectronic recombination


e
=
electron


E
=
total energy of the electron + atom system


EA​
=
energy of atom in (nls) state


EA+
=
energy of ion in (n’l’s’) state


EA*
=
energy of atom in metastable (n*l*s*) state


Ee
=
free electron energy


EIP
=
ionization energy of atom in (nls) state


EN
=
energy of nitrogen atom in (nls) state


EN*
=
energy of nitrogen atom in metastable (n*l*s*) state


EN+
=
energy of nitrogen ion in (n’l’s’) state


Ex
=
excitation energy


fm
=
free electron function associated with the mth state of the atom in a close coupling calculation


F
=
cumulative fraction of integrated radiation intensity


Go(+)
=
Green’s function


gN*
=
degeneracy factor of the metastable state


gN+
=
degeneracy factor of the ion


h
=
Planck’s constant


H
=
Hamiltonian


HA
=
Hamiltonian of the atom


Ho
=
Hamiltonian of the atom plus electron, without interaction


HF
=
Hartree-Fock method


K
=
momentum transfer vector of the free electron


kB
=
Boltzmann constant


kf
=
momentum vector of the scattered electron


ki
=
momentum vector of the incident electron


kI
=
electron-impact ionization rate coefficient


kI,m
=
electron-impact ionization rate coefficient of state m


kn’l’s’-nls
=
radiative recombination rate coefficient of ion in (n’l’s’) state to neutral in (nls) state


kR,m
=
radiative decay rate coefficient of state m


l
=
angular momentum quantum number of neutral atom


l*
=
angular momentum quantum number of neutral atom in a metastable state


l’
=
angular momentum quantum number of ion


MCHF
=
Multiconfiguration Hartree-Fock method


n
=
principal quantum number of neutral atom


n*
=
principal quantum number of neutral atom in a metastable state


n’
=
principal quantum number of ion


N
=
nitrogen atom


N*
= 
nitrogen atom in a metastable state

Ni*
= 
the ith  metastable state of nitrogen atom

N+
=
nitrogen ion


Ne
=
electron number density

Nion
=
ion number density


NN+
=
nitrogen ion number density


PmI
=
ionization probability of the metastable state m

QSS
=
quasi-steady state approximation


R
=
radiance


Rtotal
=
total radiance

RMPS
=
R-matrix with pseudo states method for electron-atom collisions

RR
=
radiative recombination


s
=
spin quantum number of neutral atom

s*
=
spin quantum number of neutral atom in a metastable state

s’
=
spin quantum number of ion


t
=
time


Te
=
electron temperature

Tif
=
transition matrix between atomic state i and f

Te
=
kinetic energy operator of the free electron

V
=
Coulomb interaction potential between the free electron and the atom
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=
average electron velocity

(
=
a small positive number

(
=
scaled electron energy

(
=
atomic wave function


(
=
one-electron orbital

(
=
photon wavelength


(
=
photon frequency


(I
=
electron-impact ionization cross-section

(DI
=
direct electron-impact ionization cross-section

(AI
=
autoionization cross-section

(BinaryEncounter=
Binary-Encounter cross-section


(DipoleBorn
=
Dipole Born cross-section


(n’l’s’(nls
=
radiative recombination cross-section of ion in (n’l’s’) state to neutral in (nls) state


((n’l’s’(nls(=
average radiative recombination cross-section of ion in (n’l’s’) state to neutral in (nls) state
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=
dielectronic recombination cross section from ion state (n’l’s’) to neutral state (nls)


(
=
Spatial and spin coordinates of the electron


(
=
Wave function of the electron + atom system.


(2
=
Laplacian operator
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Abstract


This lecture presents review of elementary processes in nonequilibrium low-temperature plasma of chemical compositions (air and carbon dioxide mixtures) frequently occurring in different aerospace applications. The general attention is given to electronic kinetics of atoms and diatomic molecules in the frame of radiative collisional model (Chapters 4 and 5).


The thermodynamic models of the plasma are considered in the Chapter 2. The place of the radiative-collisional model among other models is defined in the chapter.


Formulation of the generalized radiative-collisional model is given in Chapter 3.


The sixth chapter of the lecture presents the problem of data processing automation. This problem is considered on the example of prediction of oscillator strengths of atomic species.


Spectral emissivity of strong shock waves is air and carbon dioxide mixtures is analysed in Chapter 7. The hybrid thermodynamic model, including the local thermodynamic equilibrium and the radiative-collision models, is formulated and used in the chapter. Numerical simulations and comparison with available experimental data are presented there.


The Chapter 7 contains detailed description of kinetic data which were used by the author at consideration of physical and chemical kinetics in strong shock waves. The last part of the Chapter 7 contains short review of some other kinetic models.


The text of the lecture contains an appendix. Some kinetic data which can be used at creation of various kinetic models are presented in the appendix. All of these data were used by the author at solution of concrete problems of radiation gas dynamics, therefore from the author’s point of view, these can be recommended for practical work in aerospace aerophysics.


The study was supported by the Russian Foundation of Basic Research (grant # 07-01-0133).
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1.0
introduction

Electronic kinetics of atomic and molecular components of gases and plasma is of considerable interest to aerophysics, non-equilibrium physics and chemistry of plasma, physics of lasers. Of particular interest is the electronic kinetics in strong shock waves and gas discharges [1(6].


Recall the general characteristics of plasma in a variety of conditions [6(8].


1.
The macroscopic characteristics:


· The Debye radius
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The Debye radius gives spatial scale for macroscopic description of plasma.


· The plasma frequency
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Characteristic time 
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 should not be exceeded by characteristic time of any microscopic interaction in plasma.


2.
The microscopic characteristics:


· The averaged velocity of electrons at Local Thermodynamic Equilibrium (LTE) conditions
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and averaged velocity of heavy particle of mass m
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where A is the atomic number of the particle.


· The number of particles in volume of the Debye sphere
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where n is the volume concentration of the particles, that is the number of particles in 1 cm3.


If 
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, then the continuum approximation can be used for description of the plasma.


Note that such a microscopic characteristics as average electronic velocity is expressed by the macroscopic characteristics:
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It means a plasma particle can move over one Debye radius is one period of plasma oscillation.


Figure 1.1 shows regions of electronic concentrations and temperature in the field of plasma existence.
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Figure 1.1: Diagram of plasma parameters for different applications (see [6])

Analysis of processes of electronic kinetics, as applied to strong shock wave and gas discharges, are presented in the lecture. These are two fundamentally different objects of application of electronic kinetics. 


Electrons and heavy particles are heated in shock waves due to collision processes. Other mechanisms of the particles heating is observed in gas discharge plasma. Electrons in gas discharges are heated due to interaction with external electric field, and then they warm heavy particles by collisions. The term “electronic kinetics” will be used in the lecture for analyses of energy of free electrons and of heavy particles on internal electronic degrees of freedom


The foundation of the processes of electronic kinetics is based on Refs. [1,6,7,9(13].

2.0
thermodynamic models of plasma

2.1.
The Local Thermodynamic Equilibrium (LTE) model

The full thermodynamic equilibrium is characterized by the Maxwellian distribution of particles on velocities. For example, for electrons
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where 
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 is the electron concentration (cm(3). Temperature of electrons 
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The Boltzmann formula describes distribution of atoms, ions and molecules on internal electronic states:
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where 
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 are the energies of upper and low bound states; 

[image: image27.wmf],


ul


gg


 are the statistical weights of the upper and, lower bound states.


The Saha equation gives distribution of heave particles on degree of ionization:
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where I is the potential of ionization for atom (
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) or ion (
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) from the ground state. It is assumed that condition 
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 corresponds to neutral particle.


Volume density of heat radiation in equilibrium conditions is given by the Planck low:
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where 
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 is the spectral volume density of heat radiation in spectral region from ( up to (
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). Unfortunately, plasma of shock waves and electric discharges as a rule is not optical thick. Therefore the plasma emits of heat radiation differently than (4).


It is agreed that the plasma is in Local Thermodynamic Equilibrium if conditions (1)((3) are satisfied, and the condition (4) is not satisfied [14]. Description of several variants of LTE is also presented in [15].


2.2.
Model of the Partial Local Thermodynamic Equilibrium (PLTE)

This model was considered in Refs. [16, 17]. It is agreed that the plasma is in partial local thermodynamic equilibrium if population of excited states 
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 can be described by the Saha equation. Another words, there are conditions in the plasma for introduction of a unified electronic temperature for free electrons and excited electronic states, although such a temperature can not be used for prediction of population of ground states.

2.3
Coronal plasma model

Let us consider simple two-level model of atomic plasma:
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where 
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 is the excited atom.

Equation (1) describes excitation of atom A at collision with particle B (for example, with electron). Process (2) is the diexcitation of 
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 with emission of photon. It is possible to unite two processes (1) and (2) into unified kinetic scheme 
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At steady-state conditions
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It is agreed that the plasma coronal model is realized, if 
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. In this case the population of the excited states is defined by the velocity of their radiative decay.


2.4
Radiative-Collisional (RC) model

Most likely the RC model was firstly considered in Refs. [18]. In the first RC model only two collision processes were taken into account. The first one is the excitation of atoms by collisions with electrons:
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The second one is the three-body recombination:
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In modern practice, the RC models include as much as possible equations for states populations (state-by-state approach) with detail description of radiative processes.


3.0
classification of elementary processes 
including into rc models [8]


3.1
Ionization at collision of atoms and molecules with electrons


Kinetic scheme of this process is expressed as follows:
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where 
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[image: image49.wmf](


)


(


)


A1


z


 is the ion with the degree of ionization z at ground state.


Kinetic equation of the process (1) velocity is formulated as follows:
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where 
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 are the concentration of particles and electrons; 
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If it is granted that colliding particles are distributed with Maxwellian function, then
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where 
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 is the cross section of ionization from quantum state n. In the general case n identifies the full list of quantum numbers.


Cross section of ionization of the n-th state of hydrogen atom is defined as follows (here and further all estimations will correspond to hydrogen atoms):
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where 
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 is the number of equivalent electrons at the n-th state (
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 is the energy of ionization from state n.


If one takes into account (4), then the rate coefficient of ionization is calculated as follows:
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where
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Function 
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 is the quantum correction for atoms.


3.2
Recombination at the three-body collision with electron


Kinetic scheme of this process is expressed as follows:
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Kinetic equation of the process (6) velocity is formulated as follows:
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where 
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The principle of detailed balancing allows calculate of the rate coefficient through the rate of ionization
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where 
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 is the statistical weight of the state n; n is the principal quantum number; 
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is the partition function of translational motion of electrons.


3.3
Radiative recombination of ions


Kinetic scheme of this process is expressed as follows:
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where 
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 is the electromagnetic field quantum.


Kinetic equation of the process (10) velocity is formulated as follows:
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where 

[image: image83.wmf],


rn


b


 is the rate coefficient of the radiative recombination:




[image: image84.wmf](


)


32


143


,


1


5.2010


n


u


rnnin


zuGnEue


--


éù


b=´-


ëû


,
(12)




[image: image85.wmf]n


G


 (is the Gaunt coefficient (

[image: image86.wmf]11


0.8;1.0


n


GG


>


==


);





[image: image87.wmf](


)


,5;


d


1


ln,0.2;


x


t


i


x


e


x


e


x


Ext


t


x


x


-


¥


-


ì


>


ï


ï


--==


í


æö


ï


-<


ç÷


ï


èø


î


ò


C



(13)





[image: image88.wmf]1


1


limln


n


k


n


k


=


éù


æö


=-


êú


ç÷


èø


ëû


å


C


 is the Euler constant.


3.4
Photoionization from state n

Kinetic scheme of this process is expressed as follows:
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Kinetic equation of the process (14) velocity is formulated as follows:
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where 
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For the photoionization from the n-th state there is the following estimation:
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where 
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 is the cross section of the Thomson scattering:
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To determine volume density of radiation 
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 one has to solve radiation transfer equation for given plasma configuration. To avoid it the following approximation is used:
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where 
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 is the transmission factor. At 
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 plasma is transparent, and photoionization is absent. At 
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 plasma is opaque, and photoionization plays significant role.


3.5
Electronic excitation of heavy particles from state n

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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For Maxwellian distribution of the particles
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where functions 
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3.6
Electronic deactivation of excited particles at transition 
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Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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According to the principle of detailed balancing, one can obtain correlation between rates of electronic excitation and de-excitation:
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where 
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3.7
Spontaneous radiative depletion of state n

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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Rate coefficients of the spontaneous radiative depletion is estimated as follows:
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where 
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 is the oscillator strength in absorption; 
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 is the Einstein coefficient of spontaneous emission.


3.8
Photoexcitation from state 
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 to state n 

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:





[image: image121.wmf][


]


,


dA


B


d


n


ln


U


t


n


=


%


,
(28)


where 
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 is the volume density of spectral radiative energy; 
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3.9
Ionization of particle 
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Kinetic scheme of this process is expressed as follows:





[image: image128.wmf](


)


(


)


(


)


(


)


1


AMA1eM


zz


n


-


+®++


.
(29)


Kinetic equation for the velocity of the process is formulated in the following form:
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Rate coefficient of such an ionization can be estimated at Maxwellian distribution of the particles by the following formula:
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where T is the temperature of the heavy particles;
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Cross section of the ionization process is expressed in the form
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where 
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 is the reduced kinetic energy:
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where 
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 is the number of equivalent electrons at state n.


3.10
Recombination at three-body collisions with heavy particle

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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Rate coefficient for recombination at three-body collision with hydrogen atom (
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Because 
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3.11
Excitation of state 
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 at collision with heavy particle 

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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By analogy with ionization process one can write
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where 
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Cross section of this process is 
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3.12
Deactivation of heavy particle from state m 

Kinetic scheme of this process is expressed as follows:
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Kinetic equation for the velocity of the process is formulated in the following form:
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According to the principle of detailed balancing, one can derive
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3.13
The fundamental equation of collisional-radiative kinetics of quantum states of homogeneous atomic-molecular plasma. The Master equation

The kinetics of filling and deactivation of some quantum level of internal energy in ensemble of atomic or molecular particles is described by the following kinetic equation, which can be derived from the Boltzmann equation:
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The following definitions were used at formulation of the equation:
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List of arguments for each rate constant contains information about corresponding quantum jump. For example, 
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 means that the quantum jump to state n of particle A is conditioned by the initial state j of particle A, which interacts with electron of energy 

[image: image184.wmf]e


E


. Such a designation is used in quantum mechanics for designation of matrix elements of quantum jumps.


It should be particularly emphasized that Equation (17) is formulated for the only one quantum state. Generally, to predict thermodynamic state of an ensemble of particles in plasma, such an equation should be formulated for each quantum state and for each kind of particles. There are examples of such formulations [19]. But it is obvious that to solve wide class of problems of applied aerophysics there is no need to solve full system of these equations. Therefore, as a rule, the hybrid kinetic models are used. Such hybrid models include both the Boltzmann description of over helming majority of quantum states, and radiative-collision kinetic formulations for individual states. To illustrate the hybrid model, which was earlier discussed in many books and papers [1, 20(27], the problem of spectral emissivity behind shock wave will be considered later in the lecture. To create such a hybrid model there is a need to define the individual quantum states for each kind of particle. Example of such an analysis was recently demonstrated by C. Park and W. Huo [28(30]. If the goal function of the problem under consideration is the description of spectral emissivity of molecular gases, then the analysis of the most probable electronic-vibrational bands of emissivity of plasma species behind shock wave is the first step.


4.0
Electronic kinetics of diatomic molecules

Table 4.1 contains the list of electronic vibtational bands of diatomic molecules 
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Table 4.1: Electronic bands if diatomic molecules

		The sequence number

		Molecule, electronic transition, 
name of the transition

		Spectral region, cm(1

		The range of vibrational states
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		Molecule С2



		1

		C2, A1(u ( X1(+g ,  Phillips system

		100 ( 27000

		15

		15



		2

		C2, B(1(+g ( A1(u

		100 ( 22000

		10

		10



		3

		C2, B1(g ( A1(u

		100 ( 17000

		10

		15



		4

		C2, b3((g ( a3(u ,  Ballik ( Ramsay system

		100 ( 20000

		12

		12



		5

		C2, C1(g ( A1(u , The Deslandres ( D’Azambuja band

		8000 ( 42000

		10

		15



		6

		C2, d3(g ( a3(u ,   Swan system

		3500 ( 35000

		12

		15



		7

		C2, D1(+u ( X1(+g  , Mulliken system

		38000 ( 48000

		15

		15



		8

		C2, E1(+g  ( A1(u

		28000 ( 60000

		10

		15



		9

		C2, E1(+g ( D1(+u

		100 ( 23000

		10

		10



		10

		C2, e3(g ( a3(u ,  Fox ( Herzberg system

		21000 ( 48500

		10

		12



		Molecule 
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		10000 ( 30000

		10
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		Molecule CN



		1

		CN, A2( ( X2(+ ,  Red system

		1000 ( 24000

		15

		15



		2

		CN, B2(+ ( A2(

		1000 ( 45000

		15

		15



		3

		CN, B2(+ ( X2(+ ,  Violet system

		17000 ( 37000

		15

		15



		4

		CN, X2(+ ( X2(+

		1000 ( 10000

		25

		25



		Molecule CO



		1

		CO, a(3(+ ( a3( ,   The Asundy bands

		100 ( 20000

		12

		12



		2

		CO, A1( ( X1(+ , Fourth Positive system

		30000 ( 85000

		20

		29



		3

		CO, B1(+ ( A1( ,  The Angstrom system

		5000 ( 52000

		15

		20



		4

		CO, B1(+ ( X1(+ ,  The Hopfield ( Birge system

		74000 ( 100000

		15

		25



		5

		CO, b3(+ ( a3(   ,  The third positive bands

		16000 ( 51000

		10

		21



		6

		CO, d3( ( a3(    ,  The triplet bands

		100 ( 28 000

		15

		12



		7

		CO, e3(( ( a3(   ,  The Herman system

		100 ( 30000

		15

		12



		8

		CO, X1(+ ( X1(+

		100 ( 8000

		25

		25



		Molecule CO+



		1

		CO+, A2( ( X2(+ , Comet-tail systemя

		100 ( 50000

		20

		20



		2

		CO+, B2(+ ( A2( , Baldet ( Johnson system

		5000 ( 46000
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Spectral cross sections of electronic bands presented in Table 4.1 are shown in Figures 4.1(4.10 at temperature 
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Figure 4.1: Spectral cross section of molecule C2 at T = 5000 K
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Figure 4.2: Spectral cross section of molecule 
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Figure 4.3: Spectral cross section of molecule 
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Figure 4.4: Spectral cross section of molecule 

[image: image221.wmf]CN


 at T = 5000 K


		1


0.01


1E-4


1E-6


1E-8


1E-10

		[image: image222.wmf]1000


10000


100000


1E-10


1E-8


1E-6


1E-4


0,01


1


CO


 1


 2


 3


 4


 5


 6


 7


 8


s


, 10


-18


 cm


2


   


w


, cm


-1


  






		           1000                                                           10000                                                           100000


Wavenumber, cm(1





Figure 4.5: Spectral cross section of molecule 
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Figure 4.6: Spectral cross section of molecule 
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Figure 4.7: Spectral cross section of molecule 
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Figure 4.8: Spectral cross section of molecule 
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Figure 4.9: Spectral cross section of molecule 
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Figure 4.10: Spectral cross section of molecules 
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Comparative analysis of rate constants of excitation and deactivation of electronic states of diatomic molecules show that one of the most significant kinetic processes is the excitation of electronic states at collisions of the molecules with electrons. The theory of this process is considered below.


4.1
Cross sections of excitation of electronic states of diatomic molecules by electronic collisions


Cross section of excitation of electronic level 
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where 
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Formula (1) was obtained with the Born ( Oppenheimer approximation and the r-centroid approach [32, 33]. The Bethe ( Born approach [34, 35] gives the following value of the matrix element square for excitation of stable states
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and for excitation of unstable levels
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where 
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 is the energy of ionization of hydrogen; 
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Dependence of the cross section upon on electronic energy and the quantum jump energy has the following form in the Bethe ( Born approach:
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Analysis of various experimental data shows that Equation (1) together with (4) describe allowed electronic transitions for any values 
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. Substantially more complicated cases are the optically forbidden transitions. These transitions strongly coupled with exchange interaction, and therefore function ( differs for different kinds of electronic transitions.


The oscillator strength 
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The Einstein coefficients also can be used for these purposes. It is known that the square of matrix elements of electronic-vibration transition is calculated as follows:
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where 
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The Einstein coefficient 
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where 
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For the degenerated quantum levels
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where S is the spin multiplicity; ( is the quantum number of projection of angular momentum on the molecule axis (
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The detailed balance condition allows find relation between the oscillator strengths at emission and absorption:
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Then the oscillator strength in emission is connected with the Einstein coefficient as following:
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Now one can obtain formula for cross section of electronic excitation for dipole transitions:
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where
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Cross section of excitation of the given electronic-vibrational state 
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And, finally, it is possible to calculate total cross section of excitation of upper electronic state at collision of molecules in lower electronic states with electrons:
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Once a given cross section has been calculated, the rate constants for quantum transition 
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To calculate the rate constant for excitation of the electronic-vibrational level from electronic state l, there is a need in averaging of (9) over all vibrational states 
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where
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The rate constant for excitation of electronic state u is
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For the Maxwell ( Boltzmann distribution functions the rate constants were obtained in Refs. [40, 41].

For the case of the Maxwellian distribution function of electrons, one can derive
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Results of calculations of averaged cross sections of electronic excitation of allowed quantum transitions are presented in Figure 4.11. These calculations were performed by the author with the use of Eq. (15).
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Figure 4.11: Averaged cross sections of electronic excitation of allowed quantum transitions

To calculate cross sections of electronic excitation of forbidden quantum transitions consideration must be given to the exchange interaction. Cross sections of the forbidden transitions achieves its maximum closer to the energetic threshold of the quantum transition, usually at 
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4.2.
Excitation and deactivation of electronic states at collisions with heavy particles

Averaged over Maxwellian distribution function rate coefficient of excitation of electronic states of atoms (A) or molecules (AB) at collision with heavy particle (B) is obtained in the following form [9, 10]:
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For the deactivation process one can derive with the use of the detailed balance relation
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Examples of numerical values of rate coefficients of deactivation of excited atoms by molecules at 
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Table 4.2: Rate coefficients of deactivation of excited atoms A* by molecules M at 
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Table 4.3: Rate coefficients of deactivation of excited electronic states of diatomic molecules by the collisions with heavy particles, 
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Rate coefficients of deactivation as a rule slow decrease with temperature increasing:
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However, there are cases of rate coefficient increases with the temperature increasing.


4.3
Associative ionization


Rate coefficient of association ionization at collisions of atoms and molecules is estimated as followed:
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where 
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 is the energetic threshold.


Common scheme of associative ionization is expressed as follows:
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The associative ionization is the two-stage process. There are two scheme of the process. For the first scheme, at the first stage unstable molecule 
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 is arisen after collisions of two particles (for example, two atoms). Molecular ion 
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 is arisen at the second stage due to autoionization process. For the second scheme (see kinetic scheme (19)), at the first stage the stable state of molecule 
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 is arisen due to autoionization. Inverse kinetic process, the dissociative recombination, runs in accordance with similar kinetic scheme.

Detail analysis of rate coefficients of excitation and deactivation of the electronic states of diatomic molecules one can find in Ref. [29].


4.4
Radiative deactivation of electronic states of diatomic molecules

There are Nonequilibrium conditions in gases and plasma when the filling of upper levels due to collisions becomes less then rate of the level deactivation due to spontaneous emission of radiation. Such a situation can be described by the following kinetic scheme:
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where 
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 is the excited state of atom or molecule.


Kinetic equation for the rate of the process is formulated in the following form:
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where 
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 is the radiative life time of the excited state. 


From this equation one can derive formula for 
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where 
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At large density of gas the collision frequency is high and we have conditions of equilibrium:
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So, in this case the emissivity is proportional to density.


Otherwise, at low density, at steady-state conditions
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the reverse situation is realized 
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In this case the emissivity is proportional to density 

[image: image357.wmf]2


r


.


Below is given the formulas for calculation 
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The life time of excited electronic-vibrational state is given by the following formula [36]:
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where 
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There is correlation between the oscillator strength in emission and the strength of the electronic transition:
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therefore
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or, taking into account, that
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one can derive
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The life time of the upper electronic-vibrational state is defined by the summation over vibrational states of the low electronic level:
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The life time of the upper electronic level is
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Tables RD10 contain life times for some electronic and electronic-vibrational states, calculated by the author with the use of ab-initio data [31].


5.0
electronic kinetics of atoms and ions

Analysis of radiative-collisional processes in Chapter 3 showed that to create computational models of electronic kinetics in atomic plasma there is a need to use or quasiclassical or quantum mechanics models of inelastic collisions of heavy particles (atoms, ions) and electrons.


Both approaches are the particular cases of the quantum theory of atomic, molecular and electronic scattering [Alder; Burke]. The following approximate methods are in wide applications in the theory of quantum collisions:


· the method of strong coupling [45(48];


· the Born approximate method [12, 13];


· the Glauber approximate method [47, 48];


· the classical approximation [49].


Results of the quantum theory of scattering are used in aerophysics usually in the following forms:


· approximation of the quantum mechanics calculations;


· quasiclassical or even classical approximate models;


· approximate quantum mechanics models.


Below examples of the approaches will be considered.


5.1
Approximate relations for electronic excitation and ionization


Approximate formulas obtained by Drawin [9, 10] are in common us in different RC-models. For rate constants of electronic excitation of optically allowed transitions (
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where 
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For the optically forbidden transitions the rate constant is formulated as follows:
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where 

[image: image376.wmf](


)


1.49


2


0.24


a


Iaea


--


=


.


Examples of the use such relations for analysis shock wave structure are presented in [19].


To calculate rate constants of ionization at electron-atom collisions it is enough to use 
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5.2
Comments about classical theory of ionization of atoms by electronic impact

The first classical model of collisional electron-atom ionization was created by Thomson [50]. The model was formulated for two colliding electrons, one of them is immovable. Classical electrodynamics [51] allows predict probability for the moving electron to gain energy ( in the region (
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Because at the ionization
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where I is the ionization potential of the atom, then for ionization of one electron one can derive
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where
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To calculate total cross section there is a need in summation over all states:
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where 
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 is the number of equivalent electrons.


Note, that the energy distribution function of ionized electrons can be predicted by Equation (5).


The Thomson theory gives correct qualitative dependence of cross section versus velocity of electrons. But the location and magnitude of the cross section maximum is predicted incorrectly. Some later models took into account movement of electron-target [52]. The Bethe quantum mechanics model [53] gave asymptotic interpretation of the Thomson classical model. Nevertheless, the Thomson model represents practical interest until the present, because: 


1) The model unsure reasonable agreement with experimental data at near-threshold regions;


2) The model was modified by Gryzinski and Kingston with success [54] in the frame of classical theory. An approximate function 

[image: image386.wmf](


)


fx


 was suggested, which allows make better the Thomson classical theory:





[image: image387.wmf](


)


(


)


32


1121


11ln1


132


x


fxex


xxx


éù


-


æöæö


=+-+-


ç÷ç÷


êú


+


èøèø


ëû


.
(9)


5.3
Approximations of the quantum mechanical calculations

Systematic calculations of cross sections and rate constants of excitation and ionization were performed in [55]. Cross section and rate constant of excitation of atomic states at collisions with electrons is presented in the form: 
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where 
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 are the energy of ionization from the ground (0) and excited (1) levels; 
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 are the orbital moments of electron in the initial (0) and final (1) states.


The energy of incident electron is expressed in threshold units:
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where E is the energy of the incident electron.


Ionization cross section from shell 
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where
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Photorecombination on the state 0 with energy 
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To calculate total cross section over all states energy 
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 corresponds to the ground state.


For the sake of convenience the following analytical formulas were suggested [55]:
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For the intercombination transitions the same formula looks like follows:
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At 
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and for intercombination transitions
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Table 5.1: Fitting coefficients in formulas (17)((22)
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It should be stressed that formulas (10), (11), (15), (16) contain angular coefficients 
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For transitions between the fine structure components of atomic terms, that is for
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the factor 
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where 
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For transition from any level 
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Note, that this coefficient does not depend on 
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The angular factor for transition from all components of the fine structure of 
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The factors 
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 for transition between terms can be calculated by computer code presented in [56].


6.0
Oscillator strength data processing automation

The computer-oriented methods of creation of the Radiative-Collision models have come into importance due to the following reasons: 


1)  The enormous volumes of the spectral information;

2)  The possibilities for systematization of the information. 


Family of codes ASTEROID exemplifies such a computer tools [31, 57]. General principles of creation of such codes will be considered on the example of calculations of oscillator strengths for arbitrary light atom particles. 


The database [58] of energy levels of atoms and ions is used for the calculation of the atomic lines parameters. Typical computer representation on atomic energy levels for atomic particles N, N+, O, O+, C, C+ is shown in Table 6.1.  Here the fragment is shown. The full tables are presented in [31, 59].


Table 6.1: Computer representation of the atomic energy level parameters 


--------------------------------------------------------------------------


ATOM = N  Z = 1.   ATOMW = 14.


NTSMAX = 228   NTMAX = 90   NPterm = 2


Comments: #S=2S+1,  #S"=2S"+1.


 No. E(n,l)   J     n  l  q #S  L  
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  1 0.        1.5   2  1  3  4  0  0  0  0  0  0


  2 19223.    2.5   2  1  3  2  2  0  0  0  0  0


  2 19231.    1.5   2  1  3  2  2  0  0  0  0  0


  3 28840.    1.5   2  1  3  2  1  0  0  0  0  0


  3 28840.    0.5   2  1  3  2  1  0  0  0  0  0


  4 83285.5   0.5   3  0  1  4  1  1  3  1  1  0


  4 83319.3   1.5   3  0  1  4  1  1  3  1  1  0


  4 83366.0   2.5   3  0  1  4  1  1  3  1  1  0


  5 86131.4   0.5   3  0  1  2  1  1  3  1  1  0


  5 86223.2   1.5   3  0  1  2  1  1  3  1  1  0


  6 88109.5   2.5   2  1  4  4  1  1  0  0  0  0


  6 88153.4   1.5   2  1  4  4  1  1  0  0  0  0


  6 88173.0   0.5   2  1  4  4  1  1  0  0  0  0


  7 93582.3   0.5   3  1  1  3  1  0  3  1  1  0


  8 94772.2   0.5   3  1  1  4  2  0  3  1  1  0


  8 94794.8   1.5   3  1  1  4  2  0  3  1  1  0


  8 94832.1   2.5   3  1  1  4  2  0  3  1  1  0


  8 94883.1   3.5   3  1  1  4  2  0  3  1  1  0


  9 95476.5   0.5   3  1  1  4  1  0  3  1  1  0


  9 95494.9   1.5   3  1  1  4  1  0  3  1  1  0


  9 95533.2   2.5   3  1  1  4  1  0  3  1  1  0


 10 96751.7   1.5   3  1  1  4  0  0  3  1  1  0


………


 89 116581.   0.5  12  2  1  4  1  1  3  1  1  0


 89 116581.   1.5  12  2  1  4  1  1  3  1  1  0


 89 116581.   2.5  12  2  1  4  1  1  3  1  1  0


 90 116625.   1.5  12  2  1  2  2  1  3  1  1  0


 90 116625.   2.5  12  2  1  2  2  1  3  1  1  0


== Ionization potentials ========================


  1 117345.                           3  1  1


  2 132660.                           1  2  1


==================================================


Two separate models are used. These are: the model of calculation of the atomic lines parameters without regard to multiplet structure, and with regard to multiplet structure.


Two local databases are created as the result of applications of these two models. The first one contains parameters of the multiplets, and second one contains parameters of components of the multiplets. The algorithm of the calculation of the multiplets parameters and the example of such calculations are presented below. Note that the computing methods provide the following lines parameters: wave number of the line centre (
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), oscillator strength of optically allowed jump, half-width the of atomic line ((), statistical weight of the lower energetic state (g).


6.1
The algorithm of calculation of the multiplets parameters


Step 1: Formation of the local database of terms


The calculations of energies and statistical weights of atomic terms is performed under the following formulas:
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where 
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E


 is the energy of i-th components of j-th atomic term; 
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 is the total angular moment quantum number of the i-th components of the j-th atomic term; 
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 is the energy of j-th atomic term.


Step 2: Sorting of the atomic terms


The terms provide a spectral series, if at identical values of quantum numbers 
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 the principal quantum number n is changed. The separate groups of the terms are formed from the terms of ground (non-excited) states.


Step 3: The atomic line parameters


The purpose of the following step of the calculation algorithm is to identify the nomenclature of atomic lines, numbers of the bottom and lower energetic states, wave numbers of the lines centres, and the energy of the lower states.


In order to choose the quantum transition (from the full set of quantum transitions), which result in formation of spectral lines, it is necessary to use specific rules of selection. Algorithmically this is simple searching through all allocated terms i, it is then necessary to analyse consistently all another terms j. For the dipole one-electronic transitions 
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, formation of a spectral line is possible if constrained by the following conditions [60(62]:
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   (this check fixes calculation of lines in absorption);
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   (the parity of the states should change);
(3)
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 if L = 0;
(4)
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where L is the quantum number of the total orbital angular momentum; l is the orbital angular momentum quantum number; S is the total spin angular momentum quantum number; 
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 is the parity of the state; 
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 denotes quantum numbers of the parent terms.


The last three conditions correspond to the requirement of the parent terms preservation. The rules of selection (2)((5) should not be checked in that case, when one of the terms is formed by a configuration of equivalent electrons. 


At quantum transitions from the atoms and ions ground states the resulting ion can be formed as in ground states and in exited states. The probability of such a condition is determined by the genealogical factors [60, 61].


If the specified rules of selection is satisfied for a given transition, then the next line in a local database of the atomic lines parameters is added, and thus the wave number, energy and statistical weight of the lower level of the line is fixed. In this database the additional attributes of filling of the internal atomic shell, and the attribute of equivalence of the optical electron are entered for each line.


Step 4: Calculation of the multiplet strength


The multiplet strength is calculated by the formula [60, 61]:
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where s is the multiplet strength factor; 
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 is the one-electronic radial integral square.


Step 5: Calculation of the multiplet strength factor


The following three cases are taken into account:

(a)  one electron outside of a filled shell:
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(b)  one electron outside of a non-filled shell:
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(c)  
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 equivalent electrons outside of a non-filled shell:
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Here 
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 is the square of the Racah factors.


Step 6: Calculation of the genealogical factors


The values of the genealogical factors are defined by initial and final configurations of given quantum transition, and also by the model of vector connection for the atom in initial and final configurations. The model of the LS-coupling is a variant of the computing system. Values of the genealogical factors for quantum transitions are tabulated (see, for example, Table 6.2). The FORTRAN-code developed by R. Zare [56] was also used for these calculations.


Table 6.2: Example of the genealogical factors


1. Transition from state p2 (l = 1, q = 2)
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		Initial configuration 
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		Final configuration
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2. Transition from state p1 ( s1: 
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3. Transition from state p3 (l =1, q = 3)
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		Initial configuration




[image: image466.wmf](


)


321


S


pL


+




		Final configuration
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4. Transition from state p4 (l =1, q = 4)
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		Initial configuration
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		Final configuration
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5. Transition from state p5 (l =1, q =5)
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		Final configuration
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6.2
Calculation of the one-electronic radial integrals


For the calculation of the one-electronic radial integrals the Bates and Damgaard method [63] is used. The accuracy of this method is sufficient for the solution of radiation heat transfer and radiative gas dynamics problems.


One can assume that the calculation of radial integral is possible by neglecting a deviation of atom’s (or ion’s) potential from its asymptotic (Coulomb) form. Then the exact equation for radial wave function R
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(10)


may be replaced by the following approximate equation:
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where U is the actual potential of the atom; E is the energy of the given term; z is the residual charge (z = 1 for a neutral atom); 
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 is the effective principal quantum number. Here the atomic units are used, and the energy is measured in Ry.


The effective quantum number 
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 is the energy of n-th level [58].


The value of the square of one-electronic radial integral is defined under the following formulas:
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To simplify these calculations the following functions 
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 were introduced and tabulated in Ref. [63]. Then the calculations of the radial integrals are performed under the following formula:
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But the calculations of the radial integrals can also be performed without using of the Bates and Damgaard Tables. The Schrodinger equation with effective potential is easily solving with using the finite-difference methods presented below.


For the numerical solution of the Schrodinger equation and the Hartree ( Fock equations, the Numerov method [64] is used as one possibility. This method has a 4th order of approximation and is applied to the solution of the wave equation. However it is known, that Equation (10) cannot be solved directly for the whole calculated area. The missing solution may be obtained at 
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. Then the equation is solved from the right border of calculated area up to that point. Then the solutions are tied together in the point 
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 using some normalising procedure. The algorithm of the solution of the problem is presented in detail in Ref. [64].


Another algorithm of the solution was used in the paper. This algorithm is based on the time-relaxation method. According to this method the solution of the initial differential equation is replaced by the solution of the appropriate unsteady equation at asymptotic conditions to time approaching infinity. For this purpose the imaginary non-stationary can be summed into the Equation (11):
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where
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The boundary conditions for the solution of Equation (14) are as follows:
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The size 
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 is defined with a large arbitrariness. The computing experiments show that, as a rule, it is sufficient to input
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 are the co-ordinates of the turn points (co-ordinates of the potential curve at the given value of the energy E).


For the calculations of the radial wave integrals this condition must be altered, so that
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where b and f are the indexes of energy states for which the wave function is determined.


For initial conditions the analytical solution of the Equation (14) for the harmonic potential may be used.


A finite-difference analogue of the Equation (14) may be solved by any computational method (for example, by the Thomas algorithm). This method does not have problems with functions calculated in the adjacent regions.


6.3
Description of created databases


6.3.1
Local databases of the atomic lines parameters


The general result of the calculation of atomic and ions lines parameters is the formation of the local database of all atomic lines parameters. Example of such database for lines of atom N as listed in Table 6.3. Each line in the table corresponds to the fixed atomic line. For each line the following parameters are given:


E
is the energy of the lower level, cm(1;


OMEGA is the wavenumber of the line centre, cm(1;


g 
is the statistical weight of the lower level;


f 
is the absorption oscillator strength;


C4
is the Stark square-law effect constant.


It is also assumed that the broadening of atomic lines can be calculated by a nonadiabatic approximation, while the broadening of ions lines can be calculated in adiabatic one. 


Table 6.3: Atomic lines parameters


----------------------------------------------------------------


Atom: N     Nlines = 1706


-------------------------------------------


-------------------------------------------


.....E....::OMEGA:::..g...:f:::::::.C4.....


-------------------------------------------


0.0   83285.5  4.00  0.011401  0.05576


0.0   83319.3  4.00  0.022802  0.06000


0.0   83366.0  4.00  0.034203  0.03219


0.0  103618.1  4.00  0.001318  0.23133


0.0  103668.1  4.00  0.002635  0.25417


0.0  103736.8  4.00  0.003953  0.20102


0.0  109813.5  4.00  0.000427  0.00463


0.0  109857.8  4.00  0.000854  0.00463


0.0  109927.9  4.00  0.001281  0.00463


0.0  112565.9  4.00  0.000205  0.00463


0.0  112610.6  4.00  0.000410  0.00463


0.0  112682.6  4.00  0.000615  0.00463


0.0  114015.0  4.00  0.000142  0.00463


0.0  114072.0  4.00  0.000283  0.00463


0.0  114146.0  4.00  0.000425  0.00463


0.0  114809.0  4.00  0.000142  0.00463


0.0  114890.0  4.00  0.000283  0.00463


0.0  114942.0  4.00  0.000425  0.00463


0.0  115483.0  4.00  0.000142  0.00463


0.0  115483.0  4.00  0.000283  0.00463


0.0  115483.0  4.00  0.000425  0.00463


0.0  115855.0  4.00  0.000142  0.00463


0.0  115855.0  4.00  0.000283  0.00463


0.0  115855.0  4.00  0.000425  0.00463


0.0  116124.0  4.00  0.000142  0.00463


0.0  116124.0  4.00  0.000283  0.00463


0.0  116124.0  4.00  0.000425  0.00463


0.0  116312.0  4.00  0.000142  0.00463


0.0  116312.0  4.00  0.000283  0.00463


0.0  116312.0  4.00  0.000425  0.00463


0.0  104864.0  4.00  0.016263  0.20190


0.0  104890.0  4.00  0.032526  0.28639


0.0  104957.0  4.00  0.048789  0.23444


0.0  110325.0  4.00  0.003346  0.00463


0.0  110351.0  4.00  0.006692  0.00463


0.0  110403.0  4.00  0.010038  0.00463


0.0  112855.0  4.00  0.001154  0.00463


0.0  112874.0  4.00  0.002309  0.00463


0.0  112912.0  4.00  0.003463  0.00463


0.0  114259.0  4.00  0.007500  0.00463


0.0  114259.0  4.00  0.015000  0.00463


-------------------------------------------


.....E....::OMEGA:::..g...:f:::::::.C4.....


-------------------------------------------


0.0  114274.0  4.00  0.022500  0.00463


0.0  115103.0  4.00  0.007500  0.00463


0.0  115103.0  4.00  0.015000  0.00463


0.0  115103.0  4.00  0.022500  0.00463


0.0  115618.0  4.00  0.007500  0.00463


0.0  115618.0  4.00  0.015000  0.00463


0.0  115618.0  4.00  0.022500  0.00463


0.0  115990.0  4.00  0.007500  0.00463


0.0  115990.0  4.00  0.015000  0.00463


0.0  115990.0  4.00  0.022500  0.00463


0.0  116259.0  4.00  0.007500  0.00463


0.0  116259.0  4.00  0.015000  0.00463


0.0  116259.0  4.00  0.022500  0.00463


0.0  116441.0  4.00  0.007500  0.00463


0.0  116441.0  4.00  0.015000  0.00463


0.0  116441.0  4.00  0.022500  0.00463


0.0  116581.0  4.00  0.007500  0.00463


0.0  116581.0  4.00  0.015000  0.00463


0.0  116581.0  4.00  0.022500  0.00463


19223.0   67000.2  6.00  0.036349  0.05652


19231.0   66900.4  4.00  0.030291  0.05576


19231.0   66992.2  4.00  0.006058  0.06000


19223.0   85004.4  6.00  0.005050  0.25069


…


107447.2    7655.8  4.00  0.003861  0.78424


107447.2    8170.8  4.00  0.000583  0.78424


107447.2    8170.8  4.00  0.001166  0.78424


107447.2    8170.8  4.00  0.001749  0.78424


107447.2    8542.8  4.00  0.000583  0.78424


107447.2    8542.8  4.00  0.001166  0.78424


107447.2    8542.8  4.00  0.001749  0.78424


107447.2    8811.8  4.00  0.000583  0.78424


107447.2    8811.8  4.00  0.001166  0.78424


107447.2    8811.8  4.00  0.001749  0.78424


107447.2    8993.8  4.00  0.000583  0.78424


107447.2    8993.8  4.00  0.001166  0.78424


107447.2    8993.8  4.00  0.001749  0.78424


107447.2    9133.8  4.00  0.000583  0.78424


107447.2    9133.8  4.00  0.001166  0.78424


107447.2    9133.8  4.00  0.001749  0.78424


=============================================


6.3.2
The database of the atoms and ions energy levels characteristics


The database is listed in Table 6.1. This database is generated on the basis of the Ref. [58]. Here for each component of a multiplet (the line in the table) the following is listed:


No
is the level serial number;
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is the energy of the multiplet component;


J 
is the total angular moment quantum number;


n 
is the principal quantum number;


l 
is the orbital quantum number;


q 
is the number of equivalent electrons;


#S 
is the multiplicity of the term 2S + 1, where S is the total spin angular momentum;


L 
is the quantum number of the total orbital angular momentum;
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is the attribute of the parity of the term;
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is the multiplicity of the parental term;
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is the quantum number of the total orbital angular momentum of the parental term;
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is the attribute of parity of the parental term;


sh
is the attribute of the shifted term.


At the end of each file the following data concerning given parental terms are listed:


N 
is the number of the parental term;
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is the energy of the parental term;


S 
is the multiplicity of the parental term;


L 
is the quantum number of the total orbital angular momentum of the parental term;
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is the attribute of parity of the parental term.


7.0
Spectral emissivity of strong shock waves

As an example of the use of the models analyzed above, the hybrid radiative-collisional model of the plasma kinetics behind strong shock waves in air and in CO2-N2 mixtures is considered in the Chapter. Separate parts of the model were presented by the author in previous publications [21(24, 65]. It should be a specially stressed that models analyzed in [1, 66(74] had a beneficial influence on the author concepts and biases towards such a model. There is a need to refer also some new and efficient models recently published [19, 27].

In this model the shock wave front is treated as discontinuity, and the relaxation processes behind this front are studied. It is well known that this simplest gasdynamic model allows study physical-chemical kinetics behind shock wave fronts in wide region of parameters. This model contains several blocks: the gas dynamics part, the chemical kinetics part, the physical kinetics part and the radiation part. Characteristic feature of the model is: it is assumed that the Boltzmann distribution of molecules at lower vibrational levels would not be significant disturbed, so we can introduce vibrational temperature of molecules. Electronic states of atoms, molecules and ions are proposed as equilibrium in one variant of the model, and they are assumed as nonequilibrium in another variant of the model. Temperatures of all heavy particles are assumed to be the same (in the first model) and differ from temperature of electrons and vibrational temperature. Only few electronic levels of diatomic molecules are considered as separate quasi-particles in the list of species, which are taken into account in total scheme of physical-chemical processes. To describe excitation and de-activation of the states the Radiative-collisional model was used. 


This hybrid model of multi-temperature chemical kinetics and radiation is applied to study of air shock waves for typical super orbital re-entry conditions (velocities 11 ÷ 14 km/s and pressures 20 ÷ 4400 erg/cm3), and also to study relaxation processes behind shock waves in CO2(N2 mixtures. In the last case the analysis of several experimental data is presented. 

7.1
Model description


The plane shock in air and CO2–N2–Ar mixtures is considered. It is assumed that values of pressure, density, translational temperature of heavy particles and velocity of gas are changes abruptly by the passage of the shock wave front (
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Governing equations for determination of gas parameters behind the shock wave have the following form:
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where 
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Table 7.1: Characteristic vibrational temperatures and dissociation energy of molecular species


		

[image: image548.wmf]q


v


, K



		N2

		O2

		NO

		CO

		CO2



		

		

		

		

		Symmetric mode

		Deformation mode

		Anti-symmetric mode



		3396.

		2230.

		2690.

		3080.
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Equation (1) is integrated step-by-step in the line of x from 
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The list of chemical reactions:
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where 
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 are the stoichiometric coefficients. List of the chemical reactions started from kinetic models suggested in [2] for air, and in [3] for CO2–N2–Ar mixtures. Analysis of the kinetic models on the examples of Earth and Martians spacecraft entries, and some their modifications were recently discussed in [75, 76].


Rate coefficients of the forward and reverse chemical reactions, as well as the constants of equilibrium chemical reactions are used in the generalized Arrhenius form:
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Values of 
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) for associative ionization reactions are borrowed from [1] and those for electron-impact ionization reactions from [77] (as in [1], values of the parameters for the electron-impact ionization reactions are assumed to be the same). Then values of
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The relaxation equations for vibrational energy are written in the form [68, 25]:
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 are the vibrational energy sources (or sinks) due to the vibrational-translation (VT), the vibrational-vibration VV, and the dissociative-vibration interaction (CV). 


Several models of VV-, VT-, and CV-relaxations were used in the hybrid kinetic model under consideration. The kinetic model of VV- relaxation for air takes into account vibrational energy exchange for N2 and O2 molecules:
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were 
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 is the rate coefficient of VV-exchange reaction for the following reaction 
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 is the average number of vibrational quanta per one molecule lost (or gained) by the m-th molecules through each of the j-th chemical reaction.


The kinetic model of VV-relaxation for CO2–N2–Ar mixtures takes into account vibrational energy exchange for CO2, N2, CO:
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were 
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 is the rate constants of the VV-exchange between the m-th and n-th vibrational modes; 
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The coefficients of the VV-relaxation 
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and borrowed from [79]. These data are presented in Table 7.2 (
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 in atm(s). Some constants were chosen in accordance with recommendations of [80(84].


Table 7.2: List of the VV-reactions and corresponding approximation constants


		

		

		

		

		AVV

		BVV

		CVV

		DVV



		1

		CO2_V3 + CO2

		(

		CO2_V1 + CO2

		-26.85

		173.22

		-539.74

		0.09645



		2

		CO2_V3 + N2

		(

		CO2_V1 + N2

		-33.65

		274.41

		-886.56

		0.18433



		3

		CO2_V3 + CO

		(

		CO2_V1 + CO

		-15.52

		37.79

		-104.90

		0.



		4

		CO2_V3 + O2

		(

		CO2_V1 + O2

		-23.13

		136.11

		-395.78

		0.03406



		5

		CO2_V3 + O

		(

		CO2_V1 + O

		-15.90

		-99.11

		-686.00

		0.00078



		6

		CO2_V3 + CO2

		(

		CO2_V2 + CO2

		-26.85

		173.22

		-539.74

		0.09645



		7

		CO2_V3 + N2

		(

		CO2_V2 + N2

		-33.65

		274.41

		-886.56

		0.18433



		8

		CO2_V3 + CO

		(

		CO2_V2 + CO

		-15.52

		37.79

		-104.90

		0.



		9

		CO2_V3 + O2

		(

		CO2_V2 + O2

		-23.13

		136.11

		-395.78

		0.03406



		10

		CO2_V3 + O

		(

		CO2_V2 + O

		-15.90

		-99.11

		-686.00

		0.00078



		11

		CO2_V3 + CO

		(

		CO2 + CO_V

		-23.28

		94.73

		-301.21

		0.06858



		12

		N2_V + CO2

		(

		N2 + CO2_V3

		-22.25

		-123.36

		2396.73

		0.14764



		13

		N2_V + CO2

		(

		N2 + CO2_V1

		-8.14

		-80.08

		451.33

		0.



		14

		N2_V + CO2

		(

		N2 + CO2_V2

		-8.14

		-80.08

		451.33

		0.



		15

		N2_V + CO

		(

		N2 + CO_V

		-18.04

		71.29

		-266.51

		0.002



		16

		CO_V + CO2

		(

		CO + CO2_V1

		-8.14

		-80.08

		451.33

		0.



		17

		CO_V + CO2

		(

		CO + CO2_V2

		-8.14

		-80.08

		451.33

		0.



		18

		CO_V + NO

		(

		CO + NO_V 

		-34.61

		166.27

		333.4

		0.316





Remark for Table 7.2: V1, V2, V3 are the symmetrical, deformation and anti-symmetrical modes of the CO2 molecules.


The times of the VT-relaxation were presented in the following form (in accordance with recommendations [1]): 
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were the approximation coefficients 
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 are presented in Table 7.3 (these data were borrowed from [1]); 
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 is the total number density of a gas mixture, cm-3; k is the Boltzmann constant; 
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Table 7.3: List of the VT-reactions and corresponding approximation coefficients


		

		

		

		

		AVT

		BVT

		((

		

		

		

		

		AVT

		BVT

		((



		1

		CO2_V1 + CO2

		(

		CO2+ CO2 

		36.5

		-0.0193

		10-16,cm2

		19

		CO2_V3 + O

		(

		CO2 + O

		37.6

		0.0278

		



		2

		CO2_V1 + N2

		(

		CO2 + N2

		45.4

		0.0305

		

		20

		CO2_V3 + N

		(

		CO2 + N

		35.8

		0.0271

		



		3

		CO2_V1 + CO

		(

		CO2 + CO

		45.4

		0.0305

		

		21

		CO2_V3 + AR

		(

		CO2 + AR

		50.3

		0.0321

		



		4

		CO2_V1 + C

		(

		CO2 + C

		33.7

		0.0263

		

		22

		N2_V + CO2

		(

		N2 + CO2

		245.

		0.0305

		3(10-17, cm2



		5

		CO2_V1 + O

		(

		CO2 + O

		37.6

		0.0278

		

		23

		N2_V + N2

		(

		N2 + N2

		221.

		0.0290

		



		6

		CO2_V1 + N

		(

		CO2 + N

		35.8

		0.0271

		

		24

		N2_V + CO

		(

		N2 + CO

		221.

		0.0290

		



		7

		CO2_V1 + AR

		(

		CO2 + AR 

		50.3

		0.0321

		

		25

		N2_V + C

		(

		N2 + C

		72.4

		0.0150

		



		8

		CO2_V2 + CO2

		(

		CO2+ CO2

		36.5

		-0.0193

		

		26

		N2_V + O

		(

		N2 + O

		72.4

		0.0150

		



		9

		CO2_V2 + N2

		(

		CO2 + N2

		45.4

		0.0305

		

		27

		N2_V + N

		(

		N2 + N

		180.

		0.0262

		



		10

		CO2_V2 + CO

		(

		CO2 + CO

		45.4

		0.0305

		

		28

		N2_V + AR

		(

		N2 + AR

		240.

		0.0302

		



		11

		CO2_V2 + C

		(

		CO2 + C

		33.7

		0.0263

		

		29

		CO_V + CO2

		(

		CO + CO2

		218.

		0.0305

		3(10-18, cm2



		12 

		CO2_V2 + O

		(

		CO2 + O

		37.6

		0.0278

		

		30

		CO_V + N2

		(

		CO + N2

		198.

		0.0290

		



		13

		CO2_V2 + N

		(

		CO2 + N

		35.8

		0.0271

		

		31

		CO_V + CO

		(

		CO + CO

		198.

		0.0290

		



		14

		CO2_V2 + AR

		(

		CO2 + AR

		50.3

		0.0321

		

		32

		CO_V + C

		(

		CO + C

		47.7

		0.0500

		



		15

		CO2_V3 + CO2

		(

		CO2+ CO2

		36.5

		-0.0193

		

		33

		CO_V + O

		(

		CO + O

		47.7

		0.0500

		



		16

		CO2_V3 + N2

		(

		CO2 + N2

		45.4

		0.0305

		

		34

		CO_V + N

		(

		CO + N

		47.7

		0.0500

		



		17

		CO2_V3 + CO

		(

		CO2 + CO

		45.4

		0.0305

		

		35

		CO_V + AR

		(

		CO + AR 

		215.

		0.0302

		



		18

		CO2_V3 + C

		(

		CO2 + C

		33.7

		0.0263

		

		

		

		

		

		

		

		





Remark for Table 7.3: V1, V2, V3 are the symmetrical, deformation and anti-symmetrical modes of the CO2 molecules.

For recombination reactions the value 
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For dissociation reactions the value 
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 was calculated in accordance with the model [68]:
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where 
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 is the dissociation energy. 


The dissociation rate coefficients were calculated in accordance with the Merroun ( Treanor model [68]:
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where 
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 is the equilibrium dissociation rate coefficient. Formula (17) was used for dissociation reactions of C2, N2 O2, CN, CO, NO, CO2 at collisions with other particles.


The electron energy conservation equation was integrated in the following form: 
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where x is the distance from the shock wave front; 
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is the heating of the electrons at elastic electron-ion collisions; 
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 is the Coulomb logarithm;
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is the heating of the electrons at electron ( neutral (a) collisions (
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is the heating of electrons at association-ionization and dissociation-recombination reactions; 
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 are the coefficients of the energy transformation (these values were varied in the interval 0.05(0.1); 
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where 
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 are the constants of impact electron-atom ionization; coefficients ( and ( allow take into account state-by-state excitation of atomic levers subsequent and ionization (these coefficients are estimated by the value 0.1(1);
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where 
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 is the heating of the electrons at electron-vibrational interactions; index V denotes different vibrational modes, and probability of the vibrational transition is estimated as follows: 
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Calculations of non-equilibrium spectral emissivity of heated air behind shock wave front were performed by the following model:
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or
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where
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is the strength of vibronic radiation transfer, cm(1, 
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Square of the matrix element of vibronic transition can be presented in the following form:
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where 
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 is the Einstein coefficient of vibronic transition.


And, finally, spectral emissivity in narrow spectral bands (~
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To calculate a spectral radiation emissivity behind a shock wave front the “just overlapping line model” was also used [85]. The model was modified for calculation of the spectral emission coefficient (in W/(cm3((m(sr)) of non-equilibrium radiation in electronic spectra of diatomic molecules
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were 
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Detailed study of the radiation model and description of the used initial data are presented in [31].


7.2
Numerical simulation results for air shock waves

Developed models of physical-chemical kinetics and non-equilibrium radiation were used for interpretation of Fire-II experimental data [86-88], and also of experimental data obtained at TsAGI shock tube ADST [69].


Numerical study of shock wave relaxation zone in air at five trajectory points of Fire-II flight experiment are presented in Figures 7.1(7.8.
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Figure 7.1: Shock wave relaxation zone in air at 
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(Fire-II, trajectory point t = 1634 s); temperature distribution behind shock wave front (left), 
volume concentration (right); 
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Figures 7.1 show respectively distributions of translation-rotational temperature (T), vibrational temperatures (
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(O2)), electron temperature (
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), and volume concentrations of chemical species. Figures 7.1(7.3 show numerical simulation data for the first trajectory point (t = 1634 s) at three values of coefficients of energy transformation at associative ionization and dissociate recombination (
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). It is clearly seen from these data that increasing of these coefficients leads to increasing of electronic temperature at distances 
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Figure 7.2: Shock wave relaxation zone in air at 
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Figure 7.3: Shock wave relaxation zone in air at 
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The influence of electronic temperature on non-equilibrium radiation of N2, O2, NO, N2+, and O2+ is illustrated in Figures 7.4(7.5. Note, that overshoot of coefficients 
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 leads to significant overshoot of total radiation intensity. Presented data show that the most significant electronic bands in conditions under consideration are: 
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Figure 7.4: Total emissivity integrated by time at 
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 (right)
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Figure 7.5: Partial spectral emissivity integrated by time at 
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Figure 7.6 show that three most significant mechanisms determine electronic temperature in zone of strong non-equilibrium radiation. These are: associative ionization, heating at electron-vibrational interaction, heating at collision ionization. 
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Figure 7.6: Shock wave relaxation zone in air at 
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Figure 7.7 demonstrates decreasing of relaxation zone behind shock wave in Fire-II experiment at successive trajectory points. It is seen that at increasing of time (that means decreasing of velocity and altitude of flight, see Table 7.2 in Ref. [86]) length of the relaxation zone decreases and electronic temperature rises sharply and approaches to translational temperature of heavy particles. Figures 7.8 and 7.9 illustrate this behaviour of spectral emissivity of shock wave integrated in time.
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t =1637 s


Figure 7.7: Temperature distribution and volume concentrations at successive trajectory points; 
Fire-II; 

[image: image714.wmf],0.01


qq


ab=


 (beginning)


[image: image715.wmf]X


,


c


m


1


0


-


6


1


0


-


5


1


0


-


4


1


0


-


3


1


0


-


2


1


0


-


1


1


0


0


1


0


1


1


0


2


1


0


3


1


0


4


1


0


5


T


T


v


(


N


2


)


T


v


(


O


2


)


T


e


T


,


K


   [image: image716.wmf]X


,


c


m


1


0


-


6


1


0


-


5


1


0


-


4


1


0


-


3


1


0


-


2


1


0


-


1


1


0


0


1


0


1


1


0


2


1


0


1


0


1


0


1


1


1


0


1


2


1


0


1


3


1


0


1


4


1


0


1


5


1


0


1


6


1


0


1


7


1


0


1


8


N


O


e


-


N


2


O


2


N


O


N


2


+


O


2


+


N


O


+


N


+


O


+


V


o


l


u


m


e


n


u


m


b


e


r


,


1


/


c


m


*


*


3




t =1640 s


Figure 7.7: Temperature distribution and volume concentrations at successive trajectory points; 
Fire-II;  
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Figure 7.7: Temperature distribution and volume concentrations at successive trajectory points; 
Fire-II;  
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Figure 7.7: Temperature distribution and volume concentrations at successive trajectory points; 
Fire-II;  
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Figure 7.8: Total emissivity integrated by time at successive trajectory points (Fire-II); 
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Figure 7.9: Partial spectral emissivity integrated by time at successive trajectory points (Fire-II); 
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Developed numerical simulation model was used also for interpretation of experimental data obtained by V.Gorelov et al. [69]. Numerical simulation data presented in Figures 7.10 and 7.11 demonstrate some excess of numerical prediction of electronic concentrations of the experimental data. 
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Figure 7.10: Shock wave relaxation zone in air at 
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Figure 7.11: Shock wave relaxation zone in air at 
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7.3
Numerical simulation results for CO2–N2–Ar mixtures


The following three calculation series were performed for such mixtures:


· Prediction of the non-equilibrium radiation for the Thomas and Menard [73] experimental measurements;


· Radiation spectra calculations for the stagnation point conditions studied by Park, Howe, Jaffe and Candler [3];


· Calculations of the non-equilibrium radiation of mixtures CO2(N2(Ar in shock waves for the P. Kozlov, S. Losev and Yu. Romanenko [89] experimental measurements. 


7.3.1
Comparison with the Thomas ( Menard experimental data

Calculation data were obtained for the following three mixtures studied by Thomas and Menard [73]: 9%CO2(90%N2(1%Ar (Figures 7.12), 30%CO2(70%N2 (Figures 7.13). The following three molecular bands were analyzed in these calculations: CN Violet system (B2(+(X2(+), CN Red system (A2((X2(+), and C2 Swan system (d3(g(a3(u). Figures 7.12 show spectral distribution of the non-equilibrium radiation behind the shock waves for the gas mixture 9%CO2(90%N2(1%Ar at 
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torr and 

[image: image745.wmf]7620


s
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m/s. In the first case (left figure) the Boltzmann distribution of excited electronic levels was presumed, that is the populations of the excited levels were determined by translational temperature of the heavy particles. In the second case the radiative-collisional model for excited electronic levels was used. Comparison of the calculations with the experimental data [73] is also presented in Figures 7.12.


Distributions of the volume concentrations and also translational, vibrational (for different vibrational modes) and electronic temperatures are presented in Figures 7.13 for the second mixture (30%CO2( 70%N2). In this case a most intensive radiation was observed in the experiments. The present calculations are in good accordance with the regularity. Figure 7.13,b shows spectral distribution of corresponding non-equilibrium radiation intensity for the radiative-collisional model of excited electronic levels of diatomic molecules.
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Figure 7.12: Non-equilibrium radiation behind the shock wave for the Thomas-Menard experiments [73]: 

[image: image748.wmf]0


0.25


p


=


torr and 

[image: image749.wmf]7620


s
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m/s (9%CO2(90%N2(1%Ar). The Boltzmann distribution of excited electronic levels (left), and  the radiative-collisional model for excited electronic levels (right). 
Calculations (solid line) and experimental data [73] (diamonds)


As seen from the data presented, the present calculations allow to get satisfactory description of the experimental data. But, at the same time, one can find also significant differences in some ranges of the spectra. Numerical experiments showed that it is possible to achieve better fit of the experimental data by variation of used kinetic constants (but corresponding problem demands a separate detailed discussion). 
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Figure 7.13: (beginning)
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Figure 7.13: Temporary behaviour of species volume concentrations (a) and temperatures (b) behind the shock wave for the Thomas ( Menard experiments [73]: 
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7.3.2
Comparison with the Park ( Howe ( Jaffe ( Candler calculated data


Calculation data were obtained for the following gas mixture studied in [3]: 95.7%CO2(2.7%N2(1.6%Ar (Figures 7.14). The calculations were performed for the initial pressure 
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Numerical experiments were performed as previously for the two models of excitation of the diatomic molecules electronic levels. Spectral distribution of the non-equilibrium radiation for the Boltzmann model and for the radiative-collisional model are shown in Figure 7.14 (see also Figs.7.15,7.16) . It should be noted that comparison of these data for the local thermodynamic equilibrium conditions was previously performed to define more accurately corresponding kinetic constants. One can see that for conditions under consideration differences between spectral intensities significant enough, especially for the CO 4th positive system (0.15 < ( < 0.2 (m), the CN Red system (0.6 < ( < 0.8 (m) and the C2 Swan system (0.4 < ( < 0.55 (m). 


7.3.3
Comparison with the Kozlov ( Losev ( Romanenko experimental data


Calculation data were obtained for the following two mixtures studied in [89]: 9.6%CO2(0.3%N2( 90.1%Ar, and 4.8%CO2(0.15%N2(95.05%Ar. Figures 7.17 show spectral distribution of the non-equilibrium radiation behind shock wave fronts for the first mixture at 
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All calculated data presented above were obtained using kinetic constants for the radiative-collisional model recommended in Ref. [79]. Another set of the constants suggested early by Dravin and Emard [90] and by Zalogin et al. in [91] (see Tables RD.12) were also used. Calculation data obtained with these kinetic constants are shown in Figures 7.20. Comparison of these presented data allows make a conclusion concerning effect of the constants on the system of studied kinetic processes.
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Figure 7.14: Non-equilibrium radiation behind the shock wave for conditions of the Park-Howe-Jaffe-Candler calculations [3]: 
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m/s (95.7%CO2(2.7%N2(1.6%Ar). The Boltzmann distribution of excited electronic levels (left), and the radiative-collisional model for excited electronic levels (right): present calculations (solid line) and some calculated points [3] (diamonds)
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Figure 7.15: Temporary behavior of species volume concentrations behind the shock wave for conditions of the Park-Howe-Jaffe-Candler calculations [3]: 
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Figure 7.16: Temperature distributions behind the shock wave for conditions of the Park-Howe-Jaffe-Candler calculations [3]: 
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Figure 7.17: Non-equilibrium radiation behind the shock wave for conditions of the Kozlov-Losev-Romanenko experiments [20,23]: 
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m/s (9.6%CO2(0.3%N2(90.1%Ar). The Boltzmann distribution of excited electronic levels (left), and the radiative-collisional model for excited electronic levels (right): present calculations (solid line) and experimental data [89] (dotted line) 
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Figure 7.18: Temporary behavior of species volume concentrations and temperatures behind the shock wave for conditions of the Kozlov-Losev-Romanenko experiments [89]: 
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m/s (9.6%CO2(0.3%N2(90.1%Ar). The Radiative-collisional model for excited electronic levels is presumed
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Figure 7.19: Non-equilibrium radiation behind the shock wave for conditions of the Kozlov-Losev-Romanenko experiments [89]: 
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The Boltzmann distribution of excited electronic levels (left), and the radiative-collisional model for excited electronic levels (right). Present calculations (solid line) and experimental data [89] (dotted line)
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Figure 7.20: Non-equilibrium radiation behind the shock wave for conditions of the Kozlov-Losev-Romanenko experiments [89]: 
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The Boltzmann distribution of excited electronic levels (left). The radiative-collisional model for excited electronic levels (right). Present calculations (solid line; the second set of constants of diatomic molecules electronic levels excitation) are compared with experimental data [89] (dotted line)

7.4
Model of electronic kinetics of high-temperature air behind shock wave, tested in experiments [92]

This model contains kinetic description of the following processes:


· Vibrational relaxation;


· Coupled dissociation-vibrational excitation processes;


· Formation of NO molecules through the two-channel processes, including vibrational excited N2;


· Associative ionization;


· Ionization by an electronic impact;


· Vibrational relaxation due to electron-molecular collisions;


· Charge-exchange chemical processes.


The vibrational relaxation was considered in the frame of the model [25]. The relaxation time of species N2, O2 at V-T processes calculated as follows:
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 are presented in Table RD11 (Appendix).


Vibrational relaxation of the NO molecules was calculated using Park model [2].

Vibrational excitation of N2 by electronic impact was calculated with the Shultz model of step-by-step excitation [93].


Vibrational-dissociative coupling was taken into account by the (-model:
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Other constants are presented in Table RD11.


As it was mentioned above, formation of NO was considered in the frame of the following kinetic scheme:
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For the first reaction the rate constant
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 is the Heavisid function; 
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 is the vibrational energy of N2; 
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 is the dissociation energy of N2.

For the second reaction [94].
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Rate constants for electronic impact ionization are presented in Table RD11.


Kinetic processes with electrons are considered in the model in the frame of assumption about different temperatures of the electrons and heavy particles. The temperature of electrons 
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 is calculated from the following electronic energy conservation equation:
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where 
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 is the concentration of electrons; 
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 is the associative ionization energy exchange; 
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 is the energy exchange in elastic collisions between the electron and heavy particle; 
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 is the energy exchange with rotational degrees of freedom of molecules; 
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 is the energy exchange at interaction of the electrons with vibrational states of molecules N2 in the following reaction:
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Enumerated terms in the right hand side of Equation (32) are formulated as follows:
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where 
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 are the forward and reverse rates of association ionization reaction j; 
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 is the index of heavy particle (N2, O2, NO); 
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 is the rotational constant of the molecule species m; 

[image: image819.wmf]R


s


 is the cross section of electronic-rotation interaction:
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 is the molecular quadrupole moment; 
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 is the vibrational N2 partition function; 
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 is the rate constant for reaction (32) (see Table RD11).


Reactions of charge exchange between ions of atoms and molecules with corresponding rate constants are presented in Table RD11. Electronic kinetics in the model [92] is also presented by the reactions which are determined radiation emissivity of NO, N2, 
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. Rate constants of these reactions are presented in Tables RD11.


It should be taken into account that authors of [92] assume that electronic temperature at shock wave fronts coincides with translational temperature of heavy particles. This assumption differs from that in the model presented in Section 7.1.

7.5
Models of electronic kinetics for super-orbital entry velocities [95-98]

Several models of electronic kinetics were suggested and studies in series of publications of L. Carlson and his assistants, and his scientific assistances [95-98]. Electron-impact ionization rates in nitrogen and oxygen were discussed in [96]. It was shown that exciting rates of electronic kinetics in the literature varied over several orders of magnitude with accompanying differences in profiles of electronic temperature 
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The effects of thermodynamic Nonequilibrium on the magnitude and nature of the radiative heat transfer processes were studied in [97]. Comparison was performed with flight experiment FIRE-II, and a wide range of possible space missions profile conditions were studies.


Significant coupled effects of dissociation and vibrational relaxation were considered in [98].


Authors of [95] discussed in details a two-step excitation model for atomic nitrogen. The model assumes that the excitation jump from ground to the first excited state controls the ionization processes, and that the excited states are in equilibrium with free electrons and ions, because of their proximity in energy to the ionized state. Note, that models of Park [99] and Kunc and Soon [100] handle possible local thermodynamic Nonequilibrium (LTNE) effects by performing detailed state population calculations under the quasisteady (QSS) assumptions. These methods are computationally intensive, and, therefore, these are not very suitable for radiative-gasdynamic coupling.


Authors of [96] suggested so called a second-order LTNE model for high-temperature nitrogen by subdividing atomic nitrogen into two species. The first, termed 
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cm(1). The relative densities of these two new species are determined by appropriate reaction rates between themselves, N+, e(, etc, and the electronic states of each are assumed to be in LTE.


As opposed to the second-order LTNE model authors of [95] studied also the first-order LTNE model, which assumes direct ionization of nitrogen from the ground state. It was shown that the second-order LTNE model provides acceptable description of flight data FIRE-II. The first-order and the second order LTNE models are presented in Tables RD.12. These tables contain also kinetic model for air which was used by these authors in [101].
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Table RD1:  Electron-impact dissociation rate coefficients [28]
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Table RD2: Rate parameters of dissociation [29]
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Table RD2: (Continuation of the table)
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Table RD2: (Continuation of the table)
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Table RD3: Fittings of the dissociation rate coefficients in the Arrhenius form [42]
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Table RD4: Fittings of NO and NO+ excitation rate coefficients in the Arrhenius form [42]
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Table RD7: Fittings of NO ionization rate coefficients in the Arrhenius form [42]
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Table RD8: Fittings of O2 ionization rate coefficients in the Arrhenius form [42]
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Table RD9: Fittings of N2 ionization rate coefficients in the Arrhenius form [42]
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Tables RD10:  Radiative life-times of electronic-vibrational states

===============================================


 Name of transition = C2_ax    Total life time =  0.34037E-06 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.76170E+05, 1/s     Life Time=  0.13129E-04 s


 Vu=  1     Aul=  0.95735E+05, 1/s     Life Time=  0.10445E-04 s


 Vu=  2     Aul=  0.11388E+06, 1/s     Life Time=  0.87814E-05 s


 Vu=  3     Aul=  0.13098E+06, 1/s     Life Time=  0.76350E-05 s


 Vu=  4     Aul=  0.14674E+06, 1/s     Life Time=  0.68147E-05 s


 Vu=  5     Aul=  0.16162E+06, 1/s     Life Time=  0.61872E-05 s


 Vu=  6     Aul=  0.17526E+06, 1/s     Life Time=  0.57059E-05 s


 Vu=  7     Aul=  0.18789E+06, 1/s     Life Time=  0.53222E-05 s


 Vu=  8     Aul=  0.19965E+06, 1/s     Life Time=  0.50088E-05 s


 Vu=  9     Aul=  0.21043E+06, 1/s     Life Time=  0.47521E-05 s


 Vu= 10    Aul=  0.22038E+06, 1/s     Life Time=  0.45376E-05 s


 Vu= 11    Aul=  0.22935E+06, 1/s     Life Time=  0.43602E-05 s


 Vu= 12    Aul=  0.23751E+06, 1/s     Life Time=  0.42103E-05 s


 Vu= 13    Aul=  0.24501E+06, 1/s     Life Time=  0.40815E-05 s


 Vu= 14    Aul=  0.25107E+06, 1/s     Life Time=  0.39830E-05 s


 Vu= 15    Aul=  0.25627E+06, 1/s     Life Time=  0.39021E-05 s


                 ==============================================


                   ================================================


Name of transition = C2_B1A1  Total life time = 0.35790E-05 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.70006E+04, 1/s     Life Time=  0.14284E-03 s


 Vu=  1     Aul=  0.11343E+05, 1/s     Life Time=  0.88160E-04 s


 Vu=  2     Aul=  0.15441E+05, 1/s     Life Time=  0.64763E-04 s


 Vu=  3     Aul=  0.19291E+05, 1/s     Life Time=  0.51837E-04 s


 Vu=  4     Aul=  0.22858E+05, 1/s     Life Time=  0.43749E-04 s


 Vu=  5     Aul=  0.26303E+05, 1/s     Life Time=  0.38019E-04 s


 Vu=  6     Aul=  0.29599E+05, 1/s     Life Time=  0.33785E-04 s


 Vu=  7     Aul=  0.32737E+05, 1/s     Life Time=  0.30547E-04 s


 Vu=  8     Aul=  0.35600E+05, 1/s     Life Time=  0.28090E-04 s


 Vu=  9     Aul=  0.38375E+05, 1/s     Life Time=  0.26058E-04 s


 Vu= 10    Aul=  0.40858E+05, 1/s     Life Time=  0.24475E-04 s


                 ===============================================


================================================


 Name of transition = C2_ba    Total life time=  0.69578E-06 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.60190E+05, 1/s     Life Time=  0.16614E-04 s


 Vu=  1     Aul=  0.70737E+05, 1/s     Life Time=  0.14137E-04 s


 Vu=  2     Aul=  0.80341E+05, 1/s     Life Time=  0.12447E-04 s


 Vu=  3     Aul=  0.89427E+05, 1/s     Life Time=  0.11182E-04 s


 Vu=  4     Aul=  0.98000E+05, 1/s     Life Time=  0.10204E-04 s


 Vu=  5     Aul=  0.10603E+06, 1/s     Life Time=  0.94314E-05 s


 Vu=  6     Aul=  0.11362E+06, 1/s     Life Time=  0.88012E-05 s


 Vu=  7     Aul=  0.12082E+06, 1/s     Life Time=  0.82770E-05 s


 Vu=  8     Aul=  0.12751E+06, 1/s     Life Time=  0.78424E-05 s


 Vu=  9     Aul=  0.13400E+06, 1/s     Life Time=  0.74627E-05 s


 Vu= 10    Aul=  0.14006E+06, 1/s     Life Time=  0.71398E-05 s


 Vu= 11    Aul=  0.14577E+06, 1/s     Life Time=  0.68604E-05 s


 Vu= 12    Aul=  0.15075E+06, 1/s     Life Time=  0.66336E-05 s


                 ==============================================


================================================


 Name of transition = C2_B'1A1 Total life time = 0.65369E-06 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.12450E+06, 1/s     Life Time=  0.80321E-05 s


 Vu=  1     Aul=  0.12923E+06, 1/s     Life Time=  0.77381E-05 s


 Vu=  2     Aul=  0.13295E+06, 1/s     Life Time=  0.75216E-05 s


 Vu=  3     Aul=  0.13597E+06, 1/s     Life Time=  0.73545E-05 s


 Vu=  4     Aul=  0.13822E+06, 1/s     Life Time=  0.72349E-05 s


 Vu=  5     Aul=  0.14033E+06, 1/s     Life Time=  0.71258E-05 s


 Vu=  6     Aul=  0.14229E+06, 1/s     Life Time=  0.70279E-05 s


 Vu=  7     Aul=  0.14412E+06, 1/s     Life Time=  0.69387E-05 s


 Vu=  8     Aul=  0.14581E+06, 1/s     Life Time=  0.68581E-05 s


 Vu=  9     Aul=  0.14745E+06, 1/s     Life Time=  0.67820E-05 s


 Vu= 10    Aul=  0.14891E+06, 1/s     Life Time=  0.67156E-05 s


                 ===============================================


================================================


 Name of transition = C2_ca    Total life time =  0.31883E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.32547E+08, 1/s     Life Time=  0.30725E-07 s


 Vu=  1     Aul=  0.32508E+08, 1/s     Life Time=  0.30762E-07 s


 Vu=  2     Aul=  0.32070E+08, 1/s     Life Time=  0.31181E-07 s


 Vu=  3     Aul=  0.31412E+08, 1/s     Life Time=  0.31835E-07 s


 Vu=  4     Aul=  0.30663E+08, 1/s     Life Time=  0.32612E-07 s


 Vu=  5     Aul=  0.29815E+08, 1/s     Life Time=  0.33541E-07 s


 Vu=  6     Aul=  0.28662E+08, 1/s     Life Time=  0.34890E-07 s


 Vu=  7     Aul=  0.27232E+08, 1/s     Life Time=  0.36721E-07 s


 Vu=  8     Aul=  0.25403E+08, 1/s     Life Time=  0.39366E-07 s


 Vu=  9     Aul=  0.22980E+08, 1/s     Life Time=  0.43515E-07 s


 Vu= 10    Aul=  0.20358E+08, 1/s     Life Time=  0.49121E-07 s


                 ==============================================


===============================================


 Name of transition = C2_da    Total life time =  0.12088E-07 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.97949E+07, 1/s     Life Time=  0.10209E-06 s


 Vu=  1     Aul=  0.95393E+07, 1/s     Life Time=  0.10483E-06 s


 Vu=  2     Aul=  0.92990E+07, 1/s     Life Time=  0.10754E-06 s


 Vu=  3     Aul=  0.90091E+07, 1/s     Life Time=  0.11100E-06 s


 Vu=  4     Aul=  0.86751E+07, 1/s     Life Time=  0.11527E-06 s


 Vu=  5     Aul=  0.82793E+07, 1/s     Life Time=  0.12078E-06 s


 Vu=  6     Aul=  0.77520E+07, 1/s     Life Time=  0.12900E-06 s


 Vu=  7     Aul=  0.69260E+07, 1/s     Life Time=  0.14438E-06 s


 Vu=  8     Aul=  0.56800E+07, 1/s     Life Time=  0.17606E-06 s


 Vu=  9     Aul=  0.42837E+07, 1/s     Life Time=  0.23344E-06 s


 Vu= 10     Aul=  0.34849E+07, 1/s     Life Time=  0.28695E-06 s


                 ===============================================


================================================


 Name of transition = C2_da    Total life time =  0.50492E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.13916E+07, 1/s     Life Time=  0.71859E-06 s


 Vu=  1     Aul=  0.14520E+07, 1/s     Life Time=  0.68873E-06 s


 Vu=  2     Aul=  0.15114E+07, 1/s     Life Time=  0.66162E-06 s


 Vu=  3     Aul=  0.15629E+07, 1/s     Life Time=  0.63983E-06 s


 Vu=  4     Aul=  0.16110E+07, 1/s     Life Time=  0.62074E-06 s


 Vu=  5     Aul=  0.16531E+07, 1/s     Life Time=  0.60492E-06 s


 Vu=  6     Aul=  0.16903E+07, 1/s     Life Time=  0.59159E-06 s


 Vu=  7     Aul=  0.17206E+07, 1/s     Life Time=  0.58119E-06 s


 Vu=  8     Aul=  0.17427E+07, 1/s     Life Time=  0.57383E-06 s


 Vu=  9     Aul=  0.13610E+07, 1/s     Life Time=  0.73476E-06 s


 Vu= 10    Aul=  0.14053E+07, 1/s     Life Time=  0.71159E-06 s


 Vu= 11    Aul=  0.14171E+07, 1/s     Life Time=  0.70567E-06 s


 Vu= 12    Aul=  0.12863E+07, 1/s     Life Time=  0.77745E-06 s


 ==============================================


===============================================


 Name of transition = C2_dx    Total life time =  0.11665E-08 1/s


------------------------------------------------------------------------------


 Vu=  0     Aul=  0.68632E+08, 1/s     Life Time=  0.14571E-07 s


 Vu=  1     Aul=  0.67078E+08, 1/s     Life Time=  0.14908E-07 s


 Vu=  2     Aul=  0.65547E+08, 1/s     Life Time=  0.15256E-07 s


 Vu=  3     Aul=  0.63878E+08, 1/s     Life Time=  0.15655E-07 s


 Vu=  4     Aul=  0.62110E+08, 1/s     Life Time=  0.16101E-07 s


 Vu=  5     Aul=  0.60179E+08, 1/s     Life Time=  0.16617E-07 s


 Vu=  6     Aul=  0.58118E+08, 1/s     Life Time=  0.17206E-07 s


 Vu=  7     Aul=  0.55871E+08, 1/s     Life Time=  0.17898E-07 s


 Vu=  8     Aul=  0.53484E+08, 1/s     Life Time=  0.18697E-07 s


 Vu=  9     Aul=  0.50893E+08, 1/s     Life Time=  0.19649E-07 s


 Vu= 10     Aul=  0.48301E+08, 1/s     Life Time=  0.20704E-07 s


 Vu= 11     Aul=  0.45834E+08, 1/s     Life Time=  0.21818E-07 s


 Vu= 12     Aul=  0.43677E+08, 1/s     Life Time=  0.22896E-07 s


 Vu= 13     Aul=  0.41925E+08, 1/s     Life Time=  0.23852E-07 s


 Vu= 14     Aul=  0.40163E+08, 1/s     Life Time=  0.24898E-07 s


 Vu= 15     Aul=  0.31578E+08, 1/s     Life Time=  0.31668E-07 s


 
           ==============================================


================================================


 Name of transition = C2_E1A1  Total life time =  0.18432E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.60090E+08, 1/s     Life Time=  0.16642E-07 s


 Vu=  1     Aul=  0.59700E+08, 1/s     Life Time=  0.16750E-07 s


 Vu=  2     Aul=  0.58930E+08, 1/s     Life Time=  0.16969E-07 s


 Vu=  3     Aul=  0.57495E+08, 1/s     Life Time=  0.17393E-07 s


 Vu=  4     Aul=  0.55676E+08, 1/s     Life Time=  0.17961E-07 s


 Vu=  5     Aul=  0.53188E+08, 1/s     Life Time=  0.18801E-07 s


 Vu=  6     Aul=  0.47816E+08, 1/s     Life Time=  0.20913E-07 s


 Vu=  7     Aul=  0.40411E+08, 1/s     Life Time=  0.24746E-07 s


 Vu=  8     Aul=  0.35388E+08, 1/s     Life Time=  0.28258E-07 s


 Vu=  9     Aul=  0.34568E+08, 1/s     Life Time=  0.28928E-07 s


 Vu= 10    Aul=  0.39286E+08, 1/s     Life Time=  0.25455E-07 s


 ==============================================


================================================


 Name of transition = C2_E1D1  Total life time = 0.23343E-07 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.59509E+07, 1/s     Life Time=  0.16804E-06 s


 Vu=  1     Aul=  0.53592E+07, 1/s     Life Time=  0.18660E-06 s


 Vu=  2     Aul=  0.48280E+07, 1/s     Life Time=  0.20713E-06 s


 Vu=  3     Aul=  0.43540E+07, 1/s     Life Time=  0.22967E-06 s


 Vu=  4     Aul=  0.39663E+07, 1/s     Life Time=  0.25213E-06 s


 Vu=  5     Aul=  0.36501E+07, 1/s     Life Time=  0.27397E-06 s


 Vu=  6     Aul=  0.33889E+07, 1/s     Life Time=  0.29508E-06 s


 Vu=  7     Aul=  0.31515E+07, 1/s     Life Time=  0.31731E-06 s


 Vu=  8     Aul=  0.29310E+07, 1/s     Life Time=  0.34118E-06 s


 Vu=  9     Aul=  0.27292E+07, 1/s     Life Time=  0.36641E-06 s


 Vu= 10     Aul=  0.25305E+07, 1/s     Life Time=  0.39517E-06 s


 ===============================================


================================================


 Name of transition = C2_ea    Total life time =  0.40260E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.49679E+07, 1/s     Life Time=  0.20129E-06 s


 Vu=  1     Aul=  0.36873E+07, 1/s     Life Time=  0.27120E-06 s


 Vu=  2     Aul=  0.29552E+07, 1/s     Life Time=  0.33838E-06 s


 Vu=  3     Aul=  0.24040E+07, 1/s     Life Time=  0.41598E-06 s


 Vu=  4     Aul=  0.20961E+07, 1/s     Life Time=  0.47707E-06 s


 Vu=  5     Aul=  0.18912E+07, 1/s     Life Time=  0.52876E-06 s


 Vu=  6     Aul=  0.16865E+07, 1/s     Life Time=  0.59296E-06 s


 Vu=  7     Aul=  0.14824E+07, 1/s     Life Time=  0.67460E-06 s


 Vu=  8     Aul=  0.13919E+07, 1/s     Life Time=  0.71843E-06 s


 Vu=  9     Aul=  0.12218E+07, 1/s     Life Time=  0.81848E-06 s


 Vu= 10     Aul=  0.10543E+07, 1/s     Life Time=  0.94849E-06 s


 ==============================================


=================================================


 Name of transition = C2m_A2X2 Total life time =  0.25458E-05 1/s


-----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.18070E+05, 1/s     Life Time=  0.55342E-04 s


 Vu=  1     Aul=  0.22199E+05, 1/s     Life Time=  0.45046E-04 s


 Vu=  2     Aul=  0.26101E+05, 1/s     Life Time=  0.38313E-04 s


 Vu=  3     Aul=  0.29797E+05, 1/s     Life Time=  0.33560E-04 s


 Vu=  4     Aul=  0.33286E+05, 1/s     Life Time=  0.30043E-04 s


 Vu=  5     Aul=  0.36565E+05, 1/s     Life Time=  0.27349E-04 s


 Vu=  6     Aul=  0.39815E+05, 1/s     Life Time=  0.25116E-04 s


 Vu=  7     Aul=  0.42720E+05, 1/s     Life Time=  0.23408E-04 s


 Vu=  8     Aul=  0.45520E+05, 1/s     Life Time=  0.21968E-04 s


 Vu=  9     Aul=  0.48181E+05, 1/s     Life Time=  0.20755E-04 s


 Vu= 10     Aul=  0.50545E+05, 1/s     Life Time=  0.19784E-04 s


 ==============================================


================================================


 Name of transition = C2m_bx   Total life time =  0.74662E-08 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.13285E+08, 1/s     Life Time=  0.75274E-07 s


 Vu=  1     Aul=  0.13390E+08, 1/s     Life Time=  0.74681E-07 s


 Vu=  2     Aul=  0.13496E+08, 1/s     Life Time=  0.74098E-07 s


 Vu=  3     Aul=  0.13518E+08, 1/s     Life Time=  0.73978E-07 s


 Vu=  4     Aul=  0.13496E+08, 1/s     Life Time=  0.74096E-07 s


 Vu=  5     Aul=  0.13346E+08, 1/s     Life Time=  0.74928E-07 s


 Vu=  6     Aul=  0.12999E+08, 1/s     Life Time=  0.76926E-07 s


 Vu=  7     Aul=  0.12165E+08, 1/s     Life Time=  0.82205E-07 s


 Vu=  8     Aul=  0.10523E+08, 1/s     Life Time=  0.95033E-07 s


 Vu=  9     Aul=  0.90371E+07, 1/s     Life Time=  0.11066E-06 s


 Vu= 10    Aul=  0.86820E+07, 1/s     Life Time=  0.11518E-06 s


 ==============================================


===============================================


 Name of transition = C2p_ba   Total life time =  0.38943E-06 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.11236E+06, 1/s     Life Time=  0.89002E-05 s


 Vu=  1     Aul=  0.14353E+06, 1/s     Life Time=  0.69670E-05 s


 Vu=  2     Aul=  0.17259E+06, 1/s     Life Time=  0.57942E-05 s


 Vu=  3     Aul=  0.19868E+06, 1/s     Life Time=  0.50332E-05 s


 Vu=  4     Aul=  0.22217E+06, 1/s     Life Time=  0.45011E-05 s


 Vu=  5     Aul=  0.24360E+06, 1/s     Life Time=  0.41051E-05 s


 Vu=  6     Aul=  0.26304E+06, 1/s     Life Time=  0.38017E-05 s


 Vu=  7     Aul=  0.28045E+06, 1/s     Life Time=  0.35657E-05 s


 Vu=  8     Aul=  0.29725E+06, 1/s     Life Time=  0.33642E-05 s


 Vu=  9     Aul=  0.31080E+06, 1/s     Life Time=  0.32175E-05 s


 Vu= 10    Aul=  0.32336E+06, 1/s     Life Time=  0.30925E-05 s


 ==============================================


================================================


 Name of transition = C2p_bx   Total life time =  0.21562E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.65812E+07, 1/s     Life Time=  0.15195E-06 s


 Vu=  1     Aul=  0.62335E+07, 1/s     Life Time=  0.16042E-06 s


 Vu=  2     Aul=  0.58924E+07, 1/s     Life Time=  0.16971E-06 s


 Vu=  3     Aul=  0.55424E+07, 1/s     Life Time=  0.18043E-06 s


 Vu=  4     Aul=  0.51759E+07, 1/s     Life Time=  0.19320E-06 s


 Vu=  5     Aul=  0.47377E+07, 1/s     Life Time=  0.21107E-06 s


 Vu=  6     Aul=  0.40577E+07, 1/s     Life Time=  0.24644E-06 s


 Vu=  7     Aul=  0.29945E+07, 1/s     Life Time=  0.33395E-06 s


 Vu=  8     Aul=  0.20797E+07, 1/s     Life Time=  0.48083E-06 s


 Vu=  9     Aul=  0.18709E+07, 1/s     Life Time=  0.53451E-06 s


 Vu= 10    Aul=  0.12120E+07, 1/s     Life Time=  0.82505E-06 s


 ==============================================


================================================


 Name of transition = CN_AX    Total life time = 0.50233E-06 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.89101E+05, 1/s     Life Time=  0.11223E-04 s


 Vu=  1     Aul=  0.10289E+06, 1/s     Life Time=  0.97188E-05 s


 Vu=  2     Aul=  0.11568E+06, 1/s     Life Time=  0.86447E-05 s


 Vu=  3     Aul=  0.12764E+06, 1/s     Life Time=  0.78344E-05 s


 Vu=  4     Aul=  0.13862E+06, 1/s     Life Time=  0.72139E-05 s


 Vu=  5     Aul=  0.14898E+06, 1/s     Life Time=  0.67122E-05 s


 Vu=  6     Aul=  0.15833E+06, 1/s     Life Time=  0.63160E-05 s


 Vu=  7     Aul=  0.16710E+06, 1/s     Life Time=  0.59844E-05 s


 Vu=  8     Aul=  0.17509E+06, 1/s     Life Time=  0.57114E-05 s


 Vu=  9     Aul=  0.18236E+06, 1/s     Life Time=  0.54838E-05 s


 Vu= 10    Aul=  0.18911E+06, 1/s     Life Time=  0.52879E-05 s


 Vu= 11    Aul=  0.19520E+06, 1/s     Life Time=  0.51229E-05 s


 Vu= 12    Aul=  0.20063E+06, 1/s     Life Time=  0.49842E-05 s


 ==============================================


================================================


 Name of transition = CN_BA    Total life time =  0.24720E-06 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.78073E+05, 1/s     Life Time=  0.12808E-04 s


 Vu=  1     Aul=  0.91812E+05, 1/s     Life Time=  0.10892E-04 s


 Vu=  2     Aul=  0.10803E+06, 1/s     Life Time=  0.92568E-05 s


 Vu=  3     Aul=  0.12714E+06, 1/s     Life Time=  0.78654E-05 s


 Vu=  4     Aul=  0.14959E+06, 1/s     Life Time=  0.66848E-05 s


 Vu=  5     Aul=  0.17524E+06, 1/s     Life Time=  0.57064E-05 s


 Vu=  6     Aul=  0.20396E+06, 1/s     Life Time=  0.49028E-05 s


 Vu=  7     Aul=  0.23400E+06, 1/s     Life Time=  0.42734E-05 s


 Vu=  8     Aul=  0.26582E+06, 1/s     Life Time=  0.37619E-05 s


 Vu=  9     Aul=  0.29944E+06, 1/s     Life Time=  0.33396E-05 s


 Vu= 10    Aul=  0.33135E+06, 1/s     Life Time=  0.30180E-05 s


 Vu= 11    Aul=  0.36103E+06, 1/s     Life Time=  0.27699E-05 s


 Vu= 12    Aul=  0.38563E+06, 1/s     Life Time=  0.25932E-05 s


 Vu= 13    Aul=  0.40369E+06, 1/s     Life Time=  0.24771E-05 s


 Vu= 14    Aul=  0.41476E+06, 1/s     Life Time=  0.24111E-05 s


 Vu= 15    Aul=  0.41582E+06, 1/s     Life Time=  0.24049E-05 s


 ==============================================    


================================================


 Name of transition = CN_BX    Total life time =  0.48844E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.16371E+08, 1/s     Life Time=  0.61084E-07 s


 Vu=  1     Aul=  0.16289E+08, 1/s     Life Time=  0.61392E-07 s


 Vu=  2     Aul=  0.16049E+08, 1/s     Life Time=  0.62309E-07 s


 Vu=  3     Aul=  0.15720E+08, 1/s     Life Time=  0.63611E-07 s


 Vu=  4     Aul=  0.15346E+08, 1/s     Life Time=  0.65162E-07 s


 Vu=  5     Aul=  0.14885E+08, 1/s     Life Time=  0.67183E-07 s


 Vu=  6     Aul=  0.14355E+08, 1/s     Life Time=  0.69661E-07 s


 Vu=  7     Aul=  0.13755E+08, 1/s     Life Time=  0.72699E-07 s


 Vu=  8     Aul=  0.13080E+08, 1/s     Life Time=  0.76455E-07 s


 Vu=  9     Aul=  0.12377E+08, 1/s     Life Time=  0.80795E-07 s


 Vu= 10    Aul=  0.11622E+08, 1/s     Life Time=  0.86044E-07 s


 Vu= 11    Aul=  0.10835E+08, 1/s     Life Time=  0.92289E-07 s


 Vu= 12    Aul=  0.10021E+08, 1/s     Life Time=  0.99787E-07 s


 Vu= 13    Aul=  0.92279E+07, 1/s     Life Time=  0.10837E-06 s


 Vu= 14    Aul=  0.77831E+07, 1/s     Life Time=  0.12848E-06 s


 Vu= 15    Aul=  0.70150E+07, 1/s     Life Time=  0.14255E-06 s


================================================   


================================================


 Name of transition = CN_XA    Total life time =  0.25138E-06 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.45418E+06, 1/s     Life Time=  0.22018E-05 s


 Vu=  1     Aul=  0.49289E+06, 1/s     Life Time=  0.20289E-05 s


 Vu=  2     Aul=  0.52867E+06, 1/s     Life Time=  0.18915E-05 s


 Vu=  3     Aul=  0.55918E+06, 1/s     Life Time=  0.17883E-05 s


 Vu=  4     Aul=  0.57345E+06, 1/s     Life Time=  0.17438E-05 s


 Vu=  5     Aul=  0.53998E+06, 1/s     Life Time=  0.18519E-05 s


 Vu=  6     Aul=  0.41938E+06, 1/s     Life Time=  0.23845E-05 s


 Vu=  7     Aul=  0.22685E+06, 1/s     Life Time=  0.44083E-05 s


 Vu=  8     Aul=  0.78821E+05, 1/s     Life Time=  0.12687E-04 s


 Vu=  9     Aul=  0.47106E+05, 1/s     Life Time=  0.21229E-04 s


 Vu= 10    Aul=  0.40337E+05, 1/s     Life Time=  0.24791E-04 s


 Vu= 11    Aul=  0.11181E+05, 1/s     Life Time=  0.89441E-04 s


 Vu= 12    Aul=  0.59694E+04, 1/s     Life Time=  0.16752E-03 s


 ===============================================  


================================================


 Name of transition = CN_XX    Total life time =  0.16363E-03 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.12690E+02, 1/s     Life Time=  0.78805E-01 s


 Vu=  1     Aul=  0.36326E+02, 1/s     Life Time=  0.27529E-01 s


 Vu=  2     Aul=  0.59900E+02, 1/s     Life Time=  0.16695E-01 s


 Vu=  3     Aul=  0.83339E+02, 1/s     Life Time=  0.11999E-01 s


 Vu=  4     Aul=  0.10650E+03, 1/s     Life Time=  0.93899E-02 s


 Vu=  5     Aul=  0.12932E+03, 1/s     Life Time=  0.77325E-02 s


 Vu=  6     Aul=  0.15169E+03, 1/s     Life Time=  0.65924E-02 s


 Vu=  7     Aul=  0.17352E+03, 1/s     Life Time=  0.57630E-02 s


 Vu=  8     Aul=  0.19472E+03, 1/s     Life Time=  0.51357E-02 s


 Vu=  9     Aul=  0.21519E+03, 1/s     Life Time=  0.46470E-02 s


 Vu= 10    Aul=  0.23492E+03, 1/s     Life Time=  0.42567E-02 s


 Vu= 11    Aul=  0.25383E+03, 1/s     Life Time=  0.39396E-02 s


 Vu= 12    Aul=  0.27187E+03, 1/s     Life Time=  0.36783E-02 s


 Vu= 13    Aul=  0.28902E+03, 1/s     Life Time=  0.34599E-02 s


 Vu= 14    Aul=  0.30522E+03, 1/s     Life Time=  0.32763E-02 s


 Vu= 15    Aul=  0.32042E+03, 1/s     Life Time=  0.31209E-02 s


 Vu= 16    Aul=  0.33453E+03, 1/s     Life Time=  0.29893E-02 s


 Vu= 17    Aul=  0.34755E+03, 1/s     Life Time=  0.28773E-02 s


 Vu= 18    Aul=  0.35950E+03, 1/s     Life Time=  0.27817E-02 s


 Vu= 19    Aul=  0.37043E+03, 1/s     Life Time=  0.26996E-02 s


 Vu= 20    Aul=  0.37957E+03, 1/s     Life Time=  0.26345E-02 s


 Vu= 21    Aul=  0.38157E+03, 1/s     Life Time=  0.26208E-02 s


 Vu= 22    Aul=  0.35784E+03, 1/s     Life Time=  0.27945E-02 s


 Vu= 23    Aul=  0.29845E+03, 1/s     Life Time=  0.33507E-02 s


 Vu= 24    Aul=  0.24664E+03, 1/s     Life Time=  0.40544E-02 s


 Vu= 25    Aul=  0.19661E+03, 1/s     Life Time=  0.50862E-02 s


===============================================


===============================================


Name of transition = CO_a'a   Total life time =  0.68669E-06 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.10733E+05, 1/s     Life Time=  0.93166E-04 s


 Vu=  1     Aul=  0.28758E+05, 1/s     Life Time=  0.34773E-04 s


 Vu=  2     Aul=  0.48164E+05, 1/s     Life Time=  0.20763E-04 s


 Vu=  3     Aul=  0.68751E+05, 1/s     Life Time=  0.14545E-04 s


 Vu=  4     Aul=  0.88407E+05, 1/s     Life Time=  0.11311E-04 s


 Vu=  5     Aul=  0.10301E+06, 1/s     Life Time=  0.97081E-05 s


 Vu=  6     Aul=  0.11440E+06, 1/s     Life Time=  0.87415E-05 s


 Vu=  7     Aul=  0.13001E+06, 1/s     Life Time=  0.76915E-05 s


 Vu=  8     Aul=  0.14505E+06, 1/s     Life Time=  0.68943E-05 s


 Vu=  9     Aul=  0.15984E+06, 1/s     Life Time=  0.62561E-05 s


 Vu= 10    Aul=  0.17358E+06, 1/s     Life Time=  0.57611E-05 s


 Vu= 11    Aul=  0.18669E+06, 1/s     Life Time=  0.53564E-05 s


 Vu= 12    Aul=  0.19886E+06, 1/s     Life Time=  0.50287E-05 s


===============================================


=================================================


 Name of transition = CO_b3-a3   Total life time =  0.38019E-08 1/s


-----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.17888E+08, 1/s     Life Time=  0.55905E-07 s


 Vu=  1     Aul=  0.20158E+08, 1/s     Life Time=  0.49608E-07 s


 Vu=  2     Aul=  0.22246E+08, 1/s     Life Time=  0.44952E-07 s


 Vu=  3     Aul=  0.24003E+08, 1/s     Life Time=  0.41662E-07 s


 Vu=  4     Aul=  0.25247E+08, 1/s     Life Time=  0.39609E-07 s


 Vu=  5     Aul=  0.25921E+08, 1/s     Life Time=  0.38579E-07 s


 Vu=  6     Aul=  0.25979E+08, 1/s     Life Time=  0.38492E-07 s


 Vu=  7     Aul=  0.25852E+08, 1/s     Life Time=  0.38682E-07 s


 Vu=  8     Aul=  0.25310E+08, 1/s     Life Time=  0.39510E-07 s


 Vu=  9     Aul=  0.25831E+08, 1/s     Life Time=  0.38713E-07 s


 Vu= 10    Aul=  0.24593E+08, 1/s     Life Time=  0.40662E-07 s


 ===============================================


================================================


 Name of transition = CO_BA    Total life time =  0.48692E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.19103E+08, 1/s     Life Time=  0.52348E-07 s


 Vu=  1     Aul=  0.19329E+08, 1/s     Life Time=  0.51735E-07 s


 Vu=  2     Aul=  0.19435E+08, 1/s     Life Time=  0.51454E-07 s


 Vu=  3     Aul=  0.19340E+08, 1/s     Life Time=  0.51706E-07 s


 Vu=  4     Aul=  0.18966E+08, 1/s     Life Time=  0.52726E-07 s


 Vu=  5     Aul=  0.18101E+08, 1/s     Life Time=  0.55247E-07 s


 Vu=  6     Aul=  0.16378E+08, 1/s     Life Time=  0.61058E-07 s


 Vu=  7     Aul=  0.13957E+08, 1/s     Life Time=  0.71648E-07 s


 Vu=  8     Aul=  0.11833E+08, 1/s     Life Time=  0.84507E-07 s


 Vu=  9     Aul=  0.10645E+08, 1/s     Life Time=  0.93940E-07 s


 Vu= 10    Aul=  0.94045E+07, 1/s     Life Time=  0.10633E-06 s


 Vu= 11    Aul=  0.78476E+07, 1/s     Life Time=  0.12743E-06 s


 Vu= 12    Aul=  0.69958E+07, 1/s     Life Time=  0.14294E-06 s


 Vu= 13    Aul=  0.59071E+07, 1/s     Life Time=  0.16929E-06 s


 Vu= 14    Aul=  0.42852E+07, 1/s     Life Time=  0.23336E-06 s


 Vu= 15    Aul=  0.38439E+07, 1/s     Life Time=  0.26015E-06 s


 ===============================================


================================================


 Name of transition = CO_BX    Total life time =  0.48992E-09 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.10471E+08, 1/s     Life Time=  0.95500E-07 s


 Vu=  1     Aul=  0.15134E+08, 1/s     Life Time=  0.66076E-07 s


 Vu=  2     Aul=  0.22687E+08, 1/s     Life Time=  0.44078E-07 s


 Vu=  3     Aul=  0.33445E+08, 1/s     Life Time=  0.29900E-07 s


 Vu=  4     Aul=  0.47002E+08, 1/s     Life Time=  0.21276E-07 s


 Vu=  5     Aul=  0.62373E+08, 1/s     Life Time=  0.16033E-07 s


 Vu=  6     Aul=  0.79434E+08, 1/s     Life Time=  0.12589E-07 s


 Vu=  7     Aul=  0.98424E+08, 1/s     Life Time=  0.10160E-07 s


 Vu=  8     Aul=  0.11906E+09, 1/s     Life Time=  0.83992E-08 s


 Vu=  9     Aul=  0.14135E+09, 1/s     Life Time=  0.70749E-08 s


 Vu= 10    Aul=  0.16549E+09, 1/s     Life Time=  0.60427E-08 s


 Vu= 11    Aul=  0.19102E+09, 1/s     Life Time=  0.52349E-08 s


 Vu= 12    Aul=  0.21879E+09, 1/s     Life Time=  0.45707E-08 s


 Vu= 13    Aul=  0.24733E+09, 1/s     Life Time=  0.40433E-08 s


 Vu= 14    Aul=  0.27834E+09, 1/s     Life Time=  0.35927E-08 s


 Vu= 15    Aul=  0.31083E+09, 1/s     Life Time=  0.32172E-08 s


 ===============================================


================================================


 Name of transition = CO_d3-a3  Total life time =  0.22722E-06 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.83731E+05, 1/s     Life Time=  0.11943E-04 s


 Vu=  1     Aul=  0.12113E+06, 1/s     Life Time=  0.82558E-05 s


 Vu=  2     Aul=  0.15471E+06, 1/s     Life Time=  0.64638E-05 s


 Vu=  3     Aul=  0.18465E+06, 1/s     Life Time=  0.54158E-05 s


 Vu=  4     Aul=  0.21214E+06, 1/s     Life Time=  0.47140E-05 s


 Vu=  5     Aul=  0.23744E+06, 1/s     Life Time=  0.42116E-05 s


 Vu=  6     Aul=  0.26097E+06, 1/s     Life Time=  0.38318E-05 s


 Vu=  7     Aul=  0.28289E+06, 1/s     Life Time=  0.35349E-05 s


 Vu=  8     Aul=  0.30185E+06, 1/s     Life Time=  0.33129E-05 s


 Vu=  9     Aul=  0.32131E+06, 1/s     Life Time=  0.31122E-05 s


 Vu= 10    Aul=  0.33841E+06, 1/s     Life Time=  0.29550E-05 s


 Vu= 11    Aul=  0.35433E+06, 1/s     Life Time=  0.28222E-05 s


 Vu= 12    Aul=  0.36922E+06, 1/s     Life Time=  0.27084E-05 s


 Vu= 13    Aul=  0.38246E+06, 1/s     Life Time=  0.26147E-05 s


 Vu= 14    Aul=  0.39363E+06, 1/s     Life Time=  0.25405E-05 s


 Vu= 15    Aul=  0.40214E+06, 1/s     Life Time=  0.24867E-05 s


 ===============================================


=================================================


 Name of transition = CO_e3-a3   Total life time = 0.39893E-06 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.69230E+05, 1/s     Life Time=  0.14445E-04 s


 Vu=  1     Aul=  0.88624E+05, 1/s     Life Time=  0.11284E-04 s


 Vu=  2     Aul=  0.10584E+06, 1/s     Life Time=  0.94478E-05 s


 Vu=  3     Aul=  0.12113E+06, 1/s     Life Time=  0.82554E-05 s


 Vu=  4     Aul=  0.13454E+06, 1/s     Life Time=  0.74329E-05 s


 Vu=  5     Aul=  0.14630E+06, 1/s     Life Time=  0.68351E-05 s


 Vu=  6     Aul=  0.15666E+06, 1/s     Life Time=  0.63832E-05 s


 Vu=  7     Aul=  0.16538E+06, 1/s     Life Time=  0.60468E-05 s


 Vu=  8     Aul=  0.17321E+06, 1/s     Life Time=  0.57732E-05 s


 Vu=  9     Aul=  0.17966E+06, 1/s     Life Time=  0.55661E-05 s


 Vu= 10    Aul=  0.18531E+06, 1/s     Life Time=  0.53963E-05 s


 Vu= 11    Aul=  0.19029E+06, 1/s     Life Time=  0.52551E-05 s


 Vu= 12    Aul=  0.19356E+06, 1/s     Life Time=  0.51663E-05 s


 Vu= 13    Aul=  0.19665E+06, 1/s     Life Time=  0.50853E-05 s


 Vu= 14    Aul=  0.19941E+06, 1/s     Life Time=  0.50148E-05 s


 Vu= 15    Aul=  0.20091E+06, 1/s     Life Time=  0.49772E-05 s


 ===============================================


================================================


 Name of transition = CO_XX    Total life time =  0.34831E-04 1/s


--------------------------------------------------------------------------------


 Vu=  0      Aul=  0.37464E+02, 1/s     Life Time=  0.26692E-01 s


 Vu=  1      Aul=  0.10958E+03, 1/s     Life Time=  0.91259E-02 s


 Vu=  2      Aul=  0.17834E+03, 1/s     Life Time=  0.56073E-02 s


 Vu=  3      Aul=  0.24354E+03, 1/s     Life Time=  0.41061E-02 s


 Vu=  4      Aul=  0.30564E+03, 1/s     Life Time=  0.32718E-02 s


 Vu=  5      Aul=  0.36464E+03, 1/s     Life Time=  0.27424E-02 s


 Vu=  6      Aul=  0.42047E+03, 1/s     Life Time=  0.23783E-02 s


 Vu=  7      Aul=  0.47403E+03, 1/s     Life Time=  0.21096E-02 s


 Vu=  8      Aul=  0.52426E+03, 1/s     Life Time=  0.19075E-02 s


 Vu=  9      Aul=  0.57201E+03, 1/s     Life Time=  0.17482E-02 s


 Vu= 10     Aul=  0.61723E+03, 1/s     Life Time=  0.16201E-02 s


 Vu= 11     Aul=  0.65884E+03, 1/s     Life Time=  0.15178E-02 s


 Vu= 12     Aul=  0.69862E+03, 1/s     Life Time=  0.14314E-02 s


 Vu= 13     Aul=  0.73677E+03, 1/s     Life Time=  0.13573E-02 s


 Vu= 14     Aul=  0.77174E+03, 1/s     Life Time=  0.12958E-02 s


 Vu= 15     Aul=  0.80389E+03, 1/s     Life Time=  0.12439E-02 s


 Vu= 16     Aul=  0.83467E+03, 1/s     Life Time=  0.11981E-02 s


 Vu= 17     Aul=  0.86331E+03, 1/s     Life Time=  0.11583E-02 s


 Vu= 18     Aul=  0.88946E+03, 1/s     Life Time=  0.11243E-02 s


 Vu= 19     Aul=  0.91438E+03, 1/s     Life Time=  0.10936E-02 s


 Vu= 20     Aul=  0.93699E+03, 1/s     Life Time=  0.10673E-02 s


 Vu= 21     Aul=  0.95731E+03, 1/s     Life Time=  0.10446E-02 s


 Vu= 22     Aul=  0.97847E+03, 1/s     Life Time=  0.10220E-02 s


 Vu= 23     Aul=  0.99522E+03, 1/s     Life Time=  0.10048E-02 s


 Vu= 24     Aul=  0.10129E+04, 1/s     Life Time=  0.98729E-03 s


 Vu= 25     Aul=  0.10264E+04, 1/s     Life Time=  0.97431E-03 s


 Vu= 26     Aul=  0.10394E+04, 1/s     Life Time=  0.96211E-03 s


 Vu= 27     Aul=  0.10514E+04, 1/s     Life Time=  0.95115E-03 s


 Vu= 28     Aul=  0.10600E+04, 1/s     Life Time=  0.94341E-03 s


 Vu= 29     Aul=  0.10693E+04, 1/s     Life Time=  0.93518E-03 s


 Vu= 30     Aul=  0.10762E+04, 1/s     Life Time=  0.92918E-03 s


 Vu= 31     Aul=  0.10820E+04, 1/s     Life Time=  0.92421E-03 s


 Vu= 32     Aul=  0.10865E+04, 1/s     Life Time=  0.92040E-03 s


 Vu= 33     Aul=  0.10837E+04, 1/s     Life Time=  0.92274E-03 s


 Vu= 34     Aul=  0.10574E+04, 1/s     Life Time=  0.94572E-03 s


 Vu= 35     Aul=  0.94954E+03, 1/s     Life Time=  0.10531E-02 s


 Vu= 36     Aul=  0.69411E+03, 1/s     Life Time=  0.14407E-02 s


 Vu= 37     Aul=  0.53401E+03, 1/s     Life Time=  0.18726E-02 s


 
           ===============================================


===============================================


 Name of transition = CO4P     Total life time =  0.46372E-09 1/s


-------------------------------------------------------------------------------


 Vu=  0     Aul=  0.11492E+09, 1/s     Life Time=  0.87020E-08 s


 Vu=  1     Aul=  0.11472E+09, 1/s     Life Time=  0.87169E-08 s


 Vu=  2     Aul=  0.11426E+09, 1/s     Life Time=  0.87517E-08 s


 Vu=  3     Aul=  0.11397E+09, 1/s     Life Time=  0.87745E-08 s


 Vu=  4     Aul=  0.11323E+09, 1/s     Life Time=  0.88318E-08 s


 Vu=  5     Aul=  0.11213E+09, 1/s     Life Time=  0.89180E-08 s


 Vu=  6     Aul=  0.11083E+09, 1/s     Life Time=  0.90225E-08 s


 Vu=  7     Aul=  0.10957E+09, 1/s     Life Time=  0.91265E-08 s


 Vu=  8     Aul=  0.10818E+09, 1/s     Life Time=  0.92442E-08 s


 Vu=  9     Aul=  0.10674E+09, 1/s     Life Time=  0.93685E-08 s


 Vu= 10    Aul=  0.10526E+09, 1/s     Life Time=  0.94999E-08 s


 Vu= 11    Aul=  0.10372E+09, 1/s     Life Time=  0.96413E-08 s


 Vu= 12    Aul=  0.10202E+09, 1/s     Life Time=  0.98024E-08 s


 Vu= 13    Aul=  0.10016E+09, 1/s     Life Time=  0.99837E-08 s


 Vu= 14    Aul=  0.98197E+08, 1/s     Life Time=  0.10184E-07 s


 Vu= 15    Aul=  0.95858E+08, 1/s     Life Time=  0.10432E-07 s


 Vu= 16    Aul=  0.93442E+08, 1/s     Life Time=  0.10702E-07 s


 Vu= 17    Aul=  0.90542E+08, 1/s     Life Time=  0.11045E-07 s


 Vu= 18    Aul=  0.87334E+08, 1/s     Life Time=  0.11450E-07 s


 Vu= 19    Aul=  0.83272E+08, 1/s     Life Time=  0.12009E-07 s


 Vu= 20    Aul=  0.78111E+08, 1/s     Life Time=  0.12802E-07 s


 ===============================================


================================================


 Name of transition = CO+AX    Total life time =  0.85999E-09 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.11492E+09, 1/s     Life Time=  0.87020E-08 s


 Vu=  1     Aul=  0.11472E+09, 1/s     Life Time=  0.87170E-08 s


 Vu=  2     Aul=  0.11422E+09, 1/s     Life Time=  0.87553E-08 s


 Vu=  3     Aul=  0.11326E+09, 1/s     Life Time=  0.88291E-08 s


 Vu=  4     Aul=  0.10900E+09, 1/s     Life Time=  0.91747E-08 s


 Vu=  5     Aul=  0.10311E+09, 1/s     Life Time=  0.96980E-08 s


 Vu=  6     Aul=  0.10332E+09, 1/s     Life Time=  0.96790E-08 s


 Vu=  7     Aul=  0.99581E+08, 1/s     Life Time=  0.10042E-07 s


 Vu=  8     Aul=  0.99680E+08, 1/s     Life Time=  0.10032E-07 s


 Vu=  9     Aul=  0.95917E+08, 1/s     Life Time=  0.10426E-07 s


 Vu= 10    Aul=  0.95092E+08, 1/s     Life Time=  0.10516E-07 s


 ==============================================


================================================


 Name of transition = CO+BA    Total life time =  0.41830E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.10234E+07, 1/s     Life Time=  0.97710E-06 s


 Vu=  1     Aul=  0.11718E+07, 1/s     Life Time=  0.85339E-06 s


 Vu=  2     Aul=  0.13212E+07, 1/s     Life Time=  0.75686E-06 s


 Vu=  3     Aul=  0.14484E+07, 1/s     Life Time=  0.69040E-06 s


 Vu=  4     Aul=  0.15550E+07, 1/s     Life Time=  0.64308E-06 s


 Vu=  5     Aul=  0.16351E+07, 1/s     Life Time=  0.61159E-06 s


 Vu=  6     Aul=  0.16826E+07, 1/s     Life Time=  0.59433E-06 s


 Vu=  7     Aul=  0.16965E+07, 1/s     Life Time=  0.58945E-06 s


 Vu=  8     Aul=  0.16809E+07, 1/s     Life Time=  0.59492E-06 s


 Vu=  9     Aul=  0.16507E+07, 1/s     Life Time=  0.60582E-06 s


 Vu= 10    Aul=  0.16136E+07, 1/s     Life Time=  0.61974E-06 s


 Vu= 11    Aul=  0.15753E+07, 1/s     Life Time=  0.63481E-06 s


 Vu= 12    Aul=  0.15364E+07, 1/s     Life Time=  0.65088E-06 s


 Vu= 13    Aul=  0.14868E+07, 1/s     Life Time=  0.67258E-06 s


 Vu= 14    Aul=  0.14386E+07, 1/s     Life Time=  0.69512E-06 s


 Vu= 15    Aul=  0.13901E+07, 1/s     Life Time=  0.71938E-06 s


 ===============================================


===============================================


 Name of transition = CO+ BX   Total life time =  0.54932E-08 1/s


-------------------------------------------------------------------------------


 Vu=  0     Aul=  0.19431E+08, 1/s     Life Time=  0.51464E-07 s


 Vu=  1     Aul=  0.17675E+08, 1/s     Life Time=  0.56578E-07 s


 Vu=  2     Aul=  0.16059E+08, 1/s     Life Time=  0.62270E-07 s


 Vu=  3     Aul=  0.14667E+08, 1/s     Life Time=  0.68179E-07 s


 Vu=  4     Aul=  0.13449E+08, 1/s     Life Time=  0.74354E-07 s


 Vu=  5     Aul=  0.12408E+08, 1/s     Life Time=  0.80594E-07 s


 Vu=  6     Aul=  0.11510E+08, 1/s     Life Time=  0.86880E-07 s


 Vu=  7     Aul=  0.10746E+08, 1/s     Life Time=  0.93061E-07 s


 Vu=  8     Aul=  0.10069E+08, 1/s     Life Time=  0.99319E-07 s


 Vu=  9     Aul=  0.94849E+07, 1/s     Life Time=  0.10543E-06 s


 Vu= 10    Aul=  0.89429E+07, 1/s     Life Time=  0.11182E-06 s


 Vu= 11    Aul=  0.84501E+07, 1/s     Life Time=  0.11834E-06 s


 Vu= 12    Aul=  0.79485E+07, 1/s     Life Time=  0.12581E-06 s


 Vu= 13    Aul=  0.74574E+07, 1/s     Life Time=  0.13410E-06 s


 Vu= 14    Aul=  0.70417E+07, 1/s     Life Time=  0.14201E-06 s


 Vu= 15    Aul=  0.67054E+07, 1/s     Life Time=  0.14913E-06 s


 ==============================================


================================================


 Name of transition = CO+XX    Total life time =  0.12287E-02 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.31763E+01, 1/s     Life Time=  0.31483E+00 s


 Vu=  1     Aul=  0.93797E+01, 1/s     Life Time=  0.10661E+00 s


 Vu=  2     Aul=  0.16134E+02, 1/s     Life Time=  0.61982E-01 s


 Vu=  3     Aul=  0.23277E+02, 1/s     Life Time=  0.42961E-01 s


 Vu=  4     Aul=  0.30857E+02, 1/s     Life Time=  0.32408E-01 s


 Vu=  5     Aul=  0.38919E+02, 1/s     Life Time=  0.25694E-01 s


 Vu=  6     Aul=  0.47322E+02, 1/s     Life Time=  0.21132E-01 s


 Vu=  7     Aul=  0.56109E+02, 1/s     Life Time=  0.17823E-01 s


 Vu=  8     Aul=  0.64509E+02, 1/s     Life Time=  0.15502E-01 s


 Vu=  9     Aul=  0.73079E+02, 1/s     Life Time=  0.13684E-01 s


 Vu= 10    Aul=  0.79389E+02, 1/s     Life Time=  0.12596E-01 s


 Vu= 11    Aul=  0.87178E+02, 1/s     Life Time=  0.11471E-01 s


 Vu= 12    Aul=  0.93076E+02, 1/s     Life Time=  0.10744E-01 s


 Vu= 13    Aul=  0.81072E+02, 1/s     Life Time=  0.12335E-01 s


 Vu= 14    Aul=  0.56831E+02, 1/s     Life Time=  0.17596E-01 s


 Vu= 15    Aul=  0.53535E+02, 1/s     Life Time=  0.18679E-01 s


 ==============================================


===============================================


 Name of transition = N21P     Total life time =  0.27816E-06 1/s


-------------------------------------------------------------------------------


 Vu=  0     Aul=  0.74337E+05, 1/s     Life Time=  0.13452E-04 s


 Vu=  1     Aul=  0.90941E+05, 1/s     Life Time=  0.10996E-04 s


 Vu=  2     Aul=  0.10648E+06, 1/s     Life Time=  0.93914E-05 s


 Vu=  3     Aul=  0.12082E+06, 1/s     Life Time=  0.82768E-05 s


 Vu=  4     Aul=  0.13403E+06, 1/s     Life Time=  0.74610E-05 s


 Vu=  5     Aul=  0.14627E+06, 1/s     Life Time=  0.68365E-05 s


 Vu=  6     Aul=  0.15722E+06, 1/s     Life Time=  0.63605E-05 s


 Vu=  7     Aul=  0.16708E+06, 1/s     Life Time=  0.59852E-05 s


 Vu=  8     Aul=  0.17546E+06, 1/s     Life Time=  0.56993E-05 s


 Vu=  9     Aul=  0.18284E+06, 1/s     Life Time=  0.54692E-05 s


 Vu= 10    Aul=  0.18900E+06, 1/s     Life Time=  0.52909E-05 s


 Vu= 11    Aul=  0.19380E+06, 1/s     Life Time=  0.51599E-05 s


 Vu= 12    Aul=  0.19720E+06, 1/s     Life Time=  0.50710E-05 s


 Vu= 13    Aul=  0.19947E+06, 1/s     Life Time=  0.50134E-05 s


 Vu= 14    Aul=  0.20042E+06, 1/s     Life Time=  0.49895E-05 s


 Vu= 15    Aul=  0.19879E+06, 1/s     Life Time=  0.50305E-05 s


 Vu= 16    Aul=  0.19452E+06, 1/s     Life Time=  0.51409E-05 s


 Vu= 17    Aul=  0.19162E+06, 1/s     Life Time=  0.52188E-05 s


 Vu= 18    Aul=  0.18667E+06, 1/s     Life Time=  0.53572E-05 s


 Vu= 19    Aul=  0.17221E+06, 1/s     Life Time=  0.58070E-05 s


 Vu= 20    Aul=  0.16185E+06, 1/s     Life Time=  0.61784E-05 s


 Vu= 21    Aul=  0.15397E+06, 1/s     Life Time=  0.64950E-05 s


 ==============================================


===============================================


 Name of transition = N22P     Total life time =  0.74690E-08 1/s


-------------------------------------------------------------------------------


 Vu=  0     Aul=  0.27238E+08, 1/s     Life Time=  0.36714E-07 s


 Vu=  1     Aul=  0.27236E+08, 1/s     Life Time=  0.36716E-07 s


 Vu=  2     Aul=  0.27084E+08, 1/s     Life Time=  0.36922E-07 s


 Vu=  3     Aul=  0.26604E+08, 1/s     Life Time=  0.37588E-07 s


 Vu=  4     Aul=  0.25725E+08, 1/s     Life Time=  0.38872E-07 s


 ==============================================


================================================


 Name of transition = N2_A3X1  Total life time =  0.10473E+00 1/s


-----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.48710E+00, 1/s     Life Time=  0.20530E+01 s


 Vu=  1     Aul=  0.47769E+00, 1/s     Life Time=  0.20934E+01 s


 Vu=  2     Aul=  0.47053E+00, 1/s     Life Time=  0.21253E+01 s


 Vu=  3     Aul=  0.46589E+00, 1/s     Life Time=  0.21464E+01 s


 Vu=  4     Aul=  0.46626E+00, 1/s     Life Time=  0.21447E+01 s


 Vu=  5     Aul=  0.46761E+00, 1/s     Life Time=  0.21385E+01 s


 Vu=  6     Aul=  0.46161E+00, 1/s     Life Time=  0.21663E+01 s


 Vu=  7     Aul=  0.42167E+00, 1/s     Life Time=  0.23715E+01 s


 Vu=  8     Aul=  0.35447E+00, 1/s     Life Time=  0.28211E+01 s


 Vu=  9     Aul=  0.36093E+00, 1/s     Life Time=  0.27706E+01 s


 Vu= 10    Aul=  0.36619E+00, 1/s     Life Time=  0.27308E+01 s


 Vu= 11    Aul=  0.36766E+00, 1/s     Life Time=  0.27199E+01 s


 Vu= 12    Aul=  0.38020E+00, 1/s     Life Time=  0.26302E+01 s


 Vu= 13    Aul=  0.39724E+00, 1/s     Life Time=  0.25174E+01 s


 Vu= 14    Aul=  0.40061E+00, 1/s     Life Time=  0.24962E+01 s


 Vu= 15    Aul=  0.42668E+00, 1/s     Life Time=  0.23437E+01 s


 Vu= 16    Aul=  0.43527E+00, 1/s     Life Time=  0.22974E+01 s


 Vu= 17    Aul=  0.44365E+00, 1/s     Life Time=  0.22540E+01 s


 Vu= 18    Aul=  0.46368E+00, 1/s     Life Time=  0.21567E+01 s


 Vu= 19    Aul=  0.47472E+00, 1/s     Life Time=  0.21065E+01 s


 Vu= 20    Aul=  0.47668E+00, 1/s     Life Time=  0.20978E+01 s


 Vu= 21    Aul=  0.48198E+00, 1/s     Life Time=  0.20748E+01 s


 ===============================================


================================================


 Name of transition = N2BH1    Total life time =  0.19383E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.55930E+01, 1/s     Life Time=  0.17879E+00 s


 Vu=  1     Aul=  0.51592E+09, 1/s     Life Time=  0.19383E-08 s


================================================


================================================


 Name of transition = N2BH2    Total life time =  0.23481E-10 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.56997E+09, 1/s     Life Time=  0.17545E-08 s


 Vu=  1     Aul=  0.72527E+09, 1/s     Life Time=  0.13788E-08 s


 Vu=  2     Aul=  0.88416E+09, 1/s     Life Time=  0.11310E-08 s


 Vu=  3     Aul=  0.10322E+10, 1/s     Life Time=  0.96877E-09 s


 Vu=  4     Aul=  0.11737E+10, 1/s     Life Time=  0.85204E-09 s


 Vu=  5     Aul=  0.13059E+10, 1/s     Life Time=  0.76576E-09 s


 Vu=  6     Aul=  0.14238E+10, 1/s     Life Time=  0.70235E-09 s


 Vu=  7     Aul=  0.15282E+10, 1/s     Life Time=  0.65435E-09 s


 Vu=  8     Aul=  0.16219E+10, 1/s     Life Time=  0.61656E-09 s


 Vu=  9     Aul=  0.17034E+10, 1/s     Life Time=  0.58705E-09 s


 Vu= 10    Aul=  0.17724E+10, 1/s     Life Time=  0.56421E-09 s


 Vu= 11    Aul=  0.18313E+10, 1/s     Life Time=  0.54607E-09 s


 Vu= 12    Aul=  0.18782E+10, 1/s     Life Time=  0.53244E-09 s


 Vu= 13    Aul=  0.19166E+10, 1/s     Life Time=  0.52175E-09 s


 Vu= 14    Aul=  0.19420E+10, 1/s     Life Time=  0.51494E-09 s


 Vu= 15    Aul=  0.19691E+10, 1/s     Life Time=  0.50785E-09 s


 Vu= 16    Aul=  0.19748E+10, 1/s     Life Time=  0.50639E-09 s


 Vu= 17    Aul=  0.19820E+10, 1/s     Life Time=  0.50454E-09 s


 Vu= 18    Aul=  0.19813E+10, 1/s     Life Time=  0.50472E-09 s


 Vu= 19    Aul=  0.19739E+10, 1/s     Life Time=  0.50661E-09 s


 Vu= 20    Aul=  0.19605E+10, 1/s     Life Time=  0.51007E-09 s


 Vu= 21    Aul=  0.19426E+10, 1/s     Life Time=  0.51477E-09 s


 Vu= 22    Aul=  0.19190E+10, 1/s     Life Time=  0.52111E-09 s


 Vu= 23    Aul=  0.18913E+10, 1/s     Life Time=  0.52873E-09 s


 Vu= 24    Aul=  0.18610E+10, 1/s     Life Time=  0.53735E-09 s


 Vu= 25    Aul=  0.18242E+10, 1/s     Life Time=  0.54819E-09 s


 ==============================================


===============================================


 Name of transition = N2_DB    Total life time =  0.14135E-07 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.70747E+08, 1/s     Life Time=  0.14135E-07 s


===============================================


===============================================


 Name of transition = N2P1M    Total life time =  0.57488E-08 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.17062E+08, 1/s     Life Time=  0.58610E-07 s


 Vu=  1     Aul=  0.17261E+08, 1/s     Life Time=  0.57935E-07 s


 Vu=  2     Aul=  0.17364E+08, 1/s     Life Time=  0.57589E-07 s


 Vu=  3     Aul=  0.17346E+08, 1/s     Life Time=  0.57652E-07 s


 Vu=  4     Aul=  0.17159E+08, 1/s     Life Time=  0.58279E-07 s


 Vu=  5     Aul=  0.16801E+08, 1/s     Life Time=  0.59519E-07 s


 Vu=  6     Aul=  0.16225E+08, 1/s     Life Time=  0.61635E-07 s


 Vu=  7     Aul=  0.15430E+08, 1/s     Life Time=  0.64809E-07 s


 Vu=  8     Aul=  0.14395E+08, 1/s     Life Time=  0.69469E-07 s


 Vu=  9     Aul=  0.13164E+08, 1/s     Life Time=  0.75965E-07 s


 Vu= 10    Aul=  0.11744E+08, 1/s     Life Time=  0.85149E-07 s


 ==============================================


================================================


 Name of transition = N2P_CX   Total life time =  0.41362E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.14604E+08, 1/s     Life Time=  0.68476E-07 s


 Vu=  1     Aul=  0.15001E+08, 1/s     Life Time=  0.66661E-07 s


 Vu=  2     Aul=  0.15455E+08, 1/s     Life Time=  0.64703E-07 s


 Vu=  3     Aul=  0.15903E+08, 1/s     Life Time=  0.62879E-07 s


 Vu=  4     Aul=  0.16405E+08, 1/s     Life Time=  0.60957E-07 s


 Vu=  5     Aul=  0.16873E+08, 1/s     Life Time=  0.59265E-07 s


 Vu=  6     Aul=  0.17257E+08, 1/s     Life Time=  0.57949E-07 s


 Vu=  7     Aul=  0.17651E+08, 1/s     Life Time=  0.56654E-07 s


 Vu=  8     Aul=  0.18169E+08, 1/s     Life Time=  0.55038E-07 s


 Vu=  9     Aul=  0.18435E+08, 1/s     Life Time=  0.54243E-07 s


 Vu= 10    Aul=  0.18427E+08, 1/s     Life Time=  0.54269E-07 s


 Vu= 11    Aul=  0.18276E+08, 1/s     Life Time=  0.54715E-07 s


 Vu= 12    Aul=  0.17753E+08, 1/s     Life Time=  0.56328E-07 s


 Vu= 13    Aul=  0.16472E+08, 1/s     Life Time=  0.60707E-07 s


 Vu= 14    Aul=  0.31661E+07, 1/s     Life Time=  0.31584E-06 s


 Vu= 15    Aul=  0.19203E+07, 1/s     Life Time=  0.52074E-06 s


 ==============================================


===============================================


 Name of transition = N2PM     Total life time =  0.33429E-06 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.62114E+05, 1/s     Life Time=  0.16099E-04 s


 Vu=  1     Aul=  0.74770E+05, 1/s     Life Time=  0.13374E-04 s


 Vu=  2     Aul=  0.86446E+05, 1/s     Life Time=  0.11568E-04 s


 Vu=  3     Aul=  0.96999E+05, 1/s     Life Time=  0.10309E-04 s


 Vu=  4     Aul=  0.10679E+06, 1/s     Life Time=  0.93639E-05 s


 Vu=  5     Aul=  0.11583E+06, 1/s     Life Time=  0.86335E-05 s


 Vu=  6     Aul=  0.12399E+06, 1/s     Life Time=  0.80649E-05 s


 Vu=  7     Aul=  0.13155E+06, 1/s     Life Time=  0.76018E-05 s


 Vu=  8     Aul=  0.13846E+06, 1/s     Life Time=  0.72224E-05 s


 Vu=  9     Aul=  0.14509E+06, 1/s     Life Time=  0.68925E-05 s


 Vu= 10     Aul=  0.15102E+06, 1/s     Life Time=  0.66216E-05 s


 Vu= 11     Aul=  0.15661E+06, 1/s     Life Time=  0.63853E-05 s


 Vu= 12     Aul=  0.16189E+06, 1/s     Life Time=  0.61769E-05 s


 Vu= 13     Aul=  0.16667E+06, 1/s     Life Time=  0.59999E-05 s


 Vu= 14     Aul=  0.17100E+06, 1/s     Life Time=  0.58479E-05 s


 Vu= 15     Aul=  0.17518E+06, 1/s     Life Time=  0.57085E-05 s


 Vu= 16     Aul=  0.17901E+06, 1/s     Life Time=  0.55863E-05 s


 Vu= 17     Aul=  0.18236E+06, 1/s     Life Time=  0.54835E-05 s


 Vu= 18     Aul=  0.18571E+06, 1/s     Life Time=  0.53847E-05 s


 Vu= 19     Aul=  0.18857E+06, 1/s     Life Time=  0.53031E-05 s


 Vu= 20     Aul=  0.19131E+06, 1/s     Life Time=  0.52270E-05 s


 ===============================================


================================================


 Name of transition = NO_CA    Total life time =  0.19375E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.10311E+08, 1/s     Life Time=  0.96986E-07 s


 Vu=  1     Aul=  0.10362E+08, 1/s     Life Time=  0.96507E-07 s


 Vu=  2     Aul=  0.10323E+08, 1/s     Life Time=  0.96876E-07 s


 Vu=  3     Aul=  0.10324E+08, 1/s     Life Time=  0.96861E-07 s


 Vu=  4     Aul=  0.10295E+08, 1/s     Life Time=  0.97135E-07 s


 ===============================================


================================================


 Name of transition = NO_DA    Total life time =  0.14918E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.14203E+08, 1/s     Life Time=  0.70409E-07 s


 Vu=  1     Aul=  0.13912E+08, 1/s     Life Time=  0.71880E-07 s


 Vu=  2     Aul=  0.13516E+08, 1/s     Life Time=  0.73987E-07 s


 Vu=  3     Aul=  0.13028E+08, 1/s     Life Time=  0.76759E-07 s


 Vu=  4     Aul=  0.12376E+08, 1/s     Life Time=  0.80800E-07 s


== ==============================================


================================================


 Name of transition = NOBET    Total life time =  0.11616E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.48606E+06, 1/s     Life Time=  0.20574E-05 s


 Vu=  1     Aul=  0.53867E+06, 1/s     Life Time=  0.18564E-05 s


 Vu=  2     Aul=  0.59276E+06, 1/s     Life Time=  0.16870E-05 s


 Vu=  3     Aul=  0.65812E+06, 1/s     Life Time=  0.15195E-05 s


 Vu=  4     Aul=  0.74294E+06, 1/s     Life Time=  0.13460E-05 s


 Vu=  5     Aul=  0.86564E+06, 1/s     Life Time=  0.11552E-05 s


 Vu=  6     Aul=  0.10525E+07, 1/s     Life Time=  0.95008E-06 s


 Vu=  7     Aul=  0.13483E+07, 1/s     Life Time=  0.74169E-06 s


 Vu=  8     Aul=  0.18221E+07, 1/s     Life Time=  0.54881E-06 s


 Vu=  9     Aul=  0.25708E+07, 1/s     Life Time=  0.38898E-06 s


 Vu= 10    Aul=  0.37550E+07, 1/s     Life Time=  0.26631E-06 s


 Vu= 11    Aul=  0.55744E+07, 1/s     Life Time=  0.17939E-06 s


 Vu= 12    Aul=  0.83525E+07, 1/s     Life Time=  0.11972E-06 s


 Vu= 13    Aul=  0.12458E+08, 1/s     Life Time=  0.80271E-07 s


 Vu= 14    Aul=  0.18423E+08, 1/s     Life Time=  0.54281E-07 s


 Vu= 15    Aul=  0.26849E+08, 1/s     Life Time=  0.37245E-07 s


 ==============================================


================================================


 Name of transition = NOBTS    Total life time =  0.18465E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.59644E+07, 1/s     Life Time=  0.16766E-06 s


 Vu=  1     Aul=  0.62476E+07, 1/s     Life Time=  0.16006E-06 s


 Vu=  2     Aul=  0.67368E+07, 1/s     Life Time=  0.14844E-06 s


 Vu=  3     Aul=  0.69357E+07, 1/s     Life Time=  0.14418E-06 s


 Vu=  4     Aul=  0.70240E+07, 1/s     Life Time=  0.14237E-06 s


 Vu=  5     Aul=  0.70638E+07, 1/s     Life Time=  0.14157E-06 s


 Vu=  6     Aul=  0.70923E+07, 1/s     Life Time=  0.14100E-06 s


 Vu=  7     Aul=  0.70907E+07, 1/s     Life Time=  0.14103E-06 s


 ===============================================


================================================


 Name of transition = NODEL    Total life time =  0.10379E-07 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.28237E+08, 1/s     Life Time=  0.35414E-07 s


 Vu=  1     Aul=  0.21043E+08, 1/s     Life Time=  0.47523E-07 s


 Vu=  2     Aul=  0.17103E+08, 1/s     Life Time=  0.58469E-07 s


 Vu=  3     Aul=  0.15421E+08, 1/s     Life Time=  0.64845E-07 s


 Vu=  4     Aul=  0.14540E+08, 1/s     Life Time=  0.68775E-07 s


== ==============================================


================================================


 Name of transition = NOEPS    Total life time =  0.52977E-08 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.37671E+08, 1/s     Life Time=  0.26546E-07 s


 Vu=  1     Aul=  0.37745E+08, 1/s     Life Time=  0.26493E-07 s


 Vu=  2     Aul=  0.37816E+08, 1/s     Life Time=  0.26444E-07 s


 Vu=  3     Aul=  0.37835E+08, 1/s     Life Time=  0.26431E-07 s


 Vu=  4     Aul=  0.37696E+08, 1/s     Life Time=  0.26528E-07 s


=================================================


 Name of transition = NOGAM    Total life time =  0.21725E-07 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.48722E+07, 1/s     Life Time=  0.20525E-06 s


 Vu=  1     Aul=  0.49225E+07, 1/s     Life Time=  0.20315E-06 s


 Vu=  2     Aul=  0.50026E+07, 1/s     Life Time=  0.19989E-06 s


 Vu=  3     Aul=  0.50866E+07, 1/s     Life Time=  0.19659E-06 s


 Vu=  4     Aul=  0.51685E+07, 1/s     Life Time=  0.19348E-06 s


 Vu=  5     Aul=  0.52508E+07, 1/s     Life Time=  0.19045E-06 s


 Vu=  6     Aul=  0.52895E+07, 1/s     Life Time=  0.18905E-06 s


 Vu=  7     Aul=  0.52738E+07, 1/s     Life Time=  0.18962E-06 s


 Vu=  8     Aul=  0.51633E+07, 1/s     Life Time=  0.19368E-06 s


 ================================================


=================================================


 Name of transition = NOP_AX   Total life time =  0.32641E-08 1/s


----------------------------------------------------------------------------------


 Vu=  0     Aul=  0.18463E+08, 1/s     Life Time=  0.54164E-07 s


 Vu=  1     Aul=  0.18517E+08, 1/s     Life Time=  0.54005E-07 s


 Vu=  2     Aul=  0.18564E+08, 1/s     Life Time=  0.53867E-07 s


 Vu=  3     Aul=  0.18609E+08, 1/s     Life Time=  0.53737E-07 s


 Vu=  4     Aul=  0.18647E+08, 1/s     Life Time=  0.53627E-07 s


 Vu=  5     Aul=  0.18709E+08, 1/s     Life Time=  0.53450E-07 s


 Vu=  6     Aul=  0.18780E+08, 1/s     Life Time=  0.53249E-07 s


 Vu=  7     Aul=  0.18881E+08, 1/s     Life Time=  0.52964E-07 s


 Vu=  8     Aul=  0.18995E+08, 1/s     Life Time=  0.52645E-07 s


 Vu=  9     Aul=  0.19138E+08, 1/s     Life Time=  0.52253E-07 s


 Vu= 10    Aul=  0.19306E+08, 1/s     Life Time=  0.51798E-07 s


 Vu= 11    Aul=  0.19500E+08, 1/s     Life Time=  0.51282E-07 s


 Vu= 12    Aul=  0.19729E+08, 1/s     Life Time=  0.50686E-07 s


 Vu= 13    Aul=  0.19956E+08, 1/s     Life Time=  0.50110E-07 s


 Vu= 14    Aul=  0.20200E+08, 1/s     Life Time=  0.49506E-07 s


 Vu= 15    Aul=  0.20366E+08, 1/s     Life Time=  0.49102E-07 s


 ===============================================


================================================


 Name of transition = O2P1M    Total life time =  0.12837E-06 1/s


---------------------------------------------------------------------------------


 Vu=  0     Aul=  0.68752E+06, 1/s     Life Time=  0.14545E-05 s


 Vu=  1     Aul=  0.68071E+06, 1/s     Life Time=  0.14690E-05 s


 Vu=  2     Aul=  0.66680E+06, 1/s     Life Time=  0.14997E-05 s


 Vu=  3     Aul=  0.64640E+06, 1/s     Life Time=  0.15470E-05 s


 Vu=  4     Aul=  0.62105E+06, 1/s     Life Time=  0.16102E-05 s


 Vu=  5     Aul=  0.59077E+06, 1/s     Life Time=  0.16927E-05 s


 Vu=  6     Aul=  0.55732E+06, 1/s     Life Time=  0.17943E-05 s


 Vu=  7     Aul=  0.52055E+06, 1/s     Life Time=  0.19210E-05 s


 Vu=  8     Aul=  0.48243E+06, 1/s     Life Time=  0.20728E-05 s


 Vu=  9     Aul=  0.44296E+06, 1/s     Life Time=  0.22575E-05 s


 Vu= 10    Aul=  0.40313E+06, 1/s     Life Time=  0.24806E-05 s


 Vu= 11    Aul=  0.36452E+06, 1/s     Life Time=  0.27433E-05 s


 Vu= 12    Aul=  0.32525E+06, 1/s     Life Time=  0.30746E-05 s


 Vu= 13    Aul=  0.28609E+06, 1/s     Life Time=  0.34954E-05 s


 Vu= 14    Aul=  0.25720E+06, 1/s     Life Time=  0.38880E-05 s


 Vu= 15    Aul=  0.25756E+06, 1/s     Life Time=  0.38826E-05 s


= ==============================================


================================================


 Name of transition = O2P2M    Total life time =  0.39941E-07 1/s


--------------------------------------------------------------------------------


 Vu=  0     Aul=  0.16726E+07, 1/s     Life Time=  0.59785E-06 s


 Vu=  1     Aul=  0.16406E+07, 1/s     Life Time=  0.60953E-06 s


 Vu=  2     Aul=  0.16042E+07, 1/s     Life Time=  0.62335E-06 s


 Vu=  3     Aul=  0.15616E+07, 1/s     Life Time=  0.64038E-06 s


 Vu=  4     Aul=  0.14839E+07, 1/s     Life Time=  0.67389E-06 s


 Vu=  5     Aul=  0.13588E+07, 1/s     Life Time=  0.73593E-06 s


 Vu=  6     Aul=  0.13109E+07, 1/s     Life Time=  0.76282E-06 s


 Vu=  7     Aul=  0.12621E+07, 1/s     Life Time=  0.79234E-06 s


 Vu=  8     Aul=  0.12165E+07, 1/s     Life Time=  0.82201E-06 s


 Vu=  9     Aul=  0.11637E+07, 1/s     Life Time=  0.85934E-06 s


 Vu= 10    Aul=  0.11339E+07, 1/s     Life Time=  0.88188E-06 s


 Vu= 11    Aul=  0.10801E+07, 1/s     Life Time=  0.92587E-06 s


 Vu= 12    Aul=  0.10365E+07, 1/s     Life Time=  0.96482E-06 s


 Vu= 13    Aul=  0.10041E+07, 1/s     Life Time=  0.99589E-06 s


 Vu= 14    Aul=  0.95998E+06, 1/s     Life Time=  0.10417E-05 s


 Vu= 15    Aul=  0.91168E+06, 1/s     Life Time=  0.10969E-05 s


 Vu= 16    Aul=  0.87143E+06, 1/s     Life Time=  0.11475E-05 s


 Vu= 17    Aul=  0.83564E+06, 1/s     Life Time=  0.11967E-05 s


 Vu= 18    Aul=  0.79723E+06, 1/s     Life Time=  0.12543E-05 s


 Vu= 19    Aul=  0.75519E+06, 1/s     Life Time=  0.13242E-05 s


 Vu= 20    Aul=  0.70956E+06, 1/s     Life Time=  0.14093E-05 s


 Vu= 21    Aul=  0.66655E+06, 1/s     Life Time=  0.15003E-05 s


 ===============================================


===============================================


 Name of transition = O2SR     Total life time =  0.37046E-08 1/s


-------------------------------------------------------------------------------


 Vu=  0     Aul=  0.18202E+08, 1/s     Life Time=  0.54938E-07 s


 Vu=  1     Aul=  0.19094E+08, 1/s     Life Time=  0.52373E-07 s


 Vu=  2     Aul=  0.19324E+08, 1/s     Life Time=  0.51748E-07 s


 Vu=  3     Aul=  0.19221E+08, 1/s     Life Time=  0.52027E-07 s


 Vu=  4     Aul=  0.19953E+08, 1/s     Life Time=  0.50118E-07 s


 Vu=  5     Aul=  0.19957E+08, 1/s     Life Time=  0.50108E-07 s


 Vu=  6     Aul=  0.20284E+08, 1/s     Life Time=  0.49299E-07 s


 Vu=  7     Aul=  0.19989E+08, 1/s     Life Time=  0.50028E-07 s


 Vu=  8     Aul=  0.19651E+08, 1/s     Life Time=  0.50888E-07 s


 Vu=  9     Aul=  0.19117E+08, 1/s     Life Time=  0.52310E-07 s


 Vu= 10    Aul=  0.18092E+08, 1/s     Life Time=  0.55272E-07 s


 Vu= 11    Aul=  0.16763E+08, 1/s     Life Time=  0.59655E-07 s


 Vu= 12    Aul=  0.15255E+08, 1/s     Life Time=  0.65554E-07 s


 Vu= 13    Aul=  0.13513E+08, 1/s     Life Time=  0.74003E-07 s


 Vu= 14    Aul=  0.11519E+08, 1/s     Life Time=  0.86816E-07 s


 ===============================================


Table RD11.  Data base on electronic kinetics obtained at analyses 
of experimental data on shock waves [92] 
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Table RD12.  Data base on electronic kinetics obtained at analyses 
of flight data FIRE-II [93] 
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Table RD.13:  Rates of activation and deactivation of electronic excited states of diatomic molecules [91]
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Radiative life-times if electronic states in [ 91]
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� It is agreed that the stable state has a local minimum of energy. Otherwise, the state is unstable.
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ABSTRACT


This lecture presents the general guidelines we have followed to build up an exhaustive and
accurate spectroscopic database for radiative transfer in air and CO2-N2 plasma applications,
including atmospheric entries. This High Temperature Gas Radiation (HTGR) database in-
cludes bound-bound atomic, diatomic and polyatomic (in particular CO2) transitions, bound-free
transitions resulting from various mechanisms, and free-free transitions. The covered spectral
range is 1000–200,000 cm−1 and the targeted maximum temperature is 30,000 K. A particu-
lar attention is given to the selection of the most reliable fundamental data (line strengths for
atoms and ions, electronic transition moment functions and spectroscopic constants for diatomic
molecules, cross sections for continuum radiation), and to accurate prediction of atomic and ion
line shapes which are strongly self-absorbed. The spectroscopic database is applied in the last
part of this lecture to the simulation of Fire II experiment as an example of earth entry, and
to the prediction of a Mars entry simulation. We discuss in these applications the spectral dis-
tribution of radiative fluxes from the infrared to the VUV, the effects of optical thicknesses and
self-absorption, and the effects of chemical nonequilibrium on continuum radiation.


1 Introduction


During atmospheric entries, the gas heated in the shock layer will emit a radiation that will
contribute to the incident flux at the vehicle surface. Different mechanisms are involved which
give rise to a complex structure of the emission and absorption spectra. Bound-bound transi-
tions in atoms and molecules will give line spectra. Free-free transitions will contribute to a
continuous spectrum. Bound-free transitions will give a continuous spectrum with eventually
some structures. The radiative spectral intensity Iσ(u) (W.m−2.sr−1.(m−1)−1) can be obtained
at each point, for each propagation direction u, and each wavenumber σ (m−1) by solving the
radiative transfer equation (RTE):


dIσ(u)
ds


= ησ − κσIσ(u), (1)


where s is the optical path along u, κσ is the absorption coefficient (m−1), and ησ is the emission
coefficient (W.m−3.sr−1.(m−1)−1). The above equation has been written assuming that scatter-
ing by possible solid particles is negligible, otherwise, the propagation directions are coupled
by this phenomenon. The RTE requires one boundary condition corresponding to the intensity
leaving the wall point which intersects the propagation direction if u is directed outward this
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wall, and zero otherwise. The radiative flux on a surface can be calculated from the intensity
following:


qR =
∫ ∞


0
dσ


∫
4π
Iσ(u) u · n du (2)


where n is the normal to the considered surface, and the amount of power exchanged between
the matter and the radiation field per unit volume is given locally by:


PR =
∫ ∞


0
dσ


∫
4π


(ησ − κσIσ(u)) du (3)


κσ and ησ are local quantities which depend on the thermochemical states of the emitting and
absorbing species. If the medium is at local thermodynamic equilibrium (LTE) at temperature
T , κσ and ησ are linked through the Kirchhoff’s law:


ησ = κσI
0
σ(T ), (4)


where I0
σ(T ) is the equilibrium intensity given by the Planck’s law:


I0
σ(T ) =


2hc2σ3


exp(hcσkT )− 1
, (5)


h, k and c being respectively Planck and Boltzmann constants, and the speed of light.


An accurate modelling of radiation is required for several reasons:


• Radiation is currently used in ground experiments and in some flight tests to characterize
the state of the medium. These optical measurements are usually done in the visible and
UV range, sometimes in the IR and vacuum UV (VUV). It is thus necessary to have data
of spectroscopic quality in these spectral ranges.


• For high velocity entries, the radiative flux at the wall can be important and even pre-
dominant. To calculate this flux, it is necessary to have a data base which includes all the
mechanisms that will contribute to the emission or absorption in a wide spectral range.


• Radiation is an additional energy transport mechanism and can also affect the chemical
state of the gaz through emission, photodissociation, photionization , radiative recombina-
tion . . . In some situations, it can be necessary to take into account the effect of radiation on
the flowfield and to perform coupled calculations of the fowfield and of the radiation field.
However solving the RTE is computationally very expensive. To reduce the calculation
cost, approximate models of radiative properties can be developed.


There are several computer codes and spectral databases developed for radiation analysis (NEQAIR96
[1], LORAN [2], SPRADIAN [3], MONSTER [4], SPECAIR [5], PARADE [6], HARA [7], GPRD
[8]. . . ). However some of them are classified, other do not completely satisfy the following re-
quirements:


• Cover a wide temperature range (up to 30000K for entry applications but also for other
plasma applications).


• Consequently, cover the whole useful spectral range including infrared and VUV ranges.


• Allow line-by-line calculations with the fine structure of bound-bound atomic and molec-
ular spectra to accurately predict radiative transfer with absorption.
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For these reasons, we have developed a database, called HTGR (High Temperature Gas Radi-
ation), for air first [9, 10] using the latest spectroscopic constants and transition probabilities.
This database was recently extended to CO2–N2 plasmas [11, 12] and the development of some
approximate radiative property models is under progress.


In the following we give the guidelines we have followed to build this database. Such devel-
opments rely on spectroscopic concepts which are not straightforward. The interested reader
is invited to consult specialized books on these concepts. A few examples of application of the
database are given. For applications involving local thermal equilibrium, we calculate the pop-
ulations of the different emitting species from statistical physics. For entry applications under
nonequilibrium conditions, we use thermochemical fields calculated by other groups.


2 Database


The database allows to calculate the monochromatic emission coefficient ησ and the monochro-
matic absorption coefficient κσ for all the radiative processes and species listed in table 1 which
are relevant to Earth and Mars entries. Other polyatomic IR data (H2O and CH4) have also
been developed for combustion applications [13, 14].


Bound-bound transitions
– atomic species N, N+, N++, O, O+, O++, C, C+


– diatomic species N2, O2, NO, N+
2 , C2, CO, CN, CO+


– triatomic species CO2


Bound-free transitions
– atomic photoionization N , N+, O, O+


– atomic photodetachment N−, O−, C−


– molecular photoionization N2, O2, NO, C2, CO, CN
– molecular photodissociation O2 Schumann-Runge


free-free transitions N, N+, N++, O, O+, O++, C, C+


other mechanism chemiluminescence CO + O


Table 1: Radiative processes taken into account.


2.1 Bound-bound transitions


We consider a radiative transition between bound energy levels u (upper) and l (lower) of a
species A. Three mechanisms have to be retained for energy transfer applications: spontaneous
emission, absorption, and stimulated emission, corresponding to the following reaction schemes


A(u) → A(l) + hcσul spontaneous emission
A(l) + hcσul → A(u) absorption
A(u) + hcσul → A(l) + 2hcσul stimulated emission


where σul is the wavenumber of the emitted/absorbed photon. hcσul in the above reactions
designates the energy of the photon and satisfies


hcσul = Eu − El, (6)


where Eu and El are the energies of the upper and lower levels. Three Einstein coefficients
Aul, Blu and Bul associated respectively to the three above radiative mechanisms are usually
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introduced, enabling to express the contribution of these bound-bound transitions to the spetral
emission and absorption coefficients of the medium at current wavenumber σ according to


ησ =
∑
ul


Aul
4π


hcσulnuful(σ − σul), (7)


κσ =
∑
ul


(nlBlu − nuBul)hσulful(σ − σul), (8)


where nu and nl designate the population of the upper (u) and lower (l) transition levels, and
ful(σ − σul) is the spectral line shape of the transition accounting for Doppler, natural and
collisional broadening. Einstein coefficients are intrinsic parameters of the radiating particle
and satisfy the relations


Aul = 8πhcσ3
ulBul, (9)


guBul = glBlu, (10)


where gu and gl are the degeneracies of levels u and l. Because of these relations between Einstein
coefficients, we need to know only one of them for each transition.


To predict bound-bound absorption or emission spectra, we need to know for all the tran-
sitions the line position, σul, the strength of the transition, e.g. Blu (in fact we will see in the
following that atomic and molecular spectroscopists use different quantities related to Blu), the
line shape ful(σ − σul), and of course the thermodynamic state of the medium, i.e. the nu and
nl values.


In the following, we will discuss only electric dipolar transitions since they are the main
contributors to radiative energy transfer. In this case, the absorption Einstein coefficient Blu
may be expressed as


Blu =
8π3


3h2c


1
4πε0


1
gl
Rul (11)


where the transition moment Rul is obtained from the the dipolar moment operator µ of the
radiating particle according to


Rul =
∑
mlmu


|〈l,ml|µ |u,mu〉|2 . (12)


The summation on ml, resp. mu in the above expression extends over a complete basis of the
state space associated to the level l, resp. u. Dipolar radiative transitions satisfy the following
general selection rules:


pu 6= pl (13)
∆J = 0,±1 (14)


Jl = 0 6↔ Ju = 0 (15)


where pu and pl are the parities of levels u and l (the parity of a state designates its symmetry
in a space reflexion), Ju and Jl are their associated total angular momentum quantum numbers,
and ∆J = Ju − Jl.


2.1.1 Atomic line spectra


A one-electron atomic state is defined by the quantum numbers n, l,ml, s,ms. n is the principal
quantum number and takes positive integer value. l is the orbital angular momentum quantum
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number and takes integer values between 0 and n−1. The numerical values of l can be replaced
by letters (s, p, d, f, g, h . . .). The quantum numbers ml and ms are the projections of the orbital
and spin momenta. The spin quantum number s is equal to 1


2 . For a many-electron atom,
the wavefunction can be expressed in a first approximation in terms of product of one-electron
atomic states nlml with the requirement of respecting the Pauli exclusion principle (impossibility
to have 2 electrons in the same state, i.e. with the same quantum numbers). This allows to define
a configuration by counting the number N of electrons in each subshell nl, using the notation
nlN . The ground state configuration for atomic nitrogen is denoted by 1s22s22p3, which indicates
that two electrons are in the subshell 1s, two are in the 2s one and three are in the 2p one. The
two first excited state configurations of atomic nitrogen are 1s22s22p23s and 1s22s2p4. In fact,
we have to take into account the coupling of the different angular momenta of the incomplete
subshell . Two extreme cases of coupling correspond to jj and LS coupling. The jj coupling
occurs when the leading process is the coupling between orbital and spin angular momenta of an
electron. In the LS coupling scheme, which corresponds to the atoms an ions considered here,
the electron orbital angular momenta are coupled to give the total orbital angular momentum
L, the electron spin angular momenta are coupled to give the total spin angular momentum
S. The combination of a particular S value and particular L value gives a spectroscopic term
2S+1L (the numerical values of L = 0, 1, 2, . . . are replaced by letters S, P,D, . . .). The total
angular momentum J is the sum of L and S. The spin-orbit interaction splits the energy term
2S+1L into 2×min(L, S) + 1 levels denoted 2S+1LJ corresponding to the various total angular
momentum values J = |L− S|, |L− S|+ 1, . . . , L+ S allowed for the term 2S+1L. Each energy
level 2S+1LJ has a 2J + 1 degeneracy (without considering the nuclear spin).


The main radiative bound-bound transitions observed for atomic species are electric dipolar
ones which satisfy the general selection rules given by Eqs. (13–15).


Moreover, if the upper and lower transition levels satisfy the pure LS coupling scheme, we
have the additional selection rules for the electric dipolar transition


∆S = 0, (16)
∆L = 0,±1, (17)


L = 0 6↔ L = 0 (18)


where we have introduced the notations ∆S and ∆L concerning the total spin and total orbital
angular momenta of the electrons in a similar way as for J .


Different spectroscopic databases are available which give for each transition u ↔ l the
transition frequency, the energy of the upper Eu or lower level El of the transition, the level
degeneracies gu and gl, and the Einstein emission coefficient Aul or the absorption oscillator
strength, flu which is defined according to


flu =
Bluhσul
πre


, (19)


=
8π2mec


3hq2
e


σul
1
gl


∑
mlmu


|〈l,ml|µ |u,mu〉|2 , (20)


where re, me and qe are respectively the classical radius, the mass and the charge of the electron.
Emission oscillator strengths are generally defined following the convention


ful = − gl
gu
flu, (21)


and even more symmetric oscillator strengths often are given in databases since we have the
relation


glflu = −guful. (22)
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To calculate the emission and absorption coefficient we need to know the populations nu and
nl. At LTE the population of level i is given by


ni =
giNa


Q(T )
exp


(
− Ei
kT


)
, (23)


where Q(T ) is the internal partition function of the radiating particle at temperature T , and Na


the total population of the radiating species. For a multi-temperature model, we use Eq. 23 at
the temperature of electronic excitation.


For air plasma we have compared (cf Ref. [15]) three available databases: (i) the NIST
database [16] which contains critical acclaimed data but is thus not a priori; (ii) the Hirata and
Horaguchi [17] database which has been obtained by merging the 1989 updated Kurucz’s [18]
one, old NIST (1966,1988) ones, line positions from the Kelly database [19] and an earlier
(1987) version of the TOPABSE data base (see next item); (iii) the TOPBASE database [20, 21]
which is purely theoretical and does not include the fine structure. TOPBASE is an atomic
database which concerns astrophysically abundant species (atomic number Z=1–26) and has
been developed within the international Opacity Project since 1984 in order to estimate stellar
envelope opacities. The database contains the most complete dataset of LS-coupling term ener-
gies, f-values and photoionization cross sections. They have been computed in the close-coupling
approximation by means of the R-matrix method with innovative asymptotic techniques [22].
Two requisites were claimed: completeness and accuracy. For example, the database includes
1391 energy LS terms, and 18037 electric dipolar transitions concerning the neutral oxygen atom
(OI).


Figure 1 shows a comparison between the numbers of lines included in the above cited
databases for O, N species below 150000 cm−1, and for O+, N+ species below 300000 cm−1. Note
that the Hirata database includes all lines from Kelly and Kurucz ones, so relevant comparisons
concern HIRATA, NIST and TOPBASE databases. It must be again emphasized that the
TOPBASE database does not include the fine structure, so the numbers of lines inlcuded in
TOPBASE plotted in Fig. 1 are in fact numbers of multiplets. The optically thin emission of
each atom or ion transition


εul =
Aul
4π


hcσulnu (24)


has been calculated from these three databases for an atmospheric LTE air plasma at 10000 K
for N and O and at 20000 K for N+ and O+. Figure 2 gives an example for N and a tem-
perature of 10000 K. Some misplaced multiplets in TOPBASE are observed in a few regions,
which normally do not contribute to radiation. A few discrepancies exist between NIST and
TOPBASE, with transitions lacking in NIST. The discrepancies are on the whole larger with
Hirata base. The NIST database has been found to be complete enough to predict emission for
the temperature range considered here. We have thus retained the NIST database for atom and
ion line transitions.


Bound-bound atomic transitions may generally not be assumed to be optically thin in many
applications (in particular for resonance transitions involving the ground energy term of the
atom). We thus have to calculate the detailed high resolution absorption and emission spectra
of the plasma for radiative transfer predictions. The spectral line shapes ful(σ−σul) introduced
in Eqs. (7-8) have thus to be determined. An extensive litterature has been devoted to the
spectral line shapes of atomic species; some recent reviews may be found in Refs. [23, 24]. The
main mechanisms which have to be accounted for in the case of atomic species are Doppler
and collisional broadening: they may be treated independently with sufficient accuracy for the
prediction of radiative transfer. The global line shape will thus be the convolution of line profile
due to each mechanism.


Radiation Database for Earth and Mars Entry  


8 - 6 RTO-EN-AVT-162 


 


 







0 5 10 15 20 25 30
0


1000


2000


3000


4000


5000


6000


7000


N
u


m
b


e
r 


o
f 


li
n


e
s


KELLY KURUCZ HIRATA NIST TOPBASE


O
O+


N
N+


O


O+


N


N+ O


O+


N


N+


O
O+
N


N+


O


O+


N


N+


XXN


Figure 1: Number of O, O+, N and N+ lines included in the different atomic databases below
150000 cm−1 for atomic species and below 300000 cm−1 for ions. The numbers indicated in
black correspond to atomic lines located above 28500 cm−1 (from Ref. [15]).


For the applications considered here, radiating particle velocities have a Maxwellian distri-
bution, so the Doppler profile is a Gaussian


fD(σ − σul) =


√
ln 2
π


1
γD


exp


[
− ln 2


(
σ − σul
γD


)2
]


(25)


whose half width at half maximum (HWHM) γD is expressed (in the same units as σul) as:


γD = σul


√
2kTr ln 2
mrc2


. (26)


In the above expression, Tr is the translation temperature of the radiator and mr its mass.
Neutral collisional broadening is generally accounted for under the impact approximation


(see Ref. [25]), leading to a Lorentzian profile of HWHM γLul


fL(σ − σul) =
γLul
π


1
(γLul)


2 + (σ − σul)2
. (27)


γLul may be expressed as the sum of a van der Waals contribution γvdw
ul (corresponding to an


interaction potential proportional to d−6, d being the distance between particles) and of a res-
onance contribution γres


ul (potential proportional to d−3) from the usual expressions given by
Griem [25].


The van der Waals contribution is obtained from


γvdw
ul =


1
2c


∑
p


Np


〈
v


3
5


〉(9π~5|∆r2|
16m3


eE
2
p


) 2
5


, (28)


where Np is the population of the neutral perturber p, Ep the energy of the first perturber
excited state which mainly determines its polarizability. ∆r2 = r2


u− r2
l is the difference between


Radiation Database for Earth and Mars Entry 


RTO-EN-AVT-162 8 - 7 


 


 







Figure 2: Comparison between the emissivities of O lines included in TOPBASE, HIRATA and
NIST databases at 10000 K (from Ref. [15]).


the mean square radii of the radiating particle in the upper and lower transition levels if the
perturber and the radiator are particles of different type; for identical particles, only the term
r2 associated to the level u or l of the same parity as the radiator ground level is included in
the above difference — the other level will contribute to the resonance broadening (see below).
The symbol 〈·〉 designates an average according to the distribution of the relative velocity v of
the perturber. For a Maxwellian distribution at temperature Tp, this average is expressed as


〈
v


3
5


〉
=


Γ(18
5 )


2
8
5 Γ(23


10)


(
2kTp
mp


) 3
10


, (29)


where mp is the reduced mass of the radiator-perturber couple.
The resonance contribution occurs only for perturbers of the same type as the radiator and


is expressed according to


γres
ul =


3q2
e


16π2ε0mec2


∑
j


nj


(√
gj
gu


∣∣∣∣ fjuσuj
∣∣∣∣+
√
gj
gl


∣∣∣∣ fjlσlj
∣∣∣∣) , (30)


where the summation extends over the levels j of the radiator; note that for a given j level in
this summation, only one of the two terms does not vanish since u and l parities differ.


Last, broadening due to collisions with charged particles (electron and ions), known as Stark
broadening has to be accounted for. For entry plasmas which are usually at quite medium
pressure and weakly ionized, and for non hydrogenoid species considered here, the impact ap-
proximation may be used for electron and ion contributions. One may use simple expressions
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obtained from semi-clasical adiabatic approach [26] which are similar to those given above for
neutral contribution. As an example, for a neutral radiator, the Stark line width (HWHM) will
be expressed as the sum of a dipolar contribution


γdip
ul = Np


1
2πc


(π
2


)5/3
Γ
(


1
3


)
|∆C4|2/3


〈
v


1
3


〉
, (31)


and a quadupolar one
γquad
ul = Np


π


2c
∆C3, (32)


where the ∆C4 and ∆C3 parameters characterize resp. the dipolar polarization interaction
potential (proportional to d−4) and quadrupolar one (proportional to d−3) and may be expreesed
according to [26]


∆C4 = C4u − C4l, (33)


C4j =
I2
H


πmehc2


(
a0qp
qe


)2∑
`


fj`
σ2
j`


, (34)


∆C3 =


√(
Bur2


u


)2
+
(
Blr


2
l


)2
−Bulr2


ur
2
l


√
2IH
me


∣∣∣∣qpqe
∣∣∣∣ . (35)


In the above expressions, IH is the Rydberg constant, a0 the Bohr radius and qp the perturber
charge. Bj and Bul constants may be crudely estimated from the total electronic angular mo-
mentum quantum numbers Lu and Ll of the radiator according to


Bj =


√
2Lj + 1


15


(
Lj 2 Lj
0 0 0


)
(−)Lj , (36)


Bul = −2BuBl


{
Lu Ll 1
Ll Lu 2


}
. (37)


Similar expressions concerning ionized radiators may be found in Ref. [27].
More sophisticated semi-classical approaches [27, 28, 29, 30], beyond the previous adiabatic
approach, have been used for the present database. They enable to achieve better accuracy
even if their use remains quite tedious in the framework of radiative transfer applications where
systematic calculations are required.


2.1.2 Diatomic line spectra


The total hamiltonian Htot of an isolated diatomic molecule can be written, without taking into
account the hyperfine structure due to nuclear spin of nuclei [31], as:


Htot = −
2∑


α=1


h2


8π2Mα
∇2
α −


Ne∑
i=1


h2


8π2me
∇2
i + Vn,n + Vn,e + Ve,e +Hsf (38)


were Mα is the mass of nucleus α and me the electron mass. The first two terms correspond
to the nuclear and electronic kinetic energy. The following terms correspond to the nuclear-
nuclear potential energy, the nuclear-electron potential energy, the electron-electron potential
energy. The last term Hsf includes the different terms linked to interaction of spin and angular
momenta leading to the fine structure:


Hsf = HSO +HSS +HSR (39)
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HSO = A(r)L.S is the so-called spin orbit interaction which represents the interaction of the
electron spin characterized by spin angular momentum S with the magnetic field created by
electron motion characterized by the orbital angular momentum L. HSS = ε(r)[3S2


z − S2] is the
so-called spin-spin interaction, Sz being the projection of S on the internuclear axis. HSR =
γ(r)N.S is the so-called spin-rotation interaction where N is the sum of the orbital electronic
angular momentum L and the rotational angular momentum R (N=L+R).
The level energies and wavefunctions which are required to calculate line positions (Eq. 6) and
transition probabilities (Eq. 12) correspond to the eigenvalues and eigenfunctions of the total
hamiltonian.


Characterization of a rotational state
The Born-Oppenheimer approximation which separates the electronic and nuclear motions al-
lows to define electronic states. Similarly to atoms there is a coupling between electronic spin
and orbital angular momenta. For molecules with light nuclei, this coupling is weak and we
can define the projection of the total electronic orbital momentum L on the intermolecular axis.
The absolute value of this projection is noted Λ. An electronic state of a diatomic molecule is
characterized by the label 2S+1Λ where 2S + 1 is the spin multiplicity. The numerical values
0,1,2,. . . of Λ are replaced by Σ, Π, ∆, . . . To differentiate states with the same S and Λ values, a
letter is added which is generally X for the ground state, then A,B,C,. . . for a spin multiplicity,
a,b,c,. . . for another spin multiplicity, etc . . . . Additional labels, g or u, can be added to char-
acterize for homonuclear molecules the symmetry of the electronic wave function with respect
to the inversion operation î in the molecular frame, and + or − to characterize for Σ states
the symmetry of the electronic wavefunction with respect to the symmetry operator σ̂v which
corresponds to a reflexion through a plane containing the internuclear axis.
For Λ > 0 there is a double orbital degeneracy called Λ- doubling which will be lifted in the
rotating molecule. The electronic degeneracy is thus equal to (2− δ0,Λ)(2S + 1).


If we consider the rotating and vibrating molecule, a rotational level (or rovibronic level) will
be characterized by the five quantities n, v, J, i, p which correspond to:
n: the electronic state
v: the vibrational number
J: the total angular momentum without nuclear spin (J= L + S + R)
i: the spin multiplet component which takes 2S+1 values
p: the parity which characterizes the symmetry of the total wavefunction (without nuclear spin)
with respect to the symmetry operator I. The parity takes (2-δ0,Λ) values.


The multiplet structure will depend on how the electronic angular momenta couple to the
molecular rotation. Several limiting coupling cases are defined: the Hund’s coupling case a,
b, c, d, . . . We are, in the present study, concerned by the cases a and b. In Hund’s case a, the
interaction between the molecular rotation and the electrons motion is weak, L and S are closely
coupled to the internuclear axis, their projections being Λ and Σ. Since R is at right angle to
the internuclear axis, the projection of J on the internuclear axis, Ω, corresponds to Ω = Λ + Σ.
The quantum number J takes the values |Ω|+1, |Ω|+2, . . . . In Hund’s case b, S does not couple
to the internuclear axis and recouples to N = L+R. J can have all integer values from N+S
to N-S. An intermediate a/b coupling has been considered for most of the states considered here.


Energy of a rotational state
The energy of the rotational level (n, v, J, i, p) can be expressed as the sum of an electronic
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contribution, a vibrational contribution and a rotational contribution:


Env,i(J, p) = Eel(n) + Evib(n, v) + Erot(n, v, J, i, p) (40)


A very crude approximation consists in considering that the molecule vibrates like an harmonic
oscillator, rotates like a rigid rotor and to neglect the fine structure. In this case we obtain a
very simple expression for the energy:


Env,i(J, p) = Eel(n) + ~ω(v + 1/2) +BJ(J + 1) (41)


where ~ω is the vibration frequency and B is the rotation constant.


We have used experimentally determined energies or more precisely experimentally determined
parameters which allow to recalculate the energies. Theoretically [32, 33], the complete hamil-
tonian is expressed on a basis set of rotational-vibration-electronic wavefunctions which corre-
spond to Hund’s case a. A series of contact transformations is performed to remove or weaken
off-diagonal matrix elements. The final effective or model hamiltonian leads to energy expres-
sions which involve a limited number of parameters which are fitted to experimental data. We
give two examples of such developments, one for a simple case, the singlet state 1Σ, and one for
a more difficult case, the doublet state 2Πu. The expressions used for the other types of states
can be found in [15, 11].
The level energies for 1Σ state are given by:


E1Σ
v (J) = Tv +Bvx−Dvx


2 +Hvx
3 (42)


with x = J(J + 1).
The reduced matrix for the 2Πu state and for given v, J , and parity has two dimensions:


M = TΛ HΛ


HΛ T1


with [34]:


Tv,Λ(J) = Tv −
Av
2


+ (Bv −ADv)x2 −Dv


[
x4 + x2 − 1


]
+


1± x
2


[pv + qv (1± x)] +Hvx
2
[
x4 + 6x2 − 7


]
(43)


Tv,1(J) = Tv +
Av
2


+ (Bv +ADv)
[
x2 − 2


]
−Dv


[(
x2 − 2


)2 + x2 − 1
]


+
qv
2
[
x2 − 1


]
+Hvx


2
[
x4 + 7


]
(44)


Hv,Λ(J) = 2Dv


[
x2 − 1


] 3
2 −


[
Bv +


pv
2


+
qv
2


(1± x)
] [
x2 − 1


] 1
2 +


Hv


[
x2 − 1


] 1
2
[
x2
(
3x2 + 1


)]
(45)


where x = J + 1
2 . The Λ-doubling is accounted for through the ± values in these expressions.


The diagonalization of this matrix leads to the following expressions for the energies for the
two multiplet components:


E
2Π
v,1 =


1
2


[
Tv,1(J) + Tv,Λ(J)−


(
(Tv,1(J)− Tv,Λ(J))2 + 4H2


v,Λ(J)
) 1


2


]
(46)


E
2Π
v,2 =


1
2


[
Tv,1(J) + Tv,Λ(J) +


(
(Tv,1(J)− Tv,Λ(J))2 + 4H2


v,Λ(J)
) 1


2


]
(47)
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Radiative transitions
A rotational line will correspond to the transition between two rotational states characterized by
(n′, v′, J ′, i′, p′) and (n′′, v′′, J ′′, i′′, p′′) such that the matrix element of the electric dipole moment
operator (Eq. 12) does not vanish. Such transitions obey to the general selection rules given by
Eqs. (13–15) and to additional selection rules for Hund’s cases a and b:


∆Λ = 0,±1, (48)
∆S = 0. (49)


The set of transitions between rovibrational levels of the electronic states A and B will be called
the A-B system. The transitions between the vibrational level v’ of A and the vibrational level
v” of B will be called the v’-v” vibrational band. Finally transitions between A,v’ and B,v” with
the same ∆N and ∆J are called branchs and are represented by:


YXij (50)


where i and j designate the substates of the spin-multiplet of the upper level and of the lower
level. X and Y correspond to the change in J and N and are denoted by the symbols given in
Fig. 3. The different branchs corresponding to a 2Πr −2 Πr system are shown schematically in
Fig. 4.


Figure 3: Notation of the different branches
according ∆J and ∆N values.


Figure 4: Branch strucure for a 2Πr −2 Πr


system when the two states are close to
Hund’s case b; N is even in this example
(from [9]).


The strength of the different transitions will depend on the transition probability Rul defined
in Eq. 12 which is written as the product of two terms


Rul = (Rv
′v′′
e )2Sv


′v′′
J ′J ′′ . (51)


(Rv
′v′′
e )2 is the square of the electronic vibrational transition moment, and Sv


′v′′
J ′J ′′ is the Hönl-


London factor. These quantities are defined following the convention of Whiting et al. [35] which
results in the uniform sum rule for the Hönl-London factors:∑


J ′


Sv
′v′′
J ′J ′′ = (2− δ0,Λ′δ0,Λ′′)(2S + 1)(2J ′′ + 1) (52)
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The electronic-vibrational part of line intensity is given by:(
Rv


′v′′
e


)2
=
[∫ ∞


0
ψv′(r)Re(r)ψv′′(r)dr


]2


, (53)


where r is the internuclear distance, ψv′(r) and ψv′′(r) are the radial rotationless vibrational
wavefunctions in the vibrational levels v′ (of the upper electronic state of the transition) and v′′


(of the lower electronic state) respectively. Re(r) is the electronic transition moment function
(ETMF).


We need to know
(
Rv


′v′′
e


)2
for all the contributing bands. This information can be extracted


from spectroscopic measurements but is far to be complete. To remedy this lack of experimental
data, the electronic-vibrational part of line intensities have been calculated systematically. The
method comprises three steps.
In a first step, the potential curves for all the elecronic states have been reconstructed via the
Rydberg-Klein-Rees (RKR) procedure [36, 37, 38] which allows to calculate the classical turning
points rinner(v), router(v) from the vibrational term energy G(v) and rotational spectroscopic
constant Bv through the equations:


rinner(v) =


√
f(v)
g(v)


+ f(v)2 − f(v), (54)


router(v) =


√
f(v)
g(v)


+ f(v)2 + f(v), (55)


where:


f(v) =
h


2π
√


2µr


∫ v


v0


1√
G(v)−G(v′)


dv′, (56)


g(v) =
2π
√


2µr
h


∫ v


v0


Bv′√
G(v)−G(v′)


dv′. (57)


In Eqs. (56,57), µr is the reduced mass of the molecule, v0 is the zero of G(v), G(v) and Bv are
Dunham expansions in (v + 1


2):


G(v) =
n∑
i=0


Yi0


(
v +


1
2


)i
, (58)


Bv =
m∑
i=0


Yi1


(
v +


1
2


)i
. (59)


The resulting potential curve URKR(r) was extrapolated by using a repulsive function Uinner(r)
(inner turning points) and a Hulburt and Hirschfelder potential [39] Uouter(r) (outer turning
points):


Uinner(r) =
a1


rb1
, (60)


Uouter(r) = De


[
1− e−a2(r−re)


]2
+


De


[
b2a


3
2(r − re)3e−2a2(r−re) (1 + a2c2(r − re))


]
, (61)
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where De is the dissociation energy of the electronic state considered relative to the bottom of
the potential energy curve, and re is the equilibrium internuclear distance. a1, b1 and a2, b2,
c2 and re are the floating parameters adjusted in order that each extrapolation function fits a
significant part of each extremity of the RKR potential URKR(r).


In a second step, the resulting potential Ufinal(r) is used in the radial Schrödinger equation to
solve for the rotationless-vibrational wavefunctions ψv(r) using a Chebyshev expansion method.
We checked that the difference between reconstructed and initial energies remains small (lower
than 0.14% on the maximal vmax).


Finally,
(
Rv


′v′′
e


)2
is evaluated by using electronic transition moment function Re(r) selected


in the litterature [9, 12]. Figure 3 shows an illustration of the above described procedure in the
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Figure 5: Reconstructed potentials for the O2 Schumann-Runge (B-X) system. The RKR re-
constructed potentials are represented by points. A few vibrational functions are represented
with the selected transition moment function (adapted from [9]).


case of the O2 Schumann-Runge B3Σ−u – X3Σ−g transition.


Diatomic database
We have calculated an exhaustive spectroscopic database including the main electronic systems
of the diatomic molecules N2, N+


2 , O2, NO, CO, C2, CN, CO+ which contribute to radiative
transfer in N2 – O2 – CO2 plasmas. These systems are listed in Table 2. For each of these
35 systems, potential curves have been calculated according to the above described procedure
from up-to-date deperturbed — when available — Dunham coefficients. Electronic transition
moments have been critically selected in the literature and squared electronic vibrational tran-
sition moments have been systematically obtained for the bands listed in Table 2. Systematic
validations have been achieved by comparing experimental or theoretical vibrational radiative
life times available in the literature to those calculated from our vibrational transition moments.
Rotational line positions and strengths have thus been calculated from up-to-date carefully se-
lected spectroscopic constants. Fine structure has been introduced considering the intermediate
Hund’s case between a and b cases (Σ−Σ transitions have been calculated considering the pure
Hund’s case b). Λ-doubling has been accounted for when data were available. Hönl-London
factors of Ref. [40] have been used. Regarding perturbations, rotational perturbations which
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Table 2: Calculated diatomic electronic systems


molecule system upper state – Calculated bands
name lower state (0 : v′max, 0 : v′′max)


N2 First-Positive B3Πg–A3Σ+
u (0 : 21; 0 : 16)


Second-Positive C3Πu–B3Πg (0 : 4; 0 : 21)
Birge-Hopfield 1 b1Πu–X1Σ+


g (0 : 19; 0 : 15)
Birge-Hopfield 2 b′1Σ+


u –X1Σ+
g (0 : 28; 0 : 15)


Carroll-Yoshino c′4
1Σ+


u –X1Σ+
g (0 : 8; 0 : 15)


Worley-Jenkins c3
1Πu–X1Σ+


g (0 : 4; 0 : 15)
Worley o3


1Πu–X1Σ+
g (0 : 4; 0 : 15)


N+
2 Meinel A2Πu–X2Σ+


g (0 : 27; 0 : 21)
First-Negative B2Σ+


u –X2Σ+
g (0 : 8; 0 : 21)


Second-Negative C2Σ+
u –X2Σ+


g (0 : 6; 0 : 21)
NO γ A2Σ+–X2Πr (0 : 8; 0 : 22)


β B2Πr–X2Πr (0 : 37; 0 : 22)
δ C2Πr–X2Πr (0 : 9; 0 : 22)
ε D2Σ+–X2Πr (0 : 5; 0 : 22)
γ′ E2Σ+–X2Πr (0 : 4; 0 : 22)
β′ B′2∆–X2Πr (0 : 6; 0 : 22)


11000 Å D2Σ+–A2Σ+ (0 : 5; 0 : 8)
infrared X2Πr–X2Πr (0 : 22; 0 : 22)


O2 Schumann-Runge B3Σ−u –X3Σ−g (0 : 19; 0 : 21)
CO Infrared X1Σ+ −X1Σ+ (0:50;0:50)


Fourth Positive A1Π−X1Σ+ (0:23;0:50)
Hopfield-Birge B1Σ+ −X1Σ+ (0:2;0:50)
Third Positive b3Σ+ − a3Π (0:2;0:18)


CO+ Comet-tail A2Πi −X2Σ+ (0:33;0:31)
Baldet-Johnson B2Σ+ −A2Πi (0:33;0:50)
First Negative B2Σ+ −X2Σ+ (0:22;0:35)


CN Red A2Πi −X2Σ+ (0:38;0:34)
Violet B2Σ+ −X2Σ+ (0:25;0:36)


LeBlanc B2Σ+ −A2Πi (0:25;0:38)
C2 Philips A1Πu −X1Σ+


g (0:35;0:21)
Mulliken D1Σ+


u −X1Σ+
g (0:22;0:21)


Deslandres-D’Azambuja C1Πg −A1Πu (0:9;0:32)
Ballik et Ramsay b3Σ−g − a3Πu (0:41;0:39)


Swan d3Πg − a3Πu (0:18;0:33)
Fox-Herzberg e3Πg − a3Πu (0:15;0:35)
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affect a few J values of a given vibrational level have not been modelled. For strong homoge-
neous perturbations such as those encountered for the five N2 b


′1Σ+
u , c′4


1Σ+
u , b1Πu, c3


1Πu, and
o3


1Πu excited states, and for the two NO B2Πr and C2Πr excited states, perturbed molecular
constants have been used.


Rotational lines have been calculated up to the last rotational quantum number below the
centrifugal dissociation of the upper and lower vibrational levels, i.e. widely beyond the validity
range of the selected spectroscopic constants. Such extrapolations are required insofar as this
database is devoted to predict radiative transfer inside very high rotational temperature plasmas.
We have ensured that no aberrant line positions occur due to these extrapolations.


References from which the various selected spectroscopic constants and electronic transition
moments have been taken are given in Ref. [9] for N, O plasma molecules and from Ref. [12] for
carbonaceous molecules. Detailed systematic validations for each system may also be found in
these two references.


For each of these lines, a Voigt line profile, taking into account Doppler, collisional and,
when required, predissociative broadening has been adopted. For IR rovibrational transitions,
detailed descriptions of collisionnal broadening parameters are available in Refs. [41, 42] for NO
and in Ref. [43] for CO IR systems. However, data concerning collisional broadening of diatomic
rovibronic lines remain quite scarce. We have used for all NO UV lines the collisional HWHM
from Ref. [44]


γNOUV
c = 0.293


(
295
T


)0.75


cm−1atm−1, (62)


where T is the translational temperature of the heavy particles. For all other systems, we have
used the pragmatic collisional line width


γc = 0.1
(


273
T


)0.7


, (63)


following the values obtained in Ref. [45]. Finally, we have introduced predissociative (lorentzian)
line widths form Refs. [46, 47, 48, 49, 50, 51], [52], and [53] for the N2 VUV, NO, and O2 systems,
respectively.


The database enables to calculate any absorption or emission spectra for the considered
electronic systems from the populations of molecular energy levels according to Eqs. 7-8. For
media at LTE, the populations are caculated in a straightforward manner from the Boltzmann
distribution and from the chemical composition. For nonequilibrium media, a currently used
approximation is the two-temperature model, Trot for the translational motion of heavy particles
and rotation of molecules, Tve for molecular vibration, electronic excitation, and free electron
translation. In the framework of this two-temperature model, the population of an energy level
(n, v, J , i, p) is expressed as


nnvJip = nrgsnJip
2J + 1


Q(Tve, Trot)
exp


(
−Eel(n) + Evib(n, v)


kTve
− Erot(n, v, J, i, p)


kTrot


)
(64)


where Q(Tve, Trot) is the two-temperature partition function [54], nr is the total population of
the considered molecule. The factor gsnJip is the nuclear spin statistical factor which applies
only for homonuclear molecules.


2.1.3 CO2 spectra


Infrared contribution
It is well known that CO2 is very active in the infrared. In its fundamental electronic state,
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X1Σ+
g , the molecule is linear and possesses three modes of vibration: a symmetric stretching


mode ν1, a bending mode ν2 (doubly degenerated) and an asymmetric stretching mode ν3. The
three modes are close to 1351, 672 and 2396 cm−1. The modelling of CO2 radiative properties
at high temperature is a challenging problem due to the different couplings which have to be
correctly described: Fermi resonance between symmetric and bending modes which gathers the
levels in polyads, Coriolis effect which couples bending and antisymmetric modes, ...


The spectroscopy of CO2 in the infrared has been the subject of a lot of experimental studies.
The HITRAN [55] molecular spectroscopic database compiles the up-to-date spectroscopic data
for this molecule and 38 other molecules. It is regularly improved. However this database
has been primarily developed for low temperature applications and is not complete at high
temperature; it does not include the transitions from high-excited rovibration states.
A few attempts have been made to generate data suitable for use at high temperature especially
for gases involved in combustion and in particular for CO2. The HITEMP [56] database has been
calculated using a direct diagonalization method and is adapted to temperatures up to 1000 K. A
similar technique but with a better treatment of the Coriolis operator has been used to generate
a basis for applications up to 2000 K [57]. An approach based on effective operators has been
used by Tashkun et al to generate the CDSD-1000 database [58] which is able to reproduce
successfully the high-resolution spectra at low and medium temperatures and satisfactorily the
medium resolution spectra at temperatures up to 3000K. We use the HITELOR database [59].
This database enlarges the HITRAN data by using approximate and empirical formulas for
vibrational band intensities and by computing energies through a diagonalization of the Fermi
matrix associated to the different polyads. The HITELOR databank has been succesfully used
to simulate medium-resolution spectra at temperatures up to 2850 K. The database covers the
2.7, 4.4 and 15 µm regions which are the most important in terms of radiative transfer. All the
transitions associated to a lower vibrational level lower than 13000 cm−1 have been accounted
for. The maximal rotational number J is 200.
The pressure-broadening parameters and their temperature dependance have been calculated
semiclassically up to J=101 [60]. For J > 101, the broadening coefficients have been set to their
J=101’s values.


Figures 6, 7, 8 and 9 show the calculated absorption coefficients for a CO(50%)-CO2(50%)
mixture at 3600 K and a pressure of 100 Pa. These values are typical of those encountered in a
Mars entry (see Sec. 3).


VUV, UV and visible contributions
As could be expected the electronic spectra of CO2 is rather complicated. Two phenomena
have been retained: the UV and VUV absorption and the chemiluminescence.They have been
observed in shock tubes and flames and could have a potentially significant contribution in the
considered applications.
The absorption cross sections of CO2 at room temperature are available in the spectral range
50000 – 83000 cm−1 [61, 62]. They have also been measured in shock tubes between 28600
and 52000 cm−1 up to 3050 K [63, 64]. In this spectral region, the absorption is spectrally
smooth and is mainly attributed to predissociative transitions in the X1Σ+


g →1 B2 system. The
contribution of this mechanism has been estimated by using the analytical expression of the
cross section σ(λ, T ) proposed in Ref. [64] :


σ(λ, T ) =
σeff
Qvib


exp(−ε1(λ)/kT ) (65)


where Qvib is the vibrational partion function of CO2 and ε1(λ) corresponds to an effective
absorbing level.
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Figure 6: Absorption coefficient for the
∆v=1 bands of CO.


Figure 7: CO2 absorption coefficient in the
15 µm region


Figure 8: CO2 absorption coefficient in the
4.3 µm region


Figure 9: CO2 absorption coefficient in the
2.7 µm region


The chemiluminescence resulting from the radiative combination of carbon monoxide and atomic
oxygen,


CO +O → CO2 + hcσ, (66)


is also believed to involve the electronic transition 1B2− > X1Σ+
g . The emission coefficient may


be expressed as:


ησ = NONCOAσ exp(bσ/T ) (67)


where NO and NCO are the populations of O and CO. The parameters Aσ and bσ have been
adjusted on the shock tube data of Slack and Grillo [65, 66] in the spectral range 15000 - 40000
cm−1 and for temperatures ranging from 1300 to 3000 K [11].


2.2 Bound-free transitions


Bound-free transitions correspond to photonization, photodissociation and photodetachment.
They can be represented formally by:


AB(k) + hcσ → A(i) +B(j) (68)
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The energy conservation leads to:


hcσ =
1
2
µg2 + EAi + EBj − EABk , (69)


where µ is the reduced mass of the the products (A,B), g is the relative velocity of the products,
EXl is the energy of level l of species X. The emission coefficient, the induced emission coefficient
and the true absorption coefficient can be expressed as a function of the level-to-level cross
sections relative to the spontaneous emission, Sesij,k(σ), to the induced emission, Seiij,k(σ), and to
the absorption, Sabsk,ij(σ), by:


ησ,fb =
∑
ijk


nAi n
B
j hcσ gS


es
ij,k(σ)4πg2f0(g)


dg
dσ


(70)


κeiσ,fb =
∑
ijk


nAi n
B
j hcσ gS


ei
ij,k(σ)4πg2f0(g)


dg
dσ


1
c


(71)


κabsσ,fb =
∑
ijk


nABk hcσ Sabsk,ij(σ)
1
c


(72)


where nXl designates the population of the level l of species X, and f0(g) is the distribution
function of the relative velocities of the dissociation products.
By considering that at equilibrium the radiation intensity must follow the Planck’s law, we
can write relations similar to the Einstein-Milne ones [67] between the three level-to-level cross
sections:


Sesij,k(σ)


Seiij,k(σ
= 2hcσ3 (73)


4πµ2g2


h2
gigjS


ei
ij,k(σ) =


1
c
gkS


abs
k,ij(σ), (74)


Assuming a Maxwell-Boltzmann distribution at Trel for the relative velocity distribution function
enables to write the emission and absorption coefficients as:


ησ,fb = 2hc2σ3
∑
ijk


nAi n
B
j


ξ(µ, Trel)
gk
gigj


hσSabsk,ij(σ) exp


(
EAi + EBj − EABk − hcσ


kTrel


)
(75)


κσ,fb =
∑
ijk


hσSabsk,ij(σ)nABk


[
1− gk


gigj


nAi n
B
j


ξ(µ, Trel)nABk
exp


(
EAi + EBj − EABk − hcσ


kTrel


)]
,(76)


where gi is the degeneracy of level i and ξ(µ, Trel) is the volumetric translational partition
function of a particle of mass µ at temperature Trel


ξ(µ, Trel) =
(


2πµkTrel
h2


) 3
2


. (77)


Similarly to bound-bound transitions, the exact treatment of bound-free transitions in nonequi-
librium requires to know detailed level-to-level cross sections, which are not always available.
We detail in the following the status for the different bound-free mecanisms.
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2.2.1 Atomic photoionization


The atomic photoionisation corresponds to :


A(k) + hcσ → A+(i) + e (78)


The TOPBASE database [20] provides the absorption cross sections Sk from levels up to a
principal quantum number equal to 10 or 11 as a function of photon wavenumber. These cross
sections correspond to:


Sk(σ) = hσ
∑
ij


Sabsk,ij (79)


where j corresponds to the double degenerate unique internal energy level of the electron. In
the two-temperature model, Eqs. 75, 76 and 79 lead to express the emission and absorption
coefficients as :


ησ = 2hc2σ3 exp
(
− hcσ
kTve


)
nat


Qat
χneq


∑
k


gk exp
(
−
Eat
k


kTve


)
Sk(σ) (80)


κσ =
nat


Qat


[∑
k


gk exp
(
−
Eat
k


kTve


)
Sk(σ)


] [
1− χneq exp


(
− hcσ
kTve


)]
(81)


χneq =
nionne−
nat


Qat


2Qionξ(me, Tve)
exp


(
Eion


kTve


)
. (82)


where nat, nion, and ne− are the total populations of respectively the atom, the produced ion
and electron, Qat and Qion are the atom and ion partition functions and me is the electron mass.
Eion is the ionization energy corrected from the Debye ionization lowering.
The factor χneq characterizes the deviation from equilibrium and consequently from Kirchhoff’s
law.


2.2.2 Molecular photodissociation


We have included in the database the Schumann-Runge continuum:


O2(k) + hcσ → O(i) +O(j) (83)


The thermal absorption cross sections for Schumann-Runge continuum are available in the tem-
perature range 300-10000K and the wavenumber range 48000-77000 cm−1 [68, 69]. Since to our
knowledge no detailed level-to-level absorption cross sections are available, we need to make
some assumptions to deduce the absorption and emission coefficient in the framework of the
two-temperatures model [70]. If we assume that the oxygen atoms are only produced in the 3P
and 1D term of the oxygen ground configuration which corresponds to the asymptote state of
the O2 B


3Σ−u electronic state, the thermal cross section can be written as:


SLTE(σ, T ) =
hσ


QO2(T )


∑
k


gk exp


(
−
EO2
k


kT


)
Sabsk,i0j0(σ) (84)


where i0 and j0 represent the 3P and 1D terms of atomic oxygen and QO2(T ) is the internal
partition function of O2. This equation combined to Eqs. 75 and 76 allows us to deduced the
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spontaneous and induced emission coefficients in the two-temperatures model:


ησ = 2hc2σ3 exp
(
− hcσ


kTrot


)
SLTE(σ, Trot)nO2χ


neq (85)


κeiσ = χneqnO2S
LTE(σ, Trot) exp


(
− hcσ


kTrot


)
(86)


χneq =
n2
O


nO2


QO2(Trot)
Q2
O(Tve)ξ(mO, Trot)


exp


(
Ediss + EO1D


kTrot
−
EO1D
kTve


)
. (87)


where nO and nO2 are the atomic and molecular oxygen total populations, Ediss the dissociation
energy of the ground electronic state of O2, and EO1D the energy of the 1D term of atomic oxygen.
The true absorption coefficient is approximated by:


κabsσ = nO2S
LTE(σ, Tve) (88)


χneq in the above equations deviates from unity in chemical nonequilibrium which leads to a
deviation from Kirchhoff’s law.


2.2.3 Molecular photoionization


Most of the available data for this mechanism correspond to room temperature. As its contribu-
tion remains small in the considered applications, we use pragmatically the room temperature
cross sections Σ for O2, N2, CO, C2 and CN [71, 72] and evaluate the absorption coefficient at
equilibrium as:


κσ = Nmol(T )Σ
[
1− exp


(
− hc
kT


σ


)]
(89)


For the two-temperatures model, we use Eq. 89 and the Kirchhoff’s law at Tve to estimate the
emission coefficient.


2.2.4 Photodetachment


The photodetachment of N−, O−, C− which is described by:


A− + hcσ → A+ e (90)


is far to be fully understood. The available theoretical and experimental data show a certain
scatter. According to the literature, the major contributions correspond to the photodetachment
from the 3P term of the ground configuration of N−, from the 2P term for O− and from the 4S
term for C−. The absorption coefficient has been expressed as:


κσ = [NiΣi]
[
1− exp


(
− hc
kT


σ


)]
, (91)


where Ni, the population of the above identified level of the negative ion, is estimated through
a Saha equation from neutral atom and free electron populations and a temperature equal to T
for the equilibrium situation and to Tve for the two-temperatures model. The cross sections Σi


have been obtained by averaging available data for N− and O− [10] and from calculations for
C− [73]. The associated emission coefficients are calculated using the Kirchhoff’s law.
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2.3 Free-free transitions


The free-free emission (Bremsstrahlung emission) is observed when an electron is slowed down
by a collision with an ion, atom or molecule. The energy of the emitted photon is equal to
the loss of kinetic energy. The cross section of the process depends on the relative velocity of
colliders which can be taken equal to the electron velocity. As the electron velocities are assumed
to follow a Maxwell-Boltzmann distribution at Te, the bremsstrahlung emission coefficient and
the inverse bremsstrahlung absorption coefficient are linked by the Kirchhoff’s law (Eq. 4) with
a Planck’s function (Eq. 5) at Te.


2.3.1 Electron-ion interaction


The free-free transitions in the field of ions are taken into account through the classical Kramers
formula [74] corrected by a Gaunt factor g(σ, Te):


ησ = g(σ, Te)
8
3


(
2π


3kTme


) 1
2 α2e6


mec3
exp


(
− hc


kTe
σ


)
NeNi (92)


where Ne and Ni are the densities of electrons and ions respectively, me is the electron mass, α
is the ion charge and e = qe√


4πε0
.


The Gaunt factors of Stallcop and Billman [75] have been used above 11604 K, those of Menzel
and Pekeris [76] below 11604 K.


2.3.2 Electron-atom interaction


For free-free transitions involving atoms, we used for O and N the calculated inverse Bremsstrahlung
cross sections Qa(σ, Te) of Mjolsness and Ruppel [77] who give an analytical representation of
their Hartee-Fock calculation for the temperature range 4000-12000 K and the wave number
range 4800-24000 cm−1, and for C the ones of Geltman [78] which cover the temperature range
500-20000 K and the wavenumber range 1000-20000 cm−1. The absorption coefficient is given
by:


κσ = [Qa(σ, Te)NeNat]
[
1− exp


(
− hc


kTe
σ


)]
, (93)


where Ne and Nat are the electron and atom densities.


2.3.3 Electron-diatom interaction


Free-free transitions have been included for N2 and O2 using the cross sections of Kivel [79] which
cover the temperature range 3000-15000 K and the wavelength range 0.3-4.8 µm. These cross
sections have been extrapolated below 3000 K and below 2083 cm−1. The absorption coefficient
is given by a relation similar to Eq. 93.


The total absorption coefficient due to bound-free and free-free transitions for an atmospheric
air plasma is presented on Fig. 10 for two temperatures, 2000 K and 15000 K. The contributions
of the different processes are presented. The preponderant contributive radiative processes are
indicated.


2.4 Validation


An effort has been made to validate the selected and calculated data by systematically comparing
the results with available measurements or predictions. The comparisons have been made when
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Figure 10: Continuum absorption for an atmospheric air plasma at 2000 K (left) and 15000 K
(right) [10].


possible for a given process (radiative lifetimes for diatomic electronic systems for example) and
also for more global data [9, 10, 11, 12].


For plasmas at local thermodynamic and chemical equilibrium, energy level populations are
calculted from Boltzmann distribution and the chemical composition from the general equilib-
rium laws (Guldberg-Waage equation for dissociation and Saha equation for ionization), and
from perfect gas law and electro-neutrality. The calculations of the required partition functions
at LTE or for a multi-temperature thermodynamic state are described in [54].


Figure 11 presents for an LTE air plasma at 1 atm the optically thin source strength defined
as:


SR =
∫ σ2


σ1
κσI


0
σ(T ) dσ. (94)


σ1 and σ2 correspond the experimental cutoff wave numbers. Our calculated source strength
corresponds to cutoff wave numbers of 1000 cm−1 and 50000 cm−1 respectively. These values
correspond to the different experimental cutoffs, except the ones of Nerem and Devoto for which
σ2 is equal to 58820 cm−1. An overall good agreement is observed up to 14000K.


Spectral comparison has been made with the emission data obtained by Laux [80] with an
ICP torch working with air at atmospheric pressure. Figure 12 presents the experimental and
calculated absolute emission intensity along a diameter of the plasma torch. The temperature is
about 7600 K at the center. It must be noted that a small background has to be removed from
the experimental spectrum [5]. Differences in the UV NO bands can also be observed, but the
overall agreement is good, especially with the latest measurements given in Ref. [5].


These comparisons between experiments and predictions in the equilibrium regime are also
relevant because the problems of nonequilibrium chemistry and non-Boltzmann state-populations
do not add complexity in the theoretical modelling.


Unfortunately such data were not available for CO2 plasmas. We have thus developed an
emission experimental set-up based on a 5 KW microwave torch at atmospheric pressure [86].
The emission spectra of CO2 and CO2(97%)-N2(3%) have been recorded. An Abel inversion pro-
cedure allows to deduced local emissivities. A careful analysis of the emission spectra in the UV
and visible ranges has been performed and has shown that the plasma is at local thermodynamic
equilibrium for molecules with a slight depletion of observed atomic levels. The predominant
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Figure 11: Optically thin emission of air plasmas at atmospheric pressure in the
spectral range 1000 – 50000 cm−1. Comparison between our calculations and
available experimental or numerical data. a: [80], b: [81], c: [82], d: [83], e: [84],
f: [85].
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Figure 12: Comparison between experimental [80] and calculated emission intensity along a
diameter of the air plasma torch.
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observed systems are CN violet, CN red, and C2 Swan. Significant contributions are also found
from O2, CO+ and NO systems. Figure 13 presents a comparison between measured and cal-
culated emissivities at the center of the CO2(97%)-N2(3%) plasma. The molecular temperature
at the center of the plasma is about 5500K. For the pure CO2 plasma, it raises to about 6500K.
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Figure 13: Comparison between measured and calculated absolute emissivities at the center of
the atmospheric CO2(97%)-N3(3%) plasma (from [86]).


Figure 14 presents, in a spectral range centered on the CN red system, the experimental
spectrum and the best adjustment. A systematic study of the sensitivity to the temperature has
been carried out by calculating the root mean square error. Its evolution with the temperature
is given in the insert of Fig. 14.


2.5 Contributions of the various mechanisms at equilibrium


We analyse in this section the relative contributions of the various emission mechanisms to total
radiation at different temperatures for air and CO2/N2 plasmas. We limit our discussion to
media at chemical and thermal equilibrium at temperature T and at atmospheric pressure. The
optically thin emission strength SR =


∫ σ2
σ1 κσI


0
σ(T ) dσ is shown on Figs. 15 and 16 for air plasmas


(79% N2, 21% O2) as a function of temperature. SR is limited in Fig. 15 to the spectral range
σ1=1000 cm−1 – σ2=50000 cm−1, easily accessible experimentally, while the emission shown
on Fig. 16 includes the vacuum UV contribution up to σ2=150000 cm−1. It is shown that
the emission is dominated by diatomic line radiation below 6000 K and by atomic lines above
8000 K. Continuum contribution to the optically thin radiation seems to be relatively small.
However, the predominance of VUV atomic lines at high temperature is generally damped in
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Figure 14: Comparison between measured and calculated emissivities fro the ∆v=3, 4 and 5
bands of the CN red system at the center of the atmospheric CO2(97%)-N2(3%) plasma. (from
[86]).


real applications due to the strong self-absorption of these lines. The continuum radiation is
then no longer negligible. To outline the effects of absorption, we plot on figure 17 the total
plasma emission, as corrected from self-absorption over a characteristic distance R:


SabsR (R) =
∫ ∞


0
κσI


0
σ(T ) exp(−κσR) dσ, (95)


for various values of R. At 15000 K for instance, the emission is reduced by one order of
magnitude for R as small as 1 mm.
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Figure 15: Optically thin emission of air
plasmas at equilibrium at atmospheric pres-
sure between 1000 and 50000 cm−1.
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Figure 16: Optically thin emission of air
plasmas at equilibrium at atmospheric pres-
sure between 1000 and 150000 cm−1.
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Figure 17: Volumetric emission of air plasmas at atmospheric pressure corrected from self-
absorption on a characteristic distance R.
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Figure 18: Contributions of CO2 IR bands, diatomic bound-bound, atomic bound-bound, and
continuum radiation to the optically thin emission of CO2 (97%)-N2 (3%) plasma at atmospheric
pressure (adapted from Ref. [12]).
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Figure 19: Details of the relative contributions of diatomic and atomic bound-bound radiation
to the optically thin emission of CO2 (97%)-N2 (3%) plasma at atmospheric pressure (adapted
from Ref. [12]).


For CO2(97%)–N2(3%) mixtures at atmospheric pressure, Figure 18 shows that the total
optically thin emission iis first dominated by CO2 infrared radiation (mostly the ν3 bands near
4.3 µm) below 4000 K, then by diatomic line radiation between 4500 and 6500 K, and finally
by atomic line radiation for higher temperatures. Here also, continuum radiation seems to be
quite weak, but VUV atomic lines are very intense and are strongly self-absorbed in practical
applications. The detailed contributions of diatomic and atomic bound-bound transitions are
shown separately (without CO2 radiation) in Fig. 19. At low temperature, CO infrared system
is the most contributing, followed by CO fourth positive system between 4500 and 6500 K, and
then by carbon atomic lines. It should be noted however that CO IR and fourth positive systems
are likely to be strongly self-absorbed in practical applications as discussed in Sec. 3.2.


3 Application to earth and Mars entries


In addition to the spectroscopic properties described in the first part of this paper, the com-
putation of radiative fluxes in entry applications requires the knowledge of the entire fields of
population densities of the emitting states of each species. For molecules for instance, the pop-
ulations of all electronic, vibrational, and rotational levels are required. The populations are
generally calculated by neglecting the interaction with radiation field or by using approximate
escape factors in some collisional-radiative models. The third part of the problem concerns the
solution of radiative transfer problem including spatial, directional and spectral integrations.


We have combined our spectroscopic data and raditive transfer solvers with the aero-thermo-
chemical fields predicted by other groups to compute wall radiative fluxes and volumetric radia-
tive powers in some Earth and Mars entry applications.
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3.1 Earth entry


The most widely considered data for radiation model validation are from the FireII flight exper-
iment [87]. The database has been used to calculate the radiative intensities at the stagnation
point for 4 points of Fire II re-entry trajectory [88]. The aerothermal fields used to calculate the
different spectra are those of Ref. [89]. They have been computed using the chemical kinetic
model of Park and a two-temperature model: Trot for the translation of heavy particles and
diatomic molecule rotation, Tv for diatomic vibration. We assume that electronic levels and
free electrons are in equilibrium at Tv, which is written Tve in the following. Figures 20 and 21
gives the temperatures and concentration fields along the stagnation line for the the flight time
1642.66 s.
Figure 22 shows the emission and absorption coefficients in the shock layer for FireII flight time
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Figure 20: Temperature fields along the
stagnation line for the trajectory point
1642.66 s (from [89]).
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Figure 21: Concentration fields along the
stagnation line for the same trajectory
point (from [89]).


1642.66 s which corresponds to the maximum radiative heating. The most important mecha-
nisms correspond to atomic lines in near IR and VUV regions, N2 VUV systems, N+


2 systems,
and photoionization. The contribution of VUV represents 50% of the total incident intensity at
the wall. It can also be seen that absorption must be taken into account in the visible range and
especially in the VUV range. Neglecting absorption in the calculation leads to an overestimation
of the incident flux by a factor of 55.


Our calculations show a good agreement with the data of the two radiometers (0.3– 0.6 µm
and 0.2–4 µm) for the trajectory points 1642.66 s and 1637.5 s. The calculations overpredict
the radiative intensities for the trajectory points 1634 s and 1648 s. Figure 23 compares the
measured spectral intensity with our calculations for the trajectory point 1648 s. A few molec-
ular systems can be identified (an experimental calibration problem explains the shift). Inverse
photodetachment is found to contribute significantly in our calculations. This suggests to reex-
amine the modelling of this process to decrease the associated uncertainties.


Finally, figure 24 presents the cumulated flux incident on the wall for the trajectory point
1642.66 s. It points out the necessity to take into account the effect of chemical non-equilibrium
on O2 inverse photodissociation


3.2 Mars entry


As there are no direct experimental data for Mars entries, calculations have been carried out in
the framework of testcase TC3 of the ESA/CNES radiation working group to simulate radiative
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Figure 22: Spectral emission and absorption coefficients for a point in the shock layer
(Trot=16700 K and Tve=10250 K). Flight time 1642.66 s (from [70]).


Figure 23: Spectral incident intensity on
the stagnation point for the trajectory
flight time 1648 s (from [88]).
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Figure 24: Cumulated incident intensity on
the wall stagnation point for the trajectory
time 1642.66 s (from [70]).
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fluxes in the forebody and in the rear region of an axially symmetric vehicle [90, 91].
Different aerothermal fields, assuming local thermal equilibrium were provided for this test-


case. Figure 25 shows for instance the multidomain temperature field around the vehicle as-
suming a pure CO2 atmosphere. We carried out line by line calculations of the incident flux
on different points of the vehicle. Some results for the forebody region are shown in Fig. 26
and the computed fluxes in the rear region are presented later as an application of statistical
narrow-band models.


One of the most important conclusion of these calculations was that the incident flux is
dominated by infrared radiation (mostly from CO2) even for the stagnation line where the tem-
perature exceeds 6000 K in the shock layer. Figure 26 shows indeed that the intense emission
due to the CO fourth positive sytem in the VUV is strongly self absorbed. Its dominant contri-
bution to the optically thin emission of CO2 and CO2/N2 plasmas in the considered temperature
range (see e.g. Figs. 18 and 19) is thus strongly attenuated by self-absorption. This result also
outlines the need of validation of CO2 spectroscopic databases above 3000 K.


Figure 25: Prescribed temperature field around the simu-
lated vehicle entering Mars atmosphere [90].


4 Approximate models


The use of a line by line calculations to perform 2D or 3D radiative transfer computations is
very costly since it requires to solve the radiative transfer equation (eq. 1) with a sufficiently
fine spectral resolution to correctly describe the transport of radiation in the fine structures of
the spectra, namely in lines. This motivates the development of approximate models which do
not have the high resolution structures but provide accurate predictions. Over the past few
decades, such models have been developed to study infrared radiative transfer [92] generally for
combustion applications or atmospheric propagation. However for higher temperatures, such
developments are scarce [93] and to our knowledge there is no model able to correctly predict
radiative transfer (emission and absorption) in a non-equilibrium plasma. We present here a
model specific for high temperature-low pressure applications at thermal equilibrium which has
been developed to estimate the flux in the wake of a an axially symmetric body entering Martian
atmosphere [90].


4.1 Statistical Narrow-Band calculations for CO2-CO mixtures


The Statistical Narrow band model of Mayer and Goody [94] has been used to model the infrared
radiative properties of CO-CO2 mixtures between 500 and 5000 cm−1. The model assumes
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Figure 26: Spectral distribution of the incident radiative flux on the stagnation point
of the MSRO simulation (testcase TC3 of the ESA/CNES radiation working group
[91]).


random line positions. The transmissivity of a uniform column of length `, averaged over a
spectral band of width ∆σ is expressed as:


τσ =
1


∆σ


∫
∆σ


exp(−κσ`)dσ = exp
(
−W
δ


)
, (96)


where δ = ∆σ/N is the mean spacing between the N absorption lines located in ∆σ and W is
the mean black equivalent width of these lines defined by :


W =
1
N


∑
lines i


∫ +∞


−∞


[
1− exp


(
−κiσ`


)]
dσ. (97)


where κiσ is the absorption coefficient of line i.
For the considered application, the temperature range was limited to 4000 K , and the pressure
is of about 100 Pa. The line profile has been taken of Voigt type for line by line calculations
but assumed in the model of Doppler type characterized by the half-width at half-maximum
γD. Among the different line intensity distributions which have been tested the exponential
distribution has been selected. It yields:


W


δ
=
γD
δ
E


(
(S/δ)u
γD/δ


)
, (98)


where u is the pathlength pa`, pa being the partial pressure of the absorbing gas and E(y) is
defined by:
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E(y) =
1√
π


∫ +∞


−∞


ye−ξ
2


1 + ye−ξ2
dξ. (99)


The expression 98 introduces two parameters S/δ and γD/δ which have been determined in
narrow bands, 25 cm−1 wide, as a function of the temperature for each molecule. S/δ corresponds
to the mean absorption coefficient divided by pa in the weak absorption limit. γD/δ is adjusted
by fitting the curve of growth of W/δ versus u obtained from line by line calculations for optical
paths between 5 Pa.m and 5000 Pa.m. We checked that the mixture transmissivity, averaged
over ∆σ, may be calculated, with an excellent accuracy, as the product of CO and CO2 averaged
transmissivities. A further approximation (Curtis-Godson approximation [92]) is required to
compute the transmissivity of non-uniform columns.
The incident radiation intensity on the wall along a ray of total length L, averaged over∆σ, is
given by:


Iσ(L) =
∫ L


0
I0
σ(T (s))


∂


∂s
τσ(s, L)ds (100)


4.2 Incident radiative flux on a body entering Martian atmosphere


The IR incident radiative intensity has been calculated using line by line or the narrow-band
model for the aerothermal fields presented in section 3.


A ray tracing method has been used to calculate the incident flux on different points of the
vehicle wall with 900 discrete solid angles. Due to the low pressure, a discretization of 5 10−3


cm−1 has to be used for the line by line calculation which leads to solve around 600 000 times the
RTE. The CPU time ratio between line by line and statistical narrow-band models is typically
about 300. The good agreement between the two simulations is illustrated on Fig. 28. The
third curve of this figure corresponds to the weak absorption limit and is equivalent to the use
of a mean absorption coefficient or to the smeared rotational model. By neglecting the high
resolution spectral correlations, this approximation leads to an overestimation of wall fluxes .


Figure 27: Calculation
points of the incident
intensity


0 5 10 15 20 25
point number


4000


6000


8000


10000


12000


14000


in
ci


de
nt


 ra
di


at
iv


e 
flu


x 
(W


m
−2


)


SNB model
SNB−weak absorption limit
Line by line


Figure 28: Comparaison between LBL cal-
culations, full SNB results and SNB results
using the weak absorption limit for the dif-
ferent basis points [90].


An approximate model, able to deal with optically thick systems of diatomic electronic states
under nonequilibrium conditions, is under development. In the same manner, such model for
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CO2 under vibrational nonequilibrium conditions would be suitable for Mars entries.
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Abstract


The present notes address the modeling of high speed re-entry plasma flows under strong
nonequilibrium conditions.
At high re-entry speeds, a significant portion of the heating experienced by the spacecraft can
be due to radiation and it is highly influenced by the shape of the internal energy distribution
function. In this notes, we propose a kinetic mechanism for air plasma under nonequilibrium
conditions. We first analyze the behavior of the electronically excited state of the atoms in the
post shock region during an high speed re-entry. The flight conditions are taken from FIRE II
flight experiment and from the test conditions in the EAST shock tube facility.
We move then to a more sophisticated model which accounts for non-boltzmann effects for elec-
tronic levels of atoms and molecules. Departure of the electronic energy level populations from
Boltzmann distributions is found due to depletion of the high lying bound electronic states in
the rapidly ionizing regime behind the strong shock wave.


Part I


Atoms


1 Collisional Radiative model: atoms


In this work, we propose to study FIRE II (16), a reentry flight experiment carried out in 1960s.
One of the primary objectives of the Fire Project was to estimate the heating that a capsule
experiences at high speed conditions (≥ 10 km/s). The focus of this project was the estimation
of the radiative component of the heat-flux by measuring directly the incident radiation using
on-board radiometers. Moreover, the data collected from the experiment can be used for the
validation of flow solver and physical models(47; 37; 49).
In the analysis that follows, we focus our attention on three different points in the trajectory:
1634 s, 1636 s, and 1643 s (elapsed time from the launch). The first two points chosen belong to
the earlier part of the trajectory where the flow exhibits strong nonequilibrium effects, whereas
for the last point under consideration, the gas is close to equilibrium conditions.
The investigation is carried out by means of a hybrid model that combines the use of an elec-
tronic state-to-state CR model for the electronic levels of the atoms and describes the thermal
nonequilibrium effects of the other energy modes by means of a multitemperature model. The
choice of the atoms is justified by the fact that, for the high temperatures reached at high
speeds (≥ 10 km/s), the contribution to the radiative component of the heat flux is dominated
by atomic lines and continuum radiation (37; 6; 36), the molecules being almost completely
dissociated in this temperature range.
The rates of the electronic-specific reactions are based on the data of the electronic state-to-state
CR model recently developed by Bultel et al. (11). A complementary set of reaction rates is
taken from Park et al. (56). In this work, the time-dependent CR model is directly coupled with
a one-dimensional flow solver to simulate shock-tube experiments. Then, conservation equations
of mass, momentum, global energy, vibrational energy, and free-electron energy are solved si-
multaneously.
The large number of elementary processes considered in the model will allow for a better un-
derstanding of the kinetic mechanisms for air plasmas, enabling us to better reproduce the gas
kinetics in the shock layer and also describe the electronic energy level populations used to es-
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timate radiative heat-fluxes. Furthermore, as the state-to-state CR model is directly coupled to
the flow solver, a thorough analysis of the validity of the QSS assumption is also carried out.
The physical model is presented in section 1.1, with a description of the CR part and the
multitemperature part of the model. Section 2.3 is devoted to simulations of shock-tube flows
representative of the Fire II flight experiment. A comparison with results from literature (34; 37)
is performed. Then, validity of the QSS assumption is discussed, comparing three different for-
mulations with the fully coupled approach described in section 1.1.


1.1 Physico-chemical modeling


The air mixture used in this work comprises 95 species including the electronic energy levels of
atomic nitrogen and oxygen. The vibrational energy level populations of the N2, O2, and NO
molecules are assumed to follow Boltzmann distributions at the vibrational temperatures TvN2 ,
TvO2 , and TvNO, respectively; the vibrational populations of the other molecules are associated
with the vibration of the N2 molecule. The rotational energy level populations are assumed to
follow Boltzmann distributions at the translational temperature T of the gas. The CR model
yields the electronic state populations of the N and O atoms. Thus, their electronic temperature
does not need to be specified. The electronic energy populations of the other species are assumed
to follow Boltzmann distributions at the translational temperature Te of the free electrons.


1.1.1 Air mixture


In this study, air is considered as a mixture of nitrogen and oxygen and their products composed
of


• Neutral species: N2, O2, NO, N(1− 46), and O(1− 40),


• Charged species: N+
2 , O+


2 , NO+, N+, O+, and e−.


Forty-six electronic energy levels for N and forty levels for O are accounted for in Table 1. They
allow to accurately calculate: 1) Ionization of the N and O atoms by electron impact; 2) The
net population of the metastable states N(2) =N(2D0), N(3) =N(2P 0), O(2) = O(1D), and
O(3) =O(1S) resulting from electron induced processes. Coupling of the atom electronic energy
levels through the different elementary processes considered in the following section allows for
explicit determination of their excitation and the radiative signature of the plasma without using
any a priori assumption on their populations.


Although the O−2 and O− species can also be formed, their contribution to chemistry can be
considered to be negligible, as a result of the high temperature level reached behind the shock
wave and of the high rate coefficient for detachment processes which follows.


1.1.2 Collisional Radiative model


1.1.3 Atomic elementary processes


The inelastic collisions between the mixture species lead to chemical changes. The N and O
atoms are efficiently excited and ionized by electron impact reactions; due to their weak mass,
free electrons very easily change occupation of the attached electrons of atoms. Several models
exist for the related cross sections and rate coefficients. For excitation and ionization of the first
three states of N and O, we have used the rate coefficients reported by Bultel et al. (11). Their
collisional radiative model for air has been previously used for weaker shock conditions (speeds
of 5-6 km/s).
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The cross sections proposed by Drawin proved to be efficient in similar conditions (25; 24), and
are thus adopted here for excitation and ionization of the higher states. We have expressed the
rate coefficients under an analytical form derived from integration of these cross sections over
a Boltzmann distribution at the electron Te. For an electronic transition from the i to j level,
where j > i, the rate coefficient ki→j is a function of the secondary quantum number l of each
level involved


• For an optically allowed transition (li 6= lj):


ki→j = 4π ve a2
0 α


(
EH
kB Te


)2


I1(a), (1)


where quantity ve = [8RTe/(πMe)]1/2 is the electron thermal speed; R, the univer-
sal gas constant; Me, the electron molar mass; a0 = 0.529 × 10−10 m, the first Bohr
radius; EH = 13.6 eV, the ionization energy of the hydrogen atom; α = 0.05; and
I1(a) = 0.63255 a−1.6454 exp(−a), with the reduced energy a = (Ej − Ei)/(kBTe).


• For an optically forbidden transition (li = lj):


ki→j = 4π ve a2
0 α


(
Ej − Ei
kB Te


)2


I2(a)


with the same notations and where quantity I2(a) = 0.23933 a−1.4933 exp(−a).


The reverse processes are based on the microreversibility principle, the reverse rate is calculated
from the equilibrium constant Keq(Te) = (gj/gi) exp(−a).
For ionization of an atom under electron impact, Eq. (1) is used with α = 1 and a reduced
energy a = (Eioni − Ei)/(kBTe), where Eioni is the energy of the ground state of the ion related
to that of the ground state of the atom.


1.1.4 Molecular elementary processes


The kinetic mechanism comprises:


• Dissociation of N2, O2, and NO by atomic or molecular impact / recombination,


• Dissociation of N2 by electron impact / recombination,


• Associative ionization / dissociative recombination,


• Radical reactions (including Zel’dovich reactions),


• Charge exchange.


For direct dissociation by molecular impact, the rate coefficients of Park et al. (56) are computed
at the average temperature (T Tvi)1/2, where symbol i stands for the index of the molecule being
dissociated. The reverse rates are computed at the gas temperature T based on the equilibrium
constant. The rate of the nitrogen dissociation reaction by electron impact and of the reverse
process is computed at the electron temperature Te based on the same reference.
Zel’dovitch reactions are known to greatly influence the distribution of nitrogen and oxygen
between atomic and molecular systems and contribute to the destruction of O2 and N2 and
the formation of NO. We have used the rate coefficients obtained by Bose and Candler (4; 5)
using a quasi classical trajectory method performed starting from an ab initio potential surfaces
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calculation.
The dissociative recombination of the molecular ions is known to play a important role in the
case of recombining plasmas (Guberman; 12). In addition, the inverse process, associative ion-
ization, allows for formation of the first electrons in many cases, such as in shock-tubes and
reentry problems, and consequently, explains many ionizing situations. In our case, since N+


2 ,
O+


2 , NO+ are present in the plasma described here, dissociative recombination has to be con-
sidered.


We have have extracted the rate coefficients compiled by Teulet et al. (69), Capitelli et
al. (15) and Kossyi et al.(39) those related to charge transfer (with possible reassociation of
atoms to form a molecule), reassociation, excitation transfer, ionization, and dissociation. Due
to the pressure levels involved in our CR model, we have also taken into account the previous
processes occurring when a third particle interacts. For further details, refer to (11).


1.1.5 Radiative processes


At speeds higher than 10 km/s, the radiative signature of heated N2 and O2 mixtures is mainly
due to the spontaneous emission of the N and O atoms. Since our atomic model is based on
grouping elementary levels having similar characteristics, the equivalent spontaneous emission
probability of each level has to be determined. Related data taken from the NIST (National
Institute of Standards and Technology) database (45) are given in Table 2). In total, we take
into account 45 spontaneous emission lines for N and 24 lines for O. The possible re-absorption
of radiation is estimated making use of an escape factor α. In the following analysis, we assume
that an optically thin medium is described by a value of α = 1, whereas for an optically thick
medium α = 0.


1.1.6 Shock-Tube flow solver


We have developed a one-dimensional flow solver, SHOCKING, to simulate air plasmas obtained
in shock-tube facilities, based on the model presented in (44). This model has been modified
to simulate reentries at speeds higher than 10 km/s. First, a radiative source term QRad has
been added in the equation that expresses conservation of the total energy. Indeed, radiative
transitions tend to deplete the flow energy for an optical thin medium. Second, a separate
equation for the energy of the free electrons has been considered since the flow is significantly
ionized.


1.1.7 Conservation equations


Post-shock conditions are derived from jump relations assuming frozen gas composition and
vibrational and electronic energy modes, the rotational mode being in equilibrium with the
translational mode. Then, the downstream flowfield is found by solving conservation equations
of mass, momentum, global energy, vibrational energy of the N2, O2, and NO molecules, respec-
tively, and a separate energy equation for the free electrons and species with electronic energy
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level populations assumed to follow Boltzmann distributions:


∂


∂x
(ρiu) = Mi ω̇i, i ∈ S (2)


∂


∂x


(
ρu2 + p


)
= 0 (3)


∂


∂x


[
ρu
(
h+ 1


2u
2
)]


= −QRad (4)


∂


∂x


(
ρuyme


V
m


)
= Mm ω̇me


V
m + ΩV T


m + ΩV V
m − ΩEV


m , m ∈ V (5)


∂


∂x
[ρu(yeee +


∑
i∈E


yie
E
i )] = −pe


∂u


∂x
+
∑
i∈E


Miω̇ie
E
i − ΩI − ΩE + ΩET + ΩEV (6)


where symbol S stands for the set of indices of the mixture species, V, the set of indices of the N2,
O2, and NO molecules, and E , the set of indices of the N+, O+, N2, O2, NO, N+


2 , O+
2 , and NO+


species, whose electronic energy populations are assumed to follow Boltzmann distributions.
Symbols N and O stand for the set of indices of the electronic energy levels of the N and O
atoms. Thus, the set of indices of the heavy particles is given by H = N ∪ O ∪ E and the set of
the mixture species by S = H∪ {e}. The mass density of species i reads ρi, and its molar mass,
Mi. The mixture mass density is given by the expression ρ =


∑
j∈S ρj , the mixture energy,


e =
∑


j∈S yjej , with the mass fraction yi = ρi/ρ, the mixture enthalpy h = e+ p/ρ, the pressure
p = ρRT


∑
j∈H (yj/Mj) +ρRTeye/Me. The species energy ei, i ∈ S, comprises the translational


and formation contributions [ee = eTe (Te) + eFe ] for electrons; the translational, electronic, and
formation contributions [ei = eTi (T ) + eEi + eFi ] for the electronic energy states N(i), i ∈ N , and
O(i), i ∈ O; the translational, electronic, and formation contributions [ei = eTi (T )+eEi (Te)+eFi ]
for the N+ and O+ ions; and the translational, rotational, vibrational, electronic, and formation
contributions [ei = eTi (T )+eRi (T )+eVi (Tvi)+eEi (Te)+eFi ] for all the molecules, where Tvi is the
vibrational temperature of the i molecule. The number of electronic levels used to compute the
energy of the ions and molecules is tuned to yield the best matching agreement between values
of the computed energies and the reference tables of Gurvich et al.(33). Energy of molecules
is computed assuming the rigid rotor and harmonic oscillator approximations. Spectroscopic
constants are taken from (33). Electronic specific data have been used for the vibrational and
rotational constants of the molecules.


1.1.8 Energy relaxation terms


Radiative losses are modeled by means of the QRad term in the energy equation. This term
represents the radiant power emitted per unit volume and is directly given by the expressions


QRad = α
∑
i,j∈N
j<i


(Ei − Ej)AijNi + α
∑
i,j∈O
j<i


(Ei − Ej)AijNi (7)


where Aij is the Einstein coefficient, Ni, the number density of the excited state, and α, the
escape factor.


At high speeds, it is important to account for the energy lost by the free electrons during
ionization and excitation of the atoms and molecules, as already stressed in (52)-(59). Otherwise,
electron impact ionization reactions, and in general all the reactions involving free electrons,
produce a large amount of free electrons without depleting their kinetic energy, thus enhancing
their production. This phenomenon may lead to an avalanche ionization with consequent related
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numerical problems, especially for high speed conditions. Here is an expression for the related
source terms for electron-impact ionization and excitation reactions


ΩI =
∑
r∈RI


ω̇e,rUr, ΩE =
∑
r∈RE


ω̇e,rUr (8)


where Ur is the reaction enthalpy of the r reaction, and ω̇e,r, the electron chemical production
term of the r reaction. Symbol RI denotes the set of indices of the electron-impact ionization
reactions, and RE , the set of indices of electron-impact excitation reactions. The first term ΩI


accounts for the energy removed by electron-impact ionization reactions, and the second term,
ΩE for the energy removal by electron-impact excitation reactions.


The rate of vibrational-translational energy transfer follows a Landau-Teller formula:


ΩV T
m = ρm


eVm(T )− eVm(Tvm)
τV Tm (T )


, m ∈ V. (9)


The average relaxation time is given by quantity τV Tm =
∑


j∈H(ρj/Mj)/
∑


j∈H[ρj/(Mjτ
V T
mj )],


where the species relaxation time τV Tmj is based on Millikan-White’s formula including Park’s
correction (52). For the vibrational-vibrational energy exchange, different formulations have
been tested. The one proposed by Candler (13) and modified by Knab et al (38) has been
chosen:


ΩV V
m =


∑
l∈V
NAσmlPml


√
8RT
πµml


ρl
Ml


ρm


(
eVm(T )


eVl (Tvl)
eVl (T )


− eVm(Tvm)
)


(10)


where the exchange probability Pml is assumed to be equal to 10−2, as suggested in (13). Sym-
bol µml denotes the reduced molar mass, and NA, Avogadro’s number.


The energy lost by electrons through elastic collisions with heavy particles is written as
follows:


ΩET =
3
2nekB (T − Te)


τETe (Te)
. (11)


The relaxation time is obtained from kinetic theory, 1/τETe =
∑


j 6=e(me/mj)νej , where the col-
lision frequencies read νej = (8/3)venjΩ̄11


ej .


To model the exchange between the vibrational energy and the free-electron energy, we only
consider molecular nitrogen, since this molecule is more efficient than O2 and NO for this kind
of process. This rate is assumed to follow a Landau-Teller formula:


ΩEV = ρN2


eVN2
(TvN2


)− eVN2
(Te)


τEVe (Te)
. (12)


The relaxation time taken from (10) is preferred to the analytical form of Lee (42) that overes-
timates the relaxation time by a factor of 2.3 (10).


Following the derivation of Thivet (70), the conservative system of Eqs. (2)- (6) is transformed
into a system of ordinary differential equations easily solved by means of the LSODE (57) library.


Collisional-Radiative Modeling in Flow Simulations  


9 - 10 RTO-EN-AVT-162 


 


 







1.2 Results: FIRE II


In this section, we apply the collisional radiative model previously described to FIRE II, a well-
known flight experiment from the 1960’s. One of the primary objectives of the Fire project
was to define the radiative heating environment associated with the reentry of a large-scale
Apollo vehicle at a velocity of 11.4 km/s. During this reentry, a large portion of the overall
wall heat flux was due to radiation. Most of the radiation (approximately 90%) comes from
atomic lines (37), thus, an accurate prediction of the populations of excited electronic states
of the atoms is crucial. The aim of the present work is to test the CR model for different
physico-chemical conditions, from electronic energy level populations in strong nonequilibrium
to populations following Boltzmann distributions. Starting from the earliest trajectory points,
we move to a description of a point approaching peak heating.


The first part of this section is devoted to thermal nonequilibrium effects in the flow. We
study the influence of separating the free electron energy from the vibrational energy and com-
pare our results for temperature and ionization degree with literature data. The rest of the
section is devoted to a detailed analysis of the physico-chemical state of the plasma for three
trajectory points: 1634 s, 1636 s, and 1643 s elapsed time from the launch. The validity of the
QSS assumption often used to compute the excited electronic states is investigated for the 1634
s case by comparing the electronic energy level populations of atomic nitrogen obtained with
the QSS assumption to the populations obtained by means of the full CR model.


The set of shock-tube operating conditions corresponding to the three trajectory points
investigated here can be found in Table 3. Free stream characteristic quantities are denoted
by the subscript 1, post-shock characteristic quantities by the subscript 2. Symbols u stands
for the shock velocity. The mole fractions of nitrogen and oxygen are assumed to be constant
through the shock (xN2 = 0.79 and xO2 = 0.21). We recall that, after the shock, the rotational
temperature is equal to the post-shock gas temperature T2, whereas the vibrational and electron
temperatures are still equal to the free stream gas temperature T1.


1.2.1 Analysis of the Fire II 1634 s case


We investigate the physico-chemical state of the plasma corresponding to the 1634 s trajectory
point. We show that the flow is characterized by strong thermo-chemical nonequilibrium and
depleted populations of the upper electronic energy levels of atoms.


1.2.2 Thermal relaxation


In this section, we estimate the influence of the assumption of thermal equilibrium between
the free electron energy/Boltzmann electronic energy and the vibrational energy of N2 on the
results. Two different assumptions are used: 1) Two separate temperatures: TvN2 , for the vi-
bration of N2 and, Te, for the translation of the free electrons and electronic excitation of the
species following a Boltzmann distribution; 2) One common temperature TvN2 = Te for all these
energy modes. After the shock, no electrons are present since we have assumed the chemistry to
be frozen in the jump relations. Moreover, the electronic populations of molecular nitrogen and
oxygen follow Boltzmann distribution at the free stream temperature T1. Figure 1 shows how
thermal nonequilibrium (TVN2


6= Te) is restricted to a narrow zone after the shock (≤ 0.4 cm)
and has a negligible influence on the evolution of the post shock temperatures and electronic
energy populations for atomic nitrogen. The populations of the higher energy levels computed
based on TvN2 = Te are overestimated in this zone. The thermal nonequilibrium zone is associ-
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ated with a small electron number density (see Fig. 2). As soon as the electron density becomes
significant, thermal relaxation is very fast, via the efficient EV energy exchange processes1.
Judging these discrepancies negligible, we have decided to assume that TvN2 = Te in the remain-
der of this work and to solve the following equations


∂


∂x
[ρu(yN2e


V
N2


+ yeee +
∑
i∈E


yie
E
i )] = MN2 ω̇N2e


V
N2


+ ΩV T
N2


+ ΩV V
N2
− pe


∂u


∂x
+
∑
i∈E


Miω̇ie
E
i


−ΩI − ΩE + ΩET (13)
∂


∂x


(
ρuyme


V
m


)
= Mm ω̇me


V
m + ΩV T


m + ΩV V
m , m ∈ {O2,NO} (14)


instead of Eqs. (5) and (6).


In Fig. 2.1, we compare our four-temperature profiles (T = Tr, TvN2 = Te, TvO2 TvNO)
with the two-temperature profiles (T = Tr, Tv = Te) obtained by Johnston (37). While the
vibrational free-electron temperature results agree quite well, discrepancies are found in the
relaxation of the ro-translational temperature.
Figure 2.2 shows the electron number density for different values of the escape factor α (from
0 to 1) and allows for the influence of the optical thickness on the results to be emphasized.
We can appreciate how the free-electron number density rises rapidly after a distance of 0.4
cm due to the electron-impact ionization reactions. In the optically thick case (α = 0), the
electron population reaches an asymptotic value, whereas in the optically thin case (α = 1), the
curve exhibits a maximum after which the plasma loses energy and recombines due to radiative
cooling.
In the same figure, we have also plotted the electron number density obtained by means of the
two-temperature model of Park (56) assuming a Boltzmann distribution among the electronic
energy levels. The rate of ionization obtained in this case is higher.


1.2.3 Composition and electronic energy populations


Characterization of the physico-chemical state of the plasma in the shock layer requires the
knowledge of the chemical composition, as well as the determination of the energy stored into
the internal modes. In Fig. 3, we examine the evolution of the different species concentrations.
We recall that only molecular nitrogen and oxygen are present after the shock. These molecules
first dissociate, in particular, molecular oxygen tends to completely disappear in favor of atomic
oxygen right after the shock, while the full dissociation of molecular nitrogen is delayed. Ion-
ization occurs simultaneously and produces free electrons, nitrogen atom ionization being more
efficient than ionization of the other species. Figure 3.2 shows electronic state specific popula-
tion profiles for atomic nitrogen. It is interesting to mention that the upper electronic states are
more reactive than the ground state and lower (metastable) states. Immediately after the shock,
the populations of the excited levels tend to equilibrate with the free electron populations that
are in nonequilibrium. Moreover, we can observe how the atom populations are mainly in the
ground electronic state at the beginning of the relaxation, consistent with the kinetic mecha-
nism assuming that dissociation of molecular nitrogen and oxygen generates atoms in the ground
state:


N2 + M 
 N(1) + N(1) + M
O2 + M 
 O(1) + O(1) + M


1It is worth to notice that thermal nonequilibrium could have been even larger if the relaxation time of Lee
had been used instead of the one of Bourdon and Vervisch.
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1.1: Temperature profiles
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1.2: Electronic energy level populations for
atomic nitrogen bm−3c : CR model at 0.2 cm,
0.4 cm, and 0.6 cm; Boltzmann distribution at
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Figure 1: 1634 s case. Comparison between the five temperature model with TvN2 6= Te (unbro-
ken line) and the four temperature model with TvN2 = Te (dashed line).
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Figure 2: 1634 s case. (a) Temperature profiles: CR model (unbroken line); Johnston’s re-
sults (37) (dashed line). (b) Electron number density profiles: CR model with escape factor
values of 0, 0.1, 0.25, 0.5, and 1 (unbroken line); simplified kinetic mechanism of Park et al. (56)
(line with circles).


The same assumption holds for all the other reactions (in particular for the Zel’dowich reaction
responsible for the atomic nitrogen formation). This assumption is justified since electronic
excitation mainly occurs via electron impacts; the number density of electrons is still low in the
post-shock region.
After this incubation distance, the number density of electrons significantly increases and the
electronic states of atoms thermalize. The electron-impact excitation processes:


O(i) + e− 
 O(j) + e−


N(i) + e− 
 N(j) + e−
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Figure 3: 1634 s case, number density profiles (a) Mixture species. (b) N(1), N(2), N(3), N(4),
N(10), N(20), N(30), N(40).


are fast and the populations of excited electronic states rapidly increase. The upper states are
then depleted, in particular by ionization and spontaneous emission, which explains the maxi-
mum found in the population profiles.


In order to characterize nonequilibrium of the populations, the number density of the elec-
tronic states of atomic nitrogen is compared in Fig. 4 with the Boltzmann and Saha distributions
at two locations after the shock. Both Boltzmann and Saha distributions are computed based
on the electron temperature Te by keeping the atomic nitrogen concentration constant. In log-
arithmic scale, they appear as two parallel straight lines of slope proportional to −1/Te.
In Fig. 4.1, at 0.7 cm from the shock, the CR model predicts that the ground and metastable
states follow the Boltzmann distribution, whereas the number density of the highly excited states
is much lower and tend to the Saha distribution. This phenomenon is typical of nonequilibrium
conditions encountered during high speed reentries. Excellent agreement is found with the re-
sults presented in (37).
Figure 4.2 shows the same quantities at 2.5 cm from the shock. Since we have moved at further
distance from the shock front, the flow tends towards equilibrium, and the Saha distribution
tends to the Boltzmann distribution. Our model predicts that the high lying excited states are
still being depleted by radiative exchange with lower states. We notice that at this location the
comparison with literature is not as good. Our results show a higher degree of nonequilibrium
than in (37), closer to the Boltzmann distribution.


1.2.4 Standard QSS approach


Quasi-steady-state models are often used in the literature (51; 37) to study electronic energy
level populations in strong nonequilibrium conditions, under which the hypothesis of a Boltz-
mann distribution does not hold. They constitute a valid alternative to the time-dependent CR
model presented in this paper when the characteristic time of the excited state processes is very
short with respect to the characteristic time of the flow. As a consequence, the set of mass con-
servation equations for the electronically excited states given in Eq. (2) can be expressed as a set
of non linear algebraic equations to be solved separately from the other conservation equations.
It is important to emphasize that this operation does not reduce the computational cost if the
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4.1: 0.7 cm from the shock front.
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4.2: 2.5 cm from the shock front.


Figure 4: 1634 s case. Electronic energy level populations for atomic nitrogen [m−3]: CR model
(line with circles), Boltzmann distribution (unbroken line), Saha distribution (dashed line), and
Johnston’s results (37) (black diamonds)


electronic energy populations are computed everywhere in the flow. The QSS assumption is only
desirable when the populations of excited states are probed at some locations of interest, for
instance along the stagnation line in multidimensional flow simulations, and therefore, allowing
for a drastic reduction of the computational cost versus the time-dependent CR model.
It is well-known that the regime of validity of the QSS assumption is strongly influenced by a
sudden change in the plasma conditions, such as after a strong shock where the electron density
is very scarce. Since the collisional processes are responsible of the equilibration of the internal
energy states, in particular the processes involving electrons as collision partners, a lack of elec-
trons contributes to the failure of the QSS assumption.


In this section, we compare the results obtained by means of the time-dependent CR model
to the standard QSS methods presented in (37; 51). First, we compute the profiles of the
flow characteristic quantities (pressure, temperatures, and composition) based on the effective
reaction rates of Park et al. (56) for air chemistry, widely used in the literature but different from
the mechanism given in section 1.1. Then, the QSS populations of excited states are computed
at a given location by solving the following system of ordinary differential equations


d


dt
yi =


Miω̇i
ρ


, i ∈ N1 ∪ O1 (15)


where the index i runs over all the excited states of N and O, including the metastable states.
Our approach, formally different from the system of nonlinear algebraic equations described by
the law of mass action, ω̇i = 0, i ∈ N1 ∪ O1, has an equivalent solution for t→∞. Our method
presents the advantage to overcome numerical problems sometimes encountered when using the
algebraic formulation (51; 37). The population of the ground states is retrieved by ensuring
that the total number density computed during the flow calculation is conserved in the QSS
calculation.


In the following analysis, we examine the first trajectory point at a location of 0.7 cm from
the shock front. We compute the electronic energy populations of nitrogen atoms based on three
models:
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1. Full CR: the time-dependent CR model described in section 1.1,


2. QSS Abba: QSS model with the same data for the atomic and radiative elementary pro-
cesses as in the full CR model,


3. QSS Park: QSS model with the energy levels and data for the atomic and radiative
elementary processes of Park (51).


The main differences between the various models are the coupling method and the sets of data
for the reaction rates. For both QSS models, the flow calculations have been performed by
clipping the reaction rates of (56) in order to avoid using them out of their validity range; the
translational temperature driving the rate constants has been limited to the value of 30 000 K.
Moreover, the free-electron energy loss term for electron impact ionization given in Eq. (13) is
computed based the expression suggested in (37)


ΩI = −ωN+IN
+ − ωO+IO


+
(16)


where IN
+


= 4.05× 108 J/(kg mol) and IO
+


= 4.30× 108 J/(kg mol), respectively. In the full
CR model, we recall that this term is directly computed based on Eq. (8) from the expressions
for the reaction rates intrinsic to the model, without any a priori hypothesis.
Figure 5 shows a comparison between the results obtained by means of the three models, the
Boltzmann distribution, and Johnston’s results. The full CR model and the QSS Abba model
yield electronic energy level populations in rather good agreement with Johnston’s results. The
QSS Abba model slightly underpredicts the population of the lower electronic levels. The QSS
assumption is a fair approximation at this location. The differences between the QSS Abba
results and the QSS results of Johnston are not well understood, they might be explained by the
different data for the electron-impact excitation rates of atoms or for the radiative processes.
The differences with respect to the QSS Park model for atomic and radiative processes are
significant: up two orders of magnitude for the upper levels above the metastable states.


In conclusion, the standard QSS approach seems to be valid, at this location, provided that a
correct set of reaction rates is chosen for the model. This choice should be based on a comparison
of the computed results with experimental data.
In the flow calculation, the need for a special adjustment for the effective rate constants of Park
et al. (56) (maximum temperature) and for the source term responsible for the energy removal
from the free electron temperature makes difficult its extrapolation to generic flow conditions.


1.2.5 Towards a simplified CR model


In the foregoing section, we have studied the standard QSS approach by comparing QSS results
and time-dependent CR results at one location in the flow. In this comparison, the reaction
rate data are not identical, for instance the rates of molecular elementary processes used in the
full CR model differ from the rates used in the QSS Abba model. In this section, we further
investigate the validity of the QSS assumption, based on the same set of reaction rates, at several
locations in the flow. This is a preliminary step to derive a simplified CR model for reentries at
speeds higher than 10 km/s, typical of Moon returns.


For this purpose, we compute the electronic energy populations of atomic nitrogen for the
first trajectory point (1634 s case) by means of the full CR model. From the calculation, we ex-
tract the profiles of the flow characteristic quantities (pressure, temperatures, and composition).
Then, the QSS populations of excited electronic states are computed at a given location by
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Figure 5: 1634 s case, 0.7 cm from the shock front. Electronic energy level populations for
atomic nitrogen [m−3]: full CR model (dotted line), QSS Abba model (line with diamonds),
QSS Park et al. model (56) (crosses), Boltzmann distribution (unbroken line), and Johnston’s
results (37) (black diamonds)


solving the system of Eqs. (15). This approach is called “simplified CR model” in the following.
The QSS distribution of excited states is computed by solving the set of Eqs. (15). In the first
model (simplified CR metastable) the index runs from i = 2 to the total number of electronic
levels for the atomic species, whereas in the second model (simplified CR) the metastable states
are considered in Boltzmann equilibrium with the ground state and i starts from 4. The latter
hypothesis is justified by the small difference in terms of electronic energy among the ground
state and the two metastable states which enhances the excitation due to impacts with light
and heavy particles promoting thermalization. At the instant t = 0 the initial population is
assumed to be Boltzmann at the prescribed pressure and temperature conditions2. A careful
analysis of the system (15), reveals that the population of the ground state and the one of the
two metastable states (for the second model, the simplified CR model) is needed in order to
close the system of equations. In the first case the population of the ground state is retrieved
summing the population of the excited states and subtracting this value to the total number
density given by the flowfield calculation.
The flow is investigated at three locations: 0.3 cm, 0.5 cm, and 1 cm from the shock. The
electronic energy level populations for atomic nitrogen are shown in Fig. 6. At 0.3 cm, the
populations obtained by means of the simplified CR model are higher than the populations ob-
tained by means of the full CR model; the QSS assumption is not valid in the near shock region.
This difference of populations is much more pronounced for the metastable states that follow
a Boltzmann distribution when the QSS assumption is used. At 0.5 cm, all the excited states
practically satisfy the QSS condition. After 1cm, no difference is noticed between the results
obtained by means of the two models. An explanation is found by examining the characteristic
time for the atomic excitation and ionization processes. For instance, we find that this charac-
teristic time for the first metastable state is of the same order of magnitude as the characteristic
time of the flow 5× 10−6 s computed at 1 cm from the shock.


2The initial distribution does not have any influence on the results that depend only on temperature, pressure
and the total number of atoms
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Based on this analysis, we recommend to keep the atomic metastable states as separate
species for this trajectory point and compute the upper electronic states by means of a QSS
model, in order to reduce the computational cost in multidimensional flow simulations. The CR
model could be used as a tool to derive effective reaction rates for the simplified mechanism
associated with this mixture of species and also the expressions for the free-electron energy loss
term for electron impact ionization and ionization reactions.
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6.1: 0.3 cm from the shock front.
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6.2: 0.5 cm from the shock front.
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6.3: 1 cm from the shock front.


Figure 6: 1634 s case. Electronic energy level populations for atomic nitrogen [m−3]: simpli-
fied CR model (line with circles), full CR model (line with diamonds), Boltzmann distribution
(dashed line).


1.2.6 Analysis of the Fire II 1636 s case


1.2.7 Thermal nonequilibrium effects


In order to demonstrate that the onedimensional flow solver SHOCKING is capable of repro-
ducing the main physico-chemical features along the stagnation line of reentry flows, except for
the boundary layer region, we compare our results to simulations obtained by means of vali-
dated flow solvers: Laura, DPLR (34) and the viscous shock layer code of Johnston (37). The
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comparison is carried out for the temperature and ionization profiles.
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7.1: Temperature profiles: comparison with re-
sults from literature (34)-(37). CR model with
escape factor values of 0 and 1 (unbroken line),
Laura code (diamonds), DPLR code (34) (cir-
cles), and Johnston’s results (37) (dashed line).
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7.2: Ionization degree profiles: CR model with
escape factor values of 0 and 1 (unbroken line),
Laura code (34) (line with diamonds), and John-
ston’s results (37) (line with triangles).


Figure 7: 1636 s case.


In Fig. 7.1, we show profiles of the translational temperature and the molecular nitrogen
vibrational temperature obtained by means of our CR model (T and TvN2) and of the two-
temperature reference models (T and Tv). Noticeable differences are found in the thermal
relaxation zone. The post-shock translational temperature obtained by means of the SHOCK-
ING code from the Rankine-Hugoniot relations is much higher than the values obtained by the
means of the Laura and DPLR codes and closer to the value obtained by Johnston who used
a discrete boundary condition (shock slip condition). Another possible source of discrepancies
is the absence of dissipative effects in the CR model. The vibrational temperature obtained by
the means of the CFD codes is higher than the frozen value. Fair agreement can be observed
among all the results for the vibrational temperature of N2. This is very important seeing its
close association with radiation, electronic excitation, and electron density(Park).
The optical thickness of the medium plays an important role in our simulations. The upper
curve (labeled α = 0) represents the optically thick case, and the lower curve (labeled α = 1),
the optically thin case. A lower temperature is obtained for an optically thin medium since the
flow energy is depleted by radiation.


In Fig. 7.2, we compare the results obtained for the ionization degree. In the case of an
optically thick medium, it reaches a plateau; a fair agreement is found with the literature.
Large differences are found when radiative cooling is taken into account since it reduces the
degree of ionization. Our model predicts that the ionization process is more rapid than the
model implemented into the LAURA code and into the viscous shock layer code.


1.2.8 Electronic energy populations


In Fig. 8, the electronic energy level populations are shown at 0.5 cm from the shock front,
for an electron temperature value of 12 883 K. We clearly see that the low electronic energy
levels tend to follow a Boltzmann distribution at the electron temperature, whereas, close to
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the ionization limit, the excited electronic states approach a Saha distribution at the electron
temperature. Since the channels between the low and high lying electronic states exhibit finite
ionization rates, a lack of free electrons may result in depleted populations for the highly excited
states. The distribution is no longer of Boltzmann type and the electronic temperature is no
longer defined.
The departures from the Boltzmann distribution, which are of the same order of magnitude for
atomic nitrogen and atomic oxygen, tend to reduce the radiative contribution to the overall heat
flux in the earlier parts of the trajectory. For this reason, attempts to estimate the radiative
flux assuming a Boltzmann distribution among electronic levels might lead to an overestimation
of this heat flux.
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8.1: Atomic nitrogen.
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8.2: Atomic oxygen.


Figure 8: 1636 s case, 0.5 cm from the shock front. Electronic energy level populations [m−3]:
CR model (line with circles), Boltzmann distribution (unbroken line), and Saha distribution
(dashed line).


1.2.9 Analysis of the Fire II 1643 s case


In this section, we analyze a trajectory point close to peak heating. Figure 9.1 shows that
the thermal nonequilibrium effects are located in a very narrow region near the shock. The
electronic energy level populations of atomic nitrogen at 0.5 cm from the shock are given in
Fig. 9.2. It is interesting to mention that these populations follow Boltzmann distributions in
the entire domain. These results are explained by the values of the post-shock pressure p2 given
in Table 3, much higher than for the first two trajectory points. At high pressures, the plasma
is dominated by collisional processes; thermal relaxation is enhanced and the electronic state
populations tend towards Boltzmann distributions.


1.3 Conclusions


In this work, we have studied the departure of the atomic electronic energy populations from
Boltzmann distributions for onedimensional air flows obtained in a shock-tube. The operating
conditions are taken from three points in the trajectory of the FIRE II flight experiment at
1634 s, 1636 s, and 1643 s elapsed time from the launch. The results have been obtained by
means of a multi-temperature fluid model fully coupled with an electronic-specific collisional
radiative model. We have compared the flowfield quantities and electronic energy populations
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9.2:


Figure 9: 1643 s case. (a) Temperature profiles with escape factor values of 0 and 1. (b)
Electronic energy level populations for atomic nitrogen [m−3]: CR model (line with circles) and
Boltzmann distribution (unbroken line), 0.5 cm from the shock front.


with literature (34; 37) and found a good agreement. We have also found that, for the first two
points of the trajectory (1634 s and 1636 s), the electronic energy level populations of the N
and O atoms depart from Boltzmann distributions since the high lying bound electronic states
are depleted. The analysis of the last trajectory point (1643 s) reveals instead a Boltzmann
distribution among the electronic levels.


An analysis of the state of the flow for the first flight condition (1634 s) led us to the conclu-
sion that the excited species of atoms satisfy the quasi-steady-state assumption, except for the
two metastable states. As a consequence, the global rate coefficients and free electron energy
loss terms could be derived in the steady state based on our model, considering however the
metastable states as separate pseudo-species governed by their own chemical-kinetic mechanism.
Moreover, the validity of the standard QSS approach widely used by the aerospace community
has been tested; the results obtained by means of our full CR model and the standard QSS model
are found in good agreement. It is important to mention that the full CR model is more general,
since the parameters governing the free-electron energy losses by electron impact ionization are
obtained from the expressions for the reaction rates intrinsic to the model, without any a priori
hypothesis.
Finally, we have shown that the populations of high-lying excited states of atoms obtained by
using the rates of Park (51) for electron-impact excitation and ionization reactions are up to
two orders of magnitude higher than the populations obtained by using the rates of Bultel et
al. (11), consistent with the result of Johnston (37).
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2 Comparison with EAST experiments


The analysis presented in this section has been carried out in collaboration with Dr. Yacine
Babou (Researcher Engineer at von Karman Institute for fluid dynamics).


Introduction


The present work is committed to the partial validation of the electronically specific collisional-
radiative model, thoroughly described in § 1, ((11; 49; 48)) (indicated in the following as Abba
model), against the recent measurements (28), given in Ref. (36) and performed in the EAST
shock tube facility. The analysis allows us to extract useful information concerning the accuracy
of the collisional and radiative mechanisms used and at the same time to gain some insight on
the chemico-physical processes occurring behind strong shock waves.


In section § 2.1, we briefly recall the features of the physico-chemical models implemented in
the SHOCKING code and we describe the modifications introduced in the ABBA model in or-
der to improve the modeling of the excitation and ionization by electron-impact and to enhance
the agreement with the experimental results. The choice to focus our attention on the atomic
processes is justified by the fact that, at high temperatures and for high speed re-entry (≥ 10
km s−1), the contribution of the radiative component to the heat flux is dominated by atomic
lines and continuum radiation (37; 6; 36; 49), the molecules being almost completely dissociated
in this temperature range. More extensive description of the model employed can be found in
Ref. (49; 48; 11)


The radiation prediction, described in section § 2.2, is carried out on the basis of the ad-
vanced tools available at the EM2C laboratories (Le laboratoire d’Energetique Moleculaire et
Macroscopique, Combustion, www.em2c.ecp.fr), based on the spectroscopic database dedicated
to the study of the radiative transfer inside air plasmas under chemical and thermal equilibrium
in the temperature range 300 − 25000 K (17; 18; 23). Atomic lines which constitute the focus
of the present investigation have been taken from the NIST database (45).The influence of the
velocity and the pressure on the radiative signature of the plasma is analyzed using high reso-
lution spectra and radiative source strength.


The section of results § 2.3 is divided in three parts. We first analyze the physico-chemical
state of the plasma in the post-shock relaxation zone in terms of temperature profiles and
population densities of the electronic levels of the atoms.
We move then to the analysis of the radiative properties of the shock layer, comparing the
simulated radiative signature with the experiments. Considerations on the optical properties of
the gas, i. e. optical thickness, are also discussed in this part of the manuscript.
In the last part of the section we focus our attention on the influence of the chemical kinetics on
the results. In this part a new set of cross sections for the elementary processes of excitation and
ionization is also tested. Moreover the influence of the shock speed on the radiative intensity
is investigated, analyzing in detailed the influence of the ionizational nonequilibrium on the
radiative signature.


2.1 Physico-Chemical modeling


Numerical predictions are carried out by making use of two different codes: SHOCKING
code(48; 49) for the flowfield calculations and the radiation code solver developed at EM2C
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for the study of radiative processes.


The first numerical tool is used to model the chemico-physical phenomena taking place in the
relaxation zone behind a shock waves, whereas the second code is used to model the radiative
signature of the high temperature gas.


SHOCKING describes the post-shock relaxation area by means of 1D Euler equations fully
coupled with a set of equations describing the thermal relaxation processes (§1.1.7). In the
present contribution only one temperature TV is used to describe the nonequilibrium relaxation
process for vibration and electronic excitation processes of the molecules, and therefore a com-
mon temperature is used to describe the internal vibrational and electronic energy stored into
the gas.
When equilibrium among the vibrational levels of all the molecules is assumed the vibrational
and electronic conservation equation takes this form:


∂
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(17)


The collisional radiative model is coupled with the flowfield model to determine the evolution
of the electronic population densities of the atoms. The populations of the internal levels of the
atoms are modeled by means of a CR model writing a master equation for each electronic level
considering it as separate pseudo-species. Conservation equations of mass, momentum, global
energy, vibrational and free-electron-electronic energy are solved simultaneously, as opposed to
Lagrangian methods (44) and quasi-steady-state approximations (7; 37) where the electronic
populations are determined subsequently to the flow calculation.


2.1.1 Kinetic mechanisms


Behind strong shock waves population of the electronically excited states is assumed to depart
from equilibrium distribution (Boltzmann) and to be governed by finite rate chemical kinetics.
A detailed description of the processes that populate and de-populate the electronically excited
states can be found in Ref. (20; 51). In the present work, rate constants for elementary processes
for radiative and kinetic transition are taken from Ref. (11). Moreover in order to assess the
influence of the kinetic processes on the results we have decided to modify the kinetic data set
that governs the excitation and ionization by electron impact. Since the electronic excitation of
atoms directly affects radiation, a direct comparison with the measured intensity diagrams can
give an idea of the accuracy of the model used. The importance of the atomic line radiation
for high speed entry conditions has been discussed in Ref. (6; 36) and justifies the need for a
sensitivity study.


2.1.2 Excitation by electron impact


The nonelastic cross sections for ionization and excitation by electron impact exhibit a surprising
degree of regularity and have been the subject of considerable theoretical research (46). Several
”universal” formulas for these cross sections have been proposed.
The original set of rate constants implemented in the Abba model is based on direct integration
of Drawin(25; 24) cross sections. In the following different kinetic mechanisms will be tested:


• Gryzinski cross sections(31) rely on the hydrogenic assumption and are derived based on
classical calculations. Although Gryzinski calculations are based on classical mechanics
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several ad-hoc assumptions are made in obtaining the final results and so to some extent
these results may be view as semi-empirical as Drawin’s formula.


• Frost et al.(27) performed R-matrix calculations for atomic nitrogen in the energy re-
gion below 50 eV . Collision strengths were calculated for optically allowed and forbidden
transitions involving energy levels with principal quantum number ≤ 3. Spectroscopic
measurements have been performed in the theoretically uncertain near-threshold region.


2.1.3 Ionization by electron impact


Two different formulations (Ref. (24) and Ref. (37)) for the electron impact ionization are used
in the present contribution, and both are based on the work of Drawin. The first model is
used in the baseline Abba model (11), whereas the second model is used in the CR model of
Johnston (37). It is important to notice that a direct comparison of the rate constants shows a
difference of 1 order of magnitude for the two models.


2.1.4 Models used in the investigation


The different models for the elementary processes described in the foregoing sections together
describe the excitation and ionization processes of the atomic species. In the present section we
briefly describe each of the models used in the investigation.


Abba model constitutes the baseline model and has been thoroughly described in Ref. (11;
48; 49)


Abba TCNQ uses the set of kinetic data provided by Abba but the energy exchange source
terms among internal energy modes have been changed with respect to the Abba models. In
particular, this model accounts for preferential dissociation phenomena (29), diffusion model of
Park (51) for the VT relaxation and we make use of the electronic energy reactive source term
described in Ref. (37).


Abba Modified is based on the Abba model, however an updated set of reaction rate constants
is used for the excitation and ionization of atoms by electron impact. In particular, the model
of Frost et al.(27) has been used for the excitation of the ground state and the two metastable
states to the upper states. For the missing reaction we resort to the work of Gryzinski (31).
Ionization by electron impact is modeled as described in Ref. (37)


Moreover in order to assess the influences of the each set of reaction we define the following
model Abba Frost and Abba Gryzinski. In order to clarify the differences among the different
tools of the investigation we summarize in Tab. 4 all the features of the kinetic models.


2.2 Radiative properties prediction


The radiative signature of the considered plasma being considered is determined on the basis
of the advanced tool developed and available at the EM2C laboratory and partially presented
in various contributions (see (62; 18; 58; 17; 23; 2; 40; 3)). This tool allows for calculation of
non equilibrium O-C-Ar-N mixture plasmas at high temperature, high resolution emission and
absorption spectra due to bound-bound, bound-free and free-free transitions over a wide spectral
range from the VUV to the far Infrared. Without entering into details, this tool includes an
exhaustive and reliable spectroscopic data base, described in Refs. (18; 17) for O2-N2 mixtures,
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combined with suitable emission and absorption expressions, presented in Ref. (40) in the frame
of a two temperature description of the thermodynamic state of the plasma. For all the radiative
mechanisms, except for N and O bound-bound transitions radiative properties are calculated
using expressions provided by Ref.(40). According to the state-by-state description considered
here for N and O energy level distributions, adaptations were carried out in some extent for the
calculation of radiative properties due to the bound-bound transitions. Similar improvements
may also be made for the photo-ionization since detailed absorption cross-sections are available
in the TOPBASE databases (67), but are not required in the present contribution since the
present work is dedicated to the N and O radiative bound-bound transitions.


For N and O radiative bound-bound transition from an upper level i to a lower level j the
corresponding emission and absorption coefficients are obtained using the usual expressions :


ησ = ni
Aij
4π


hcσijf(σ − σij) (18)


κσ = (njBji − niBij)hσijf(σ − σij) (19)


where ni (respectively nj) is the population of the upper (respectively lower) level; Aij , Bij
and Bji are the Einstein coefficients respectively for spontaneous emission, induced emission
and absorption processes; σij is the transition wave number and f(σ − σij) is the spectral line
profile shape which accounts for collisional and Doppler broadening; h and c are the Planck
constant and the light velocity. Wave number and Einstein coefficient values are taken from the
NIST (45) databases. The collisional line width, including van der Waals, resonance and Stark
broadening was estimated in the frame of the semi-classical adiabatic approximation (see (58)).


Note that the code SHOCKING provides density numbers for ”pseudo” electronic levels
corresponding in reality to grouped electronic levels according to their fine structure energy
levels and to their electronic configurations for highly excited levels. For electronic levels i
belonging to the grouped level k, the required population ni for individual levels is calculated
assuming that the levels i are in Boltzmann equilibrium at TV according to :


ni = nk
gk
gi
exp


(
−Ek − Ei


kBTV


)
, (20)


where the population nk is provided by the CR calculations. The energy Ek of the group
(respectively the degeneracy gk) is related to the corresponding individual energy levels Ei


(respectively degeneracy’s gi) through Ek =
P
i giEi
gk


(respectively gk =
∑


i gi).
For the other levels which are not considered in the Abba model (energy levels above 14.31962


eV for N and above 13.48156 eV for O), we assumed that they are in Saha-Boltzmann equilibrium
with the free electrons, thus the population ni of the energy level Ei is determined according to
:


ni = NANel


(
h2


2πmkBTV


) 3
2


gi
exp


(
− (Ei−Eion)


kBTV


)
2QA(TV )


(21)


where Nel and NX designate the concentration of respectively the electrons and the atomic
specie A (which is O or N). QA(TV ) is the partition function of the atomic specie A; gi is the
degeneracy of level i; Eion is the ionization energy corrected from the Debye ionization lowering
and m is the reduced mass.


2.3 Results


The investigation of the reliability of the physico-chemical models considered in this study
is carried out by comparing the predicted post-shock radiation to the measured post shock
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radiation for relevant test conditions. The suitable measurements for this purpose are provided
by the recent experiments carried out with the NASA Ames EAST facility. The EAST facility is
a 10.16 diameter shock tube with an electric arc-heated driver. The arc in the driver is supported
by a capacitor bank which can store up to 1.24 MJ of energy heated at 40kV (see Refs. (63; 64)).


The EAST experiments considered in the present work were dedicated to the absolute mea-
surements of the intensity profile behind an air moving shock. The pressure of the driver gas
(He/Ar mixtures) was maintained at 0.1 and 0.3 Torr, and the velocity was targeted to 10 km.s−1


and measured with an uncertainty of 1.5%. The intensity emitted in the normal direction to the
propagation as the shock passed by the test section window was recorded using optical benches
including two 0.3 m imaging spectrographs coupled at the exit focal plane, along with various
intensified cameras for measurements in UV, visible and infrared spectral ranges. The spectral
resolutions of the cameras ranged from 0.08 to 2 nm and with exposure time ranging from 0.015
to 0.98 µs. Detailed description of the measurement campaign, including the test matrix and
the instrumentation, is documented in Ref.(28), and the calibration procedures and sample error
analyses are reported in Ref.(8; 30).


The EAST measurement campaign was very fruitful, and the recorded spatially and spec-
trally resolved spectra are still under post-processing; therefore only few data are published.
Since they are still classified, experimental data considered in this study are taken from the
literature in a crude manner. We used the intensity profiles measured in the spectral range
700-1020 nm and available and analyzed in Ref.(36) for the test cases documented in Table
5. The experimental data analysis has revealed that the radiation is mainly due to N and O
bound-bound transitions. The measurements are presented in terms of spatial absolute inten-
sity profiles Iexp∆λ (x) spectrally integrated over a suitable wavelength range ∆λ to emphasize
the contribution to the emission of well defined electronic levels. The spectral ranges and the
corresponding upper grouped levels are detailed in Fig. 10. For the high pressure cases (0.3
Torr), the radiation was found to rapidly achieve the equilibrium. For the low pressure cases (0.1
Torr), the distribution of the observed N and O emitting energy levels was found to be different
from the Boltzmann one along the distance away from the shock up to 4 cm. The measured
radiation contains useful information as far as the population of some excited N and O atomic
levels is concerned, which allows for the aimed investigation of the reliability of the considered
kinetic models (see Sec. 2.1) for the prediction of the non-equilibrium post-shock excitation as
well as relaxation stages. The temperature and population profiles predicted on the basis of the
models described in Sec. 2.1, and the resulting radiative properties, determined by combining
the tool presented in section Sec. 2.2 to the calculated temperatures and number densities, are
presented below. Then, comparisons of the predictions to the measurements are presented and
discussed to suggest some possible improvements for the Abba set of data for kinetic reactions
involving N and O atoms.


2.3.1 Thermo-chemical state and radiative signature predictions


The aim of the present section is to describe the physico-chemical state of the plasma flow in
the post shock region for the test conditions corresponding to Case 3 and 4. In the first part
of the section, temperature profiles and composition are presented and discussed whereas the
remaining part is devoted to the study of the evolution of the population of excited states and
the influence of the excitation model on the results.


Figure (11.1) shows the evolution of the temperature profiles in the post shock region. Across
the shock the internal energy modes are assumed to be frozen as well as the chemistry, whereas
we use Rankine-Hugoniot’s jump relations to estimate post shock pressure, velocity and trans-
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Figure 10: High resolution emission coefficient predicted for Case 1 at 4 cm downstream from the
shock. The considered spectral ranges ∆λ are detailed. The corresponding main contributing
electronic levels are indicated using the nomenclature of Ref. (48; 49).


lational temperature.
We remind the reader that TV describes the vibrational and electronic temperature of the
molecules and the energy stored in the translational mode of the free electrons. The inter-
nal energy stored in the energy modes of the atoms is computed by means of the CR models,
which gives directly the populations of the excited states.
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Figure 11: Case 3-4. Post shock temperature [K] and concentration profiles [m−3].
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In Fig. 11.2, we examine the evolution of the different species concentrations. Right after the
shock molecular oxygen quickly dissociates whereas the dissociation of the nitrogen is slower. At
higher shock velocities, however dissociation tends to proceed faster than ionization so that the
rate equations for ionization may be decoupled from the dissociation reactions assuming that
dissociation is complete.
Since the concentration of N+ and free electrons are very close in the diagram we can assume
that most of the electrons are created by ionization of the atomic nitrogen.
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Figure 12: Case 3. Populations evolution of the electronic states of atomic nitrogen and oxygen.


Figure (12.1) shows the evolution of the electronic states of atomic nitrogen and oxygen. As
we shall see in the next sections those states are responsible for the bound to bound radiation
emitted in the spectral range from 700 nm to 880 nm (Case 1-3). The foregoing spectral range
is believed to be almost completely thin(36) for the flight conditions corresponding to Case 3
and this gives us the possibility to have direct access to the population density of the emitting
states (with emission measurements) and to validate in this sense the accuracy of the CR model
proposed.


Excitation by electron impact is the main channel of excitation of atoms, and electron density
has therefore a crucial importance in the evolution of the electronically excited states. Electron
impact excitation reactions are fast and the populations of excited electronic states rapidly in-
crease. The upper states are then depleted, in particular by ionization and spontaneous emission,
which explains the maximum found in the population profiles. The maximum in the population
corresponds to a maximum in the radiation that, as we shall see, exhibits the same peak in the
nonequilibrium zone after the shock.


The population profiles for the atomic oxen (O(6)) and (N(10)) is depicted in figure (12.2).
The use of the Frost’s rate constants does not affect the population profile of O(6) as ex-
pected since the set of reaction rates proposed by Frost concern the excitation from ground and
metastable states to the excited states of nitrogen atoms.
The Gryzinski cross sections instead promote the excitation of O(6) enhancing the overshoot
in the population density profile. Electron impact ionization reactions do not seem to affect in
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significant way the evolution of the profile in the overshoot region.


2.3.2 Comparisons with experiments and analysis


For comparisons with the measured intensity profiles Iexp∆λ (x) taken from (36), the intensity
profile was first predicted using the radiative transfer equation for the intensity resulting from
a constant property line of sight. Assuming that the radiation coming from the wall at the
opposite side of the window is negligible in ∆λ, the intensity profile Iλ(x) for a given location x
may be written as :


Iλ(x) =
ηλ(x)
κλ(x)


(1− e−κλ(x)D) (22)


where the shock diameter D is assumed to be equal to the shock-tube test section diameter
10.16 cm; ηλ(x) and κλ(x) are the emission and absorption coefficients at the location x. The
intensity Iλ(x) was then spectrally integrated over well defined narrow wave length ranges ∆λ
detailed in Fig. 10, and the intensity profile Isim∆λ (x), simulated under experimental conditions,
was obtained by convoluting the resulting spatial profiles of the integrated intensity to a gate
function normalized to one to take into account the non negligible spatial smearing due to the
post-shock transit during the acquisition time :


Isim∆λ (x) =
1


∆x


∫ x+∆x


x


(∫
∆λ


Iλ(x′) dλ
)
dx′, (23)


where ∆x is equal to the shock velocity vs multiplied by acquisition time τacq.


The overall comparisons, for the four cases investigated, are gathered in Figs. (13) and (14)
to outline some peculiarities of the predictions. The high pressure cases 1 and 2 are characterized
by a fast and abrupt rise of the intensity profile corresponding to the excitation stage of the
post shock flow. Also, we observe that at higher velocity, the equilibrium stage (or plateau) is
reached earlier. For the low pressure case 3 (see Fig. (13) (on the right)), the intensity presents
a pronounced peaked shape profile located at about 0.7 cm, followed by a slightly decreasing
profile indicating that the flow still may be in the relaxation stage at 4 cm. For the low pressure
case 4, the intensity profile, shown in Fig. (13) (on the right) increases slowly over the whole
spatial range suggesting that, similarly to Case 3, the equilibrium may not yet be achieved at 4
cm possibly due to a lower number of collisions than in the higher pressure cases. The intensity
profile presents also a little burst, which is not predicted, situated at about the same location
as the peak observed for Case 3.
The measured intensity profiles for Cases 2 and 4 are compared to the predicted profiles using
the Abba baseline model with the assumption that the plasma is optically thin (Λ = 1) and,
alternatively that the radiated energy is fully absorbed in the VUV (Λ = X) and in the overall
spectral range (Λ = 0). For Λ = 1, the population of electronic levels is ruled by collisional
processes and by the only possible radiative de-excitation processes from higher levels since the
radiated energy is not absorbed and completely escapes the plasma. This leads to the decrease
in the population of the emitting, (radiative cooling) beyond a distance at about 1 and 2 cm,
for Cases 2 and 4 respectively. This is in contrast to the calculations for Λ 6= 0 for which the
contribution of the radiation balances the collisional depletion. The prominence of the radiative
process within the VUV spectral range in the balance is revealed by the agreement between the
Λ = 0 and Λ = X calculations. The considerably flat shape of the measured profiles far behind
the shock is attributed to the negligible radiative energy escaping. Comparisons with optically
thin calculations show that the excitation as well as the plateau regions are significantly thick
for Case 2 (similar features were observed for Case 1). Cases 3 and 4 were found to be only


Collisional-Radiative Modeling in Flow Simulations 


RTO-EN-AVT-162 9 - 29 


 


 







slightly thick and can be reasonably considered as thin, except for the spectral range 760-800
nm corresponding to the well known oxygen triplet transitions (as it will be shown below), and
in a less extent for the spectral range 931-952 nm.


The influence of the kinetic models considered for the ionization and dissociation mechanism
is shown in Figs. 14 for the cases 1 (on the left) and 3 (on the right), where the calculations
obtained for Λ = 0 are compared to the measurements. For the high pressure case 1, a slight
influence is observed in the rise of the radiation, corresponding to the non equilibrium stage of
the flow confirmed by the departure to the Boltzmann Abba Modified calculations. The influ-
ence for the high pressure case 2 was also found to be weak. The influence of the kinetic models
is more pronounced in the peak for the low pressure case 3 whereas it remains weak in the
quasi-plateau region and the Abba Modified calculations are found to be higher than the Abba
profiles. Also, the peak region is characterized by a strong departure of the measurements and
calculation to the Boltzmann Abba Modified calculations. The calculations disagree almost by
50% in the peak region and agree in the plateau. Despite a disagreement with the measurements
over the whole spatial range, the comparison with the experiments suggest that the Abba Modi-
fied, based on updated kinetic models for ionization and excitation processes, can be considered
as an improvement. The influence of the model Abba TCNQ used for the thermal relaxation
(see Sec. 2.1) is also presented in Fig. 14 and was found to be too weak for the overall cases
to justify a refined investigation, in comparisons to the effect of the kinetic models. The overall
comparisons show a quite satisfactory agreement except for Case 3, however discrepancies with
the measurements remain acceptable (less than 50 % for the Abba modified calculations). For
Case 2, the measurements remain over the entire spatial range between the intensity profiles ob-
tained for velocities vs−1.5% and vs+1.5% (corresponding to the experimental uncertainties on
the velocity). The measured profile for Case 1 belongs to the vs±1.5% profiles range only in the
plateau region whereas some discrepancies are observed in the excitation stage. The calculated
intensity profiles for Case 4 are slightly underpredicted. Nevertheless, the profile calculated with
vs + 1.5% is in quite good agreement with the measurements although the intensity burst at
about 0.7 cm is not reproduced.
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13.1: Case 2. Shock speed 9880 m.s−1
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13.2: Case 4. Shock speed 10340 m.s−1


Figure 13: Case 2-4. Comparison among experimental and simulated radiative intensity profiles.


The possible reasons for the observed disagreement may have various sources. The influ-
ence of the uncertainty of ±1.5% on the velocity measurements has a significant effect as it
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was shown. The uncertainties on the Einstein coefficients (which remain lower than 10 % for
the most important transitions) and on the Stark broadening width (which acts mainly on the
pronounced optically thick cases 1 and 2) are not sufficient to explain the disagreement obtained
for the low pressure cases. The kinetic models have also revealed a important influence on the
predictions for the non equilibrium regions.
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14.1: Case 1. Shock speed 9165 m.s−1
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14.2: Case 3. Shock speed 9989 m.s−1


Figure 14: Case 1-3. Comparison among experimental and simulated radiative intensity profiles.


The impact of the different kinetics models considered (see Sec. 2.1), on the population
density of the excited levels is detailed in Figs. (15-16) for Cases 3 and 4. The intensity profiles
predicted in two narrow spectral ranges corresponding to the N(10) and O(6) levels for Case 3
and N(31), O(10) for Case 4 and are also compared to the experiments. The calculations were
performed by combining the Abba baseline model with the various updated kinetic models for
the ionization and excitation combinations presented in Table 5.


The analysis of Case 4, in Figure (15), shows rather good agreement with the experimental
data. The distance needed to reach the plateau is the same for experiments and numerical
simulation. The same figure presents results obtained neglecting the self-absorption, leading
to the conclusion that the optical thickness of the gas in this spectral range is negligible. The
influence of the model for this case are found negligible since all the volumetric emission profiles
are overlapped for the different kinetic mechanisms.
As far as this case is concerned our results seem to match quite well with the prediction given
in reference (36), since the departures among the simulated curves and the measured ones are
similar.


Figure (16.1)-(16.2) describe the evolution of the radiative signature produced by N(10) and
O(6) respectively. We notice a different behavior for the two atomic lines, while the nitrogen
atomic line is not strongly self-adsorbed, the O triplet line depicted in Figure (16.2) is strongly
self-adsorbed. Focusing our attention on Figure (16.1) we can see that the baseline Abba model
underestimates the peak of radiative intensity by 83%, whereas the modified Abba underesti-
mate the peak region by 66%. The improvement is mainly due to the use of rate constants
computed by Frost et al.(27), this can be argued by the fact that adding the Gryzinski’s cross
sections have a negligible impact on the results. Figure (16.2) shows perfect agreement with
the experimental data for the thin case and the modified Abba model. However when the self-
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Figure 15: Case 4. Comparison among experimental and simulated radiative intensity profiles.


absorption is accounted for the same kind of under-prediction obtained for the other nitrogen
line can be observed. As expected Frost’s model plays no influence on the results, as expected
since it applies only for the atomic nitrogen. In this case however the modified Abba model can
take advantage of the cross sections due to Gryzinski that accounts for the increase of the peak
in the radiation intensity.


Globally we can conclude that the modified Abba model improves the agreement with the
experimental results performed on the EAST facility.
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16.1: Spectral integrated profiles ∆λ = 700− 760
.
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16.2: Spectral integrated profiles ∆λ = 760− 800


Figure 16: Case 3. Comparison among experimental and simulated radiative intensity profiles.


Further insight into this comparison is gained from inferring the number densities of the ra-
diating levels from the measured intensities as explained in Ref. (36). The results are plotted in
Figure (17.1-17.2), where the normalized population, i.e. the population of the electronic levels
divided by the degeneracy of the corresponding level, is depicted as a function of the energy ex-
pressed in eV. Figure (17.1) describes the population densities of the electronic states of atomic
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nitrogen at a distance of 0.65 cm from the shock front and corresponds to the shock condition
of Case 3. Figure (17.2) describes the excitation of the atomic nitrogen for the shock conditions
of Case 4 and at a location of 1 cm from the shock front. The consistent under-prediction of the
measurements is indicated by the underpopulation of the corresponding radiating levels and is
in good agreement with the numerical predictions. Generally speaking the predicted population
densities are underestimated by (50%) for Case 3, whereas the agreement is quite good for Case 4.
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17.1: Case 3. Normalized population of the elec-
tronic states of atomic nitrogen at 0.65 cm from
the shock front.
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Figure 17: Electronic energy level populations [m−3]: CR model Abba Frost (line with circles),
Boltzmann distribution (unbroken line), and Saha distribution (dashed line).


As a concluding discussion, the strong influence of the velocity on the feature of the radia-
tion for the low pressure case is investigated below. For high speed flight conditions molecules
quickly dissociate and radiation is mostly produced by atoms. Atomic radiation depends on the
electron density as well as the free-electron temperature (in our case TV ), which are affected by
the nonequilibrium ionization process (52). In order to correctly describe the radiation mecha-
nism an accurate description of the ionization process is required.


It is well known (52) that the number of chemical reactions involved in the nonequilibrium
ionization processes occurring in air shock increases with the velocity. At low velocity, the elec-
trons are mainly produced by the associative ionization process, i.e. N + O→ NO+ + e−, since
the direct ionization of N and O is forbidden for energy reasons. The efficiency of this process is
determined by the decrease in the ionization threshold resulting from the chemical bond energy
of the molecular ion (20).


At intermediate velocity (about 8-9 km.s−1), charge exchange is added to the first process.
Let us consider for example the following reaction, NO+ + N → NO + N+. When the rates
for charge exchange are high, a great amount of N+ is formed, at expenses of NO+, formed by
associative ionization. NO+ reacts with N, produced by dissociation of N2. In these conditions,
the production of N+ leads to a decrease of the role of the direct formation of N+ by electron
impact on N, and as a result an increase of the ionization distance can be observed.
For high velocity, the density of the produced electrons becomes sufficient to activate the elec-
tronic avalanche through the electron impact ionization N + e− → N+ + 2e−, leading to the
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exponential rise of the electron density. It is interesting to note that the impact that this mecha-
nism has on the ionization rate is limited by the loss of the electronic thermal energy during the
electron impact ionization process (51; 20; 52). Indeed a high rate of ionization suppresses the
electron thermal energy by this mechanism. The evolutions of the calculated intensity profiles
and electron density, in the velocity range 9-10 km.s−1, are given in Fig. (18.1)-(18.2) respec-
tively, with the Abba-Modified model. The two sets of profiles present similar features: at 9
km.s−1 they are characterized by pronounced peaked shape in the nearest region after the shock
followed by a plateau. Increasing the velocity, it is observed that, the plateau rises much more
rapidly than the peak removing the overshoot at about 10 km.s−1.
Similarities in the evolution of electron density (in Fig. (18.2) and population of the excited lev-
els (in Fig. (12.1) is justified by the fact that excitation is mainly ruled by the electron-impact
processes because of the high degree of ionization (excited states are in equilibrium with the free
electrons).
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18.1: Radiative intensity as a function of the
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Figure 18: Influence of the speed on the radiative intensity profiles.


This transition from a peaked to a monotonic electron density profile is due to the competition
between various processes contributing excitation de-activation of the excited states mainly
occurring because of the interaction with electrons. The contribution to the net rate of electron
production are detailed in Fig. (18.1) and Fig (18.2) for 9 km.s−1 and 10 km.s−1 respectively.
At 9 km.s−1, the net rate becomes negative leading consequently to the observed drop of the
electron density at about 1 cm, whereas at 10 km.s−1 ω̇e remains positive. For the two cases, the
negative value for the associative ionization net rate is due to the predominance of the backward
reaction induced by a sufficient chemical depletion of the atomic neutral species N and O to
reverse the balance.


Increasing the velocity, we observe that this behavior is reduced, and from 9 km.s−1 and
10 km.s−1 the contribution due to the electron-impact ionization increases 5 times whereas the
associative ionization contribution is increased by only 2 times. As a consequence at a certain
velocity threshold, where the electron loss by the reverse associative ionization is always com-
pensated the total net rate remains positive after the shock.


Figures (19.1-19.2) show the influence of the kinetic model on the electron impact ionization
process. As shown in the figures the major influence is played by Frost kinetic rates which affects
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19.1: Electron production terms 9 km.s−1. Un-
broken lines refer to the Abba model, whereas
dashed lines refer to Modified Abba Model.
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Figure 19: Influence of the shock speed on the electron production term [mole .s−1.m−3]. Where
(a) indicates the contribution given by N for Abba.(b) indicates the contribution of O for Abba.
(c) Refers to N for Abba Modified. (d) Refers to O for Abba Modified. (e) Refers to N for Abba
Gryzinski (f) Refers to N for Abba Frost.


the production of the electrons due to electron impact ionization (by a factor 4). As a result
the electron density is also affected (see Fig. 12.1) as well as the radiation intensity profiles.


2.4 Conclusions


In this work, we have studied the relaxation of the atomic electronic energy population dis-
tributions for one dimensional air flows obtained in a shock-tube. The operating conditions
correspond to four test cases taken from the test campaign carried out at NASA Ames. The
results have been obtained by means of a multi-temperature fluid model fully coupled with an
electronic-specific collisional radiative model. We have compared the radiative intensity profiles
with the experimental data of Ref. (36). We found good agreement for the low pressure run
indicated as Case 4 in the manuscript where the flow is in strong nonequilibrium and for the
high pressure runs (Case 2 and 3) where the post-shock population density of the excited states
follows a Boltzmann distribution.


Differences were found in the results of the comparison for Case 3 where the radiation over-
shoot is underpredicted by the baseline model tested (Abba). An alternative set of reaction
constants have been proposed for the excitation and ionization of atomic species by electron
impact. In particular, the use of the kinetic data compiled by Frost et al. (27) seems to reduce
the discrepancies with the experimental data.
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Part II


Molecules


In the foregoing chapters we have described a simplified ABBA model which allows us to ac-
count for nonequilibrium effects in the population of the electronic levels of atomic nitrogen and
oxygen. The present section addresses the modeling of the post shock relaxation of atomic and
molecular species by means of an electronically specific collisional radiative model.


The last part of the note is devoted to a direct comparison against SPRADIAN07, in terms
of population of the excited states of molecules and atoms. We would like to thank C. Park,
Hyun S. and Abe T. for providing a copy of the code SPRADIAN07 (vers. 9) used in in this
investigation.


3 Collisional Radiative model: molecules


The present section investigates the calculation of the non-Boltzmann electronic state popula-
tions for the significant radiating diatomic species present in air shock-layers at lunar return
conditions. In particular we analyze N2 and N+


2 which are found to be the strongest radiators
among the molecular species.


Although it was shown in Ref.(37) that the NO and O2 molecules contribute to the radiation
at lunar-return conditions, it was found that they could be assumed to be populated in a
Boltzmann distribution. This assumption is allowable because these molecules do not reach
a peak in the nonequilibrium region of the shock layer (unlike the N+


2 molecule), so their
nonequilibrium contribution is small.
Our results seems to confirm the tendency of the molecular oxygen to equilibrate rather quickly
after the shock as opposed to the nitric oxide which is underpopulated over all the shock layer.


3.1 ABBA model: molecules


3.1.1 Air mixture


In this study, air is considered as a mixture of N2, O2, and their products only: Ar is neglected
as well as negative ions. Electronic levels of the atoms are assumed in nonequilibrium as in the
previous sections. Moreover in order to investigate the departures of the population of electronic
states of molecules from the equilibrium distribution, each of these levels is considered as an
additional species whose composition is governed by finite rate chemistry. Here after we write a
complete list of species and pseudo-species of the mixture.


• Neutral species: N2(1− 4), O2(1− 5), NO(1− 5), N(1− 46), and O(1− 40),


• Charged species: N+
2 (1− 4), O+


2 (1− 4), NO+(1− 5), N+, O+, and e−.


Forty-six levels for N and 40 levels for O are taken into account and a total number of 27 levels
for the diatomic species. Coupling of these levels through the different elementary processes
considered here (see § 1.1.3) allows for the explicit determination of the plasma excitation and
its radiative signature without any equilibrium assumption. A list of the electronic levels for
molecules and molecular ions is given in Table (6). The overall number of species reads 116.
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3.1.2 Elementary processes: Molecules


We now describe the elementary processes included in the model. We limit ourself to a brief
description of the elementary processes for the molecules, the models for the atoms being un-
changed with respect to the first part of the manuscript (§1.1.3).


The rate coefficients for excitation, ionization and dissociation of molecular species by elec-
tron impact have been calculated recently by Teulet(68) and have been used in the present work.
The cross section for excitation of molecules under molecular or atomic impact behaves approx-
imately as Lotz(43) therefore this form has been adopted, except in the case when experimental
data exist. We have then chosen the rate coefficients compiled by Teulet(69), Capitelli(15) and
Kossyi(39). Due to the pressure levels involved in our CR model (which can be employed at
high pressure), we have also taken into account the previous processes occurring when a third
particle interacts.


Zel’dovitch reactions are known to significantly influence the distribution of nitrogen and
oxygen between atomic and molecular systems. Recently, Bose and Candler have updated their
rate coefficient using a quasi classical trajectory method performed starting from an ab initio
potential surfaces calculation. The proposed rate coefficients have been chosen for this work.
Zel’dovitch reactions can contribute to the destruction of O2 and N2 and formation of NO.


The direct dissociation and the reverse process by heavy particles impact have to be taken
into account. The rate coefficients used are given by Park et al. (56). The rates of dissociation
reactions by molecular impact are computed at the average temperature (T × Tvi)1/2, where
index i stands for the molecule being dissociated.


The dissociative recombination DR of the molecular ions is well known to play a very impor-
tant role in the case of recombining plasmas(Guberman; 12). In addition, the inverse process,
the associative ionization, allows in many cases the formation of the first electrons in shock tubes,
as well as for the reentry problems, and consequently explains the ionizing situations. In our
case since N+


2 , O+
2 , NO+ are present in the plasma described here, dissociative recombination


has to be considered. For more detail we refer to Ref.(11).


3.1.3 Radiative processes


The radiative signature of heated N2 and O2 mixtures is mainly due to the spontaneous emission
of the N and O atoms. Since our atomic model is based on grouping elementary levels having
similar characteristics, the equivalent spontaneous emission probability of each level has to be
determined. Related data are taken from the NIST database and given in Table 2) . In total
we take into account 45 spontaneous emission lines N and 24 for O.


As far as the molecules are concerned, some states of species mentioned in Table 6, radiate
strongly. The β (B2Π→ X2Π) and γ (A2Σ+ → X2Π) systems of NO as well as the first positive
(B3Πg → A3Σ+


u )) and the second positive (C3Πu → B3Πg)) systems of N2 and the first negative
system (B3Σ+


u → X2Σ+
g )) of N+


2 have been considered. Since vibrational equilibrium is assumed
for these species the equivalent transition probability for the latter systems is calculated fitting
the data calculated by Laux and Kruger(21).


The possible re-absorption of radiation is estimated making use of escape factors. In the
following analysis we assume that a medium optically thin is associated to an escape factor
equal to 1 whereas for an optically thick medium the escape factor is set to 0.
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3.2 SHOCKING


The set of equations of SHOCKING code has been modified to couple the ABBA model with
atoms and molecules. Firstly a new set of species conservation equations that includes separate
equations for the excited states of the molecules is added to the system (2). Therefore the
set of equation to be solved accounts for 116 continuity equations as opposed to 95 continuity
equations of the atomic CR model.
Secondly the separate equation for the free-electron energy (see §2) does not include the elec-
tronic energy of the molecules but only the electronic energy of atomic ions N+ and O+.


3.3 Flowfield results


The analysis starts with the discussion of the temperature and compositions profiles in the
post-shock relaxation area. In particular in this section we propose a comparison among the
results obtained with the simplified ABBA model described in the first part of this work and
the full model described in the present section. Figure (20) shows the evolution of the temper-
ature profiles whose behavior is similar to the results presented in § 1.2.1. As we can observe
the new results seems to be closer to the Johnston’s results, being the vibrational relaxation
slower. Thermal equilibrium is reached only at 2cm from the shock front and the vibrational
temperatures do not exceed the translational one.
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Figure 20: 1634 s case. (a) Temperature profiles: CR model molecules; (b) Temperature profiles:
CR model atoms


Figure ( 21) compares species evolution in the post shock area. Strong differences are found
in the relaxation of the N+


2 . The atomic specific CR model predicts a slow relaxation to the
equilibrium values as opposed to the detailed ABBA model which exhibits an overshoot right
after the shock. The reason of the disagreement is certainly due to the differences in the kinetic
mechanism used for the reaction rate constants. An accurate analysis of the experimental results
(28) shows an overshoot in the radiation from the N+


2 (1−) system and suggests a presence of an
overshoot in the N+


2 population consistent with the results given by the more accurate model.
A deeper investigation of the problem is required before driving any conclusion however results
from literature (37) also confirm the presence of an overshoot in the population of the excited
states after the shock.
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21.1: CR atoms (part 1)
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21.2: CR molecules


Figure 21: 1634 s case. (a) Population profiles: CR model molecules; (b) Population profiles:
CR model atoms


3.4 Results: molecules


Excited states of the molecules are found to be depopulated in the post shock area similarly to
the excited states of the atoms. However due to their complicate internal structure (molecules
have rotational-vibrational modes) the estimation of the rate constants for the elementary pro-
cesses governing the detailed kinetics are often unknown or affected by large uncertainty.


N+
2 Population


The determination of the N+
2 composition is important since it is a strong radiator in the UV


part of the spectrum. Its radiative contribution, due to due to the bound transitions from the
N+


2 (B2Σ+
u ) to the N+


2 (X2Σ+
g ), is very important at speed up to 10 km/s.


Figure (22.2) shows the population profiles of the ground and the excited states. A strong
depopulation of the upper states is shown in figure (22.2) in all the computational domain.
Equilibrium conditions are not reached since the medium is considered to be optically thin. As
a consequence a reduced emission of the N+


2 1− is to be expected.


The population of the state dictating the intensity of this band system, B2Σ+
u , is governed by


the transitions to and from the A2Πu state below it and the D2Πg state above it which however
is not included into the ABBA model. The B2Σ+


u can be also formed through a process known
as inverse pre-dissociation. There are indeed several repulsive potential passing through the B
state potential. One N atom and N+ approaching along the repulsive potential can transfer
into the B state through this process (51). The predissociation can also be a mechanism for
draining the B state. The population of the C2Σ+


u state, from which the Second Negative (2-)
system originates, is dictated by the populations in the two free states N4S + N+3P , N2D +
N3P .


The electron-impact dissociation and heavy-particle impact transitions only contribute no-
ticeably in narrow regions near the shock and the body. Note that this calculation assumes that
the molecular radiation is optically thin, which means that the radiation transitions have their
maximum possible influence on the depleting process of the B state.
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N2 Population


Figure 22.1 compares the equilibrium population of the N2 molecules versus the nonequilibrium
calculation given by the CR model. The N2(A) and N2(B) states, which are closely spaced in
energy, are shown to have similar Boltzmann and non-Boltzmann distributions throughout the
layer. The N2(C) state is seen to diverge most from a Boltzmann distribution.
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22.1: Population profiles of N2 molecules.
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Figure 22: 1634 s case. Number density evolution through the shock layer.


NO Population


A comparison of the number densities for NO obtained with the CR model presented here and
those obtained with the Boltzmann model are presented in Figure 23 for the Fire II 1634 s case.
Large deviations from a Boltzmann distribution is seen to be present for the excited states right
after the shock. The CR model predicts a much lower number density, which implies that the
radiative emission is reduced proportionately.
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Figure 23: Population profiles of NO molecules.
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4 Park model: SPRADIAN07


The present section presents a comparison among the ABBA model previously described and
the well known SPRADIAN07 code. The nonequilibrium capabilities of the code are used to
predict the nonequilibrium population of the excited states of the molecules and atoms.


A new radiation computer code, SPRADIAN07(54; 55; 35) Structured Package for Radiation
Analysis 2007, is developed jointly by Korea Advanced Institute of Science and Technology and
Japan Aerospace Exploration Agency. This code combines and improves on the code NEQAIR85
developed in 1985 and the code SPRADIAN developed in 1999. The code SPRADIAN07 com-
putes both Boltzmann and non-Boltzmann radiations from the given temperatures and species
number densities. For radiation under non-Boltzmann excitation, this code solves master equa-
tion assuming that a quasi-steady-state (QSS) conditions exists among internal states. In order
to carry out such a quasi-steady state calculation, one needs to know the rate coefficients for
collisional transitions from all internal states to all other internal states. For atoms, collisional
transitions between two electronic states occur mostly by the collisions of electrons. For ni-
trogen, oxygen, carbon, and hydrogen, which constitute most of the atomic species found in
planetary environments that may produce nonequilibrium radiation, electron-impact transition
rates are known at least approximately. In the first two parts of the present work, (54; 55) Park
compiled the rates of electronic excitation of diatomic molecules, N2, O2, NO, CO, CN , and
N+


2 , by electron collisions and by heavy particle collisions needed in the QSS calculation. In
Ref.(54), electron-impact transition rates are given in the form of cross sections for bound-bound
transitions, and in the form of rate parameters for bound-free transitions. Heavy particle-impact
transition rates are given in the form of rate parameters for both bound-bound and bound-free
transitions in Ref.(55). Collision partners considered are N , O, N2, O2, NO, and CO. The
SPRADIAN07 input data files contain these data.


4.1 Results: Comparison with SPRADIAN07


We now present a comparison of our results, in terms of energy distribution of the electronic
levels of atoms and molecules with the calculations obtained making use of SPRADIAN07 code.


We start the analysis with the electronic levels of nitrogen atoms. As we can see in figure
below (24.1) the Spradian code predicts larger populations for the upper electronic states (E >
10 eV ). The population of the ground state and the two metastable states is found to be in
Boltzmann equilibrium for the two predictions.
As far as atomic oxygen is concerned Spradian is close to ABBA for low levels. For excited
levels, Spradian is closer to equilibrium than ABBA CR.


N+
2


An accurate comparison in terms of population of excited states among SPRADIAN and ABBA
model is shown in figure 25. Both models predict Boltzmann distribution for the ground and
the first excited state as opposed to the excited states which are found depleted.


5 Conclusions


In this work, we have studied the departure of the electronic energy populations of molecular
and atomic species from Boltzmann distributions for onedimensional air flows obtained in a
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24.1: Atomic nitrogen.
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24.2: Atomic oxygen.


Figure 24: 1634 s case. Saha diagrams for the excited states of the atomic species.
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Figure 25: 1634 s case. Saha diagrams for the excited states of N+
2


shock-tube. The operating conditions are taken from the trajectory of the FIRE II flight exper-
iment and from the test conditions used in the EAST experimental campaign. The results have
been obtained by means of a multi-temperature fluid model fully coupled with an electronic-
specific collisional radiative model. We have compared the flowfield quantities and electronic
energy populations with literature ((34; 37)) and found a good agreement. Moreover a direct
comparison of the radiative signature extracted by our 1D solver against the experimental re-
sults and have shown good agreement, being all the numerical prediction within 50 % from the
experimental value.
The population of the electronic energy levels of the atoms and molecules are found strongly
depopulate right after the shock. Deviations from the Boltzmann distribution are found for the
upper states that are in equilibrium with the free states. Moreover, the validity of the standard
QSS approach widely used by the aerospace community has been tested; the results obtained
by means of our full CR model and the standard QSS model are found in good agreement.
Metastable states as opposed to the high lying states are found not to respect the QSS assump-
tion this should be accounted for in the future simplified kinetic models by treating them as a
separate species in the energy conservation equations. For future high speed reentry application,
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one important challenge is related to the necessity to couple the detailed kinetic mechanism of
the gas with radiative transfer. The work presented in this report is a first step in this direction.
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Table 1: Index, energy, degeneracy, and secondary quantum number for the N and O electronic
energy states considered.


k for N(k) Ek (eV) gk lk k for O(k) Ek (eV) gk lk
1 0.000 4 1 1 0.000 9 1
2 2.384 10 1 2 1.970 5 1
3 3.576 6 1 3 4.190 1 1
4 10.332 12 0 4 9.146 5 0
5 10.687 6 0 5 9.521 3 0
6 10.927 12 1 6 10.740 15 1
7 11.603 2 1 7 10.990 9 1
8 11.759 20 1 8 11.838 5 0
9 11.842 12 1 9 11.930 3 0


10 11.996 4 1 10 12.090 25 2
11 12.006 10 1 11 12.100 15 2
12 12.125 6 1 12 12.300 15 1
13 12.357 10 0 13 12.370 9 1
14 12.856 12 0 14 12.550 15 0
15 12.919 6 0 15 12.670 5 0
16 12.972 6 2 16 12.710 3 0
17 12.984 28 2 17 12.740 5 0
18 13.000 26 2 18 12.760 25 2
19 13.020 20 2 19 12.770 15 2
20 13.035 10 2 20 12.780 56 3
21 13.202 2 1 21 12.860 15 1
22 13.245 20 1 22 12.890 9 1
23 13.268 12 1 23 13.030 5 0
24 13.294 10 1 24 13.050 3 0
25 13.322 4 1 25 13.080 40 2
26 13.343 6 1 26 13.087 56 3
27 13.624 12 0 27 13.130 15 1
28 13.648 6 0 28 13.140 9 1
29 13.679 90 2 29 13.220 5 0
30 13.693 126 3 30 13.230 3 0
31 13.717 24 1 31 13.250 168 2
32 13.770 2 1 32 13.330 5 0
33 13.792 38 1 33 13.340 3 0
34 13.824 4 1 34 13.353 96 2
35 13.872 10 1 35 13.412 8 0
36 13.925 6 1 36 13.418 40 2
37 13.969 18 0 37 13.459 8 0
38 13.988 60 2 38 13.464 40 2
39 13.999 126 3 39 13.493 3 0
40 14.054 32 1 40 13.496 40 2
41 14.149 18 0
42 14.160 90 2
43 14.164 126 3
44 14.202 20 1
45 14.260 108 0
46 14.316 18 0
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Table 2: Probability Ai→j for N(i) → N(j < i) + hν and O(i) → O(j < i) + hν spontaneous
emission.


i for N(i) j for N(j) Ai→j(s−1) i for O(i) j for O(j) Ai→j(s−1)
6 1 2.30× 108 5 1 3.80× 108


4 1 5.40× 108 9 1 1.77× 108


5 2 5.50× 108 11 1 0.38× 108


5 3 2.00× 108 14 1 2.30× 108


13 2 4.60× 108 19 1 6.77× 107


13 3 0.52× 108 17 2 4.50× 108


10 6 4.05× 106 6 4 0.34× 108


17 2 8.60× 103 12 4 3.26× 105


18 2 0.65× 108 7 5 0.28× 108


20 2 0.47× 108 13 5 6.60× 105


16 3 1.30× 108 8 6 2.72× 107


18 3 5.80× 103 10 6 4.19× 107


20 3 1.30× 108 15 6 0.71× 107


15 2 1.10× 108 18 6 7.01× 106


15 3 0.20× 108 23 6 3.05× 106


22 6 0.25× 106 25 6 1.23× 106


23 6 0.37× 106 9 7 1.88× 107


25 6 0.43× 106 11 7 2.35× 107


28 2 0.33× 108 14 7 2.90× 107


8 4 0.19× 108 16 7 0.62× 107


9 4 2.28× 107 19 7 3.25× 106


10 4 3.18× 107 24 7 2.34× 106


11 5 2.17× 107 12 8 4.50× 106


12 5 2.86× 107 12 10 4.70× 105


31 5 1.70× 106


31 13 1.59× 107


22 4 0.02× 108


23 4 0.73× 107


25 4 0.25× 107


21 5 2.34× 106


16 7 2.56× 107


17 8 3.73× 107


19 8 9.92× 106


17 9 7.46× 104


18 9 6.30× 106


19 9 2.48× 107


18 10 5.72× 106


18 11 1.16× 107


20 11 0.06× 108


14 8 1.47× 107


14 9 0.76× 107


27 8 3.89× 106


27 9 2.12× 106


38 7 2.30× 105


37 9 6.10× 105
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Time [s] 1634 1636 1643
p1 [Pa] 2.0 5.25 21.3
T1 [K] 195 210 276
u1 [m/s] 11 360 11 310 10 480
p2 [Pa] 3827 9229 24 506
T2 [K] 62 377 61 884 53 191
u2 [m/s] 1899 1891 1756


Table 3: Shock-tube flow characteristic quantities.


Table 4: Kinetic models used in the investigation.


Excitation Ionization
Model Drawin Gryzinski Frost Drawin Ref. (48) Drawin Ref. (37)
Abba × ×
Abba TCNQ × ×
Abba Frost × ×
Abba Gryzinski × × ×
Abba Modified × × ×


Table 5: Operating conditions for the EAST shock-tube experiments considered here (see Ref.
(36))


Case Shock velocity vs (km.s−1) upstream pressure P (Torr) acquisition time τacq


1 10.340 0.3 0.075
2 9.880 0.3 0.98
3 9.165 0.1 0.5
4 9.989 0.1 0.98


Table 6: Species Considered in the present CR model.
Type Species State


N2 X1Σ+
g , A3Σ+


u , B3Πg, C3Πu


Molecules O2 X3Σ−g , a1∆g, b1Σ+
g , A3Σ+


u ,B3Σ−u
NO X2Π, A2Σ+, B2Π, C2Π, B′3∆
N+


2 X2Σ+
g , A2Πu, B2Σ+


u , C2Σ+
u


Molecular O+
2 X2Πg, a4Πu, A2Πu,b4Σ−g


ions NO+ X1Σ+, a3Σ+, b3Π, b′3Σ−,A1Π
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Abstract


In the present lecture some basic problems of state and solving of radiation heat transfer equation as applied to radiation modelling in shock-tubes and entry flow are discussed. The lecture contains five parts. 


In the first part the radiation heat transfer equation and the general definitions of the radiation heat transfer theory are presented. The definitions introduced in the first part are widely used in other parts.

The second part of the lecture (Chapter 3) presents four methods which are used for solution of radiation heat transfer problems in different aerospace applications.


Well known problem of radiation heat transfer in heated gases and low-temperature plasma in view of atomic and molecular rotational lines, as well as of the vibrational molecular bands, are discussed in the third part. Some untraditional models of radiation heat transfer are presented in this part.


The fourth part of the lecture is dedicated to the Monte-Carlo algorithms which are also in common use in aerospace problems, especially at prediction of emissivities of heated and radiating volumes of light-scattering gases. Several traditional and novel algorithms are presented in this part.

The final part (Chapter 6) of the lecture presents examples of using of numerical simulation methods described in previous parts at solution of various radiation heat transfer problems in aerospace applications. It should be stressed that the methods of the radiation heat transfer integration and various numerical simulation results presented in the lecture were used and obtained by the author at solution of concrete problems of aerospace physical gas dynamics.
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1.0
Introduction

The term “thermal radiation” (“heat radiation”) means electromagnetic radiation of atomic and molecular, as opposed to nuclear, origin. Such radiation is emitted by matter in a state of thermal excitation, thus accounting for the designation of the radiation as thermal. The energy density of this type of radiation is given by the Planck formula for black body radiation. More generally the radiation energy distribution is described by a kinetic or transport equation, referred to historically as the equation of radiative transfer.


The importance of thermal radiation in physical problems, and particularly in problems of physical gas dynamics in different aerospace applications, increases as the temperatures is raised. At moderate temperatures (
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K), the role of radiation is primary one of transporting energy in gases and plasmas by radiative processes. At higher temperatures (
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K), the energy and momentum densities of radiation field may become comparable or dominate the corresponding fluid quantities. As a rule, hydrodynamics with explicit account of the radiation energy and momentum contributions constitutes subject of investigation of “high-temperature radiation hydrodynamics”. More general definition of radiation gasdynamic implies consideration of coupled radiative and gasdynamic processes. In the partial case of the weak radiation-gasdynamic interaction there is possibility to study radiative and gasdynamic phenomena separately. For example, such a case is realized for spacecraft at entry velocities up to 
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 km/s.


Radiative gas dynamics (RadGD) is the directions of physical gas dynamics which is connected to such challenging sciences as: astrophysics, physics of stars and Sun, research of a structure of substance (atomic and molecular spectroscopy), interaction of laser radiation and high-energy beams with materials, plasma generators, rocket engines (of chemical, plasma, electric, nuclear or laser types), spacecraft's thermal protection, heat exchange in steam boiler, in aircraft and rocket engines, in working volumes of various power installations (including nuclear).


Figure 1.1 shows hierarchical division of the Radiative gas dynamics. In order to solve any RadGD problem there is a necessity to create a radiative model of a gas or plasma. The radiative model is defined as the set of optical model and radiation transfer model. 


The optical model includes spectral, group and integral absorption, emission and scattering coefficients, which are in turn based on cross-sections (or probabilities) of elementary radiative processes predicted by quantum mechanics and quantum chemistry. The absorption, emission and scattering coefficients can be determined only with use data on distribution functions for atomic and molecular particles, and also on their energy states. Thermodynamics and statistical physics provide all necessary information for these purposes.


The radiation transfer model, composing the second part of the radiative model, is based on the thermodynamics and statistical physics, and is designed for prediction such characteristics of a radiation field as the radiation energy density U, the radiation flux 
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, and the divergence of the radiation flux 
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. A spectral region of the electromagnetic radiation, which is of practical interest for various aerospace applications ranges from 

[image: image6.wmf]0.05


:


(m until 

[image: image7.wmf]20


:


(m. This spectral region is divided on the following sub regions:


· 
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(m is the ultraviolet region;


· 
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(m is the visible region;


· 
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(m is the infrared region,


where 
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 is the wavelength interval. A radiation emitted by matter in this spectral region is called as heat radiation.


















Figure 1.1: Basic scheme of Radiative Gas Dynamics


2.0
Radiation heat transfer equation and general characteristics of heat radiation transfer

2.1
Classification of spectral optical models


Classification of the spectral optical models was introduced in [1]:

1) Optical model 
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 is spectral, quasi-spectral, multigroup and combined models of absorption coefficients representing in the table, analytical, graphical or in a computer module form. Here ( is the Wavenumber; T is the temperature; ( is set of the parameters (pressure or density, concentration of the chemical components). In the case of a nonequilibrium medium instead of T we should use set of effective temperatures (electronic temperature, vibrational temperature, rotational temperature).


2) Spectral (line-by-line) model 
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 is the function with continuous and lines structure without any smoothing.


3) Multigroup model is the smoothing spectral model in a set of spectral ranges 
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. We suppose in the each spectral range 
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 the absorption coefficient is independent of wavenumber.


4) Quasi-spectral (quasi-continuum) model is the smeared rotational line model for a set of spectral ranges. The value 
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 in this model must be larger than maximal values of the rotational lines widths (that is not less than 25 ÷ 50 cm(1). As a rule, quasi-spectral model is included to multigroup model.


5) Total absorption model is the Planck mean absorption coefficient, or (and) the Rosseland mean absorption coefficient, or (and) the Chandrasekhar mean absorption coefficient.


6) Combined model is the sum of the spectral line absorption and the multigroup absorption model (as a rule the selective atomic lines absorption on the continuum or quasi-continuum background).


7) Radiative heat transfer model is the set of:


· conditions (the thermodynamic conditions in a medium, radiation heat transfer boundary conditions, the spectral resolution of numerical calculations);

· equation of radiation heat transfer;

· mathematical method using for solving this equation.


8) Radiative model is the set of the optical model and the radiation heat transfer model.


9) Optimum radiative model is the radiative model containing minimum number of the spectral groups and in the same time, permitting to obtain physical adequately results.


Figure 2.1 shows example of air low-temperature plasma. 
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Figure 2.1: Line-by-line and group spectral model of absorption coefficient of air at T = 10000 K and p = 1 atm


2.2
General notations of the radiation heat transfer theory


The steady-state radiation heat transfer equation, which is taking into consideration scattering processes has the following form [2, 3]:
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where 
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 is the spectral radiation intensity; 
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is the spectral emission coefficient; 
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 is the spectral phase function for scattering (the scattering indicatrix), 
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 is the physical co-ordinate along spatial direction 
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. Angular variables for unit vector 
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 are presented in Figure 2.2.
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Figure 2.2: Angular co-ordinates for integration of a spectral radiation intensity on solid angle


The following type of the equation is especially often uses:





[image: image28.wmf](


)


(


)


(


)


,


,,


b


JsJsJTs


nnnn


W×ÑW+kW=kéù


ëû


rrr


,
(2)


where 
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is the Planck intensity (the spectral intensity of the black body emissivity); 
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are the Planck and Boltzman constants; c is the speed of light. 


Equation (2) is correct for the Local Thermodynamic Equilibrium (LTE), and does not take into account scattering processes.


The following units for the electromagnetic spectra measurement are in common use: 
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 is the wavelength (in microns, Angstroms, nanometers; 1 (m = 10(6 cm, 1Å = 10(8 cm, 1 nm = 10(9 m); 
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 is the frequency (in s(1); 
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 is the wavenumber (in cm(1). These units are connected with the following relations (for radiative processes in vacuum): 
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. This allows to write the following correlations for the Planck function: 
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. To recalculate the wavelength to the wavenumber one can use the following relation: 
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The wavelength and wavenumber dependencies of the Planck function at different temperatures are shown in Figures 2.3. These data together with the Wien displacement law 
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(m(K are very suitable for express analysis of the radiation heat transfer problems. Here 
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 is the wavelength, in (m, at which the emissive power 
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 is a maximum for a given temperature T (in K).


The spectral radiation intensity allows define the following general spectral and integral characteristics of the radiation field:
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  is the spectral energy density;
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  is the spectral flux;
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  is the spectral hemispherical flux;
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are the integral energy density, integral radiation flux, and integral hemispherical flux. 


[image: image47.wmf]W


a


v


e


l


e


n


g


t


h


,


m


i


c


r


o


n


1


0


-


1


1


0


0


1


0


1


1


0


-


1


1


0


0


1


0


1


1


0


2


1


0


3


1


0


4


1


0


5


1


0


6


T


=


2


0


0


0


K


T


=


5


0


0


0


K


T


=


8


0


0


0


K


T


=


1


1


0


0


0


K


T


=


1


4


0


0


0


K


T


=


1


7


0


0


0


K


T


=


2


0


0


0


0


K


T


h


e


P


l


a


n


c


k


f


u


n


c


t


i


o


n


,


W


/


(


s


t


e


r


*


c


m


*


*


2


*


m


c


m


)


   [image: image48.wmf]1


0


3


1


0


4


1


0


5


W


a


v


e


n


u


m


b


e


r


,


1


/


c


m


1


0


-


5


1


0


-


4


1


0


-


3


1


0


-


2


1


0


-


1


1


0


0


1


0


1


T


=


2


0


0


0


K


T


=


5


0


0


0


K


T


=


8


0


0


0


K


T


=


1


1


0


0


0


K


T


=


1


4


0


0


0


K


T


=


1


7


0


0


0


K


T


=


2


0


0


0


0


K


T


h


e


P


l


a


n


c


k


f


u


n


c


t


i


o


n


,


W


*


c


m


/


(


s


t


e


r


*


c


m


*


*


2


)




Figure 2.3: The wavelength (left) and wavenumber (right) dependence of the Planck function at different temperatures


The radiative energy balance in a gas and plasma can be calculated as follows:
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where the first summand in the right hand side corresponds to the spectral emission, and the second one corresponds to the spectral absorption.


If we integrate Equation (3) by spectrum, then
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 is the Stefan-Boltzmann constant; 
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 is the Planck mean absorption coefficient.


Other significant characteristics of radiation heat transfer are:


10) The group absorption coefficients are introduces as following:
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  is the group absorption coefficient;
(5)
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 is the group Planck mean absorption coefficients; 
(6)




[image: image58.wmf],


1


g


N


PPg


g


=


k=k


å


,




where 
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 is the number of the spectral points inside g-th spectral group, 
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11) A photon mean free path
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12) The Rosseland mean absorption coefficients are calculated as following:
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13) The radiative thermal conductivity is defined as
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This approximation is correct only for 
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 is the optical depth; L is the length of the optical path. 


14) The spectral, group, and integral emissivities can be defined in the following form only for the LTE approximation:
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Because the Planck function is isotropic one, the integrated flux of the absolutely black body can be calculated as follows:
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For estimation and comparison of emissivity of various mixes of high-temperature gases a spherical emissivity factor is used
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In particular, the emissivity factor of a half-spherical homogeneous volume of a radius R can be calculated as
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 EMBED Equation.DSMT4  [image: image75.wmf](
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The emissivity factor of a flat homogeneous layer is determined by the following expression 
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where 
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 is the integro-exponential function of the n-th order, L is the depth of the flat layer.


An integral emissivity factors are calculated as following:
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There is relation between spectral absorption coefficient 
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 and spectral emission coefficient 
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3.0
Methods of integration of radiation heat transfer equations

3.1
The PN (Spherical Harmonic) approximation [2, 4]

A set of approximations to the equation of radiation transfer, which is capable of estimating the solution to the equation of transfer to within any desired accuracy criteria, is considered in the chapter. This is the so-called PN-approximation of the spherical harmonic method, with N denoting the order of the approximation. For N infinite, the PN-approximation is the exact solution to the radiation transfer equation.

The PN-approximation will be considered for two calculation cases, which are of practical interest for aerospace applications.


15) Radiation heat transfer in infinite plane inhomogeneous layer with light-scattering media (1D radiation heat transfer problem).


16) Radiation heat transfer in axially symmetric two-dimensional volume (2D radiation heat transfer problem).

3.1.1
Plane-parallel calculation case

Let us consider radiation heat transfer equation for the 1D calculation case shown in Figure 3.1, which is described by the following equation:
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with the boundary conditions
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where 
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Figure 3.1: Schematic of radiation heat transfer in 1D geometry


It is assumed that radiation intensity may be presented in the following form:
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where 
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Let scattering indicatrix also may be presented in the form
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The Legendre functions have the ortogonality property:
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and these functions are associated also with the following recurrent formula:
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The Legendre polynomials of low orders are:
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Substituting (4) and (5) into (1), and integrating with respect to total solid angle, one can obtain
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and taking into account (7)
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where 
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 is the Kronecker symbol.


Equation (9) must be satisfied at any 
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Unfortunately system of differential Equations (10) is not closed. At given m, each equation contains three functions: 
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where N is the order of the approximation. The system of Equations (10) is called as PN approximation of the spherical harmonics expansion, or simply PN approximation.

Most simple P1 approximation is extensively used in radiative heat transfer theory. In this case (
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where 
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 are the coefficients in expansion of scattering indicatrix
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This is so called linearly-non-isotropic indicatrix. For isotropic scattering (
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If we take into account that
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because in the P1 approximation





[image: image128.wmf](


)


(


)


(


)


(


)


(


)


0011


13


,


44


JPP


tm=jtm+jtm


pp


,






[image: image129.wmf](


)


(


)


01


1,


PP


m=m=m


,


then finally system of equations for radiation transfer in plane-parallel isotropically scattering media takes the form
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or
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where 
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Taking into account boundary conditions (2) and (3), one can get the following boundary-value problem:
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where
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Let us consider some numerical solutions of the boundary-value problem.


Figures 3.2(3.4 show distributions of radiation energy density U, the x-projection of radiation flux W, and divergency of radiation flux 
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 in plane-parallel isotropically scattering layer with temperature distribution shown in Figure 3.5.


Note that once a boundary-value problem (19) has been integrated, the x-projection of radiation flux W is calculated with use of Equation (18). Divergence of radiation flux can be calculated by the following two manners:


· A formal differentiation of Equation (18) leads to the formula
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· From Equation (17) one can get
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Figure 3.2: Volume density of radiative energy (1, U in J/cm3), radiation flux (2, W in W/cm2), and divergency of radiation flux (3, 
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Figure 3.3: Volume density of radiative energy (1, U in J/cm3), radiation flux (2, W in W/cm2), and divergency of radiation flux (3, 
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Figure 3.4 shows distributions of the functions for 
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Figure 3.4: Volume density of radiative energy (1, U in J/cm3), radiation flux (2, W in W/cm2), and divergency of radiation flux(3, 
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Figure 3.5: Temperature distribution in plane-parallel layer

3.1.2
Two-dimensional radiation heat transfer


Radiation transfer is considered here for axially symmetric cylindrical volume of radius R and length H (Figure 3.6). Such a schematic is in common use in different aerospace applications, for example, at study of entry space vehicles, rocket engines, plasma generators, electro-discharge devices, etc.
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Figure 3.6: Schematic of two-dimensional axially symmetric problem


Radiation transfer equation in two-dimensional axially symmetric geometry has the following form:
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and corresponding to Figure 3.6 boundary conditions are:
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Let us suppose that the radiation intensity 
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where 
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where 
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 is the Kronecker symbol.


The following recursion relations are also can be taken into account:
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The moment procedure, which is well known in kinetic theory, is used for derivation of the PN approximation equations. An application of integral operator
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on Equation (20) leads to infinite system of ordinary differential equations, which takes the following form at fixation of 
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where
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Some special cases are considered later.


1)  P1-approximation of radiation transfer equation for the plane-parallel layer.


In this case 
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In the case under consideration must be satisfied conditions of axially symmetry:
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Finally one can get the desired system of equation:
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where
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Note that these equations agree with Equations (12) and (13) at 
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2)  P1-approximation of radiation transfer equation for 1D cylindrical case.

In this case 
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Conditions of axial symmetry allow to get final system of the P1-approximation for the 1D cylindrical case:
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Let us take into account that
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A boundary-value problem for 1D cylindrical volume with black body surfaces at temperature 
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 is formulated in the following form:
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2) P1-approximation for two-dimensional cylindrical geometry.

In this case 
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then the system of equations takes more opaque for:
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For closed cylindrical volume with black surfaces at temperature 
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 there is the following boundary-value problem:
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3)  P3-approximation for 2D cylindrical geometry

In this case 
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Further simplification of the system is connected with the use of properties of axial symmetry.

3.1.3
Formulation of boundary conditions for PN-approximation


Two kinds of boundary conditions are used as a rule for solving PN-equations.


The first one is the Mark boundary conditions [6]. Mark suggested that boundary conditions for PN-approximation must be satisfied at angles corresponded to roots of the Legendre functions: 
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As an example, for the following boundary conditions:
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the Mark boundary conditions are formulated in the following form:
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where 
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 are the positive roots of Equation (41).


For the P1-approximation boundary conditions (42) are given at:
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If the radiation transfer problem is solved relative to volume density U, then
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and the boundary conditions are




[image: image301.wmf]0


t=


:  

[image: image302.wmf](


)


(


)


(


)


d


1


4d


3


U


c


JU


+


*


étù


m=t-


êú


pt


ëû


,
(43)





[image: image303.wmf]H


t=t


:  

[image: image304.wmf](


)


(


)


(


)


d


1


4d


3


U


c


JU


-


*


étù


m=t+


êú


pt


ëû


.
(44)


The second kind of boundary conditions was suggested by R. Marshak [7].


If physical boundary conditions are given in the form
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then averaged moments of boundary intensities are calculated as following:
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For example, in the P1-approximation for plane-parallel layer
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and the Marshak boundary conditions are formulated in the form
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3.1.4
The P1-approximation for arbitrary geometry

In the general case the radiation intensity is expanded into spherical harmonics series:
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where 
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 are the spherical functions, which are expressed in terms of associated Legendre polynomials
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where 
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 is the Kronecker symbol.


The P1-approximation is in common use in the radiation gasdynamic. To formulate equations of the approximation for arbitrary geometry we consider radiation heat transfer equation for non-scattering medium in local thermodynamic equilibrium
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Leaving in expansion (59) only two first terms one can get the following representation of intensity
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where 
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 are the unknown functions.


Physical meaning of the functions is clearly defined at integration of radiation intensity over all solid angle:
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So, in the P1-approximation radiation intensity can be presented in the form
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The first equation of the required system is obtained by integration of radiation heat transfer Equation (51) over solid angle:
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where
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The second equation can be obtained after integration of Equation (51) with 
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Relation (57) shows that radiation flux is proportional to gradient of volume density of radiative energy. Coefficient 
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 is called as radiation diffusion coefficient.


Equations (56) and (57) can be presented in the following form:
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Typical boundary conditions in arbitrary geometry for the P1-approximation are:

1)  No external radiation at surfaces:
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In this case
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or
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2)  Axial symmetry for cylindrical geometry or central symmetry for spherical geometry:
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where 
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 is the unit vector in radial direction. Relation (61) can be rewritten:
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It is of great practical interest to consider equations of the P1-approximation in the cases of the extreme small and extreme large optical depths.


1.  Approximation of optically thin medium.


From exact equation
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at 
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 one can get (no external radiation)
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Upon integrating of Equation (63) with respect to radiation frequency we obtain the association of integral divergency with the Planck integral coefficient:
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where
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2.  Approximation of optically thick medium.


In this case
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Note that in this case calculation of 
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Upon integrating of Equation (76) with respect to radiation frequency we obtain the association of integral flux of radiation with the Rosseland mean coefficient
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where
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It should be taken into account that the P1-approximation of spherical harmonic method has a poor precision at small optical thicknesses. To get over the difficulties, one proceeds as follows: the P1 method is used in that spectral regions where the optical thickness is thick, otherwise the emission approximation (radiation heat transfer with no absorption) is used.

Examples of the use of the P1-approximation for radiation heat transfer problems are presented in Part 6.1.

3.2
The quadro-moment method


The quadro-moment method, suggested in [1], presents further development of P1-approximation for two-dimensional geometry.

Spectral radiation intensity 
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 obeys the following equation for non-scattering medium under LTE (frequency dependence is left out for charity)
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where 
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The essence of the method is that four angular domains are introduced (Figure 3.7) and Equation (69) is integrated over these domains with various weight functions. This is usually performed using the moment-based methods or multiple spherical harmonics approximations [3, 8].
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Figure 3.7: Schematic of the two-dimensional axial symmetry problem

In each of these angular zones volumetric spectral radiation densities are introduced by definition
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The projections of spectral flux density in radial direction are expressed as
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In the axial direction, the flux density is
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Formulas (70)((73) include indexes , fixing the angular zones:
), +, (,(~=
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Consecutive application of operators 
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[image: image371.wmf](


)


3


12


0


2


rb


L


mm


rLLnkWJ


rrrx


±


±±±


¶


¶p


æö


-++-=


ç÷


¶¶


èø


%


%%%


,
(74)





[image: image372.wmf](


)


3


12


0


2


xb


M


mm


rMMnkWJ


rrrx


±


±±±


¶


¶p


æö


-++-=


ç÷


¶¶


èø


%%%


,
(75)





[image: image373.wmf](


)


(


)


(


)


1


2


0


2


01d0


x


rb


W


mm


rWnJkUJ


rrxr


±


±±


¶


¶


+-g=-mm+-p=


¶¶


ò


%


%%


,
(76)


where
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The resulting system of equations may be used to build a group of calculation methods. In spite of the fact that no simplifying assumptions were made for this system, it can not be considered as exact analogue of the transfer equation, because the resulting system contains of infinite number of ordinary differentials equations.

Closing of the system means that a finite number of components is used in decomposition of intensity into series by orthonormal functions. For the full solid angle 4( the convenient orthonormal basis is the system of spherical harmonics. The first two components of these series (which corresponds to the P1 Spherical Harmonics approximation method) with regard to evenness at , provide:
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Approximation of radiation intensity by orthogonal polynomial at halved segments is given as 
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If decomposition similar to the Eq. (77) is used for calculation of functions 
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, then instead of Eqs. (74)((76) one can obtain a system of equation in relation to coefficients a, b, c. It is reasonably to call this method as a method of quadro-moments, since it is analogous to moment methods, but corresponds to one quarter of a solid angle. Using the decomposition given by Eq. (77), coefficients of Eq. (74) to (76) can be calculated.


Let us consider equations for the zero-order equations of the quadro-moment method. Assume
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Using (79), Equation (79) becomes
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The boundary conditions are formed for each of the four directions. Let isotropic radiation with intensity 
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At the symmetry axle
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The zero-approximation of the quadro-moment method (80) in relation to spectral functions has the following form:
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In group approximation (with the number of groups 
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where 
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Then Equation (84) becomes
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where 
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 is the average Planck coefficient. 

The boundary conditions for Equation (84) are obtained by integration of corresponding spectral conditions with respect to the wave number. The advantage of such formulation of the quadro-moment method is that unlike methods of averaging by the full solid angle (for example, P1-approximation), where the average integral absorption coefficient may have gaps of the second type, the given case presents a smooth continuous symbol function.

Examples of the use of the quadro-moment method for radiation heat transfer problems are presented in Section 6.2.

3.3
The ray-tracing method


The ray-tracing method (RTM) is usually used for calculation of radiation heat flux to surfaces of different energetic devices and space vehicles. Schematic of typical problem is shown in Figure 3.8. In the given case the researched model of Mars Sample Return Orbiter (MSRO) has the shape of a circular truncated cone (a), integrated with a spherical segment (b) on the part of an incident flow, and with the circular cylinder (c) in a base area. For the condition of axial symmetry to calculate a radiation heat flux on the MSRO surface it is enough to perform calculation along a contour on the surface shown in Figure 3.8. 


Algorithm of the ray-tracing method consists in the following. To calculate of a radiation heat flux to any element of the MSRO surface, the local spherical coordinate system with a normal 
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 is entered.
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Figure 3.8: Schematic of research model of Mars Sampler Research Orbiter Each ray 
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 is defined in this local coordinate system by the following two angular coordinates: the latitude angle 
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The radiation heat flux is defined by the following formula:





[image: image410.wmf](


)


(


)


(


)


2/221


0000


d,cossindd,d


jjj


WRJRJR


ppp


nnn


=jWqqq=jWmm


òòòò


rrrrr


,
(87)

where 
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Introduction of finite-difference mesh of angular directions allows to integrate the spectral intensity in Equation (87) on angular variables and to calculate the spectral radiation flux:
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The direction cosines of the vector 
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 are calculated by the following formulas:
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where
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The z axis of the local coordinate system of angular directions coincides with the local normal to the MSRO surface.


To calculate spectral radiation intensity a radiation heat transfer equation should be integrated through inhomogeneous optical path. The following solution of the radiation heat transfer equation can be used for this purpose:
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where 
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 are the initial (on the MSRO surface) and final (on the outer surface of the calculation region or on the MSRO conjugate surface) coordinates of the segment with directing vector 
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Finite-difference scheme on s-axis is formulated for each ray 
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. The coordinates of the intersections of the ray 
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 with all surfaces of the spatial finite-difference mesh should be calculated. This is illustrated by Figure 3.9 (see points on the ray a).

Relations of the analytical geometry should be used for these purposes. However, this algorithm is not effective due to very high time consuming, especially for non-structured meshes. More effective algorithm of the quasi-random sampling was suggested in [1]. A segment with directional vector 
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 (between the initial and final points) is divided on 
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 sub regions as it is shown in Figure 3.9 (see points on ray b). Then, the nearest node or elemental volume of a spatial computational grid is searched for each node
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Figure 3.9: Two alternative finite-difference schemes along s-axis


Numerical integration of the solution (90) of radiation heat transfer equation is realized as follows:
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 is the spectral intensity of the black body, which is calculated using average temperature of the segment 

[image: image435.wmf]1


[,]


kk


ss


+


; 

[image: image436.wmf](


)


1


expd


k


s


k


s


Tss


n


éù


¢¢


êú


=-k


êú


ëû


ò


 is the spectral transmission factor. 

Examples of the use of the P1-approximation for radiation heat transfer problems are presented in Part. 6.1.

3.4
Discrete Ordinates Method (DOM)

The DOM on three-dimensional rectangular [9] and cylindrical [10] computational grids was used successfully for calculation radiative transport in a participating media. Ramankutty and Crosbie [11] presented a modified discrete ordinates solution of three-dimensional radiative transfer in enclosures with localized boundary loading situations. Another method, SN-DOM, was used in [12] to find the spectral characteristics of thermal radiation for a two-dimensional, axisymmetric, free-burning argon arc. Such a method was also used to study radiative heating of internal surface of the air and hydrogen laser supported plasma generator in [13], [14].


Sakami et al. [15] proposed a modification of the standard DOM for non-orthogonal computational grids (for the tetrahedral grids). Further development of the DOM algorithm was used to predict of radiative heat fluxes on back surface of Mars Sample Return Orbiter [16]. 


Computational domain in a rectangular Cartesian geometry is divided into finite numbers of non overlapping tetrahedral cells. The radiation heat transfer equation in a discrete ordinates representation is given by
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where 
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 is the spectral radiation intensity, which is a function of position and direction 
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The condition at the boundary 
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 of computational domain is given as 
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If the surface of the space vehicle 
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 is assumed gray and emits and reflects diffusely, then the radiative boundary condition at the MSRO surface is given by
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Spectral values are replaced by group values. A control volume form of Equation (91) can be obtained by integrating over the tetrahedral volume as follows:
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where 
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 is the side area averaged group intensity; the number of the tetrahedral face is 
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 is the cell volume averaged group intensity; 

[image: image456.wmf]p


V
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 of the tetrahedral cell; 
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 is the group blackbody radiation at the temperature in the cell 
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Solving Equation (94) for cell center group intensity, 
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Therefore, to solve equation (95), auxiliary relations among average intensities on sides of tetrahedral cell are necessary. Tree cases arise with a tetrahedral cell (Figure 3.10), depending on the manner the cell is approached by radiation. These cases were derived in detail in [15].


If the one face receives radiation from the three other faces (Figure 3.10,a), then intensity on receiving face 
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 is given as





[image: image465.wmf](


)


34


1424


4123,


444


1


mmmm


pbpp


S


SS


IIIII


SSS


æö


=++c+-c


ç÷


èø


.
(96)


		[image: image466.png]





a

		[image: image467.png]





b

		[image: image468.png]





c





Figure 3.10: Three possible cases of the radiative transport in a tetrahedral cell

For the second case, when two faces receive radiation from other two faces (Figure 3.10,b), intensities on receiving faces are
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Third case describes the situation, when three faces receive radiation from the fourth one. Intensities on receiving faces are given as
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Equations (96)((99) include function 
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 which can be expressed as
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where 
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 is the maximum optical thickness in the cell 
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 in direction 
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To predict the fluid flow and convective heat transfer in the geometrically complex systems of practical interest, computational methods are normally implemented on non orthogonal boundary-fitted meshes. Many such problems also require prediction of the radiant heat transfer, where the medium affects the heat transfer through emission and absorption. Radiation heat transfer equation governs this radiant exchange. It is desirable to solve this equation on the same computational grid used for the fluid flow. 


The DOM on tetrahedral grids can be applied to find the radiation field in the complex computational domain. In the case of three dimensional geometry octahedral cell is divided into six tetrahedrons 
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 (Figure 3.11, a). The cylindrical meshes also have hexahedral cells adjoining 
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 axis (Figure 3.12, a). Hexahedrons are divided into three tetrahedral cells 
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 (Figure 3.11, b). Using quasi uniform meshes (Figure 3.12, b) is preferable in the case of axial symmetry. 
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Figure 3.11: Tetrahedral cell partition
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Figure 3.12: Cross section of cylindrical computational domain that is perpendicular to the 
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 axis (a). Cross section of quasi uniform grid constructed in cylindrical computational domain

The accuracy of the discrete ordinates solution depends on the choice of the quadrature scheme. Although this choice, in principle, arbitrary, a completely symmetric quadrature is preferred in order to preserve geometric invariance of the solution. The quadrature schemes used in [16] are based on the “moment-matching” technique, whereby the ordinates are chosen so as to integrate as many moments of intensity distribution as possible. Although any type of the quadrature can be applied the SN quadrature sets were used in [16]. The recognition algorithm was created to identify the type of 

[image: image492.wmf]m


W


r


 orientation in the cell. This algorithm permits to apply appropriate characteristic Equations (96)((99) for finding unknown average face intensity. If the solver visits the cells in the correct order, all terms on the right side of the Equation (95) will be known so center intensity can be found by direct substitution. This allows the solution to be obtained by moving from cell to cell in the optimal “matching order”.


For the irregular grid the order is not obvious. To find a solution on irregular grids the equation could be solved by repeatedly sweeping across the grid without regard to the optimal order. Creating of a “marching order map” gives the optimal order in which the cells will be visited. Once the quadrature scheme is fixed, a marching order map can be constructed for each intensity direction, and this map can be written to file for repeated use. To create the map, the boundary cells are swept first to find the starting location. The map is easy to generate, it needs to be revised only when the spatial grid or quadrature scheme have been changed. Because it reduces solution costs, the creation of the map is the preferred alternative. 


Examples of the use of the P1-approximation for radiation heat transfer problems are presented in Section 6.4.


4.0
The random models

4.1
Formulation of Random Models for Atomic Lines 


Random model of molecular lines was originally offered and investigated in the Refs. [17,18]. Detailed description of the random approach is presented in [19]. Being based on the specified references, we shall obtain formulas of generalized random model of rotational molecular lines and spectral atomic lines. Note that the distinctive property of band of atomic lines is that the half-widths of the atomic lines differ significantly. In the case of rotational molecular lines, theirs half-widths differ insignificantly. 


Let a spectral range 
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 contains N atomic lines. Then spectral transmission along the homogeneous optical path L is calculated as follows: 
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where 
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 is the spectral absorption coefficient of i-th line, 
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 is the wavenumber of i-th line.


Integrated transmission in the spectral range (( is determined under the formula
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and average transmission is determined as follows
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It is obvious, that average transmission (3) will depend on how the lines are placed inside the range 
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. Intuitively also it is clear that at large number N this dependence is not strong. The truth of such an assumption easily to check up by means of line-by-line integration for any set of lines. This fact allows give a probabilistic interpretation for averaged transmission. For this purpose it is necessary to formulate probability of realization of just given configuration of lines inside the range 
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, and then to estimate mathematical expectation of averaged transmission for every possible configurations.


Let us define probability for i-th line to have intensity in the range 
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 as follows:
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where statistical independence of realization of the location, intensity and half-width of the line is supposed, 
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 are the probability densities for realization of the location, intensity and half-width of the line. Then the mathematical expectation of the integrated transmission can be determined as follows:
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Now, let us assume that the probability of realization of the parameters of each line (
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) do not depend on realization of the parameters of any other line. It allows simplify last relation: 
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where the explicit dependence from 
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 is entered into the list of arguments of spectral transmission.


Among lines located in the spectral range can be as strongly differing lines, and the lines with rather close parameters. Let us enter conditional division of the lines into groups, in limits of which the probabilities of realization of the lines parameters can be described by the uniform law. Thus we shall remind, that in the limits of any allocated group all lines are indiscernible (the statistical independence of the lines parameters already was used at transition from Equation (5) to Equation (6)). Then, Equation (6) can be rewritten
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where 
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 is the number of lines in g-th group, G is the number of the groups.


The further analysis of Equation (7) will be connected with concrete definition of the probability densities. We shall accept, that all spectral ranges 
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where 
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 and 
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 are the ranges of change of the intensity and half-width in limits of the g-th group. Expression in square brackets has meaning of the average transmittance in spectral group
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Let us enter a new scale of wave numbers, connected to centre of the spectral range 
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where 
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If the average distance between lines in g-th group to define under the formula
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Now it is possible to copy (9) in the following form:
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At rather large number 
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 it is possible to pass to the exponential form in the Equation (13): 
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where 
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 is the equivalent width of lines of g-th group. The transition from final limits of integration in (14) to infinite can be carried out formally, by requiring that 
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However, it is enough, that the following condition should be satisfied
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Therefore such transition can be made basically even at 
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Above already was spoken that it is possible to divide all lines in the range 
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 on number of groups. For example, it is possible to use the assumption of affinity of half-width of lines in limits of each group and about identical probability law of lines intensity distribution:
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Condition (16) means that inside given group all lines have identical half-widths. The relation (17) is frequently used in the theory of random modeling of rotational lines of a molecular spectrum and physically is substantiated in Ref. [17]. With regard to (16) and (17) one can obtain instead of Equation (14) the following relation:
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The intensity of a line S, by definition, is integrated absorption coefficient in this line, therefore
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where the function of the line contour satisfies to the following condition 
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Therefore, by substituting (19) in (18), one can obtain:
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The further transformation (20) is possible at detailing of spectral dependence of absorption coefficient in atomic lines. Exact and approximation expressions for equivalent width of lines of Lorentzian, Doppler, and Voigt contours were obtained in the theory of statistical modelling of spectral lines [17,18].


Thus, the mathematical expectation of integrated transmission in a range 

[image: image548.wmf]Dw


 takes the following form:
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Hence, average transmission in any range does not depend on wave number
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The given formulation of random model contains a large variety of random models: from simple random model (
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) up to generalized random model (
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) of superposition of lines of various bands. In conformity to the formulation of generalized random model, given by Goody [17], now it is possible to assume, that the size of the spectral range, in which the average transmission is sought, coincides with average distance between lines in group. It means that the random model may be used even for one line. In other words, it is possible to determine average transmission in a spectral range, containing only one line, being the member of a spectral band with average distance (( between lines.


4.2
Numerical Simulation Method for Calculation of Radiative Heat Transfer 
in Plane-Parallel Non-Uniform Layers

Now, let us consider how it is possible to use the generalized random model for calculation radiative heat transfer in plane-parallel non-uniform layers of low-temperature plasma. For a basis let us consider the equation for radiation transfer in the following form:
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where 
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 are the spectral intensity of radiation of the plasma and absolutely black body; 

[image: image555.wmf]w


k


 is spectral volumetric absorption coefficient; s is a direction of radiation distribution.


For determination of the spectral and integrated radiating characteristics in a plane-parallel non-uniform layer the method of half-moment is used [8]. The Equation (23) can be approximated by equivalent system of the differential equations for spectral half-moment characteristics 

[image: image556.wmf],


n


M


±


w


:





[image: image557.wmf]1,


,,


d


2


,1,2,


d1


n


nb


M


MJn


n


+


+w


+


ww


w


p


=-+=


t+


K


,
(24)





[image: image558.wmf](


)


1,


,,


d


21


,1,2,


d1


n


n


nb


M


MJn


n


-


+w


-


ww


w


p-


=-+=


t+


K


,
(25)

where
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( is the angle between direction of radiation distribution and x-axis.


Let us assume that external radiation is characterized by the following spectral intensity:
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where H is the thickness of the layer.


To limit number of the solved equations in system (24) it is necessary to use any closing condition, by putting all half-moment functions equal to zero since some number. Such closing condition is possible to obtain approximating an angular dependence of intensity by a series on cosines with limited number N of terms. Having integrated this series over two half-spherical angles (
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where 
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 are the coefficients of the decomposition. By excluding them from system (27), (28), it is possible to find connection between half-moment characteristics:
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In the second approximation of the half-moment method (
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where
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Let us now find integrated half-moment characteristics in the spectral range 
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. Calculations for the four half-moment functions (29)((32) are identical, therefore we shall obtain a required relation only for 
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Integrating of Equation (30) in the limits of the 
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 one can derive:
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The first term in the right hand side of Equation (33) correspond to own radiation of the medium:
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where
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At calculation of integral 
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where 
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 is the number of a mesh nodes.

Let us present the absorption coefficient 
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. Then the expression for equivalent width (35) can be presented in the following form: 
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For calculation of the equivalent width of lines 
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where 
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 is the equivalent width of the g-th group; G is number of atomic lines groups.


Now consider transformation of integral corresponding to the contribution of external radiation. If intensity of external radiation poorly changes in the spectral region 
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In this formula integration over wavenumber gives total transmission in the region 
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, that is in conformity with (21)





[image: image612.wmf](


)


(


)


,1


1


1


0,


0,exp


G


gmf


f


g


Wxx


Txx


=


éù


=


êú


==Dw-


Dw


êú


ëû


Õ


.


Then
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Thus, the required formula for determination of the half-moment characteristic 
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where the equivalent width may be calculated by the following approximate formulas [19]:




[image: image617.wmf](


)


(


)


(


)


,,


1


,1,1exp,


K


m


mfjmmfjkfj


k


WxxATxxDxx


*


DwDw


=


ìü


ïï


éùéù


=Dw=-Dw=--Dw


íý


ëûëû


ïï


îþ


Õ


,




[image: image618.wmf](


)


(


)


(


)


2


22


,,


,,


,


,


mm


LkDk


mmm


fj


kLkDk


mk


DD


DxxDD


æö


=++


ç÷


ç÷


c


èø


,     

[image: image619.wmf](


)


(


)


,


,,


,


,


,


14


mk


mm


fj


LkLk


m


mk


Lk


DDxx


a


c


==


+c


,





[image: image620.wmf](


)


2


,


,,,


,


,1.7ln1


1.7


mk


mmm


DkDkfjDk


m


Dk


DDxxa


a


éù


æö


c


êú


ç÷


==+


êú


ç÷


èø


êú


ëû


,     

[image: image621.wmf](


)


(


)


,,


,d


j


f


x


m


mkmkfjak


x


xxNFTxx


b


c=c=éù


ëû


Dw


ò


, 

Atomic parameters of the model are calculated as follows:
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where 

[image: image628.wmf],


ae


NN


 are the concentrations of atoms and electrons; 
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 are the Stark constants for atomic (a) and ionic (i) lines; 
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 is wavenumber of the atomic line centre; M is atomic weigh; k is the Boltzmann constant; Q is the total partition function.


It must be stressed, that the group functions depend only on temperature and do not depend from population of absorbing energy levels. It means that at calculation of radiation transfer they can be determined at once beforehand. Using of the group functions allows reach appreciable economy of computer resources. 


Examples of the use of the random models of atomic lines for radiation heat transfer problems are presented in Section 6.5.

4.3
The Macro-Random Model for Describing of Radiative Heat Transfer with Vibrational Band Structure

The general idea of the Macro-Random model is that each vibrational band is considered as an isolated line of absorption. The average transition in a spectral region is obtained by multiplication of separate band transitions. The macro-random model is computationally very effective as it allows determine averaged radiative characteristics without the use of "line-by-line" integration or any group models. The calculations are performed as if there is a single spectral region. For calculation of radiative heat transfer in non-uniform volumes the Curtis ( Godson method is used. 

Basic peculiarity of the Macro-Random model is the fact that the model is formulated with reference to one line within a spectral range 
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. Such a random model was introduced and justified above. Any contradiction with the traditional formulation of random models is not present, since in the given random model it is supposed, that in a considered spectral range 
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 only one spectral line has got from some large population, average distance between lines in which equally 
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.


The opportunity of application of such a model to calculation of averaged spectral characteristics was checked by comparison with results of “line-by-line” calculations [20,21].

As it was mentioned above, the basic idea of the macro-random model is that the vibrational band averaged on rotational structure is considered as an isolated line of absorption. To use the generalized random model it is necessary to set a contour function of the absorption band 
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, where the intensity S and the half-width ( are parameters, specifying the integrated absorption coefficient and half-width of the band. It is necessary also to fulfil the condition that the half-width of the band should be much less, than size of the spectral range 
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In the study the approximation of the function of vibrational bands absorption offered by Edwards [22] is used:





[image: image639.wmf](


)


1


33


,exp


C


CC


¢


éù


n-n


¢


knn=-


êú


ëû


,
(42)

where 
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 is the centre of the band of absorption, C1 and C2 are parameters, determining intensity and half-width of the band. Let us assume that 
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The approximation (42) allows to accept that 
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If to assume, that the probability density of intensities distribution of vibrational bands has the same kind, as well as for rotational lines in vibrational bands, i.e.
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then for obtaining the required equivalent width it is necessary to calculate integral (18), by substituting in it the following contour function
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Thus, average transmission of the spectral range 
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, containing vibrational bands can be calculated under the formula
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where the equivalent width of the g-th vibrational band 
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 can be calculated under the formula (45).


To calculate an average transmission of a non-uniform optical path the Curtis ( Godson method is used [23,24]. The general idea of this method consists in introduction for each line (or each band) averaged parameters on the optical path: average intensity of the line 
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The introduction of averaged parameters 
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 and 
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 actually means transition to consideration of some effective optical path. As it was offered by Curtis and Godson, to find averaged parameters it is necessary to equate the integrated absorption (or, that same, equivalent width) of the effective optical path and one for the true non-uniform path in two limiting cases: in the cases of optically thin and optically thick layers. 


Let us consider obtaining of the Curtis ( Godson relations with reference to one isolated line. An exact expression for the equivalent width has the following form:
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(46)

Then, for the effective homogeneous path one can write
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In either case, the wave number ( is measured from centre of the line.


For obtaining of the averaged parameters 
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It is obvious, that from this relation it is possible to determine required values only approximately. Let us consider the following two opposite approximations: the optically thin 
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The equivalent formulation for these approximations looks as follows:
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The sense of the last inequality is that one can find the wave number 
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, at which the optical thickness of the volume will become less unit. In this case the radiation transfer must be investigated only in far wings of the line (
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Let us consider the following integral
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In the case of optically thin path one can obtain
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or using the definition of intensity (19):
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In the case of optically thick path (at 
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) the total absorption of radiation will be observed, so both exponents in (49) are practically equal to zero and it is possible to write the following approximate relation:
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For some kinds of function of the line contour instead of (51) it is possible to require, that integrand expression was equalled to zero at any wave number, namely
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For example, for the Lorentzian line one can obtain the following well known relation (with the account of 
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The situation is different for lines with exponential contours. It is not here possible to equate to zero integrand function. Therefore for averaging half-width it is necessary to use an additional approximation. The integral (51) can be presented in the following form:





[image: image677.wmf](


)


(


)


2


1


exp,,exp,(),()dd0


L


SLSxxx


n


n


ìü


éù


ïï


éù


-kng--kngn=


êú


íý


ëû


êú


ïï


ëû


îþ


òò


,
(53)

where 
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 is the wave number, at which the exponent in (53) becomes equal to zero by virtue of exponential reduction of absorption coefficient at large (. Then, started from the theorem about average, it is possible to prove, that the integrand expression will be equal to zero though in one point 
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Now, one can replace the function 
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 in the exponent by its average value 
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5.0
Examples of the use of the random models of molecular lines for radiation heat transfer problems are presented in Section 6.6. 5.0
The Monte-Carlo methods

Monte-Carlo simulation methods have great potential for creation of the universal computational codes intended for prediction of spectral emissivity of different aerospace objects. First of all, these are: light-scattering plumes of rocket motors (signatures of rocket plumes), emissivities of entering space vehicles in light-scattering and non-scattering atmospheres, meteors, etc. Performance of modern computers and parallel computing technologies allow solve radically the main problem of the Monte-Carlo imitating algorithms, namely reduce dispersion of numerical simulation results.

Basic Monte-Carlo imitative algorithms of radiation transfer of heat radiation in arbitrary inhomogeneous volumes of light-scattering media will be considered in sections 5.1(5.8. Next a peculiarity of the Monte-Carlo algorithms to solve some applied problems which are of practical interest for aerospace applications will be considered in sections 5.9(5.10.

Investigations of efficiency of different simulation algorithms with reference to problem of calculation of spectral signatures were performed in [25(28]. Analysis of five simulation algorithms is given in [25]:


· The LBL-method of integration of radiation heat transfer equation on spectrum of rotational lines;

· Hybrid statistical model;

· Method of smoothed coefficients;

· The two-group method;

· The LBL-method with small number of trajectories of photons.

Brief description of the algorithms is presented below (sections 5.1(5.5). Further developments of the imitative algorithms are presented in sections 5.6(5.10.

5.1
Line-by-line integration of radiation heat transfer equation on spectrum 
of rotational lines

The given spectral range is divided on N of spectral sub regions ((g. In limits of each sub region the following averaged absorption coefficient is introduced:
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where 
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 is the spectral volumetric absorption coefficient of i-th line; 
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 are the spectral volumetric absorption coefficient of gas (in continuum spectra) and solid (liquid) particles.


Let us assume, that all lines have Lorentzian contour, therefore
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where 
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 are the intensity and half-width of i-th Lorentzian line; 
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Imitative Monte-Carlo simulation of photon trajectories can be performed for each spectral group ((g as for any “grey” medium [28]. It should be emphasize, that in the case of non-uniform medium coefficients 
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 are functions of coordinates.

5.2
Hybrid Statistical Method [26]

The idea of the method is extremely simple. The Monte-Carlo imitative algorithms are applied not for simulation of monochromatic photon groups, but for simulation of the propagation of photon groups whose energy is determined by averaging over spectral band. The averaged energy of photon groups for various optical paths is determined with the use of random models of real linear spectra. The Curtis ( Godson method is used to take into account inhomogeneity of the optical path. Detailed description of the random models is presented in Chapter 3. The following works [17,19] can be recommended for more deep studying of the models.

This approach has the following advantages:


17) The integration over wave number in this approach is the analytical one, and it can be performed for a separate spectral band that contains from one to hundreds and thousands of spectral lines. Another words, it means that the spectral problem is solved just once for the entire spectral band.


18) To implement this random method into regular Monte-Carlo algorithm, it is enough to modify the subroutine for calculation of free path of photon groups and insignificantly the geometrical module.


19) The type of the spectral lines taking into account (atomic or molecular), their location in spectral region (regular or chaotic), their contours (the Lorenz, the Doppler, the Voigt) are of no significance. All the above-mentioned peculiarities are taken into account by the random models that can be used without any restrictions.


20) If it is necessary to take into account strong inhomogeneity of optical paths, the Curtis ( Godson approximation can be applied with any other model that would describe the environmental inhomogeneity along the optical path more adequately [23,24]. 


21) The method does not lose any advantages as compared with the Monte-Carlo simulation method, in particular, in respect to solution of problems for volumes with complex geometries.


The drawback of the hybrid Monte-Carlo simulation algorithm is the typical for the classical imitative Monte-Carlo algorithms and random models. These are:

22) High computational intensity of the Monte-Carlo algorithms;

23) The intrinsic error of random band models which does not allow an asymptotic transition to precise line-by-line integration.


Let us now consider some details of the hybrid method. As it was mentioned above, the basis of the method is the simplest Monte-Carlo simulation method. This method simulates trajectories of photon groups inside each homogeneous element of volume, which is introduced by finite difference grid overlying the whole calculation domain.

We consider fixed spectral band 
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 after dividing the spectrum under consideration into such bands. We can enter, for example, ~ 50 ÷ 250 cm(1 for 
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 in the infra-red region of the spectrum. Spectral lines of molecules and continuous (or quasi-continuous) absorption spectra may exist in each band.


Calculation by the hybrid statistical method starts from the formulation of the position vector of linear homogeneous section in the direction of motion of corresponding photons in the inhomogeneous media under consideration (
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 is the coordinate of the point of intersection between the beam and the boundary surface). The nodes of the calculation grid 
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 correspond to the points of intersection between the photon direction with all the boundary surfaces of homogeneous volume elements.


Each homogeneous volume element has  associated coordinates 
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, vectors of gas temperature 
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, temperatures of particles 
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, molar concentrations of optically active components of gas mixture 
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, concentrations of optically active liquid and solid mixture components 
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 is the number density of particles of given dimensions, if the mixture is dispersive, then 
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 is the number density of particles with a certain average dimension), and the total pressure in gas mixture 
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 amounts to N(1, since the properties inside each elementary zone are assumed to be constant.


This allows calculations of the following optical properties that determine the character of radiation transfer along the beam within the limits of each section of vector 
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24) Coefficients of absorption 
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 of the condensed phase (in this particular case the calculation is made according to the Mie theory [29]), as well as the scattering phase- function or average scattering cosine 
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 that characterizes the extent of asymmetry of the phase function. The given functions are considered to be independent of wave number within the limits of spectral band 
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25) Absorption coefficients 
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 in the continuous spectrum;


26) The average absorption coefficient in spectral lines 
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27) Line broadening parameter 
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28) Effective pressure 
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The average absorption coefficient in the spectral lines, the spectral line broadening parameter and the effective pressure are calculated for each molecular band b of each component k that contributes to radiation absorption in band 
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. These functions were calculated using the wide band model [22].


The next stage of the algorithm is to build a vector of effective optical thicknesses for each band of the spectral lines, for which the Curtis ( Godson method is used. Let us assume that collision broadening dominates so the lines have a Lorentzian profile:
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where 
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 is the density of the k-th component of the mixture; 
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 are the averaged intensity and half-width of rotational lines in the b-th lines band of the k-th species.


Assuming that the principle of statistical independence of transmission in spectral line bands is correct, and accounting for continuum absorption, the full optical thickness is
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If the Doppler broadening dominates, the calculation of 
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 is changed by substituting the Doppler profile for Equation (3) (see, for example, [19]).


Simultaneously with calculation of the optical absorption thickness, calculation of optical scattering thickness is performed as following
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which enables later estimation of the probability of absorption (or scattering) of photons by particles of a media.


The photons mean free path is identified as usual. However, to find the point of collision between the photons and particles of the environment, additional calculations have to be made. The main reason for this is the non-linear relationship for transmission in spectral groups with spectral lines (the square-root low for the equivalent width of molecular lines [17]). This is because inequality of total transmission of the entire section to the sum of individual transmissions of its components. 


Assume that after generation of a random number it was established that optical thickness 
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It is then necessary to find coordinate 
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 corresponding to value 
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. In a general, it is necessary to organize an iterative process to find the value of 
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. A non-iterative method can be used if it was assumed that Equation (9) corresponds to a linear relationship between the optical thickness and the physical coordinate which is accurate for low optical thicknesses of the volume elements. Then:
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Now one can estimate the probability of absorption (scattering) in the point where the photon collides with particles. As opposed to the Monte-Carlo calculation of monochromatic radiation transfer, where the probability of absorption (scattering) is estimated as a relation of the absorption (scattering) coefficient to the full attenuation coefficient, in this case the procedure applies to corresponding optical thicknesses. For instance, the probability of scattering is estimated as follows
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The rest of the Monte-Carlo procedure is the same as for monochromatic radiation. 


There is one more peculiarity of the calculation algorithm with molecular lines. It is connected with the problem of a choice of energy for each simulated photon group. 


There are two algorithms.  In the first algorithm the energy is determined as uniform for all photon groups. This algorithm is realized in the following steps:


1. The integrated emissivity E of the whole researched volume V and separate its parts 
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 (on which the volume is broken by the finite difference grid) are calculated;


2. The energy of each photon group 
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 is determined by dividing of complete energy E on quantity of simulated groups 
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3. The relative probability 
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 of photon emission in different volume elements is determined by the relation of the emissivity of the given zone to integrated emissivity: 
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. According to this relative probability number of photon groups emitted by the given volume element is determined as follows: 
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So, in this algorithm all photon groups have identical energy, but different volume zones emit various number of the photon groups.


In the second algorithm each photon group gains different energy, determined by the emissivity of given spatial zone (volume element) from which this photon group is emitted. In this algorithm it is expedient for each spatial zone to determine identical number of emitted photon groups. This algorithm is realized in the following steps: 


1. The values 
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 and E are calculated;

2. The number of photon groups emitted by each spatial zone is determined under the formula
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where 
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 is the number of spatial zones.


3. The energy of the given photon group is calculated under the formula
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Both stated algorithms can be modified by weight algorithm of modelling, when the energy of groups photon changes during collisions [1].


The mentioned above peculiarity consists in a way of estimation of energy 
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where 
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 is the volume of n-th spatial zone; 
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 is the spectral intensity of the Planck radiation; 
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 is the volumetric spectral absorption coefficient. As properties of medium are averaged in limits of each zone, and the spectral ranges 
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 are usually slender, so in their limits with good accuracy it is possible to enter average spectral Planck intensity
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Then the expression (11) is much simplified
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If the volumetric spectral absorption coefficient 
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 does not depend on wave number in limits 
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 (approximation of “grey” medium), then





[image: image757.wmf],


4


nbngnn


EJV


=p×Dwk


.
(14)


When spectral region 

[image: image758.wmf]g


Dw


 contains 

[image: image759.wmf]l


N


 spectral lines, then integral in the formula (13) may be calculated as follows:
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It is assumed also, that the half-width of lines (with spectral volumetric absorption coefficient 
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Thus, the integrated emissivity is calculated as follows:
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Formulas (13) and (17) are easily generalized on the case, when the temperatures of gas and solid (liquid) phases differ: 
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where 
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 It is necessary to pay attention on the fact, that the stated way of estimation of emissivity is well reasonable in cases, when the volume 
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 is optically thin. If the optical thickness 
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, the specified way of calculation of emissivity can result in significant errors (in particular by use of a hybrid Monte-Carlo method). 


5.3
Method of the smoothed coefficients


This method is actually equivalent to the hybrid Monte-Carlo method, but here the following simplification is used
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This relation is correct under the following condition:
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It is obvious, that with increase of optical thickness it is necessary to expect increase of the error of the method. However, as it was shown in [25], at very large optical thickness this method gives more physically reasonable result, than hybrid Monte-Carlo method.


5.4
The two-group method


Let spectral range 
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 contains 
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 molecular lines. Let us assume, that integrated emission in the given spectral range does not depend on location of the molecular lines.


Average intensity and half-width for all lines from the range 
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 in each spatial zone is calculated as follows:
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Then the average half-width on all spatial zones is determined as follows:
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Let us enter two spectral ranges inside the spectral range 
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The average absorption coefficient in the spectral ranges 
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 are determined under the formulas
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Now everything is ready to imitative simulation of the two group photons with the averaged absorption coefficients (23). Emissivity of each volume elements is determined in this case as follows:


· 
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 ( for the first spectral region;

· 
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4


nnbnn


EVJ


=pkDw


 ( for the second spectral region.

5.5
Line-by-line integration with little number of trajectories


Estimations of dispersion of direct statistical simulation results, and also experience, accumulated at the solution of similar problems in “grey” statement show, that for obtaining of satisfactory accuracy of the simulation it is enough, as a rule, to simulate about 
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 trajectories. For the case of relative low albedo (
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) this number can be reduced yet by the order. And on the contrary, for multi-scattering medium of large optical thickness this number is necessary yet to increase. 


When there is a need to find averaged over the spectral region 
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 radiating characteristics, it is possible to use the following algorithm. Let us try to find the solution of the problem, simulating trajectories only of 
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 photon groups. The energy of each new photon group will be estimated statistically. For this purpose spectral absorption coefficient is calculated in any spectral point inside the region 
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The stated algorithm can be modified as follows. We shall break the range 
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 on elementary spectral sub regions. The number of these sub regions must be sufficient for the detailed description of line structure of the spectrum. For example, at 
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cm(1 it is enough to enter ~ 1000 spectral sub regions 
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Further to calculate averaged radiating characteristics one can apply usual procedures of line-by-line integration, but within the bounds of the each spectral sub region 
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 to simulate trajectories not of ~ 104 photon groups (as in the regular line-by-line method), but only ~10(15 photon groups. It should be stressed, that it is impossible to determine the spectral characteristics inside 
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 by this way, but the averaged characteristics in the region 

[image: image801.wmf]g


Dw


 can be obtained with rather good accuracy.


5.6
The Monte-Carlo imitative method based on the Maximum Cross Section 
(MCS) method

Regular imitative Monte-Carlo algorithms considered above were developed for calculation of averaged radiation transfer over rotational lines in spectral range 
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 on the orthogonal calculation grids in 2D cylindrical geometry. These imitative algorithms were used for test calculations of signatures of model rocket motor plumes [28] and for comparison with computational data [30]. These algorithms were used also at study of different optical models for prediction of rocket motor plume signatures [27]. It was shown, that considered imitative Monte-Carlo algorithms can be used quite really even with “line-by-line” (LBL) models of rotational line structure. Development of these imitative Monte-Carlo algorithms with reference to non-orthogonal grids, which are usually used at the solution of gasdynamic problems, is presented in the Ref. [31]. Three imitative algorithms on non-orthogonal grids were considered there:


29) The LBL-method based on the imitative Monte-Carlo algorithm and the MCS method;


30) The LBL-method based on the imitative Monte-Carlo algorithm and the method of quasi-random sampling for formation of straight-line trajectory segments (further we will use also the term “direct Monte-Carlo simulation”);


31) Hybrid method based on the method of quasi-random sampling.


The Maximum Cross-Section method is based on the obvious statement that adding any quantity of (- scatterer ((-diffuser of light) into investigated volume of the light-scattering media does not change the process of photons diffusion (by the definition, the (-scatterer is the scatterer without changing direction).


Let us introduce the maximum total extinction coefficient of the multi-component multiphase polydisperse medium, using the following definition:
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where 
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 is the number of the volume elements defined by four nodes indexes of introduced calculation grid; 
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 are the gas and particles absorption coefficients; 

[image: image806.wmf]l


s


 is the averaged scattering coefficient of polydisperse solid phase; 
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 is the extinction coefficient.


For each l-th elementary volume of the computational grid there may be introduced also the (-scattering coefficient:
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The use of introduced functions (
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) allows simulate the photons diffusion in a heterogeneous medium as well as in a homogeneous one. In so doing it is agreed that at each photon’s collision with particles of the medium the (-scattering occurs with the probability of 
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. Thus for simulation of collision type one should check the fact of satisfaction of the following condition 
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 is the quasi-random number from the equally probable distribution in segment [0,1]). In this case the delta-scattering has been occurred. Otherwise the true collision has been occurred. 


The true collision may be both absorption and scatter. Generating new random number 

[image: image817.wmf]g


 and comparing it with the scattering probability 
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 one can make a conclusion concerning the type of the collision. If 
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 there has been occurred scattering; and if 
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 it is considered that there has been occurred absorption.


The use of the maximum cross-section method with the transport approximation of scattering processes simplifies simulation algorithm to a greater degree. The total “delta-scattering” coefficient can be presented in these cases as follows:
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Another word, in the transport approximation anisotropy of any scattering may be taken into account at the level of collision type modeling (true or not the given collision). If the following inequality 
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is true, then this is the (-scattering; and if 
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 is true, then this is the real scattering.


5.7
Imitative Monte-Carlo algorithm based on the quasi-random sampling of photon trajectory parameters

To calculate radiation transfer through any optical path with directional vector 
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 there is necessity to know optical properties along this path. For this purposes the coordinates of the ray 
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 intersections with all surfaces of the spatial finite-difference mesh should be calculated. This is illustrated in Figure 3.9. Relations of the analytical geometry should be used for these purposes. As it was shown above, at consideration the ray-tracing method (see section 3.3), this algorithm is not effective due to very high laboriousness, especially for non-structured meshes. Algorithm of the quasi-random sampling can be used with the Monte-Carlo imitative algorithms, as it was used with ray-tracing method. 


5.8
The hybrid method based on the quasi-random sampling method

This is the hybrid simulation method (see section 5.2 and [25,26]), which is united in the given case together with the method of quasi-random sampling.

5.9
Three-dimensional simulation algorithms


Imitative algorithms considered above can be applied for prediction of spectral emissivity of axially-symmetric volumes, for examples, rocket plumes. Calculation of the directed radiating ability of a single plume is of significant practical interest for comparison of the results with experimental and calculation data of other authors. The overwhelming majority of all calculations were based on the model of axially symmetric plume [26(28,31]. But very often radiating aerospace objects must be considered as the three-dimensional objects. For example, heat radiation of single and multi-block plumes or light scattering volumes illuminated by sources of external radiation, for example sunny [32]. It is presumed in this case, that the plane-parallel flux of radiation illuminates one of the planes of calculation area under any angle of attack. Heat radiation of Sun can be compared to radiation of absolutely black body at temperature ~ 6000 K. Spectral dependence of scattered sunlight is formed under action of absorption of gas and solid phases of the plume.

Spectral radiating ability of multi-block jets even in relation to self-radiation is the three-dimensional problem. Three-dimensional imitative Monte-Carlo codes were developed and tested in [33]. Figures 6.40(6.44 of section 6.7 show example of distribution of gas temperatures and concentration of condensed phase in three-block plumes. Examples of numerical simulation results for such a configuration of multi-block radiating plume are also presented in the section 6.7.

5.10
Monte-Carlo Local Estimation of Directional Emissivity (MCLEDE)

The Monte-Carlo method considered above is useful when it is necessary to find the angular distribution of radiation intensity over whole solid angle. In this case each photon leaving the radiating volume adds its contribution into the number of the photons moving in a concrete zone of calculation grid over angular variables, and at the contraction of this angular zone it is necessary to increase the number of modelled photons so that the statistical error of the calculation won't increase. However, in practice it is often necessary to know the radiation intensity in the strictly determined direction. In that case it is possible to speed up the performance of the calculation code considerably, at the same time having made the angular range infinitesimal. Numerical simulation algorithm for such a case was presented in [34]. Here we will consider a substantiation of the algorithm.

Suppose we need to find radiation intensity in any strictly determined direction
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. We shall establish counters not for the number N of the photons moving in the range 
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. For each photon we shall set initial energy Е0. After each collision the energy of a photon will decrease: 
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 That corresponds to the estimation of probability for the given photon to continue the movement in any direction (for the case of isotropic scattering).


If we count the photons moving in the range 
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 is determined by any algorithm of scattering simulation. After that it is necessary to trace both of these photons.


The photon with the energy 
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 moves in the direction 
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 before the following collision occurs. After this collision the energy of the photon, moving along 
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. All the counters in computational cells between these collisions increase by 
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 we can neglect this increase. Due to this fact, we shall trace the photon with energy 
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 only until the first collision occurs. At the same time we shall trace the photon with the energy 
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) by a common algorithm. This photon won't affect the counter directly, but will create new photons with energy 
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 after each collision. The radiation intensity corresponding to the value of the counter 
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It should be stressed that if we want to find radiation intensity only on the layer border, we don't need to determine the free path of the photon with the energy 
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. Instead, we can just multiply this energy by 
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Let's estimate the ratio of the performance of the probabilistic algorithm 
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 to the performance of the regular Monte Carlo algorithm (at the statistical error 
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 fixed). It is obvious that
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where 

[image: image856.wmf]1


N


 and 

[image: image857.wmf]2


N


 are the numbers of the photons required by the probabilistic and the common methods correspondingly to reach the error 
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where n is the number of the photons which have made the contribution to our statistics, and c is a constant, almost identical for both algorithms at small 
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In tree-dimensional case we shall have (24) instead of (23):
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To compare regular algorithm with the local estimation algorithm a special test case was considered [34]. The specified test case has been offered in work [30]. The radiating cylinder is filled with a homogeneous high-temperature mixture of gases H2O, CO2, CO at temperature 
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K and with particles Al2O3 with an average radius of 2 microns. The radius of the cylinder is taken equal to 10 cm, and its height to 600 cm. For calculations of spectral optical properties the optical model [35(39] of the molecular lines averaged on rotary structure was used.


Figure 5.1 shows the spectral radiation signature of the cylinder without scattering at the observation angle of 90 degrees. Calculations were performed using two imitating algorithms. 
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Figure 5.1: Spectral signatures predicted by two different Monte-Carlo algorithms. No scattering. Results obtained by the regular Monte-Carlo algorithm are presented for the two angles of observation


One of them the Monte-Carlo local estimation of directional emissivity algorithm and another one is the regular Monte-Carlo imitative algorithm [26,28]. The method of the local estimation of emissivity has shown high efficiency. This method reaches 5% accuracy of statistical modeling approximately 100 times faster. 

Figures 5.2 show spectral directional emissivity at solid particle concentration 
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cm(3. In this case, histories of 
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 photons were simulated. One can see advantage of the local estimation method for the problem under consideration. Details of these calculations are presented in [34].
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Figure 5.2: Spectral signatures of light-scattering volume predicted by two different Monte-Carlo algorithms
at number of photon histories 
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. Results obtained by the regular Monte-Carlo algorithm are presented for the two angles of observation


6.0
Examples of application of methods for solving radiation heat transfer equations


6.1
P1-approximation [4]

The radiation heat transfer problem was considered for two-dimensional axially-symmetric geometry to analyze typical solutions of the P1-equations. Temperature distribution in such a volume is shown in Figure 6.1. Note that such a spherically symmetric radiating region, localized in space, allows test wide class of methods developed in the radiation heat transfer theory.
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Figure 6.1: Temperature inside two-dimensional cylindrical volume

Temperature field shown in Figure 6.1 was calculated by
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Functions of radiation field corresponded to this temperature distribution and 
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cm(1 obtained by the P1-approximation (see Equation (3.40)) are shown in Figures 6.2(6.5. 
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Figure 6.2: Volume density of radiation, J/cm3; 
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Figure 6.3: Radiation flux 
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Figure 6.4: Radiation flux 
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Figure 6.5: Divergency of radiation flux 

[image: image890.wmf]div


r


QW


=


r


, W/cm2; 

[image: image891.wmf]0.1


k=


cm(1


Finite-difference grid used at these calculations is shown in Figure 6.6. Calculated data presented here may be used at verification of other methods and codes of radiation heat transfer theory.
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Figure 6.6: Finite different grid

6.2
The quadro-moment method [40]

The quadro-moment method was applied to integration of two-dimensional radiation heat transfer problem similar to those considered in the previous section. Temperature distribution with the centre located at the symmetry axis of cylindrical volume was calculated as follows (Figure 6.7):
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Figure 6.7: Temperature distribution

The radius and height of the cylinder were entered as 5 cm. These calculations were performed with the P1 approximation of the spherical harmonics method and with the zeroth-order approximation of the quadro-moment method. Different calculation grids, absorption coefficients k and coefficients defining the value of artificial calculation diffusion ( were used. At all figures representing the isometric lines of divergence of the radiant flux integral at 0.5 ÷ 0.6 (m, the figures at the curves denote the values of Q in W/cm3. Symbol (+) here means emission of radiation, while the symbol (() means absorption.


Comparison of calculated data presented in Figure 6.8. It is clear from this figure and it was shown [40] that the zero approximation of the quadromoment method allows obtain results close to those obtained with the P1-approximation of the spherical harmonics. But it should be taken into account that the quadro-moment method has some advantages as compared to P1-approximation at the use of the methods with multi-group spectral method. 
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Figure 6.8: Radiation flux divergence: P1-method (left), the quadro-moment method (right); 
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6.3
The ray-tracing method


6.3.1
Radiative heating of internal surface of the laser plasma generator [41,42]

Radiation heat transfer was considered in working zone of laser plasma generator (LSPG). Calculations were performed for the following input data: the capacity of the CW CO2-laser is 
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cm. Calculation domain was covered by inhomogeneous calculation grid 
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 (NJ is the number of calculation grid nodes along x-axis; NI is the number of nodes along r-axis). 


Temperature profile is shown in Figure 6.9 for laminar gas flows in LSPG [42]. 
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Figure 6.9: Temperature distribution (in K) at entrance velocity
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Integral radiation flux presented in Figure 6.10 calculated for 148-group spectral model. The ray-tracing method was used for prediction of the group spectral fluxes on the internal surface. Example of such calculations is presented in Figure 6.11, where the 148-group radiation fluxes are presented for the five points on the LSPG internal surface. Numbers of presented points correspond to the following coordinates along internal surface: 1 ( 

[image: image913.wmf]0.46


x


=


cm, 2 ( 

[image: image914.wmf]0.93


x


=


cm, 3 ( 

[image: image915.wmf]1.79


x


=


cm, 6 ( 

[image: image916.wmf]4.1


x


=


cm, 11 ( 

[image: image917.wmf]10.8


x


=


cm. 


[image: image918.wmf]X


,


c


m


2


4


6


8


1


0


0


2


0


0


4


0


0


6


0


0


8


0


0


1


0


0


0


I


n


t


e


g


r


a


l


r


a


d


i


a


t


i


v


e


f


l


u


x


,


W


/


c


m


*


*


2




Figure 6.10: Integral radiation heat flux along internal cylindrical surface of hydrogen LSPG, W/cm2. 
The ray-tracing method. Number of angular points 41. Number of spectral groups 148
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Figure 6.11: Group radiation heat fluxes at different points of internal surface of air LSPG, W/cm2. 
The Ray-tracing method. Number of angular points 41. Number of spectral groups 148


6.3.2
Radiative heating of space vehicle surface [43,44]

Computational code NERAT-2D was used for prediction of radiative heating of whole surface and spectral signature of space vehicles, entering into planet atmospheres. The models which are realized in the computational code NERAT-2D include description of general physical-chemical processes which can be significant for solving problem under consideration, namely: the complicated gasdynamic structure appearing at streamline of space vehicles of complex geometry is described by the Navier (  Stokes equations for viscous heat conducting gas; the non-equilibrium physical and chemical kinetics of gas behind shock wave and in wake are described by the equations of energy conservations for different internal degrees of freedom and by the species mass conservation equations; the spectral radiation transfer in whole disturbed area is described by the P1-approximation and by the ray-tracing method. 


Prediction of the radiation heating of MSRO surface was performed in [43,44] for four trajectory points, and for two assumptions concerning the space vehicle wall catalicity effects. In the first case the surface was presumed as non-catalytic, and the pseudo-catalytic surface with 97% CO2 and 3% N2 at the wall was presumed for the second case.


Examples of numerical simulation results are presented in Figures 6.12(6.14. These calculation data correspond to the following trajectory point in Martian atmosphere (see Table 6.1 and [43,44]): 
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3998 m/s. Total radiation flux on MSRO surface is shown in Figure 6.13. Figure 6.13 shows also the spectral radiation fluxes at five points on the surface. Location of marked points one can determine by Figure 6.14. Also radial and axial coordinates of marked points (in cm) are shown on the field of each figure. Legends for the figures showing total and spectral radiation fluxes contain also the following data: 
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 is the number of spectral groups; 

[image: image924.wmf]m


N


 is the number of points along each ray emitting from MSRO point; 
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q


 is the minimal number of rays emitting in the θ-angle direction (θ is the angle of latitude in local coordinate system connected with an elemental area on MSRO surface); 
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j


 is the minimal number of rays emitting in the φ-angle direction (φ is the azimuth angle in local coordinate system). It should be noted that a special numerical study was performed for substantiation of the chosen numbers of angle directions.
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Figure 6.12: Temperature distribution (left) and mass fraction of CO2 (right). Trajectory point No.3. 
Pseudo-catalytic surface
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Figure 6.13: Total radiation flux on the MSRO surface (left) and the spectral radiation fluxes at some points on the MSRO surface. Trajectory point No.3. Pseudo-catalytic surface. 
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Figure 6.14: Location of marked points on the MSRO surface, and correspondence of point numbers to axial coordinates on the MSRO surface


6.3.3
Spectral signatures of space vehicle MSRO [45]

Spectral signatures of heated gas behind shock wave and from wake at MSRO entering into Martian atmosphere were calculated for two angles of observation (see schematic of the problem in Fig. 6.15), 
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. Calculations were performed for four trajectory points. The ray-tracing method was used in the case. 

Table 6.1: MSRO trajectory points
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Presented data allow confirm well known fact that that most intensive radiation in spectral signature is located in the UV spectral region for high-velocity trajectory points (Figure 6.16, a) and in the infrared spectral region for relatively low-velocity trajectory points (Figure 6.16, d). Infrared radiation generally connected, as before, with vibrational bands of CO2 and CO. 


It should be noted that ablation of heat shields of lander may make a significant contribution to the radiation of the shock layer and especially of a wake. There are two consequences from this fact. First of all, the model must include detailed description of the thermo chemical processes on a streamlined surface and predict chemical composition and mass of products of heat protection material thermo chemical destruction. Secondly, this fact can be used for increase of the spectral signature at any given spectral region by including special luminous elements as admixture of heat protection material.
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Figure 6.15: Temperature field for trajectory point No.1
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Figure 6.16: Wavenumber dependence of total-in-groups signature predicted for 

[image: image953.wmf]30
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.
Trajectory points No.1 (a),2 (b),3 (c),4 (d). The pseudo-catalytic surface.

6.4
Discrete ordinates method [16]

Discreet ordinates method, described in Section 3.4, was used for after body radiative heating prediction for MSRO space vehicle. It was assumed that Martian atmosphere contents 97% CO2 and 3% N2. The  optical region was chosen as 1970 ÷ 4000 cm(1. The temperature distribution (Figure 6.17) and mass fraction behind space vehicle were taken from [43, 46]. Surface of the MSRO was assumed absolutely black at the temperature 500 K. To define group absorption coefficients the ASTEROID code was used [1, 47]. For verification of the radiation heat flux prediction the NASA standard infrared radiation model [35] was also used. Coordinates of the cylindrical cell are defined by two spatial coordinates 

[image: image954.wmf],


rh


 and one angular coordinate 

[image: image955.wmf]q


. Spatial mesh for 

[image: image956.wmf]0


q=


 is shown in Figure 6.18. The tetrahedral grid was generated by subdividing cylindrical cells into tetrahedrons. Integral radiation heat fluxes along afterbody surface of the MSRO depending on order of used quadrature (SN) and on number of spectral groups (GR) are shown in Figures 6.19 and 6.20. Analysis of these and others numerical simulation results shows that developed in [16] version of the discreet ordinates method allows predict radiative heating of space vehicle surface with good accuracy.
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Figure 6.17: Temperature distribution behind the MSRO

Figure 6.18: Computational grid
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		Figure 6.19: Integral radiation heat flux depending on order of used quadrature, for 10 spectral groups and NK=30

		Figure 6.20: Integral radiation heat flux depending on number of spectral groups for S6 approximation and NK=30





6.5
Random models of atomic lines [48]

Radiation heat transfer behind shock waves in air is considered. The problem is solved in one dimensional (1D) approach for temperature profile behind the shock wave fronts which is shown in Figures 6.21, a at atmospheric pressure. Corresponding distributions of the molar fractions of high temperature air are shown in Figure 6.21, d. The radiation heat transfer equation was integrated with the line-by-line method and with the random model, described in Section 4.1. 


For the analysis two spectral ranges 
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 were chosen (see Table in the Figure 6.22). The range 
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 contains about 100 lines of atoms N, O, formed at transitions from exited energy states. In the each spectral point of this range the optical thickness is appreciably less than unit. The second spectral range 
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 is characterized by the following attributes: the spectral range contains atomic and ionic lines, formed at transitions from ground and lower states; the optical thickness in centers of the strongest lines surpasses unit.


The typical distributions of integrated radiation fluxes and them divergency are shown in Figures 6.21,b,c. Areas of positive flux divergency correspond primary to emission of radiation, and negative ones corresponds to absorption. The observable absorption of radiation in the ultra violet part of the spectrum is caused generally by the photoionization and photodissociation, and also by some electronic bands of diatomic molecules.
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Figure 6.21: Distribution of temperature and total radiation characteristics behind shock wave with 
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Let us consider radiative characteristics in two points behind the shock wave front with coordinates 
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 corresponds to right boundary of high-temperature part of the shock wave. The values of spectral and total fluxes in the point x1 are of interest for the purposes of the analysis of photochemical processes in the cold air. The values of radiation fluxes in the point 
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 are of interest for the analysis of processes in low-temperature regions of the shock wave.


The distributions of spectral radiation fluxes in the points x1 and x2 are shown in Figure 6.22. On can observe some spectral regions, in which the leaving radiation is close to radiation of the absolutely black body.


Figures 6.23 and 6.24 show spectral absorption coefficients in the points x1 and x2, and also spectral radiating fluxes, obtained at line-by-line calculations in the regions 
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. It is seen that the atomic lines spectra in these regions differ by location, intensities and half-widths.

The spectral radiating fluxes 
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 are rather close. It can be explained by small optical thickness in all its spectral points. In a vicinity of the strongest lines in spectral range 
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 almost reaches radiation of the black body. Presence of the same lines (low-broadening in low-temperature part of the plasma layer) results in strong absorption of the spectral radiation.


[image: image978.png]e

Feo

Hattxom/omss2

Hattxom/omss2

*

0.5

s

orEsA/ 10000, 1/CH

a.e750
o]
30000
£:0000
7820
7020
Z.0gha
7.8800
&:ga00
63800
8: 7500
/S0
1118802
12.0100
1218540
125820
1315050
13.2200
141500

10000
30000
%0000
7150
EEedn
5800
78500
&40
&oa0
&:88a0
202032
105087
118830
12181
1215800
131507
1319140
145400
&, 6000







Figure 6.22: Spectral distribution of the positive radiation flux 
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Figure 6.23: Spectral absorption coefficient in the region 
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Figure 6.24: Spectral absorption coefficient in the region 
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To give general representation about influence of atomic and ionic lines on heat radiative transfer in plasma layers the distributions of total radiation fluxes inside the layer are presented in Figure 6.25. In spite of the fact that in separate spectral ranges atomic and ionic lines give increase of radiation fluxes more than on the order, total radiation grows not more than in two-three times. Atomic and ionic lines exert largest influence on the radiative fluxes in the infra-red area of the spectrum, where the optical thickness of the layer is small. In the ultra-violet part of the spectrum the influence of separate groups of strong lines is not very great. Either the share of these sites in integrated radiation is small, or the investigated plasma layers here have optical thickness appreciably larger than unit and integrated fluxes poorly differ from flows of an absolutely black body.
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Figure 6.25: (beginning)
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Figure 6.25: Distributions of the one-side (upper and lower curves), and total radiation fluxes 
in the plane layer with 
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Let us now consider results of estimations of radiation heat fluxes obtained with the use of group-random model. At preparation of group functions of the atomic lines parameters the following principles of the grouping were used: 1) inside given group there are the lines only one species; 2) the lines are grouped on sizes of constants C4 (see Section 4.2): C4 = 0.001(0.01 for the first group, C4 = 0.01(0.1 for the second group, C4 = 0.1(1.0 for the third group, C4 = 1.0(10 for the fourth group. 


The mathematical expectation of the oscillatory strength and half-width of lines inside each group were calculated as the average arithmetic of their sizes. An exponential low was used for probability densities of oscillator strengths, and the delta-function was used for probability densities of half-width of the atomic lines.


The relative discrepancy between the line-by-line and random numerical simulation results are calculated as follows:
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 are the radiation fluxes, obtained at the line-by-line integration and by the group-random model. Comparison of the radiation fluxes with and without atomic lines, as well as the radiation fluxes obtained by the line-by-line and the random model are shown in Figure 6.25. It is possible to conclude that the use of the group-random model allows predict total radiation fluxes with accuracy not worse than ~30 %. It should be emphasized, that by use of simple statistical model (at association of all lines in the one group on C4) these errors can reach ~ 200 %. Comparison of the radiation fluxes with and without atomic lines shows significant influence of the atomic lines in the case under consideration.

6.6
Macro-random model [20, 21]

The macro-random model of vibrational bands of molecules H2O and CO2 was applied for calculation of radiative characteristics in parallel-plane inhomogeneous layers. Schematic of the problem of radiation heat transfer is shown in Figure 6.26. Temperature and molar fractions of gas species distributions (CO2, H2O) was set in the following form:
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 are the maximal and minimal values of temperature and concentration of the k-th species; 
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, n are the parameters, determining a degree of non-homogeneity of the layer. Figure 6.27 shows typical distributions of temperature and molar fractions in the layer 
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Figure 6.26: Scheme of the problem


Calculations of radiation heat transfer in the plane-parallel layer were performed with the “line-by-line” approach, and with the macro-random model. There are four vibrational bands of a molecule H2O and four vibrational bands of a molecule CO2 were taken into account in the following spectral region 
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At the “line-by-line” calculations the spectral range 

[image: image1012.wmf]DW


 was broken on elementary spectral regions 
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 the total absorption coefficient (averaged on rotational structure) was calculated as follows:
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where 
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 are the numbers of vibrational bands, taken into account for H2O and CO2 accordingly; 
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 are densities of H2O and CO2. The pressure in the layer was supposed as atmospheric (
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The absorption coefficient (58) was supposed constant in the limits of 
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Spectral absorption coefficient in two points inside the plane-parallel layer, used in the “line-by-line” calculations is shown in Figure 6.28. Distributions of total half-moment functions in the plane-parallel layer are shown in Figure 6.29. Figure 6.29 shows distribution of the total integrated flux obtained in the “line-by-line” calculations:
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and also relative error of these calculation with the use of the macro-random model (
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Figure 6.30 shows distribution of divergence of the total integrated flux and error of its calculation with the use of the macro-random model. Divergence of radiating flux defines volumetric capacity of heat release, therefore this function is first of all necessary for the solution of radiative-convective interaction.

One can see that the error of prediction of the radiation function with the macro-random model is about ~ 30%, that is quite acceptable for the practice of calculations of radiative heat transfer. In separate very narrow sites this error can reach up to several hundreds of percents. However it is observed only in those points inside a layer, where the total integrated flux or divergence of the flux are close to zero, therefore the specified errors do not worsen the accuracy of the given approximate method.
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Figure 6.27: Distribution of temperature (solid line, scale at the left), and molar fractions of water vapor (long dashed line; scale at the right) and carbon dioxide (short dashed line; scale at the right)




[image: image1025.png]ABSORPTION COEFFICIENT. 1/CH

A7)

1800 2700 3600 4500 5400 6300 7200 8100 o, lem






Figure 6.28: Spectral absorption coefficient, averaged on rotational structure in points of the layer with coordinates x = 0 (1) and x = H (2)
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Figure 6.29: Total half-moment characteristics in the plane-parallel layer 
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Figure 6.30: Density of the total integrated radiating flux in the layer (solid line; scale at the left) and error 
of its calculation with use of macro-random model (dashed line; scale at the right)
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Figure 6.31: Divergence of the total integrated flux in the layer (solid line; scale at the left) and error 
of its calculation with the use of macro-random model (dashed line; scale at the right)


6.7
The Monte-Carlo method


6.7.1
Monte-Carlo prediction of signature of model solid rocket motor plume on non-orthogonal grids [31]

Imitative Monte-Carlo algorithm of quasi-random sampling (see Section 5.7) is used here for prediction of spectral signature of multi-phase plume of model solid rocket motor (SRM). Gas dynamic functions of the model SRM plume are shown in Figures 6.32. These are: gas temperature (a), temperature of solid particles (b), volume concentration of the monodisperse cloud of Al2O3 particles with radius of particles of 2 microns (c), molar fractions of H2O (d) and CO2 (e).  Non-orthogonal computational grid used for these calculations is shown in Figure 6.32, f. 
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Figure 6.32: Gas temperature (a), temperature of Al2O3 particles (b) and volume concentration of Al2O3 particles in model scattering plume of SRM (c) on the non-orthogonal axysimmetric grid


Calculations were performed for infrared region of spectrum corresponding to center of strong absorption band of water vapors (the 2.7(-band), 
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cm(1. Pressure in the plume was assumed to be 
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atm. A spectral absorption coefficient in spectrum of the Lorentzian rotational lines inside and outside of not scattering and scattering model SRM plumes is shown in Figure 6.33. 
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Figure 6.33: Spectral absorption coefficient in two points inside scattering model plume; a: solid line ( X = 0, R = 0, dashed line ( X = 0, R = 10 cm; b: solid line ( X = 600 cm, R = 0, dashed line ( X = 600 cm, R = 30 cm. Albedo of the single scattering (the bold solid line) inside scattering model plume (a: X = R = 0; b: X = 600 cm, R = 30 cm)


The computational case of the light-scattering plume is characterized by presence of spectral regions with very high single-scattering albedo, that is by the very high probability of scattering (Figures 6.33,a,b). 

Results of the Monte-Carlo calculations of integral and spectral signatures of model non-scattering plume on the non-orthogonal grid are shown in Figures 6.34(6.36. Dependences of integral directional signature of the plume from the angle of observation, calculated with use of three described imitative methods, are shown in these figures. The Monte-Carlo simulation algorithms, which use methods of the quasi-random sampling (Figure 6.34) and the Maximum Cross-Section (Figure 6.35), give close results. 


[image: image1035.wmf]A


n


g


l


e


,


d


e


g


r


e


e


0


5


0


1


0


0


1


5


0


0


1


0


0


2


0


0


3


0


0


4


0


0


5


0


0


I


n


t


e


g


r


a


l


d


i


r


e


c


t


i


o


n


a


l


e


m


i


s


s


i


v


i


t


y


(


I


n


t


e


g


r


a


l


)


,


W


/


s


t


e


r


F


r


a


m


e


0


0


1


½


2


9


M


a


r


2


0


0


3


½


     [image: image1036.wmf]W


a


v


e


n


u


m


b


e


r


,


1


/


c


m


3


6


0


5


3


6


1


0


3


6


1


5


0


1


0


0


0


0


2


0


0


0


0


3


0


0


0


0


4


0


0


0


0


5


0


0


0


0


6


0


0


0


0


7


0


0


0


0


9


0


1


5


0


S


p


e


c


t


r


a


l


d


i


r


e


c


t


i


o


n


a


l


e


m


i


s


s


i


v


i


t


y


(


S


p


e


c


t


r


a


l


s


i


g


n


a


t


u


r


e


)


,


W


/


(


s


t


e


r


*


m


c


m


)




Figure 6.34: Left: Integral signature of non-scattering plume vs. angle ( of the plume  observation.  Right: Spectral signature of SRM in two directions to X-axis (( = 90( and ( = 150(). The direct LBL Monte Carlo method on non-orthogonal axysimmetric grid (number of points along photon trajectory: 30)
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Figure 6.35: Left: Integral signature of non-scattering model plume of SRM vs. angle ( of the plume observation. Right: Spectral signature of non-scattering model plume of SRM in two directions of observation to X-axis (( = 90( and ( = 150(). The LBL Monte Carlo method with the Maximal Cross-Section algorithm on non-orthogonal axysimmetric grid


The hybrid method (Figure 6.36) gives the overestimated results in the normal direction to X-axis. However, it is necessary to note, that the optimization of approximating parameters of molecular rotational lines statistical models was not performed in this case. 
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Figure 6.36: Integral signature of non-scattering model plume of SRM vs. angle ( of the plume observation (the angle ( is counted off from the X-axis). Left: the Hybrid Monte Carlo method.  Right: the Direct LBL Monte Carlo method (number of points along photon trajectory: 30)

The spectral dependences of signatures at two angles of observation, which are presented in Figures 6.34 and 6.35, show some differences in separate narrow spectral ranges. These differences can be referred to statistical errors of the Monte-Carlo algorithms.


Calculation results for integral and spectral signatures for scattering plume of the model SRM are shown in Figures 6.37(6.39.  
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Fig.6.37 Integral signature (left) of scattering model plume of SRM vs. angle ( of the plume observation. Spectral signature (b) of scattering model plume of SRM in two directions to X-axis (( = 90( and ( = 150(). The direct LBL Monte Carlo method (number of points along photon trajectory: 30)


As well as for the non-scattering medium, the results obtained by two LBL-methods are rather close. It concerns both to the total signature (Figures 6.37,a and 6.37,b) and to the spectral signature (Figures 6.37,b and 6.38,b).
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Figure 6.38: Integral signature (a) of scattering model plume of SRM vs. angle ( of the plume observation.  Spectral signature of scattering model plume of SRM in two directions to X-axis (( = 90( and ( = 150(). The LBL Monte Carlo method with the Maximal Cross-Section algorithm

The hybrid method also shows rather good accuracy in the case under consideration (Figure 6.39).


[image: image1045.wmf]A


n


g


l


e


,


d


e


g


r


e


e


0


5


0


1


0


0


1


5


0


0


1


0


0


2


0


0


3


0


0


4


0


0


5


0


0


I


n


t


e


g


r


a


l


d


i


r


e


c


t


i


o


n


a


l


e


m


i


s


s


i


v


i


t


y


(


I


n


t


e


g


r


a


l


)


,


W


/


s


t


e


r


F


r


a


m


e


0


0


1


½


2


9


M


a


r


2


0


0


3


½




Figure 6.39: Integral signature of scattering model plume of SRM vs. angle ( of the plume observation. 
The Hybrid Monte Carlo method


Presented data allow make conclusion about effect of scattering on a signature of plumes. Let us compare, for example, the spectral signature calculated by the LBL-method with the Maximum Cross-Section method for non-scattering (Figure 6.35) and for scattering (Figure 6.38) plumes. Scattering processes become apparent appreciably for angles of observation far from 90. This is because in paraxial directions the absorption probability of photons increases. Integral radiation in the normal direction to the axis of symmetry in this case changes insignificantly, however the spectral distribution of radiation undergoes noticeable changes: the spectral signature of the light-scattering plume has smaller oscillations on the spectrum. This fact also can be explained by the presence of additional absorber (particles of Al2O3) and by much higher probability of photon survival at any elementary collision act of photons with particles of the medium.


6.7.2
Monte-Carlo prediction of spectral emissivity of three-dimensional plumes [33]

Developed algorithm of imitating modeling of radiation heat transfer in a three-dimensional case was used for analysis of spectral and integral signatures of model jet shown in Figures 6.40(6.42. Two calculation cases were analyzed. The first one is the weak light-scattering plume (concentration of Al2O3 particles in the exit cross section of each SRM is 
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cm-3), and the second is the strong light-scattering plume (con​centration of Al2O3 particles Al2O3 exit cross section of each SRM is 
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cm(3). The average radius of particles was presumed equal to 2 and 20 microns. 


Distribution of temperatures of gas and condensed phase were set on the basis of the approached analytical 


solution of the problem about two-phase plume, and distribution of mass fractions of optically active components was set on the base on theory of analogy of heat and mass transfer processes. Spectral optical properties of combustion products were calculated with use of the computer system ASTEROID [1, 47]. Calculations of the optical properties of particles Al2O3 were performed with the use of the Mie theory [29]. Spectral calculations of radiation heat transfer were performed for 100-group model of optical properties with averaging of rotational structure of molecular spectrum. Trajectories of 

[image: image1048.wmf]5
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 groups of photons were modeled in each spectral group. Control calculations were executed at modeling of 

[image: image1049.wmf]6


10


groups of photons in each spectral group.
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Figure 6.40: Gas temperature in three-block plume
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		Figure 6.41: Temperature of Al2O3 particles in three-block plume

		Figure 6.42: Concentration of Al2O3 particles in three-block plume 
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Figure 6.43: Mass fraction of H2O  

Figure 6.44: Mass fraction of CO2 

Signatures of radiation of three-block plume are shown in Figures 6.45 and 6.46. Created calculation algorithm demonstrates symmetry of received results in relation to turn on 90(. In the first case (Figure 5.45) signature of the plume in YZ plane exceeds radiating ability from XZ plane. A reverse situation is observed in the second case (Figure 5.46). Marked regularities for integral radiation are repeated also for the spectral signature. In the considered case, as before, radiating ability is formed in the centers of vibrational bands, and the solid phase radiation is distinctly visible in transparency windows of vibrational bands.
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Figure 6.45: Integral signature of the three-block plume with high level of scattering; 
Observation of plane at 
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Figure 6.46: Spectral signature of the three-block plume with high level of scattering; Observation of plane at 
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6.7.3
Monte-Carlo simulation with line-by-line spectral modelling [49]


Computing code Plume-3D-MC was used for interpretation of the ERIM experimental data [2], and to systematic study of selective radiation heat transfer from cloud of hot gases through cold air atmosphere [50]. To focus attention on verification of spectral optical models included into code Plume-3D-MC the problem of prediction of spatial radiation characteristics was significantly simplified in comparison with previous study. In this case homogeneous cylindrical volume of height 
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Cylindrical volume involving heated mixture of H2O/N2 at temperature 
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 was considered in the second case. Molar fractions of gas species are 
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. Numerical prediction of spectral radiation intensity of the heated volume in normal direction to plane surface are shown in Figure 6.47. Optical properties of heated H2O were borrowed from NASA standard infrared radiation model [35], where rotational line structure was averaged in each spectral group of 
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cm(1. Experimental data [50] are presented for spectral region 
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cm(1. These calculations were performed with the same spectral resolution. Spectral absorption coefficient calculated at these conditions is shown in Figure 6.48.
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		Figure 6.47: Test 9R. ERIM experimental data for H2O Hot cell radiance (upper dotted line), Hot-through-cold radiance (lower dotted line), and Plume-3D-MC numerical prediction (solid line) of the Hot cell radiance. NASA Standard Infrared Radiation model; averaged rotational line structure; spectral region for each spectral group is 
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		Figure 6.48: Spectral absorption coefficient of heated H2O for conditions of Test 9R. NASA standard infrared radiation model





Observed in Figure 6.47 good agreement between theoretical prediction and ERIM experimental data indicates that optical model [35] provides adequate data for the case under consideration.


Cylindrical volume involving heated mixture of CO2/N2 at temperature 
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 was considered in the second case. Molar fractions of the gas species are 
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. Other initial conditions were the same as in the first calculation series. 


Numerical simulation results for spectral intensity obtained with the use of code Plume-3D-MC are shown in Figure 6.49. The NASA standard infrared radiation model [35] was used in these calculations. Averaged over rotational line structure spectral absorption coefficient of hot mixture CO2/N2 for conditions of experimental research [50] (Test 5) is shown in Figure 6.50. 


Considered above numerical prediction of spectral radiation intensity of heated volumes of H2O/N2 and CO2/N2 for conditions of experiments [50] (Test 9R and Test 5), were obtained with the data accumulated in NASA standard infrared model [35]. It is of great practical interest to consider possibility to use other optical models for interpretation of the experimental data. Results of such investigations are presented in [49].
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		Figure 6.49: Test 5. ERIM experimental data for CO2 Hot cell radiance (dotted line) and Plume-2D-MC numerical prediction (solid line) of the Hot cell radiance. The NASA standard infrared radiation model; averaged rotational line structure; spectral region for each spectral group is 
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		Figure 6.50: Spectral absorption coefficient of heated CO2 at conditions of Test 5; NASA standard infrared radiation model [35]





Next calculation case corresponded to experimental data on observation of hot volumes of H2O from large distances. Schematic of the problem is shown in Figure 6.51. Initial conditions were identical to real experimental investigation. Parameters of gas mixture inside heated volume: 
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 is the temperature in surrounding gas, K. Note, that parameters of hot gas model conditions in exhaust rocket plumes at altitude about ~16 km, and parameters of cold gas model optical path of ~ 28.8 km at altitude 18 km. Note that the calculation domain contains to sub-domains (Figure 6.51). The first one exactly corresponds to conditions of experiment Test-9R. The second one, which models volume of cold gas, is 100 times smaller than in real experimental situation. To model radiation transfer in real conditions, the following approach was used in code Plume-3D-MC. An effective pressure of H2O in surrounding gas was introduced: 
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Figure 6.51: Schematic of the 3D “Hot/Cold” problem of visibility of heated cylindrical volume
of H2O/N2 and CO2/N2 through cold atmosphere 


Prediction of hot cell and hot-thought-cold spectral radiance by code Plume-3D-MC and NASA standard infra-red model with averaged rotational line structure is shown in Figure 6.52 and 6.53. One can see from these data that essentially, the problem is as follows: a major portion of heat radiation is absorbed in surrounding gas, containing resonant absorbing cold gas. Figure 6.51 shows comparison of experimental data and numerical prediction of hot-thought-cold spectral radiance for conditions of Test-9R experiments. Reference to Figure 6.51 shows that maximal discrepancy between experimental data and numerical prediction is observed within the region of maximal absorption ability of H2O vibrational bands. At the same time, it is well known, that real spectra (vibrational bands) of emission and absorption contain large number of molecular rotational lines, therefore it might be assumed that the reason for the large discrepancy between experimental and numerical data is in using of non-adequate spectral optical model.


Figures 6.54 and 6.55 show numerical prediction of hot-through-cold spectral radiance for ERIM experimental conditions Test-9R (mixture H2O/N2), obtained by code Plume-3-MC with the use of narrow-random models [22]. Numerical simulation data presented in Figures 6.54 and 6.55 correspond to NASA standard infrared radiation optical model [35]. The following two spectral optical models of radiation transfer were used for both databases: 


· the narrow-band random model for optically thin layers (the method of smoothing coefficients; see Section 5.3);


· the narrow-band random model of real spectrum (Figure 6.55).
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		Figure 6.52: Spectral signature of homogeneous cylindrical volume of heated H2O up to 
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; the MCLEDE algorithm. Solid line- prediction of Hot cell radiance (Test 9R); dotted line – prediction of Hot-through-Cold cell radiance (Test-9R). The NASA standard infrared model 

		Figure 6.53: Spectral signature of homogeneous cylindrical volume of heated H2O up to 
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; the MCLEDE algorithm. Code Plume-3D-MC. Solid line – prediction of Hot-through-Cold cell radiance, Dotted line – ERIM experiments for Test-9R
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		Figure 6.54: Test 9R. ERIM experimental data for H2O Hot cell radiance (upper dotted line), Hot-through-cold radiance (lower dotted line), and Plume-3D-MC numerical prediction (solid line) of the Hot –through-cold radiance. The NASA standard infrared radiation model; the method of smoothing coefficient; spectral region for each spectral group is 
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		Figure 6.55: Test 9R. ERIM experimental data for H2O Hot cell radiance (upper dotted line), Hot-through-cold radiance (lower dotted line), and Plume-2D-MC numerical prediction (solid line) of the Hot –through-cold radiance. The NASA standard infrared radiation model; random model (JLBL = 2); spectral region for each spectral group is 
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With reference to presented numerical simulation data (Figure 6.55), it can be seen that narrow-band random models provide reasonable prediction of hot-through-cold spectral radiance for ERIM experimental conditions. However, some discrepancies between predicted and experimental data (inside separate spectral regions) have engaged our attention, and it substantiates necessity in further development of spectral optical models of heated gases and radiation heat transfer.

And finally, prediction of hot-through-cold radiance with the use of line-by-line spectral models based on HITRAN-like databases will be considered. Figures 6.56,a-d show numerical prediction of hot cell spectral radiance for ERIM experimental conditions Test-9R (mixture H2O/N2), obtained by code Plume-3D-MC with the use of line-by-line model. These numerical simulation data were obtained with the use of parameters of rotational lines from HITRAN database [36]. 
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Figure 6.56: Line-by-line prediction of spectral intensity for conditions of ERIM experiments (Test 9R); 
Hot cell H2O/N2 radiance; spectral resolution is 
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Figure 6.56,a shows spectral intensity of hot cell radiance in spectral region 

[image: image1113.wmf]30004400


DW=¸


cm(1. This spectral region was divided by 56 spectral groups. The Monte-Carlo simulation of radiation transfer was performed in 3000 spectral points inside each spectral group. Thus, the spectral resolution of these calculations was about 

[image: image1114.wmf]~0.0083


Dw=


cm(1. Figures 6.56,b-d show the spectral intensity inside successfully decreasing spectral regions (up to 

[image: image1115.wmf]34503452


DW=¸


cm(1). Figures 6.57,a(c show numerical prediction of hot-through-cold spectral radiance for ERIM experimental conditions Test-9R (mixture H2O/N2), obtained by code Plume-3D-MC with the use of line-by-line model. These numerical simulation data were also obtained with the use of parameters of rotational lines from HITRAN database [36].
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Figure 6.57: Line-by-line prediction of spectral intensity for conditions of ERIM experiments (Test 9R); 
Hot-through-cold radiance (H2O/N2); spectral resolution is 
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With reference to Figures 6.56 and 6.57 it can be seen that the spectral intensity is changed inside range of ~ 5 orders. Therefore, it is easy to understand that the problem of averaging of the intensity in spectral region of 
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 cm(1 is very complex and difficult problem, which is very sensitive to many input factors of used models.


6.7.4
Spectral signatures of fireballs generated at chemical explosions [51]

Radiative gas dynamics and emission of heat radiation of fireballs generated at large-scale accident at chemical industry, natural gas transportation or rocketry is considered in the section. The problem will be illustrated on the example of rocket accident at active part of trajectory. It was shown at qualitative analysis of processes accompanying explosion of rockets on a launching pad or in flight [52] that after end of shock-wave stage of the process, formation of fireball is rather probable. The fireball is a burning cloud of a mix of components of rocket fuel, which emerges in the environment atmosphere under action of the Archimedean force, involving in the movement big masses of ambient air. The process of the fireball formation, in turn, can be presented as the following two-stage process: 

1) Expansion of the burning mix during the first 3÷7 seconds of the process. Feature of this phase of the process is the fast increasing of the fireball sizes. Average speed of such expansion reaches to 20 m/s. Thermal radiation of the fireball accrues most quickly at this stage, reaching the maximum at 5÷7 second of the process. Then intensity of heat radiation gradually decreases owing to intensive cooling of the fireball. 

2) Emersion of the fireball in the environment atmosphere. Feature of this stage is fast emersion of the fireball, accompanying with involving in movement of the big masses of air and formation of large-scale vortical movement in the free atmosphere. The fireball intensively exchanges heat with ambient air during its emersion. In spite of the fact, that its thermal radiation is not so high (due to relative low temperatures, ~ 500 ÷ 1000 K), heat exchange by radiation plays an important role in the fireball dynamics.

Multi-component model of chemically reacting gas generated at burning of rocket fuel (H2O, CO2, CO, H2) was suggested and studied in [51] for prediction of the fireballs dynamics in view of heat exchange by heat radiation and its influence on gas-dynamic processes (in this sense the term radiating gas dynamics was introduced in [52]). It will be shown here how the spectral signature registered from large distance of the fireball reflects physical-chemical processes accompanying the phenomenon under consideration. 


Figures 6.58, 6.59 show temperature, mass fraction of H2O and CO2 molecules, and velocity vector field in the fireball at consecutive time moments after a rocket explosion. 


Being based on these data we shall describe a qualitative picture of a process of the fireball dynamics:

3) Rather fast expansion of the fireball (~ 3 s) with its simultaneous cooling approximately up to ~ 1000 K is observed. The fireball form remains practically spherical on this time interval.

4) Vortical movement of gas is formed inside and outside of the fireball on the 5th second of the process.

5) To the same time moment the fireball begins to lose its spherical form (Figure 6.58,a). It concerns both to temperature distribution, and to distribution of mass fractions of molecular species. The top boundary of the fireball at this time moment is displaced approximately on 200 m, reaching height of 800 m.

6) Further, the fireball continues to move, being increased in the sizes that occur because of involving in the movement of atmospheric air, which is heated and mixed with products of combustion of the rocket fuel. For example, through 11 сек after explosion, the top boundary of the fireball heated up area reaches height of 1000 m (Figure 6.58,b), and to 21 s ( 1200 m (Figure 6.58,d). From these figures the increase of the fireball radial sizes is clearly visible.

7) As it was already marked, the cooling of the fireball is observed in process of its rise. A rate of the cooling is the most quick at the first 5 s, due to significant radiating losses of energy. Gradually the basic mechanism of the energy loss due to thermal radiation is replaced by the convective heat exchange, and the rate of the cooling is reduced. By the 21st second of the process the temperature inside the fireball falls approximately to 600 K. 

8) It is visible from Figure 6.58 that to 21st second of the process the vortical movement of atmospheric air and burning products covers region more than 1 km on height, and ~ 500 ÷ 600 m in radial direction. 
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Figure 6.58: Temperature distribution in fireball at consecutive time moments: 
(a) t = 5 s, (b) t = 11 s, (c) t = 15 s, (d) t = 21 s
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Figure 6.59: Velocity field in fireball at consecutive time moments: (a) t = 5 s, (b) t = 11 s, (c) t = 15 s, 
(d) t = 21 s; velocity scale (50 m/s) is shown in right top corner


Strong influence of radiating processes on dynamics of fireballs was established in [52]. It means that in spite on the fact that temperature inside fireball is not very high, the radiation emission and reabsorption have significant influence on the fireball dynamics due to its large sizes. For example, the full radiative gas dynamic model gives maximum temperature inside the fireball ~ 1140 K to the 5th second after explosion. If we take into account only radiation emission (without reabsorption) this temperature will be approximately 600 K. This result is quite natural, because losses of thermal energy by heat radiation are rather great. It is easy to estimate the role of heat radiation reabsorption comparing temperature distributions at identical time moments for different models of radiation heat transfer: the significant part of the radiant energy does not leave the heated volume, reducing total losses of the fireball energy. It is obviously that the total energy balance makes significant effect on all parameters of the fireball.

Fields of temperature and species concentrations presented above were used for calculation of spectral signature of the fireball at normal direction to its axis of symmetry. Figures 6.60, 6.61 show spectral signatures in W/(μm∙sr) at consecutive time moments. The Monte-Carlo simulation technique was used in 180 spectral bands covered spectral range 
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Figure 6.60: Spectral signature (W/(μm∙sr)) of the fireball at t = 2 s and 5 s
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Figure 6.61: Spectral signature (W/(μm∙sr)) of the fireball at t = 11 s and 15 s


Homogeneous spectral grid was used here. One million photon groups were modeled in the each spectral group.Analysis of the data presented allows conclude that time dependence of spectral signature adequate reflects facts of increasing of the fireball size and cooling processes. One can see that the spectral signature in short-wave part of investigated spectral region (at wave-number larger than 6000 cm(1) drops more quickly than in long-wave part due to fast cooling. Spectral emissivity in the long-wave part (at wave-number → 1000 cm(1) corresponds to relative low-temperature regions of the fireball. Therefore, practically stable radiation in this spectral region is clarified by the following: not very high rate of cooling of the fireball in temperature region ~ 400 ÷ 600 K is compensated by increasing of its size.

So, presented in [51] radiative gas dynamic model of fireballs generated at rocket explosions at active part of trajectory allows predict time-dependence of spectral signature. It is shown that to predict adequate spectral signature of fireball it is necessary to take into account not only gas dynamic and burning processes, but also radiation heat transfer processes. Presented numerical simulation results show that typical time for registration of a rocket explosion by spectral signature is more than ~30 s.


references


[1] Surzhikov, S.T., “Creation of the Emitting Gas Dynamic Radiative Models by Computing Experiment,” Moscow, ”Nauka”, 1992 (in Russian)

[2] Pomraning, G.C., “The Equations of Radiation Hydrodynamics,” Pergamon Press. 1973. 286 p.

[3] Ozisik, M.N., “Radiative Transfer and Interactions with Conduction and Convection,” A Wiley-Interscience Publication, John Wiley & Sons, 1973.

[4] Surzhikov, S.T., “Heat Radiation of Gases and Plasma,” Moscow. Baumansky State University Press. 2004. 544 p. (in Russian)

[5] Abramowitz, M., Stegun, I.A. (Eds.), “Handbook of Mathematical Functions,” NBS. Applied Mathematical Series 55. 1964.

[6] Mark, J.C., “The Neutron Density Near a Plane Surface,” Phys. Rev. 1947. Vol.72. P.558.

[7] Marshak, R.E., “Variation Method for Asymptotic Neutron Densities,” Phys. Rev. 1947. Vol. 71. P. 668.

[8] Sherman, M.P., “Moment Methods in Radiative Transfer Problem,” JQSRT. 1967. Vol. 7. № 1. pp.89(109.

[9] Fivelend, W.A., “Three- Dimensional Radiative Heat- Transfer Solutions by the Discrete- Ordinates Method”, J. of Thermophysics and Heat Transfer, 2 (1988), pp.309(316.

[10] Fivelend, W.A., “A Discrete Ordinates Method for Predicting Radiative Heat Transfer in Axisymmetric Enclosures”, ASME Paper 82-HT-20.

[11] Ramankutty, M.A., Crosbie, A.L., “Modified Discrete- Ordinates Solution of Radiative Transfer in Three- Dimensional Rectangular Enclosures”, JQSRT, 60 (1998), pp.103(134.

[12] Menart, J., “Radiative Transport in a Two-Dimensional Axisymmetric Thermal Plasma Using the S(N Discrete Ordinates Method on a Line-by-Line Basis”, JQSRT, Vol. 67, 2000, pp.273(291.

[13] Filipskiy, M., Mokrov, M., Surzhikov, S., Capitelli, M., Colonna, G., “Prediction of Radiative Heating of Internal Surfaces of Hydrogen and Air Laser Plasma Generators Intended for Aerospace Applications”, 1th International Workshop on Radiation of High Temperature Gases in Atmospheric Entry; 8-10 October 2003, Lisbon, Portugal (ESA SP-533, December 2003), pp.11(18.

[14] Filipskii, M.V., Surzhikov, S.T. “Numerical Simulation of Radiation Heat Transfer in Laser Plasma Generators,” AIAA 04-0988, 2004, Reno, NV, pp.1(11.

[15] Sakami, S., Charette, A., V. Le Dez, “Analysis of Radiative Heat Transfer in Enclosures of Complex Geometry Using the Discrete Ordinates Method”, Proceedings of the Second International Symposium on Radiation Transfer, Kusadasi, Turkey, July, 1997, M. Pinar Mengüç Editor, Begell House, pp.253(270, 1998.

[16] Filipskii, M.V., Surzhikov, S.T. “Discrete Ordinates Method for Prediction of Radiative Heating of Space Vehicle,” AIAA Paper 05-4948. 2005. 11 p.

[17] Goody, R.M., “Atmospheric Radiation. I. Theoretical Basis,” Oxford at the Claredon Press, 1964.

[18] Plass, G.N., “Models for Spectral Band Absorption,” J.Opt.Soc.Am., 1958, Vol.48, P.690.

[19] Taine, J., Soufiani, A., “Gas IR Radiative Properties: From Spectroscopic Data to Approximate Models,” Advances in Heat Transfer. Vol.33 1999. pp.295(414.

[20] Surzhikov, S.T., “Macrostatistical Model Describing Heat Transfer by Radiation with Due Regard for the Vibrational Band Spectrum. Formulation of the Model,” High Temperature. 1998. Vol.36. No.2. pp.269(274.

[21] Surzhikov, S.T., “Macrostatistical Model Describing Heat Transfer by Radiation with Due Regard for the Vibrational Band Spectrum. Calculation of Radiation Transfer,” High Temperature, 1998, Vol.36. No.3. pp.451(457.

[22] Edwards, D.K., “Molecular Gas Band Radiation,” Advances in Heat Transfer. 1976. Vol.12. Edited by Thomas F.Irvine, Jr., James P. Hartnett. Academic Press, New York, San Francisco, London.

[23] Curtis, A.R., Discussion of “A Statistical Model for Water-Vapour Absorption” by R.M.Goody. Quart. J. Roy. Meteorol. Soc. 1952. Vol.78. P.638.

[24] Godson, W.L., “The Evaluation of Infra-Red Radiative Fluxes due to Atmospheric Water Vapour,” Quart. J. Roy. Meteorol. Soc. 1953. Vol.79. P.367.

[25] Surzhikov, S.T., Howell, J.R., “Monte-Carlo Simulation of Radiation in Scattering Volumes with Line Structure,” J. of Thermophysics and Heat Transfer. 1998. Vol. 12. No. 2. pp. 278(281.

[26] Surzhikov, S.T., “Numerical Simulation of Radiant Emittance of Light-Scattering Plane and Cylindrical Volumes with Regard to Linear Structure,” AIAA Paper 2001-2972, 2002, 11p.

[27] Surzhikov, S.T., “Spectral and Narrow Band Directional Emissivity of Light-Scattering and Non-Scattering Volumes,” AIAA Paper 2002-3324, 2002, 21p.

[28] Surzhikov, S.T., “Direct Simulation Monte-Carlo Algorithms for the Rocket Exhaust Plumes Emissivity Prediction,” AIAA 2002-0795, 2002, 14-17 Jan., Reno/NV, P.11.

[29] Bohren, C.F., Huffman, D.R., “Absorption and Scattering of Light by Small Particles,” A Wiley-Interscience Publication, John Wiley&Sons, New-York, 1983.

[30] Nelson, H.F., “Influence of Particles on Infrared Emission from Tactical Rocket Exhaust,” Journal of Spacecraft and Rockets, 1984, Vol.21, No.5, pp.425(432.

[31] Surzhikov, S.T., “Monte-Carlo Simulation of Plumes Spectral Emission,” AIAA Paper 2003-3895, 36th AIAA Thermophysics Conference, 23-26 June 2003, Orlando, Florida.

[32] Duff, J.W., Bernstein, L.S., “Monte Carlo Scattering of Sunlight by High Altitude Rocket Plumes,” JQSRT, 1981, Vol.26, pp.85(102.

[33] Surzhikov, S.T. “Prediction of 3D Rocket Exhaust Plume Signatures by the Monte-Carlo Method,” AIAA Paper No.04-1354, 2004, Reno, NV, pp.1(11.

[34] Kotov, D.V., Surzhikov, S.T., “Benchmark Solutions for the Monte-Carlo Simulation Prediction of Spectral Signatures,” AIAA paper 05-4947. 2005. 11 p. 

[35] Ludwig, C.B., Malkmus, W., Reardon, J.E., Thomson, J.A.L, “Handbook Infrared Radiation from Combustion Gases,” NASA, Washington, D.C., 1973; Ludwig, C.B., Malkmus, W., et al., “The Standard Infrared Radiation Model,” AIAA 81-1051, 1981.

[36] Rothman, L.S., Gamache, R.R., Tipping, H., et al., “The HITRAN Molecular Database: Editions of 1991 and 1992,” JQSRT. 1992. Vol.48. No.5/6. pp.469(518; Also edition of 1996 (on CD).

[37] Tashkun, S.A., Perevalov, V.I., Teffo, J.-L., et al. CDSD-1000, “The high temperature carbon dioxide spectroscopic databank,” JQSRT, 2003, Vol. 82, pp.165(196.

[38] Li, W., Tong, T.W., Dobranich, D., Gritzo, L.A. “A Combined Narrow- and Wide-Band Model for Computing the Spectral Absorption Coefficient of CO2, CO, H2O, CH4, C2H2, and NO”, JQSRT. 1995. Vol. 54. No. 6. pp.961(970.

[39] Surzhikov, S.T., “Optical Properties of Gases and Plasmas,” Moscow, Moscow State Technical University Press, 2004, 575 p.

[40] Surzhikov, S.T., “Calculation of the radiation flux divergence near the region of local heat release by quadromoment method. Radiative Transfer ( 1,” Ed. M. Pinar Menguc. Begell House, Inc., New York. 1996. pp. 92 ( 106.

[41] Filipskiy, M., Mokrov, M., Surzhikov, S., Capitelli, M., Colonna, G., “Radiative Heating of Internal Surfaces of Hydrogen Laser Supported Plasma Generator,” AIAA Paper 2003-4037, 34th AIAA Plasmadynamics and Lasers Conference, 23-26 June 2003, Orlando, Florida.

[42] Surzhikov, S.T., “Subsonic Radiation Gas Dynamics in a Laser Plasma Generator Channel,” Fluid Dynamics. 2005. Vol.40. No.3. pp.446(461.

[43] Surzhikov, S.T., “2D CFD/RGD Model of Space Vehicles,” Proceedings of the 1st International Workshop on Radiation of High Temperature Gases in Atmospheric Entry; 8-10 October 2003, Lisbon, Portugal. ESA- 533, December 2003, pp.95(102.

[44] Surzhikov, S.T., “TC3: Convective and Radiative Heating of MSRO for Simplest Kinetic Models,” Proceedings of the International Workshop on Radiation of High Temperature Gases in Atmospheric Entry. Part II.30 Sept.-1 Oct., 2005. Porquerolles. France. ESA SP-583, May 2005, pp.55(62.

[45] Surzhikov, S.T., “Numerical simulation of heat radiation generated by entering space vehicle,” AIAA 2004-2379, 2004, p.11.

[46] Surzhikov, S.T., “Radiative Gasdynamic Model of a Martian Descent Space Vehicle,” AIAA Paper No.04-1355, 2004, Reno, NV, pp.1(11.

[47] Surzhikov, S.T., “Computing System for Solving Radiative Gasdynamic Problems of Entry and Re-Entry Space Vehicles”, Proceedings of the 1st International Workshop on Radiation of High Temperature Gases in Atmospheric Entry; 8-10 October 2003, Lisbon, Portugal. ESA- 533, December 2003, pp.111(118.

[48] Surzhikov, S.T., ”Random Models of Atomic Lines for Calculation of Radiative Heat Transfer in Laser Supported- and Shock Waves,” AIAA Pap. 97-2367, 28th AIAA Plasmadynamics and Laser Conference, June 1997, Atlanta, GA.

[49] Surzhikov, S.T., “Hybrid Monte-Carlo/Random Model of Molecular Lines Algorithm for Signature Prediction,” AIAA paper 2006-1187. 2006. 17 p.

[50] Lindquist, G.H., Arnold, C.B., Spellicy, R.L. “Atmospheric Absorption Applied to Plume Emission. Experimental and Analytical Investigations of Hot Gas Emission Attenuated by Cold Gases,” Report ERIM No. 102700-20-F, AFRPL-TR-75-30. August 1975, 208 p.

[51] Surzhikov, S., Levine, J., “Time-Dependent Spectral Radiation of Fire Ball Generated at Rocket Explosion,” AIAA Paper 2003-1054, 41st Aerospace Sciences Meeting & Exhibit, 2003, Reno, NV.

[52] Surzhikov, S.T., Labourdette, P., ”Numerical Simulation of Large-Scale Oxygen-Hydrogen Fire Balls. Semi-Empirical Model,” AIAA Pap. 96-1901, 31st AIAA Thermophysics Conference, June 1996, New Orleans, LA.

[image: image1134.emf] 




Methods for solving RHT problems







Cross-sections of the elementary radiative processes







Thermodynamics and Statistical Physics







Quantum mechanics and quantum chemistry







Optical model:



Absorption coefficients, emission coefficients, scattering coefficients and scattering indicatrix







Radiation Transfer



Model







Chemical Physics







Gas Dynamics







Radiative Model







Radiative Gas Dynamics







Radiation Heat Transfer











RTO-EN-AVT-162
10 - 1

10 - 6
RTO-EN-AVT-162


7

RTO-EN-AVT-162
10 - 7 




_1280157413.unknown



_1281256507.unknown



_1281270998.unknown



_1281273874.unknown



_1281277413.unknown



_1281339403.unknown



_1281355419.unknown



_1281357054.unknown



_1281357841.unknown



_1281357871.unknown



_1281359299.unknown



_1281359555.unknown



_1281359751.unknown



_1281359530.unknown



_1281358329.unknown



_1281358860.unknown



_1281357873.unknown



_1281357867.unknown



_1281357869.unknown



_1281357862.unknown



_1281357313.unknown



_1281357552.unknown



_1281357560.unknown



_1281357315.unknown



_1281357187.unknown



_1281357278.unknown



_1281357281.unknown



_1281357283.unknown



_1281357200.unknown



_1281357168.unknown



_1281357177.unknown



_1281357160.unknown



_1281356514.unknown



_1281357034.unknown



_1281357045.unknown



_1281357025.unknown



_1281356475.unknown



_1281356485.unknown



_1281355499.unknown



_1281339422.unknown



_1281339439.unknown



_1281339448.unknown



_1281340945.unknown



_1281341133.unknown



_1281341708.unknown



_1281342434.unknown



_1281342268.unknown



_1281341135.unknown



_1281340994.unknown



_1281341009.unknown



_1281340949.unknown



_1281339649.unknown



_1281339650.unknown



_1281339451.unknown



_1281339453.unknown



_1281339444.unknown



_1281339446.unknown



_1281339442.unknown



_1281339431.unknown



_1281339435.unknown



_1281339437.unknown



_1281339433.unknown



_1281339426.unknown



_1281339429.unknown



_1281339424.unknown



_1281339414.unknown



_1281339418.unknown



_1281339420.unknown



_1281339416.unknown



_1281339407.unknown



_1281339411.unknown



_1281339405.unknown



_1281278241.unknown



_1281279240.unknown



_1281280817.unknown



_1281339399.unknown



_1281339401.unknown



_1281339396.unknown



_1281279244.unknown



_1281280797.unknown



_1281279242.unknown



_1281279160.unknown



_1281279194.unknown



_1281279209.unknown



_1281279186.unknown



_1281278489.unknown



_1281279157.unknown



_1281278383.unknown



_1281278174.unknown



_1281278233.unknown



_1281278237.unknown



_1281278239.unknown



_1281278235.unknown



_1281278228.unknown



_1281278231.unknown



_1281278176.unknown



_1281278124.unknown



_1281278170.unknown



_1281278172.unknown



_1281278168.unknown



_1281278119.unknown



_1281278122.unknown



_1281277415.unknown



_1281274465.unknown



_1281276421.unknown



_1281277305.unknown



_1281277382.unknown



_1281277409.unknown



_1281277411.unknown



_1281277388.unknown



_1281277390.unknown



_1281277384.unknown



_1281277375.unknown



_1281277378.unknown



_1281277371.unknown



_1281276726.unknown



_1281276754.unknown



_1281276768.unknown



_1281276732.unknown



_1281276734.unknown



_1281276730.unknown



_1281276425.unknown



_1281276723.unknown



_1281276423.unknown



_1281275980.unknown



_1281276412.unknown



_1281276416.unknown



_1281276419.unknown



_1281276414.unknown



_1281276408.unknown



_1281276410.unknown



_1281275982.unknown



_1281275486.unknown



_1281275693.unknown



_1281275978.unknown



_1281275488.unknown



_1281274567.unknown



_1281275204.unknown



_1281274566.unknown



_1281273908.unknown



_1281274055.unknown



_1281274151.unknown



_1281274155.unknown



_1281274159.unknown



_1281274440.unknown



_1281274157.unknown



_1281274153.unknown



_1281274130.unknown



_1281274133.unknown



_1281274128.unknown



_1281273917.unknown



_1281273921.unknown



_1281273923.unknown



_1281273919.unknown



_1281273913.unknown



_1281273915.unknown



_1281273910.unknown



_1281273891.unknown



_1281273900.unknown



_1281273904.unknown



_1281273906.unknown



_1281273902.unknown



_1281273895.unknown



_1281273897.unknown



_1281273893.unknown



_1281273883.unknown



_1281273887.unknown



_1281273889.unknown



_1281273885.unknown



_1281273878.unknown



_1281273880.unknown



_1281273876.unknown



_1281272743.unknown



_1281273232.unknown



_1281273274.unknown



_1281273283.unknown



_1281273870.unknown



_1281273872.unknown



_1281273867.unknown



_1281273279.unknown



_1281273281.unknown



_1281273277.unknown



_1281273240.unknown



_1281273245.unknown



_1281273247.unknown



_1281273242.unknown



_1281273236.unknown



_1281273238.unknown



_1281273234.unknown



_1281272943.unknown



_1281273053.unknown



_1281273172.unknown



_1281273183.unknown



_1281273088.unknown



_1281273019.unknown



_1281273042.unknown



_1281272945.unknown



_1281272751.unknown



_1281272755.unknown



_1281272757.unknown



_1281272753.unknown



_1281272747.unknown



_1281272749.unknown



_1281272745.unknown



_1281272267.unknown



_1281272580.unknown



_1281272619.unknown



_1281272659.unknown



_1281272695.unknown



_1281272652.unknown



_1281272610.unknown



_1281272612.unknown



_1281272608.unknown



_1281272358.unknown



_1281272434.unknown



_1281272454



_1281272368.unknown



_1281272326.unknown



_1281272346.unknown



_1281272293.unknown



_1281271856.unknown



_1281271960.unknown



_1281271964.unknown



_1281272265.unknown



_1281271962.unknown



_1281271955.unknown



_1281271957.unknown



_1281271864.unknown



_1281271059.unknown



_1281271831.unknown



_1281271840.unknown



_1281271820.unknown



_1281271055.unknown



_1281271057.unknown



_1281271025.unknown



_1281266718.unknown



_1281269801.unknown



_1281270191.unknown



_1281270836.unknown



_1281270931.unknown



_1281270966.unknown



_1281270974.unknown



_1281270938.unknown



_1281270855.unknown



_1281270865.unknown



_1281270847.unknown



_1281270231.unknown



_1281270743.unknown



_1281270824.unknown



_1281270248.unknown



_1281270195.unknown



_1281270215.unknown



_1281270193.unknown



_1281270040.unknown



_1281270095.unknown



_1281270187.unknown



_1281270189.unknown



_1281270097.unknown



_1281270044.unknown



_1281270093.unknown



_1281270042.unknown



_1281269830.unknown



_1281269913.unknown



_1281269937.unknown



_1281269902.unknown



_1281269806.unknown



_1281269819.unknown



_1281269804.unknown



_1281268308.unknown



_1281269659.unknown



_1281269667.unknown



_1281269757.unknown



_1281269759.unknown



_1281269687.unknown



_1281269663.unknown



_1281269665.unknown



_1281269661.unknown



_1281268317.unknown



_1281268321.unknown



_1281268940.unknown



_1281269631.unknown



_1281268319.unknown



_1281268313.unknown



_1281268315.unknown



_1281268310.unknown



_1281267909.unknown



_1281268185.unknown



_1281268189.unknown



_1281268191.unknown



_1281268187.unknown



_1281268089.unknown



_1281268097.unknown



_1281267930.unknown



_1281267831.unknown



_1281267888.unknown



_1281267898.unknown



_1281267895.unknown



_1281267884.unknown



_1281267827.unknown



_1281267829.unknown



_1281266720.unknown



_1281258605.unknown



_1281264987.unknown



_1281266133.unknown



_1281266166.unknown



_1281266604.unknown



_1281266716.unknown



_1281266168.unknown



_1281266162.unknown



_1281266164.unknown



_1281266160.unknown



_1281265876.unknown



_1281266027.unknown



_1281266029.unknown



_1281266025.unknown



_1281265354.unknown



_1281265824.unknown



_1281265244.unknown



_1281259102.unknown



_1281260442.unknown



_1281260447.unknown



_1281260466.unknown



_1281260444.unknown



_1281259968.unknown



_1281260404.unknown



_1281259156.unknown



_1281258664.unknown



_1281259040.unknown



_1281259100.unknown



_1281259018.unknown



_1281258609.unknown



_1281258611.unknown



_1281258607.unknown



_1281256905.unknown



_1281257687.unknown



_1281258596.unknown



_1281258600.unknown



_1281258603.unknown



_1281258598.unknown



_1281258592.unknown



_1281258594.unknown



_1281258590.unknown



_1281257431.unknown



_1281257682.unknown



_1281257684.unknown



_1281257634.unknown



_1281256909.unknown



_1281257427.unknown



_1281256907.unknown



_1281256782.unknown



_1281256897.unknown



_1281256901.unknown



_1281256903.unknown



_1281256899.unknown



_1281256892.unknown



_1281256894.unknown



_1281256890.unknown



_1281256774.unknown



_1281256778.unknown



_1281256780.unknown



_1281256776.unknown



_1281256770.unknown



_1281256772.unknown



_1281256767.unknown



_1280417728.unknown



_1280478345.unknown



_1280482175.unknown



_1280484835.unknown



_1280584628.unknown



_1280587798.unknown



_1280593065.unknown



_1281256497.unknown



_1281256503.unknown



_1281256505.unknown



_1281256500.unknown



_1281256327.unknown



_1280653516.unknown



_1280763531.unknown



_1281092037.unknown



_1281176185.unknown



_1280763538.unknown



_1280765318.unknown



_1280653576.unknown



_1280654000.unknown



_1280653569.unknown



_1280652547.unknown



_1280653508.unknown



_1280652545.unknown



_1280590517.unknown



_1280591343.unknown



_1280591568.unknown



_1280593013.unknown



_1280591360.unknown



_1280591028.unknown



_1280591033.unknown



_1280591048.unknown



_1280591229.unknown



_1280591035.unknown



_1280591030.unknown



_1280590562.unknown



_1280589655.unknown



_1280589881.unknown



_1280589895.unknown



_1280589860.unknown



_1280589868.unknown



_1280589736.unknown



_1280589592.unknown



_1280589605.unknown



_1280589627.unknown



_1280589598.unknown



_1280589584.unknown



_1280589312.unknown



_1280585858.unknown



_1280586732.unknown



_1280587794.unknown



_1280587796.unknown



_1280586896.unknown



_1280586513.unknown



_1280586699.unknown



_1280585882.unknown



_1280585729.unknown



_1280585824.unknown



_1280585840.unknown



_1280585803.unknown



_1280585071



_1280585702.unknown



_1280584748.unknown



_1280496763.unknown



_1280583060.unknown



_1280583070.unknown



_1280584085.unknown



_1280584455.unknown



_1280583063.unknown



_1280497598.unknown



_1280497731.unknown



_1280497388.unknown



_1280497395.unknown



_1280496777.unknown



_1280495356.unknown



_1280495474.unknown



_1280495609.unknown



_1280495935.unknown



_1280495430.unknown



_1280484944.unknown



_1280485093.unknown



_1280484917.unknown



_1280483493.unknown



_1280484176.unknown



_1280484446.unknown



_1280484696.unknown



_1280484811.unknown



_1280484563.unknown



_1280484243.unknown



_1280484367.unknown



_1280484199.unknown



_1280483856.unknown



_1280483908.unknown



_1280484033.unknown



_1280483886.unknown



_1280483778.unknown



_1280483801.unknown



_1280483508.unknown



_1280483026.unknown



_1280483329.unknown



_1280483439.unknown



_1280483470.unknown



_1280483418.unknown



_1280483057.unknown



_1280483080.unknown



_1280483041.unknown



_1280482934.unknown



_1280482964.unknown



_1280482976.unknown



_1280482955.unknown



_1280482836



_1280482919.unknown



_1280482205.unknown



_1280479320.unknown



_1280481284.unknown



_1280481653.unknown



_1280481684.unknown



_1280482116.unknown



_1280482132.unknown



_1280481655.unknown



_1280481320.unknown



_1280481448.unknown



_1280481300.unknown



_1280480108.unknown



_1280480116.unknown



_1280480120.unknown



_1280480125.unknown



_1280481250.unknown



_1280480127.unknown



_1280480123.unknown



_1280480118.unknown



_1280480112.unknown



_1280480114.unknown



_1280480110.unknown



_1280479804.unknown



_1280480105.unknown



_1280479695.unknown



_1280479743.unknown



_1280478932.unknown



_1280479080.unknown



_1280479271.unknown



_1280479286.unknown



_1280479119.unknown



_1280479035.unknown



_1280479050.unknown



_1280478967.unknown



_1280478667.unknown



_1280478701.unknown



_1280478712.unknown



_1280478915.unknown



_1280478682.unknown



_1280478405.unknown



_1280478554.unknown



_1280478557.unknown



_1280478429.unknown



_1280478391.unknown



_1280421319.unknown



_1280423144.unknown



_1280477728.unknown



_1280478121.unknown



_1280478156.unknown



_1280478327.unknown



_1280478329.unknown



_1280478314.unknown



_1280478127.unknown



_1280477813.unknown



_1280478118.unknown



_1280477803.unknown



_1280477719.unknown



_1280477724.unknown



_1280477726.unknown



_1280477721.unknown



_1280423293.unknown



_1280477716.unknown



_1280423292.unknown



_1280422491.unknown



_1280422917.unknown



_1280423011.unknown



_1280423094.unknown



_1280422966.unknown



_1280422721.unknown



_1280422760.unknown



_1280422708.unknown



_1280422510.unknown



_1280422268.unknown



_1280422332.unknown



_1280422488.unknown



_1280422289.unknown



_1280421491.unknown



_1280422244.unknown



_1280421458.unknown



_1280420309.unknown



_1280420839.unknown



_1280421114.unknown



_1280421149.unknown



_1280421176.unknown



_1280421137.unknown



_1280421039.unknown



_1280421060.unknown



_1280420914.unknown



_1280420523.unknown



_1280420640.unknown



_1280420677.unknown



_1280420598.unknown



_1280420332.unknown



_1280420337.unknown



_1280420339.unknown



_1280420345.unknown



_1280420334.unknown



_1280420315.unknown



_1280420319.unknown



_1280420311.unknown



_1280418984.unknown



_1280419273.unknown



_1280419668.unknown



_1280419909.unknown



_1280419562.unknown



_1280419635.unknown



_1280419219.unknown



_1280419239.unknown



_1280419162.unknown



_1280419175.unknown



_1280419020.unknown



_1280418752.unknown



_1280418937.unknown



_1280418968.unknown



_1280418861.unknown



_1280417862.unknown



_1280418549.unknown



_1280417832.unknown



_1280412467.unknown



_1280412771.unknown



_1280413296.unknown



_1280413569.unknown



_1280417698.unknown



_1280417705.unknown



_1280417709.unknown



_1280417711.unknown



_1280417720.unknown



_1280417707.unknown



_1280417700.unknown



_1280413825.unknown



_1280414046.unknown



_1280413668.unknown



_1280413339.unknown



_1280413380.unknown



_1280413315.unknown



_1280412779.unknown



_1280413251.unknown



_1280413268.unknown



_1280413116.unknown



_1280412775.unknown



_1280412777.unknown



_1280412773.unknown



_1280412753.unknown



_1280412762.unknown



_1280412766.unknown



_1280412768.unknown



_1280412764.unknown



_1280412758.unknown



_1280412760.unknown



_1280412756.unknown



_1280412698.unknown



_1280412749.unknown



_1280412751.unknown



_1280412747.unknown



_1280412542.unknown



_1280412695.unknown



_1280412480.unknown



_1280412377.unknown



_1280412396.unknown



_1280412407.unknown



_1280412411.unknown



_1280412413.unknown



_1280412415.unknown



_1280412409.unknown



_1280412403.unknown



_1280412405.unknown



_1280412400.unknown



_1280412385.unknown



_1280412390.unknown



_1280412394.unknown



_1280412388.unknown



_1280412381.unknown



_1280412383.unknown



_1280412379.unknown



_1280411864.unknown



_1280412111.unknown



_1280412163.unknown



_1280412281.unknown



_1280412139.unknown



_1280411915.unknown



_1280411939.unknown



_1280411903.unknown



_1280411413.unknown



_1280411801.unknown



_1280411835.unknown



_1280411785.unknown



_1280411787.unknown



_1280411542.unknown



_1280158096.unknown



_1280158361.unknown



_1280157900.unknown



_1280049143.unknown



_1280130818.unknown



_1280134186.unknown



_1280136584.unknown



_1280136974.unknown



_1280137025.unknown



_1280137203.unknown



_1280137360.unknown



_1280137521.unknown



_1280137554.unknown



_1280137496.unknown



_1280137272.unknown



_1280137082.unknown



_1280136982.unknown



_1280136989.unknown



_1280136991.unknown



_1280137006.unknown



_1280136984.unknown



_1280136978.unknown



_1280136980.unknown



_1280136976.unknown



_1280136708.unknown



_1280136969.unknown



_1280136972.unknown



_1280136720.unknown



_1280136651.unknown



_1280136688.unknown



_1280136629.unknown



_1280136072.unknown



_1280136317.unknown



_1280136498.unknown



_1280136511.unknown



_1280136485.unknown



_1280136118.unknown



_1280136231.unknown



_1280136252.unknown



_1280136089.unknown



_1280134624.unknown



_1280135768.unknown



_1280136062.unknown



_1280134717.unknown



_1280134506.unknown



_1280134516.unknown



_1280134188.unknown



_1280131897.unknown



_1280133488.unknown



_1280133571.unknown



_1280133936.unknown



_1280134001.unknown



_1280133757.unknown



_1280133492.unknown



_1280133548.unknown



_1280133490.unknown



_1280132215.unknown



_1280132307.unknown



_1280132401.unknown



_1280132305.unknown



_1280132148.unknown



_1280132150.unknown



_1280132001.unknown



_1280131106.unknown



_1280131501.unknown



_1280131623.unknown



_1280131631.unknown



_1280131539.unknown



_1280131296.unknown



_1280131312.unknown



_1280131222.unknown



_1280130952.unknown



_1280131072.unknown



_1280131091.unknown



_1280131031.unknown



_1280130846.unknown



_1280130859.unknown



_1280130836.unknown



_1280063130.unknown



_1280063364.unknown



_1280064341.unknown



_1280130509.unknown



_1280130758.unknown



_1280130806.unknown



_1280130528.unknown



_1280130462.unknown



_1280130492.unknown



_1280064503.unknown



_1280063944.unknown



_1280064118.unknown



_1280064188.unknown



_1280064006.unknown



_1280063389.unknown



_1280063406.unknown



_1280063378.unknown



_1280063258.unknown



_1280063302.unknown



_1280063338.unknown



_1280063352.unknown



_1280063314.unknown



_1280063280.unknown



_1280063292.unknown



_1280063269.unknown



_1280063191.unknown



_1280063220.unknown



_1280063238.unknown



_1280063205.unknown



_1280063156.unknown



_1280063172.unknown



_1280063143.unknown



_1280049795.unknown



_1280050005.unknown



_1280062922.unknown



_1280062953.unknown



_1280063009.unknown



_1280063111.unknown



_1280062966.unknown



_1280062980.unknown



_1280062960.unknown



_1280062940.unknown



_1280062947.unknown



_1280062925.unknown



_1280050009.unknown



_1280050011.unknown



_1280050007.unknown



_1280049876.unknown



_1280049996.unknown



_1280050000.unknown



_1280050003.unknown



_1280049998.unknown



_1280049994.unknown



_1280049872.unknown



_1280049874.unknown



_1280049801.unknown



_1280049447.unknown



_1280049698.unknown



_1280049740.unknown



_1280049793.unknown



_1280049726.unknown



_1280049451.unknown



_1280049453.unknown



_1280049449.unknown



_1280049314.unknown



_1280049397.unknown



_1280049445.unknown



_1280049317.unknown



_1280049231.unknown



_1280049258.unknown



_1280049158.unknown



_1279993827.unknown



_1280045847.unknown



_1280047532.unknown



_1280048614.unknown



_1280048874.unknown



_1280048996.unknown



_1280049033.unknown



_1280048943.unknown



_1280048667.unknown



_1280048693.unknown



_1280048646.unknown



_1280047603.unknown



_1280047673.unknown



_1280047713.unknown



_1280047657.unknown



_1280046636.unknown



_1280047409.unknown



_1280047439.unknown



_1280047454.unknown



_1280047424.unknown



_1280047391.unknown



_1280046849.unknown



_1280047307.unknown



_1280047324.unknown



_1280047377.unknown



_1280047313.unknown



_1280047173.unknown



_1280046676.unknown



_1280046280.unknown



_1280046416.unknown



_1280046529.unknown



_1280046503.unknown



_1280046300.unknown



_1280045864.unknown



_1280045886.unknown



_1280045851.unknown



_1280045856.unknown



_1280045052.unknown



_1280045239.unknown



_1280045393.unknown



_1280045703.unknown



_1280045845.unknown



_1280045669.unknown



_1280045244.unknown



_1280045248.unknown



_1280045242.unknown



_1280045102.unknown



_1280045140.unknown



_1280045151.unknown



_1280045115.unknown



_1280045080.unknown



_1280045091.unknown



_1280045067.unknown



_1279995273.unknown



_1279995611.unknown



_1280044879.unknown



_1280044992.unknown



_1279995832.unknown



_1279995541.unknown



_1279995587.unknown



_1279995362.unknown



_1279994035.unknown



_1279994057.unknown



_1279994895.unknown



_1279995006.unknown



_1279994094.unknown



_1279994055.unknown



_1279994007.unknown



_1279994024.unknown



_1279993828.unknown



_1279966672.unknown



_1279991072.unknown



_1279993328.unknown



_1279993560.unknown



_1279993698.unknown



_1279993777.unknown



_1279993673.unknown



_1279993428.unknown



_1279993504.unknown



_1279993395.unknown



_1279993063.unknown



_1279993130.unknown



_1279993324.unknown



_1279993070.unknown



_1279993003.unknown



_1279993021.unknown



_1279991359.unknown



_1279989283.unknown



_1279990338.unknown



_1279990797.unknown



_1279991053.unknown



_1279990512.unknown



_1279990177.unknown



_1279990249.unknown



_1279989420.unknown



_1279989059.unknown



_1279989108.unknown



_1279989130.unknown



_1279989090.unknown



_1279966809.unknown



_1279989018.unknown



_1279989024.unknown



_1279988678.unknown



_1279966680.unknown



_1279965994.unknown



_1279966413.unknown



_1279966645.unknown



_1279966653.unknown



_1279966660.unknown



_1279966662.unknown



_1279966664.unknown



_1279966658.unknown



_1279966649.unknown



_1279966651.unknown



_1279966647.unknown



_1279966426.unknown



_1279966610.unknown



_1279966422.unknown



_1279966087.unknown



_1279966409.unknown



_1279966411.unknown



_1279966089.unknown



_1279966082.unknown



_1279966084.unknown



_1279966080.unknown



_1279965721.unknown



_1279965949.unknown



_1279965953.unknown



_1279965955.unknown



_1279965951.unknown



_1279965725.unknown



_1279965944.unknown



_1279965723.unknown



_1279869009.unknown



_1279965710.unknown



_1279965717.unknown



_1279965719.unknown



_1279965714.unknown



_1279965538.unknown



_1279965660.unknown



_1279965542.unknown



_1279869383.unknown



_1160491663.unknown



_1162744538.unknown



_1163694775.unknown



_1279188068.unknown



_1279868737.unknown



_1197889416.unknown



_1163693116.unknown



_1160494846.unknown



_1128176852.unknown



_1128176943.unknown



_1128184501.unknown



_1130510057.unknown



_1128176933.unknown



_1111736421.unknown



_1128176725.unknown



_1111736410.unknown



_925317012






Fr ontiers o f Aerothermo dynamics


Chul Park


Department of Aerospace Engineering, Korea Advanced Institute of Science and Technology


Daejeon, Korea


Summary


Desirable directions of future research in the field of aerothermodynamics are de-


scribed. The possible future human endeavors in high speed flight and likely problems


needing to be solved therein are enumerated. This includes flights in Earth’s atmosphere,


entry flights into outer planets, and radiation and ablation phenomena. Recommendations


are made as to how these problems could be approached.


1. Problems Involving Air Chemistry


1.1. Possible Future High Speed Flights in Earth’s Atmosphere


1.1.1. Airbreathing Hypersonic Flight


Supersonic combustion is known to be limited by the rate by which air and propellant


mix. When the Mach number at the inlet of a combustor reaches 1.5, the combustion


efficiency is already substantially lower than unity, i.e. typically about 80%. At an inlet


Mach number of 2, efficiency falls to about 50%. Operating at an inlet Mach number of


1.75, say, one can expect to operate a cruising vehicle at a flight Mach number of about 6


with hydrogen and about 4.5 with a hydrocarbon fuel. If an airplane is built using such an


engine, its range is not sufficient to cross the Pacific Ocean or fly from London to Sydney.


This means that probably there are no markets in the traditional commercial aviation for


such an airplane.


Combustion is possible with a dimishingly small efficiency at higher Mach numbers.


A positive thrust may be obtained to a Mach number as high as 12. But, if such a vehicle


is used as an accelerator, i.e. to accelerate a payload to the orbital velocity, or to a sub-


orbital but still interesting speed, its fuel economy is not demonstrated to be better than


that for rocket propulsion. Therefore, markets for such a vehicle is unlikely.


One may ask whether a hypersoic vehicle has merit over a rocket-propelled vehicle in


military applications. An airbreathing airplane has one advantage over a rocket-propelled


vehicle in that it can easily evade an enemy interception: it can utilize its lift to change


the flight path. For this reason, probably airobreathing hypersonic vehicle may be pursued


for military purposes. In the present lecture, airbreathing hypersonic propulsion will not


be considered.


1.1.2. Ballistic Flight
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One emerging market for hypersonic technology is space tourism. A rocket-powered


sub-orbital space vehicle may take passengers to an altitude above 100 km and let them


experience a weightlessness for up to about 30 minutes. During the ascent and descent,


such a vehicle produces an acceleration of about 3g’s. To about 30 minutes, healthy persons


are said to be able to withstand weightlessness, and endure such a g. One should be able


to fly from London to Sydney, or from Seoul to Los Angeles, in such a vehicle for a fare of


about 20,000 Euros. The existing first class fare for the same flight is of the order of 7000


Euros. Many predict that there will be enough customers to operate such a hypersonic


service.


Such space tourism is a luxury and a leisure activity. Government organizations are


not in the position to pursue its realization, because to do so would favor only the rich.


The effort to realize space tourism will remain strictly in private sectors. But, within the


private sectors, the effort will clearly be there.
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Figure 1. Flight regime of a ballistic airliner flying from Seoul to Los Angeles.


The maximum reentry Mach number of such a vehicle varies from about 5 to about


20 depending on the distance it flies. If the vehicle’s flight Mach number is less than 5,


the vehicle does not spend enough time above 100 km altitude to call it a space vehicle.


In Fig. 1, the flight regime of a Seoul-to-Los Angeles ballistic airliner is shown. The figure


shows that the vehicle’s flight speed reaches 6 km/s. But the peak stagnation pressure in


hypersonic speed range remains under 0.2 atm. Pressure must be kept so low in order to


keep the acceleration below 3 g. At Mach 5, vibrational excitation will occur. At about


Mach 7, dissociation of oxygen starts. At 6 km/s, even nitrogen may dissociate. Because of
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low pressure, the flow around the vehicle will be dominated by nonequilibrium phenomena.


1.1.3. Lunar Missions


The current rush to the Moon can be said to have been motivated by China’s decla-


ration that it wants to send humans to the Moon. China’s reason to go to the Moon is


said to be “to resume the quest of Admiral Zheng He which was stopped abruptly in the


year 1421”. In 1421, China stopped the exploration of the world with some two hundred


ships. Those ships sailed to the tip of Africa, or maybe even to the American continent.


An emperor’s edict in 1421 stopped it for the reason that there was no justification for


continuing the quest. As a result, China went to sleep for the following five centuries in


science and technology. China is vowing that it will never repeat that mistake. This time,


Chinese will not ask why they go to the Moon or Mars, so that there will be no reason to


stop it either.


There are said to be two goals of going to the moon: finding water and finding helium-


3. If we find water, we can live there. Using solar or nuclear energy, water can be split


into hydrogen and oxygen, which can power rocket ships. Helium-3, an isotope of helium


with a molcular weight of 3, is an ingredient needed for thermonuclear fusion. It is needed


only in a small quantity. At least theoretically, an operating fusion reactor both consumes


and produces helium-3 simultaneously. By desining the operating condition appropriately,


more helium-3 can be made than used. That is, breeding is possible. But, before such a


breeder fusion reactor is made, helium-3 will be needed. Also, even when breeder reactor


is completed, it is needed in oder to start the reactor, in the role of a primer.


In order to bring back helium-3, earth reentry must be executed. In order to repeat


this activity, both the launch vehicle and reentry vehicle should preferably be reusable. The


recovery of the first and possibly the second stage rocket vehicles will require precesion in


aerothermodynamic prediction capability. The technology of reentry developed for Apollo


entry must be improved to meet this requirement.


1.1.4. Orbital Balloons


A few years ago (circa 2002), Lockheed-Martin and Boeing separately and indepen-


dently examined the feasibility of building a fully reusable two-stage-to-orbit launch sys-


tem. Both companies failed to design a viable such system. The reason was that the


requirement that the reusable first stage returns to the launch point could not be satisfied.


The first stage attains a flight Mach number of four or more at the time of staging. At such


a high speed, 180-degree U-turn is impossible without losing altitude drastically. To return


to the launch point, the first stage vehicle has to slow down to a subsonic speed, make a


U-turn, and fly back using conventional jet engines. But the vehicle has a lift-to-drag ratio


of no more than 3. For such a vehicle to fly back nearly 1000 km, powerful engines and
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a large amount of fuel are needed. These engines produce such a large frontal area that


acceleration to a hypersonic speed becomes impossible.


Solution to this problem is obvious: remove the requirement to return to the launch


point. If, for instance, the launch is made in California, the first stage can land in New


Mexico or Texas. The vehicle can refuel and fly back to the launch point the next day.


This option was not pursued because a government cannot expose its citizens to a possible


danger of a spacecraft crashing on them. But a private company could do this by paying


an insurance company.


Another possibility is to use international cooperation. One could make the launch


at the eastern shore of Vietnam, and recover the first stage in The Phillippines, or make


a launch at an east coast of Africa and recover the first stage in India, etc. There are


many such combinations on the globe. These are not pursued because the space program


involves national security. If the space activity becomes a purely commercial enterprise,


such international cooperation will happen.


Figure 2. Orbital balloons blocking sun1.


In Ref. 1, a proposal was made to cool the Earth and thereby solve the global warming


problem by letting many large balloons circle the Earth in orbits, as shown schematically


in Fig. 2. Each balloon is made of a thin plastic sheet, has a diameter of the order of


50 km, and a mass of the order of 10,000 tons. One or two hundreds of these balloons in


altitudes of 1000 to 2000 km will cool the Earth sufficiently. To do so, one or two million


tons of material must be placed in orbits every 30 years or so. The cost of this endeaver


will be charged to the CO2 producers proportionately to its amount they produce. The


activity of placing the balloons will go to the multinational private companies through a


Frontiers of Aerothermodynamics 


10 - 4 RTO-EN-AVT-162 


 


 







competitive bidding process.


This is truly a star war scenario, except that the enemy is global warming. Though


costly, this is probably the only assured way of combating global warming. If human race


accepts this solution, there will be a serious need to develop a reusable launch system.


1.2. What More Do We Need in Aerothermodynamics in Air?


1.2.1. Shock Stand-off Distance


In the past decade or so, efforts have been made to tune methods of calculating


nonequilibrium flows in air to agree with experimental data taken in a shock tunnel. Flow


Mach numbers based on enthalpy were from about 10 to about 15, which may be called


‘intermediate hypersonic’ regime. The separated flow over a double cone was chosen for


this purpose (see, e.g., Ref. 2). After several years of effort, we now see a fairly good


agreement. The so-called two-temperature model was used in these calculations.


Figure 3. Comparison of shock stand-off distance over a sphere between bal-


listic range test and computation2


However, there is still a small question left. In Fig. 3, comparison is made of the shock


stand-off distance over a sphere between ballistic range experiments3 and computation4.


As seen in this figure, calculation slightly underestimates the shock stand-off distance at


Mach number of about 10 and 12. This is surprising. In any experiment, there is impurity


in the flow. This impurity tends to make the effective gamma smaller than assumed. This


tends to make the shock stand-off distance smaller in experiment. That is, calculation


always overestimates shock stand-off distance. Furudate and Sawada4 concluded that this


discrepancy can be explained only by assuming that rotational relaxation is slow.
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In the existing two-temperature model, rotationalal mode is assumed to be in equi-


librium with translational mode, that is, rotational relaxation is infinitely fast. That


rotational relaxation is slow has serious implifications. If the shock stand-off distance is


not calculated correctly, shock shape is not calculated correctly. If shock shape is not calcu-


lated correctly, pressure distribution and hence lift, drag, and moments are not calculated


correctly. This discrepancy probably makes only a small error in lift and drag coefficients.


As with any other technology, aerothermodynamics is in the position to having to remove


last small errors. This problem is one frontier left for aerothermodynamics.


1.2.2. Experimental Evidence of Rotational Nonequilibrium


Rotational temperature can be measured relatively simply by analyzing the spectrum


of radiation from a hot gas. One produces a strong shock wave in a shock tube, and


observes radiation behind it. In air or in nitrogen, N2 First and Second Positive bands,


N+2 First Negative bands, and NO γ band occur prominentaly. To analyze the spectrum


observed, one needs a computer code. The code NEQAIR855 has been distributed freely


throughout the world, which can be used for this purpose. The code spawned many similar


codes. The measured rotational temperature can then be compared with the calculated


translational temperature to see whether the assumption that the two temperatures are


equal is valid.


Figure 4. Comparison between the measured rotational temperature and cal-


culated translational temperature; measurement by Sharma6.


Fig. 4 shows the measurement by Sharma et al.6 The data clearly shows that the


rotational temperature is smaller than the calculated translational temperature. In Fig.


5, similar comparison is made for the measurement by Fujita et al.7 In Fig. 6, similar


comparison is made for the measurement by Koreeda8. In Fig. 7. similar comparison
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is made for the measurement by Miyazaki et al9. The data by Miyazaki et al deserves


particular attention: unlike the three other data, which measured rotational temperature


of an electronically excited state of N2 molecule, this data were taken with the ground


electronic state. Thus, there is little doubt that rotational temperature does not follow


translational temperature behind a strong shock wave.


Figure 5. Comparison between the measured rotational temperature and cal-


culated translational temperature; measurement by Fujita7.


(Best-fit rotational temperture
for Sharma data = 4400 K)


Figure 6. Comparison between the measured rotational temperature and cal-


culated translational temperature; measurement by Koreeda8.


1.2.3. Theoretical Effort on Rotational Relaxation


In order to explain the experimental data showing rotational nonequilibrium, an effort


was made to theoretically calculate the rotational relaxation phenomenon. Park10 calcu-


lated the rotational relaxation phenomenon in N2. There is a set of experimental data


giving the rotational state-to-state transition rates for N2 for rotational levels of up to 15
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(Ref. 10). He used and extended this data into higher rotational levels. His results are


shown in Figs. 8 and 9. According to his results, at translational temperature above about


11,000 K, rotational relaxation rate becomes indistinguisable from vibrational relaxation


rate.


Figure 7. Comparison between the measured rotational temperature and cal-


culated translational temperature; measurement by Miyazaki et al9.
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Using Park’s rotational relaxation model, the shock tube measurement by Fujita et al


can be numerically reproduced reasonably closely, as seen in Fig. 10.
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Figure 10. Comparison between the experimental data of Fujita7 and Park’s
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Despite this success, Park’s rotational relaxation model for N2 cannot be considered
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totally reliable because such a far extrapolation was used. A more complete model was


sought for H2. For H2, potential energies during the collisions of H2 + H and H2 + H2
are both known. By carrying out molecular dynamics calculations, one can determine the


state-to-state collisional transition rate coefficients accurately. Using those state-to-state


transition rates, master equation calculation can be made. From the master equation


calculation, one can deduce the rotational relaxation rates and times. The state-to-state


transition rate calculation has been carried out for H2 + H first by Sharma and Schwenke
11.


Unfortunaely, they did not produce the rotational relaxation rates in a usable form.


Similar effort was made by Furudate et al.12 They produced rotational relaxation


time values. According to their calculation, rotational relaxation becomes faster at higher


temperatures rather than slowing down. However, when their state-to-state rate data


were used to compute the recombination rate H + H + H2 → H2 + H2, the calculated


recombination rate did not agree with the measured values. Only by dividing their state-


to-state rates by T/1000, did their calculation match experimental data.12 In Fig. 11,


this behavior is shown.


Figure 11. Comparison between the calculation of Furudate and Fujita and


experiment on hydrogen recombination rates.12


A similar effort was made by Kim et al13 for H2 + H interactions. Their calculation


led to a result totally opposite of that by Furudate et al. They showed that rotational


relaxation occurs no faster than vibrational relaxation at high temperatures. In Fig. 12,


their results are shown.
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Figure 12. Relaxation of vibration and rotation in H2 by collisions of H calcu-


lated by Kim et al.13


Thus, there are sufficiently large numbers of clues to believe that rotational relaxation


at high temperature occurs at about the same rate as vibrational relaxation. This means


that the existing two-temperature model is invalid at high temperatures. At high temper-


atures, rotational and vibrational modes could be considered coupled, leading to a new


kind of two-temperature model. However, in the intermediate temperature range where


the two modes are not quite coupled, a three-temperature description may be necessary. A


new modeling is needed toward this end. To do so, the first step is to be able to compute


the state-to-state transition rate coefficient for vibrational and rotational states. Then one


must develop a technique of handling a large number of rate coefficients in integrating the


master equation.


1.2.4. Other Shortcomings in Two-Temperature Model


The existing two-temperature model has several adjustable parameters. The first is


the so-called collision-limiting cross sections in vibrational relaxation. This concept was


introduced in order to correct the Millikan-White formula at high temperatures. Millikan-


White formula on vibrational relaxation time predicts an unrealistically small relaxation


time at high temperatures. The two-temperature model says that the relaxation time


cannot be smaller than that dictated by elastic collisions. The limiting elastic collision


cross sections had to be guessed. Even though the concept of collision-limiting is valid,


there is no need to guess any more. The SSH theory, forced oscillator theory, and molecular


dynamics calculation all are able to produce the effective elastic cross sections. In Figs.
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13(a) to (c), the vibrational relaxation times calculated by the forced oscillator model are


shown. In Fig. 14, the relaxation times calculated by the SSH theory are shown. These


figures show the trend that the relaxation time deviates upward at high temperatures, i.e.


the trend that collision-limiting theory describes.


In order to carry out what is described here, one must be able to handle the large set


of state-to-state transition rates in a large master equation set. Total number of states will


be in tens of thousands, and the number of state-to-state rate coefficients will be square


of those. It is at this time not possible to carry out such a calculation. A new method has


to be developed to enable such a master equation calculation. A very innovative idea is


needed here.
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Figure 14. Vibrational relaxation times for N2, O2, and NO calculated by SSH


theory.14


Next adjustable parameter is the so-called diffusion correction for the Landau-Teller


equation represented by the parameter S which varies from 1 to 3.5. A detailed master


equation calculation14 shows the diffusion phenomenon. Instead of an ad hoc values of S


in the existing two-temperature theory, a more precise value should be able to be derived


through a master equation calculation. This remains to be done in the future.


Finally, there is a question as to whether the geometrically averaged temperature Tav =√
TTv can be improved. The latest calculation by Kim et al


13 shows that this geometrically-


averaged temperature is useful for H2 even when rotational mode is in nonequilibrium.


Thus, it is uncertain at this time as to how the three-temperature environment should be


described. Everybody is invited to tackle this problem.


2. Entries To Outer Planets


2.1. Jupiter’s Moons


Planetary entries are one of the most exciting human endeavors. We expect this


activity to continue. Not only the U.S., Europe, and Japan, but also emerging Asian


powers aspire also to carry out such missions. Europe carried out a mission to Titan. But


that mission used propulsive deceleration part of the way, so that the entry speed was


only about 5 km/s. If propulsive deceleration is not used, the entry speed would have


been much higher. In the future, entry speed of up to about 12 km/s must be considered.
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Entry flights to the moons of Jupiter are also quite attractive. The atmospheres of these


satellites differ chemically. Radiation will be a major part of heating of the entry vehicles.


The dimensions of such vehicles will be of the order of 1 m, as the Titan entry vehicle


made by Europe was. Because of the relatively small size, the shock layer flows around


such vehicles will be in thermochemical nonequilibrium state.


One expects that, some day, humans will send a probe into the four large moons of


Jupiter, all of which have an atmosphere though thin. The SO2 atmosphere of Io, H2O


atmosphere of Europa, O2 atmosphere of Ganymede, and CO2 atmosphere of Callisto all


deserve human expedition. All these entries will accompany radiation under nonequilib-


rium condition. Shock tube study of radiation phenomena with these gases will have to


be made. Shock speed of the order of 12 km/s will have to be produced in such a shock


tube with these gases.


2.2. Outer Planet Entries


2.2.1. Entry Flowfields


The entry fight into planet Jupiter by the U.S. was very fruitful. A similar mission is


desired for Saturn, Neptune, and Uranus. For the Jovian entry, stagnation pressure was


about 5 atm at the peak-heating point. Temperature immediately behind the shock wave


was over 40,000 K. Because of the high pressure and temperature, the shock layer flow was


nearly in equilibrium at the peak-heating point. Entry flightes into Saturn, Uranus, and


Neptune will occur at lower pressures and lower temperatures.
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Figure 16. Velocity and stagnation pressure in typical entry flights into outer


planets.


In Fig. 16, velocity and stagnation pressure are shown for a typical entry flight into


Saturn, Uranus, and Nedptune. One sees in this figure that the peak stagnation pressure
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is below about 2 atm. Depending on the thermochemical relaxation rates, the shock layer


flow in these entry flights may or may not be in thermochemical equilibrium.


In Figs. 17(a) to (c), the nonequilibrium flow calculation is made behind a normal


shock wave for the outer planet entries. The rate coefficients used in these calculation


are taken from Furudate et al.15 As these figures show, the flow is in a nonequilibrium


condition at least part of the shock layer thickness. But the temperatures occurring in


this case are far outside of the range of validity of those rate coefficients. Therefore, the


accuracy of these figures is not at all assured.


However, if Figs.17(a) to (c) are to be believed at all, then one expects a radiation


overshoot in the nonequilibrium region: strong radiation will occur where vibrational tem-


perature is high. This occurs because ionization occurs while dissociation is still in progress.


The atmospheres of these outer planets contain a small concentration of methane. Radia-


tion of carbon atoms and CH will be interesting.
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Figure 17. Anticipated flow environment behind a normal shock wave during


an entry flight into outer planets. (a) Saturn.
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Figure 17. (c) Neptune.


2.2.2. Incipient Ionization


The electron density values shown in Figs. 17(a) to (c) were calculated using the model


used by Furudate et al.15. However, accuracy of the model is at this time not assured. In


the H2 + He mixture, ionization must start with heavy particle impact ionization
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H + H → H+ + e + e (1)


or the associative ionization


H + H→ H+2 + e (2)


Both these reactions in reality occur through a ladder-climbing process, the first step of


which is


H(1) + H(1) → H(2) + H(1) (3)


where the numbers in the parentheses indicate principal quantum numbers. There are


several theoretical research papers on the processes


H(1) + H(n) → H+2 + e (4)


The step (3) has the largest endothermicity and therefore is the rate-limiting step. Unfor-


tunately, there are no theoretical papers on this most important process.


Leibowitz16 carried out a shock tube experiment using an electric arc-driven shock


tube to measure the ionization process of a H2 + He mixture. He measured the rise in


electron density behind a normal shock wave. From his experiment, he deduced what the


rate of processes (1) and (2) should be. His values were used by Furudate et al15 and in


the present work in producing Figs.17(a) to (c).


Figure 18. Comparison of electron density between measurement17 in an elec-


tric arc shock tube and calculations.


Recently, Bogdanoff and Park17 carried out an experiment in an electric arc-driven


shock tube to reproduce the results of Leibowitz.16 The experiment was a failure. They


found that the flow upstream of the normal shock wave was ionized already by the irradia-


tion from the luminous driver gas. The irradiation also heated the flow behind the normal


shock wave intensely. As a result, the flow was ionized much more than it should. This


result is shown in Fig. 18. This is a unique phenomenon occurring only when H2 + He


is used in an electric arc-driven shock tube. The flow velocity is so fast in this case that


the arc discharge in the driver is not yet extinguised when the shock front reaches the test
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section. Even though the shock tube used by Leibowitz was not the same as that used by


Bogdanoff and Park, it was still an electric arc-driven shock tube. Therefore, the results


of Leibowitz are in doubt.


In the H2 + He flow under consideration, the excitation of the n = 2 state can occur


radiatively through absorption of the Lymann α line irradiated from the downstream


region.


H(1) + hν → H(2) (5)


If process (5) is dominant, process (3) becomes irrelevant. Park18 made an effort to


calculate the rate of process (1) under this environment. His result is shown in Fig. 19.


In this case, the ionization rate becomes a function of the intensity of radiation. This is a


radiation-controlled rate process. This is one area where further research is needed.


Figure 19. Ionization rate of H under irradiation of Lymann α radiation18.


2.2.3. Needs for Shock Tubes


The above consideration leads one to conclude that more shock tube experiments are


needed. The shock tube should be able to produce a shock speed of 12 km/s in air, N2, or


CO2, SO2, H2O, and 30 km/s in H2 + He mixtures. Up to now, electric arc-driven shock


tube in NASA Ames Research Center was considered to be the answer. However, the


findings by Bogdanoff and Park17 leads one to look elsewhere. The only other alternative


to electric arc driver is to use a piston compression-driven two-stage shock tube. The


shock tube is identical to the so-called expansion tube19: it has three chambers, driver,
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intermediate tube, and acceleration tube. But, unlike the expansion tube, the gas in the


acceleration tube is used as the test gas. The setup is shown schematically in Fig. 20.


High pressure
reservoir


Pump
tube


Intermediate
tube


Acceleration
tube


Test
section


Dump
tank


Piston H2
H2N2


H + He2


Figure 20. Schematic of piston compression-driven two-stage shock tube to


produce 30 km/s in H2+He mixture.


This is the type of the facilities used by Fujita et al7, Koreeda8, and Miyazaki et al8.


Howeveer, their facilities seem to have been too small (internal diameter less than 50 mm).


In order to obtain accurate data, diameter has to be larger. The facility in University of


Queensland19 is sufficiently large, but is not configured to use the gas in the acceleration


tube.


3. Radiation and Ablation


3.1. Flight Data


3.1.1. Apollo20


The thickness of the heatshield for the Apollo Command Module was 55 mm. At the


time, this thickness must have been thought of having a large safety margin. After the


flight, when the heatshield was sectioned, 28 mm was seen to have undergone pyrolysis.


That is, the heatshield was found to have been designed with a barely enough safety factor.


Even though the entry flights of the Apollo vehicle were successful, one cannot be sure of


what will happen if the heatshield material is changed. The uncertainty about the heating


and ablating environment of the Apollo vehicles stems from the uncertainty about the


extent and effect of radiation.


Prior to the flight of the moon missions, radiative heat flux was measured in a flight


experiment called Apollo 4. At the peak heating point of its flight trajectory, the received


radiation intensity was 25 W/(cm2-sr) in the wavelength range from about 200 nm to about


4000 nm. Many researchers were able to numerically reproduce this value of radiation


intensity.20 In a most rudimentary way, by multiplying this intensity value by 2π, one


obtains 158 W/cm2 to be the radiative heat flux reaching the wall. The calculated Fay-


and-Riddel convective heat transfer rate, ignoring the blowing effect of ablation, was 230


W/cm2. Some of the two, 158 + 230 = 388 W/cm2, is frequently said to be the heat flux


received by the surface.
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This 388 W/cm2 of heat flux falls short of producing the observed extent of ablation.


Moreover, the ablation phenomenon should have produced a significant reduction in the


convective heat flux by the so-called convective blockage effect of blowing. The most


thorough analysis of this problem was made by Park20. According to the analysis, at the


peak-heating point of Apollo 4, the radiative flux at the edge of boundary layer was 394


W/cm2, about of half of it being in the vacuum ultra-violet wavelength range. Because of


the blowing, the convective heat flux in the absence of radiation should be 118 W/cm2.


But, absorption of radiation in the boundary layer increased convective heat flux to 363


W/cm2. That is, there was a conversion of radiative heat flux into convective heat flux:


out of 374 W/cm2, 363 - 118 = 245 W/cm2 was converted to convective heat flux. The


remainder, 129 W/cm2 was convected downstream.


That so much of radiative energy was absorbed in the boundary layer can be seen in


the calculated spectrum at the peak heating point, shown in Fig. 21. The distribution of


radiative heat flux in the shock layer is shown in Fig. 22.


Figure 21. Calculated spectrum at the edge of boundary layer and at wall for


Apollo 4 at the stagnation point.20
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Figure 22. Calculated distribution of radiative heat flux along the stagnation


streamline for Apollo420.


After the flight of Apollo 4 vehicle, the heatshield was sectioned. The density of the


heatshield was measured at several locations. The result is plotted in Fig. 23.


Figure 23. Density distribution in Apollo heatshield after flight.20


As the figure shows, the density in the char was higher than the theoretical density


of the matrix. This is believed to be due to condensation of carbonaceous substances


in the matrix, which is termed coking phenomenon. Because of the coking phenomenon,
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the pyrolysis gas ejected from the wall probably contained little carbon. This will change


the absorption phenomenon in the boundary layer. This phenomenon will occur even if


heatshield material is changed. As yet, no study was made of this phenomenon. Someone


will have to study this phenomenon in the future.


3.1.2. Galileo Probe


On the heatshield over the Galileo Probe vehicle that entered into the atmosphere


of the planet Jupiter, there were sensors for the thickness of the heatshield. The sensors


successfully transmitted the progress of surface recession during the entry flight. There


have been several attemps to numerically recreate the measured recessions. The latest


and most successful was the one by Matsuyama et al.21 In Fig. 24, their calculation is


compared with the flight data.


Figure 24. Comparison between the flight data and calculations onheatshield


for Galileo Probe.21


As seen here, the latest calculation agrees with the flight data on the downstream


portion of the heatshield. In the stagnation region, however, the calculation over-predicts.


Recently, Park22 calculated the stagnation region heating environment for Galileo Probe


using an accurate method of calculating the equilibrium composition, accounting for more


radiation absorption mechanism in the boundary layer, and radiation blockage by the solid


particles ejected from the heatshield surface. His calculation is compared with the flight


data in Fig. 25. As seen in the figure, agreement is good.
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Figure 25. Comparison between the observed surface recession and calcul-


altion22 at the stagnation point of Galileo Probe.


For the Galileo Probe, at the stagnation point and at the peak-heating point in the


flight trajectory, Park calculated that the radiative heat flux at the boundary layer edge


was 34.5 kW/cm2. After absorption by boundary layer and blocking by solid particles, the


radiative flux that reached the wall was 14.7 kW/cm2. In comparison, the convective heat


flux was 0.14 kW/cm2. The portion of radiative heat flux that did not reach the wall, 34.5


- 14.7 = 19.8 kW/cm2, was convected downstream.


The extent of radiation absorption in the boundary layer calculated by Park was


larger than those calculated by others. The large absorption resulted in Park’s calculation


because more abosorption bands were accounted for. Here we see the need for more


thorough accounting of absorption mechanisms in the boundary layer, as well as the effect


of solid particles.


3.1.3. Stardust


In Fig. 26, similar plot is shown for the Stardust entry vehicle.23 At the peak-heating


point, at the boundary layer edge, radiative heat flux was calculated to be 913 W/cm2. Of


this, 484 W/cm2 was converted into convective heat flux to make the resulting convective


heat flux to be 967 W/cm2. In the absence of radiation, convective heat flux would


have been 483 W/cm2. That is, about half of convective heat flux was due to radiation


absorption. The radiative heat flux reaching wall was only 129 W/cm2.
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Figure 26. Distribution of radiative heat flux along stagnation streamline at


peak-heating point of Stardust entry.23


3.2. Radiative to Convective Heat Flux Conversion


The above three cases show that half or more of radiative heat flux present at the


edge of boundary layer is converted to convective heat flux. This conversion occurs as a


result of absorption of the vacuum ultra-violet component of radiation. In the past, there


was a erroneous understanding that the radiation absorbed in the boundary layer is heat


flux vanished, and therefore needs not be concerned. That reasoning led one to believe


that the vacuum ultra-violet component of radiation needs not be included in calculating


the heat transfer rates. The above examples show that that approach is wrong.


One wonders what exactly happens to the radiative heat flux incident on the bound-


ary layer edge. For that purpose, we draw control volumes as shown in Fig. 27. Using


a drastically simplified flow model, one can calculate how the heat fluxes are distributed.


Without going into the details, one can say that all absorbed radiative heat flux mani-


fests itself as convective heat flux. But the distribution of this increment in convective


heat flux will depend on where in the boundary layer the absorption occurs. If absorption


occurs near the wall, the absorbed radiative energy shows up as convective energy imme-


diately downstream. If absorption occurs near the boundary layer edge, the increment in


convective heat flux will occur over a wide range downstream.
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Figure 27. Control volumes in considering radiation-to-convection flux conver-


sion.


Where in the boundary layer absorption will occur depends on the chemical state of


the boundary layer flow. This point needs careful study in the future.


3.3. Radiation Intensity Calculation


Radiation calculation is made in the aerothermodynamics community using computer


codes that descended from the NEQAIR85 package. The latest of this class of codes is


SPRADIAN07 developed jointly by Japan Aerospace Exploration Agency (JAXA) and


Korea Advanced Institute of Science and Technology (KAIST).24 The calculation method


is still incomplete, as follows:


3.3.1. Pseudo Continua of Atomic Radiation


Atomic radiation is calculated line-by-line using the data in the NIST data base.25


But the NIST data base does not contain the pseudo continua. Pseudo continua are line


radiations emanating from very high principal quantum number states. For these lines,


wavelength is uncertain and linewidth is very large, i.e. up to 1000 nm or more. They


are individually very weak, but there are so many of them. As a result, they look like a


continuum. The intensity parameters for these lines are known from the Opacity Project.26


Someone will have to take time to put them into the radiation code.


3.3.2. Symmetries in Diatomic Molecules


The existing radiation codes do not account for all possible symmetries. SPRADIAN07


has the most, but is still incomplete.


3.3.3. More Diatomic Systems


As the case of Galileo Probe shows, the diatomic data base is still far from complete in


the vacuum ultra-violet wavelength range. As mentioned, these vacuum ultra-violet bands
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have been neglected in the past because of ignorance. Now that we know, we should put


all of them into the data base.


In this connection, it should be emphasized that we aerospace engineers can no longer


count on physicists or chemists to carry out such calculations. Computer codes to calculate


diatomics using quantum mechanics are already available commercially. Engineers should


acquire these codes and calculate radiation by themselves.


3.4. Effect of Solid Particles


An ablating heatshield produces solid particles. There are two mechanisms by which


solid particles are produced: ejection by internal pressure of pyrolysis and by shear force.


The modern computer code describing material response describes the internal pressures.27


Experiments to measure the internal pressures are in progress.28 This is a temperature-


driven phenomenon, and occurs when surface temperature becomes high. In contrast,


particle production by shear force is a pressure-driven phenomenon and occurs when pres-


sure is high. There has been many experimental evidences showing the presence of solid


particles.22


Park et al29 made a systematic study of the solid particles in an arc-jet wind tunnel.


During the entry flight of the Stardust vehicle, radiation from the shock layer was observed


from an airborne platform.30 The measured spectrum showed strong CN radiation. Such


strong CN radiation can occur only if carbon is present in the inviscid region of the shock


layer in a concentration larger than can be accounted for by the atmospheric CO2. Such


large concentration of carbon species in the inviscid region of the shock layer can occur


only if solid carbon particles are ejected from the ablating wall.


Park et al29 reasoned that solid particles can radiate as a black body, and simultane-


ously block radiation produced by hot gases. Depending on the condition, one effect may


be stronger than the other. One wonders also what effects the solid particles will bring to


the turbulence level.


By analyzing several experimental clues, Park31 reasoned that ablation produces tur-


bulence. The injection-induced turbulence model was able to explain the large ablation


in the downstream region of the Galileo Probe heat shield.21 Ablation accompanies both


injection of the pyrolysis gas from the pores on the surface and injection of solid particles.


Which of these two phenomena produces turbulence is not known. These remain to be


studied in the future.


4. Conclusion


In the above, we have identified the following topics to be studied in the future:


1. Molecular dynamics calculations for state-to-state collisional transition rate deter-


mination including vibrational and rotational states.
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2. Handling large number of state-to-state transitions in integrating the master equa-


tion.


3. Determining the so-called collision-limiting cross sections in two-temperature model


and diffusion correction paramters.


4. Deriving a three-temperature model accounting for slow rotational relaxation at


high temperatures.


5. Developing piston compression-driven shock tubes to produce 12 km/s shock speed


in air, CO2, SO2, and H2O and 30 km/s shock speed in H2 + He mixtures.


6. Shock tube experiments for gases of atmospheres of Jupiter’s and Saturn’s moons.


7. Quantum-mechanical calculations of radiation intensity parameters for diatomics,


especially for the vacuum ultra-violet wavelength range.


8. Development of the model describing radiation-controlled reaction rates for ioniza-


tion of hydrogen.


9. Modeling of coking process in heatshields.


10. Modeling of radiation-to-convection conversion processes.


11. Investigation of effects of particles produced by ablation.


12. Investigation of turbulence produced by ablation.
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1.0
Introduction


The experimental study of non-equilibrium gas flows requires the design, creation  and operation of specific facilities and the development of particular diagnostic techniques.


Most experiments are carried out in “ground” facilities which can generate non-equilibrium flows. These facilities generally require important equipment and investment. The essential purpose is to create high enthalpy gas flows undergoing more or less intense perturbations (shock wave, rapid expansion…), so that, physical and chemical processes evolve on a time scale equal to or longer than the characteristic flow time scale.


Two types of facilities are described here, depending on the type of phenomena or the processes analysed, shock tubes and shock tunnels. Thus, if the analysis of the physical and chemical processes themselves is considered as essential, simple facilities, such as shock tubes generating one-dimensional, non-dissipative flows are to be used. On the contrary, if the simulation of the conditions of real flight is required, facilities such as shock tunnels generating hypersonic flow around various bodies must be used.


Other types of facilities generating high enthalpy flows, such as arc tunnels and plasma generators, will not be considered here.


2.0
The shock tube


The simplest model of shock tube consists of creating in a tube of constant (circular or rectangular) cross-section a moving shock wave generating a flow at high temperature and out of equilibrium. Ideally, this flow is one-dimensional and not dissipative [1-6].


2.1 Simple shock tube theory


Schematically, a tube initially containing the test gas (low pressure chamber) is separated by a diaphragm from another chamber (high pressure chamber or driver section) containing another gas (driver gas). After the rupture of this diaphragm the driver gas, acting as a piston expands into the low pressure chamber and generates a shock wave which propagates in the test (driven) gas (Fig.1a). The shock wave gives to the test gas a brutal acceleration accompanied by a jump of temperature, pressure and density. Physical and chemical processes can then start and possibly evolve to their equilibrium state.  


The test gas flow is limited by a contact surface (or interface) separating this flow from the driver gas flow (Fig.1b) and, in current installations of a few meters length, this flow generally lasts a few hundreds of microseconds. In the assumed absence of dissipative phenomena, the shock wave preserves a constant speed and, therefore, in a reference frame fixed to this shock wave, the flow is one-dimensional and stationary. Moreover, if the rupture of the diaphragm is assumed instantaneous, a system of centred rarefaction waves develops in the expanding driver gas (Figs.1b and 1c). In addition, the pressure and velocity are preserved through the interface, whereas the temperature and the density undergo a discontinuity.


As well known, the flow parameters of the test gas (region 2) can be deduced from the initial quantities (region 1) and from the shock wave velocity Us (more exactly the Mach number 

[image: image1.wmf]1


s


s


U


M


a


=


). That is why, measurement of the shock wave velocity constitutes the fundamental experimental datum and must be carried out along the low pressure chamber.


2.1.1 Principles of the simple shock tube


We can generally assume that the driver gas behaves as an ideal gas (
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 is constant) and that the expansion is an isentropic process in the form of centred waves. This is justified because the driver gas is often a monatomic gas and the temperature is relatively low during the expansion; exceptions are mentioned below.


Thus, across the centred wave system (Fig.1), the quantity 
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 are related to the initial conditions of the test gas (
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This expression gives the intensity of the shock wave (Ms) as a function of  the initial conditions in both chambers, but under restrictive conditions (ideal gas). That is why it is preferable to determine the flow quantities 2 from the measured velocity of the shock wave, as indicated above. However, the relation (4) gives a qualitatively correct idea of the importance of the various parameters. Thus, in order to obtain the highest possible Mach number, the ratio of initial pressures 
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 must be as high as possible, which is intuitive, but the ratio 
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 . Thus, for a given test gas, we see the interest to use a light and hot gas as a driver gas. We can also deduce from the relation (4) the maximum expected values for Ms in the case of a given gas pair.


These results are only qualitative if chemical processes are significant behind the shock. Thus, the shock Mach number must be generally deduced from assumed equilibrium conditions behind this shock, and of course, the maximum values for Ms are lower than those given by the expression (4).
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Figure 1: Shock tube : Principle and operation


(a)  :Simple shock tube


(b)  :Wave system in a shock tube


(c) : Pressure and temperature distribution at a given time t

2.1.2 Technological limitations and constraints


As already discussed, the test gas flow between the shock wave and the interface has a very short duration, and it can be disturbed by the various wave systems which propagate in the tube because of its limited dimensions. Thus, the rarefaction waves going up in the driver section after the rupture of the diaphragm are reflected at the end of this chamber and come back (while accelerating) until possibly overtaking the interface and the test gas. Similarly, the incident shock wave may be reflected at the end of the tube and may interact with the incident test gas flow: this last point is not always a disadvantage (see below). However, if we take into account these configurations, it is of course possible to optimise for example the duration of the test gas flow at a given abscissa along the tube (at the test section for example), independently of the disturbing phenomena described hereafter.


2.2 Disturbing Effects


Obviously, this ideal scheme of operation corresponds only roughly to reality and various phenomena contribute to somewhat modify this scheme and have an influence on the analysed non-equilibrium phenomena. The most significant effects concern the perturbations related to the presence of the wall boundary layer and, to a lesser extent, those coming from the non-instantaneous rupture of the diaphragm.


2.2.1 Wall boundary layer


The boundary layer which develops along the walls of the shock tube between the incident shock and the interface, acts like a well for the non-dissipative part of the test gas and a loss of this gas occurs through the interface in the boundary layer (Fig.2)since the boundary layer of the driver gas has a negligible thickness (high value of the Reynolds number Re due to the low temperature and high density). This leads to a deceleration of the shock wave, an acceleration of the interface and thus a non-constant value of the flow quantities. This unsteady regime tends to a stationary limiting regime theoretically obtained when the total mass flux through the shock wave is equal to that lost through the interface inside the boundary layer. This last mass flux increases because the separation distance between the shock wave and the interface  initially increases (Fig.1). The shock wave and the interface in the limiting regime, have the same (constant) velocity, but the flow quantities, while being stationary, vary between the shock and the interface.


 An example of calculation of the trajectories of the shock wave and the contact surface is represented in Fig.3, in the case of a low initial pressure for which the boundary layer is laminar [7-9]. For higher values of the initial pressure, the boundary layer is turbulent but approximate models are available [10,11].


These effects are all the more significant as the initial pressure and the cross- section of the tube are lower (low value for Re). Moreover, the hot gas loss across the interface tends to create a pressure gradient normal to the wall and therefore tends to give to the interface an increasingly convex form.
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Figure 2: Scheme of flow in a shock tube


(Coordinate system fixed to the shock wave)
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Figure 3: Spatial variation of the shock wave and the interface


(Driver gas : Helium , test gas : Αrgon :  p1=132Pa,  T1=293K,  Msi=4)


2.2.2 Non-instantaneous opening of the diaphragm


In a ‘real’ shock tube, the shock wave is not instantaneously created but is formed by the coalescence of the compression waves arising during the progressive opening of the diaphragm and thus accelerates little by little  a “long time” after the complete opening. Several meters of tube are often required to obtain a shock at constant speed.  


There are various models of this acceleration phase which simultaneously take into account the mechanical opening process, the presumably isentropic and stationary flow through the aperture, the recompression stationary shock and successive compression waves propagating downstream and progressively accelerating the shock wave [12]. Thus, knowing the total duration of the diaphragm opening, the initial pressure ratio of the driver gas and of the test gas, and  their composition, it is possible to describe the acceleration phase of the shock wave and the related properties of the flow [13,14]. The shock wave is thus strongly accelerated close to the diaphragm until reaching a maximum speed, then it slows down slowly up to the ideal value [15] given by relation (4) (Fig.4).  The acceleration phase is all the shorter as the ratio of the initial pressures is higher, as the driver gas is lighter and as the total opening time touv is shorter.
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Figure 4: Influence of the opening time of the diaphragm


on the evolution of the shock wave
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 2.2.3 Combined effects of boundary layer and diaphragm opening

The result of the simultaneous action of the preceding effects consists in an initial acceleration of the shock wave followed by a continuous deceleration. The predominance of one or the other effect depends on the experimental conditions. An example of computational result of the spatial variation of the shock wave is presented in Fig.5 [16], and is compared with an experimental evolution [17]. We can observe a drastic variation due to the low initial pressure and the use of air as a driver gas. This variation is naturally less marked for more “usual” conditions (higher initial pressure, light driver gas…). 


2.2.4 Transition in the boundary layer


The laminar-turbulent transition may be determined with heat transfer gauges [18] placed flush with the wall and therefore sensitive to the boundary layer regime.


With several gauges placed along the shock tube it is possible to follow the evolution of the transition point [19]: We observe that it strongly depends on the Reynolds number per unit length Rel: thus, for low values of Rel, the transition appears in the form of large structures called  ‘turbulent spots’ which are regularly created along the tube and which regress towards the contact surface (Fig.6a). For higher values of  Rel  , the size of the disturbances decreases and their frequency increases, so that a compact transition front appears little by little and moves at the same speed as the shock (Fig.6b).




A precise and general stability criterion is difficult to define, but regimes of global stability can, for each type of installation, be experimentally defined, apparently independently of the shock wave Mach number [19].
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Figure .5: Example of a  shock wave profile
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Α : Experimental,  B : Computation without boundary layer, 


C : Computation with boundary layer
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Figure 6: Experimental evolution of the transition in a shock tube


(S : Shock wave,  C : Contact surface (+),   x : Transition)
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2.3 Reflected Shock Waves


2.3.1 Generalities


Αt the end  of a closed tube, the shock wave is reflected and comes back into the gas already compressed and heated by the incident shock wave. So there is a further increase of temperature, pressure and density of the test gas, which, in principle, gives more favourable conditions to start chemical processes. Moreover in theory, the gas is without velocity behind the reflected shock waves.


Of course, the gas parameters of this region (frozen or in equilibrium) may be computed with the usual Rankine-Hugoniot relations  across the reflected shock wave in a coordinate system fixed to this wave. If the ideal gas model is used, we obtain analytical relations for the pressure and temperature ratios across the shock as well as for the reflected shock velocity as functions of  
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. This pressure ratio itself is simply related to the incident shock Mach number Ms. For a “real” gas (in equilibrium), the values obtained for
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 are of course lower. 


2.3.2 Disturbing effects


As in the case of the incident shock, various aerodynamic processes can disturb the test gas downstream from the reflected shock. 


One of the disturbing effects relates to the interaction of the reflected shock and the contact surface: this interaction is summarized in  Fig.7.
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Figure 7: Wave systems generated by the interaction


of the reflected shock and the interface


a : Over-tailored case,   b : Under-tailored case,   c : Tailored case


Three interaction cases are possible, either the reflected shock is partially reflected on the interface in the form of shock (case a), or in the form of rarefaction waves (case b), or it crosses the interface without reflection (intermediate case c). In the three cases, a shock wave propagates into the driver gas. In the first two cases, which are the most frequent, the properties of the test gas downstream from the reflected shock are modified and the useful test time can be strongly reduced, whereas it is theoretically very large in the third case for which the interface is stopped (“tailored case”). This occurs however only for quite precise initial conditions (for example, for 
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) [20]. However, of course, if chemical processes are to be analysed behind the reflected shock, the tailored case represents the best experimental condition. 


This scheme itself is disturbed by the presence of the boundary layer developing along the side walls downstream from the incident shock [21]. Under the action of the reflected shock, this boundary layer tends to separate from the wall (too low stagnation pressure), and a gas “bulb” is created on which the reflected shock adopts a structure in  

[image: image34.wmf]l


 (Mach reflection). This phenomenon (Fig.8) is all the more accentuated as the gas atomicity is high (small 
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value, Fig.15). Then, the propagation of the reflected shock is obviously affected and, across the “feet” of the 
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 shock, there remains a gas velocity component directed towards the end of the tube. This disturbs (primarily cools) the test gas. Moreover, when the reflected shock encounters the interface,  the driver gas itself flows along the side walls, preceding the central part, which is experimentally confirmed [22].
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Figure 8: Scheme of interaction reflected shock-boundary layer


2.4 Configurations and Operation


2.4.1 General design features


As described above, the ‘simple’ shock tube composed of two chambers represents the majority of the existing installations. However, these installations differ according to the type of studies planned. Thus, for example, the tubes with circular cross-section, which are easier to construct, lend themselves less easily to visualizations than those with square or rectangular cross-section. Moreover, these require a transition section between the high pressure (HP) chamber (of circular cross-section for safety reasons) and the low pressure (LP) chamber.


As already discussed, the length of both chambers is important to optimise the flow test time because of the various wave systems and  end-wall reflections. Moreover, a third chamber large-sized and placed downstream from the low pressure chamber is often used when the experiments are limited to the flow downstream from the incident shock. This chamber (dump tank), separated by a second diaphragm from the driven section and in which high vacuum conditions prevail , makes it possible to obtain after the end of experiments a low residual pressure, useful in case of high pressure and/or  combustible driver gases (H2) or in case of toxic test gases (CO,  CN…).. The residual initial pressure, obtained after pumping, especially in the test section must be sufficiently low (10 -2-10 -4Pa) to have no influence on the purity of the test gas, in particular for spectroscopic studies.


The diaphragms separating HP and LP chambers are generally metallic, aluminium or copper, for moderate pressures in the HP chamber (lower than 107Pa), steel for higher pressures. They can be in plastic material for lower pressures. The metallic diaphragms are scored (cross-shaped scores with variable depths of 
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 of their thickness) and calibrated to open at well defined pressures. We thus obtain a dispersion of the incident shock Mach number which does not exceed 1%. Generally, for moderate pressures, the diaphragms break themselves by increasing the pressure of the HP chamber. For more precision, and especially in the case of very high pressures, a double diaphragm system is used : it consists of a small chamber inserted between the HP and LP sections and in which the pressure is intermediate between those of these two chambers. The sudden pumping of this chamber produces a precise and reproducible bursting of the diaphragms for given conditions.


2.4.2 Configurations. Performances


Various possibilities exist to improve the performances of the simple shock tube, i.e. to increase the incident shock Mach number: these possibilities are briefly described below. Most of them are put into practice.


· Area reduction close to the diaphragm


The HP chamber has a section larger than that of the LP chamber: there is a quasi stationary expansion of the driver gas in the area transition zone, which increases the efficiency of the thrust. We can define a parameter g equal to
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so that the tube with variation of cross-section is equivalent to a tube of constant cross-section working with an initial pressure ratio equal to 

[image: image40.wmf]4


1


.


p


g


p


 , and an initial sound velocity ratio equal to





[image: image41.wmf]44


(1)2


4


1


.


a


g


a


gg


-


                                                                      (6)                


It should be noted that the increase in Mach number is significant [6].


· Double–diaphragm shock tube


A third section is added to the LP chamber and is used as the test section. It is separated from the intermediate chamber by a diaphragm on which the shock wave is reflected before breaking it, thus creating conditions of high pressure and temperature in the gas of this chamber. This gas is used as a driver gas for the test gas of the third section. In this case, the Mach number is significantly higher but the test time is greatly reduced.


It is also possible to use the expanded gas of the intermediate chamber as the test gas in super or hypersonic regime [23].


· Combustion shock tube


The increase of the sound speed in the driver gas can be obtained, not only by using a light gas, but also by raising its temperature. One efficient way is to create a combustion in the HP chamber. 


This combustion is generally obtained by using a stoichiometric mixture of hydrogen and oxygen diluted in helium (approximately 70%). The main difficulty consists in obtaining a uniform combustion without detonation; this is generally realized with a significant number of spark plugs arranged in spiral along the HP chamber. The gain in Mach number however is partially compensated  by a stronger deceleration of the shock wave due to the sharp pressure fall after the combustion and also sometimes to a rebound of the “petals” of the diaphragm on the side walls. 


An alternative solution precisely consists of creating a detonation wave close to the diaphragm and which propagates upstream in the HP chamber: it results in a better uniformity for the pressure and temperature in the driver gas after the rupture of the diaphragm [24].


· Free piston shock tube


. The fast compression of a light gas represents also a means for increasing the pressure and the temperature of this gas, used as a driver gas. This compression is carried out by a piston launched at high speed in a tube serving as a compression chamber: the compressed hot gas ensures the rupture of the diaphragm. This method undoubtedly represents the most efficient process to create a shock wave of high intensity [25].  


A diagram of this device is represented in Fig.9. In a first chamber (tank R), a gas (generally air) is compressed up to several hundreds of atmospheres and, owing to a double diaphragm system D1-D2, pushes a piston P (10 to 500 kg) which compresses the driver gas (generally helium or helium-argon mixture) of the HP chamber. The diaphragm D3, which must be initially calibrated, located at the end of this chamber is then ruptured creating a shock wave in the LP chamber. After the rupture, the piston continuing to move maintains a pressure sufficiently high to delay the propagation of rarefaction waves towards the LP chamber.


Of course, the piston must be rapidly stopped for safety reasons and also to avoid a rebound [26-28].

In addition, special configurations of the piston are used to have a continuous rise of the pressure at the end of the HP chamber and thus to obtain a reproducible rupture of the D3 diaphragm. An example of operation, in form of an (x, t) diagram, (trajectory of the piston, wave systems) is presented in  Fig.10 


Important shock Mach numbers (10-25) are thus generated in gases or gas mixtures representative of various planetary atmospheres
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Figure 9: Diagram of a free piston shock tube


[image: image43.png]





Figure 10: (x, t) velocity diagram in a compression chamber and a shock tube


(a: Piston,  b: Incident shock wave,  c: Reflected shock wave)


2.5 Usual Experimental Measurements


The measurement methods of the usual flow parameters such as pressure, density, heat flux and  visualization techniques are illustrated here by a few examples.


2.5.1 Pressure measurements


An example of pressure recording behind a reflected shock wave is presented in Fig.11 (piezoelectric gauge).
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                       Figure 11: Pressure record at the end-wall of a shock tube (with filter)


2.5.2 Heat flux measurements


An example of wall temperature evolution given by thin film platinum heat gauges mounted flush with the wall is given in Fig.12. Heat flux can be deduced from this type of recording. 
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Figure 12:. Oscillogram of wall temperature in a shock tube  (
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 (a : Incident shock wave,   b : Transition,  c : Interface,  d : Reflected shock)


2.5.3 Density measurements


The fringe system across a shock wave obtained with a Mach-Zehnder interferometer is shown in Fig.13: the vibrationally relaxing zone is clearly visible (N2, MS=6).
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Figure 13: Fringe system obtained with a Mach-Zehnder interferometer


2.5.4 Visualizations


Visualizations can be carried out by interferometry, as seen above. They are then quantitative (density measurements). More qualitatively, the significant and different deviation of light rays crossing the shock tube by flow regions of different densities gives the possibility to visualize the flow areas presenting density gradients, in particular the shock waves. This is the Schlieren technique also associated with fast photography or cinematography [(x, t) or  (y, t) diagrams]. Examples of shock tube flows are thus represented in Figs.14 and 15 [30]. 



(a)                                          (b)
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                      Figure 14: Flow around a wedge  (semi-angle 15°)
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   (a)                                                (b)                                            


Figure 15:  Reflection of a shock wave at the end-wall of a shock tube (x,t diagram)


   (a) : Argon, 
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 ;  (b) : Carbon dioxide, 
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s : Incident shock,   r : Reflected shock,   r’ : Secondary shocks,


f : Front of the bifurcated shock,   f’ : Rear of the bifurcated shock


3.0
The shock tunnel


As specified in the introduction, the generation of non-equilibrium flows can be also realized with a high pressure hot gas, assumed to be in equilibrium, then quickly expanded in a nozzle in order to obtain an hypersonic flow at low temperature  but in chemical and/or vibrational non-equilibrium. The shock tunnel represents one of the main facility of this type.


3.1 Principles


The principle of the shock tunnel is derived from the shock tube concept. Thus, the gas downstream from the incident shock wave can be directly expanded in a nozzle placed at the end of the shock tube. The flow can then become hypersonic at the exit of the divergent part of the nozzle. However, this process is seldom used for various reasons, primarily because of the very short test time. It is preferable to use the gas downstream from the reflected shock as a reservoir gas. In theory it is at rest, in equilibrium and at high temperature and pressure during a relatively long time  in the “tailored” conditions (section 2.3.2). Thus at the exit of the nozzle, we can expect test times of about one millisecond. The main drawbacks arise from the possible pollution of the test gas by the premature arrival of the driver gas (section 2.3.2) and from the “starting process” of the nozzle requiring a non-negligible time. Thus, the duration of the “useful” (stationary) test time  is only a few hundreds of microseconds, even for relatively large installations.  The diagram of a free piston shock tunnel is represented in Fig.16.
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Figure 16: Scheme of a free piston shock tunnel



3.2 Operation


Αt the rupture of the diaphragm D4, a shock wave propagates in the nozzle, compressing the residual gas of the expanding chamber (dump tank) initially at very low pressure. Another shock wave, known as a secondary shock, is formed downstream to ensure the continuity of pressure with the test gas expanding into the nozzle. This shock interacts with the very thick boundary layer of the residual gas (Mach reflection) but is pulled downstream by the test gas flow, the stationary expansion phase of which constitutes the useful part of the flow.


The traditional nozzles, known as “contoured” or “adapted”, used in supersonic ideal gas flow  are  difficult to use  in hypersonic non-equilibrium flows, because  they are in fact, “adapted” only for conditions close to one single point of operation. Thus, they are generally replaced by nozzles including a conical divergent part. These nozzles require a suitable convergent-divergent connection but they are simpler to build and more easily calculable. However, they also suffer from some defects (“source effects”).


3.2 Calibration


Measurements of stagnation pressure (Pitot pressure) with small probes placed normally to the flow are used to validate flow computations and to determine  the non-dissipative part of the test section, in particular at the exit of the nozzle, where the models are placed. An example of distribution of Pitot pressure [31] is presented in Fig.17. This pressure is practically insensitive to non-equilibrium and physical models. These measurements may also give an idea of the effective duration of the useful test time.
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Figure 17: Pitot pressure distribution at the exit of a nozzle
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Measurements of static pressure and of wall heat flux generally complete the knowledge of the nozzle flow. Thus, an example of the distribution of the wall pressure for an air flow along an hypersonic nozzle is represented in Fig.18 [32] and is compared with the pressure calculated by taking into account the non-equilibrium and by assuming that the boundary layer is laminar. 


Similarly, an example of the wall heat flux distribution along the same nozzle [32] is represented in Fig.19. The flux decrease observed along the nozzle approximately corresponds to that computed with a laminar boundary layer. However in the distribution, we observe local increases, similar to those observed in a shock tube and which correspond to the appearance of turbulent spots which are quickly spreading: this would also correspond to the longitudinal variation of the Reynolds number which, initially growing (because of the increasing distance) reaches a maximum then decreases very quickly mainly because of the decreasing density, so that it is difficult to find here a well definite transition.




Figure 18: Static pressure distribution along an hypersonic nozzle


(Conical nozzle,  length : 70cm,  semi-angle : 8°,  
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Figure 19: Wall heat flux distribution along an hypersonic nozzle


(Nozzle of the figure 18),  (Air, 
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 : Experimental points


4.0 Typical experiments


A few examples of the main two types of processes studied in shock tube and shock tunnel are briefly presented and discussed hereafter: they are related to vibrational relaxation and chemical kinetics in homogeneous phase. Other important phenomena in non-equilibrium media such as catalytic properties, ionisation or combustion processes widely analysed in shock tube and shock tunnel are not described here.


4.1 Vibrational Relaxation


The purpose of most measurements is to determine the global relaxation times defined by using the Landau-Teller model [33], since this model is widely used in the computer codes of hypersonic flows. These include TV relaxation times for pure gases, TV and VV relaxation times for mixtures. The purpose of more precise measurements is the determination of the transition probabilities and also the evolution of the vibrational populations in the relaxation zone downstream from a shock wave (incident or reflected), thus providing a comparison with theoretical models.


4.1.1 Relaxation times. Methods and results


The determination of global relaxation times is essentially carried out in shock tube. For pure gases, the system of Rankine-Hugoniot equations  is used, coupled with the Landau-Teller equation  in which the relaxation time 
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 is regarded as unknown. The measurement of one macroscopic parameter is thus in theory sufficient to determine  
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 at each point of the zone of relaxation: The most sensitive  quantities to the non-equilibrium and the most convenient to measure are the density 
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 and the total vibrational energy 
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Density measurements are made by interferometry (section 2.5.3) and the density profiles in the non-equilibrium zone are  deduced from the fringe system. 


The vibrational energy is deduced from the intensity of infra-red emission due to the rotation-vibration lines of heteropolar molecules having a permanent dipole such as CO. Thus, the intensity emitted by all the monoquantum transitions (fundamental) is proportional to the global average vibrational energy and the biquantum transitions (overtone) give a signal proportional to the square of this energy. An example of the time  evolution of the intensity of the bands centred on 4.6 µ and 2.3 µ, corresponding respectively to the fundamental and the overtone coming from the flow downstream from a shock wave in  CO is represented in Fig.20. A calibration of the equipment is necessary because the IR detector is sensitive to the emitting region before the arrival of the shock wave in the test section as it is visible in Fig.20 (curve A). The time evolution of  EV  is deduced from these recordings. 
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Figure 20:  Infrared emission signals in CO 
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The representation of the results is based on the LT-SSH model (Landau-Teller-Schwartz-Slavsky-Hertzfeld) which leads to the following approximate dependence of 
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where F(T) depends weakly on T , so that we can write
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Thus, if 
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 is the probable number of TV collisions necessary for the de-excitation of the molecules in the first level and Z is the collision frequency, we have
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Representations of 
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 are given in Fig.21. It must be pointed out that the LT-SSH theory is essentially valid in the temperature range between 1000 and 5000K.
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Figure 21: LT-SSH representation for N2 and O2

                                                        : Experiments,               : SSH  


Many other results on pure gases and mixtures are available [34].


4.1.2 Vibrational populations


· Experiments in shock tube


The evolution of the vibrational populations does not generally take place according to a Boltzmann distribution and consequently the concept of vibrational temperature has not physical meaning. Thus, it is preferable to determine these populations directly by experiment. The measurements are essentially made in two ways, either by spontaneous Raman diffusion or by infrared absorption. 


When molecules initially in the levels 
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The recording of these quantities in the relaxation zone gives the possibility  to follow the evolution of the populations 
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 , with a calibration operated in the equilibrium region. A powerful light source is necessary and, generally, only levels 0 and 1 (usually the most populated) are accessible. Values of 
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 represented in Fig.21 are deduced from this type of measurement.


The absorption coefficient α of a medium made up of  heteropolar molecules and crossed by a spectral line corresponding to a transition  
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  (P  branch) depends on the population of the levels concerned [35,36], so that from the measurement of two coefficients  
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In this system, the four coefficients Α1, A2, B1 and B2 depend on spectral parameters, generally well-known, and on macroscopic flow parameters (
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). The flow parameters depend very little on the vibrational distribution model , so they are calculated before solving the system (9), assuming for example a LT-SSH model. A typical evolution of vibrational populations is given in Fig.22.


[image: image92.jpg]107

107

107

__';.—:-—-A-----73/”
B
yidl
// /_— _____ —— né/n
7 P
b //
V4
/ /.
V4
0 10 20 30 40

50 ¢ (,us)






Figure 22: Evolution of the relative population of the 3rd and the 6th vibrational level 
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· Experiments in shock tunnel


One of the main difficulties of measurements at the nozzle exit of shock tunnels comes from the low density of the flow, which constitutes the price to pay for the generation of an hypersonic flow. Thus the techniques used in shock tubes are not efficient. That is why, the methods used in the past to determine the global relaxation times were indirect measurements (sodium or chromium line reversal, inclusion of tracers, Rayleigh diffusion…). The general conclusions of these studies were that the vibrational relaxation times deduced from these measurements were much lower than those deduced from measurements in shock tubes and thus, that the flow at the nozzle exit was much closer to equilibrium than that calculated using the values of relaxation times determined in shock tube [37]. 


As no plausible explanation could justify these results, recently direct measurements of vibrational populations in nitrogen were realized by spontaneous Raman diffusion [38] and the distribution obtained from these measurements clearly show that this distribution for the first three levels is close to a Boltzmann distribution at the frozen vibrational temperature  corresponding to the temperature given by a Navier-Stokes-Landau-Teller calculation including values for relaxation times measured in shock tube. Similar results have been obtained in another installation [39]. Therefore, independently of the experimental uncertainties (relatively important), no significant difference appears between the relaxation times determined in compression and in expansion regimes. Impurities, however, may have a significant influence on the population of higher levels.


4.2 Chemical Kinetics


Many chemical reactions have been studied in shock tubes but most results suffer from measurement techniques, often indirect (interferometry…), or incomplete (emission or absorption…) used in the past. The consequence is a large dispersion of these results also due to the methods for data reduction. Now, new measurement techniques and data interpretations enable us to obtain more reliable results.


Thus, the time-resolved emission spectra of particular species downstream from a shock wave can allow, not only to ascertain the kinetics of formation or destruction of these species, but also to validate (or not) complex calculations of chemical kinetics in which these species are involved. The recording of these spectra (or parts of spectra) during one single experiment, constitutes obviously a significant progress compared to the recordings of one or a few particular lines, as often made in the past. 


An example of such an experiment is represented in Fig.23. The radiation emitted by the shocked gas is focused to a monochromator equipped with a high resolution holographic grating. At the exit, a streak unit equipped with a CCD camera gives the possibility to record a significant part of the analysed spectrum [40].


The mixture is composed of 
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 (simulation of Titan atmosphere); behind an incident strong shock wave, numerous reactions take place including the production of the radical CN emitting an intense violet band spectrum arising from an electronic transition including vibrational bands: among them, the 
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Figure 23: Example of  streak image (
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From this type of spectrogram, the intensity profiles of the lines in function of the wavelength or of the distance from the shock may be deduced. They may also be compared to computed spectra ( Fig.24) and the evolution of rotational and vibrational temperatures (or vibrational populations) may be determined: thus, in Fig.25, such an evolution is presented for a CO2/N2 mixture and compared to a simulated evolution.
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Figure 24: Experimental and calculated spectra of CN in N2 /CH4 /Ar

(Conditions of Fig.23)
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Figure 25: Evolution of  vibrational temperature behind a shock in 
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Abstract 


This seminar describes how radiative heating for earth and Mars entry conditions has been studied using the Electric Arc Shock Tube (EAST) at the NASA Ames Research Center in California. The motivation for these studies includes directly assessing the radiative heating to be expected in specific missions and the improvement of modeling codes used to predict entry heating. The facility and its instrumentation are described. The techniques used for the spectrally resolving instruments are described in some detail. Facility operating procedures and spectrograph and monochromator calibration techniques are described. Representative data is presented from the data acquistion system and representative spectra are presented for earth and Mars entry conditions.


1.0
INTRODUCTION


The motivations for the radiation studies at planetary entry conditions in the Electric Arc Shock Tube (EAST) at the NASA Ames Research Center in California are twofold. First, to directly assess the intensity of the radiation and second, to provide benchmark data against which modeling and simulation tools can be calibrated. The actual heating to be expected upon the entry conditions can be assessed, including non-equilibrium and equilibrium and vacuum ultraviolet (VUV) radiation. Capturing spectroscopic details helps identify the principal band and line systems to be considered in model building and simulation. Temperatures (vibrational, rotational, and translational) can, in principle, be obtained from the spectroscopic data, as can heavy particle and electron number densities (the latter using Stark broadening techniques). These data can also be used to modify or create new thermochemical rate process models which can then be incorporated into CFD models to predict entry heating for particular missions. These computational models can then be calibrated against quantities inferred or measured (temperatures, number densities, line broadening) from the shock tube experiments.


The purpose of this lecture is to describe specifically how the EAST is being used to study radiative heating for earth and Mars entry conditions and to present results from these studies.


The presentation starts (Sec. 2) with a brief background on radiation testing in shock tubes. The facility is then described (Sec. 3). Sections 3.1 to 3.3 describe the driver and driven tubes, the dump tank, the facility power system and range of operating conditions. Section 4 describes the instrumentation, including pressure transducers, photomultiplier tubes, spectrographs, monochromators, cameras, windows and optical table setups. Section 5 presents operating procedures, including calibrations of spectrographs and monochromators and the data capture process. Section 6 gives the facility operating conditions. Section 7.1 presents results from the data acquistion system, including monochromator data. Sections 7.2 – 7.5 present low and high resolution spectra for earth and Mars entry conditions. Section 8 presents concluding remarks.


2.0
BACKGROUND ON RADIATION TESTING IN SHOCK TUBES


2.1
Types of Shock Tube Operation


Figure 1 shows a drawing of a shock tube set up for non-reflected shock wave testing. Above the drawing of the shock tube proper is its x-t wave diagram. The shock tube consists of a driver, filled with a high pressure gas and a driven tube, filled with the low pressure test gas. The two regions are initially separated by the main diaphragm. At the downstream end of the driven tube, one frequently places a secondary diaphragm, which separates the driven tube from an additional length of tube leading to a large dump tank. The main diaphragm can be ruptured in many ways. For an electric arc shock tube, the main diaphragm is ruptured by the increase in driver gas pressure caused by the electric discharge (arc) struck inside the driver. The wave action after diaphragm is shown in the distance-time (x-t) diagram shown in the  upper part of Fig. 1. Upon rupture of the main diaphragm, a shock wave (S) propagates down the driven tube, while a expansion fan (E) propagates upstream into the driver gas. Parts of both the driver and driven (regions 2 and 3) gas are set in motion down the tube. The regions of the driver and driven gases which have not yet been set in motion by the wave action are denoted 1 and 4, respectively. The driver and driven gases are separated by the interface I. A substantial amount of mixing occurs at the interface and hence, in reality, the “interface” is not a simple line, as shown in Fig. 1, but rather a fairly extensive region of mixed driver and driven gases that moves down the tube between regions of pure driver and driven gas. The test section is denoted by TS and shows up as a vertical dashed “world line” in the x-t diagram (since it does not move). The radiation testing would be performed along the TS world line above the shock wave S in the x-t diagram.


Figure 2 shows a drawing and x-t wave diagram of a shock tube set up for reflected shock wave testing. The driven tube is blanked off at the downstream end. In the x-t diagram, the incident shock wave S can be seen to be reflected from the end wall to produce the reflected shock wave RS. A doubly compressed region 5 exists above the reflected shock wave. The advantage of this shock tube configuration is that, with the same driver and driven tube conditions, much higher pressures and temperatures can be produced in region 5 when compared to those in region 2. For radiation testing at planetary entry conditions, there are two disadvantages of reflected shock tunnel operation. First, the two shock waves which produce the doubly shocked condition do not represent the flow situation in front of the entry vehicle, which has only a single shock wave. Second, there are very complex boundary layer interactions and thick boundary layers in the reflected shock region of the shock tube. This makes interpretation of radiation data from these regions difficult, since the radiation measured will be a sum of the radiation from the core region and from the thick boundary layers. In the non-reflected shock tube mode of operation, the boundary layers, while always present, are much thinner. Hence, for radiation testing at planetary entry conditions, operation of  the shock tube in the non-reflected mode is preferred.




Figure 1: Non-reflected shock tube set-up and x-t wave diagram


Figure 2: Reflected shock tube set-up and x-t wave diagram


2.2
Measurements


Many of the points outlined here will be discussed in more detail in Sec. 4. The shock velocity is determined by locating a number of shock wave detectors along the driven tube and measuring the times of arrival of the shock wave. The detectors can be piezo-electric pressure transducers, photomultiplier tubes (PMTs), laser deflection detectors, ionization gauges, etc.


The time history of the radiation behind the shock front can be measured by broad band PMTs, PMTs with interference filters placed in front of  them, or by monochromators. A PMT is typically located at the monochromator outlet slit. A typical wavelength bandwidth for a monochromator is ~1.0 nm full width at half maximum amplitude.


Spectrometers can also be used to take snapshot pictures of spectra from the shock heated gas. In one mode of operation, the spectrometer inlet slit is illuminated by unfocussed light from a window in the facility. A typical window diameter is ~1.3 cm. Either a one or two dimensional camera array is placed at the spectrometer outlet to record the spectrum. At a certain time after shock passage, the camera gate (shutter) is opened for a specified exposure time. A single spectrum is obtained in this way.


Spectrometers can also be operated in the imaging mode. In this mode, a image of a slot window in the shock tube (typically ~12 cm long) is made on the inlet slit of the spectrometer, using imaging optics. (The imaging element is usually a mirror, to avoid chromatic aberration problems.) A two-dimensional camera array is located at the spectrometer exit. Then one obtains a two-dimensional image with the camera which has wavelength in one direction and distance along the window in the other direction. In this mode of operation, the time of exposure is usually chosen to place the shock wave about 70% of the way across the image. In this way, one obtains, in effect, hundreds of spectra at various distances behind (and in front of) the shock wave.


For the monochromators, a typical data sampling rate is 50 MHz, and the PMTs and the amplifiers are capable of these speeds. However, the time resolution of the data is also limited by typical window sizes (~1.3 cm) or inlet slit sizes (0.3 mm). These correspond the time resolutions of 1.3 and 0.03 microsec for a shock velocity of 10 km/sec. The exposures for the spectrometers are always a compromise between smearing or loss of time resolution of the images and gathering sufficient photons to have an acceptable signal-to-noise ratio. For the VUV, UV and visible up to about 500 nm, exposures of 0.25 to 0.50 microsec can typically be used. From 500 to 900 nm, exposures as short as 0.015 microsec up to as long as 0.50 microsec can typically be used, depending on the wavelength range and the brightness of the emitting gas. For IR cameras, typically exposures of ~1.0 microsec are needed. These translate to image smearing ranging from 0.015 cm to 1.0 cm for a shock velocity of 10 km/sec.


To obtain absolute intensities, the monochromators and spectrometers must be calibrated. This can be done using calibrated tungsten ribbon lamps, calibrated integrating spheres and calibrated deuterium lamps (the latter for the UV wavelength range).


3.0
THE EAST facility


The Electric Arc Shock Tube Facility (EAST) at Ames Research Center is used to investigate the effects of radiation and ionization associated with shock waves encountered during entry into planetary atmospheres. 


To observe and measure these effects, hypersonic shock waves are generated in an atmosphere of interest inside an aluminum or stainless steel tube embedded with pressure and optical sensor instrumentation. The data collected by these instruments are then used to develop mathematical models for thermochemical processes. These models are then incorporated into simulations of planetary entry flights. 


A good overall description of the facility as of 1990 is given in Ref. 1. Details of the operation of the driver and driven tubes, also as of 1990, are given in Refs. 2 and 3.


The EAST facility at Ames consists of three primary components:


· Electric Arc Shock Tube


· Power System


· Instrumentation


3.1
Electric Arc Shock Tube


The Electric Arc Shock Tube assembly consists of three primary components:


· Driver


· Driven Tube


· Dump Tube & Dump Tank


Figure 3 shows the relative locations of these three components.
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Figure 3: Electric arc shock tube


3.1.1    Driver 


The driver is the section of the Electric Arc Shock Tube where a gas (driver gas) is heated by an electric arc within a confined space to create sufficient pressure to burst the diaphragm that separates the driver from the driven tube.


The shock wave that results from this process travels at speeds up to 46 km/s (depending on the driver operating conditions and the driven gas) down the length of the driven tube where its effects on the gas of interest (driven gas) are observed and recorded.


Since the beginning of EAST operations in 1965, the driver section has consisted of a variety of components assembled in a number of different configurations. However, as of the end of Test 46 in 2007, the EAST driver at Ames was a strong steel vessel containing an insulating Teflon liner enclosing a short, cylinder-cone-cylinder chamber, approximately 26 cm long, into which driver gas was injected. Figure 4 shows the interior set-up of this driver.
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Figure 4: Driver of EAST facility

An aluminum diaphragm was installed at the large end of the conical chamber, encircled by a ring ground electrode. A center high voltage electrode, installed at the narrow end of the conical cylinder, was connected to the test facility power system (See Section 3.2). A tungsten trigger wire, attached to the electrode ring, was also attached to a Nextel™ cord, composed of alumina-silica fiber with Teflon™ and Rayon sizing. This cord was drawn through a port in the nose of the center electrode by means of a pneumatic cylinder to bring the trigger wire close enough to initiate an arc. In addition to housing the pull cord, the port in the center electrode was used as a gas outlet for evacuating the driver chamber and an inlet for introducing driver gas. 


3.1.1.1
Driver Specifications – Test Entries 43 - 46 


For Test Entries 43 through 46, conducted from 2003 through 2007, the Ames EAST driver parameters were as follows:


· Driver chamber:   26.4 cm long


· Diaphragms:   
   Al foil – 0.030 & 0.043 cm thick; Mylar – 0.013, 0.030, 0.036 & 0.054 cm thick


· Trigger wire:
   Tungsten, 17-4 PH Stainless Steel


· Driver Gases: 
   He/Ar, H2, He


· Driver Gas Pressures:
2.7, 6.8, 8.8, 10.5, 13.3 atm


3.1.2   Driven Tube


The driven tube section of the Electric Arc Shock Tube is where the effects of a shock wave on a gas of interest can be observed and recorded. 


The driven tube currently installed in the AMES EAST facility consists of an aluminum tube, 10.16 cm in diameter and 9 meters in length. The driver or main diaphragm is located at one end of the tube and the downstream diaphragm is at the other end. 


As shown in Fig. 3, two pumping ports are located at either end of the driven tube. Pumping port # 1, also known as the upstream port, is located near the main diaphragm. Pumping port #2, also known as the downstream port, is located after the test section near the downstream diaphragm. 


Ports allowing sensor access for test instruments are placed at specific locations along the length of the driven tube. These locations are designated by a letter, with the location closest to the main diaphragm given the letter A. If two ports share a location, they are placed 180 degrees apart in the tube wall in east and west-facing directions and labeled as such (i.e., A East, A West) or given the numbers 1 and 2 (i.e., A1, A2). If four ports share a location, they are placed 90 degrees apart in the east, west, top and bottom-facing directions and, again given either the names A East, A West, A Top, A Bottom or A1, A2, A3, A4, respectively. 


The portions of the driven tube containing many ports for optical and other diagnostics are called test sections. The configuration and instrumentation of driven tube test sections vary with the requirements of the test being undertaken.


In the last run Test Entry 46 conducted in 2007, driven tube port locations A, B, C, D, and E each contained two instrument ports. As shown in the diagram below, locations G and H in the secondary test section of the driven tube each contained four instrument ports. In the primary test section, location I contained 3 instrument ports – on the bottom and on the east and west sides of the test section. Locations J, L, N, and O contained only one port each – all of which were placed at the bottom of the tube. Location K also contained one port, positioned at the top of the tube. Finally, location M in this test section contained two ports placed in the east and west-facing directions.
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Figure 5: Sketch of test sections for test entry 46 showing locations of diagnostic ports

For a test run, air is evacuated from the driven tube through either or both of the pumping ports and replaced with the gas of interest, also known as the driven gas, at a specified pressure. When the shock wave from the driver enters the driven tube, it travels down the length of the tube and bursts the downstream diaphragm, allowing the driven gas to move from the driven tube into the dump tube system.


3.1.2.1
Driven Tube Specifications – Test Entries 43 - 46 


For Test Entries 43 through 46, the EAST driven tube gasses, gas pressures and shock velocities were as follows: 


· Driven Gases:
   
N2, CH4/N2, CH4/N2/Ar, Air, H2, H2/He, CO2/N2 


· Driven Gas Pressures: 
0.1, 0.2, 0.283, 0.3, 0.7, 1 Torr 

· Shock Velocities: 
5.08 to 34.69 km/s


3.1.3   Dump Tube and Dump Tank 


The dump tube section of the Electric Arc Shock Tube at Ames consists of an aluminum tube 7 m in length, 10.16 cm in diameter, attached to the driven tube at the downstream diaphragm and running into a steel holding tank. Gas pressure in the dump tube/tank system is controlled by a 300 CFM Stokes rotating piston vacuum pump attached to the back of the tank as shown in Fig. 6.


[image: image4.jpg]





Figure 6: Photograph of dump tank and vacuum pump

When the shock travels down the driven tube and bursts the downstream diaphragm, pressure differentials between the driven tube and the dump tube/tank system allows the driven gas to move into the dump tube and be held in the dump tank. Approximately 3 hours after a test run is completed, the dump tank is vented to the atmosphere. 


3.2
Power System 


The power system at the Ames EAST facility consists of three main components: 

·  40 kV constant current DC power supply


·  1.2 MJ 20/40kV DC fused capacitor storage system


·  40 kV-rated Collector/Driver Electrode assembly


RG-17 coaxial cabling connects the capacitor bank to the collector/driver electrode assembly, and the entire system is regulated by a control system that includes discharge and shorting equipment, relays, control and permissive systems.


For a test run, the capacitor bank voltage is set to the level specified for the test and delivered to the collector ring to be available when an arc is initiated between the trigger wire and the high-voltage electrode.


Photographs of  portions of the power system are shown in Figs. 7 and 8.
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Figure 7: Capacitor storage system (cap bank)

The Capacitor Storage System (Cap Bank) shown in Fig. 7 is a six-tier bank containing 220 capacitors. By using different combinations of series-parallel connections, the capacitance of the bank can be varied from 149 F to its maximum value of 6126 F (1530 F for 40 kV operation). Nominal total system inductance, exclusive of the load (arc) is 0.26 H, and the resistance is 1.6 m
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Figure 8: Collector ring/driver electrode assembly

The Collector Ring/Driver Electrode Assembly, shown above, consists of two coaxial copper cylinders. The outer cylinder is flanged to the driver and is electrically grounded. The inner cylinder is connected to the main electrode by a copper spring contact plate. The high-voltage electrode located inside the driver chamber (See Section 3.1.1) has a hollow core through which a cord extends back to the piston of a pneumatic solenoid (air cylinder). The piston draws the cord, which is attached to the trigger wire, through the electrode until an arc is initiated and the test run is made.  


3.2.1    Power System Parameters – Test Entries 43 – 46 


For Test Entries 43 through 46, the power system parameters were as follows: 


· Cap bank capacitance:
861.3 & 1530 F 

· Cap bank voltage:
7.9  to  29 kV


3.3
Range of Operating Gas Mixtures, Shock Velocities and Operating Modes


The EAST facility has been operated with H2, He, Ar and He/Ar mixtures as driver gases. Driven gases have included Air, N2, O2, Ar, and CO2/N2, CH4/N2, N2O/N2, H2/He, H2/Ne and H2/Ar mixtures. Shock velocities have ranged from 2 to 46 km/sec. The facility has been operated in the non-reflecting and reflecting shock tube modes (see Sec. 2.1) and also in the shock tunnel mode. In the shock tunnel mode the shock tube is operated in the reflected shock tube mode seen in Fig. 2 of Sec. 2.1. A hypersonic nozzle is attached to the downstream end of the shock tube and the doubly shocked gas in region 5 is used as the reservoir for the  nozzle. The flow at the exit of the nozzle  goes into a test box where tests are made at hypersonic Mach numbers.


4.0
INSTRUMENTATION


The purpose of instrumentation in the Ames EAST facility is to provide experimental data that can be used to determine radiative heating under planetary entry conditions. The data can be used to directly assess the heating to be expected and to calibrate and improve mathematical models of the heating .


Toward this end, instruments in EAST provide the data listed below:


· Shock velocity


· Shock pressure and arrival time, including arrival of extra shocks or expansion waves

· Arrival of driver gas contamination


· Snap shots of spatially resolved spectra along the driven tube (hundreds of spectra in one picture)


· Snap shots of non-spatially resolved spectra along the driven tube (single spectrum)


· Time histories of radiation at specific wavelengths


· Cap bank current


· Cap bank charging voltage


· Timing data for spectrograph camera exposures


As of the last run of Test Entry 46 in 2007, these data were gathered by the following instruments in the Ames EAST facility.


4.1
Pressure Transducers


Two types of pressure transducers (also known as piezoelectric pressure gauges) are used in the Ames EAST facility to provide data on shock velocity and shock pressure arrival:


· PCB Piezotronics Model #113A21 – resonant frequency >  500 kHz; follows actual pressure variations


· PCB Piezotronics Model #132A35 – resonant frequency > 1000 kHz; gives substantially more accurate shock passage time definitions than 113A21, but does not faithfully follow actual pressure variations


PCB 113A21 transducers were located in the driven tube at A, B, D, and E and PCB 132A35 transducers were located at stations G, H, I, J, L, N and O. 


4.2
Photomultiplier Tubes


The following photomultiplier tubes are employed in the Ames EAST facility to provide data on shock arrival, arrival of driver gas contamination, spatially resolved spectra along the driven tube, and time histories of radiation at specific wavelengths: 


· 1P21 – spectral response 300 – 650 nm


· 1P28 – spectral response 185 – 650 nm


· Hamamatsu R7154 – spectral response – 160 – 320 nm


· Hamamatsu R456 -   spectral response – 160 – 870 nm


· EMI G26E315, CsI photocathode, MgF2 window, spectral response 110 – 220 nm


· EMI G26H314LF, CsTe photocathode, MgF2 window, spectral response 110 – 360 nm


· Electron tubes 9422B, CsTe photocathode, MgF2 window, spectral response 110 – 360 nm


A 1P21 PMT was located at station E, 1P28 PMTs were located at stations B, G, and K, and a R7154 PMT was located at station A along the driven tube for stand-alone data gathering. The 1P28 and Hamamatsu R456 PMTs were used in combination with the Bausch and Lomb monochromators, while the Electron Tubes 9422B PMT was used with the McPherson model 218 monochromator for VUV investigations. Two slits with widths 0.05 – 0.40 mm, ~15 cm apart and oriented parallel to the shock front, are located inside a tube in front of each stand-alone PMT. These slits enable the shock passage time to be reasonably sharply defined. Sample rates for the PMTs used alone were 5 MHz and for the PMTs used in the monochromators were 50 MHz.


4.3
Spectrographs and Monochromators – Imaging Set-Ups


McPherson Model 218 Scanning Monochromators


Ames EAST currently has five McPherson Model 218 scanning monochromators which can be used either as monochromators or spectrographs. To use these instruments as spectrographs, the outlet slit is removed and a digital camera is located at the instrument outlet.  


Two of these units can be evacuated for use in VUV as well as UV, visible and near IR spectral ranges. Available gratings are from 150 to 3600 grooves/mm, and the grating blaze wavelengths range from 150 to 4000 nm. 


 When used as an imaging spectrograph, the McPherson 218 creates images of the 11.7 cm long facility slot windows imaged on the inlet slits of the spectrographs with demagnification ratios on the order of 10. With this set-up, optical trains of two or three mirrors are used to image the slots, and the final concave mirror has a 10.2 cm focal length. The two-dimensional image obtained on the ICCD camera array has wavelength in one direction and distance along the driven tube slot windows in the other direction. In other words, hundreds of different spectra are obtained as a function of distance behind (and in front of) the shock wave. 


Bausch and Lomb Monochromators


There are at least six B & L monochromators available for use at Ames EAST. These units cannot be evacuated and are thus not usable for VUV spectral investigation. Gratings with these instruments have 600 grooves/mm, and the grating blaze wavelengths are either 300 or 750 nm. 


Two of the B & L units have images of the 1.3 cm diameter facility windows imaged on the inlet slits of the monochromator. Optical trains of two mirrors are used to image the facility windows. Although there is no spatial resolution with the imaging on a monochromator inlet slit, the imaging does make the time resolution of the passing shock wave on the monochromator signal output very sharp.


See Section 4.7 for a diagram of the two optical table set-ups used in Test Entry 46.


4.4
Spectrographs and Monochromators – Non-Imaging Set-Ups


When the two McPherson model 218 instruments that can be used in the VUV are set up for this purpose, no imaging of the facility aperture on the inlet slit of the instrument takes place. The light simply passes through a precision aperture and falls on the inlet slit of the instrument. In this case, the two instruments are used simply as monochromators.


For some runs, however, the exit slit of one of the instruments was removed and an ICCD camera placed at the exit to obtain a snapshot spectra which was not spatially resolved.


4.5
ICCD Arrays/Cameras


There are four primary cameras and imaging arrays currently available for use at Ames EAST:


Princeton Instruments – PI-MAX Model 512HQ : Imaging array 512 x 512 pixels with a spectral range of 460 to 900 nm


Princeton Instruments – PI-MAX Model 1024UV: Imaging array 1024 x 256 pixels with a spectral range of 120 – 860 nm


Princeton Instruments – PI-MAX Model 1K; Imaging array 1024 x 1024 pixels with a spectral range of 120 – 860 nm


FLIR Systems ThermaCAM – Phoenix-Near Model, VisGas response option; Imaging array 256 x 320 pixels with a spectral range of 470 – 1700 nm


Section 4.7 shows how the above-listed cameras and imaging arrays were used in Test Entry 46.


The spectrograph cameras are triggered using PMTs located at stations G and K in the driven tube. Station G is where the VUV spectrograph views the flow and station K is 7.65 cm upstream of the center of the window where the blue, red and IR spectrographs view the flow. When the rising light intensity at the PMT produces an output passing the set threshold on the DG-535 timing unit, the unit triggers. A second, delayed output from the DG-535 unit is used to trigger the camera. Two DG-535 units are used, one for the PMT located at station G and the second one for the PMT located at station K. For the blue, red and IR spectrographs, the time delay is chosen to locate the shock wave about 75% downstream of the upstream end of the window at station K. For the VUV spectrograph, the delay is chosen to take the snapshot 1 to 2 microseconds after shock passage. The exposure times for the blue spectrograph were 0.25 – 0.50 microsec, for the red spectrograph 0.015 – 0.50 microsec, for the IR spectrograph 1.0 microsec and for the VUV spectrograph 0.5 microsec. For the imaging set-ups, the image smears range from 0.015 cm for a 0.015 microsec exposure to 1.0 cm for a 1.0 microsec exposure at a shock velocity of 10 km/sec.


4.6
Windows


Materials for the windows at various locations along the driven tube were as follows (the approximate cut-off wavelengths are given for each material): 


· Acrylic, UV grade - 280 nm


· Quartz – 160 nm


· Fused silica, UV grade – 160 nm


· Sapphire – 142 nm


· MgF2 – 115 nm


· LiF– 105 nm


The acrylic is extremely inexpensive and has been used extensively for the red and IR spectrographs. It is known to outgas water more than the other window materials, but it is not known if this is a major contributor to water in the test gas, as compared to outgassing from the O-ring seals. It may be actually very satisfactory. Quartz and UV grade fused silica have been used for the blue spectrograph operating down to the air absorption limit of ~190 nm. They are much more expensive than the acrylic and are also very robust to the shock tube environment (heat pulse and debris going down the driven tube). Sapphire has been used for VUV measurements down to 142 nm in the VUV. Small sapphire windows (2 cm diameter) can be obtained from Edmund Industrial Optics very inexpensively and are also very robust. To go the extreme wavelengths in the VUV, one must use the crystal windows – MgF2 and LiF. These windows are fairly expensive and are not robust in the shock tube environment. Cracks appear in these windows rapidly and they are usually retired after 2 or 3 test runs. We have found the transmission of LiF to be much better than that of MgF2 at the most extreme VUV wavelengths. Thus, for these wavelengths, LiF is the material of choice.


4.7
Optical Set-Up Details


There are two optical tables set up to capture data in the Ames EAST Facility – one on the east side of the driven tube and one on the west side. Figures 9 and 10 show how each table was configured with instrumentation during Test Entry 46 in 2007.
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Figure 9: East side optical table set-up
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Figure 10: West side optical table set-up


Note that the vacuum ultraviolet (VUV) instruments, both spectrographs and monochromators, are directly connected to the driven tube with stainless steel tubes and evacuated with vacuum pumps using stainless steel flexible bellows hoses [not shown in diagram]. The PI-MAX Models 1024UV and 1K cameras was used for the “blue” and VUV spectrographs, respectively in the east side optical table set-up. Either the PI-MAX Model 512HQ or the FLIR Systems ThermaCAM were used for the “red” spectrograph in the west side optical table set-up.


5.0
OPERATING PROCEDURES


The Ames Electric Arc Shock Tube is a complex test facility that requires a significant amount preparation and maintenance to operate. A complex series of calibrations, checks and data acquistion operations must be performed during a test entry. In this section, we treat only those items that are most pertinent to the present report. This will include:


· Calibrations of spectrally resolving intruments


· Data capture process


5.1
Calibration of Spectrally Resolving Instruments 


The images obtained directly from the cameras are in the form of “counts” (up to maxima of ~16,000 or ~65,000) for each pixel. To convert the pixel “count” images into the absolute intensity information required for results analysis, the cameras are calibrated before the start of the Test Entry and at intervals of 20 to 40 runs during the Test Entry. Typically, the maximum differences between two successive calibrations is 3 –  8%. Thus, the sensitivity of the cameras for the runs between the calibrations is known to within that percentage range.


5.1.1   Calibration of Spectrographs 

The following steps were taken to calibrate the spectrographs before and after runs in Test Entry 46. 



1) The test section in the driven tube, shown in Figure 11, was removed.



2) A calibrated tungsten ribbon lamp or a deuterium lamp was set up on the opposite side of the driven tube from the spectrograph.



3) Using a concave mirror, a magnified image of the lamp filament or arc was created on the center line of the test section, as shown in Figure 12. Magnification ratios of  3.5 to 5 were used in this Test Entry.



4) Images taken at five to nine different lamp positions along the shock tube centerline were made for all spectrograph configurations used in the run.


5) Pixel count information for calibration images were then converted into absolute radiation intensity data using Drawpix, a NASA Ames computer analysis program. Drawpix accounted for dark noise and used lamp calibration data to provide finished results in terms of absolute radiation intensity (W/cm3/micron/sr).


The pixel number scales of the camera must also be calibrated. The wavelength scale was calibrated using lines from spectral lamps. The space direction scale (along the shock tube) was calibrated by imaging a precision grid placed at the shock tube centerline on the inlet slit of the spectrograph.



Figure 11: Spectrograph set-up for test runs in facility 




Figure 12: Spectrograph set-up for lamp calibration


5.1.2   Calibration of VUV Monochromators 

The following steps were taken to calibrate the VUV monochromators before and after runs in Test Entry 46.



1) The VUV monochromator with attached PMT was removed from the driven tube and taken to a calibration set-up area where it was connected to the outlet side of a vacuum box containing a chopper wheel. The PMT output was connected to a Tektronix oscilloscope.



2) A mercury lamp was placed at the inlet side of the vacuum box. For this step, no vacuum was used. The mercury lamp was used to wavelength calibrate the monochromator.



3) Next, a special deuterium lamp that was calibrated for absolute radiance and irradiance was attached to the entrance of the vacuum box. (This lamp has a MgF2 window.) The chopper wheel created an AC signal from the DC deuterium lamp output. The system was then evacuated. 


4) The calibration was then performed using the deuterium lamp as the source.



5) Amplitude readings for various wavelengths with the deuterium lamp source were then taken using the oscilloscope. Each reading was taken from an average of 256 pulses integrated by the oscilloscope. 


5.1.3   Notes on Calibrations for Test Entry 46 


In order to calibrate the cameras, the test section needs to be removed and the facility shut down during the process. To minimize this type of downtime, camera calibration in Test Entry 46 was performed before the beginning of the Test Entry, between runs 13 and 14, between runs 47 and 48, and at the conclusion of the Test Entry (after 81 test runs). 


In contrast, the VUV instruments are operated without imaging or transfer optics and with a direct path from the port in the side of the driven tube to the inlet slit of the instrument. Because of this very simple optical set-up, accurate calibrations can be made after every run, if necessary. Early on in the Test Entry, therefore, VUV monochromator calibrations were made every 5 to 7 runs. 


Also, the VUV PMTs, deuterium lamp and ICCD camera were initially cleaned only every 5 to 7 runs. It was then found that the sensitivity of the ICCD camera was changing between runs, due to air leakage into the camera. Because of the possible air leakage problem and concerns over build-up of vacuum pump oil on various optical surfaces, after about run 52, it was decided to calibrate the VUV instruments after every run. Also, after this point in time, the optics of the VUV instruments were cleaned after every run.

5.2
Data Capture Process 


Data is captured during runs of a Test Entry in the Ames EAST facility in two ways:


· The Data Acquisition System (DAS)

· The camera / computer system 


The Data Acquisition System consists of the following components:


· Data Recording Devices, e.g., pressure transducers, spectrographs, etc.


· Data Channels

· Digitizers 


· Computer Hardware / Software


During a run of a Test Entry, instrumentation along the driven tube and in the test sections senses and records time histories of light intensities and pressures. Camera timing data and driver current and charging voltage data are also recorded. This information is stored in the memory buffers of the digitizers and then transferred to a computer hard drive using IGOR and IMPAX graphics software to create raw experimental data files.


Images captured by cameras during a run of a Test Entry and stored directly on the hard drive(s) of a dedicated computer system in the facility. These images are then accessed using Igor and WinSpec software to create the required image-based data files. 


These files are then used to generate the data products specified in the Test Plan.


For the last run of Test Entry 46 completed in December 2007, 26 data channels were employed to capture information that was sent to the following four types of digitizers:


· LeCroy model 6810 digitizers – 5 MHz maximum digitizing rate


· ZTEC model ZT412VXI-21 digitizers – 200 MHz maximum digitizing rate


· DSP model 2008A digitizers – 20 MHz maximum digitizing rate 


· DSP Traq I system, model 2824 digitizers  – 1 MHz maximum digitizing rate


In addition, images from red/IR, blue and VUV cameras were captured in the facility’s dedicated computer system.

6.0
TEST CONDITIONS


Tests for entry into the atmospheres of the Earth, Mars, Titan and Neptune were performed in test entries 43, to 46 in the EAST facility. A total of 175 test runs were made between November, 2003 and December, 2007. Shock velocities ranged from 6 km/sec for Titan entry conditions up to 34 km/sec for Neptune entry conditions. Table 1 below gives the test gases, driven tube pressures and nominal shock velocities for the various Earth and Mars test conditions discussed in depth herein. Gas compositions are given by mole fractions.


Table 1: Test conditions

		Planet

		Test gas

		Test gas pressure

		Nominal shock velocity



		

		

		(Torr)

		(km/sec)



		Earth

		Air

		0.1, 0.2, 0.3, 0.7, 1.0

		10



		Mars

		0.96CO2/0.04N2

		0.1

		8.5





7.0
RESULTS  


The following sections present representative data from the data acquistion system (DAS), including data from the monochromators and from the various spectrometers.


7.1
Data from the Data Acquistion System 


Representative plots from the DAS data files are presented below. The plots are from runs 53 and 77 of  test entry 46 in the EAST facility. For run 53, the driven tube gas was 0.7 Torr air, the shock velocity was 10.011 km/sec and the test time was 6.55 s. For run 77, the driven tube gas was 0.2 Torr air, the shock velocity was 9.845 km/sec and the test time was 6.66 s. Plots are presented of data from the following instruments:


· Pressure transducers (2 different models) 


· Photomultiplier tubes 


· Monochromators 


· Trigger signal from the DG-535 timing unit (see Sec. 4.5) 


· Camera gate monitor signal 


· Driver current


· Capacitor bank charging voltage 
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Figure 13: Plot of DAS data for PCB pressure transducer at station D, test entry 46, run 53. 


Figure 13 shows the plot of the DAS data for the PCB model 113A21 pressure transducer at station D  (see Sec. 3.1) for test entry 46, run 53. The time interval shown is 1.0 millisec and the voltage scale is -100 to +550 mV. The main shock wave arrives at 0.25 msec, followed by a second shock wave at 0.39 msec. Multiple shock waves are very frequently observed in the upstream 60 – 70% of the driven tube. In 90% or more of the test runs, by the time the shock wave reaches the test sections, the multiple shock waves either have amalgamated into one shock wave or are spaced so far apart that there are no negative effects on the test data. Before the first shock wave arrives, one may see EM pickup from the current oscillations in the driver. The pressure jump across the main shock wave gives a DAS output of 530 mV, which, using the calibration factor, converts to 129.5 kPa.
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Figure 14: Plot of DAS data for PCB pressure transducer at station O, test entry 46, run 53. 


Figure 14 shows the plot of the DAS data for the PCB model 132A35 pressure transducer at station O  (see Sec. 3.1.2) for test entry 46, run 53. The time interval shown is 1.0 msec. The same data is shown on an expanded time scale (total interval of 50 sec) in Fig. 15. The oscillations seen at ~700 kHz are oscillations of the quartz crystal of the transducer. Allowing for the overshoot of  the ringing transducers, the shock “jump” in Fig. 15 can be estimated at 2700 mV, corresponding to a pressure jump of 104.2 kPa, less than that at station D. This is because the shock has slowed down from 11.13 km/sec between stations D and E to 9.97 km/sec between stations N and O. (See Secs. 3.1 and 3.1.2 for the locations of the diagnostic stations.)
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Figure 15: Plot of DAS data for PCB pressure transducer at station O, test entry 46, run 53. Time scale is expanded from that of Fig. 12.


Figures 16 and 17 below show the plots of the DAS data for the photomultiplier tubes at stations E and K for test entry 46, run 53. The time intervals shown are 100 sec. The PMTs give increasing negative outputs as the light intensity increases. The shock wave passed stations E and K at 350.5 and 484 sec, respectively. The light seen in the traces before shock wave arrival is due to the shock wave illuminating the far wall of the driven tube opposite the diagnostic port before it actually reaches the port. The PMT at station E is operated in the linear region, whereas much more light is allowed to reach the PMT at station K, driving the PMT into near saturation for the stronger light intensities. This was found to provide much more reliable triggering of the ICCD cameras. The PMTs at stations G and K were used to trigger the ICCD cameras. In Fig. 17, the trigger threshold of -1.5 V shown. The voltage from the PMT passed this threshold at 484 msec, triggering the DG-535 timing unit (see Sec. 4.5) at this instant.
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Figure 16: Plot of DAS data for PMT at station E, test entry 46, run 53. 
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Figure 17: Plot of DAS data for PMT at station K, test entry 46, run 53. 


Figures 18 to 20 below show the plots of the DAS data for the monochromators at stations I and G for test entry 46, run 53. The time intervals shown are 50 sec. Again, since the monochromators have PMTs at their outlet slits, increasing light produces increasing negative voltages. Although not generally the case, for test entry 46, run 53, all three monochromators were tuned to oxygen features. The east and west side open monochromators at station I were tuned to the 777.4 and 394.7 nm O lines, respectively. The vacuum ultraviolet (VUV) monochromator at station G was tuned to the 130.2 nm O line. From Figs. 18 and 19 (on opposite sides of the driven tube at station I), the shock wave arrives at station I at ~470.6 sec. From Fig. 20 and from the data from the PMT facing the monochromator at station G (this plot is not shown here), the shock wave arrives at station G at ~427.0 sec. The plots from all three monochromators, but especially that at station G, west side, show light intensity increases before shock arrival. (This was discussed above with regard to Figs. 16 and 17.) The test time, before arrival of driver gas contamination, for test entry 46, run 53, was ~6.5 sec. The radiation at the 777.4 nm O  line (Fig. 16) remains nearly constant during the test time. The radiation at the 394.7 nm O line (Fig. 17) is nearly constant for the first 2.5 sec of the test time and increases thereafter. The radiation at the 130.2 nm O line (Fig. 20) first increases to a maximum and then decreases during the test time. 
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Figure 18: Plot of DAS data from monochromator at station I, east side, test entry 46, run 53. 
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Figure 19: Plot of DAS data from monochromator at station I, west side, test entry 46, run 53. 
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Figure 20: Plot of DAS data from monochromator at station G, west side, test entry 46, run 53. 


Figure 21 below shows the plot of the DAS data from the output of the DG-535 timing for test entry 46, run 53. Figure 22 below shows the corresponding plot of the DAS data from the gate monitor of the ICCD camera for E side spectrograph. For both plots, the total time interval shown in 50 sec. From Fig. 17, we see that the voltage output of the PMT at station K, which inputs into the DG-535 timing unit, crossed the set threshold at 484 sec. This caused the DG-535 unit to trigger at that time. The timing unit was set for a delay of  11 sec and produced the delayed output pulses shown in Fig. 21 at 495 and 524 sec. The first of these pulses caused the camera gate to open at 495.2 sec, as shown by the ICCD gate monitor history of Fig. 22. Since the camera gate can open only once, the second pulse seen in Fig. 21, caused by the second threshold crossing at 513 sec seen in Fig. 17, causes no problems. Similar timing unit output and camera gate monitor plots are obtained for  the VUV ICCD spectrograph camera at station G.


[image: image17.png][ mV]

DG535K_A

4000

3000

2000

1000

i T T T T T T 11 T T 1T 1 T T T 1 T T T T T T 11 T T T T T T 11 T T T 1 T T 11 ]

[ . EAST FACILITY | || -

- TEST 46, RUN 53 -

- 8/30/07 :

i DG535K_A| )
PR TN T T N TN TN SR TN (N T N N | I R R T A R A I A

510
Timebase 6810 7 [x1 0° seconds]






Figure 21: Plot of DAS data from output of DG-535 timing unit, test entry 46, run 53. 
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Figure 22: Plot from DAS data of the gate monitor of the ICCD camera for E side spectrograph, test entry 46, run 53. 


Figure 23 below shows the plot of the DAS arc current data for test entry 46, run 53. The total time span shown is 1.0 msec and the voltage range is -20 to +30 V. The maximum negative voltage of -29 V corresponds to an arc current of ~600 kA. After the main current pulse lasting ~60 sec, are a number of damped current oscillations of the RLC network of the arc, cables and capacitor bank. There is a voltage offset of  roughly 1 V in the data; at the right side of the data trace, the data should asymptote to zero, rather than ~1 V.


Figure 24 below shows the charging voltage of the capacitor bank for test entry 46, run 77. (The circuitry enabling us to obtain this data was not in place for run 53, hence data from a later run is shown here.) The total time span shown is 60 sec and the voltage range is -400 to +50 mV. The raw obtained was extremely noisy; what is shown here is the raw signal averaged with a 201 point binomial running averaging scheme. The capacitor bank is seen to charge over a 20 sec period and then discharge upon the arc strike. The maximum voltage change shown here of ~340 mV corresponds to 13.2 kV on the capacitor bank.
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Figure 23: Plot of DAS arc current data, test entry 46, run 53. 
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Figure 24: Plot of DAS capacitor bank charging voltage data, test entry 46, run 77. 


7.2
Spectra from the Spectrometers 


Representative spectra from the various spectrometers are presented in this section. Section 7.3 presents one representative spectrum from each type of camera used and presents the method of determining the test time. Section 7.4 and 7.5 present surveys of spectra over the complete wavelength ranges studied for earth and Mars entry conditions, respectively. This data is qualitative only and is given in terms of  “counts” from the camera, rather than W/cm3/micron/sr. Limited quantitative data for Earth and Titan entry conditions and also for 6 km/sec shock waves in nitrogen was presented in Refs. 4 - 6. Quantitative data for the tests discussed herein will be presented in later publications. Also, the corresponding dark pictures have not been subtracted from the spectra shown herein. Hence, certain of the spectra to be shown here will show a non-zero “pedestal” level which should be near zero and would be removed by the Drawpix data reduction program to produce the final data.


7.3
Representative Spectra from the Four Types of Cameras Used 


This section presents one representative spectrum from each type of camera used for the test condition of 0.2 Torr air in the driven tube and a nominal shock velocity of 10 km/sec (earth entry condition). Each of the four two-dimensional images (wavelength versus distance along window – see Sec 4.3) is followed by a single one dimensional spectrum (intensity vs wavelength) averaged over a number of camera pixels at a chosen location behind the shock wave. This location is indicated in the two-dimensional images.


Figure 25 below shows the spectrum obtained from the east side spectrometer for EAST test entry 46, run 59. This spectrum was taken with a Princeton Instruments PI-MAX Model 1024UV camera. This camera has a 256 x 1024 pixel ICCD array, but only about 660 pixels are useful in the wavelength direction because the microchannel plate intensifier is considerably smaller than the array size in the 1024 pixel direction. The spectral range shown is 386/184 nm. (The first number is the center wavelength and the second number is the total wavelength span covered.) The shock velocity is 10.023 km/sec. The camera exposure time is 0.5 sec. Because of the 0.5 sec open shutter time, there is smearing of the spectrum over ~0.5 cm in the y direction. The shock wave is seen to be standing at ~1.8 cm and the beginning of the driver gas contamination is seen to be at ~6.6 cm when the exposure was made. Many contamination lines are seen to appear. Many of the strongest contamination lines are from tungsten (the trigger wire material) and aluminum (the main diaphragm material). Using the distance between the shock location and the beginning of the contamination and the shock velocity, we arrive at a test time (in pure driven gas) of ~4.8 sec.


The spectrum of Fig. 26 was obtained from that of Fig. 25 by averaging over 10 pixels in the y direction centered at an ordinate of 2.62 cm (indicated by middle dashed line). Various features of N2, N2+, N, CN, O and can be seen. 
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Figure 25: Spectrum from east side spectrometer, EAST test entry 46, run 59. Spectral range is 386/184 nm. Test gas is 0.2 Torr air. Shock velocity is 10.023 km/sec. Test time is 4.77 sec. Exposure time is 0.5 sec.
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Figure 26: Spectrum from east side spectrometer, EAST test entry 46, run 59. Spectral range is 386/184 nm. Test gas is 0.2 Torr air. Shock velocity is 10.023 km/sec. Test time is 4.77 sec. Exposure time is 0.5 sec. This spectrum was obtained from Fig. 25 by averaging over 10 pixels in the y direction centered at an ordinate of 2.62 cm. The center of this averaging region is shown by the middle dashed line in Fig. 25.

Figure 27 below shows the spectrum obtained from the west side spectrometer for EAST test entry 46, run 63. This spectrum was taken with a Princeton Instruments PI-MAX Model 512HQ camera. This camera has a 512 x 512 pixel ICCD array. The spectral range shown is 590/227 nm. The shock velocity is 9.723 km/sec. The camera exposure time is 0.075 sec, much shorter than for Fig. 25. Because of the shorter exposure time, there is much less smearing  (~0.075 cm) in the y direction than in Fig. 25. The shock wave is seen to be standing at ~2.5 cm and the beginning of the driver gas contamination is seen to be at ~10.4 cm when the exposure was made. Three contamination lines are seen to appear. In general, far fewer contamination lines are seen in the yellow, red and IR regions of the spectrum than in the blue, violet and UV and regions of the spectrum. Hence, in general, the test time is determined from the east side spectrometer working in the blue, violet and UV regions of the spectrum. The test time for run 63 was 7.8 sec.


The spectrum of Fig. 28 was obtained from that of Fig. 27 by averaging over 20 pixels in the y direction centered at an ordinate of  7.16 cm (indicated by middle dashed line). Lines of N, O and H and H (?) can be seen. 
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Figure 27: Spectrum from west side spectrometer, EAST test entry 46, run 63. Spectral range is 590/227 nm. Test gas is 0.2 Torr air. Shock velocity is 9.737 km/sec. Test time is 7.83 sec. Exposure time is 0.075 sec.
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Figure 28: Spectrum from west side spectrometer, EAST test entry 46, run 63. Spectral range is 590/277 nm. Test gas is 0.2 Torr air. Shock velocity is 9.737 km/sec. Test time is 7.83 sec. Exposure time is 0.075 sec. This spectrum was obtained from Fig. 27 by averaging over 20 pixels in the y direction centered at an ordinate of 7.16 cm. The center of this averaging region is shown by the middle dashed line in Fig. 27.

Figure 29 below shows the spectrum obtained from the west side spectrometer for EAST test entry 46, run 56. This spectrum was taken with a FLIR Systems ThermaCAM Phoenix-Near Model, VisGas response option, camera. This camera has a 320 x 256 pixel array, with 320 pixels in the wavelength direction. The spectral range shown is 960/175 nm. The shock velocity is 10.546 km/sec. The camera exposure time is 0.98 sec. Because of the long exposure time (needed for a non-intensified camera) there is ~1.0 cm of smearing in the y direction. The shock wave is seen to be standing at ~1.0 cm when the exposure was made. No obvious contamination lines are seen to appear, which is typical for infrared spectra. The test time for run 56 was 3.9 sec, determined from the arrival of contamination lines in the spectrum from the east side spectrometer, which was set to 380/33 nm for this test run.


The spectrum of Fig. 30 was obtained from that of Fig. 29 by averaging over 10 pixels in the y direction centered at an ordinate of  2.19 cm (indicated by upper dashed line). Lines of N and O can be seen. 
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Figure 29: Spectrum from west side spectrometer, EAST test entry 46, run 56. Spectral range is 960/175 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.98 sec.
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Figure 30: Spectrum from west side spectrometer, EAST test entry 46, run 56. Spectral range is 960/175 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.98 sec. This spectrum was obtained from Fig. 29 by averaging over 10 pixels in the y direction centered at an ordinate of 2.19 cm. The center of this averaging region is shown by the upper dashed line in Fig. 29.

Figure 31 below shows the spectrum obtained from the west side spectrometer for EAST test entry 46, run 56, the same test run from which the spectra of Figs. 29 and 30 were taken. This spectrum was taken with a Princeton Instruments PI-MAX Model 1024UV camera. This camera has a 1024 x 1024 pixel array. The spectral range shown is 960/175 nm. The camera exposure time is 0.50 sec. From the time of the camera exposure and the shock arrival time seen in the PMT opposite the spectrometer, the beginning of the spectrometer exposure was 1.0 microsec after the shock passage time. This data is not imaged or spatially resolved – thus the information at all vertical locations in the image is basically the same (see Secs. 4.3 and 4.4). The two comet-like streaks seen in the left half of the spectrum are artifacts, believed to be produced by strong features, such as the zeroth order line, striking the inside of the barrel of the image intensifier (which is smaller than the ICCD array) and then reflecting across the array. The energy in the streaks is definitely not at the wavelengths indicated along the x-axis.


The spectrum of Fig. 32 was obtained from that of Fig. 31 by averaging over 201 pixels in the y direction centered in the center of the image (region between the two dashed lines shown). Lines of C, N and O can be seen. Spectral features of unknown origin are seen at 119, ~122.5 and ~215 nm.
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Figure 31: Spectrum from VUV spectrometer, EAST test entry 46, run 56. Spectral range is 212/209 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.50 sec.
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Figure 32: Spectrum from VUV spectrometer, EAST test entry 46, run 56. Spectral range is 212/209 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.50 sec. This spectrum was obtained from Fig. 31 by averaging over 201 pixels in the y direction centered in the center of the image. This pixel range is indicated by the two dashed lines in Fig. 31.


7.4
Representative Surveys of Spectra Obtained, Earth Entry 


7.4.1   Low Resolution 


In this section, representative spectra at low resolution are presented for the 0.2 Torr air test gas, 10 km/sec nominal shock velocity earth entry condition. The two-dimensional ICCD images presented in the previous section will not be presented here. Rather, for brevity, we will only show representative spectra averaged over pixels in the y-direction as was done in the previous section. Test conditions, wavelength ranges, exposures, etc., for the eight different spectra to be presented are given below in Table 2 below. All runs were in EAST test entry 46.


Table 2: Test conditions for low resolution earth entry spectra 

		Wavelength

		Camera

		Spectro-

		Test run

		Shock

		Test 

		Exposure

		No. of pixels

		Location



		range

		

		meter

		no.

		velocity

		time

		time

		averaged

		of center



		

		

		

		

		

		

		

		over

		of  averaging



		

		

		

		

		

		

		

		

		region



		

		

		

		

		

		

		

		

		(cm behind



		(nm)

		

		

		

		(km/sec)

		(microsec)

		(microsec)

		

		shock)



		212/209

		*P-M 1k

		VUV

		56

		10.546

		3.89

		0.5

		201

		(ctr of image)



		268/184

		P-M 1024UV

		East side

		62

		9.944

		6.36

		0.5

		12

		0.64



		386/184

		P-M 1024UV

		East side

		59

		10.023

		4.77

		0.5

		10

		0.76



		590/227

		P-M 512HQ

		West side

		63

		9.737

		7.83

		0.075

		20

		4.56



		771/227

		P-M 512HQ

		West side

		61

		9.705

		7.71

		0.075

		20

		5.01



		960/175

		FLIR IR

		West side

		56

		10.546

		3.89

		0.98

		10

		0.96



		1125/175

		FLIR IR

		West side

		59

		10.023

		4.77

		0.98

		10

		0.78



		1288/175

		†FLIR IR

		West side

		75

		9.674

		8.83

		0.98

		20

		2.27





*P-M denotes Princeton Instruments PI-MAX cameras – see Sec. 4.5


†FLIR IR denotes FLIR Systems ThermaCAM – see Sec. 4.5


The eight spectra are presented below, in order of increasing center wavelength, as Figs. 33 – 40. Some of these spectra repeat those presented in the preceeding section; this was done in order to facilitate comparisons among the spectra. The discussion of these spectra follows Fig. 40.
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Figure 33: Spectrum from VUV spectrometer, EAST test entry 46, run 56. Spectral range is 212/209 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 201 pixels in the y direction centered in the center of the image.
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Figure 34: Spectrum from east side spectrometer, EAST test entry 46, run 62. Spectral range is 268/184 nm. Test gas is 0.2 Torr air. Shock velocity is 9.944 km/sec. Test time is 6.36 sec. Exposure time is 0.5 sec. This spectrum was obtained from by averaging over 12 pixels in the y direction centered 0.64 cm behind shock wave. 
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Figure 35: Spectrum from east side spectrometer, EAST test entry 46, run 59. Spectral range is 386/184 nm. Test gas is 0.2 Torr air. Shock velocity is 10.023 km/sec. Test time is 4.77 sec. Exposure time is 0.5 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.76 cm behind the shock wave. 
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Figure 36: Spectrum from west side spectrometer, EAST test entry 46, run 63. Spectral range is 590/277 nm. Test gas is 0.2 Torr air. Shock velocity is 9.737 km/sec. Test time is 7.83 sec. Exposure time is 0.075 sec. This spectrum was obtained by averaging over 20 pixels in the y direction centered 4.56 cm behind the shock wave. 
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Figure 37: Spectrum from west side spectrometer, EAST test entry 46, run 61. Spectral range is 771/277 nm. Test gas is 0.2 Torr air. Shock velocity is 9.705 km/sec. Test time is 7.71 sec. Exposure time is 0.075 sec. This spectrum was obtained by averaging over 20 pixels in the y direction centered 5.01 cm behind the shock wave. 
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Figure 38: Spectrum from west side spectrometer, EAST test entry 46, run 56. Spectral range is 960/175 nm. Test gas is 0.2 Torr air. Shock velocity is 10.546 km/sec. Test time is 3.89 sec. Exposure time is 0.98 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.96 cm behind the shock wave.
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Figure 39: Spectrum from west side spectrometer, EAST test entry 46, run 59. Spectral range is 1125/175 nm. Test gas is 0.2 Torr air. Shock velocity is 10.023 km/sec. Test time is 4.77 sec. Exposure time is 0.98 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.78 cm behind the shock wave. 
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Figure 40: Spectrum from west side spectrometer, EAST test entry 46, run 75. Spectral range is 1288/175 nm. Test gas is 0.2 Torr air. Shock velocity is 9.674 km/sec. Test time is 8.83 sec. Exposure time is 0.98 sec. This spectrum was obtained by averaging over 20 pixels in the y direction centered 2.27 cm behind the shock wave. 

In Fig. 33, centered at 212 nm, unidentified features are seen at 119 and 122.5 nm. A number of N and O lines form a unresolved peak at ~130 nm. (These features are resolved in the high resolution spectra – see the following section.) Nitrogen lines are seen at 141.1, 149.3 and 174.4 nm. Carbon contamination lines are seen at 156, 165, 193 and 248 nm. An unidentified broad feature is seen at ~215 nm. (This feature has been seen in a number of spectra.) In Fig. 34, centered at 268 nm, the carbon contamination lines at 193 and 248 nm are also seen. Several second positive systems of N2 as well as a first negative system of N2+ are seen. The NH line at 336 nm is also seen. There is substantial overlap of the spectral ranges of Figs. 34 and 35, the latter centered at 386 nm. In Fig. 35, several second positive systems of N2 as well several first negative systems of N2+ are seen. The NH line at 336 nm is also seen. A CN violet (CNV) system overlays the N2+ first negative system in the 382 – 392 nm range. The C lines and CN systems are due to carbon contamination. It is not known at this point whether the carbon is in the bulk test gas, for example, as CO2 or whether if is lifted off the driven tube walls by the shock wave. The 394.7 nm O line is seen in Fig. 35, as well as several N lines between 410 and 423 nm. Figure 36, centered at 590 nm, shows an number of N  and O lines as well as the H alpha and H beta (?) lines. The latter lines are very likely due to water contamination of the driven tube gas due to leaks and outgassing. In Figs. 37 to 40, covering the spectral range from ~660 to ~1370 nm, a large number of N and O  lines have been identified. No other species have been identifed to date over this spectral range.


7.4.2   High Resolution 


In this section, representative spectra at high resolution are presented for the 10 km/sec nominal shock velocity earth entry condition. Not all of the high resolution spectrometer configurations were used at the 0.2 Torr driven gas pressure, Hence, some of the spectra presented in this section are for other driven tube pressures, i.e.  0.1, 0.3, 0.7 and 1.0 Torr. Test conditions, wavelength ranges, exposures, etc., for the seven different spectra to be presented are given below in Table 3 below. All runs were in EAST test entry 46.


Table 3: Test conditions for high resolution earth entry spectra 

		Wavelength

		Camera

		Spectro-

		Test run

		Shock

		Test 

		Exposure

		No. of pixels

		Location



		range

		

		meter

		no.

		velocity

		time

		time

		averaged

		of center



		

		

		

		

		

		

		

		over

		of  averaging



		

		

		

		

		

		

		

		

		region



		

		

		

		

		

		

		

		

		(cm behind



		(nm)

		

		

		

		(km/sec)

		(microsec)

		(microsec)

		

		shock)



		130/30

		*P-M 1k

		VUV

		59

		10.023

		4.77

		0.5

		601

		(ctr of image)



		150/30

		P-M 1k

		VUV

		51

		10.000

		5.96

		0.5

		601

		(ctr of image)



		175/30

		P-M 1k

		VUV

		63

		9.737

		7.83

		0.5

		201

		(ctr of image)



		380/33

		P-M 1024UV

		East side

		71

		9.726

		5.45

		0.5

		10

		0.66



		385/14.6

		P-M 1024UV

		East side

		27

		9.989

		>5.79

		0.5

		20

		1.03



		645/12.9

		P-M 512HQ

		West side

		26

		10.337

		2.11

		0.5

		10

		1.74



		745/10.8

		P-M 512HQ

		West side

		44

		9.878

		7.57

		0.12

		40

		3.66





*P-M denotes Princeton Instruments PI-MAX cameras – see Sec. 4.5


Table 4 below gives the driven tube pressures for the various test runs of Table 3. 


Table 4: Test conditions for high resolution earth entry spectra 

		Wavelength

		Driven tube



		range

		pressure



		

		



		

		



		(nm)

		(Torr)



		130/30

		0.2



		150/30

		0.7



		175/30

		0.2



		380/33

		0.2



		385/14.6

		1.0



		645/12.9

		0.1



		745/10.8

		0.3





The seven spectra are presented below, in order of increasing center wavelength, as Figs. 41 – 47. The discussion of these spectra follows Fig. 47.


[image: image37.png]Counts

1012

1010 |

1008 |-

1006 |-

1004

1002

1000 |

998

Wavelength, nm







Figure 41: Spectrum from VUV spectrometer, EAST test entry 46, run 59. Spectral range is 130/30 nm. Test gas is 0.2 Torr air. Shock velocity is 10.023 km/sec. Test time is 4.77 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 601 pixels in the y direction centered in the center of the image. 
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Figure 42: Spectrum from VUV spectrometer, EAST test entry 46, run 51. Spectral range is 150/30 nm. Test gas is 0.7 Torr air. Shock velocity is 10.00 km/sec. Test time is 5.96 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 601 pixels in the y direction centered in the center of the image. 
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Figure 43: Spectrum from VUV spectrometer, EAST test entry 46, run 63. Spectral range is 175/30 nm. Test gas is 0.2 Torr air. Shock velocity is 9.737 km/sec. Test time is 7.83 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 201 pixels in the y direction centered in the center of the image. 
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Figure 44: Spectrum from east side spectrometer, EAST test entry 46, run 71. Spectral range is 380/33 nm. Test gas is 0.2 Torr air. Shock velocity is 9.726 km/sec. Test time is 5.45 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.66 cm behind the shock wave. 
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Figure 45: Spectrum from east side spectrometer, EAST test entry 46, run 27. Spectral range is 385.1/14.6 nm. Test gas is 1.0 Torr air. Shock velocity is 9.989 km/sec. Test time is >5.79 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 20 pixels in the y direction centered 1.03 cm behind the shock wave. 
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Figure 46: Spectrum from west side spectrometer, EAST test entry 46, run 26. Spectral range is 645/12.9 nm. Test gas is 0.1 Torr air. Shock velocity is 10.337 km/sec. Test time is 2.11 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 1.74 cm behind the shock wave. 
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Figure 47: Spectrum from west side spectrometer, EAST test entry 46, run 44. Spectral range is 745/10.8 nm. Test gas is 0.3 Torr air. Shock velocity is 9.878 km/sec. Test time is 7.57 sec. Exposure time is 0.12 sec. This spectrum was obtained by averaging over 40 pixels in the y direction centered 3.66 cm behind the shock wave. 

Figure 41, centered at 130 nm, can be compared with the same wavelength region in the low resolution spectrum Fig. 33. The unidentified feature at ~122.5 nm in Fig. 33 appears in Fig. 41 as a feature at ~122.8 nm. The various features which form a unresolved peak in Fig. 33 are seen to be resolved into three O lines and 3 N lines in Fig. 41. Figure 42, centered at 150 nm, can be compared with the same wavelength region in the low resolution spectrum Fig. 33. The N lines at 141.2 and 149.3 nm and the carbon line at ~156 nm appear in both spectra. Figure 42 also shows an unidentified line at 157.3 nm. Figure 43, centered at 175 nm, can be compared with the same wavelength region in the low resolution spectrograph Fig. 33. The two N lines at ~174.4 nm, unresolved in the low resolution spectrum, are resolved in the high resolution spectrogram. The C 165.7 nm line appears in both spectra and the carbon line at ~175 nm is separated from the N lines at ~174 nm in the high resolution spectrum, but not in the low resolution spectrum. The overlapping N2+ and CNV systems seen in the low resolution spectrum Fig. 35 between ~375 and ~392 nm, are studied in more detail in the high resolution spectra of Fig.  44 and 45, with a wavelength ranges of  33 and 14.6 nm, respectively.  In the high resolution spectra, a number of vibrational band heads can be seen, as well as many rotational lines. Because the two systems overlap, the spectrum is very complex in this wavelength range. The spectral range 639 – 651 nm, seen at low resolution in Fig. 36, is examined at high resolution in Fig. 46.  N features at ~644 and ~648 nm and O features at ~645 nm, which overlap in the low resolution spectrum, are well separated in the high resolution spectrum. Other weaker N features can be seen in the high resolution spectrum which cannot be seen in the low resolution spectrum. The spectral range 740 – 750 nm, seen at low resolution in Fig. 37, is examined at high resolution in Fig. 47.  The three nitrogen lines at ~744 nm, which are just beginning to be resolved in the low resolution spectrum, are well resolved in the high resolution spectrum. In addition, the high resolution spectrum shows O features at ~747.7 and possibly at ~747.9 nm which cannot be seen in the low resolution spectrum. 


7.5
Representative Surveys of Spectra Obtained, Mars Entry 


7.5.1   Low Resolution 

In this section, representative spectra at low resolution are presented for the 8.5 km/sec nominal shock velocity Mars entry condition. The test gas was 96%CO2, 4%N2, by partial pressure, at 0.1 Torr pressure. Test conditions, wavelength ranges, exposures, etc., for the five different spectra to be presented are given below in Table 4 below. All runs were in EAST test entry 46. 

Table 4: Test conditions for low resolution Mars entry spectra 

		Wavelength

		Camera

		Spectro-

		Test run

		Shock

		Test 

		Exposure

		No. of pixels

		Location



		range

		

		meter

		no.

		velocity

		time

		time

		averaged

		of center



		

		

		

		

		

		

		

		over

		of  averaging



		

		

		

		

		

		

		

		

		region



		

		

		

		

		

		

		

		

		(cm behind



		(nm)

		

		

		

		(km/sec)

		(microsec)

		(microsec)

		

		shock)



		212/209

		*P-M 1k

		VUV

		78

		8.379

		3.46

		0.5

		601

		(ctr of image)



		268/184

		P-M 1024UV

		East side

		18

		8.548

		>6.925

		0.25

		5

		0.235



		386/184

		P-M 1024UV

		East side

		19

		8.386

		4.316

		0.25

		5

		0.220



		590/227

		P-M 512HQ

		West side

		19

		8.386

		4.316

		0.25

		5

		0.188



		771/227

		P-M 512HQ

		West side

		18

		8.548

		>6.925

		0.25

		5

		0.140





In Table 4, *P-M denotes Princeton Instruments PI-MAX cameras – see Sec. 4.5. The five spectra are presented below, in order of increasing center wavelength, as Figs. 48 – 52. The discussion of these spectra follows Fig. 52.


[image: image44.png]Counts

300

Row 512

250
ptay-6ol -

200l :

150

Wavelength, nm






. 


Figure 48: Spectrum from VUV spectrometer, EAST test entry 46, run 78. Spectral range is 212/209 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.379 km/sec. Test time is 3.46 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 601 pixels in the y direction centered in the center of the image. 

[image: image45.png]Counts

8000

6000

4000

2000

250 300

Wavelength, nm






Figure 49: Spectrum from east side spectrometer, EAST test entry 46, run 18. Spectral range is 268/184 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.548 km/sec. Test time is >6.93 sec. Exposure time is 0.25 sec. This spectrum was obtained by averaging over 5 pixels in the y direction centered 0.235 cm behind the shock wave. 
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Figure 50: Spectrum from east side spectrometer, EAST test entry 46, run 19. Spectral range is 386/184 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.386 km/sec. Test time is 4.32 sec. Exposure time is 0.25 sec. This spectrum was obtained by averaging over 5 pixels in the y direction centered 0.220 cm behind the shock wave. 
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Figure 51: Spectrum from west side spectrometer, EAST test entry 46, run 19. Spectral range is 590/227 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.386 km/sec. Test time is 4.32 sec. Exposure time is 0.25 sec. This spectrum was obtained by averaging over 5 pixels in the y direction centered 0.188 cm behind the shock wave. 
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Figure 52: Spectrum from west side spectrometer, EAST test entry 46, run 18. Spectral range is 771/227 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.548 km/sec. Test time is >6.925 sec. Exposure time is 0.25 sec. This spectrum was obtained by averaging over 5 pixels in the y direction centered 0.140 cm behind the shock wave. 

In Fig. 48, centered at 212 nm, C lines are seen at 165.7, 193.1 and 248 nm. The N line at 174.4 nm is also seen. The feature at ~231 nm may be comprised of O II lines. Part of the CO (4+) system is seen. This system extends from ~130 to ~215 nm, with a maximum at ~160 nm, but the part of the system below ~160 nm is cut off in Fig. 48 due to absorption in air which has leaked into the Princeton Instruments ICCD camera. In the future, a continuous pure nitrogen purge will be used with this camera. The strong feature seen in Fig. 48 at ~182  nm is predicted by theoretical calculations of radiation from the CO (4+) system. In Fig. 49, centered at 268 nm, the carbon lines at 193.1 (?) and 248 nm and the possible O II lines at ~231 nm are also seen. The long wavelength edge of the CO (4+) system is seen. Also, the CNV system peaking at ~358 nm is seen. In Figure 50, centered at 386 nm, three CNV systems, peaking at ~358, ~385 and ~414 nm, can be seen. Two of the C2 Swan band systems can be seen. A fourth CNV system, between 450 and 460 nm may be overlapping with the C2 Swan band 1,0 – 6,5 system. These systems cannot easily be separated in Fig. 50. Figure 51, centered at 590 nm, clearly shows the C2 Swan band heads for the 0,0 – 2,2 and 0,1 – 4,5 systems. There is also evidence for the band heads of the C2 Swan band systems 0,2 – 5,7 and 2,5 – 6,9. These latter systems overlap, however, with many of the CN red band heads (the location of which are shown in Fig. 51), so that the spectrum in this wavelength range is complex. (Note that the CN red band heads continue at wavelengths below 570 nm, but are not shown in Fig. 51 because the spectrum in this wavelength range appears to be dominated by the C2 Swan bands.) Figure 52, centered at 771 nm, shows strong O lines at 777.4 and 844.6 nm and a C line at 833.5 nm. A number of weaker lines which correspond to N wavelengths are seen at ~821, ~859, ~862, ~868 and ~871 nm. 


7.5.2   High Resolution 

In this section, representative spectra at high resolution are presented for the 8.5 km/sec nominal shock velocity Mars entry condition. Test conditions, wavelength ranges, exposures, etc., for the three different spectra to be presented are given below in Table 5 below. All runs were in EAST test entry 46.


Table 5: Test conditions for high resolution Mars entry spectra 

		Wavelength

		Camera

		Spectro-

		Test run

		Shock

		Test 

		Exposure

		No. of pixels

		Location



		range

		

		meter

		no.

		velocity

		time

		time

		averaged

		of center



		

		

		

		

		

		

		

		over

		of  averaging



		

		

		

		

		

		

		

		

		region



		

		

		

		

		

		

		

		

		(cm behind



		(nm)

		

		

		

		(km/sec)

		(microsec)

		(microsec)

		

		shock)



		358.5/15

		P-M 1024UV

		East side

		23

		8.308

		8.64

		0.5

		5

		0.197



		513/11.4

		P-M 1024UV

		East side

		21

		9.071

		2.87

		0.5

		10

		0.320



		558/14.3

		P-M 512HQ

		West side

		20

		8.308

		7.27

		0.25

		10

		0.284





*P-M denotes Princeton Instruments PI-MAX cameras – see Sec. 4.5


The three spectra are presented below, in order of increasing center wavelength, as Figs. 53 – 55. The discussion of these spectra follows Fig. 55.
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Figure 53: Spectrum from east side spectrometer, EAST test entry 46, run 23. Spectral range is 358.5/15 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.308 km/sec. Test time is 8.64 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 5 pixels in the y direction centered 0.197 cm behind the shock wave. 
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Figure 54: Spectrum from east side spectrometer, EAST test entry 46, run 21. Spectral range is 513/11.4 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 9.071 km/sec. Test time is 2.87 sec. Exposure time is 0.50 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.320 cm behind the shock wave. 
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Figure 55: Spectrum from west side spectrometer, EAST test entry 46, run 20. Spectral range is 558/14.3 nm. Test gas is 0.1 Torr 96%CO2, 4%N2. Shock velocity is 8.308 km/sec. Test time is 7.27 sec. Exposure time is 0.25 sec. This spectrum was obtained by averaging over 10 pixels in the y direction centered 0.284 cm behind the shock wave. 

Figure 53, centered at 358.5 nm, can be compared with the same wavelength region in the low resolution spectrum Fig. 50. The CNV band heads 1,0, 2,1 and 3,2 are well separated in the high resolution spectrum, but not resolved in the low resolution spectrum. Figure 54, centered at 513 nm, can be compared with the same wavelength region in the low resolution spectrum Fig. 51. The 0,0 and 1,1 band heads of the C2 Swan system are separated in the low resolution spectrum, but with the 20 times higher resolution of the high resolution spectrum, rotational band structure can be seen between the band heads and below the 1,1 band head. Similar conclusions can be drawn comparing the high resolution spectrum of Fig. 55 (centered at 558 nm) with the low resolution spectrum of Fig. 51. In Fig. 55, the 0,1, 1,2 and 2,3 band heads of the C2 Swan system are shown instead of  the 0,0 and 0,1 band heads of Fig. 54.


8.0
CONCLUDING REMARKS


We have described how the Electric Arc Shock Tube (EAST) at the NASA Ames Research Center in California has been used to study radiative heating for earth and Mars entry conditions. The motivation for the work was to directly assess radiative heating for certain specific entry conditions, to better understand the thermochemical processes in the shock layer and to furnish data to allow the improvement of models used to predict radiative heating. Capturing spectroscopic details helps identify the principal band and line systems to be considered in model building and simulation. Temperatures and particle number densities can be inferred from the spectroscopic data. These data can be used to create new thermochemical rate process models which can then be calibrated back against the experimental data. 


The facility, including the driver and driven tubes, the dump tank and power system, was described. The instrumentation was described, with emphasis on the spectrally resolving instruments – spectrographs and monochromators. Facility operating procedures, including calibrations of the spectrally resolving instruments and the data capture process were presented. Representative data from all instruments recorded by the data acquistion system was presented. Finally, qualitative representative low and high resolution spectra for earth and Mars entry conditions were presented. (A small amount of quantitative data for earth and Titan entry conditions and also for 6 km/sec shock waves in nitrogen was presented in Refs. 4 - 6. Quantitative data from the tests discussed herein will be presented at a later date.)


The facility and its instrumentation are currently being upgraded. The vacuum system will be improved using higher conductance pumps and valves and the addition of a bakeout capability to reduce  outgassing. A new test section and vacuum boxes will be installed. This will improve the optical access to the flow. For example, it will be possible to take four simultaneous spectra at the same location with the improved set-up, versus only two with the present set-up. Also, spatially resolved VUV spectra will be obtainable with the upgrade – these are not possible at present. Finally, using a nitrogen purge with the VUV cameras will eliminate the present poor sensitivity of these cameras in certain regions of the VUV (due to absorption by air which has leaked into the camera).
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The Headers and Footers in the templates contain specific information about the RTO Publication and the document itself. In order to automatically generate this information, the following data must be entered into the Document Properties Summary Tab as follows – see Figure 1 and Table below:
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1   Introduction

Thermal disequilibrium among the internal modes of molecular species in supersonic and hypersonic air flows, and in non-equilibrium air, and oxygen containing plasmas, is a widely occurring, but far from well understood, phenomenon which is important to a wide variety of aerodynamic and aerospace platforms.  For example, energy storage in vibrational and low lying electronic states of the most common air species (N2, O2, NO), including the metastable states O2 (a1Δg) and N2 (A 3∑+u), are known to have significant, but incompletely understood, influences on the chemistry, shock structure, and heat transfer in the complex flow field around hypervelocity vehicles.  The acceleration of low temperature oxidation kinetics by super-equilibrium concentrations of key radical species, such as O, H, OH, etc., produced in high pressure non-equilibrium discharges is similarly recognized but not well understood.  In this lecture, an overview of laser diagnostic methods used to probe and characterize such environments will be presented, focusing on recent measurements in N2, air, and other oxygen containing, nonequilibrium plasmas and high speed flows.  The lecture will be divided into three parts.  Section 2 will present an illustrative survey of laser diagnostic methods which have been successfully employed in measurements of rotational/translational temperature, vibrational distribution function, electronic meta-stable state concentrations, and positive ion and free electron number density.  This survey, while by no means complete, is meant to provide the reader with an overview of the power of modern optical diagnostic methodologies and technologies, as well as to provide some guidance on the matching of diagnostic methods with measurement goals.  In this section it is assumed that the reader has some familiarity with the spectroscopic fundamentals of atoms and diatomic molecules in the gas phase which serve as the foundation for each of the diagnostic measurements discussed, although some specific information relevant to the spectroscopic diagnostics of non-equilibrium systems will be provided.  If necessary, more details on the spectroscopic fundamentals of modern laser diagnostics can be found in [1-5].  Section 3 will present a more detailed discussion of a recent study in which advanced laser diagnostics have been used in combination with modeling to study fundamental non-equilibrium low temperature Plasma Assisted Combustion kinetics.  Section 4 will discuss recent advances in ultra-high frame rate imaging, which provides new capability for capturing the dynamic evolution of high speed, unsteady flow fields, and/or increasing the data collection rate in short run time “impulse” facilities.

2 Illustrative Survey of Laser Diagnostic Measurements in Non-Equilibrium Plasmas and Flows.

2.1  Rotational/Translational Temperature Measurements

Knowledge of the translational energy distribution, which in most cases will be in thermodynamic equilibrium with the rotational energy distribution, is a basic starting point for the characterization and study of non-equilibrium flows and plasmas.  The determination of translational temperature is most often based on resolution of the absorption/fluorescence spectral line shape, the very basics of which we present below (More detail can be found in many standard texts including [1,2,4,5]  Very basically, the single photon allowed absorption of electromagnetic radiation is based on Beer’s Law
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(1)


where  It (ν)/Io (ν) is the ratio of the transmitted intensity, at the frequency ν, to the incident, L is the path length of the radiation through the absorbing medium, and κν (ν) is the absorption coefficient (with units m-1) at the frequency ν, which is given by
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In equation (2), B12 is the Einstein B coefficient for stimulated absorption, N1 is the number density of absorbers in the lower quantum state (rotational, vibrational, and electronic) of the absorbing transition, and g (ν – νo) is the spectral lineshape function.  The relationship between the absorption coefficient, κν (ν), to what is known as the integrated absorption coefficient, is given by:
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(3)


Note that the units of the integrated absorption coefficient, ∫ κν (ν), and spectral lineshape function are m-1 – sec-1, and 1/ sec-1 = Hz-1, respectively.  At low static pressure conditions, on the order of a few torr or less, the spectral lineshape function is well approximated by the well known Doppler profile, given by
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(4)


where ΔνD is the Doppler profile Half Width at Half Maximum, which is given by: 




[image: image5.wmf](


)


B


o


D,HWHM


2ln2kT


cm


u


æö


Duº


ç÷


èø










(5)


where kB is the Boltzmann coefficient, T is the static temperature of the absorbing medium, and m is the mass of the absorbing atom or molecule.  The T dependence of ΔνD forms the basis of the translational temperature measurement.  The Gaussian behavior of the Doppler lineshape function is a direct result of the Maxwellian distribution for atomic/molecular speed, which couples to the wave equation for propagation of electromagnetic radiation via
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where
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and the wave vector k is given by k = 2πn/λ, where n is the medium index of refraction and λ is the radiation wavelength. Note, for simplicity, a constant amplitude (plane) wave is assumed.  In equations (6), for the case of simple atomic/molecular absorption, E(t) can be thought of, somewhat simplistically, as the electric field “seen” by the absorbing atom or molecule which is translating through the trajectory r(t).  Note that equation 6b requires that the atom or molecule translates at constant vector velocity, v, for a total displacement of many times the radiation wavelength.  If this is the case then the absorbing frequency is shifted by the quantity ωDOP, and the Maxwellian distribution of atomic/molecular speed gives rise directly to the Gaussian lineshape function, equation (5).  


Note that while the discussion above refers to simple absorption (or fluorescence) only, a more general treatment of laser scattering (Rayleigh and Raman)  is given in [6].  Finally note that when the atomic/molecular mean free path between collision is not much greater than the radiation wavelength, then a phenomenon known as “Dicke Narrowing” occurs [7].  A full discussion of this is beyond the scope of this lecture, but more detail on this and the similar phenomenal of rotational narrowing can be found in references [4, 8-11]. 


At higher pressures, in particular when the collision mean free path is much less than the radiation wavelength, the Doppler lineshape function is replaced by the Lorentzian “collisional” (also known as pressure) broadening lineshape given by
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where γcoll is the collisonal broadening coefficient.  Note that with the Lorentz function as defined in equation (8), γcoll corresponds to the spectral Half Width at Half Maximum.  In general, γoll is determined experimentally and given by an expression of the form
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For what is known as the hard sphere collision model, the exponent x is equal to 0.5, from simple kinetic theory.  For most realistic inter-molecular potentials, the exponent x is in the range 0.5 – 1.0, with a value of approximately 0.7 being not uncommon.


At intermediate pressures (typically in the approximate range 0.05 - 0.5 bar for visible wavelengths), where neither Doppler nor pressure broadening predominate, the lineshape can in most cases be well approximated by a convolution of equations (4) and (8) known as the Voigt scattering profile, given by
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(10)


where, again, the line broadening coefficients are defined as Half Width at Half Maximum.  Following the notation of Laufer [5], the Voigt profile can be written in more compact form as
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where
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An example of the use of the Voigt profile will be presented below.


The determination of rotational temperature is based on simple statistical mechanics, specifically the use of the Boltzmann distribution for rotational energy [12]
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where qrot (T) is the rotational partition function and EJ is the energy of the Jth rotational quantum level, which for a rigid rotor wave function is given by EJ = B(J)(J+1) where B is a constant.  At room temperature, for simple diatomic molecules like O2 and N2, B, in cm-1 units is approximately two.  Numerous diagnostic methods which utilize the rotational Boltzman distribution for determination of temperature exist in the literature, including, to name only a few, the use of diode laser absorption spectroscopy [13], two (or more) line Laser Induced Fluorescence [14], pure rotational Raman spectroscopy [15], and coherent Anti-Stokes Raman spectroscopy (CARS) [16].  Examples of the latter two methods will be presented below.



As a recent example of determination of translational/rotational temperature we cite the measurements of Parker, et al [17] who have performed tunable diode laser absorption spectroscopy (TDLAS) in the LENS 1 hypersonic facility, located at CUBRC in Buffalo, NY.  TDLAS has experienced enormous growth in recent years due to the robustness and relative low cost of the instrumentation, and the inherently quantitative feature of absorption spectroscopy.  In particular the technique has been used widely in combustion and sensor systems, a thorough recent review of which has been given by Allen, et al. [13].  LENS 1 is a hypersonic shock tunnel in which a driver/test gas is compressed to static temperatures as high as 8,000 K, and then expanded in an isentropic nozzle to velocities as high as ~ 4.2 km/sec [18].  The steady test time is on the order of several msec.  The LENS diode laser work uses naturally abundant NO, formed in the plenum of the hypersonic shock tunnel, as the absorbing molecule.  As discussed in [17], non-equilibrium kinetic modeling had predicted NO mole fraction in the free stream LENS 1 flow as high as ~6%.  The purpose of these studies was to quantify the actual NO concentration produced, as well as to serve as validation measurements for the computational predictions.  Figures 1 and 2 show two typical single spectral trace diode laser absorption measurements, taken at 5 MJ/Kg and 10 MJ/Kg tunnel enthalpy conditions, respectively.  Note that in both cases the data traces were obtained on a time scale of approximately 1 msec (1 kHz diode laser sweep rate).  The two spectral absorption features coincide to a single, rotational transition within the fundamental vibrational band of the ground electronic state of NO, which exhibits a phenomenon known as lambda doubling [19].  Note that the lambda doubling fine structure splitting, ~0.01 cm-1, is essentially completely resolved, a demonstration of the inherently high spectral resolution of the TDLAS approach.  The fits to the data utilize the Voigt profile, equation (10), with the known free steam temperature and pressure as input data to a spectral modeling code based on the well known HITRAN data base [20].  Referring to equation (2), the HITRAN data base returns the equivalent of the value for the Einstein B coefficient, including rotational line strength factors, and values for the collisional (Lorentz) broadening coefficient at the free stream temperature.  The free stream temperature is also used to determine the rotational Boltzman fraction for the chosen transition, which along with the ideal gas equation gives the value for N1 in equation (2).  
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For the 5 MJ/Kg case (Fig 1), the temperature and NO mole fraction inferred from the best fit to the spectral model are 190 K and 0.0156, respectively.  While the inferred temperature is in reasonable agreement with that calculated from non-equilibrium CFD codes, 229 K, the experimentally determined NO mole fraction is factor of approximately three less than the ~5% predicted from the calculations.  For the 10 MJ/Kg case (Fig. 2), the experimentally inferred temperature and NO number density were 290 K and 0.016, respectively, as compared to CFD predictions of 563 K and 0.054.  These discrepancies are a subject of on-going research.  


Finally, it should also be noted that for the 5 MJ/kg condition the authors were able to make a novel measurement of rotational temperature, based on the known relative isotopic abundances of 14N16O, the primary isotopomer, and 14N18O and 15N16O.  Each of these species exhibited a detectable absorption feature within the scanning range of the diode laser.  Since the specific absorptions for each isotopomer corresponded to different values of rotational quantum number, the rotational temperature could be determined from the known isotopic abundances.  The resulting value was 190 K, in excellent agreement with that inferred from the Voigt profile determination.



As a second example we cite the recent pure rotational Raman temperature measurements obtained in a laser pumped non-equilibrium oxygen containing plasma by Frederickson, et al. [21].   Raman scattering is a relatively simple optical diagnostic capable of quantitative determination of heavy species rotational/translational temperature, and vibrational distribution function of major species.  Very basically (more detail can be found in [22] and [23]), scattering can be explained, classically, as the result of an incident electromagnetic wave inducing an oscillating electric dipole moment, p(t) which is given by the product of the polarizability, (, of the medium and the time-varying incident electric field ,E(t). 
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The polarizability is customarily expanded with respect to the vibrational normal coordinates (or “normal modes”), Q, of the molecule as
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where 

[image: image21.wmf]0


a


 and 

[image: image22.wmf]0


÷


÷


ø


ö


ç


ç


è


æ


¶


¶


Q


a


 are evaluated at the equilibrium internuclear displacement.  Assuming harmonic oscillation of a single vibrational mode with natural frequency ωk, so that 
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, and sinusoidal applied electric field, E, with frequency ωl and amplitude Eo, the induced electric dipole moment is given by
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The first term in eq. (16) contributes to Rayleigh (and Thomson) scattering, and to pure rotational Raman scattering, an example of which will be given directly below. The second term represents vibrational Raman scattering, examples of which will be given in section 2.2. 

In recent years, Rayleigh/Raman scattering has been augmented by the use of atomic/molecular vapor filters as narrow bandwidth filters and/or as spectral discriminators.  The basic idea, illustrated in Fig. 3, is to utilize a narrow spectral line width laser which is tuned to a strong absorption resonance of the vapor.  If a cell filled with the vapor is then inserted into the path between the scattering volume and the detector, elastic scattering can be attenuated while Doppler shifted and/or broadened scattering can be transmitted. In fact, the use of such vapor filters for Raman scattering dates to near the discovery of the Raman effect itself [25], although it is only with recent advances in laser technology that their true utility has been realized.  In addition to continuous wave (cw) Raman instruments incorporating mercury vapor [26] and rubidium vapor [27, 28], the availability of high power, narrow spectral line width pulsed laser sources as common laboratory tools has enabled a wide range of new vapor filter-based scattering techniques.  Most of these have utilized iodine vapor, which is particularly convenient because of strong absorption resonances within the tuning range of injection-seeded, pulsed Nd:YAG lasers, as well as the relative ease of filter construction, and availability of high quantum efficiency detectors, both for point measurements and for imaging.  A recent special issue of the journal Measurement Science and Technology [29] contains a variety of molecular filter-based diagnostics, including velocity imaging, in which Doppler shifted Rayleigh or Mie scattering is converted to velocity by determination of the fractional transmission through a vapor filter, and temperature imaging, which is similar to velocity imaging but is based on Doppler broadening of molecular Rayleigh scattering, as opposed to Doppler shift.  Other examples include: High Spectral Resolution Light Detection and Ranging (HSRL) [30] and, most recently, Thomson [31-32] and pure rotational Raman scattering [15], examples of both of which will be given in these notes.
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Figure 4 shows a filtered pure rotational Raman spectrum of N2 at 500 torr and room temperature, using a pulsed titanium:sapphire laser – rubidium filter combination described by Lee and Lempert [15, 24].  As described in [15, 24] the effect of the filter was to reduce the intensity from stray light and molecular Rayleigh scattering by a factor as high as ~106, while transmitting greater than 80% of the rotational Raman scattering. 
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Filtered pure rotational Raman spectra, similar to that shown in Fig. 4, have been used by Frederickson, et al [21], and Lee, et al. [33] as part of a study of the influence of vibrational excitation on the low temperature rate of the three body free electron attachment to O2 process


O2 + e- +M ↔ O2- + M








(17)


These studies utilized the apparatus shown in Fig. 5a.  A continuous wave CO laser creates a highly vibrationally non-equilibrium synthetic CO-seeded air mixture at ~1 bar pressure and room temperature, using a process known as Anharmonic V-V transfer [34], which will be described in more detail in section 2.2.  The vibrational distribution functions (VDF) of all three components CO, O2, and N2, are determined from vibrational Raman scattering using an Nd:YAG laser (not shown in Fig. 5), typical results of which will also be shown in section 2.2. Rotational temperature is determined using a line narrowed titanium:sapphire laser, which is input collinearly to the CO laser, and can be translated radially with respect to the CO  laser beam centerline in order to provide radially resolved temperature data.  A pulsed electron beam is input to the non-equilibrium air mixture through a foil window, and time-dependent electron density measured using a simple microwave attenuation apparatus.  Figure 5b shows typical results for rise and fall of the electron density for a 10 microsecond duration square primary electron beam current pulse.  While not shown, when the CO excitation laser is not present, the electron density trace replicates precisely the 10 microsecond square e-beam pulse with no hint of the long, exponential decay (or rise) evident in Fig. 5b.  From simple modeling, including both O2 attachment, equation (17), and electron-ion recombination, which becomes the dominant process in the vibrationally excited medium, it is determined that the experimentally observed increase in the pulsed plasma lifetime is due to a five order or magnitude increase in the backwards, detachment rate of process (17), which results from vibrational excitation of M, the third body collision partner. 

[image: image63.emf]

While the raw electron density data clearly showed complete mitigation of electron attachment, it was not clear whether this was truly a non-equilibrium effect, due to vibrational excitation, or a thermal effect, due to the known rapid increase in the reverse (detachment) rate of process (17) with increasing temperature.  Figure 6 shows a filtered pure rotational Raman spectrum (S-branch only) obtained in-situe in the apparatus shown in Fig. 5a, in the presence of the CO excitation laser, along with a least squares fit.  The resulting rotational temperature is 350 ( 7 K, ~300 K lower than that required to produce the long plasma lifetime observed in Fig. 5b, had the effect been thermal. 
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As a final example of translational/rotational temperature measurements in plasmas, the recently developed coherent Rayleigh scattering diagnostic is cited [35, 36].  As illustrated on the left hand side of Fig. 7, coherent Rayleigh is a non-linear four wave mixing process, similar to coherent anti-Stokes Raman spectroscopy (CARS - which will be discussed in section 2.2), in which a pair of “pump” beams are overlapped in a fluid to form a traveling wave  “grating” pattern similar to that from ordinary Laser Doppler Velocimetry.  In this case the grating results from electrostriction, in which the traveling wave regions of high and low electric field induce a traveling wave density perturbation in the fluid.  In essence extra molecules are trapped in the traveling wave potential well caused by the interference pattern from the two pump beams.  If the amplitude of the potential well is not too large (ie, the laser beam intensities are not too high) than the molecules which become trapped are those which are already traveling with velocity near that of the grating.  In other words, for weak fields, the pump laser beams do not greatly perturb the velocity distribution of the probed fluid.  In it simplest configuration, scanning the frequency of one pump beam relative to the other causes the traveling wave velocity to be scanned.  The relative scattering efficiency of the probe beam, as the traveling wave velocity is scanned, constitutes a measurement of the relative distribution of molecular velocity of the probed fluid molecules, ie the translational temperature.  An example coherent Rayleigh spectrum, obtained from an argon glow discharge plasma at 50 mbar [36], is shown on the right side of Fig. 7.  The inferred temperature is 479 ± 13 K.  Note that this spectrum was obtained using a broad band pump beam, enabling “single shot” capability similar to that routinely employed for CARS.  The spectrum was resolved using a Fabry-Perot etalon.
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2.2  Vibrational Distribution Function Measurements



Determination of the vibrational distribution function (VDF) is a central measurement requirement in non-equilibrium air flows and plasmas.  In general, there are four common mechanisms by which the vibrational mode of constituent molecular species can be overpopulated.  The first mechanism is the well known freezing of the thermal population formed in a high temperature plenum upon rapid supersonic/hypersonic expansion [37].  The second is due to quenching of electronically excited states, which can lead to highly vibrationally excited distributions in the ground electronic state.  For example N2 (A) state quenching, and the influence of this process on NO production in air plasmas, will be discussed in section 2.3.  The third is the inherent non-equilibrium formed by resonant absorption of radiation, such as that from a CO laser [38].  Similar to resonant absorption, the fourth common mechanism of vibrational excitation is that due to electron impact excitation in plasmas and discharges which operate with an intermediate value of what is known as the reduced electric field, E/n.  Briefly, more detail can be found in [39], the reduced electric field of a weakly ionized atomic/molecular plasma is a measure of the average kinetic energy to which a free electron in the plasma is accelerated in the interval between inelastic collisions with heavy species (A similar definition holds for fully ionized plasmas, but in this case the n refers to electron density).  In general, the plasma E/n value correlates with the average electron temperature and electron energy distribution function (EEDF).  Figure 8, taken from [39], illustrates this for air plasmas.  Note that a common unit for reduced electric field is the Townsend, Td, which is defined at 10-17 V-cm2. Typical weakly ionized diffuse “glow” discharges operate in the E/n range between approximately 10 and 100 Td. It can be seen, for example, that at an E/n value of ~100 Td, approximately half the energy deposited into the discharge results in electron impact excitation of the N2 vibrational mode.
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It is well known that energy deposition into low vibrational levels of diatomic (and in many cases polyatomic) molecules leads to very substantial vibrational non-equilibrium due to a process known as anharmonic V-V energy transfer, the theory of which was initially developed to explain the mechanism of the population inversion in the CO gas dynamic laser [34].  Skipping the details, it can be shown from simple statistical mechanics that if the total number density of vibrational quanta for a particular vibrational mode, v1, is held fixed in a fluid medium at temperature T, then the following distribution function, known as the Treanor, Rich, Rehm distribution, occurs
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where θ1 is the characteristic temperature associated with the first level of the vibrational mode.  Note that if T >> θ1, then the distribution function given by (18) reduces to the Boltzmann distribution, since the second term in the exponential will become small.  Note also that the second term
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depends only upon the ratio of the anharmonic contribution to the vibrational energy to kBT.  For harmonic oscillators, this term is exactly zero.  As can be seen in Fig. 9, which gives plots of equation (18) for CO at several temperatures for the case θ1 = 3000 K (a typical value for simple diatomic molecules such as CO, N2 and O2), for temperatures below θ1 the VDF becomes highly non-Boltzmann, and can even become inverted at high v.  In practice, however, vibrational - translational energy transfer, the rate of which typically increases with increasing v, will truncate the VDF prior to achieving such an inversion.
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As an example of this effect, Fig. 10 shows a spontaneous Raman spectrum, along with corresponding VDFs, obtained from a highly non-equilibrium CO laser pumped plasma [38].  The gas mixture is 4% CO in N2 at a total pressure of 410 torr.  The plasma is created by resonant absorption of CO laser radiation by the seeded CO, which in combination with the anharmonic upward collisonal energy transfer mechanism described in the previous paragraph, produces the highly vibrationally excited environment. Free electrons are then produced by the mechanism known as associative ionization, in which two colliding molecules in high vibrational levels pool their vibrational energy, for example


CO (v) + CO (v’) → [CO]2+ + e-







(20)


In the specific case of CO the activation barrier for process (20) is ~6 eV, which is equivalent to ~33 total quanta in the collision pairs.  In Fig. 10 (left) each peak represents an unresolved Q-branch Stokes Raman shift from a vibrational level with different vibrational quantum number.  It can be seen that significant population is observed in CO for levels up to v=37, and for nitrogen for levels up to v=5.  We point out that the achieving the observed fractional population of ~ 0.001 for CO level v = 39 by equilibrium heating would require a temperature in excess of 15,000 K, whereas the observed temperature, based on rotation-vibration Raman scattering, was ~500 K [38].   Of course at 15,000 K the mixture would be highly dissociated.  
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The right side of Fig. 10 also includes the results of Master Equation modeling, which includes the effects of laser energy absorption, inter- and intra-species V-V transfer, V-T relaxation, and mass and thermal diffusion [38].  It can be seen that for this case, the agreement is quite quantitative.  In this regard it is significant to note that Raman spectroscopy has the inherent advantage that inference of absolute population fractions is relatively straight-forward, although this requires consideration of the v level dependence of the Raman cross sections, which will be discussed in more detail below.   



In oxygen containing mixtures there is more rapid inter-species V-V transfer between CO and O2, due to its lower vibrational energy spacing.  For CO laser pumped plasmas in CO seeded synthetic air, significant population was detected for levels as high as v=6 in CO and O2, and v = 4 in N2 [21, 38].  The vibrational temperature, defined in terms of the relative population of levels 1 and 0, exceeded 2000 K for each species, whereas again, the rotational temperature was ~500 K.  It was this mixture which was used for the O2 attachment mitigation studies discussed in the previous section.



Inference of absolute VDFs from Raman spectra requires that the vibrational level dependence of the Raman cross sections be known, since the observed Raman signal is directly proportional to the scattering cross section
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(21)

where the parallel/perpendicular indices refer to polarization of the detected signal relative to that of the excitation laser.  The vibrational dependence of Raman cross sections is discussed in some detail in [6].  Summarizing, for harmonic oscillator wave functions, vibrational Raman scattering cross sections scale exactly as v”+1 for Stokes ((v = +1) scattering and v” for anti-Stokes (v = (1  [1].   Real molecules, however, exhibit anharmonicity which needs to be taken into consideration, particularly at high v.  One approach is to utilize Morse potential wave functions, which result in the modified v-dependence [6]:
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where 
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and where it is assumed that the polarizability derivative with respect to the vibrational mode, 
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(See equation (15), is independent of v.  In other words, all of the deviation from harmonic oscillator behavior in the Raman cross section is due to the quantum matrix elements for anharmonic oscillators.  
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Figure 11 is a plot of the relative scattering cross section as a function of vibrational quantum number assuming harmonic oscillators (filled circles), and equation 22 for carbon monoxide (squares) and hydrogen (triangles).  It can be seen that for v less than ~ 5, the anharmonicity correction is quite small, even for hydrogen which has the largest anharmonicity of any diatomic molecule.  For carbon monoxide, which is representative of other common diatomic species, such as nitrogen and oxygen, the correction becomes appreciable (~7%) for vibrational levels exceeding ~ 10, and reaches ~33% at level v~40.  As noted above, such high levels of CO have been observed in optically pumped, as well as certain electric discharge, plasmas.  In such cases, the anharmonicity correction to the vibrational cross sections cannot be ignored.


Similarly, Fig 12 shows the v-level dependence of the relative cross section for pure rotational Raman scattering which occurs due to rotation-vibration coupling.  Specifically, the effect of increasing v is to increase the equilibrium internuclear separation, which in turns effects the angular momentum.  This is expressed as
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where αe is the rotation-vibration coupling term used in the standard Dunham expansion for rotational energy.  From Fig. 12, it can be seen that effect is minimal for typical diatomics such as N2 (and O2) and CO, but is quite significant for H2. 
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Finally it is pointed out, for completeness, that for Rayleigh scattering equation (21) is in fact an approximation, albeit one which is valid under most applications of interest to the aerospace and aeronautics community.  The exceptions occur when density fluctuations are correlated over a spatial dimension which is comparable to (or larger than) the reciprocal of the scattering wave-vector, such as at very small scattering angle and/or long wavelength light [40], or in the vicinity of critical points [41].  In these cases the Rayleigh scattering intensity is proportional to the square of the RMS fluctuation in the local density, which is in fact the general case for the intensity of Rayleigh scattering [42].  In most practical environments, where density fluctuations are due to random Brownian motion, these fluctuations obey Poisson statistics, such that δN2 is proportional to N.


As a second example of significant vibrational non-equilibrium in air plasmas the recent CARS measurements of Messina et al. in nanosecond pulsed discharges is cited [43].  The purpose of these measurements is to explore, from a more fundamental perspective, the basic energy transfer processes which influence augmented flame properties, such as ignition delay reduction and blow-off limit extension,  which been observed in a number of recent studies of what has become known as Plasma Assisted Combustion (PAC).  CARS is a well known [16] nonlinear Raman wave mixing technique which is in many respects similar to the coherent Rayleigh technique discussed previously.  Referring to Fig. 13, taken from reference [43], a pair of pump beams and a Stokes beam are focused to a common cylindrical volume element in the medium to be probed, which in this case is a pre-mixed atmospheric pressure methane-air burner in which a pair of “point” electrodes is located downstream.  A pulsed plasma is created between the electrodes by application of 10-40 KV – 70 nsec pulses, repeated at 100 Hz.  Vibrational (Q-branch) CARS spectra, in air and in air-fuel mixtures, are obtained as a function of time delay after application of a discharge pulse. 
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Figure 14 (left), taken from [43], shows an example single laser pulse CARS spectrum obtained in an air plasma (no fuel) 60 microseconds after application of the high voltage discharge pulse.  It can be seen that a highly non-equilibrium environment has been created, with vibrational temperature of 1912 K and rotational temperature of 894 K.  Note that the quality of the data is sufficient that the intensity can be given on a log scale.  Based on histograms of single shot data, the authors give a stated statistical precision of ~100 to 150 K for both rotational and vibrational single shot temperatures, a value which includes a contribution from fluctuations in the discharge itself.  The right side of Fig. 14 shows rotational and vibrational temperatures as a function of time after application of a single discharge pulse, for several values of discharge high voltage.  Focusing on the vibrational temperature data, it can be seen that for both discharge voltages there is an initial decrease (between approximately 0.02 and 1 microsecond) in the vibrational temperature, which the authors attribute to vibrational quenching.  For periods between ~1 and 30 microseconds an increase in vibrational temperature is observed, which the authors conclude may arise from vibrational excitation due to ion – neutral collisions [44].  In fuel-air mixtures, despite the more rapid energy transfer in collisions with CH4, significant vibrational non-equilibrium is still observed, as can be seen in Fig. 15 which shows data similar to that of Fig. 14 for fuel lean (Φ=0.65) and rich Φ=2.2) mixtures.  
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As an example of a high speed nozzle expansion, we note the recent CARS measurements of vibrational temperature in the AEDC Hypervelocity Tunnel 9, located in White Oak, Md [45]. Tunnel 9 is an electrically heated pure N2 blow down facility which is capable of operating in a range of Mach numbers from 7 to 14, with steady state test time in the range of a few tenths to approximately 15 seconds [46].  Motivated by some concerns between the lack of agreement between experimental heat transfer data and computational predictions, a series of CARS diagnostics were performed to explore the possibility of vibrational non-equilibrium in the free stream test gas.  Specifically, as described in [45], the numerical computations were found to over predict the observed heat transfer rate on a double cone model by approximately twenty percent.  It was postulated that this differential could be due to vibrational freezing during the nozzle expansion, which would result in increased density and reduced velocity, respectively, as compared to an equilibrium expansion from the same plenum enthalpy.  This would, in turn, result in a reduced heat transfer rate, since its value scales as ρu3 [47].  


Figure 16 shows typical N2 vibrational Q-branch CARS spectra obtained from the free stream of the tunnel 9 facility at an operational Mach number of 10 (left) and 14 (right), respectively, along with spectral modeling corresponding to vibrational temperatures of 750 K and 1500 K, respectively.  These values of vibrational temperature were determined from an inviscid, 1-D nozzle expansion code which includes finite rate kinetics for N2 V-V transfer, the details of which are given in reference [45].  As can be seen in Fig. 16, however, no evidence of the predicted vibrational non-equilibrium is observed, which indicates the presence of rapid V-T relaxers in the nozzle test gas, most likely water vapor [48].
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A very different result was obtained in the recent spontaneous Raman measurements of Studer and Vervisch in the CORIA Inductively Coupled Plasma (ICP) wind tunnel [49].  Figure 17 shows a free stream Q-branch Raman spectrum obtained in air with the tunnel operating at a specific enthalpy of ~9 MJ-kg-1.  The rotational temperature is 2500 K, which corresponds to the equilibrium value, where as the vibrational temperature is considerably higher, 5200 K.  Significant vibrational non-equilibrium was observed when measurements were performed in the boundary layer flow of a flat plate model under the same expansion conditions.
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2.3  Meta-stable Electronic Non-Equilibrium Measurements



As can be seen from Fig. 8, increasing the E/n value of a discharge results in an increased fraction of the total energy being deposited into excited atomic and molecular electronic states. In this section we present some recent diagnostic measurements which probe two very important excited states of air species, N2 (A 3Σu+) and O2 (a 1Δ).  
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Figure 18 shows a simplified energy level diagram illustrating the electronic states of N2 which are, in general, of most relevance to typical non-equilibrium air plasmas.  Note that the ground electronic state is a singlet, X (1Σg+), where as the other states represented have spin degeneracy three, A (3Σu+), B (3Πg), and C (3Πu).  Spectroscopically, single photon transitions are strongly allowed between the C → B (2nd positive bands) and B → A (1st positive bands) states, but transitions from the A to X states are strongly forbidden (with spontaneous radiative lifetime of ~2 seconds).  For this reason large meta-stable population tends to rapidly build-up in the A state, due to both direct electronic impact excitation, and radiative transfer from the higher C and B states.  In addition due to a near energy resonance, there is rapid collisional energy transfer between the NO (A 2Σ+) and N2 A (3Σu+) states.


NO (A 2Σ+) + N2 (X 1Σg+) ↔ NO (X 2Π) + N2 (A 3Σu+)




(24)


There are a number of optical approaches which have been used to determine N2 (A 3Σu+) population.  The most straight forward, albeit qualitative, is to take advantage of the reverse of reaction (24), and monitor NO (A 2Σ+) → NO (X) (γ-band) spontaneous emission.  As an example, Fig. 19 (left) shows typical NO emission spectra obtained as a function of time delay after initiation of a 20 nsec pulsed plasma, similar to that used for the studies summarized in the data of Figs. 14 and 15 [50].   In this case the plasma was initiated in air at P=60 torr.  It can be seen that the NO γ (and β) band emission, for which the spontaneous radiative lifetime is on the order of 230 nsec, exhibits experimental radiative decay on a much longer, microsecond time scale.  The right side of Fig. 19 compares the normalized time-dependent integrated emission intensity for this band system (in both air and 5% O2 in N2), obtained from spectra such as those shown in Fig. 19, with normalized N2 (A3Σu+) population predicted by a kinetic model described in detail in [50].   Given the short NO γ-band spontaneous radiative lifetime, τ ~230 nsec, it is clear that the NO (A 2Σ+) state is being “fed” by the metastable N2 (A3Σu+) state, due to the rapid reverse process of equation (24).  In other words, in these systems the rapid quasi-equilibrium established between N2 (A3Σu+) and NO (A 2Σ+) allows the approximate inference of one from the other.  
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A more quantitative approach for determination of N2 (A3Σu+) population is to use Laser Induced Fluorescence (LIF) [51].  LIF is similar to optical absorption except that re-emitted (“fluoresced”) light is detected, typically at a 90o angle with respect to the laser propagation direction, rather than the transmitted laser beam itself [1].  LIF has the advantage that it can be extremely sensitive (order ppb in the case of strongly allowed transitions) due, principally, to the fact that the LIF signal, unlike that of absorption, is detected on a nominally zero background.  The classic difficulty with LIF is the ability to quantify the measurement.  While optical considerations, such as absolute collection efficiency of lenses, filters, and detectors, can typically be corrected for, there is an inherent problem in knowing the fraction of laser excited state molecules which are ultimately detected.  This is known as the fluorescence quantum yield, a21, given in somewhat simplified form by the expression
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(25)

where A21 is the Einstein radiative decay rate for spontaneous emission between the laser populated level and the lower level of the fluorescing transition (or group of levels, in which case the subscript “1” represents a collection of levels), Q is the rate of collisional quenching, and P represents other non-radiative processes such as predissociation.  The principal issue is typically the accuracy with which the collisional quenching rate is known, since this depends upon knowledge of the composition of the medium being probed, as well as the specific quenching rate coefficients for each of the components.  



One approach for overcoming the quenching difficulty, applicable to low density fluids, is to temporarily resolve the detected fluorescence, from which the quenching rate can be experimentally determined.  This method has been applied by De Benedictis and Dilecce [51] in numerous studies of low pressure pulsed N2 and air RF discharges.  The left side of Fig. 20 shows an example of such time-resolved LIF data applied to detection of N2 (A3Σu+) in varying vibrational levels.  In the specific example shown in Fig. 20 N2 (A) population in vibrational level 4 is excited to vibrational level 8 of the N2 (B) state, using a Nd:YAG pumped dye laser at 595.9 nm.  1st positive band fluorescence down to vibrational level 5 of the N2 (A) state is detected at 646.85 nm.  Figure 20 shows three representative time-resolved traces corresponding to N2 mixtures with 2%, 8%, and 20% oxygen, respectively, from top to bottom.  Data such as this has been used to determine vibrational level dependent quenching rates for N2 (A, v) by atomic oxygen and O2 [51].  Data such as this is extremely important for understanding air discharge chemisty in that the N2 (A3Σu+) state is a precursor for many important processes, such as NOx formation [50].  Indeed, several studies [52-54] have concluded that the following sequence of processes 


N2 (A3Σu+)   + O2 (X)  →  N2 (X,v) + O2(b1Σ) 


      

 
(26a)


N2(X,v≥12) + O  (3P)  (  NO (X)  +  N(4S)




      
 
(26b)


play an important role in NO formation in nonequilibrium air plasmas.  A recent LIF study of NO formation in nsec pulsed plasmas by Uddi, et al. [50] reached a similar conclusion.
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At higher pressure, the LIF strategy outlined above for N2 (A3Σu+) measurement loses sensitivity due to the relatively slow radiative transition rate of the N2 first postive band system, coupled with the significant collisonal quenching rate of the upper B level [55].   To overcome this difficulty Dilecce, et al have developed an optical double resonance strategy which employs initial 1st positive band excitation, followed by a second excitation from the B to C states (2nd positive band) [55].  Fluorescence has been detected from both the (2,1) band of the second positive system, at 313.6 nm, and the (3,1) band of the 1st positive system, at 762.6 nm.  The technique has recently been applied to an atmospheric pressure NO seeded N2 dielectric barrier discharge [56].



As an alternative to LIF, Foissac, et al. [57] have recently reported an intracavity laser absorption spectroscopy (ICLAS) diagnostic for N2 (A3Σu+), using the apparatus shown schematically in Fig. 21.  ICLAS is one class of long path length absorption techniques which take advantage of the inherently quantitative nature of absorption spectroscopy.   A second such approach, cavity ring down spectroscopy, will be described in section 2.4.  ICLAS takes advantage of the long “cavity lifetime” for photons which propagate between the mirrors of a laser resonator.  The key to the ICLAS method is that the absorbing medium is placed inside a laser resonator cavity, which results in an effective absorption path length which is given by the simple expression [57]
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where l is the length of the absorbing medium itself (the microwave cavity in Fig. 21), L is the laser resonator path length (the distance between the mirrors), c is the speed of light, and tg is what the authors term the “generation” time, between the onset of laser oscillation and recording of the absorption spectrum.  The generation time is similar, but not identical, to the ring down time of a cavity, the difference being related to the fact that the ICLAS cavity exhibits photon gain as well as loss.  
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Figure 22 shows an experimental ICLAS spectrum using the first positive band (A→B) in absorption.  The upper spectrum was obtained with the microwave discharge located within the cavity, where as the lower spectrum was obtained by translating the cavity such that N2 (A) was measured in the flowing afterglow of the discharge.  In either case, absolute N2 (A) density is inferred from the experimentally observed absorption via Beer’s law (equation (1), where leq is used for the path length.  N2 (A) populations of between ~5 x 1010 and 5 x 1011 are reported [57].


Finally, measurement of N2 (A) by cavity ring down spectroscopy, a technique which shall be described in more detail in section 2.4, has recently been reported by Stancu, et al [58] as part of a study of O atom formation and decay in nsec pulsed atmospheric pressure air discharges.  Peak N2 (A) density of ~2 x 1014 cm-3 was observed.  More importantly a quantitative correlation was observed between the rise in O atom number density, measured by two photon LIF (to be described in section 3), and the fall in N2 (A).  This study confirmed that in high pressure, nsec pulsed air discharges a primary O atom formation mechanism, in addition to direct electron impact O2 dissociation, is O2 + N2 (A) → O + O + N2 (X).  
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As a second example of measurement of a metastable state of importance to air plasma chemistry some diagnostic approaches for O2 (a 1Δ) determination will now be discussed.  Energy loading of the O2 (a 1Δ) state, whether by chemical reaction or by electric discharge (See Fig. 8), forms the basis for the gas dynamic oxygen iodine laser known as COIL (for chemical excitation) [59] and E-COIL (for excitation by electric discharge) [60-62].  Similar to the N2 (A) state, O2 (a 1Δ) is extremely long lived, with spontaneous radiative lifetime of ~45 minutes.  Nonetheless, despite this exceedingly slow radiative emission rate, spontaneous emission spectroscopy has been employed for determination of O2 (a 1Δ) state population in COIL and E-COIL studies [60-62].



Recently however an extremely sensitive long path length absorption approach has been developed for a more sensitive determination of O2 (a 1Δ) state population, based on a variant of cavity ring down spectroscopy known as Integrated Cavity Output Spectroscopy (ICOS) [63, 64].  Referring to Fig. 23, in the ICOS method a laser beam is injected off-axis into a high finesse cavity which contains the medium to be probed.  Following the notation of [63] and [64], after transmission through the input high reflectivity mirror and propagation through the cavity the beam hits the second mirror, where most of it is reflected (since the cavity output mirror reflectivity is also high) and a small portion transmitted.  Subsequent round trip propagation of the beam through the cavity results in a series of transmitted “beam spots” at the output cavity mirror, with transmission
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where σ is the absorption cross section of the target species, N is the species number density, and L the separtion distance between the two mirrors (assuming the absorbing gas fills the cavity).  A lens (on the right in Fig. 23) focuses all of the transmitted beams to a detector, which gives a total (the sum from all the beams) detected signal of 
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In practice, the species number density is found by determination of the ratio of the total detected signal with the cavity empty to that with the cavity filled with the absorbing species, invoking the relation
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where A is the single pass absorption, 1-exp (-σNL), and G is the cavity path length enhancement factor, given by
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where R is the reflectivity of the mirrors (assuming both are equal). R, generally, is determined using the cavity ring down method, which will be discussed in section 2.4.  For the instrument shown in Fig. 23, the enhancement factor is ~80,000, corresponding to an effective absorption path length of ~80 km.
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As an example of the sensitivity of the ICOS method, Fig. 24 shows the cavity enhanced absorption from the Q(12) transition of the O2 b1Σg+ ← a 1Δ (Noxon band) where oxygen in the a 1Δ state was prepared in an RF discharge.  Note that the transition is highly forbidden, with a spontaneous radiative decay rate (from b →a states) of 10-3 sec-1.  Despite the very low inherent absorption, the reported sensitivity, based on a S/N ratio of ~100 for spectra such as that shown in Fig. 24, is ~2.5 x 1013 cm-3 [64].
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2.4  Positive Ion and Free Electron Measurements



The diagnostic literature on measurements of positive ions in non-equilibrium air plasmas is rather limited.  
However, Yalin, et al. have recently demonstrated both space-, and time-dependent measurements of N2+ in an atmospheric pressure glow discharge [65], and a nsec pulsed [66] plasma, respectively, using the Cavity Ring Down Spectroscopy (CRDS) technique.   As illustrated in Fig. 25, CRDS is in many respects similar to ICOS, in that a high finesse optical cavity, which provides a long effective path length for species absorption, forms the basis of the method.  In CRDS however, the laser is injected into, and propagates within, the cavity on-axis, with detection performed in the time domain.  For a pulsed source, such as that used by Yalin, a small (but sufficient) fraction of the pulse energy enters the cavity, and propagates between the mirrors for a large number of passes, in a manner identical to ICOS.  However, each time the pulse strikes the output mirror, a small fraction is transmitted to the detector.  The detected signal decays exponentially in time (at least in the ideal case) according to [65]
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where τ, the cavity ring down time, is given by [65]
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where κν (ν), again (See eqn. 3) is the absorption coeffient, and labs is the path length of the absorbing medium which is not, in general, the same as the distance between the mirrors, l.  
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The measurement is performed by comparison of the ring down time, τ, when the absorbing medium is present within the cavity, to the ring down time, τo, when the cavity is empty.  The presence of an absorbing medium causes the detected signal to decay more rapidly then the empty cavity case, specifically [65]
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CRDS is extremely sensitive due to both the long effective path length, and because the measurement is made in the time domain, rather than by measuring signal intensity.  This is a significant advantage when using pulsed lasers where pulse to pulse energy fluctuations can be large, particularly for UV pulses which are formed from many non-linear harmonic and/or mixing steps.


Figure 26 shows an N2+ spectrum obtained by Yalin from the atmospheric pressure glow discharge apparatus shown in Fig. 25.  The absorbing transitions are from the (0, 0) vibrational band of the  B 2Σu+  - X 2Σg+ first negative system, with absorbing wavelength of ~391 nm.  The UV wavelength is achieved by 2nd harmonic generation from the output of an Nd:YAG pumped Optical Parametic Oscillator (OPO).  The inferred N2+ centerline concentration in the plasma, from spectra similar to that of Fig. 26, ranged from between 7.8 x 1011 cm-3 to 3.6 x 1012 cm-3, dependent upon discharge current.  Based on the observed S/N, the estimated detection limit is ~7 x 1010 cm-3.   It is noted that obtaining this sensitivity required careful attention to the specific design of the cavity.  This important aspect of the measurement diagnostic is discussed in more detail by Spuler and Linne [67].



Yalin, et al., have also presented time-dependent measurements in an atmospheric pressure nsec pulsed N2 discharge [66].  These measurements are performed by taking the time derivative of the ring down signal, so that [66]
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For completeness, we now discuss some recent advances in measurement of free electron density by Thomson scattering.  Similar to spontaneous Rayleigh scattering, Thomson scattering results from laser induced polarization of charged species, principally, at least in weakly ionized plasmas, from free electrons.  While the cross-section for free electron scattering is approximately one hundred times greater than that for Rayleigh scattering of common air species, the typically low free electron number density in weakly ionized air plasmas (~ 1010 – 1013 cm-3) results in low scattering signals.  In addition, because Thomson scattering in air plasmas (where Te ~ 1 ev) occurs very close, spectrally, to the excitation laser frequency, it is very difficult to sufficiently reduce the interference from stray scattering of the laser beam from window and wall surfaces using traditional grating based instruments.


One recently reported approach, employed by several groups, is based on  the use of a custom fabricated triple grating spectrometer in which a physical block is used in place of the first exit slit to remove stray scattering at the laser wavelength.  First developed by Noguchi, et al., [68], the technique has been further extended by Crintea, et al. [69],  who have reported sensitivity as high as 2 x 1010 cm-3 for free electrons in an RF discharge with electron temperature of 2.5 eV.  They also report, based on N2 Raman scattering calibration, a system maximum sensitivity of 1 x 109 cm-3.  Note that achieving sensitivity of this order of magnitude requires signal averaging for 30 minutes (90,000 laser shots at 50 Hz repetition rate and 600 mJ per pulse at 532 nm).


A second recently reported approach uses atomic/molecular vapor filters, analogous to the filtered Raman (and Rayleigh) technique previously discussed (See Fig. 3, 4, and 6).  The first reported system utilized a commercial Nd:YAG pumped dye laser in combination with a sodium vapor filter at ~580 nm [70], and shortly thereafter, independently developed rubidium vapor systems were also reported [15, 71].  Compared to rubidium-based systems, sodium systems have the advantage that the laser is relatively simple and is readily available commercially.  The sodium vapor filter, however, is somewhat more complex to fabricate.  


As an example of filtered Thomson scattering at low electron density [15], Fig. 27 shows a spectrum from a dc argon “constricted” glow discharge, obtained using the same instrument employed for the filtered rotational Raman spectra in Figs. 4 and 6.  The argon pressure is 30 torr and the discharge current is 100 mamps.  The constricted glow is ~1-2 mm in diameter and is stabilized by incorporation of a 500 ohm current limiting ballast resistor in series with the dc discharge.  The left side of Fig. 27 shows the Thomson scattering signal superimposed upon the relatively large argon spontaneous emission, which is many orders of magnitude more intense despite employing a gated ICCD camera.  The right side is a least squares fit of the experimental spectrum to a to a simple incoherent Thomson scattering model.  The absolute intensity is calibrated using a N2 pure rotational Raman spectrum similar to that of Fig. 4, taking advantage of the accurately known differential rotational Raman cross section of 5.4(10-30 cm2/sr for the J = 6 ( 8 transition of nitrogen at 488.0 nm [72].  From this procedure the inferred values of electron number density and temperature are 2.0 ( 1013 ( 6 ( 1011 cm-3 and 0.67 ( 0.03 eV, respectfully. Similar sensitivity, ~ 1011 cm-3, has been reported for the conceptually similar sodium vapor filter system [70]
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Miles, et al. [71] performed filtered Thomson scattering measurements in an atmospheric pressure argon lamp, using a rubidium vapor filter – titanium:sapphire laser combination similar to that used for Fig. 27.  This measurement was complicated by the limited optical access of the lamp, which was solved by employing a 180o back-scattering geometry. Electron density and temperature of 1.61 x 1016 cm-3 and 0.82 eV, respectively, was reported.


3  An Integrated Diagnostic-Modeling Case Study: Plasma Assisted Combustion Kinetics at Low Temperature

The use of repetitively pulsed discharges has formed the basis for several recent studies of what has become known, somewhat generically, as Plasma Assisted Combustion (PAC) [73-79].  Specifically, using such pulsers, Kim et al. [73] have reported large increases in the critical co-flow velocity, Vco, leading to lift-off of a methane/air jet diffusion flame (from ~1-2 times the laminar flame speed, SL, to as much as twenty times SL). The same group has also observed increased NO production in premixed methane/air PAC flames, presumably due to excited metastable species reactions  such as [74]  

O + N2* → NO + N 









(37)

Similar stability limit extension has been reported by Pilla et al [75], who demonstrated significant reduction of the lean flammability limit in a premixed propane-air flame, down to Φ=0.3. Several PAC studies have also been recently reported by the Starikovskii/Starikovskaya group [76, 77].  In particular, they demonstrated ignition delay time reduction, using a single high voltage, nanosecond duration discharge pulse, by more than an order of magnitude  in argon diluted H2/air mixtures preheated to ~900 K in a shock tube [76].  The same group has also observed an increase in blow-off velocity, by a factor of ~3 (from 3 to 9 m/sec), by application of a kHz pulse repetition rate nsec discharge to a pre-mixed, Φ=0.7 argon diluted methane/air flame [77].  Finally, and of particular relevance to the study discussed here, Bao et al [78], and Lou et al [79] have reported ignition and nearly complete combustion in low temperature oxidation of ethylene and methane in air at P=70-90 torr, at the conditions when the repetitively pulsed air plasma temperature (before fuel is added) was T=100-2000 C. 


Findings such as these have motivated a recent diagnostic and modeling study to explore fundamental low temperature plasma combustion kinetics in more detail [80, 81].  The study has been divided, broadly, into two sets of measurements, both of which utilized the basic “flow reactor” shown in Fig. 28. The apparatus consists of a single piece of rectangular cross section quartz channel, 150 mm long x 22 mm span x 10 mm height, with flanges at the ends for connection of the gas inlet and exit lines, and a test cell pressure sensor. The walls of the quartz channel are 1.75 mm thick. Two rectangular copper plate electrodes are attached directly to the outside surface of the channel and are covered by recessed acrylic plastic plates. The electrode plates are 14 mm wide and 63 mm long, and are rounded at the corners to reduce the electric field nonuniformity. The flow velocity is ~1 m/sec, corresponding to a residence time of the flow in the discharge region of approximately 0.08 seconds.  Pulsed plasmas are generated using a pulser manufactured by Chemical Physics Technologies (CPT) which is capable of producing 20 kV pulses with individual pulse duration of ~25 nsec and maximum pulse repetition rate of 40 kHz.  
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The first element of the PAC kinetic study focuses on laser diagnostic measurements of key plasma and combustion species as a function of time after initiation of a single discharge pulse [80]. For these measurements the discharge is operated at 10 Hz, which both matches the repetition rate of the diagnostic laser and, more importantly, assures that each gas sample experiences only a single discharge pulse during its ~0.08 second residence time within the flow reactor.  The first species which has been studied is atomic oxygen using the well known Two Photon Absorption Laser Induced Fluorescence (TALIF) method [82-84] where relative O number density vs time has been put on an absolute basis using a xenon calibration method described by Niemi, et al [85].  The method is similar to that previously utilized by Fletcher, [86], and Grinstead, et al [87], for measurements of N atom density in the NASA Ames Arc Jet.

The results of O atom TALIF measurements in air, and in methane-air and ethylene-air mixtures have documented in detail by Uddi, et al [80, 88] and will be only briefly summarized here.  In particular Fig 29 shows results for air and methane-air (left), and air and ethylene-air at Φ=0.5 (right), both at 60 torr, along with modeling predictions using a 1-D plasma combustion kinetics code which has been developed as part of this study.  The code, also described in detail by Uddi, et al. [80, 88] incorporates a set of ordinary differential equations for the number densities of neutral, charged, and excited species produced in the plasma, as well as the energy equation for prediction of the mixture temperature. This set of equations is coupled with the steady, two-term expansion Boltzmann equation for the electron energy distribution function (EEDF) of the plasma electrons, which yields the rate coefficients of electron impact processes by averaging the cross sections over the EEDF. Hydrocarbon chemistry is incorporated using both the GRI Mech 3.0 mechanism [89], and the recent mechanism of Wang [90] which supplements GRI Mech 3.O with additional C2 processes. In addition to equilibrium hydrocarbon chemistry, the OSU kinetic model incorporates chemical reactions of excited electronic species, electron-ion recombination and ion-ion neutralization processes, ion-molecule reactions, and electron attachment and detachment processes.  


Focusing first on the air data (upper traces – black) of Fig. 29 (left – linear scale, right – log scale), it can be seen that to within the experimental precision the model agrees well with the experiment, correctly reproducing the peak O atom mole fraction of approximately 5∙10-5 (O atom number density of 1.0∙1014 cm-3) and decay time (1/e) of ~2 msec.   It should be noted, however, that the discharge reduced electric field, E/n, was treated as an adjustable parameter, varied to produce the best fit to the O atom air data.  This best fit value of E/n (300 Td) corresponds to a total value of energy deposited into the plasma of 0.76 mJ, approximately half of which goes to O2 dissociation.  Sensitivity analysis showed that O atoms are primarily formed both by electron impact during the discharge pulse, O2+e→O+O+e, and by collisions of electronically excited nitrogen molecules with O2 for times up to ~10 µsec after the pulse, 

N2 (A3Σ)+O2→N2(X1Σ)+O+O 







(38)


This initial rise after the discharge pulse can be seem more readily on the logarithmic scale plot.  The dominant O atom decay process in air is recombination with oxygen resulting in ozone formation, O+O2+M→O3+M, the rate of which, being unimolecular with respect to all minor species, is essentially independent of the discharge E/n.


The lower (red) left curve in Fig. 29 shows results of the air-methane mixture at an equivalence ratio of 1.0.  Note that the modeling utilizes no adjustable parameters, other than the 0.76 mJ pulse energy obtained from the fit to the air data.  It can be seen that both the data and model indicate peak O mole fraction which is comparable to that in air, but O atom decay rate which is increased by a factor of ~2-3.  Sensitivity analysis shows that the increased atomic oxygen loss rate in methane-air occurs primarily due to reactions of H atoms and CH3 radicals, which are generated by methane dissociation in the plasma, both by electron impact and by reactions with electronically excited nitrogen, principally 

N2(A3Σ)+CH4→N2+H+CH3








(39)


Note that at low temperature the rate coefficient of the reaction between CH4 and O at room temperature, O+CH4→OH+CH3, is very low, k=4.8∙10-18 cm3/sec, and does not contribute to the observed O atom decay.  The significance of this, as compared to ethylene-air, will be now be discussed.


[image: image87.emf]

The lower (blue dots) right curve in Fig. 29 shows experimental O atom number density, along with predictions from the GRI Mech 3.0 (red dashed) and the Wang (blue dashed) ethylene oxidations mechanisms, both of which are essentially identical and predict significant deviations in both peak O mole fraction, and its rate of decay, when compared to air.  Specifically observed and modeled peak O atom density is reduced by a factor of ~3 compared to air and, more significantly, the rate of decay is increased by more than two orders of magnitude, with lifetime (1/e) of ~20 µsec vs. ~2 msec.  This rapid decay occurs because the rate of reactions between C2H4 and O atoms at room temperature, principally C2H4+O→CH3+HCO and C2H4+O→CH2CHO+H, are fairly rapid, with k=4.9∙10-13 cm3/sec and k=2.6∙10-13 cm3/sec, respectively.  


As discussed by Uddi, etl al. [80, 88] the low temperature reactivity of O and ethylene initiates a sequence of net exothermic oxidation chemistry which cannot occur in ordinary equilibrium combustion at these conditions.  The resulting temperature rise further accelerates key oxidation processes, leading to ignition.


To quantify the above statement, Fig. 30 shows predictions from the Wang model of the total deposited discharge pulse energy and energy dissipated as heat in air, Φ=1 methane-air, Φ=1.0 ethylene-air, and Φ = 1.0 acetylene-air, all at 60 torr.  It can be seen that in air up to 40-60% of the input pulse energy is stored in products (mostly ozone) of plasma chemical reactions and does not thermalize until ~1 sec after the pulse. In methane-air, ~2 msec after the pulse all input energy is thermalized because much less ozone is formed. Note that in this case methane oxidation results in a modest additional energy release, about 15% in excess of the input pulse energy. Finally, in ethylene-air (and acetylene-air) predicted additional energy release is significant, equal to 70% and 200%, respectively, of the input pulse energy. These results suggest that energy release, accumulated over multiple pulses, may result in significant additional heating, particularly in ethylene-air and acetylene-air mixtures, leading to ignition.  Indeed the modeling code predicts temperature rise by ~350 K for a 100 pulse “burst” in ethylene-air at  Φ=1.0, as compared to less than 100 K increase for air.  


[image: image88.emf]


The second element of the low temperature kinetics study, building upon the results summarized above, focuses on burst mode ignition [81, 91]. For these measurements pre-mixed combustable mixtures flow through the discharge flow reactor at low velocity (~ 0.2-1 m/sec), as per the O atom measurements, but the discharge repetition rate is increased to ~20 – 50 kHz.  OH, CH, and N2 (2nd positive) spontaneous emission is obtained as a function of time with respect to the initial discharge pulse, using the same small monochromator used to capture O atom TALIF.  As an example, Fig. 31 (left) shows OH emission (~309 nm) for 60 torr ethylene-air at Φ=1.0 and 40 kHz discharge repetition rate.  While not evident in Fig. 31, due to the plotting resolution, for the first ~9 msec after the initial discharge pulse the OH emission falls to zero in the ~25 microsecond interval between the pulses (in fact the signal decays to zero in approximately 1 microsecond).  At ~8 msec the OH signal during the individual pulses increases rapidly, and simultaneously does not fall to zero between the pulses (See the small “footprint” of emission which peaks at ~8.5 msec).  These signatures (increase in OH emission during pulse and continuous emission in between the pulses) indicate that ignition as has occurred.  Essentially identical signatures also occur in CH emission.  Also shown are modeling predictions for temperature, obtained from the PAC kinetic code (validated by the previously described O atom measurements).  It can be seen that the code predicts a rapid increase in temperature at precisely the time ignition delay time at which the OH emission spikes (and footprint appears).



By contrast, the right side of Fig. 31 shows N2 (C-B) emission for air (upper blue curve) and ethylene-air at the same conditions as that of the left.  Again, for both air and ethylene-air, the N2 emission appears (at higher plotting resolution) as a series of approximately constant amplitude spikes corresponding to the individual pulses, and falls to zero in between them.  Unlike OH and CH, there is no continuous “footprint” emission in between the pulses.  


[image: image89.emf]

The results of Figs 30 and 31 clearly point to exothermic plasma chemical oxidation reactions, initiated by O, H, CH3 etc. electron impact radical formation by the pulser, which produce thermalized energy in excess of that input directly from the discharge, resulting in sufficient heating to produce ignition.  However, the question remains as to whether the observed ignition is due only to excess heat generation, or is there an additional effect due to “active” species generated by the plasma?  


To explore this possibility, Fig. 32 shows two predicted temperature temporal profiles corresponding to ignition of a 60 torr Φ=1.0 ethylene-air mixture and 50 kHz discharge repetition rate.  The lower (red) trace is the prediction from the full PAC kinetic modeling code and indicates a slow temperature rise for ~6 msec, followed by a rapid temperature spike, indicating ignition.  This curve is similar to the temperature curve of Fig. 31 except that at the higher discharge repetition rate, 50 vs 40 kHz, ignition occurs with shorter delay (6 vs 8 msec).  The upper (blue) curve shows the temperature prediction from the Wang equilibrium chemistry model, with heating rate input as an adjustable parameter.  In this case, the heating rate is constant in time and has been adjusted to produce ignition at the same 6 msec delay as that predicted by the full PAC code.   It can be seen that PAC ignition occurs at a temperature (~660 oC) which is more than 300 degrees lower than that for equilibrium oxidation chemistry (~970 oC).   


Similar modeling. shown on the right side of Fig. 32, has compared ethylene-air PAC ignition delay with equilibrium heating ignition delay for the case where the heating rate is adjusted to result in ignition at the same temperature (~ 670 oC).  As can be seen, in this case, PAC ignition was predicted to occur with delay time almost two orders of magnitude less than that for equilibrium oxidation chemistry (8 vs 600 msec).

[image: image90.emf]

4   An Overview of Recent Progress in Ultra High Frame Rate Imaging



Laser-based optical diagnostics, such as those cited in sections 2 and 3 of this lecture, are now relatively commonplace in fluid and combustion laboratories worldwide.  Inherent to all of the cited techniques, however, is a trade off between spatial and temporal resolution. Planar imaging technique are clearly capable of simultaneously acquiring data at multiple points within a flow or combustor, but require high energy pulsed lasers to produce sufficient intensity within the object plane.  Repetition rates for such lasers are typically limited to the order of 10 to 100 Hz.  Supersonic/hypersonic flow fields, however, are characterized by turbulent, and/or unsteady features with frequency of 10s to 100s of kHz.  In addition, many supersonic/hypersonic test facilities, such as LENS, operate with steady state test times of order a few milliseconds, or less.  Clearly the capability of obtaining multiple planar images within a single run of such a facility would greatly enhance the information which can be obtained in the limited number of runs typical of a  given hypersonic test program.  



In response to this need we, and others,  have been developing the capability of generating "trains" of 20-30, high-energy Nd:YAG pulses, separated in time by a variable period as short as one microsecond [92-97].  While reported “burst-mode” Nd:YAG systems differ in detail, they share certain basic characteristics.  Specifically, reported systems typically utilize a low power (order 100 mW) master oscillator (typically Nd:YAG) which is “sliced” into a burst train using either a pair of electro-optic Pockel cells [92-95], or an acousto-optic deflector [96].  An exception is the system reported in [97] in which a repetitively Q-switched diode pumped Nd:YVO4 laser is used as the master oscillator.  The burst train is then amplified in a series of flashlamp-pumped Nd:YAG amplifiers.  Typical reported burst sequences consist of between 8 – 40 pulses, with interpulse spacing as low as 1 μs, and individual pulse duration of between 6 and 25 ns.  


Figure 33 shows the optical layout for the burst-mode Nd:YAG system being developed at Ohio State University, which is based on the system originally developed by Wu, et a. [92].  A single frequency, cw Nd:YAG ring laser serves as the primary oscillator, the output of which is pre-amplified in a standard double-pass flashlamp-pumped, pulsed Nd:YAG amplifier.  While previous systems [92-95] utilized fixed, ~150–300 μs pulse duration power supplies to drive the lamps, we have recently incorporated a set of commercially available (Analog Modules – Series 8800 V) variable pulse duration flashlamp drivers so that the pre-amplified output consists of a single, temporally smooth 0.150 – 2.0 ms pulse, which is then formed into a “burst” train using a custom, dual electro-optic Pockels cell “slicer.”  Note that a similar, custom-designed variable 0.3 – 20 msec pulse width flashlamp supply will be incorporated into a system currently under development as a source for high-repetition-rate Thompson scattering [97].  The sliced pulse train is further amplified in a set of four additional flashlamp-pumped Nd:YAG amplifiers, with a stimulated Brillouin scattering (SBS) Phase Conjugate Mirror (PCM) located between amplifiers 3 and 4.  The PCM, which acts as a non-linear intensity-dependent mirror, serves to eliminate a low-intensity “pedestal” superimposed on the high-intensity burst train, which results from the finite on/off contrast (~103–104) of the Pockel cell slicer [93]. Similarly, it also serves to reduce the exponential growth of amplified spontaneous emission (ASE) in the forward direction, by providing isolation between the first three and final two amplification stages [93].


[image: image91.emf]

As an example of the capabilities of the Nd:YAG pump laser, Fig. 34 shows four representative burst sequences for the fundamental output at 1064 nm [98].  The upper left trace shows a ten pulse burst with 10- μs interpulse spacing, with average energy per pulse of ~85 mJ.  The upper right trace shows a burst of twenty pulses with 20-μs spacing and average individual pulse energy of ~230 mJ.  At this repetition rate, similar to commercial “double-pulse” Nd:YAG systems, the time interval between the pulses is sufficient to allow partial refilling of the gain prior to the next pulse, resulting in higher and more uniform pulse energy.  The lower left trace shows a sequence consisting of twenty pulses at 50-μs spacing.  The average individual pulse energy is ~400 mJ/pulse, corresponding to a total extracted energy of 8 Joules.  Finally the bottom right trace shows a 99 pulse burst at 10 microsecond spacing, with average individual pulse energy of approximately 27 mJ.  While this is somewhat low, it is more than enough for a variety of scattering based diagnostics.  For example, as will be discussed below, we have recently employed the Planar Doppler Velocimetry (PDV) method to perform quantitative velocity imaging at frame rates up to 250 kHz using pulse bursts of ~1-10 mJ/individual pulse (at 532 nm) [99].  Note that a relatively high input impedance (~10 kΩ) was used to capture the bursts in Fig. 34 on a standard digital oscilloscope.  The true pulse durations are ~6 and 4 ns, for the 1064 nm and 226 nm wavelengths (lower right trace), respectively.


[image: image92.emf]

The OSU burst mode laser, paired with a high frame rate imaging CCD camera [100], has been used for a variety of studies including: flow visualization [101] and quantitative velocimetry [102] measurements of convective velocity in supersonic (Mach 1.3 and 2) axisymmetric jets, aero optic wave front sensing [103], and impinging supersonic jet flow [104].  As one example, Fig. 35 summarizes the principle results of the axisymmetric Mach 2 turbulent jet convective velocity study.  This work utilized Planar Doppler Velocimetry (PDV) which measures instantaneous velocity fields over a two-dimensional plane by resolving the scattered Doppler shift with a molecular iodine filter [29].  The convective velocity of large scale structures is obtained by applying a spatial cross correlation procedure to a series of individual images from a high speed (100 kHz) “movie”, which is obtained with the burst mode imaging system [102].  The lower left graph in each of the two sets of graphs in Fig. 35 is a histogram of individual convective velocity values, each obtained from a single movie sequence (more than one hundred movies were obtained).  The left graph is the result when ordinary flow visualization is used to define the fluid structures which are tracked.  As can be seen, a bi-modal distribution results, with peaks that are both lower and higher than the convective velocity value of 205 m/sec predicted theoretically [105].  The right graph is the result when quantitative velocity is used to define the structures.  It can be seen that defining structures in terms of their velocity, rather than simple intensity, results in a qualitatively different result, one which gives a single symmetric distribution with mean value which agrees virtually perfectly with theory.  More detail is given in [102].


[image: image93.emf]


More recently we have enhanced the OSU ultra high frame rate imaging system by developing the capability to perform high (up to 500 kHz) Planar Laser Induced Fluorescence (PLIF) imaging [98, 106-108]. This is accomplished by utilizing a simple, home built, injection-seeded OPO system, pumped by the third harmonic output of the burst mode YAG system, as a source of tunable, narrow line width high repetition rate output.  The output of the OPO can then be frequency doubled, and/or mixed with residual second (532 nm) or third harmonic (355) output from the YAG to produce tunable output in the ultra-violet.  The system and its performance are described in detail in [106] and [107].  As an example, Fig. 36 shows a a typical 20 pulse - 10 μs spacing burst at 226 nm, which is used for NO PLIF imaging.  For this example, the average individual single-pulse energy at 226 nm is ~0.5 mJ, which as will be shown, is sufficient to obtain NO PLIF images.


[image: image94.emf]
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As a first example of ultra-high frame rate PLIF imaging, Fig. 37 shows a sequence of NO PLIF images in a laboratory scale Mach 3 wind tunnel, obtained using the well-known A 2Σ (v’=0) ← X 2Π1/2 (v”=0) transition.  The left side shows a typical sequence obtained at 250 kHz burst frequency, whereas the right is a sequence at 500 kHz.  In both cases the field-of-view is ~9.5 (horizontal) x 7.1 (vertical) mm, centered 13 mm downstream from the location of a 1 mm diameter NO seeded sonic jet, which is located on the bottom wall of the tunnel.  The Mach 3 flow is from left to right and the jet is injected from the bottom at a location approximately 5 mm upstream of the leading edge of the observation window.  While this facility was not designed as a “jet in cross flow,” the evolution and downstream progression of large scale structures, formed by the interaction between the jet and main flow, are clearly evident, particularly at the higher frame rate.  Full details are given in [98].


As a second example, OH PLIF imaging has also recently been demonstrated using a diode laser–seeded OPO cavity which is essentially identical to that used for NO, but pumped at 532 nm [108].  Starting with ~100 mJ/pulse at 532 nm, signal output at 763 nm is sum-frequency mixed with the residual 532-nm pump, resulting in ~1 mJ per pulse at 313.526 nm.  Fig. 38 shows a partial series of images (20 total were obtained) from a 1-mm-diameter H2/air diffusion flame obtained at a burst frequency of 25 kHz (up to 50 kHz has been demonstrated).  The temporal evolution of flame structures can be tracked in the image sequence, with turbulent eddies along the interface influencing the mixing process and local combustion chemistry.  For example, the evolution of a flame layer is marked with a white circle in Fig. 38 as it is pinched off from the main reaction zone and subsequently extinguished.  These results illustrate the ability of the current system to track turbulent flame phenomena through the relevant times scales of fluid-flame interaction.  Full detail is given in [108].
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We end this section by noting some very recent progress towards the development of three-dimensional imaging of high speed flows [109].  Using a burst mode Nd:YAG system similar to that described in [96], in combination with a high speed mirror, Thurow has obtained a “stack” of 68 planar images from a turbulent jet (Reynolds number 7600, exit velocity ~3.2 m-sec-1), at a frame rate of 500 kHz.  The use of a reconstruction technique, described in [109], results in high quality, three dimensional images of the highly turbulent flow structure downstream of the jet exit, an example of which is shown in Fig. 39.
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5   Conclusions and Acknowledgements

This lecture has presented a representative survey of a subset of recent applications of optical diagnostic methods to studies of non-equilibrium flows and plasmas, with emphasis on measurements in air, and oxygen containing environments.  While the survey is by no means complete, it is hoped that it will provide researchers in this field with an overview of the power of modern optical methods, and a sense of how they can be employed as tools for detailed study and characterization of non-equilibrium environments.  
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Figure 9



Calculated Treanor – Rich - Rehm distribution (equation 18) of CO at several values of translational/rotational temperature.  (1, the first level vibrational temperature, is equal to 3000K.











Figure 1



Single Trace TDLAS spectrum obtained in LENS 1 facility at 5 MJ/Kg enthalpy.  From [17].







Figure 8



Curve illustrating typical distribution of energy in air discharges between  internal modes as a function of E/n.  Taken from [39].







Figure 2



Single Trace TDLAS spectrum obtained in LENS 1 facility at 10 MJ/Kg enthalpy.  From [17]







1:  O2 vibration



2:  Rotation



3:  Elastic Losses



4:  N2 vibration



5:  N2 electronic states



6:  O2 electronic states
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Figure 7



Schematic illustration of coherent Rayleigh scattering (left – from [35], and example spectrum from argon glow discharge plasma at 50 mbar (right - from [36]).







Figure 6



Filtered pure rotational Raman spectrum of optically pumped N2/CO mixture at 1 bar pressure and least squares spectral fit.  Inferred temperature is 355 ( 7 K.  From [21].
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Figure 5



Apparatus (left) and typical time dependent electron density trace (right) from O2 free electron attachment mitigation studies of Frederickson [21].  







Figure 4



Pure rotational Raman spectrum of N2 obtained with a rubidium vapor filter.
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Figure 3



Basic Filtered Rayleigh Scatting concept
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Figure 10



Experimental (left) spontaneous Q-branch Raman spectrum of CO laser pumped 4% CO in N2 plasma, and (right) corresponding vibrational distribution functions and master equation modelling predictions.  From [38].
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Figure 11



Relative scattering cross section as a function of v for harmonic oscillator (●), CO (■), and H2 (▲)











Figure 12



Vibrational level dependence of the square of the pure rotational Raman cross section for H2, CO, and N2 [from 6].











Figure 13



Schematic diagram of vibrational CARS measurement in nsec pulsed plasma burner.  From [43].







Figure 14



Single shot CARS spectrum (left) and temporal evolution of rotational and vibrational temperature (right) in nanosecond pulsed air discharge shown in Fig. 13.  From [43].







Figure 15



Temporal evolution of rotational and vibrational temperatures, as determined by CARS, in nanosecond pulsed methane-air mixtures. From [43].







Figure 16



Experimental (black curves) and modelled (red curves) N2 vibrational CARS spectra from tunnel 9 operated at Mach 10 (left) and Mach (14) right.  The modelled vibrational temperature is based on the predictions of a 1-D non-equilibrium nozzle calculation.  No evidence of vibrational non-equilibrium is observed. From [45].







Figure 17



N2 spontaneous Q-branch Raman spectrum from the free stream of an inductively coupled plasma wind tunnel. From [49].
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Figure 18



Simplified energy level diagram showing N2 excited electronic states of most relevance to air plasmas and non-equilibrium flows.  NO (A), which is near resonant with N2 (A) is also indicated.







Figure 19



Typical NO emission spectra (β and γ bands) at different delay times after  initiation of a 60 torr air- 20 nsec pulsed discharge plasma (left) and comparison with modelling predictions for N2 (A) state population (right).  From [50]. 







Figure 20



Experimental (left) time-resolved N2 (A,v=4) LIF signal from pulsed 0.1 torr RF discharge with several N2:O2 compositions, as indicated, and (right) typical N2 (A,v=3) density decay, from which O and O2 quenching rate coefficients are inferred, obtained from the LIF data.  From [51].







Figure 21



Diagram of N2 (A) intracavity laser absorption diagnostic of Foissac, et al. (from [57].







Figure 22



ICLAS spectrum of N2 (A) state from microwave discharge.  From [57].







Figure 23



Schematic diagram of typical ICOS instrument. (from [64]).







Figure 24



ICOS O2 Noxon (b1Σg+ ← a 1Δ) band absorption spectrum, Q(12) transition. S/N is ~100, corresponding to O2 (a 1Δ) detection limit of ~2.x 1012 cm-3 per quantum state.  From [64].







Figure 25



Schematic diagram of CRDS apparatus of Yalin, et al, used for N2+ measurement in atmospheric pressure N2 plasmas. (from [65].







Figure 26



Experimental N2+ CRDS spectrum from atmospheric pressure N2 glow discharge (top), along with spectral simulation (bottom).  From [65].
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Figure 27



Rubidum vapor FTS spectrum from argon constricted glow discharge.  Left spectrum illustrates scattering signal relative to spontaneous emission (despite utilization of gated ICCD detector).  Right illustrates least squares fit to incoherent scattering model. From [15].











Figure 28: Optical access plasma flow reactor used for PAC kinetic studies.







Figure 29



O mole fraction vs. time after a single high-voltage pulse in air (upper) and in a Φ=1.0 methane-air mixture  (left)  and Φ=0.5 ethylene-air mixture (right), both at P=60 torr, along with modeling predictions. (right).  Air data shown on linear (left) and log (right) scales.  From [80].







Figure 30: Input pulse energy and Wang model predictions for thermalized energy after a single high-voltage pulse in air, methane-air, ethylene-air, and acetylene-air mixtures at the conditions of Figs. 29. From [80].







Figure 31



Experimental OH (left) and N2 (right) emission as function of time after initiation of discharge pulse burst at 40 kHz repetition rate and 1 m/sec flow velocity.  OH curve has modelled temperature from kinetic model superimposed. From [91].











Figure 32



Modeling cmparison of ignition temperature (left) and ignition delay (right) for 50 ethylene-air repetitively pulsed plasma at 50 kHz.  Red curves use full OSU PAC kinetic code, whereas blue are predictions for thermal, equilibrium heat addition.
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Figure 33



Schematic Diagram of OSU Pulse Burst Nd:YAG Laser.
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Figure 34



Representative burst sequences at 1064 nm using the system shown in Fig. 33.  Upper left is 10 pulse sequence with 10 microsecond spacing and average individual pulse energy of 83 mJ.  Upper right is 20 pulse sequence with 20 us spacing and 233 mJ/pulse. Lower left is 20 pulses with 50 us spacing.  The average individual pulse energy is 420 mJ.  Lower right is 99 pulse sequence with 10 microsecond spacing, the average individual pulse energy is 27 mJ. 











Figure 35



Comparison of convective velocity of large scale structures in Mach 2 turbulent axisymmetric jet when measured by flow visualization (left) and velocimetry (right), using OSU ultra high frame rate imaging system. From [102].







Figure 36



Typical 20 pulse burst sequence at 226 nm and 100 kHz burst frequency from OSU burst mode PLIF imaging system.  Average individual pulse energy is ~0.5 mJ.







Figure 37



Sequence of NO PLIF images in laboratory scale Mach 3 flow taken with OSU burst mode PLIF system at 250 kHz (left) and 500 kHz (right) frame rate.







Figure 38



Ten, of a total of twenty, OH-PLIF images obtained from atmospheric-pressure turbulent H2-air diffusion flame at 25-kHz repetition rate. From Ref [108].















Figure 39



Experimental three dimensional image of turbulent jet obtained using high speed imaging system under development at Auburn University. From [109].
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11990


-52.127


8212


-52.127


6352


-52.127


6271


-52.127


6007


-52.127


6066


-52.127


7363


-52.127


7853


-52.127


8217


-52.127


8497


-52.127


7497


-52.127


7321


-52.127


6990


-52.127


6916


-52.127


7671


-52.127


11150


-52.127


13500


-52.127


16010


-52.127


16190


-52.127


14770


-52.127


12220


-52.127


9226


-52.127


7700


-52.127


6627


-52.127


7907


-52.127


9153


-52.127


9944


-52.127


10710


-52.127


11260


-52.127


9753


-52.127


8920


-52.127


6949


-52.127


6071


-52.127


7543


-52.127


9679


-52.127


13380


-52.127


15500


-52.127


16310


-52.127


14960


-52.127


13920


-52.127


10870


-52.127


8922


-52.127


6959


-52.127


5920


-52.127


6964


-52.127


7788


-52.127


8483


-52.127


9057


-52.127


8234


-52.127


8552


-52.127


7073


-52.127


5568


-52.127


5145


-52.127


6356


-52.127


7817


-52.127


9363


-52.127


12670


-52.127


14880


-52.127


14310


-52.127


11370


-52.127


6927


-52.127


5624


-52.127


4889


-52.127


5110


-52.127


4994


-52.127


5472


-52.127


6016


-52.127


6257


-52.127


6843


-52.127


5289


-52.127


4025


-52.127


4021


-52.127


3653


-52.127


4757


-52.127


5518


-52.127


6720


-52.127


7271


-52.127


7192


-52.109


8360


-52.101


5402


-52.091


3956


-52.098


2940


-52.09


2375


-52.091


2678


-51.727


2813


-51.691


2710


-51.594


3512


-51.609


3955


-51.461


3148


-51.334


2218


-51.238


1524


-51.196


1382


-51.104


1131


-51.136


1163


-48.757


1675


-48.403


1211


-47.703


806


-47.533


568


-46.656


613


-45.65


839


-44.821


393


-44.106


561


-43.319


684


-42.875


367


-31.297


390


-29.137


463


-24.636


814


-22.542


1421


-19.08


1597


-13.645


1743


-9.053


1298


-3.514


1441


1.375


1807


6.178


1365


26.577


1228


35.405


716


51.246


732


67.922


647


86.157


374


115.988


728


150.797


597


192.804


739


237.369


871


296.424


1114


373.301


1414


465.629


1358


574.033


1296


668.919


1395


734.541


1219


761.482


1049


806.797


1340


902.655


1219


1085


1197


1328


1493


1620


1950


1990


2721


2413


3277


2751


3487


2933


2853


2788


2389


2692


2454


2868


2688


3459


2822


4292


4545


5349


6573


6701


8874


8141


10090


9128


9767


9194


8613


7402


6269


5318


5840


3930


4254


3954


4499


4484


5079


5253


6832


6290


8620


7405


9416


8203


8449


8337


7887


7073


6551


5731


5900


5108


5553


5803


6754


6967


9400


8538


11530


10560


15310


13020


19960


15740


19890


17450


17650


17340


13690


13720


9264


9518


9268


6654


8563


6440


8173


7133


9234


8230


10390


9657


12230


11300


13630


12410


11890


12520


9674


10820


8702


9030


9068


8326


8893


9349


10760


11170


14760


13610


18170


16590


21880


19840


24380


21780


20400


21560


15910


16990


10790


11750


7876


8100


8309


7743


8566


8457


10620


9597


11880


11040


13920


12590


14860


13600


13070


13680


10430


11830


9675


9845


8151


8951


8836


9961


10930


11800


13660


14240


18280


17220


21810


20390


23330


22310


21140


22090


17100


17420


13120


11960


10640


8107


8073


7657


8372


8293


9714


9351


11480


10710


11820


12180


13830


13110


11350


13130


9850


11280


8070


9290


7613


8329


7374


9192


8832


10830


12360


13010


14240


15710


17350


18560


20510


20280


19850


20040


16120


15760


11510


10750


9115


7195


8487


6729


8590


7241


8415


8108


8337


9266


9955


10500


10480


11270


11060


11260


9076


9618


7663


7845


6651


6947


7200


7620


8293


8927


9854


10680


11560


12890


12960


15180


15950


16570


15500


16350


12830


12810


10660


8674


6980


5731


6178


5295


5456


5657


5940


6310


7129


7196


7412


8094


8175


8625


9228


8519


8001


7047


7436


5443


6976


4509


6098


4846


5527


5588


6662


6630


8221


7924


9911


9480


10800


11190


11380


12270


10820


12180


8395


9544


5963


6454


5465


4243


4586


3904


4466


4153


4652


4581


5444


5138


6488


5787


5646


6234


5341


6266


5198


5333


3726


4310


3543


3763


3039


4055


4325


4660


5336


5458


6678


6502


7315


7647


8596


8412


8817


8327


6191


6466


4674


4280


3908


2701


3673


2401


3124


2457


2527


2610


3620


2865


4409


3246


4363


3749


4392


4095


3922


4142


2592


3517


1970


2806


2156


2365


2498


2461


3619


2824


4879


3361


5513


4074


5439


4856


5829


5348


5442


5290


4850


4074


3444


2600


2263


1494


2024


2323


2565


3331


3517


2979


2965


2854


2324


1953


1924


2529


3309


3717


2676


3975


3324


3058


2862


2180


2212


1892


2099


1966


2488


2412


1632


1832


1415


814


853


755


1119


1426


1277


2138


2380


1785


975


1199


933


1222


571


633


1176


761


548


766


1308





Thomson771b_1


						Experimental			Fit


			767.397			405


			767.447			159


			767.497			285


			767.547			379


			767.597			420


			767.647			213


			767.696			-62


			767.746			80


			767.796			107


			767.846			164


			767.896			214


			767.946			264


			767.995			342


			768.045			616


			768.095			546


			768.145			629


			768.195			554


			768.244			89


			768.294			876


			768.344			541


			768.394			775


			768.444			975


			768.493			841


			768.543			672


			768.593			703


			768.643			545


			768.692			369


			768.742			512


			768.792			573


			768.842			555


			768.891			824


			768.941			1084


			768.991			1056


			769.041			1024


			769.09			1046


			769.14			1451


			769.19			1074


			769.24			785


			769.289			704


			769.339			880


			769.389			1139


			769.438			890


			769.488			1190


			769.538			1118


			769.587			1559


			769.637			1010


			769.687			674			-52.127


			769.736			665			-52.127


			769.786			900			-52.127


			769.836			1355			-52.127


			769.885			1967			-52.127


			769.935			2039			-52.127


			769.985			2309			-52.127


			770.034			1927			-52.127


			770.084			1425			-52.127


			770.134			1015			-52.127


			770.183			1010			-52.127


			770.233			1006			-52.127


			770.282			989			-52.127


			770.332			1193			-52.127


			770.382			1396			-52.127


			770.431			1316			-52.127


			770.481			1366			-52.127


			770.531			1262			-52.127


			770.58			1271			-52.127


			770.63			1290			-52.127


			770.679			1543			-52.127


			770.729			1923			-52.127


			770.779			2728			-52.127


			770.828			3494			-52.127


			770.878			4405			-52.127


			770.927			4119			-52.127


			770.977			3379			-52.127


			771.026			2287			-52.127


			771.076			2264			-52.127


			771.125			1984			-52.127


			771.175			1678			-52.127


			771.225			1957			-52.127


			771.274			2337			-52.127


			771.324			2350			-52.127


			771.373			2491			-52.127


			771.423			2477			-52.127


			771.472			2406			-52.127


			771.522			2301			-52.127


			771.571			2588			-52.127


			771.621			2924			-52.127


			771.67			3520			-52.127


			771.72			4070			-52.127


			771.769			4963			-52.127


			771.819			4909			-52.127


			771.868			5761			-52.127


			771.918			5514			-52.127


			771.967			3724			-52.127


			772.017			2758			-52.127


			772.066			2606			-52.127


			772.116			2860			-52.127


			772.165			3235			-52.127


			772.215			3190			-52.127


			772.264			3551			-52.127


			772.313			4293			-52.127


			772.363			4549			-52.127


			772.412			4127			-52.127


			772.462			3619			-52.127


			772.511			3170			-52.127


			772.561			4087			-52.127


			772.61			4789			-52.127


			772.659			5320			-52.127


			772.709			7137			-52.127


			772.758			8938			-52.127


			772.808			9036			-52.127


			772.857			7415			-52.127


			772.906			5583			-52.127


			772.956			4543			-52.127


			773.005			4443			-52.127


			773.055			4204			-52.127


			773.104			4653			-52.127


			773.153			5561			-52.127


			773.203			5651			-52.127


			773.252			6098			-52.127


			773.302			5544			-52.127


			773.351			5593			-52.127


			773.4			4626			-52.127


			773.45			4472			-52.127


			773.499			4788			-52.127


			773.548			5124			-52.127


			773.598			6998			-52.127


			773.647			9461			-52.127


			773.696			11170			-52.127


			773.746			12120			-52.127


			773.795			10570			-52.127


			773.844			8658			-52.127


			773.894			6843			-52.127


			773.943			5874			-52.127


			773.992			4995			-52.127


			774.041			5614			-52.127


			774.091			6991			-52.127


			774.14			8157			-52.127


			774.189			8933			-52.127


			774.239			8651			-52.127


			774.288			7750			-52.127


			774.337			5816			-52.127


			774.386			6073			-52.127


			774.436			6407			-52.127


			774.485			6602			-52.127


			774.534			8021			-52.127


			774.584			9419			-52.127


			774.633			13160			-52.127


			774.682			13950			-52.127


			774.731			13230			-52.127


			774.781			11990			-52.127


			774.83			8212			-52.127


			774.879			6352			-52.127


			774.928			6271			-52.127


			774.977			6007			-52.127


			775.027			6066			-52.127


			775.076			7363			-52.127


			775.125			7853			-52.127


			775.174			8217			-52.127


			775.223			8497			-52.127


			775.273			7497			-52.127


			775.322			7321			-52.127


			775.371			6990			-52.127


			775.42			6916			-52.127


			775.469			7671			-52.127


			775.519			11150			-52.127


			775.568			13500			-52.127


			775.617			16010			-52.127


			775.666			16190			-52.127


			775.715			14770			-52.127


			775.764			12220			-52.127


			775.814			9226			-52.127


			775.863			7700			-52.127


			775.912			6627			-52.127


			775.961			7907			-52.127


			776.01			9153			-52.127


			776.059			9944			-52.127


			776.108			10710			-52.127


			776.157			11260			-52.127


			776.207			9753			-52.127


			776.256			8920			-52.127


			776.305			6949			-52.127


			776.354			6071			-52.127


			776.403			7543			-52.127


			776.452			9679			-52.127


			776.501			13380			-52.127


			776.55			15500			-52.127


			776.599			16310			-52.127


			776.648			14960			-52.127


			776.697			13920			-52.127


			776.747			10870			-52.127


			776.796			8922			-52.127


			776.845			6959			-52.127


			776.894			5920			-52.127


			776.943			6964			-52.127


			776.992			7788			-52.127


			777.041			8483			-52.127


			777.09			9057			-52.127


			777.139			8234			-52.127


			777.188			8552			-52.127


			777.237			7073			-52.127


			777.286			5568			-52.127


			777.335			5145			-52.127


			777.384			6356			-52.127


			777.433			7817			-52.127


			777.482			9363			-52.127


			777.531			12670			-52.127


			777.58			14880			-52.127


			777.629			14310			-52.127


			777.678			11370			-52.127


			777.727			6927			-52.127


			777.776			5624			-52.127


			777.825			4889			-52.127


			777.874			5110			-52.127


			777.923			4994			-52.127


			777.972			5472			-52.127


			778.021			6016			-52.127


			778.07			6257			-52.127


			778.119			6843			-52.127


			778.168			5289			-52.127


			778.217			4025			-52.127


			778.266			4021			-52.127


			778.314			3653			-52.127


			778.363			4757			-52.127


			778.412			5518			-52.127


			778.461			6720			-52.127


			778.51			7271			-52.127


			778.559			7192			-52.109


			778.608			8360			-52.101


			778.657			5402			-52.091


			778.706			3956			-52.098


			778.755			2940			-52.09


			778.804			2375			-52.091


			778.852			2678			-51.727


			778.901			2813			-51.691


			778.95			2710			-51.594


			778.999			3512			-51.609


			779.048			3955			-51.461


			779.097			3148			-51.334


			779.146			2218			-51.238


			779.194			1524			-51.196


			779.243			1382			-51.104


			779.292			1131			-51.136


			779.341			1163			-48.757


			779.39			1675			-48.403


			779.439			1211			-47.703


			779.488			806			-47.533


			779.536			568			-46.656


			779.585			613			-45.65


			779.634			839			-44.821


			779.683			393			-44.106


			779.732			561			-43.319


			779.78			684			-42.875


			779.829			367			-31.297


			779.878			390			-29.137


			779.927			463			-24.636


			779.976			814			-22.542


			780.024			1421			-19.08


			780.073			1597			-13.645


			780.122			1743			-9.053


			780.171			1298			-3.514


			780.219			1441			1.375


			780.268			1807			6.178


			780.317			1365			26.577


			780.366			1228			35.405


			780.415			716			51.246


			780.463			732			67.922


			780.512			647			86.157


			780.561			374			115.988


			780.609			728			150.797


			780.658			597			192.804


			780.707			739			237.369


			780.756			871			296.424


			780.804			1114			373.301


			780.853			1414			465.629


			780.902			1358			574.033


			780.95			1296			668.919


			780.999			1395			734.541


			781.048			1219			761.482


			781.097			1049			806.797


			781.145			1340			902.655


			781.194			1219			1085


			781.243			1197			1328


			781.291			1493			1620


			781.34			1950			1990


			781.389			2721			2413


			781.437			3277			2751


			781.486			3487			2933


			781.535			2853			2788


			781.583			2389			2692


			781.632			2454			2868


			781.68			2688			3459


			781.729			2822			4292


			781.778			4545			5349


			781.826			6573			6701


			781.875			8874			8141


			781.924			10090			9128


			781.972			9767			9194


			782.021			8613			7402


			782.069			6269			5318


			782.118			5840			3930


			782.167			4254			3954


			782.215			4499			4484


			782.264			5079			5253


			782.312			6832			6290


			782.361			8620			7405


			782.41			9416			8203


			782.458			8449			8337


			782.507			7887			7073


			782.555			6551			5731


			782.604			5900			5108


			782.652			5553			5803


			782.701			6754			6967


			782.749			9400			8538


			782.798			11530			10560


			782.847			15310			13020


			782.895			19960			15740


			782.944			19890			17450


			782.992			17650			17340


			783.041			13690			13720


			783.089			9264			9518


			783.138			9268			6654


			783.186			8563			6440


			783.235			8173			7133


			783.283			9234			8230


			783.332			10390			9657


			783.38			12230			11300


			783.429			13630			12410


			783.477			11890			12520


			783.526			9674			10820


			783.574			8702			9030


			783.623			9068			8326


			783.671			8893			9349


			783.72			10760			11170


			783.768			14760			13610


			783.816			18170			16590


			783.865			21880			19840
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			-0.0008			-0.002			-250			0.0119402985


			-0.000798			-0.002			-248			0.0119402985


			-0.000796			0.002			-246			0.0179104478


			-0.000794			-0.002			-244			0.0119402985


			-0.000792			-0.002			-242			0.0119402985


			-0.00079			-0.01			-240			0


			-0.000788			-0.006			-238			0.0059701493


			-0.000786			-0.002			-236			0.0119402985


			-0.000784			-0.002			-234			0.0119402985


			-0.000782			-0.002			-232			0.0119402985


			-0.00078			-0.01			-230			0


			-0.000778			-0.006			-228			0.0059701493


			-0.000776			-0.006			-226			0.0059701493


			-0.000774			-0.006			-224			0.0059701493


			-0.000772			-0.002			-222			0.0119402985


			-0.00077			0.002			-220			0.0179104478


			-0.000768			-0.01			-218			0


			-0.000766			-0.002			-216			0.0119402985


			-0.000764			0.002			-214			0.0179104478


			-0.000762			-0.014			-212			-0.0059701493


			-0.00076			-0.002			-210			0.0119402985


			-0.000758			-0.002			-208			0.0119402985


			-0.000756			-0.002			-206			0.0119402985


			-0.000754			-0.006			-204			0.0059701493


			-0.000752			-0.002			-202			0.0119402985


			-0.00075			-0.006			-200			0.0059701493


			-0.000748			-0.002			-198			0.0119402985


			-0.000746			0.002			-196			0.0179104478


			-0.000744			-0.006			-194			0.0059701493


			-0.000742			-0.002			-192			0.0119402985


			-0.00074			-0.006			-190			0.0059701493


			-0.000738			-0.002			-188			0.0119402985


			-0.000736			-0.002			-186			0.0119402985


			-0.000734			-0.002			-184			0.0119402985


			-0.000732			-0.01			-182			0


			-0.00073			-0.006			-180			0.0059701493


			-0.000728			-0.002			-178			0.0119402985


			-0.000726			-0.002			-176			0.0119402985


			-0.000724			-0.006			-174			0.0059701493


			-0.000722			-0.002			-172			0.0119402985


			-0.00072			-0.006			-170			0.0059701493


			-0.000718			-0.006			-168			0.0059701493


			-0.000716			-0.006			-166			0.0059701493


			-0.000714			-0.002			-164			0.0119402985


			-0.000712			-0.002			-162			0.0119402985


			-0.00071			-0.006			-160			0.0059701493


			-0.000708			-0.006			-158			0.0059701493


			-0.000706			-0.006			-156			0.0059701493


			-0.000704			-0.002			-154			0.0119402985


			-0.000702			-0.01			-152			0


			-0.0007			-0.006			-150			0.0059701493


			-0.000698			-0.002			-148			0.0119402985


			-0.000696			-0.002			-146			0.0119402985


			-0.000694			-0.01			-144			0


			-0.000692			-0.006			-142			0.0059701493


			-0.00069			-0.002			-140			0.0119402985


			-0.000688			-0.006			-138			0.0059701493


			-0.000686			-0.002			-136			0.0119402985


			-0.000684			-0.002			-134			0.0119402985


			-0.000682			-0.01			-132			0


			-0.00068			-0.006			-130			0.0059701493


			-0.000678			-0.002			-128			0.0119402985


			-0.000676			-0.006			-126			0.0059701493


			-0.000674			-0.002			-124			0.0119402985


			-0.000672			-0.01			-122			0


			-0.00067			-0.006			-120			0.0059701493


			-0.000668			-0.002			-118			0.0119402985


			-0.000666			-0.006			-116			0.0059701493


			-0.000664			-0.006			-114			0.0059701493


			-0.000662			-0.002			-112			0.0119402985


			-0.00066			-0.006			-110			0.0059701493


			-0.000658			-0.006			-108			0.0059701493


			-0.000656			-0.006			-106			0.0059701493


			-0.000654			0.002			-104			0.0179104478


			-0.000652			-0.002			-102			0.0119402985


			-0.00065			-0.002			-100			0.0119402985


			-0.000648			-0.006			-98			0.0059701493


			-0.000646			0.002			-96			0.0179104478


			-0.000644			-0.01			-94			0


			-0.000642			-0.002			-92			0.0119402985


			-0.00064			-0.002			-90			0.0119402985


			-0.000638			-0.002			-88			0.0119402985


			-0.000636			-0.014			-86			-0.0059701493


			-0.000634			-0.002			-84			0.0119402985


			-0.000632			-0.006			-82			0.0059701493


			-0.00063			-0.014			-80			-0.0059701493


			-0.000628			-0.006			-78			0.0059701493


			-0.000626			-0.006			-76			0.0059701493


			-0.000624			-0.006			-74			0.0059701493


			-0.000622			-0.006			-72			0.0059701493


			-0.00062			-0.002			-70			0.0119402985


			-0.000618			-0.006			-68			0.0059701493


			-0.000616			-0.002			-66			0.0119402985


			-0.000614			-0.002			-64			0.0119402985


			-0.000612			-0.002			-62			0.0119402985


			-0.00061			-0.01			-60			0


			-0.000608			-0.006			-58			0.0059701493


			-0.000606			-0.01			-56			0


			-0.000604			-0.002			-54			0.0119402985


			-0.000602			-0.006			-52			0.0059701493


			-0.0006			-0.01			-50			0


			-0.000598			-0.002			-48			0.0119402985


			-0.000596			-0.002			-46			0.0119402985


			-0.000594			-0.006			-44			0.0059701493


			-0.000592			-0.006			-42			0.0059701493


			-0.00059			-0.006			-40			0.0059701493


			-0.000588			-0.006			-38			0.0059701493


			-0.000586			-0.006			-36			0.0059701493


			-0.000584			-0.002			-34			0.0119402985


			-0.000582			-0.006			-32			0.0059701493


			-0.00058			-0.002			-30			0.0119402985


			-0.000578			0.002			-28			0.0179104478


			-0.000576			-0.006			-26			0.0059701493


			-0.000574			-0.002			-24			0.0119402985


			-0.000572			-0.006			-22			0.0059701493


			-0.00057			-0.006			-20			0.0059701493


			-0.000568			-0.002			-18			0.0119402985


			-0.000566			-0.006			-16			0.0059701493


			-0.000564			-0.006			-14			0.0059701493


			-0.000562			-0.002			-12			0.0119402985


			-0.00056			-0.006			-10			0.0059701493


			-0.000558			0.002			-8			0.0179104478


			-0.000556			-0.002			-6			0.0119402985


			-0.000554			-0.002			-4			0.0119402985


			-0.000552			-0.006			-2			0.0059701493


			-0.00055			-0.002			0			0.0119402985


			-0.000548			-0.002			2			0.0119402985


			-0.000546			-0.006			4			0.0059701493


			-0.000544			-0.002			6			0.0119402985


			-0.000542			-0.006			8			0.0059701493


			-0.00054			-0.002			10			0.0119402985


			-0.000538			-0.006			12			0.0059701493


			-0.000536			-0.006			14			0.0059701493


			-0.000534			-0.002			16			0.0119402985


			-0.000532			-0.006			18			0.0059701493


			-0.00053			-0.01			20			0


			-0.000528			-0.002			22			0.0119402985


			-0.000526			-0.006			24			0.0059701493


			-0.000524			-0.002			26			0.0119402985


			-0.000522			0.002			28			0.0179104478


			-0.00052			-0.002			30			0.0119402985


			-0.000518			-0.006			32			0.0059701493


			-0.000516			-0.006			34			0.0059701493


			-0.000514			-0.002			36			0.0119402985


			-0.000512			-0.002			38			0.0119402985


			-0.00051			0.006			40			0.023880597


			-0.000508			-0.002			42			0.0119402985


			-0.000506			-0.006			44			0.0059701493


			-0.000504			-0.006			46			0.0059701493


			-0.000502			-0.002			48			0.0119402985


			-0.0005			0.506			50			0.7701492537


			-0.000498			0.138			52			0.2208955224


			-0.000496			0.026			54			0.0537313433


			-0.000494			0.01			56			0.0298507463


			-0.000492			-0.002			58			0.0119402985


			-0.00049			-0.002			60			0.0119402985


			-0.000488			-0.006			62			0.0059701493


			-0.000486			0.002			64			0.0179104478


			-0.000484			-0.006			66			0.0059701493


			-0.000482			-0.006			68			0.0059701493


			-0.00048			-0.006			70			0.0059701493


			-0.000478			-0.002			72			0.0119402985


			-0.000476			-0.01			74			0


			-0.000474			-0.01			76			0


			-0.000472			-0.002			78			0.0119402985


			-0.00047			-0.002			80			0.0119402985


			-0.000468			-0.002			82			0.0119402985


			-0.000466			-0.002			84			0.0119402985


			-0.000464			0.002			86			0.0179104478


			-0.000462			-0.002			88			0.0119402985


			-0.00046			0.006			90			0.023880597


			-0.000458			-0.002			92			0.0119402985


			-0.000456			-0.006			94			0.0059701493


			-0.000454			0.002			96			0.0179104478


			-0.000452			-0.006			98			0.0059701493


			-0.00045			0.606			100			0.9194029851


			-0.000448			0.166			102			0.2626865672


			-0.000446			0.034			104			0.0656716418


			-0.000444			0.006			106			0.023880597


			-0.000442			-0.002			108			0.0119402985


			-0.00044			0.002			110			0.0179104478


			-0.000438			-0.002			112			0.0119402985


			-0.000436			0.002			114			0.0179104478


			-0.000434			0.002			116			0.0179104478


			-0.000432			0.002			118			0.0179104478


			-0.00043			0.002			120			0.0179104478


			-0.000428			-0.01			122			0


			-0.000426			-0.002			124			0.0119402985


			-0.000424			-0.002			126			0.0119402985


			-0.000422			-0.002			128			0.0119402985


			-0.00042			-0.006			130			0.0059701493


			-0.000418			-0.002			132			0.0119402985


			-0.000416			-0.002			134			0.0119402985


			-0.000414			-0.006			136			0.0059701493


			-0.000412			-0.01			138			0


			-0.00041			-0.006			140			0.0059701493


			-0.000408			-0.01			142			0


			-0.000406			-0.002			144			0.0119402985


			-0.000404			-0.01			146			0


			-0.000402			-0.01			148			0


			-0.0004			0.598			150			0.9074626866


			-0.000398			0.17			152			0.2686567164


			-0.000396			0.038			154			0.071641791


			-0.000394			0.002			156			0.0179104478


			-0.000392			0.002			158			0.0179104478


			-0.00039			-0.006			160			0.0059701493


			-0.000388			-0.002			162			0.0119402985


			-0.000386			-0.002			164			0.0119402985


			-0.000384			-0.002			166			0.0119402985


			-0.000382			-0.002			168			0.0119402985


			-0.00038			-0.006			170			0.0059701493


			-0.000378			-0.002			172			0.0119402985


			-0.000376			-0.006			174			0.0059701493


			-0.000374			-0.002			176			0.0119402985


			-0.000372			-0.002			178			0.0119402985


			-0.00037			-0.006			180			0.0059701493


			-0.000368			-0.006			182			0.0059701493


			-0.000366			-0.006			184			0.0059701493


			-0.000364			-0.006			186			0.0059701493


			-0.000362			-0.002			188			0.0119402985


			-0.00036			-0.002			190			0.0119402985


			-0.000358			-0.006			192			0.0059701493


			-0.000356			0.002			194			0.0179104478


			-0.000354			-0.002			196			0.0119402985


			-0.000352			-0.002			198			0.0119402985


			-0.00035			0.642			200			0.9731343284


			-0.000348			0.178			202			0.2805970149


			-0.000346			0.046			204			0.0835820896


			-0.000344			0.002			206			0.0179104478


			-0.000342			-0.002			208			0.0119402985


			-0.00034			-0.002			210			0.0119402985


			-0.000338			-0.006			212			0.0059701493


			-0.000336			-0.002			214			0.0119402985


			-0.000334			-0.01			216			0


			-0.000332			-0.002			218			0.0119402985


			-0.00033			0.002			220			0.0179104478


			-0.000328			-0.006			222			0.0059701493


			-0.000326			-0.006			224			0.0059701493


			-0.000324			-0.006			226			0.0059701493


			-0.000322			-0.01			228			0


			-0.00032			-0.002			230			0.0119402985


			-0.000318			-0.002			232			0.0119402985


			-0.000316			-0.002			234			0.0119402985


			-0.000314			-0.014			236			-0.0059701493


			-0.000312			-0.002			238			0.0119402985


			-0.00031			0.002			240			0.0179104478


			-0.000308			-0.002			242			0.0119402985


			-0.000306			-0.006			244			0.0059701493


			-0.000304			-0.002			246			0.0119402985


			-0.000302			-0.002			248			0.0119402985


			-0.0003			0.61			250			0.9253731343


			-0.000298			0.174			252			0.2746268657


			-0.000296			0.046			254			0.0835820896


			-0.000294			0.006			256			0.023880597


			-0.000292			-0.01			258			0


			-0.00029			-0.006			260			0.0059701493


			-0.000288			-0.002			262			0.0119402985


			-0.000286			0.002			264			0.0179104478


			-0.000284			0.002			266			0.0179104478


			-0.000282			-0.006			268			0.0059701493


			-0.00028			-0.006			270			0.0059701493


			-0.000278			-0.014			272			-0.0059701493


			-0.000276			-0.002			274			0.0119402985


			-0.000274			-0.006			276			0.0059701493


			-0.000272			-0.006			278			0.0059701493


			-0.00027			-0.002			280			0.0119402985


			-0.000268			-0.006			282			0.0059701493


			-0.000266			-0.014			284			-0.0059701493


			-0.000264			-0.002			286			0.0119402985


			-0.000262			-0.002			288			0.0119402985


			-0.00026			-0.006			290			0.0059701493


			-0.000258			-0.002			292			0.0119402985


			-0.000256			-0.006			294			0.0059701493


			-0.000254			-0.006			296			0.0059701493


			-0.000252			-0.002			298			0.0119402985


			-0.00025			0.61			300			0.9253731343


			-0.000248			0.162			302			0.2567164179


			-0.000246			0.038			304			0.071641791


			-0.000244			0.01			306			0.0298507463


			-0.000242			-0.006			308			0.0059701493


			-0.00024			0.002			310			0.0179104478


			-0.000238			0.002			312			0.0179104478


			-0.000236			-0.002			314			0.0119402985


			-0.000234			-0.006			316			0.0059701493


			-0.000232			-0.002			318			0.0119402985


			-0.00023			-0.006			320			0.0059701493


			-0.000228			-0.002			322			0.0119402985


			-0.000226			-0.002			324			0.0119402985


			-0.000224			-0.006			326			0.0059701493


			-0.000222			-0.006			328			0.0059701493


			-0.00022			-0.002			330			0.0119402985


			-0.000218			-0.006			332			0.0059701493


			-0.000216			-0.002			334			0.0119402985


			-0.000214			-0.002			336			0.0119402985


			-0.000212			-0.002			338			0.0119402985


			-0.00021			-0.002			340			0.0119402985


			-0.000208			-0.01			342			0


			-0.000206			-0.006			344			0.0059701493


			-0.000204			-0.006			346			0.0059701493


			-0.000202			-0.006			348			0.0059701493


			-0.0002			0.57			350			0.8656716418


			-0.000198			0.166			352			0.2626865672


			-0.000196			0.042			354			0.0776119403


			-0.000194			0.01			356			0.0298507463


			-0.000192			-0.002			358			0.0119402985


			-0.00019			0.002			360			0.0179104478


			-0.000188			0.002			362			0.0179104478


			-0.000186			-0.002			364			0.0119402985


			-0.000184			-0.01			366			0


			-0.000182			-0.002			368			0.0119402985


			-0.00018			-0.006			370			0.0059701493


			-0.000178			-0.002			372			0.0119402985


			-0.000176			-0.002			374			0.0119402985


			-0.000174			-0.002			376			0.0119402985


			-0.000172			-0.006			378			0.0059701493


			-0.00017			-0.006			380			0.0059701493


			-0.000168			-0.002			382			0.0119402985


			-0.000166			-0.006			384			0.0059701493


			-0.000164			0.002			386			0.0179104478


			-0.000162			-0.002			388			0.0119402985


			-0.00016			-0.006			390			0.0059701493


			-0.000158			-0.002			392			0.0119402985


			-0.000156			-0.006			394			0.0059701493


			-0.000154			-0.006			396			0.0059701493


			-0.000152			-0.002			398			0.0119402985


			-0.00015			0.618			400			0.9373134328


			-0.000148			0.174			402			0.2746268657


			-0.000146			0.046			404			0.0835820896


			-0.000144			0.01			406			0.0298507463


			-0.000142			-0.002			408			0.0119402985


			-0.00014			-0.002			410			0.0119402985


			-0.000138			-0.002			412			0.0119402985


			-0.000136			0.002			414			0.0179104478


			-0.000134			0.002			416			0.0179104478


			-0.000132			-0.002			418			0.0119402985


			-0.00013			-0.002			420			0.0119402985


			-0.000128			0.002			422			0.0179104478


			-0.000126			-0.006			424			0.0059701493


			-0.000124			-0.002			426			0.0119402985


			-0.000122			-0.002			428			0.0119402985


			-0.00012			-0.002			430			0.0119402985


			-0.000118			-0.002			432			0.0119402985


			-0.000116			-0.01			434			0


			-0.000114			-0.006			436			0.0059701493


			-0.000112			-0.006			438			0.0059701493


			-0.00011			-0.002			440			0.0119402985


			-0.000108			-0.006			442			0.0059701493


			-0.000106			-0.002			444			0.0119402985


			-0.000104			-0.006			446			0.0059701493


			-0.000102			-0.002			448			0.0119402985


			-0.0001			0.574			450			0.871641791


			-9.80E-05			0.162			452			0.2567164179


			-9.60E-05			0.03			454			0.0597014925


			-9.40E-05			0.01			456			0.0298507463


			-9.20E-05			-0.002			458			0.0119402985


			-9.00E-05			-0.006			460			0.0059701493


			-8.80E-05			-0.002			462			0.0119402985


			-8.60E-05			-0.006			464			0.0059701493


			-8.40E-05			-0.006			466			0.0059701493


			-8.20E-05			-0.002			468			0.0119402985


			-8.00E-05			-0.002			470			0.0119402985


			-7.80E-05			-0.006			472			0.0059701493


			-7.60E-05			-0.006			474			0.0059701493


			-7.40E-05			-0.002			476			0.0119402985


			-7.20E-05			0.002			478			0.0179104478


			-7.00E-05			-0.006			480			0.0059701493


			-6.80E-05			-0.002			482			0.0119402985


			-6.60E-05			-0.01			484			0


			-6.40E-05			-0.006			486			0.0059701493


			-6.20E-05			-0.002			488			0.0119402985


			-6.00E-05			-0.006			490			0.0059701493


			-5.80E-05			-0.002			492			0.0119402985


			-5.60E-05			-0.002			494			0.0119402985


			-5.40E-05			-0.014			496			-0.0059701493


			-5.20E-05			-0.002			498			0.0119402985


			-5.00E-05			0.59			500			0.8955223881


			-4.80E-05			0.162			502			0.2567164179


			-4.60E-05			0.038			504			0.071641791


			-4.40E-05			0.002			506			0.0179104478


			-4.20E-05			-0.002			508			0.0119402985


			-4.00E-05			-0.006			510			0.0059701493


			-3.80E-05			-0.002			512			0.0119402985


			-3.60E-05			-0.002			514			0.0119402985


			-3.40E-05			-0.006			516			0.0059701493


			-3.20E-05			-0.002			518			0.0119402985


			-3.00E-05			-0.002			520			0.0119402985


			-2.80E-05			-0.006			522			0.0059701493


			-2.60E-05			-0.01			524			0


			-2.40E-05			-0.01			526			0


			-2.20E-05			-0.002			528			0.0119402985


			-2.00E-05			-0.002			530			0.0119402985


			-1.80E-05			-0.002			532			0.0119402985


			-1.60E-05			-0.002			534			0.0119402985


			-1.40E-05			-0.002			536			0.0119402985


			-1.20E-05			-0.006			538			0.0059701493


			-1.00E-05			-0.006			540			0.0059701493


			-8.00E-06			-0.006			542			0.0059701493


			-6.00E-06			-0.002			544			0.0119402985


			-4.00E-06			-0.002			546			0.0119402985


			-2.00E-06			-0.01			548			0


			0			0.57			550			0.8656716418


			2.00E-06			0.154			552			0.2447761194


			4.00E-06			0.034			554			0.0656716418


			6.00E-06			0.002			556			0.0179104478


			8.00E-06			0.002			558			0.0179104478


			1.00E-05			-0.006			560			0.0059701493


			1.20E-05			-0.01			562			0


			1.40E-05			-0.006			564			0.0059701493


			1.60E-05			-0.002			566			0.0119402985


			1.80E-05			-0.01			568			0


			2.00E-05			-0.002			570			0.0119402985


			2.20E-05			-0.002			572			0.0119402985


			2.40E-05			-0.006			574			0.0059701493


			2.60E-05			-0.006			576			0.0059701493


			2.80E-05			-0.002			578			0.0119402985


			3.00E-05			-0.006			580			0.0059701493


			3.20E-05			-0.002			582			0.0119402985


			3.40E-05			0.002			584			0.0179104478


			3.60E-05			-0.01			586			0


			3.80E-05			-0.006			588			0.0059701493


			4.00E-05			-0.002			590			0.0119402985


			4.20E-05			-0.002			592			0.0119402985


			4.40E-05			0.002			594			0.0179104478


			4.60E-05			0.006			596			0.023880597


			4.80E-05			0.006			598			0.023880597


			5.00E-05			0.594			600			0.9014925373


			5.20E-05			0.158			602			0.2507462687


			5.40E-05			0.038			604			0.071641791


			5.60E-05			0.006			606			0.023880597


			5.80E-05			0.002			608			0.0179104478


			6.00E-05			-0.014			610			-0.0059701493


			6.20E-05			-0.002			612			0.0119402985


			6.40E-05			-0.002			614			0.0119402985


			6.60E-05			-0.002			616			0.0119402985


			6.80E-05			0.002			618			0.0179104478


			7.00E-05			-0.006			620			0.0059701493


			7.20E-05			0.002			622			0.0179104478


			7.40E-05			-0.002			624			0.0119402985


			7.60E-05			-0.002			626			0.0119402985


			7.80E-05			-0.002			628			0.0119402985


			8.00E-05			0.002			630			0.0179104478


			8.20E-05			-0.002			632			0.0119402985


			8.40E-05			-0.002			634			0.0119402985


			8.60E-05			-0.006			636			0.0059701493


			8.80E-05			-0.006			638			0.0059701493


			9.00E-05			-0.006			640			0.0059701493


			9.20E-05			-0.006			642			0.0059701493


			9.40E-05			-0.01			644			0


			9.60E-05			-0.002			646			0.0119402985


			9.80E-05			-0.006			648			0.0059701493


			0.0001			0.526			650			0.8


			0.000102			0.138			652			0.2208955224


			0.000104			0.03			654			0.0597014925


			0.000106			0.006			656			0.023880597


			0.000108			-0.01			658			0


			0.00011			-0.002			660			0.0119402985


			0.000112			-0.002			662			0.0119402985


			0.000114			-0.01			664			0


			0.000116			-0.006			666			0.0059701493


			0.000118			-0.01			668			0


			0.00012			-0.01			670			0


			0.000122			-0.01			672			0


			0.000124			-0.006			674			0.0059701493


			0.000126			-0.002			676			0.0119402985


			0.000128			-0.002			678			0.0119402985


			0.00013			0.002			680			0.0179104478


			0.000132			-0.002			682			0.0119402985


			0.000134			-0.002			684			0.0119402985


			0.000136			-0.01			686			0


			0.000138			0.002			688			0.0179104478


			0.00014			-0.002			690			0.0119402985


			0.000142			-0.006			692			0.0059701493


			0.000144			-0.002			694			0.0119402985


			0.000146			-0.002			696			0.0119402985


			0.000148			-0.002			698			0.0119402985


			0.00015			0.53			700			0.8059701493


			0.000152			0.138			702			0.2208955224


			0.000154			0.034			704			0.0656716418


			0.000156			-0.002			706			0.0119402985


			0.000158			0.002			708			0.0179104478


			0.00016			-0.006			710			0.0059701493


			0.000162			-0.002			712			0.0119402985


			0.000164			-0.002			714			0.0119402985


			0.000166			-0.002			716			0.0119402985


			0.000168			-0.006			718			0.0059701493


			0.00017			-0.002			720			0.0119402985


			0.000172			0.002			722			0.0179104478


			0.000174			-0.006			724			0.0059701493


			0.000176			0.002			726			0.0179104478


			0.000178			-0.006			728			0.0059701493


			0.00018			-0.002			730			0.0119402985


			0.000182			-0.01			732			0


			0.000184			-0.002			734			0.0119402985


			0.000186			-0.006			736			0.0059701493


			0.000188			-0.002			738			0.0119402985


			0.00019			-0.01			740			0


			0.000192			-0.002			742			0.0119402985


			0.000194			-0.002			744			0.0119402985


			0.000196			-0.006			746			0.0059701493


			0.000198			-0.006			748			0.0059701493


			0.0002			0.526			750			0.8


			0.000202			0.134			752			0.2149253731


			0.000204			0.03			754			0.0597014925


			0.000206			0.002			756			0.0179104478


			0.000208			0.002			758			0.0179104478


			0.00021			-0.002			760			0.0119402985


			0.000212			-0.002			762			0.0119402985


			0.000214			0.002			764			0.0179104478


			0.000216			-0.006			766			0.0059701493


			0.000218			-0.01			768			0


			0.00022			-0.01			770			0


			0.000222			-0.006			772			0.0059701493


			0.000224			-0.006			774			0.0059701493


			0.000226			-0.002			776			0.0119402985


			0.000228			-0.002			778			0.0119402985


			0.00023			-0.002			780			0.0119402985


			0.000232			-0.006			782			0.0059701493


			0.000234			-0.002			784			0.0119402985


			0.000236			-0.002			786			0.0119402985


			0.000238			-0.006			788			0.0059701493


			0.00024			-0.002			790			0.0119402985


			0.000242			-0.002			792			0.0119402985


			0.000244			-0.006			794			0.0059701493


			0.000246			-0.006			796			0.0059701493


			0.000248			-0.006			798			0.0059701493


			0.00025			0.466			800			0.7104477612


			0.000252			0.118			802			0.1910447761


			0.000254			0.022			804			0.047761194


			0.000256			-0.002			806			0.0119402985


			0.000258			-0.002			808			0.0119402985


			0.00026			-0.01			810			0


			0.000262			-0.002			812			0.0119402985


			0.000264			-0.006			814			0.0059701493


			0.000266			-0.002			816			0.0119402985


			0.000268			0.002			818			0.0179104478


			0.00027			-0.002			820			0.0119402985


			0.000272			-0.006			822			0.0059701493


			0.000274			-0.002			824			0.0119402985


			0.000276			-0.002			826			0.0119402985


			0.000278			0.006			828			0.023880597


			0.00028			-0.002			830			0.0119402985


			0.000282			-0.002			832			0.0119402985


			0.000284			-0.006			834			0.0059701493


			0.000286			-0.002			836			0.0119402985


			0.000288			0.002			838			0.0179104478


			0.00029			-0.002			840			0.0119402985


			0.000292			-0.002			842			0.0119402985


			0.000294			0.002			844			0.0179104478


			0.000296			-0.01			846			0


			0.000298			-0.002			848			0.0119402985


			0.0003			0.502			850			0.7641791045


			0.000302			0.13			852			0.2089552239


			0.000304			0.03			854			0.0597014925


			0.000306			0.006			856			0.023880597


			0.000308			0.002			858			0.0179104478


			0.00031			-0.01			860			0


			0.000312			-0.006			862			0.0059701493


			0.000314			-0.002			864			0.0119402985


			0.000316			-0.002			866			0.0119402985


			0.000318			-0.002			868			0.0119402985


			0.00032			-0.01			870			0


			0.000322			-0.006			872			0.0059701493


			0.000324			-0.01			874			0


			0.000326			-0.002			876			0.0119402985


			0.000328			-0.006			878			0.0059701493


			0.00033			-0.006			880			0.0059701493


			0.000332			0.002			882			0.0179104478


			0.000334			-0.002			884			0.0119402985


			0.000336			-0.006			886			0.0059701493


			0.000338			-0.002			888			0.0119402985


			0.00034			0.002			890			0.0179104478


			0.000342			-0.002			892			0.0119402985


			0.000344			-0.002			894			0.0119402985


			0.000346			-0.002			896			0.0119402985


			0.000348			-0.002			898			0.0119402985


			0.00035			0.466			900			0.7104477612


			0.000352			0.122			902			0.1970149254


			0.000354			0.022			904			0.047761194


			0.000356			0.002			906			0.0179104478


			0.000358			0.002			908			0.0179104478


			0.00036			-0.006			910			0.0059701493


			0.000362			-0.002			912			0.0119402985


			0.000364			-0.006			914			0.0059701493


			0.000366			-0.002			916			0.0119402985


			0.000368			-0.01			918			0


			0.00037			-0.01			920			0


			0.000372			-0.006			922			0.0059701493


			0.000374			-0.002			924			0.0119402985


			0.000376			-0.01			926			0


			0.000378			-0.002			928			0.0119402985


			0.00038			-0.002			930			0.0119402985


			0.000382			-0.002			932			0.0119402985


			0.000384			-0.006			934			0.0059701493


			0.000386			0.002			936			0.0179104478


			0.000388			-0.002			938			0.0119402985


			0.00039			-0.002			940			0.0119402985


			0.000392			-0.002			942			0.0119402985


			0.000394			-0.006			944			0.0059701493


			0.000396			-0.002			946			0.0119402985


			0.000398			-0.01			948			0


			0.0004			0.45			950			0.6865671642


			0.000402			0.122			952			0.1970149254


			0.000404			0.03			954			0.0597014925


			0.000406			0.002			956			0.0179104478


			0.000408			0.002			958			0.0179104478


			0.00041			-0.002			960			0.0119402985


			0.000412			0.002			962			0.0179104478


			0.000414			0.002			964			0.0179104478


			0.000416			-0.006			966			0.0059701493


			0.000418			-0.006			968			0.0059701493


			0.00042			-0.002			970			0.0119402985


			0.000422			-0.006			972			0.0059701493


			0.000424			-0.002			974			0.0119402985


			0.000426			-0.002			976			0.0119402985


			0.000428			-0.002			978			0.0119402985


			0.00043			-0.002			980			0.0119402985


			0.000432			-0.006			982			0.0059701493


			0.000434			-0.006			984			0.0059701493


			0.000436			-0.002			986			0.0119402985


			0.000438			-0.002			988			0.0119402985


			0.00044			-0.002			990			0.0119402985


			0.000442			-0.006			992			0.0059701493


			0.000444			-0.01			994			0


			0.000446			-0.006			996			0.0059701493


			0.000448			-0.002			998			0.0119402985


			0.00045			0.434			1000			0.6626865672


			0.000452			0.11			1002			0.1791044776


			0.000454			0.03			1004			0.0597014925


			0.000456			-0.002			1006			0.0119402985


			0.000458			0.006			1008			0.023880597


			0.00046			-0.006			1010			0.0059701493


			0.000462			-0.014			1012			-0.0059701493


			0.000464			-0.002			1014			0.0119402985


			0.000466			-0.002			1016			0.0119402985


			0.000468			-0.01			1018			0


			0.00047			-0.006			1020			0.0059701493


			0.000472			-0.006			1022			0.0059701493


			0.000474			-0.006			1024			0.0059701493


			0.000476			-0.006			1026			0.0059701493


			0.000478			-0.01			1028			0


			0.00048			-0.01			1030			0


			0.000482			-0.006			1032			0.0059701493


			0.000484			-0.01			1034			0


			0.000486			-0.014			1036			-0.0059701493


			0.000488			-0.002			1038			0.0119402985


			0.00049			-0.002			1040			0.0119402985


			0.000492			-0.002			1042			0.0119402985


			0.000494			-0.002			1044			0.0119402985


			0.000496			-0.006			1046			0.0059701493


			0.000498			-0.002			1048			0.0119402985


			0.0005			-0.002			1050			0.0119402985


			0.000502			-0.002			1052			0.0119402985


			0.000504			-0.002			1054			0.0119402985


			0.000506			-0.006			1056			0.0059701493


			0.000508			-0.002			1058			0.0119402985


			0.00051			-0.006			1060			0.0059701493


			0.000512			-0.006			1062			0.0059701493


			0.000514			-0.006			1064			0.0059701493


			0.000516			-0.006			1066			0.0059701493


			0.000518			-0.006			1068			0.0059701493


			0.00052			-0.006			1070			0.0059701493


			0.000522			0.002			1072			0.0179104478


			0.000524			-0.002			1074			0.0119402985


			0.000526			-0.002			1076			0.0119402985


			0.000528			-0.002			1078			0.0119402985


			0.00053			-0.002			1080			0.0119402985


			0.000532			-0.006			1082			0.0059701493


			0.000534			-0.002			1084			0.0119402985


			0.000536			-0.006			1086			0.0059701493


			0.000538			-0.002			1088			0.0119402985


			0.00054			-0.006			1090			0.0059701493


			0.000542			0.002			1092			0.0179104478


			0.000544			-0.002			1094			0.0119402985


			0.000546			-0.006			1096			0.0059701493


			0.000548			-0.002			1098			0.0119402985


			0.00055			-0.01			1100			0


			0.000552			-0.002			1102			0.0119402985


			0.000554			-0.002			1104			0.0119402985


			0.000556			-0.01			1106			0


			0.000558			-0.006			1108			0.0059701493


			0.00056			-0.002			1110			0.0119402985


			0.000562			-0.006			1112			0.0059701493


			0.000564			-0.006			1114			0.0059701493


			0.000566			-0.01			1116			0


			0.000568			-0.002			1118			0.0119402985


			0.00057			-0.002			1120			0.0119402985


			0.000572			-0.006			1122			0.0059701493


			0.000574			-0.002			1124			0.0119402985


			0.000576			-0.01			1126			0


			0.000578			-0.002			1128			0.0119402985


			0.00058			0.002			1130			0.0179104478


			0.000582			0.002			1132			0.0179104478


			0.000584			-0.006			1134			0.0059701493


			0.000586			-0.002			1136			0.0119402985


			0.000588			-0.01			1138			0


			0.00059			-0.01			1140			0


			0.000592			-0.006			1142			0.0059701493


			0.000594			0.002			1144			0.0179104478


			0.000596			0.002			1146			0.0179104478


			0.000598			-0.006			1148			0.0059701493


			0.0006			-0.002			1150			0.0119402985


			0.000602			0.002			1152			0.0179104478


			0.000604			-0.006			1154			0.0059701493


			0.000606			-0.006			1156			0.0059701493


			0.000608			-0.006			1158			0.0059701493


			0.00061			-0.002			1160			0.0119402985


			0.000612			-0.01			1162			0


			0.000614			-0.002			1164			0.0119402985


			0.000616			-0.002			1166			0.0119402985


			0.000618			-0.006			1168			0.0059701493


			0.00062			0.002			1170			0.0179104478


			0.000622			-0.002			1172			0.0119402985


			0.000624			-0.002			1174			0.0119402985


			0.000626			-0.002			1176			0.0119402985


			0.000628			-0.006			1178			0.0059701493


			0.00063			-0.014			1180			-0.0059701493


			0.000632			-0.002			1182			0.0119402985


			0.000634			-0.01			1184			0


			0.000636			0.002			1186			0.0179104478


			0.000638			-0.006			1188			0.0059701493


			0.00064			-0.002			1190			0.0119402985


			0.000642			-0.006			1192			0.0059701493


			0.000644			-0.006			1194			0.0059701493


			0.000646			0.002			1196			0.0179104478


			0.000648			-0.006			1198			0.0059701493


			0.00065			-0.002			1200			0.0119402985


			0.000652			-0.006			1202			0.0059701493


			0.000654			0.002			1204			0.0179104478


			0.000656			-0.006			1206			0.0059701493


			0.000658			-0.006			1208			0.0059701493


			0.00066			0.002			1210			0.0179104478


			0.000662			-0.002			1212			0.0119402985


			0.000664			-0.002			1214			0.0119402985


			0.000666			-0.006			1216			0.0059701493


			0.000668			0.002			1218			0.0179104478


			0.00067			0.002			1220			0.0179104478


			0.000672			-0.002			1222			0.0119402985


			0.000674			-0.002			1224			0.0119402985


			0.000676			-0.006			1226			0.0059701493


			0.000678			-0.002			1228			0.0119402985


			0.00068			0.002			1230			0.0179104478


			0.000682			-0.002			1232			0.0119402985


			0.000684			-0.006			1234			0.0059701493


			0.000686			-0.002			1236			0.0119402985


			0.000688			-0.01			1238			0


			0.00069			-0.002			1240			0.0119402985


			0.000692			0.002			1242			0.0179104478


			0.000694			0.002			1244			0.0179104478


			0.000696			-0.002			1246			0.0119402985


			0.000698			-0.002			1248			0.0119402985


			0.0007			-0.002			1250			0.0119402985


			0.000702			-0.002			1252			0.0119402985


			0.000704			-0.002			1254			0.0119402985


			0.000706			-0.01			1256			0


			0.000708			-0.014			1258			-0.0059701493


			0.00071			-0.002			1260			0.0119402985


			0.000712			-0.006			1262			0.0059701493


			0.000714			-0.002			1264			0.0119402985


			0.000716			0.002			1266			0.0179104478


			0.000718			-0.002			1268			0.0119402985


			0.00072			-0.006			1270			0.0059701493


			0.000722			-0.002			1272			0.0119402985


			0.000724			-0.002			1274			0.0119402985


			0.000726			-0.006			1276			0.0059701493


			0.000728			-0.002			1278			0.0119402985


			0.00073			-0.006			1280			0.0059701493


			0.000732			-0.002			1282			0.0119402985


			0.000734			-0.006			1284			0.0059701493


			0.000736			-0.006			1286			0.0059701493


			0.000738			-0.006			1288			0.0059701493


			0.00074			-0.006			1290			0.0059701493


			0.000742			-0.006			1292			0.0059701493


			0.000744			-0.002			1294			0.0119402985


			0.000746			-0.01			1296			0


			0.000748			-0.006			1298			0.0059701493


			0.00075			-0.006			1300			0.0059701493


			0.000752			-0.01			1302			0


			0.000754			-0.002			1304			0.0119402985


			0.000756			-0.002			1306			0.0119402985


			0.000758			-0.002			1308			0.0119402985


			0.00076			-0.002			1310			0.0119402985


			0.000762			-0.006			1312			0.0059701493


			0.000764			-0.006			1314			0.0059701493


			0.000766			-0.002			1316			0.0119402985


			0.000768			-0.002			1318			0.0119402985


			0.00077			-0.006			1320			0.0059701493


			0.000772			-0.006			1322			0.0059701493


			0.000774			-0.002			1324			0.0119402985


			0.000776			-0.006			1326			0.0059701493


			0.000778			-0.002			1328			0.0119402985


			0.00078			-0.002			1330			0.0119402985


			0.000782			-0.002			1332			0.0119402985


			0.000784			0.002			1334			0.0179104478


			0.000786			-0.006			1336			0.0059701493


			0.000788			-0.006			1338			0.0059701493


			0.00079			-0.006			1340			0.0059701493


			0.000792			-0.01			1342			0


			0.000794			-0.002			1344			0.0119402985


			0.000796			-0.002			1346			0.0119402985


			0.000798			-0.002			1348			0.0119402985


			0.0008			-0.002			1350			0.0119402985


			0.000802			-0.006			1352			0.0059701493


			0.000804			-0.006			1354			0.0059701493


			0.000806			-0.002			1356			0.0119402985


			0.000808			-0.006			1358			0.0059701493


			0.00081			-0.002			1360			0.0119402985


			0.000812			-0.006			1362			0.0059701493


			0.000814			-0.002			1364			0.0119402985


			0.000816			-0.006			1366			0.0059701493


			0.000818			-0.006			1368			0.0059701493


			0.00082			-0.002			1370			0.0119402985


			0.000822			-0.006			1372			0.0059701493


			0.000824			-0.002			1374			0.0119402985


			0.000826			0.006			1376			0.023880597


			0.000828			-0.002			1378			0.0119402985


			0.00083			-0.006			1380			0.0059701493


			0.000832			-0.002			1382			0.0119402985


			0.000834			-0.006			1384			0.0059701493


			0.000836			-0.002			1386			0.0119402985


			0.000838			0.002			1388			0.0179104478


			0.00084			-0.002			1390			0.0119402985


			0.000842			-0.002			1392			0.0119402985


			0.000844			-0.006			1394			0.0059701493


			0.000846			-0.002			1396			0.0119402985


			0.000848			-0.002			1398			0.0119402985


			0.00085			0.002			1400			0.0179104478


			0.000852			-0.002			1402			0.0119402985


			0.000854			-0.002			1404			0.0119402985


			0.000856			-0.002			1406			0.0119402985


			0.000858			-0.002			1408			0.0119402985


			0.00086			-0.002			1410			0.0119402985


			0.000862			-0.002			1412			0.0119402985


			0.000864			-0.002			1414			0.0119402985


			0.000866			-0.002			1416			0.0119402985


			0.000868			0.002			1418			0.0179104478


			0.00087			-0.014			1420			-0.0059701493


			0.000872			-0.01			1422			0


			0.000874			-0.002			1424			0.0119402985


			0.000876			-0.006			1426			0.0059701493


			0.000878			-0.002			1428			0.0119402985


			0.00088			-0.006			1430			0.0059701493


			0.000882			-0.002			1432			0.0119402985


			0.000884			-0.002			1434			0.0119402985


			0.000886			-0.006			1436			0.0059701493


			0.000888			-0.006			1438			0.0059701493


			0.00089			-0.002			1440			0.0119402985


			0.000892			-0.002			1442			0.0119402985


			0.000894			-0.002			1444			0.0119402985


			0.000896			-0.002			1446			0.0119402985


			0.000898			-0.006			1448			0.0059701493


			0.0009			-0.006			1450			0.0059701493


			0.000902			-0.014			1452			-0.0059701493


			0.000904			-0.006			1454			0.0059701493


			0.000906			-0.002			1456			0.0119402985


			0.000908			-0.002			1458			0.0119402985


			0.00091			-0.006			1460			0.0059701493


			0.000912			0.002			1462			0.0179104478


			0.000914			-0.01			1464			0


			0.000916			-0.006			1466			0.0059701493


			0.000918			-0.01			1468			0


			0.00092			-0.002			1470			0.0119402985


			0.000922			-0.01			1472			0


			0.000924			-0.006			1474			0.0059701493


			0.000926			-0.002			1476			0.0119402985


			0.000928			-0.002			1478			0.0119402985


			0.00093			-0.006			1480			0.0059701493


			0.000932			-0.006			1482			0.0059701493


			0.000934			0.002			1484			0.0179104478


			0.000936			-0.006			1486			0.0059701493


			0.000938			-0.002			1488			0.0119402985


			0.00094			-0.002			1490			0.0119402985


			0.000942			0.002			1492			0.0179104478


			0.000944			-0.006			1494			0.0059701493


			0.000946			-0.002			1496			0.0119402985


			0.000948			-0.002			1498			0.0119402985


			0.00095			-0.01			1500			0


			0.000952			-0.002			1502			0.0119402985


			0.000954			0.002			1504			0.0179104478


			0.000956			-0.006			1506			0.0059701493


			0.000958			-0.01			1508			0


			0.00096			-0.01			1510			0


			0.000962			-0.01			1512			0


			0.000964			-0.006			1514			0.0059701493


			0.000966			-0.01			1516			0


			0.000968			-0.01			1518			0


			0.00097			-0.002			1520			0.0119402985


			0.000972			-0.006			1522			0.0059701493


			0.000974			-0.006			1524			0.0059701493


			0.000976			-0.002			1526			0.0119402985


			0.000978			-0.002			1528			0.0119402985


			0.00098			-0.002			1530			0.0119402985


			0.000982			-0.01			1532			0


			0.000984			-0.002			1534			0.0119402985


			0.000986			-0.014			1536			-0.0059701493


			0.000988			-0.002			1538			0.0119402985


			0.00099			-0.002			1540			0.0119402985


			0.000992			-0.002			1542			0.0119402985


			0.000994			-0.006			1544			0.0059701493


			0.000996			-0.01			1546			0


			0.000998			-0.002			1548			0.0119402985


			0.001			-0.006			1550			0.0059701493
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0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0210526316


0.0210526316


0.0105263158


0.0421052632


0.0210526316


0.0315789474


0.0210526316


0.8736842105


0.4947368421


0.2526315789


0.1263157895


0.0631578947


0.0526315789


0.0315789474


0.0105263158


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0105263158


0.0315789474


0.0210526316


0.0210526316


0.0210526316


0


0.0105263158


0.0105263158


0.8526315789


0.4736842105


0.2421052632


0.1368421053


0.0631578947


0.0526315789


0.0210526316


0.0315789474


0.0210526316


0.0315789474


0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0105263158


0.0105263158


0.0105263158


0.0210526316


0.8105263158


0.4736842105


0.2526315789


0.1263157895


0.0631578947


0.0421052632


0.0315789474


0


0.0105263158


0.0210526316


0.0210526316


0.0105263158


0.0315789474


0.0210526316


0.0210526316


0.0315789474


0.0210526316


0.0315789474


0.0210526316


0.0210526316


0.0210526316


0


0.0105263158


0.0210526316


0.0210526316


0.0210526316


0.0315789474


0.0210526316


0.0210526316


0


0.0105263158


0.0210526316


0.0105263158


0.0210526316


0


0.0210526316


0


0.0105263158


0.0105263158


0.0210526316


0.0105263158


0.0105263158


0.0315789474


0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0105263158


0.0315789474


0.0105263158


0


0.0315789474


0.0105263158


0.0105263158


0.0210526316


0.0315789474


0


0.0105263158


0.0105263158


0.0105263158


0.0210526316


0.0210526316


0.0210526316


0.0315789474


0.0105263158


0.0210526316


-0.0105263158


0.0210526316


0.0105263158


0.0315789474


0.0210526316


0.0210526316


0.0105263158


0.0210526316


0.0105263158


0.0210526316


0.0105263158


-0.0105263158


0.0210526316


0.0210526316


0.0210526316


0.0105263158


0.0105263158


0.0210526316


0.0210526316


0


0.0210526316


0.0210526316


0.0210526316


0.0105263158


0.0105263158


0.0210526316


0.0315789474


0.0210526316


0.0210526316


0.0105263158


0.0105263158


0.0210526316


0


-0.0105263158


0.0105263158


0.0315789474


0.0105263158


0.0315789474


0.0210526316


0.0210526316


0.0105263158


0.0210526316


0.0210526316


0.0105263158


0.0105263158


0.0315789474


0.0210526316


0.0210526316


0.0105263158


0.0315789474


0.0315789474


0.0210526316


0.0210526316


0.0210526316


0


0.0210526316


0


0.0315789474


0.0105263158


0.0210526316


0.0315789474


0.0315789474


0.0210526316


0.0105263158


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0315789474


0.0315789474


0.0210526316


0.0210526316


0.0105263158


0


0


0.0210526316


0.0315789474


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0210526316


0.0315789474





TEK00020


			-0.000499			0.002			-449			0.0315789474


			-0.000498			-0.01			-448			0


			-0.000497			0.002			-447			0.0315789474


			-0.000496			-0.006			-446			0.0105263158


			-0.000495			-0.006			-445			0.0105263158


			-0.000494			-0.002			-444			0.0210526316


			-0.000493			-0.002			-443			0.0210526316


			-0.000492			-0.002			-442			0.0210526316


			-0.000491			-0.01			-441			0


			-0.00049			-0.006			-440			0.0105263158


			-0.000489			0.002			-439			0.0315789474


			-0.000488			0.002			-438			0.0315789474


			-0.000487			-0.006			-437			0.0105263158


			-0.000486			-0.01			-436			0


			-0.000485			-0.002			-435			0.0210526316


			-0.000484			-0.002			-434			0.0210526316


			-0.000483			-0.002			-433			0.0210526316


			-0.000482			-0.01			-432			0


			-0.000481			-0.002			-431			0.0210526316


			-0.00048			-0.006			-430			0.0105263158


			-0.000479			-0.006			-429			0.0105263158


			-0.000478			-0.01			-428			0


			-0.000477			-0.002			-427			0.0210526316


			-0.000476			-0.01			-426			0


			-0.000475			-0.002			-425			0.0210526316


			-0.000474			-0.002			-424			0.0210526316


			-0.000473			-0.006			-423			0.0105263158


			-0.000472			-0.01			-422			0


			-0.000471			-0.006			-421			0.0105263158


			-0.00047			-0.002			-420			0.0210526316


			-0.000469			-0.002			-419			0.0210526316


			-0.000468			-0.01			-418			0


			-0.000467			0.002			-417			0.0315789474


			-0.000466			-0.002			-416			0.0210526316


			-0.000465			-0.01			-415			0


			-0.000464			-0.006			-414			0.0105263158


			-0.000463			-0.002			-413			0.0210526316


			-0.000462			-0.002			-412			0.0210526316


			-0.000461			-0.006			-411			0.0105263158


			-0.00046			-0.002			-410			0.0210526316


			-0.000459			-0.002			-409			0.0210526316


			-0.000458			-0.006			-408			0.0105263158


			-0.000457			-0.002			-407			0.0210526316


			-0.000456			-0.002			-406			0.0210526316


			-0.000455			-0.006			-405			0.0105263158


			-0.000454			-0.002			-404			0.0210526316


			-0.000453			-0.002			-403			0.0210526316


			-0.000452			-0.002			-402			0.0210526316


			-0.000451			-0.014			-401			-0.0105263158


			-0.00045			-0.002			-400			0.0210526316


			-0.000449			-0.006			-399			0.0105263158


			-0.000448			-0.002			-398			0.0210526316


			-0.000447			-0.002			-397			0.0210526316


			-0.000446			-0.006			-396			0.0105263158


			-0.000445			-0.002			-395			0.0210526316


			-0.000444			-0.006			-394			0.0105263158


			-0.000443			-0.002			-393			0.0210526316


			-0.000442			-0.002			-392			0.0210526316


			-0.000441			-0.01			-391			0


			-0.00044			-0.002			-390			0.0210526316


			-0.000439			0.002			-389			0.0315789474


			-0.000438			-0.006			-388			0.0105263158


			-0.000437			-0.002			-387			0.0210526316


			-0.000436			-0.006			-386			0.0105263158


			-0.000435			0.002			-385			0.0315789474


			-0.000434			-0.002			-384			0.0210526316


			-0.000433			-0.002			-383			0.0210526316


			-0.000432			-0.014			-382			-0.0105263158


			-0.000431			-0.002			-381			0.0210526316


			-0.00043			-0.002			-380			0.0210526316


			-0.000429			-0.006			-379			0.0105263158


			-0.000428			-0.002			-378			0.0210526316


			-0.000427			-0.002			-377			0.0210526316


			-0.000426			-0.002			-376			0.0210526316


			-0.000425			-0.006			-375			0.0105263158


			-0.000424			0.002			-374			0.0315789474


			-0.000423			-0.002			-373			0.0210526316


			-0.000422			-0.002			-372			0.0210526316


			-0.000421			-0.002			-371			0.0210526316


			-0.00042			0.002			-370			0.0315789474


			-0.000419			-0.002			-369			0.0210526316


			-0.000418			-0.002			-368			0.0210526316


			-0.000417			-0.01			-367			0


			-0.000416			-0.002			-366			0.0210526316


			-0.000415			-0.002			-365			0.0210526316


			-0.000414			-0.002			-364			0.0210526316


			-0.000413			-0.006			-363			0.0105263158


			-0.000412			-0.002			-362			0.0210526316


			-0.000411			-0.006			-361			0.0105263158


			-0.00041			-0.002			-360			0.0210526316


			-0.000409			-0.006			-359			0.0105263158


			-0.000408			-0.006			-358			0.0105263158


			-0.000407			-0.006			-357			0.0105263158


			-0.000406			-0.002			-356			0.0210526316


			-0.000405			-0.002			-355			0.0210526316


			-0.000404			-0.006			-354			0.0105263158


			-0.000403			-0.002			-353			0.0210526316


			-0.000402			-0.002			-352			0.0210526316


			-0.000401			0.002			-351			0.0315789474


			-0.0004			-0.006			-350			0.0105263158


			-0.000399			-0.002			-349			0.0210526316


			-0.000398			-0.006			-348			0.0105263158


			-0.000397			-0.01			-347			0


			-0.000396			-0.006			-346			0.0105263158


			-0.000395			-0.002			-345			0.0210526316


			-0.000394			0.002			-344			0.0315789474


			-0.000393			-0.006			-343			0.0105263158


			-0.000392			-0.002			-342			0.0210526316


			-0.000391			0.002			-341			0.0315789474


			-0.00039			-0.01			-340			0


			-0.000389			-0.006			-339			0.0105263158


			-0.000388			-0.006			-338			0.0105263158


			-0.000387			0.002			-337			0.0315789474


			-0.000386			-0.006			-336			0.0105263158


			-0.000385			-0.002			-335			0.0210526316


			-0.000384			-0.002			-334			0.0210526316


			-0.000383			-0.002			-333			0.0210526316


			-0.000382			-0.002			-332			0.0210526316


			-0.000381			-0.006			-331			0.0105263158


			-0.00038			-0.01			-330			0


			-0.000379			-0.002			-329			0.0210526316


			-0.000378			-0.002			-328			0.0210526316


			-0.000377			0.002			-327			0.0315789474


			-0.000376			-0.006			-326			0.0105263158


			-0.000375			-0.006			-325			0.0105263158


			-0.000374			-0.006			-324			0.0105263158


			-0.000373			-0.01			-323			0


			-0.000372			-0.01			-322			0


			-0.000371			-0.006			-321			0.0105263158


			-0.00037			-0.006			-320			0.0105263158


			-0.000369			-0.002			-319			0.0210526316


			-0.000368			-0.01			-318			0


			-0.000367			-0.002			-317			0.0210526316


			-0.000366			-0.002			-316			0.0210526316


			-0.000365			-0.006			-315			0.0105263158


			-0.000364			-0.006			-314			0.0105263158


			-0.000363			-0.002			-313			0.0210526316


			-0.000362			-0.006			-312			0.0105263158


			-0.000361			-0.006			-311			0.0105263158


			-0.00036			-0.006			-310			0.0105263158


			-0.000359			-0.006			-309			0.0105263158


			-0.000358			-0.006			-308			0.0105263158


			-0.000357			-0.006			-307			0.0105263158


			-0.000356			-0.002			-306			0.0210526316


			-0.000355			-0.002			-305			0.0210526316


			-0.000354			-0.002			-304			0.0210526316


			-0.000353			-0.006			-303			0.0105263158


			-0.000352			-0.002			-302			0.0210526316


			-0.000351			-0.006			-301			0.0105263158


			-0.00035			-0.006			-300			0.0105263158


			-0.000349			-0.002			-299			0.0210526316


			-0.000348			-0.006			-298			0.0105263158


			-0.000347			-0.002			-297			0.0210526316


			-0.000346			-0.002			-296			0.0210526316


			-0.000345			-0.002			-295			0.0210526316


			-0.000344			-0.006			-294			0.0105263158


			-0.000343			-0.006			-293			0.0105263158


			-0.000342			-0.006			-292			0.0105263158


			-0.000341			-0.002			-291			0.0210526316


			-0.00034			-0.01			-290			0


			-0.000339			-0.002			-289			0.0210526316


			-0.000338			-0.01			-288			0


			-0.000337			0.002			-287			0.0315789474


			-0.000336			-0.002			-286			0.0210526316


			-0.000335			0.002			-285			0.0315789474


			-0.000334			-0.006			-284			0.0105263158


			-0.000333			-0.002			-283			0.0210526316


			-0.000332			-0.006			-282			0.0105263158


			-0.000331			-0.006			-281			0.0105263158


			-0.00033			-0.01			-280			0


			-0.000329			-0.006			-279			0.0105263158


			-0.000328			-0.006			-278			0.0105263158


			-0.000327			-0.01			-277			0


			-0.000326			-0.01			-276			0


			-0.000325			-0.002			-275			0.0210526316


			-0.000324			0.006			-274			0.0421052632


			-0.000323			-0.002			-273			0.0210526316


			-0.000322			-0.006			-272			0.0105263158


			-0.000321			-0.002			-271			0.0210526316


			-0.00032			-0.006			-270			0.0105263158


			-0.000319			-0.002			-269			0.0210526316


			-0.000318			-0.002			-268			0.0210526316


			-0.000317			-0.002			-267			0.0210526316


			-0.000316			-0.002			-266			0.0210526316


			-0.000315			-0.002			-265			0.0210526316


			-0.000314			-0.01			-264			0


			-0.000313			-0.006			-263			0.0105263158


			-0.000312			-0.006			-262			0.0105263158


			-0.000311			-0.002			-261			0.0210526316


			-0.00031			-0.002			-260			0.0210526316


			-0.000309			-0.002			-259			0.0210526316


			-0.000308			-0.006			-258			0.0105263158


			-0.000307			-0.002			-257			0.0210526316


			-0.000306			-0.006			-256			0.0105263158


			-0.000305			-0.002			-255			0.0210526316


			-0.000304			0.002			-254			0.0315789474


			-0.000303			-0.002			-253			0.0210526316


			-0.000302			-0.002			-252			0.0210526316


			-0.000301			-0.006			-251			0.0105263158


			-0.0003			-0.01			-250			0


			-0.000299			-0.002			-249			0.0210526316


			-0.000298			-0.006			-248			0.0105263158


			-0.000297			-0.002			-247			0.0210526316


			-0.000296			-0.002			-246			0.0210526316


			-0.000295			-0.006			-245			0.0105263158


			-0.000294			-0.006			-244			0.0105263158


			-0.000293			-0.006			-243			0.0105263158


			-0.000292			-0.006			-242			0.0105263158


			-0.000291			-0.002			-241			0.0210526316


			-0.00029			-0.006			-240			0.0105263158


			-0.000289			0.002			-239			0.0315789474


			-0.000288			-0.006			-238			0.0105263158


			-0.000287			0.002			-237			0.0315789474


			-0.000286			-0.006			-236			0.0105263158


			-0.000285			-0.002			-235			0.0210526316


			-0.000284			-0.01			-234			0


			-0.000283			-0.006			-233			0.0105263158


			-0.000282			-0.006			-232			0.0105263158


			-0.000281			-0.006			-231			0.0105263158


			-0.00028			-0.002			-230			0.0210526316


			-0.000279			-0.006			-229			0.0105263158


			-0.000278			-0.01			-228			0


			-0.000277			-0.006			-227			0.0105263158


			-0.000276			-0.006			-226			0.0105263158


			-0.000275			0.002			-225			0.0315789474


			-0.000274			-0.006			-224			0.0105263158


			-0.000273			-0.006			-223			0.0105263158


			-0.000272			-0.002			-222			0.0210526316


			-0.000271			-0.006			-221			0.0105263158


			-0.00027			-0.01			-220			0


			-0.000269			-0.002			-219			0.0210526316


			-0.000268			-0.002			-218			0.0210526316


			-0.000267			-0.002			-217			0.0210526316


			-0.000266			-0.006			-216			0.0105263158


			-0.000265			-0.006			-215			0.0105263158


			-0.000264			-0.002			-214			0.0210526316


			-0.000263			0.002			-213			0.0315789474


			-0.000262			-0.01			-212			0


			-0.000261			-0.006			-211			0.0105263158


			-0.00026			-0.006			-210			0.0105263158


			-0.000259			-0.002			-209			0.0210526316


			-0.000258			-0.006			-208			0.0105263158


			-0.000257			-0.006			-207			0.0105263158


			-0.000256			0.002			-206			0.0315789474


			-0.000255			-0.006			-205			0.0105263158


			-0.000254			-0.002			-204			0.0210526316


			-0.000253			-0.006			-203			0.0105263158


			-0.000252			-0.006			-202			0.0105263158


			-0.000251			-0.014			-201			-0.0105263158


			-0.00025			-0.006			-200			0.0105263158


			-0.000249			-0.006			-199			0.0105263158


			-0.000248			-0.002			-198			0.0210526316


			-0.000247			-0.002			-197			0.0210526316


			-0.000246			-0.002			-196			0.0210526316


			-0.000245			-0.01			-195			0


			-0.000244			-0.002			-194			0.0210526316


			-0.000243			-0.01			-193			0


			-0.000242			-0.002			-192			0.0210526316


			-0.000241			-0.006			-191			0.0105263158


			-0.00024			-0.006			-190			0.0105263158


			-0.000239			-0.01			-189			0


			-0.000238			-0.006			-188			0.0105263158


			-0.000237			-0.006			-187			0.0105263158


			-0.000236			-0.002			-186			0.0210526316


			-0.000235			-0.006			-185			0.0105263158


			-0.000234			0.002			-184			0.0315789474


			-0.000233			-0.01			-183			0


			-0.000232			-0.002			-182			0.0210526316


			-0.000231			-0.002			-181			0.0210526316


			-0.00023			-0.002			-180			0.0210526316


			-0.000229			-0.002			-179			0.0210526316


			-0.000228			-0.006			-178			0.0105263158


			-0.000227			0.002			-177			0.0315789474


			-0.000226			-0.002			-176			0.0210526316


			-0.000225			-0.006			-175			0.0105263158


			-0.000224			-0.002			-174			0.0210526316


			-0.000223			-0.01			-173			0


			-0.000222			-0.006			-172			0.0105263158


			-0.000221			-0.006			-171			0.0105263158


			-0.00022			-0.006			-170			0.0105263158


			-0.000219			0.002			-169			0.0315789474


			-0.000218			-0.01			-168			0


			-0.000217			-0.01			-167			0


			-0.000216			-0.006			-166			0.0105263158


			-0.000215			-0.002			-165			0.0210526316


			-0.000214			-0.006			-164			0.0105263158


			-0.000213			-0.006			-163			0.0105263158


			-0.000212			-0.002			-162			0.0210526316


			-0.000211			-0.01			-161			0


			-0.00021			-0.002			-160			0.0210526316


			-0.000209			-0.006			-159			0.0105263158


			-0.000208			-0.002			-158			0.0210526316


			-0.000207			-0.002			-157			0.0210526316


			-0.000206			0.002			-156			0.0315789474


			-0.000205			-0.002			-155			0.0210526316


			-0.000204			-0.002			-154			0.0210526316


			-0.000203			-0.006			-153			0.0105263158


			-0.000202			-0.002			-152			0.0210526316


			-0.000201			-0.002			-151			0.0210526316


			-0.0002			-0.01			-150			0


			-0.000199			-0.01			-149			0


			-0.000198			-0.002			-148			0.0210526316


			-0.000197			-0.002			-147			0.0210526316


			-0.000196			-0.002			-146			0.0210526316


			-0.000195			-0.002			-145			0.0210526316


			-0.000194			-0.002			-144			0.0210526316


			-0.000193			-0.002			-143			0.0210526316


			-0.000192			-0.014			-142			-0.0105263158


			-0.000191			-0.006			-141			0.0105263158


			-0.00019			-0.002			-140			0.0210526316


			-0.000189			-0.002			-139			0.0210526316


			-0.000188			-0.006			-138			0.0105263158


			-0.000187			-0.002			-137			0.0210526316


			-0.000186			-0.002			-136			0.0210526316


			-0.000185			-0.01			-135			0


			-0.000184			-0.01			-134			0


			-0.000183			-0.006			-133			0.0105263158


			-0.000182			-0.01			-132			0


			-0.000181			-0.01			-131			0


			-0.00018			-0.002			-130			0.0210526316


			-0.000179			-0.002			-129			0.0210526316


			-0.000178			-0.002			-128			0.0210526316


			-0.000177			-0.006			-127			0.0105263158


			-0.000176			-0.002			-126			0.0210526316


			-0.000175			-0.006			-125			0.0105263158


			-0.000174			-0.006			-124			0.0105263158


			-0.000173			-0.002			-123			0.0210526316


			-0.000172			-0.006			-122			0.0105263158


			-0.000171			-0.002			-121			0.0210526316


			-0.00017			-0.002			-120			0.0210526316


			-0.000169			-0.01			-119			0


			-0.000168			-0.006			-118			0.0105263158


			-0.000167			-0.002			-117			0.0210526316


			-0.000166			-0.006			-116			0.0105263158


			-0.000165			-0.002			-115			0.0210526316


			-0.000164			-0.006			-114			0.0105263158


			-0.000163			-0.006			-113			0.0105263158


			-0.000162			-0.006			-112			0.0105263158


			-0.000161			-0.006			-111			0.0105263158


			-0.00016			-0.002			-110			0.0210526316


			-0.000159			-0.002			-109			0.0210526316


			-0.000158			-0.01			-108			0


			-0.000157			-0.002			-107			0.0210526316


			-0.000156			-0.002			-106			0.0210526316


			-0.000155			-0.002			-105			0.0210526316


			-0.000154			-0.006			-104			0.0105263158


			-0.000153			-0.006			-103			0.0105263158


			-0.000152			-0.006			-102			0.0105263158


			-0.000151			-0.006			-101			0.0105263158


			-0.00015			-0.002			-100			0.0210526316


			-0.000149			-0.002			-99			0.0210526316


			-0.000148			-0.002			-98			0.0210526316


			-0.000147			-0.002			-97			0.0210526316


			-0.000146			-0.006			-96			0.0105263158


			-0.000145			-0.002			-95			0.0210526316


			-0.000144			-0.006			-94			0.0105263158


			-0.000143			0.002			-93			0.0315789474


			-0.000142			-0.006			-92			0.0105263158


			-0.000141			-0.002			-91			0.0210526316


			-0.00014			-0.002			-90			0.0210526316


			-0.000139			-0.006			-89			0.0105263158


			-0.000138			-0.006			-88			0.0105263158


			-0.000137			-0.006			-87			0.0105263158


			-0.000136			-0.002			-86			0.0210526316


			-0.000135			-0.01			-85			0


			-0.000134			-0.006			-84			0.0105263158


			-0.000133			-0.002			-83			0.0210526316


			-0.000132			-0.006			-82			0.0105263158


			-0.000131			-0.002			-81			0.0210526316


			-0.00013			-0.006			-80			0.0105263158


			-0.000129			-0.002			-79			0.0210526316


			-0.000128			-0.002			-78			0.0210526316


			-0.000127			0.002			-77			0.0315789474


			-0.000126			-0.006			-76			0.0105263158


			-0.000125			-0.002			-75			0.0210526316


			-0.000124			-0.01			-74			0


			-0.000123			-0.002			-73			0.0210526316


			-0.000122			-0.01			-72			0


			-0.000121			-0.002			-71			0.0210526316


			-0.00012			-0.002			-70			0.0210526316


			-0.000119			-0.006			-69			0.0105263158


			-0.000118			-0.006			-68			0.0105263158


			-0.000117			-0.002			-67			0.0210526316


			-0.000116			-0.002			-66			0.0210526316


			-0.000115			-0.002			-65			0.0210526316


			-0.000114			-0.002			-64			0.0210526316


			-0.000113			-0.002			-63			0.0210526316


			-0.000112			-0.002			-62			0.0210526316


			-0.000111			-0.002			-61			0.0210526316


			-0.00011			-0.002			-60			0.0210526316


			-0.000109			-0.006			-59			0.0105263158


			-0.000108			-0.006			-58			0.0105263158


			-0.000107			-0.002			-57			0.0210526316


			-0.000106			-0.006			-56			0.0105263158


			-0.000105			-0.006			-55			0.0105263158


			-0.000104			-0.006			-54			0.0105263158


			-0.000103			-0.002			-53			0.0210526316


			-0.000102			0.002			-52			0.0315789474


			-0.000101			0.002			-51			0.0315789474


			-0.0001			-0.006			-50			0.0105263158


			-9.90E-05			-0.002			-49			0.0210526316


			-9.80E-05			-0.006			-48			0.0105263158


			-9.70E-05			0.002			-47			0.0315789474


			-9.60E-05			-0.002			-46			0.0210526316


			-9.50E-05			-0.002			-45			0.0210526316


			-9.40E-05			-0.002			-44			0.0210526316


			-9.30E-05			0.002			-43			0.0315789474


			-9.20E-05			-0.014			-42			-0.0105263158


			-9.10E-05			-0.01			-41			0


			-9.00E-05			0.002			-40			0.0315789474


			-8.90E-05			-0.006			-39			0.0105263158


			-8.80E-05			-0.002			-38			0.0210526316


			-8.70E-05			-0.01			-37			0


			-8.60E-05			0.002			-36			0.0315789474


			-8.50E-05			0.002			-35			0.0315789474


			-8.40E-05			0.002			-34			0.0315789474


			-8.30E-05			-0.002			-33			0.0210526316


			-8.20E-05			-0.006			-32			0.0105263158


			-8.10E-05			0.002			-31			0.0315789474


			-8.00E-05			-0.002			-30			0.0210526316


			-7.90E-05			-0.002			-29			0.0210526316


			-7.80E-05			-0.002			-28			0.0210526316


			-7.70E-05			-0.01			-27			0


			-7.60E-05			-0.002			-26			0.0210526316


			-7.50E-05			-0.01			-25			0


			-7.40E-05			-0.002			-24			0.0210526316


			-7.30E-05			-0.006			-23			0.0105263158


			-7.20E-05			-0.002			-22			0.0210526316


			-7.10E-05			-0.006			-21			0.0105263158


			-7.00E-05			-0.006			-20			0.0105263158


			-6.90E-05			-0.01			-19			0


			-6.80E-05			-0.006			-18			0.0105263158


			-6.70E-05			0.006			-17			0.0421052632


			-6.60E-05			-0.01			-16			0


			-6.50E-05			-0.006			-15			0.0105263158


			-6.40E-05			-0.002			-14			0.0210526316


			-6.30E-05			-0.002			-13			0.0210526316


			-6.20E-05			-0.006			-12			0.0105263158


			-6.10E-05			-0.002			-11			0.0210526316


			-6.00E-05			-0.002			-10			0.0210526316


			-5.90E-05			-0.006			-9			0.0105263158


			-5.80E-05			0.002			-8			0.0315789474


			-5.70E-05			0.002			-7			0.0315789474


			-5.60E-05			-0.002			-6			0.0210526316


			-5.50E-05			0.002			-5			0.0315789474


			-5.40E-05			-0.01			-4			0


			-5.30E-05			-0.006			-3			0.0105263158


			-5.20E-05			0.002			-2			0.0315789474


			-5.10E-05			-0.002			-1			0.0210526316


			-5.00E-05			-0.002			0			0.0210526316


			-4.90E-05			-0.006			1			0.0105263158


			-4.80E-05			-0.006			2			0.0105263158


			-4.70E-05			-0.002			3			0.0210526316


			-4.60E-05			-0.01			4			0


			-4.50E-05			-0.006			5			0.0105263158


			-4.40E-05			-0.002			6			0.0210526316


			-4.30E-05			-0.002			7			0.0210526316


			-4.20E-05			-0.01			8			0


			-4.10E-05			-0.006			9			0.0105263158


			-4.00E-05			-0.002			10			0.0210526316


			-3.90E-05			-0.002			11			0.0210526316


			-3.80E-05			-0.006			12			0.0105263158


			-3.70E-05			-0.01			13			0


			-3.60E-05			-0.006			14			0.0105263158


			-3.50E-05			0.002			15			0.0315789474


			-3.40E-05			0.002			16			0.0315789474


			-3.30E-05			-0.002			17			0.0210526316


			-3.20E-05			-0.006			18			0.0105263158


			-3.10E-05			-0.006			19			0.0105263158


			-3.00E-05			0.33			20			0.8947368421


			-2.90E-05			0.17			21			0.4736842105


			-2.80E-05			0.09			22			0.2631578947


			-2.70E-05			0.038			23			0.1263157895


			-2.60E-05			0.022			24			0.0842105263


			-2.50E-05			0.006			25			0.0421052632


			-2.40E-05			0.01			26			0.0526315789


			-2.30E-05			-0.002			27			0.0210526316


			-2.20E-05			0.006			28			0.0421052632


			-2.10E-05			-0.002			29			0.0210526316


			-2.00E-05			-0.002			30			0.0210526316


			-1.90E-05			-0.006			31			0.0105263158


			-1.80E-05			-0.006			32			0.0105263158


			-1.70E-05			-0.002			33			0.0210526316


			-1.60E-05			-0.002			34			0.0210526316


			-1.50E-05			-0.006			35			0.0105263158


			-1.40E-05			-0.002			36			0.0210526316


			-1.30E-05			-0.01			37			0


			-1.20E-05			-0.002			38			0.0210526316


			-1.10E-05			-0.002			39			0.0210526316


			-1.00E-05			0.33			40			0.8947368421


			-9.00E-06			0.17			41			0.4736842105


			-8.00E-06			0.082			42			0.2421052632


			-7.00E-06			0.038			43			0.1263157895


			-6.00E-06			0.014			44			0.0631578947


			-5.00E-06			0.006			45			0.0421052632


			-4.00E-06			0.002			46			0.0315789474


			-3.00E-06			0.002			47			0.0315789474


			-2.00E-06			-0.002			48			0.0210526316


			-1.00E-06			-0.002			49			0.0210526316


			0			-0.002			50			0.0210526316


			1.00E-06			0.002			51			0.0315789474


			2.00E-06			-0.01			52			0


			3.00E-06			-0.006			53			0.0105263158


			4.00E-06			-0.01			54			0


			5.00E-06			-0.002			55			0.0210526316


			6.00E-06			0.002			56			0.0315789474


			7.00E-06			-0.002			57			0.0210526316


			8.00E-06			-0.002			58			0.0210526316


			9.00E-06			-0.006			59			0.0105263158


			1.00E-05			0.322			60			0.8736842105


			1.10E-05			0.166			61			0.4631578947


			1.20E-05			0.09			62			0.2631578947


			1.30E-05			0.034			63			0.1157894737


			1.40E-05			0.018			64			0.0736842105


			1.50E-05			0.006			65			0.0421052632


			1.60E-05			0.002			66			0.0315789474


			1.70E-05			0.006			67			0.0421052632


			1.80E-05			0.006			68			0.0421052632


			1.90E-05			-0.006			69			0.0105263158


			2.00E-05			-0.002			70			0.0210526316


			2.10E-05			-0.002			71			0.0210526316


			2.20E-05			0.002			72			0.0315789474


			2.30E-05			-0.006			73			0.0105263158


			2.40E-05			-0.002			74			0.0210526316


			2.50E-05			-0.006			75			0.0105263158


			2.60E-05			0.002			76			0.0315789474


			2.70E-05			-0.01			77			0


			2.80E-05			-0.006			78			0.0105263158


			2.90E-05			0.002			79			0.0315789474


			3.00E-05			0.326			80			0.8842105263


			3.10E-05			0.17			81			0.4736842105


			3.20E-05			0.09			82			0.2631578947


			3.30E-05			0.046			83			0.1473684211


			3.40E-05			0.022			84			0.0842105263


			3.50E-05			0.002			85			0.0315789474


			3.60E-05			0.006			86			0.0421052632


			3.70E-05			-0.002			87			0.0210526316


			3.80E-05			-0.002			88			0.0210526316


			3.90E-05			-0.002			89			0.0210526316


			4.00E-05			-0.002			90			0.0210526316


			4.10E-05			-0.002			91			0.0210526316


			4.20E-05			-0.006			92			0.0105263158


			4.30E-05			-0.002			93			0.0210526316


			4.40E-05			-0.002			94			0.0210526316


			4.50E-05			-0.002			95			0.0210526316


			4.60E-05			-0.002			96			0.0210526316


			4.70E-05			-0.006			97			0.0105263158


			4.80E-05			-0.002			98			0.0210526316


			4.90E-05			-0.002			99			0.0210526316


			5.00E-05			0.322			100			0.8736842105


			5.10E-05			0.166			101			0.4631578947


			5.20E-05			0.094			102			0.2736842105


			5.30E-05			0.038			103			0.1263157895


			5.40E-05			0.022			104			0.0842105263


			5.50E-05			0.01			105			0.0526315789


			5.60E-05			-0.002			106			0.0210526316


			5.70E-05			-0.002			107			0.0210526316


			5.80E-05			-0.002			108			0.0210526316


			5.90E-05			-0.002			109			0.0210526316


			6.00E-05			-0.01			110			0


			6.10E-05			-0.002			111			0.0210526316


			6.20E-05			-0.002			112			0.0210526316


			6.30E-05			-0.002			113			0.0210526316


			6.40E-05			-0.006			114			0.0105263158


			6.50E-05			-0.002			115			0.0210526316


			6.60E-05			-0.002			116			0.0210526316


			6.70E-05			-0.006			117			0.0105263158


			6.80E-05			-0.002			118			0.0210526316


			6.90E-05			-0.006			119			0.0105263158


			7.00E-05			0.334			120			0.9052631579


			7.10E-05			0.17			121			0.4736842105


			7.20E-05			0.098			122			0.2842105263


			7.30E-05			0.038			123			0.1263157895


			7.40E-05			0.022			124			0.0842105263


			7.50E-05			0.002			125			0.0315789474


			7.60E-05			-0.002			126			0.0210526316


			7.70E-05			-0.002			127			0.0210526316


			7.80E-05			0.002			128			0.0315789474


			7.90E-05			0.002			129			0.0315789474


			8.00E-05			-0.002			130			0.0210526316


			8.10E-05			-0.006			131			0.0105263158


			8.20E-05			-0.002			132			0.0210526316


			8.30E-05			0.002			133			0.0315789474


			8.40E-05			-0.002			134			0.0210526316


			8.50E-05			-0.002			135			0.0210526316


			8.60E-05			-0.006			136			0.0105263158


			8.70E-05			0.002			137			0.0315789474


			8.80E-05			-0.006			138			0.0105263158


			8.90E-05			-0.01			139			0


			9.00E-05			0.33			140			0.8947368421


			9.10E-05			0.166			141			0.4631578947


			9.20E-05			0.082			142			0.2421052632


			9.30E-05			0.042			143			0.1368421053


			9.40E-05			0.022			144			0.0842105263


			9.50E-05			0.01			145			0.0526315789


			9.60E-05			0.002			146			0.0315789474


			9.70E-05			0.002			147			0.0315789474


			9.80E-05			-0.006			148			0.0105263158


			9.90E-05			-0.002			149			0.0210526316


			0.0001			0.002			150			0.0315789474


			0.000101			0.002			151			0.0315789474


			0.000102			-0.006			152			0.0105263158


			0.000103			-0.01			153			0


			0.000104			-0.01			154			0


			0.000105			-0.002			155			0.0210526316


			0.000106			-0.006			156			0.0105263158


			0.000107			-0.002			157			0.0210526316


			0.000108			-0.002			158			0.0210526316


			0.000109			-0.002			159			0.0210526316


			0.00011			0.338			160			0.9157894737


			0.000111			0.178			161			0.4947368421


			0.000112			0.094			162			0.2736842105


			0.000113			0.046			163			0.1473684211


			0.000114			0.022			164			0.0842105263


			0.000115			0.01			165			0.0526315789


			0.000116			-0.002			166			0.0210526316


			0.000117			0.002			167			0.0315789474


			0.000118			-0.002			168			0.0210526316


			0.000119			-0.006			169			0.0105263158


			0.00012			0.002			170			0.0315789474


			0.000121			-0.002			171			0.0210526316


			0.000122			-0.006			172			0.0105263158


			0.000123			-0.006			173			0.0105263158


			0.000124			-0.006			174			0.0105263158


			0.000125			-0.006			175			0.0105263158


			0.000126			-0.006			176			0.0105263158


			0.000127			-0.01			177			0


			0.000128			-0.002			178			0.0210526316


			0.000129			-0.01			179			0


			0.00013			0.334			180			0.9052631579


			0.000131			0.178			181			0.4947368421


			0.000132			0.09			182			0.2631578947


			0.000133			0.046			183			0.1473684211


			0.000134			0.022			184			0.0842105263


			0.000135			0.006			185			0.0421052632


			0.000136			0.006			186			0.0421052632


			0.000137			-0.006			187			0.0105263158


			0.000138			-0.006			188			0.0105263158


			0.000139			-0.006			189			0.0105263158


			0.00014			-0.002			190			0.0210526316


			0.000141			0.002			191			0.0315789474


			0.000142			-0.006			192			0.0105263158


			0.000143			-0.006			193			0.0105263158


			0.000144			0.002			194			0.0315789474


			0.000145			-0.002			195			0.0210526316


			0.000146			-0.006			196			0.0105263158


			0.000147			-0.006			197			0.0105263158


			0.000148			-0.006			198			0.0105263158


			0.000149			-0.002			199			0.0210526316


			0.00015			0.33			200			0.8947368421


			0.000151			0.174			201			0.4842105263


			0.000152			0.09			202			0.2631578947


			0.000153			0.046			203			0.1473684211


			0.000154			0.022			204			0.0842105263


			0.000155			0.006			205			0.0421052632


			0.000156			0.002			206			0.0315789474


			0.000157			-0.006			207			0.0105263158


			0.000158			0.002			208			0.0315789474


			0.000159			-0.006			209			0.0105263158


			0.00016			-0.01			210			0


			0.000161			-0.006			211			0.0105263158


			0.000162			0.002			212			0.0315789474


			0.000163			-0.002			213			0.0210526316


			0.000164			-0.006			214			0.0105263158


			0.000165			-0.006			215			0.0105263158


			0.000166			-0.002			216			0.0210526316


			0.000167			-0.006			217			0.0105263158


			0.000168			-0.006			218			0.0105263158


			0.000169			0.002			219			0.0315789474


			0.00017			0.326			220			0.8842105263


			0.000171			0.182			221			0.5052631579


			0.000172			0.086			222			0.2526315789


			0.000173			0.046			223			0.1473684211


			0.000174			0.018			224			0.0736842105


			0.000175			0.01			225			0.0526315789


			0.000176			0.002			226			0.0315789474


			0.000177			-0.002			227			0.0210526316


			0.000178			-0.006			228			0.0105263158


			0.000179			-0.01			229			0


			0.00018			-0.002			230			0.0210526316


			0.000181			-0.002			231			0.0210526316


			0.000182			-0.006			232			0.0105263158


			0.000183			-0.002			233			0.0210526316


			0.000184			-0.006			234			0.0105263158


			0.000185			0.002			235			0.0315789474


			0.000186			-0.002			236			0.0210526316


			0.000187			-0.002			237			0.0210526316


			0.000188			0.002			238			0.0315789474


			0.000189			0.002			239			0.0315789474


			0.00019			0.35			240			0.9473684211


			0.000191			0.194			241			0.5368421053


			0.000192			0.09			242			0.2631578947


			0.000193			0.05			243			0.1578947368


			0.000194			0.014			244			0.0631578947


			0.000195			0.006			245			0.0421052632


			0.000196			-0.002			246			0.0210526316


			0.000197			-0.002			247			0.0210526316


			0.000198			-0.01			248			0


			0.000199			-0.002			249			0.0210526316


			0.0002			0.002			250			0.0315789474


			0.000201			-0.01			251			0


			0.000202			-0.01			252			0


			0.000203			-0.002			253			0.0210526316


			0.000204			-0.002			254			0.0210526316


			0.000205			-0.002			255			0.0210526316


			0.000206			-0.006			256			0.0105263158


			0.000207			-0.002			257			0.0210526316


			0.000208			0.002			258			0.0315789474


			0.000209			-0.006			259			0.0105263158


			0.00021			0.354			260			0.9578947368


			0.000211			0.194			261			0.5368421053


			0.000212			0.09			262			0.2631578947


			0.000213			0.05			263			0.1578947368


			0.000214			0.01			264			0.0526315789


			0.000215			0.006			265			0.0421052632


			0.000216			0.002			266			0.0315789474


			0.000217			-0.006			267			0.0105263158


			0.000218			-0.002			268			0.0210526316


			0.000219			0.002			269			0.0315789474


			0.00022			-0.002			270			0.0210526316


			0.000221			-0.002			271			0.0210526316


			0.000222			0.002			272			0.0315789474


			0.000223			0.002			273			0.0315789474


			0.000224			-0.006			274			0.0105263158


			0.000225			-0.002			275			0.0210526316


			0.000226			-0.006			276			0.0105263158


			0.000227			-0.002			277			0.0210526316


			0.000228			-0.002			278			0.0210526316


			0.000229			-0.006			279			0.0105263158


			0.00023			0.338			280			0.9157894737


			0.000231			0.186			281			0.5157894737


			0.000232			0.086			282			0.2526315789


			0.000233			0.042			283			0.1368421053


			0.000234			0.018			284			0.0736842105


			0.000235			0.01			285			0.0526315789


			0.000236			0.002			286			0.0315789474


			0.000237			-0.006			287			0.0105263158


			0.000238			-0.002			288			0.0210526316


			0.000239			-0.002			289			0.0210526316


			0.00024			-0.002			290			0.0210526316


			0.000241			-0.002			291			0.0210526316


			0.000242			-0.002			292			0.0210526316


			0.000243			-0.002			293			0.0210526316


			0.000244			-0.002			294			0.0210526316


			0.000245			-0.002			295			0.0210526316


			0.000246			-0.002			296			0.0210526316


			0.000247			0.002			297			0.0315789474


			0.000248			-0.006			298			0.0105263158


			0.000249			0.002			299			0.0315789474


			0.00025			0.314			300			0.8526315789


			0.000251			0.178			301			0.4947368421


			0.000252			0.09			302			0.2631578947


			0.000253			0.042			303			0.1368421053


			0.000254			0.018			304			0.0736842105


			0.000255			0.006			305			0.0421052632


			0.000256			0.002			306			0.0315789474


			0.000257			0.006			307			0.0421052632


			0.000258			-0.002			308			0.0210526316


			0.000259			-0.002			309			0.0210526316


			0.00026			-0.006			310			0.0105263158


			0.000261			-0.002			311			0.0210526316


			0.000262			0.002			312			0.0315789474


			0.000263			0.006			313			0.0421052632


			0.000264			-0.006			314			0.0105263158


			0.000265			-0.002			315			0.0210526316


			0.000266			-0.01			316			0


			0.000267			-0.006			317			0.0105263158


			0.000268			0.002			318			0.0315789474


			0.000269			-0.006			319			0.0105263158


			0.00027			0.322			320			0.8736842105


			0.000271			0.17			321			0.4736842105


			0.000272			0.094			322			0.2736842105


			0.000273			0.034			323			0.1157894737


			0.000274			0.026			324			0.0947368421


			0.000275			0.01			325			0.0526315789


			0.000276			0.002			326			0.0315789474


			0.000277			-0.002			327			0.0210526316


			0.000278			-0.002			328			0.0210526316


			0.000279			-0.002			329			0.0210526316


			0.00028			-0.002			330			0.0210526316


			0.000281			-0.002			331			0.0210526316


			0.000282			-0.006			332			0.0105263158


			0.000283			-0.006			333			0.0105263158


			0.000284			-0.006			334			0.0105263158


			0.000285			-0.01			335			0


			0.000286			0.002			336			0.0315789474


			0.000287			0.002			337			0.0315789474


			0.000288			-0.002			338			0.0210526316


			0.000289			0.002			339			0.0315789474


			0.00029			0.314			340			0.8526315789


			0.000291			0.178			341			0.4947368421


			0.000292			0.086			342			0.2526315789


			0.000293			0.042			343			0.1368421053


			0.000294			0.022			344			0.0842105263


			0.000295			0.014			345			0.0631578947


			0.000296			0.006			346			0.0421052632


			0.000297			-0.002			347			0.0210526316


			0.000298			-0.006			348			0.0105263158


			0.000299			-0.002			349			0.0210526316


			0.0003			-0.006			350			0.0105263158


			0.000301			-0.002			351			0.0210526316


			0.000302			-0.006			352			0.0105263158


			0.000303			-0.002			353			0.0210526316


			0.000304			-0.002			354			0.0210526316


			0.000305			-0.006			355			0.0105263158


			0.000306			0.006			356			0.0421052632


			0.000307			-0.002			357			0.0210526316


			0.000308			0.002			358			0.0315789474


			0.000309			-0.002			359			0.0210526316


			0.00031			0.322			360			0.8736842105


			0.000311			0.178			361			0.4947368421


			0.000312			0.086			362			0.2526315789


			0.000313			0.038			363			0.1263157895


			0.000314			0.014			364			0.0631578947


			0.000315			0.01			365			0.0526315789


			0.000316			0.002			366			0.0315789474


			0.000317			-0.006			367			0.0105263158


			0.000318			-0.002			368			0.0210526316


			0.000319			-0.002			369			0.0210526316


			0.00032			-0.002			370			0.0210526316


			0.000321			-0.002			371			0.0210526316


			0.000322			-0.006			372			0.0105263158


			0.000323			0.002			373			0.0315789474


			0.000324			-0.002			374			0.0210526316


			0.000325			-0.002			375			0.0210526316


			0.000326			-0.002			376			0.0210526316


			0.000327			-0.01			377			0


			0.000328			-0.006			378			0.0105263158


			0.000329			-0.006			379			0.0105263158


			0.00033			0.314			380			0.8526315789


			0.000331			0.17			381			0.4736842105


			0.000332			0.082			382			0.2421052632


			0.000333			0.042			383			0.1368421053


			0.000334			0.014			384			0.0631578947


			0.000335			0.01			385			0.0526315789


			0.000336			-0.002			386			0.0210526316


			0.000337			0.002			387			0.0315789474


			0.000338			-0.002			388			0.0210526316


			0.000339			0.002			389			0.0315789474


			0.00034			-0.002			390			0.0210526316


			0.000341			-0.006			391			0.0105263158


			0.000342			-0.002			392			0.0210526316


			0.000343			-0.006			393			0.0105263158


			0.000344			-0.002			394			0.0210526316


			0.000345			-0.006			395			0.0105263158


			0.000346			-0.006			396			0.0105263158


			0.000347			-0.006			397			0.0105263158


			0.000348			-0.006			398			0.0105263158


			0.000349			-0.002			399			0.0210526316


			0.00035			0.298			400			0.8105263158


			0.000351			0.17			401			0.4736842105


			0.000352			0.086			402			0.2526315789


			0.000353			0.038			403			0.1263157895


			0.000354			0.014			404			0.0631578947


			0.000355			0.006			405			0.0421052632


			0.000356			0.002			406			0.0315789474


			0.000357			-0.01			407			0


			0.000358			-0.006			408			0.0105263158


			0.000359			-0.002			409			0.0210526316


			0.00036			-0.002			410			0.0210526316


			0.000361			-0.006			411			0.0105263158


			0.000362			0.002			412			0.0315789474


			0.000363			-0.002			413			0.0210526316


			0.000364			-0.002			414			0.0210526316


			0.000365			0.002			415			0.0315789474


			0.000366			-0.002			416			0.0210526316


			0.000367			0.002			417			0.0315789474


			0.000368			-0.002			418			0.0210526316


			0.000369			-0.002			419			0.0210526316


			0.00037			-0.002			420			0.0210526316


			0.000371			-0.01			421			0


			0.000372			-0.006			422			0.0105263158


			0.000373			-0.002			423			0.0210526316


			0.000374			-0.002			424			0.0210526316


			0.000375			-0.002			425			0.0210526316


			0.000376			0.002			426			0.0315789474


			0.000377			-0.002			427			0.0210526316


			0.000378			-0.002			428			0.0210526316


			0.000379			-0.01			429			0


			0.00038			-0.006			430			0.0105263158


			0.000381			-0.002			431			0.0210526316


			0.000382			-0.006			432			0.0105263158


			0.000383			-0.002			433			0.0210526316


			0.000384			-0.01			434			0


			0.000385			-0.002			435			0.0210526316


			0.000386			-0.01			436			0


			0.000387			-0.006			437			0.0105263158


			0.000388			-0.006			438			0.0105263158


			0.000389			-0.002			439			0.0210526316


			0.00039			-0.006			440			0.0105263158


			0.000391			-0.006			441			0.0105263158


			0.000392			0.002			442			0.0315789474


			0.000393			-0.002			443			0.0210526316


			0.000394			-0.006			444			0.0105263158


			0.000395			-0.002			445			0.0210526316


			0.000396			-0.006			446			0.0105263158


			0.000397			-0.006			447			0.0105263158


			0.000398			0.002			448			0.0315789474


			0.000399			-0.006			449			0.0105263158


			0.0004			-0.01			450			0


			0.000401			0.002			451			0.0315789474


			0.000402			-0.006			452			0.0105263158


			0.000403			-0.006			453			0.0105263158


			0.000404			-0.002			454			0.0210526316


			0.000405			0.002			455			0.0315789474


			0.000406			-0.01			456			0


			0.000407			-0.006			457			0.0105263158


			0.000408			-0.006			458			0.0105263158


			0.000409			-0.006			459			0.0105263158


			0.00041			-0.002			460			0.0210526316


			0.000411			-0.002			461			0.0210526316


			0.000412			-0.002			462			0.0210526316


			0.000413			0.002			463			0.0315789474


			0.000414			-0.006			464			0.0105263158


			0.000415			-0.002			465			0.0210526316


			0.000416			-0.014			466			-0.0105263158


			0.000417			-0.002			467			0.0210526316


			0.000418			-0.006			468			0.0105263158


			0.000419			0.002			469			0.0315789474


			0.00042			-0.002			470			0.0210526316


			0.000421			-0.002			471			0.0210526316


			0.000422			-0.006			472			0.0105263158


			0.000423			-0.002			473			0.0210526316


			0.000424			-0.006			474			0.0105263158


			0.000425			-0.002			475			0.0210526316


			0.000426			-0.006			476			0.0105263158


			0.000427			-0.014			477			-0.0105263158


			0.000428			-0.002			478			0.0210526316


			0.000429			-0.002			479			0.0210526316


			0.00043			-0.002			480			0.0210526316


			0.000431			-0.006			481			0.0105263158


			0.000432			-0.006			482			0.0105263158


			0.000433			-0.002			483			0.0210526316


			0.000434			-0.002			484			0.0210526316


			0.000435			-0.01			485			0


			0.000436			-0.002			486			0.0210526316


			0.000437			-0.002			487			0.0210526316


			0.000438			-0.002			488			0.0210526316


			0.000439			-0.006			489			0.0105263158


			0.00044			-0.006			490			0.0105263158


			0.000441			-0.002			491			0.0210526316


			0.000442			0.002			492			0.0315789474


			0.000443			-0.002			493			0.0210526316


			0.000444			-0.002			494			0.0210526316


			0.000445			-0.006			495			0.0105263158


			0.000446			-0.006			496			0.0105263158


			0.000447			-0.002			497			0.0210526316


			0.000448			-0.01			498			0


			0.000449			-0.014			499			-0.0105263158


			0.00045			-0.006			500			0.0105263158


			0.000451			0.002			501			0.0315789474


			0.000452			-0.006			502			0.0105263158


			0.000453			0.002			503			0.0315789474


			0.000454			-0.002			504			0.0210526316


			0.000455			-0.002			505			0.0210526316


			0.000456			-0.006			506			0.0105263158


			0.000457			-0.002			507			0.0210526316


			0.000458			-0.002			508			0.0210526316


			0.000459			-0.006			509			0.0105263158


			0.00046			-0.006			510			0.0105263158


			0.000461			0.002			511			0.0315789474


			0.000462			-0.002			512			0.0210526316


			0.000463			-0.002			513			0.0210526316


			0.000464			-0.006			514			0.0105263158


			0.000465			0.002			515			0.0315789474


			0.000466			0.002			516			0.0315789474


			0.000467			-0.002			517			0.0210526316


			0.000468			-0.002			518			0.0210526316


			0.000469			-0.002			519			0.0210526316


			0.00047			-0.01			520			0


			0.000471			-0.002			521			0.0210526316


			0.000472			-0.01			522			0


			0.000473			0.002			523			0.0315789474


			0.000474			-0.006			524			0.0105263158


			0.000475			-0.002			525			0.0210526316


			0.000476			0.002			526			0.0315789474


			0.000477			0.002			527			0.0315789474


			0.000478			-0.002			528			0.0210526316


			0.000479			-0.006			529			0.0105263158


			0.00048			-0.002			530			0.0210526316


			0.000481			-0.002			531			0.0210526316


			0.000482			-0.002			532			0.0210526316


			0.000483			-0.002			533			0.0210526316


			0.000484			0.002			534			0.0315789474


			0.000485			0.002			535			0.0315789474


			0.000486			-0.002			536			0.0210526316


			0.000487			-0.002			537			0.0210526316


			0.000488			-0.006			538			0.0105263158


			0.000489			-0.01			539			0


			0.00049			-0.01			540			0


			0.000491			-0.002			541			0.0210526316


			0.000492			0.002			542			0.0315789474


			0.000493			-0.002			543			0.0210526316


			0.000494			-0.002			544			0.0210526316


			0.000495			-0.002			545			0.0210526316


			0.000496			-0.002			546			0.0210526316


			0.000497			-0.002			547			0.0210526316


			0.000498			-0.002			548			0.0210526316


			0.000499			-0.002			549			0.0210526316


			0.0005			0.002			550			0.0315789474
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			-8.74E-05			-0.006			-3.74E+01			0.0066666667


			-8.72E-05			-0.01			-3.72E+01			0


			-8.70E-05			-0.006			-3.70E+01			0.0066666667


			-8.68E-05			-0.006			-3.68E+01			0.0066666667


			-8.66E-05			-0.002			-3.66E+01			0.0133333333


			-8.64E-05			-0.002			-3.64E+01			0.0133333333


			-8.62E-05			-0.006			-3.62E+01			0.0066666667


			-8.60E-05			-0.002			-3.60E+01			0.0133333333


			-8.58E-05			-0.01			-3.58E+01			0


			-8.56E-05			-0.006			-3.56E+01			0.0066666667


			-8.54E-05			-0.006			-3.54E+01			0.0066666667


			-8.52E-05			-0.002			-3.52E+01			0.0133333333


			-8.50E-05			-0.006			-3.50E+01			0.0066666667


			-8.48E-05			-0.01			-3.48E+01			0


			-8.46E-05			0.002			-3.46E+01			0.02


			-8.44E-05			-0.002			-3.44E+01			0.0133333333


			-8.42E-05			-0.002			-3.42E+01			0.0133333333


			-8.40E-05			0.002			-3.40E+01			0.02


			-8.38E-05			-0.006			-3.38E+01			0.0066666667


			-8.36E-05			-0.006			-3.36E+01			0.0066666667


			-8.34E-05			-0.002			-3.34E+01			0.0133333333


			-8.32E-05			0.002			-3.32E+01			0.02


			-8.30E-05			-0.006			-3.30E+01			0.0066666667


			-8.28E-05			-0.006			-3.28E+01			0.0066666667


			-8.26E-05			-0.002			-3.26E+01			0.0133333333


			-8.24E-05			-0.01			-3.24E+01			0


			-8.22E-05			-0.01			-3.22E+01			0


			-8.20E-05			-0.002			-3.20E+01			0.0133333333


			-8.18E-05			-0.002			-3.18E+01			0.0133333333


			-8.16E-05			-0.002			-3.16E+01			0.0133333333


			-8.14E-05			-0.006			-3.14E+01			0.0066666667


			-8.12E-05			-0.01			-3.12E+01			0


			-8.10E-05			-0.006			-3.10E+01			0.0066666667


			-8.08E-05			-0.006			-3.08E+01			0.0066666667


			-8.06E-05			-0.002			-3.06E+01			0.0133333333


			-8.04E-05			-0.002			-3.04E+01			0.0133333333


			-8.02E-05			-0.006			-3.02E+01			0.0066666667


			-8.00E-05			-0.002			-3.00E+01			0.0133333333


			-7.98E-05			-0.006			-2.98E+01			0.0066666667


			-7.96E-05			-0.01			-2.96E+01			0


			-7.94E-05			-0.006			-2.94E+01			0.0066666667


			-7.92E-05			-0.014			-2.92E+01			-0.0066666667


			-7.90E-05			-0.002			-2.90E+01			0.0133333333


			-7.88E-05			-0.002			-2.88E+01			0.0133333333


			-7.86E-05			-0.01			-2.86E+01			0


			-7.84E-05			-0.006			-2.84E+01			0.0066666667


			-7.82E-05			-0.006			-2.82E+01			0.0066666667


			-7.80E-05			-0.002			-2.80E+01			0.0133333333


			-7.78E-05			0.002			-2.78E+01			0.02


			-7.76E-05			-0.006			-2.76E+01			0.0066666667


			-7.74E-05			-0.002			-2.74E+01			0.0133333333


			-7.72E-05			-0.002			-2.72E+01			0.0133333333


			-7.70E-05			-0.002			-2.70E+01			0.0133333333


			-7.68E-05			-0.01			-2.68E+01			0


			-7.66E-05			-0.002			-2.66E+01			0.0133333333


			-7.64E-05			-0.01			-2.64E+01			0


			-7.62E-05			-0.006			-2.62E+01			0.0066666667


			-7.60E-05			-0.01			-2.60E+01			0


			-7.58E-05			-0.01			-2.58E+01			0


			-7.56E-05			-0.01			-2.56E+01			0


			-7.54E-05			-0.006			-2.54E+01			0.0066666667


			-7.52E-05			0.002			-2.52E+01			0.02


			-7.50E-05			0.002			-2.50E+01			0.02


			-7.48E-05			-0.002			-2.48E+01			0.0133333333


			-7.46E-05			-0.002			-2.46E+01			0.0133333333


			-7.44E-05			-0.006			-2.44E+01			0.0066666667


			-7.42E-05			-0.002			-2.42E+01			0.0133333333


			-7.40E-05			-0.006			-2.40E+01			0.0066666667


			-7.38E-05			-0.006			-2.38E+01			0.0066666667


			-7.36E-05			-0.01			-2.36E+01			0


			-7.34E-05			-0.01			-2.34E+01			0


			-7.32E-05			-0.006			-2.32E+01			0.0066666667


			-7.30E-05			-0.002			-2.30E+01			0.0133333333


			-7.28E-05			-0.006			-2.28E+01			0.0066666667


			-7.26E-05			-0.014			-2.26E+01			-0.0066666667


			-7.24E-05			-0.006			-2.24E+01			0.0066666667


			-7.22E-05			-0.01			-2.22E+01			0


			-7.20E-05			-0.006			-2.20E+01			0.0066666667


			-7.18E-05			-0.002			-2.18E+01			0.0133333333


			-7.16E-05			-0.01			-2.16E+01			0


			-7.14E-05			-0.01			-2.14E+01			0


			-7.12E-05			-0.006			-2.12E+01			0.0066666667


			-7.10E-05			-0.002			-2.10E+01			0.0133333333


			-7.08E-05			-0.01			-2.08E+01			0


			-7.06E-05			-0.01			-2.06E+01			0


			-7.04E-05			-0.006			-2.04E+01			0.0066666667


			-7.02E-05			0.002			-2.02E+01			0.02


			-7.00E-05			-0.01			-2.00E+01			0


			-6.98E-05			-0.002			-1.98E+01			0.0133333333


			-6.96E-05			-0.006			-1.96E+01			0.0066666667


			-6.94E-05			-0.002			-1.94E+01			0.0133333333


			-6.92E-05			-0.006			-1.92E+01			0.0066666667


			-6.90E-05			-0.002			-1.90E+01			0.0133333333


			-6.88E-05			-0.002			-1.88E+01			0.0133333333


			-6.86E-05			0.002			-1.86E+01			0.02


			-6.84E-05			-0.002			-1.84E+01			0.0133333333


			-6.82E-05			-0.01			-1.82E+01			0


			-6.80E-05			-0.002			-1.80E+01			0.0133333333


			-6.78E-05			-0.002			-1.78E+01			0.0133333333


			-6.76E-05			-0.002			-1.76E+01			0.0133333333


			-6.74E-05			-0.002			-1.74E+01			0.0133333333


			-6.72E-05			-0.006			-1.72E+01			0.0066666667


			-6.70E-05			-0.01			-1.70E+01			0


			-6.68E-05			-0.002			-1.68E+01			0.0133333333


			-6.66E-05			-0.002			-1.66E+01			0.0133333333


			-6.64E-05			-0.006			-1.64E+01			0.0066666667


			-6.62E-05			0.002			-1.62E+01			0.02


			-6.60E-05			-0.002			-1.60E+01			0.0133333333


			-6.58E-05			-0.01			-1.58E+01			0


			-6.56E-05			0.002			-1.56E+01			0.02


			-6.54E-05			-0.006			-1.54E+01			0.0066666667


			-6.52E-05			-0.002			-1.52E+01			0.0133333333


			-6.50E-05			-0.006			-1.50E+01			0.0066666667


			-6.48E-05			-0.002			-1.48E+01			0.0133333333


			-6.46E-05			0.002			-1.46E+01			0.02


			-6.44E-05			-0.01			-1.44E+01			0


			-6.42E-05			-0.006			-1.42E+01			0.0066666667


			-6.40E-05			-0.002			-1.40E+01			0.0133333333


			-6.38E-05			-0.006			-1.38E+01			0.0066666667


			-6.36E-05			-0.006			-1.36E+01			0.0066666667


			-6.34E-05			-0.002			-1.34E+01			0.0133333333


			-6.32E-05			-0.006			-1.32E+01			0.0066666667


			-6.30E-05			-0.01			-1.30E+01			0


			-6.28E-05			-0.006			-1.28E+01			0.0066666667


			-6.26E-05			-0.002			-1.26E+01			0.0133333333


			-6.24E-05			-0.014			-1.24E+01			-0.0066666667


			-6.22E-05			-0.002			-1.22E+01			0.0133333333


			-6.20E-05			-0.01			-1.20E+01			0


			-6.18E-05			-0.002			-1.18E+01			0.0133333333


			-6.16E-05			0.002			-1.16E+01			0.02


			-6.14E-05			-0.01			-1.14E+01			0


			-6.12E-05			-0.002			-1.12E+01			0.0133333333


			-6.10E-05			0.002			-1.10E+01			0.02


			-6.08E-05			-0.01			-1.08E+01			0


			-6.06E-05			-0.01			-1.06E+01			0


			-6.04E-05			-0.006			-1.04E+01			0.0066666667


			-6.02E-05			-0.01			-1.02E+01			0


			-6.00E-05			-0.002			-1.00E+01			0.0133333333


			-5.98E-05			-0.006			-9.80E+00			0.0066666667


			-5.96E-05			-0.002			-9.60E+00			0.0133333333


			-5.94E-05			-0.002			-9.40E+00			0.0133333333


			-5.92E-05			-0.01			-9.20E+00			0


			-5.90E-05			-0.006			-9.00E+00			0.0066666667


			-5.88E-05			-0.014			-8.80E+00			-0.0066666667


			-5.86E-05			-0.006			-8.60E+00			0.0066666667


			-5.84E-05			-0.006			-8.40E+00			0.0066666667


			-5.82E-05			-0.002			-8.20E+00			0.0133333333


			-5.80E-05			-0.006			-8.00E+00			0.0066666667


			-5.78E-05			-0.01			-7.80E+00			0


			-5.76E-05			-0.002			-7.60E+00			0.0133333333


			-5.74E-05			-0.006			-7.40E+00			0.0066666667


			-5.72E-05			-0.01			-7.20E+00			0


			-5.70E-05			-0.01			-7.00E+00			0


			-5.68E-05			-0.006			-6.80E+00			0.0066666667


			-5.66E-05			-0.002			-6.60E+00			0.0133333333


			-5.64E-05			-0.006			-6.40E+00			0.0066666667


			-5.62E-05			-0.006			-6.20E+00			0.0066666667


			-5.60E-05			-0.002			-6.00E+00			0.0133333333


			-5.58E-05			-0.006			-5.80E+00			0.0066666667


			-5.56E-05			-0.006			-5.60E+00			0.0066666667


			-5.54E-05			-0.006			-5.40E+00			0.0066666667


			-5.52E-05			-0.006			-5.20E+00			0.0066666667


			-5.50E-05			-0.006			-5.00E+00			0.0066666667


			-5.48E-05			-0.006			-4.80E+00			0.0066666667


			-5.46E-05			-0.002			-4.60E+00			0.0133333333


			-5.44E-05			-0.006			-4.40E+00			0.0066666667


			-5.42E-05			-0.002			-4.20E+00			0.0133333333


			-5.40E-05			-0.002			-4.00E+00			0.0133333333


			-5.38E-05			-0.002			-3.80E+00			0.0133333333


			-5.36E-05			-0.01			-3.60E+00			0


			-5.34E-05			-0.006			-3.40E+00			0.0066666667


			-5.32E-05			-0.01			-3.20E+00			0


			-5.30E-05			-0.006			-3.00E+00			0.0066666667


			-5.28E-05			-0.006			-2.80E+00			0.0066666667


			-5.26E-05			-0.002			-2.60E+00			0.0133333333


			-5.24E-05			0.002			-2.40E+00			0.02


			-5.22E-05			-0.002			-2.20E+00			0.0133333333


			-5.20E-05			-0.006			-2.00E+00			0.0066666667


			-5.18E-05			-0.002			-1.80E+00			0.0133333333


			-5.16E-05			-0.01			-1.60E+00			0


			-5.14E-05			-0.002			-1.40E+00			0.0133333333


			-5.12E-05			0.002			-1.20E+00			0.02


			-5.10E-05			-0.006			-1.00E+00			0.0066666667


			-5.08E-05			-0.006			-8.00E-01			0.0066666667


			-5.06E-05			-0.002			-6.00E-01			0.0133333333


			-5.04E-05			-0.01			-4.00E-01			0


			-5.02E-05			0.002			-2.00E-01			0.02


			-5.00E-05			-0.002			0.00E+00			0.0133333333


			-4.98E-05			-0.002			2.00E-01			0.0133333333


			-4.96E-05			-0.01			4.00E-01			0


			-4.94E-05			-0.002			6.00E-01			0.0133333333


			-4.92E-05			0.002			8.00E-01			0.02


			-4.90E-05			-0.002			1.00E+00			0.0133333333


			-4.88E-05			-0.002			1.20E+00			0.0133333333


			-4.86E-05			0.002			1.40E+00			0.02


			-4.84E-05			-0.006			1.60E+00			0.0066666667


			-4.82E-05			-0.006			1.80E+00			0.0066666667


			-4.80E-05			-0.002			2.00E+00			0.0133333333


			-4.78E-05			-0.01			2.20E+00			0


			-4.76E-05			-0.01			2.40E+00			0


			-4.74E-05			-0.01			2.60E+00			0


			-4.72E-05			-0.006			2.80E+00			0.0066666667


			-4.70E-05			-0.002			3.00E+00			0.0133333333


			-4.68E-05			-0.002			3.20E+00			0.0133333333


			-4.66E-05			-0.01			3.40E+00			0


			-4.64E-05			-0.002			3.60E+00			0.0133333333


			-4.62E-05			-0.006			3.80E+00			0.0066666667


			-4.60E-05			-0.006			4.00E+00			0.0066666667


			-4.58E-05			-0.006			4.20E+00			0.0066666667


			-4.56E-05			-0.002			4.40E+00			0.0133333333


			-4.54E-05			-0.002			4.60E+00			0.0133333333


			-4.52E-05			-0.006			4.80E+00			0.0066666667


			-4.50E-05			-0.002			5.00E+00			0.0133333333


			-4.48E-05			-0.002			5.20E+00			0.0133333333


			-4.46E-05			-0.002			5.40E+00			0.0133333333


			-4.44E-05			-0.006			5.60E+00			0.0066666667


			-4.42E-05			-0.01			5.80E+00			0


			-4.40E-05			-0.002			6.00E+00			0.0133333333


			-4.38E-05			-0.006			6.20E+00			0.0066666667


			-4.36E-05			0.002			6.40E+00			0.02


			-4.34E-05			-0.01			6.60E+00			0


			-4.32E-05			-0.002			6.80E+00			0.0133333333


			-4.30E-05			-0.006			7.00E+00			0.0066666667


			-4.28E-05			-0.002			7.20E+00			0.0133333333


			-4.26E-05			-0.014			7.40E+00			-0.0066666667


			-4.24E-05			-0.006			7.60E+00			0.0066666667


			-4.22E-05			-0.002			7.80E+00			0.0133333333


			-4.20E-05			-0.002			8.00E+00			0.0133333333


			-4.18E-05			-0.006			8.20E+00			0.0066666667


			-4.16E-05			-0.002			8.40E+00			0.0133333333


			-4.14E-05			0.486			8.60E+00			0.8266666667


			-4.12E-05			0.266			8.80E+00			0.46


			-4.10E-05			0.21			9.00E+00			0.3666666667


			-4.08E-05			0.226			9.20E+00			0.3933333333


			-4.06E-05			0.194			9.40E+00			0.34


			-4.04E-05			0.158			9.60E+00			0.28


			-4.02E-05			0.146			9.80E+00			0.26


			-4.00E-05			0.13			1.00E+01			0.2333333333


			-3.98E-05			0.114			1.02E+01			0.2066666667


			-3.96E-05			0.094			1.04E+01			0.1733333333


			-3.94E-05			0.086			1.06E+01			0.16


			-3.92E-05			0.074			1.08E+01			0.14


			-3.90E-05			0.062			1.10E+01			0.12


			-3.88E-05			0.05			1.12E+01			0.1


			-3.86E-05			0.05			1.14E+01			0.1


			-3.84E-05			0.042			1.16E+01			0.0866666667


			-3.82E-05			0.034			1.18E+01			0.0733333333


			-3.80E-05			0.026			1.20E+01			0.06


			-3.78E-05			0.022			1.22E+01			0.0533333333


			-3.76E-05			0.018			1.24E+01			0.0466666667


			-3.74E-05			0.022			1.26E+01			0.0533333333


			-3.72E-05			0.018			1.28E+01			0.0466666667


			-3.70E-05			0.01			1.30E+01			0.0333333333


			-3.68E-05			0.006			1.32E+01			0.0266666667


			-3.66E-05			0.002			1.34E+01			0.02


			-3.64E-05			0.002			1.36E+01			0.02


			-3.62E-05			0.006			1.38E+01			0.0266666667


			-3.60E-05			0.006			1.40E+01			0.0266666667


			-3.58E-05			-0.002			1.42E+01			0.0133333333


			-3.56E-05			0.006			1.44E+01			0.0266666667


			-3.54E-05			-0.002			1.46E+01			0.0133333333


			-3.52E-05			-0.002			1.48E+01			0.0133333333


			-3.50E-05			0.002			1.50E+01			0.02


			-3.48E-05			-0.002			1.52E+01			0.0133333333


			-3.46E-05			-0.002			1.54E+01			0.0133333333


			-3.44E-05			-0.002			1.56E+01			0.0133333333


			-3.42E-05			-0.006			1.58E+01			0.0066666667


			-3.40E-05			-0.002			1.60E+01			0.0133333333


			-3.38E-05			-0.01			1.62E+01			0


			-3.36E-05			-0.002			1.64E+01			0.0133333333


			-3.34E-05			-0.002			1.66E+01			0.0133333333


			-3.32E-05			-0.002			1.68E+01			0.0133333333


			-3.30E-05			-0.002			1.70E+01			0.0133333333


			-3.28E-05			-0.002			1.72E+01			0.0133333333


			-3.26E-05			-0.01			1.74E+01			0


			-3.24E-05			-0.006			1.76E+01			0.0066666667


			-3.22E-05			-0.006			1.78E+01			0.0066666667


			-3.20E-05			-0.002			1.80E+01			0.0133333333


			-3.18E-05			-0.002			1.82E+01			0.0133333333


			-3.16E-05			-0.002			1.84E+01			0.0133333333


			-3.14E-05			0.446			1.86E+01			0.76


			-3.12E-05			0.234			1.88E+01			0.4066666667


			-3.10E-05			0.194			1.90E+01			0.34


			-3.08E-05			0.206			1.92E+01			0.36


			-3.06E-05			0.17			1.94E+01			0.3


			-3.04E-05			0.15			1.96E+01			0.2666666667


			-3.02E-05			0.13			1.98E+01			0.2333333333


			-3.00E-05			0.118			2.00E+01			0.2133333333


			-2.98E-05			0.106			2.02E+01			0.1933333333


			-2.96E-05			0.09			2.04E+01			0.1666666667


			-2.94E-05			0.078			2.06E+01			0.1466666667


			-2.92E-05			0.066			2.08E+01			0.1266666667


			-2.90E-05			0.062			2.10E+01			0.12


			-2.88E-05			0.05			2.12E+01			0.1


			-2.86E-05			0.038			2.14E+01			0.08


			-2.84E-05			0.034			2.16E+01			0.0733333333


			-2.82E-05			0.03			2.18E+01			0.0666666667


			-2.80E-05			0.026			2.20E+01			0.06


			-2.78E-05			0.014			2.22E+01			0.04


			-2.76E-05			0.026			2.24E+01			0.06


			-2.74E-05			0.014			2.26E+01			0.04


			-2.72E-05			0.014			2.28E+01			0.04


			-2.70E-05			0.014			2.30E+01			0.04


			-2.68E-05			0.002			2.32E+01			0.02


			-2.66E-05			0.01			2.34E+01			0.0333333333


			-2.64E-05			0.006			2.36E+01			0.0266666667


			-2.62E-05			-0.002			2.38E+01			0.0133333333


			-2.60E-05			0.002			2.40E+01			0.02


			-2.58E-05			0.002			2.42E+01			0.02


			-2.56E-05			-0.002			2.44E+01			0.0133333333


			-2.54E-05			0.002			2.46E+01			0.02


			-2.52E-05			0.002			2.48E+01			0.02


			-2.50E-05			0.002			2.50E+01			0.02


			-2.48E-05			-0.002			2.52E+01			0.0133333333


			-2.46E-05			-0.002			2.54E+01			0.0133333333


			-2.44E-05			0.002			2.56E+01			0.02


			-2.42E-05			-0.006			2.58E+01			0.0066666667


			-2.40E-05			0.002			2.60E+01			0.02


			-2.38E-05			-0.002			2.62E+01			0.0133333333


			-2.36E-05			-0.002			2.64E+01			0.0133333333


			-2.34E-05			-0.002			2.66E+01			0.0133333333


			-2.32E-05			-0.006			2.68E+01			0.0066666667


			-2.30E-05			-0.002			2.70E+01			0.0133333333


			-2.28E-05			-0.002			2.72E+01			0.0133333333


			-2.26E-05			-0.006			2.74E+01			0.0066666667


			-2.24E-05			-0.01			2.76E+01			0


			-2.22E-05			-0.006			2.78E+01			0.0066666667


			-2.20E-05			-0.002			2.80E+01			0.0133333333


			-2.18E-05			-0.006			2.82E+01			0.0066666667


			-2.16E-05			-0.002			2.84E+01			0.0133333333


			-2.14E-05			0.462			2.86E+01			0.7866666667


			-2.12E-05			0.238			2.88E+01			0.4133333333


			-2.10E-05			0.202			2.90E+01			0.3533333333


			-2.08E-05			0.21			2.92E+01			0.3666666667


			-2.06E-05			0.182			2.94E+01			0.32


			-2.04E-05			0.15			2.96E+01			0.2666666667


			-2.02E-05			0.134			2.98E+01			0.24


			-2.00E-05			0.118			3.00E+01			0.2133333333


			-1.98E-05			0.098			3.02E+01			0.18


			-1.96E-05			0.09			3.04E+01			0.1666666667


			-1.94E-05			0.082			3.06E+01			0.1533333333


			-1.92E-05			0.066			3.08E+01			0.1266666667


			-1.90E-05			0.054			3.10E+01			0.1066666667


			-1.88E-05			0.05			3.12E+01			0.1


			-1.86E-05			0.05			3.14E+01			0.1


			-1.84E-05			0.042			3.16E+01			0.0866666667


			-1.82E-05			0.03			3.18E+01			0.0666666667


			-1.80E-05			0.03			3.20E+01			0.0666666667


			-1.78E-05			0.026			3.22E+01			0.06


			-1.76E-05			0.018			3.24E+01			0.0466666667


			-1.74E-05			0.01			3.26E+01			0.0333333333


			-1.72E-05			0.014			3.28E+01			0.04


			-1.70E-05			0.014			3.30E+01			0.04


			-1.68E-05			0.006			3.32E+01			0.0266666667


			-1.66E-05			-0.002			3.34E+01			0.0133333333


			-1.64E-05			0.006			3.36E+01			0.0266666667


			-1.62E-05			-0.002			3.38E+01			0.0133333333


			-1.60E-05			0.002			3.40E+01			0.02


			-1.58E-05			0.002			3.42E+01			0.02


			-1.56E-05			-0.002			3.44E+01			0.0133333333


			-1.54E-05			-0.002			3.46E+01			0.0133333333


			-1.52E-05			0.002			3.48E+01			0.02


			-1.50E-05			0.002			3.50E+01			0.02


			-1.48E-05			-0.002			3.52E+01			0.0133333333


			-1.46E-05			0.014			3.54E+01			0.04


			-1.44E-05			-0.002			3.56E+01			0.0133333333


			-1.42E-05			-0.01			3.58E+01			0


			-1.40E-05			-0.006			3.60E+01			0.0066666667


			-1.38E-05			-0.002			3.62E+01			0.0133333333


			-1.36E-05			-0.01			3.64E+01			0


			-1.34E-05			-0.002			3.66E+01			0.0133333333


			-1.32E-05			-0.006			3.68E+01			0.0066666667


			-1.30E-05			-0.01			3.70E+01			0


			-1.28E-05			-0.006			3.72E+01			0.0066666667


			-1.26E-05			-0.002			3.74E+01			0.0133333333


			-1.24E-05			-0.002			3.76E+01			0.0133333333


			-1.22E-05			-0.002			3.78E+01			0.0133333333


			-1.20E-05			-0.002			3.80E+01			0.0133333333


			-1.18E-05			-0.002			3.82E+01			0.0133333333


			-1.16E-05			-0.01			3.84E+01			0


			-1.14E-05			0.498			3.86E+01			0.8466666667


			-1.12E-05			0.246			3.88E+01			0.4266666667


			-1.10E-05			0.214			3.90E+01			0.3733333333


			-1.08E-05			0.226			3.92E+01			0.3933333333


			-1.06E-05			0.186			3.94E+01			0.3266666667


			-1.04E-05			0.162			3.96E+01			0.2866666667


			-1.02E-05			0.146			3.98E+01			0.26


			-1.00E-05			0.134			4.00E+01			0.24


			-9.80E-06			0.114			4.02E+01			0.2066666667


			-9.60E-06			0.102			4.04E+01			0.1866666667


			-9.40E-06			0.09			4.06E+01			0.1666666667


			-9.20E-06			0.074			4.08E+01			0.14


			-9.00E-06			0.062			4.10E+01			0.12


			-8.80E-06			0.05			4.12E+01			0.1


			-8.60E-06			0.046			4.14E+01			0.0933333333


			-8.40E-06			0.046			4.16E+01			0.0933333333


			-8.20E-06			0.038			4.18E+01			0.08


			-8.00E-06			0.03			4.20E+01			0.0666666667


			-7.80E-06			0.026			4.22E+01			0.06


			-7.60E-06			0.022			4.24E+01			0.0533333333


			-7.40E-06			0.022			4.26E+01			0.0533333333


			-7.20E-06			0.014			4.28E+01			0.04


			-7.00E-06			0.014			4.30E+01			0.04


			-6.80E-06			0.018			4.32E+01			0.0466666667


			-6.60E-06			0.006			4.34E+01			0.0266666667


			-6.40E-06			0.01			4.36E+01			0.0333333333


			-6.20E-06			0.014			4.38E+01			0.04


			-6.00E-06			0.002			4.40E+01			0.02


			-5.80E-06			0.002			4.42E+01			0.02


			-5.60E-06			0.002			4.44E+01			0.02


			-5.40E-06			0.006			4.46E+01			0.0266666667


			-5.20E-06			0.002			4.48E+01			0.02


			-5.00E-06			0.002			4.50E+01			0.02


			-4.80E-06			-0.002			4.52E+01			0.0133333333


			-4.60E-06			-0.002			4.54E+01			0.0133333333


			-4.40E-06			-0.002			4.56E+01			0.0133333333


			-4.20E-06			0.002			4.58E+01			0.02


			-4.00E-06			-0.002			4.60E+01			0.0133333333


			-3.80E-06			-0.002			4.62E+01			0.0133333333


			-3.60E-06			0.002			4.64E+01			0.02


			-3.40E-06			-0.002			4.66E+01			0.0133333333


			-3.20E-06			-0.006			4.68E+01			0.0066666667


			-3.00E-06			-0.006			4.70E+01			0.0066666667


			-2.80E-06			-0.002			4.72E+01			0.0133333333


			-2.60E-06			0.002			4.74E+01			0.02


			-2.40E-06			-0.01			4.76E+01			0


			-2.20E-06			0.006			4.78E+01			0.0266666667


			-2.00E-06			-0.002			4.80E+01			0.0133333333


			-1.80E-06			-0.006			4.82E+01			0.0066666667


			-1.60E-06			-0.006			4.84E+01			0.0066666667


			-1.40E-06			0.51			4.86E+01			0.8666666667


			-1.20E-06			0.246			4.88E+01			0.4266666667


			-1.00E-06			0.222			4.90E+01			0.3866666667


			-8.00E-07			0.23			4.92E+01			0.4


			-6.00E-07			0.202			4.94E+01			0.3533333333


			-4.00E-07			0.17			4.96E+01			0.3


			-2.00E-07			0.154			4.98E+01			0.2733333333


			0			0.13			5.00E+01			0.2333333333


			2.00E-07			0.114			5.02E+01			0.2066666667


			4.00E-07			0.102			5.04E+01			0.1866666667


			6.00E-07			0.086			5.06E+01			0.16


			8.00E-07			0.07			5.08E+01			0.1333333333


			1.00E-06			0.066			5.10E+01			0.1266666667


			1.20E-06			0.054			5.12E+01			0.1066666667


			1.40E-06			0.042			5.14E+01			0.0866666667


			1.60E-06			0.038			5.16E+01			0.08


			1.80E-06			0.03			5.18E+01			0.0666666667


			2.00E-06			0.026			5.20E+01			0.06


			2.20E-06			0.026			5.22E+01			0.06


			2.40E-06			0.022			5.24E+01			0.0533333333


			2.60E-06			0.014			5.26E+01			0.04


			2.80E-06			0.01			5.28E+01			0.0333333333


			3.00E-06			0.014			5.30E+01			0.04


			3.20E-06			0.01			5.32E+01			0.0333333333


			3.40E-06			0.006			5.34E+01			0.0266666667


			3.60E-06			0.006			5.36E+01			0.0266666667


			3.80E-06			0.006			5.38E+01			0.0266666667


			4.00E-06			-0.002			5.40E+01			0.0133333333


			4.20E-06			0.002			5.42E+01			0.02


			4.40E-06			0.002			5.44E+01			0.02


			4.60E-06			0.002			5.46E+01			0.02


			4.80E-06			0.006			5.48E+01			0.0266666667


			5.00E-06			-0.002			5.50E+01			0.0133333333


			5.20E-06			-0.01			5.52E+01			0


			5.40E-06			0.002			5.54E+01			0.02


			5.60E-06			0.002			5.56E+01			0.02


			5.80E-06			-0.006			5.58E+01			0.0066666667


			6.00E-06			0.002			5.60E+01			0.02


			6.20E-06			0.002			5.62E+01			0.02


			6.40E-06			-0.002			5.64E+01			0.0133333333


			6.60E-06			-0.002			5.66E+01			0.0133333333


			6.80E-06			-0.002			5.68E+01			0.0133333333


			7.00E-06			-0.006			5.70E+01			0.0066666667


			7.20E-06			-0.002			5.72E+01			0.0133333333


			7.40E-06			-0.002			5.74E+01			0.0133333333


			7.60E-06			-0.006			5.76E+01			0.0066666667


			7.80E-06			-0.002			5.78E+01			0.0133333333


			8.00E-06			-0.002			5.80E+01			0.0133333333


			8.20E-06			-0.006			5.82E+01			0.0066666667


			8.40E-06			-0.002			5.84E+01			0.0133333333


			8.60E-06			0.554			5.86E+01			0.94


			8.80E-06			0.266			5.88E+01			0.46


			9.00E-06			0.25			5.90E+01			0.4333333333


			9.20E-06			0.254			5.92E+01			0.44


			9.40E-06			0.21			5.94E+01			0.3666666667


			9.60E-06			0.186			5.96E+01			0.3266666667


			9.80E-06			0.166			5.98E+01			0.2933333333


			1.00E-05			0.142			6.00E+01			0.2533333333


			1.02E-05			0.118			6.02E+01			0.2133333333


			1.04E-05			0.106			6.04E+01			0.1933333333


			1.06E-05			0.098			6.06E+01			0.18


			1.08E-05			0.078			6.08E+01			0.1466666667


			1.10E-05			0.066			6.10E+01			0.1266666667


			1.12E-05			0.058			6.12E+01			0.1133333333


			1.14E-05			0.05			6.14E+01			0.1


			1.16E-05			0.05			6.16E+01			0.1


			1.18E-05			0.038			6.18E+01			0.08


			1.20E-05			0.038			6.20E+01			0.08


			1.22E-05			0.03			6.22E+01			0.0666666667


			1.24E-05			0.026			6.24E+01			0.06


			1.26E-05			0.022			6.26E+01			0.0533333333


			1.28E-05			0.022			6.28E+01			0.0533333333


			1.30E-05			0.014			6.30E+01			0.04


			1.32E-05			0.01			6.32E+01			0.0333333333


			1.34E-05			0.01			6.34E+01			0.0333333333


			1.36E-05			0.01			6.36E+01			0.0333333333


			1.38E-05			0.002			6.38E+01			0.02


			1.40E-05			0.01			6.40E+01			0.0333333333


			1.42E-05			0.002			6.42E+01			0.02


			1.44E-05			0.006			6.44E+01			0.0266666667


			1.46E-05			0.01			6.46E+01			0.0333333333


			1.48E-05			-0.002			6.48E+01			0.0133333333


			1.50E-05			-0.006			6.50E+01			0.0066666667


			1.52E-05			-0.01			6.52E+01			0


			1.54E-05			-0.006			6.54E+01			0.0066666667


			1.56E-05			-0.002			6.56E+01			0.0133333333


			1.58E-05			0.002			6.58E+01			0.02


			1.60E-05			-0.006			6.60E+01			0.0066666667


			1.62E-05			-0.002			6.62E+01			0.0133333333


			1.64E-05			-0.002			6.64E+01			0.0133333333


			1.66E-05			-0.002			6.66E+01			0.0133333333


			1.68E-05			-0.002			6.68E+01			0.0133333333


			1.70E-05			-0.006			6.70E+01			0.0066666667


			1.72E-05			-0.006			6.72E+01			0.0066666667


			1.74E-05			-0.006			6.74E+01			0.0066666667


			1.76E-05			0.002			6.76E+01			0.02


			1.78E-05			0.002			6.78E+01			0.02


			1.80E-05			-0.002			6.80E+01			0.0133333333


			1.82E-05			-0.006			6.82E+01			0.0066666667


			1.84E-05			-0.002			6.84E+01			0.0133333333


			1.86E-05			0.53			6.86E+01			0.9


			1.88E-05			0.246			6.88E+01			0.4266666667


			1.90E-05			0.234			6.90E+01			0.4066666667


			1.92E-05			0.242			6.92E+01			0.42


			1.94E-05			0.202			6.94E+01			0.3533333333


			1.96E-05			0.166			6.96E+01			0.2933333333


			1.98E-05			0.15			6.98E+01			0.2666666667


			2.00E-05			0.13			7.00E+01			0.2333333333


			2.02E-05			0.118			7.02E+01			0.2133333333


			2.04E-05			0.106			7.04E+01			0.1933333333


			2.06E-05			0.09			7.06E+01			0.1666666667


			2.08E-05			0.074			7.08E+01			0.14


			2.10E-05			0.066			7.10E+01			0.1266666667


			2.12E-05			0.062			7.12E+01			0.12


			2.14E-05			0.05			7.14E+01			0.1


			2.16E-05			0.038			7.16E+01			0.08


			2.18E-05			0.038			7.18E+01			0.08


			2.20E-05			0.034			7.20E+01			0.0733333333


			2.22E-05			0.026			7.22E+01			0.06


			2.24E-05			0.018			7.24E+01			0.0466666667


			2.26E-05			0.014			7.26E+01			0.04


			2.28E-05			0.014			7.28E+01			0.04


			2.30E-05			0.018			7.30E+01			0.0466666667


			2.32E-05			0.01			7.32E+01			0.0333333333


			2.34E-05			0.006			7.34E+01			0.0266666667


			2.36E-05			0.01			7.36E+01			0.0333333333


			2.38E-05			0.002			7.38E+01			0.02


			2.40E-05			0.006			7.40E+01			0.0266666667


			2.42E-05			0.002			7.42E+01			0.02


			2.44E-05			0.006			7.44E+01			0.0266666667


			2.46E-05			-0.002			7.46E+01			0.0133333333


			2.48E-05			-0.002			7.48E+01			0.0133333333


			2.50E-05			-0.002			7.50E+01			0.0133333333


			2.52E-05			-0.006			7.52E+01			0.0066666667


			2.54E-05			0.002			7.54E+01			0.02


			2.56E-05			-0.002			7.56E+01			0.0133333333


			2.58E-05			0.002			7.58E+01			0.02


			2.60E-05			-0.002			7.60E+01			0.0133333333


			2.62E-05			-0.006			7.62E+01			0.0066666667


			2.64E-05			0.002			7.64E+01			0.02


			2.66E-05			0.002			7.66E+01			0.02


			2.68E-05			-0.002			7.68E+01			0.0133333333


			2.70E-05			-0.002			7.70E+01			0.0133333333


			2.72E-05			-0.006			7.72E+01			0.0066666667


			2.74E-05			-0.01			7.74E+01			0


			2.76E-05			-0.002			7.76E+01			0.0133333333


			2.78E-05			-0.002			7.78E+01			0.0133333333


			2.80E-05			0.002			7.80E+01			0.02


			2.82E-05			-0.002			7.82E+01			0.0133333333


			2.84E-05			-0.002			7.84E+01			0.0133333333


			2.86E-05			0.51			7.86E+01			0.8666666667


			2.88E-05			0.238			7.88E+01			0.4133333333


			2.90E-05			0.23			7.90E+01			0.4


			2.92E-05			0.238			7.92E+01			0.4133333333


			2.94E-05			0.202			7.94E+01			0.3533333333


			2.96E-05			0.174			7.96E+01			0.3066666667


			2.98E-05			0.15			7.98E+01			0.2666666667


			3.00E-05			0.13			8.00E+01			0.2333333333


			3.02E-05			0.118			8.02E+01			0.2133333333


			3.04E-05			0.098			8.04E+01			0.18


			3.06E-05			0.082			8.06E+01			0.1533333333


			3.08E-05			0.074			8.08E+01			0.14


			3.10E-05			0.058			8.10E+01			0.1133333333


			3.12E-05			0.054			8.12E+01			0.1066666667


			3.14E-05			0.046			8.14E+01			0.0933333333


			3.16E-05			0.038			8.16E+01			0.08


			3.18E-05			0.034			8.18E+01			0.0733333333


			3.20E-05			0.03			8.20E+01			0.0666666667


			3.22E-05			0.018			8.22E+01			0.0466666667


			3.24E-05			0.014			8.24E+01			0.04


			3.26E-05			0.01			8.26E+01			0.0333333333


			3.28E-05			0.022			8.28E+01			0.0533333333


			3.30E-05			0.014			8.30E+01			0.04


			3.32E-05			0.01			8.32E+01			0.0333333333


			3.34E-05			0.01			8.34E+01			0.0333333333


			3.36E-05			0.006			8.36E+01			0.0266666667


			3.38E-05			0.002			8.38E+01			0.02


			3.40E-05			0.006			8.40E+01			0.0266666667


			3.42E-05			0.006			8.42E+01			0.0266666667


			3.44E-05			0.002			8.44E+01			0.02


			3.46E-05			-0.01			8.46E+01			0


			3.48E-05			-0.006			8.48E+01			0.0066666667


			3.50E-05			0.006			8.50E+01			0.0266666667


			3.52E-05			-0.006			8.52E+01			0.0066666667


			3.54E-05			-0.006			8.54E+01			0.0066666667


			3.56E-05			0.002			8.56E+01			0.02


			3.58E-05			-0.002			8.58E+01			0.0133333333


			3.60E-05			-0.006			8.60E+01			0.0066666667


			3.62E-05			-0.002			8.62E+01			0.0133333333


			3.64E-05			-0.006			8.64E+01			0.0066666667


			3.66E-05			-0.006			8.66E+01			0.0066666667


			3.68E-05			-0.01			8.68E+01			0


			3.70E-05			-0.01			8.70E+01			0


			3.72E-05			-0.002			8.72E+01			0.0133333333


			3.74E-05			-0.006			8.74E+01			0.0066666667


			3.76E-05			-0.006			8.76E+01			0.0066666667


			3.78E-05			-0.002			8.78E+01			0.0133333333


			3.80E-05			-0.006			8.80E+01			0.0066666667


			3.82E-05			0.002			8.82E+01			0.02


			3.84E-05			-0.002			8.84E+01			0.0133333333


			3.86E-05			0.53			8.86E+01			0.9


			3.88E-05			0.242			8.88E+01			0.42


			3.90E-05			0.246			8.90E+01			0.4266666667


			3.92E-05			0.246			8.92E+01			0.4266666667


			3.94E-05			0.202			8.94E+01			0.3533333333


			3.96E-05			0.178			8.96E+01			0.3133333333


			3.98E-05			0.158			8.98E+01			0.28


			4.00E-05			0.138			9.00E+01			0.2466666667


			4.02E-05			0.118			9.02E+01			0.2133333333


			4.04E-05			0.098			9.04E+01			0.18


			4.06E-05			0.09			9.06E+01			0.1666666667


			4.08E-05			0.082			9.08E+01			0.1533333333


			4.10E-05			0.07			9.10E+01			0.1333333333


			4.12E-05			0.054			9.12E+01			0.1066666667


			4.14E-05			0.054			9.14E+01			0.1066666667


			4.16E-05			0.046			9.16E+01			0.0933333333


			4.18E-05			0.034			9.18E+01			0.0733333333


			4.20E-05			0.026			9.20E+01			0.06


			4.22E-05			0.034			9.22E+01			0.0733333333


			4.24E-05			0.022			9.24E+01			0.0533333333


			4.26E-05			0.022			9.26E+01			0.0533333333


			4.28E-05			0.01			9.28E+01			0.0333333333


			4.30E-05			0.022			9.30E+01			0.0533333333


			4.32E-05			0.01			9.32E+01			0.0333333333


			4.34E-05			0.01			9.34E+01			0.0333333333


			4.36E-05			0.01			9.36E+01			0.0333333333


			4.38E-05			0.01			9.38E+01			0.0333333333


			4.40E-05			0.002			9.40E+01			0.02


			4.42E-05			0.002			9.42E+01			0.02


			4.44E-05			0.002			9.44E+01			0.02


			4.46E-05			0.002			9.46E+01			0.02


			4.48E-05			0.006			9.48E+01			0.0266666667


			4.50E-05			-0.002			9.50E+01			0.0133333333


			4.52E-05			0.002			9.52E+01			0.02


			4.54E-05			-0.006			9.54E+01			0.0066666667


			4.56E-05			-0.002			9.56E+01			0.0133333333


			4.58E-05			-0.006			9.58E+01			0.0066666667


			4.60E-05			-0.002			9.60E+01			0.0133333333


			4.62E-05			-0.01			9.62E+01			0


			4.64E-05			-0.006			9.64E+01			0.0066666667


			4.66E-05			-0.01			9.66E+01			0


			4.68E-05			-0.01			9.68E+01			0


			4.70E-05			-0.006			9.70E+01			0.0066666667


			4.72E-05			-0.01			9.72E+01			0


			4.74E-05			-0.01			9.74E+01			0


			4.76E-05			-0.002			9.76E+01			0.0133333333


			4.78E-05			-0.002			9.78E+01			0.0133333333


			4.80E-05			-0.002			9.80E+01			0.0133333333


			4.82E-05			-0.002			9.82E+01			0.0133333333


			4.84E-05			-0.002			9.84E+01			0.0133333333


			4.86E-05			0.522			9.86E+01			0.8866666667


			4.88E-05			0.238			9.88E+01			0.4133333333


			4.90E-05			0.246			9.90E+01			0.4266666667


			4.92E-05			0.25			9.92E+01			0.4333333333


			4.94E-05			0.206			9.94E+01			0.36


			4.96E-05			0.178			9.96E+01			0.3133333333


			4.98E-05			0.15			9.98E+01			0.2666666667


			5.00E-05			0.138			1.00E+02			0.2466666667


			5.02E-05			0.118			1.00E+02			0.2133333333


			5.04E-05			0.098			1.00E+02			0.18


			5.06E-05			0.086			1.01E+02			0.16


			5.08E-05			0.078			1.01E+02			0.1466666667


			5.10E-05			0.062			1.01E+02			0.12


			5.12E-05			0.058			1.01E+02			0.1133333333


			5.14E-05			0.05			1.01E+02			0.1


			5.16E-05			0.05			1.02E+02			0.1


			5.18E-05			0.03			1.02E+02			0.0666666667


			5.20E-05			0.034			1.02E+02			0.0733333333


			5.22E-05			0.03			1.02E+02			0.0666666667


			5.24E-05			0.022			1.02E+02			0.0533333333


			5.26E-05			0.014			1.03E+02			0.04


			5.28E-05			0.018			1.03E+02			0.0466666667


			5.30E-05			0.014			1.03E+02			0.04


			5.32E-05			0.01			1.03E+02			0.0333333333


			5.34E-05			0.018			1.03E+02			0.0466666667


			5.36E-05			0.014			1.04E+02			0.04


			5.38E-05			0.002			1.04E+02			0.02


			5.40E-05			0.006			1.04E+02			0.0266666667


			5.42E-05			0.002			1.04E+02			0.02


			5.44E-05			0.002			1.04E+02			0.02


			5.46E-05			-0.002			1.05E+02			0.0133333333


			5.48E-05			0.006			1.05E+02			0.0266666667


			5.50E-05			-0.002			1.05E+02			0.0133333333


			5.52E-05			0.002			1.05E+02			0.02


			5.54E-05			0.006			1.05E+02			0.0266666667


			5.56E-05			-0.006			1.06E+02			0.0066666667


			5.58E-05			-0.002			1.06E+02			0.0133333333


			5.60E-05			-0.002			1.06E+02			0.0133333333


			5.62E-05			0.002			1.06E+02			0.02


			5.64E-05			-0.002			1.06E+02			0.0133333333


			5.66E-05			-0.002			1.07E+02			0.0133333333


			5.68E-05			-0.006			1.07E+02			0.0066666667


			5.70E-05			-0.002			1.07E+02			0.0133333333


			5.72E-05			-0.002			1.07E+02			0.0133333333


			5.74E-05			-0.002			1.07E+02			0.0133333333


			5.76E-05			-0.006			1.08E+02			0.0066666667


			5.78E-05			0.002			1.08E+02			0.02


			5.80E-05			-0.002			1.08E+02			0.0133333333


			5.82E-05			0.002			1.08E+02			0.02


			5.84E-05			-0.002			1.08E+02			0.0133333333


			5.86E-05			-0.002			1.09E+02			0.0133333333


			5.88E-05			0.006			1.09E+02			0.0266666667


			5.90E-05			-0.006			1.09E+02			0.0066666667


			5.92E-05			-0.006			1.09E+02			0.0066666667


			5.94E-05			-0.002			1.09E+02			0.0133333333


			5.96E-05			-0.006			1.10E+02			0.0066666667


			5.98E-05			-0.002			1.10E+02			0.0133333333


			6.00E-05			-0.01			1.10E+02			0


			6.02E-05			-0.006			1.10E+02			0.0066666667


			6.04E-05			-0.006			1.10E+02			0.0066666667


			6.06E-05			-0.006			1.11E+02			0.0066666667


			6.08E-05			-0.006			1.11E+02			0.0066666667


			6.10E-05			-0.01			1.11E+02			0


			6.12E-05			-0.002			1.11E+02			0.0133333333


			6.14E-05			-0.01			1.11E+02			0


			6.16E-05			0.002			1.12E+02			0.02


			6.18E-05			-0.01			1.12E+02			0


			6.20E-05			-0.006			1.12E+02			0.0066666667


			6.22E-05			-0.01			1.12E+02			0


			6.24E-05			-0.002			1.12E+02			0.0133333333


			6.26E-05			-0.006			1.13E+02			0.0066666667


			6.28E-05			-0.006			1.13E+02			0.0066666667


			6.30E-05			-0.006			1.13E+02			0.0066666667


			6.32E-05			-0.002			1.13E+02			0.0133333333


			6.34E-05			-0.002			1.13E+02			0.0133333333


			6.36E-05			-0.014			1.14E+02			-0.0066666667


			6.38E-05			-0.01			1.14E+02			0


			6.40E-05			-0.002			1.14E+02			0.0133333333


			6.42E-05			-0.006			1.14E+02			0.0066666667


			6.44E-05			-0.002			1.14E+02			0.0133333333


			6.46E-05			-0.002			1.15E+02			0.0133333333


			6.48E-05			-0.006			1.15E+02			0.0066666667


			6.50E-05			-0.002			1.15E+02			0.0133333333


			6.52E-05			-0.01			1.15E+02			0


			6.54E-05			-0.002			1.15E+02			0.0133333333


			6.56E-05			-0.006			1.16E+02			0.0066666667


			6.58E-05			-0.01			1.16E+02			0


			6.60E-05			-0.006			1.16E+02			0.0066666667


			6.62E-05			-0.002			1.16E+02			0.0133333333


			6.64E-05			-0.006			1.16E+02			0.0066666667


			6.66E-05			-0.006			1.17E+02			0.0066666667


			6.68E-05			-0.002			1.17E+02			0.0133333333


			6.70E-05			-0.01			1.17E+02			0


			6.72E-05			-0.01			1.17E+02			0


			6.74E-05			-0.002			1.17E+02			0.0133333333


			6.76E-05			-0.002			1.18E+02			0.0133333333


			6.78E-05			-0.006			1.18E+02			0.0066666667


			6.80E-05			-0.006			1.18E+02			0.0066666667


			6.82E-05			-0.006			1.18E+02			0.0066666667


			6.84E-05			0.002			1.18E+02			0.02


			6.86E-05			-0.002			1.19E+02			0.0133333333


			6.88E-05			-0.002			1.19E+02			0.0133333333


			6.90E-05			-0.01			1.19E+02			0


			6.92E-05			-0.002			1.19E+02			0.0133333333


			6.94E-05			0.002			1.19E+02			0.02


			6.96E-05			0.002			1.20E+02			0.02


			6.98E-05			-0.006			1.20E+02			0.0066666667


			7.00E-05			-0.002			1.20E+02			0.0133333333


			7.02E-05			-0.002			1.20E+02			0.0133333333


			7.04E-05			-0.006			1.20E+02			0.0066666667


			7.06E-05			0.002			1.21E+02			0.02


			7.08E-05			-0.006			1.21E+02			0.0066666667


			7.10E-05			-0.006			1.21E+02			0.0066666667


			7.12E-05			-0.002			1.21E+02			0.0133333333


			7.14E-05			-0.002			1.21E+02			0.0133333333


			7.16E-05			-0.01			1.22E+02			0


			7.18E-05			-0.014			1.22E+02			-0.0066666667


			7.20E-05			-0.002			1.22E+02			0.0133333333


			7.22E-05			-0.01			1.22E+02			0


			7.24E-05			0.002			1.22E+02			0.02


			7.26E-05			-0.01			1.23E+02			0


			7.28E-05			-0.01			1.23E+02			0


			7.30E-05			-0.006			1.23E+02			0.0066666667


			7.32E-05			-0.002			1.23E+02			0.0133333333


			7.34E-05			-0.006			1.23E+02			0.0066666667


			7.36E-05			-0.002			1.24E+02			0.0133333333


			7.38E-05			-0.002			1.24E+02			0.0133333333


			7.40E-05			-0.006			1.24E+02			0.0066666667


			7.42E-05			-0.01			1.24E+02			0


			7.44E-05			-0.002			1.24E+02			0.0133333333


			7.46E-05			-0.006			1.25E+02			0.0066666667


			7.48E-05			-0.006			1.25E+02			0.0066666667


			7.50E-05			-0.002			1.25E+02			0.0133333333


			7.52E-05			-0.006			1.25E+02			0.0066666667


			7.54E-05			-0.01			1.25E+02			0


			7.56E-05			-0.002			1.26E+02			0.0133333333


			7.58E-05			-0.006			1.26E+02			0.0066666667


			7.60E-05			-0.006			1.26E+02			0.0066666667


			7.62E-05			-0.006			1.26E+02			0.0066666667


			7.64E-05			-0.002			1.26E+02			0.0133333333


			7.66E-05			-0.01			1.27E+02			0


			7.68E-05			-0.002			1.27E+02			0.0133333333


			7.70E-05			-0.002			1.27E+02			0.0133333333


			7.72E-05			-0.014			1.27E+02			-0.0066666667


			7.74E-05			-0.002			1.27E+02			0.0133333333


			7.76E-05			-0.01			1.28E+02			0


			7.78E-05			-0.01			1.28E+02			0


			7.80E-05			-0.006			1.28E+02			0.0066666667


			7.82E-05			-0.002			1.28E+02			0.0133333333


			7.84E-05			-0.002			1.28E+02			0.0133333333


			7.86E-05			-0.002			1.29E+02			0.0133333333


			7.88E-05			-0.006			1.29E+02			0.0066666667


			7.90E-05			-0.002			1.29E+02			0.0133333333


			7.92E-05			-0.01			1.29E+02			0


			7.94E-05			-0.01			1.29E+02			0


			7.96E-05			-0.002			1.30E+02			0.0133333333


			7.98E-05			-0.006			1.30E+02			0.0066666667


			8.00E-05			-0.014			1.30E+02			-0.0066666667


			8.02E-05			-0.002			1.30E+02			0.0133333333


			8.04E-05			-0.006			1.30E+02			0.0066666667


			8.06E-05			-0.002			1.31E+02			0.0133333333


			8.08E-05			-0.01			1.31E+02			0


			8.10E-05			-0.01			1.31E+02			0


			8.12E-05			-0.014			1.31E+02			-0.0066666667


			8.14E-05			-0.002			1.31E+02			0.0133333333


			8.16E-05			-0.006			1.32E+02			0.0066666667


			8.18E-05			-0.01			1.32E+02			0


			8.20E-05			-0.01			1.32E+02			0


			8.22E-05			-0.01			1.32E+02			0


			8.24E-05			-0.006			1.32E+02			0.0066666667


			8.26E-05			-0.006			1.33E+02			0.0066666667


			8.28E-05			-0.002			1.33E+02			0.0133333333


			8.30E-05			-0.006			1.33E+02			0.0066666667


			8.32E-05			-0.006			1.33E+02			0.0066666667


			8.34E-05			0.002			1.33E+02			0.02


			8.36E-05			-0.002			1.34E+02			0.0133333333


			8.38E-05			-0.002			1.34E+02			0.0133333333


			8.40E-05			-0.002			1.34E+02			0.0133333333


			8.42E-05			-0.002			1.34E+02			0.0133333333


			8.44E-05			-0.006			1.34E+02			0.0066666667


			8.46E-05			-0.006			1.35E+02			0.0066666667


			8.48E-05			-0.002			1.35E+02			0.0133333333


			8.50E-05			-0.002			1.35E+02			0.0133333333


			8.52E-05			0.002			1.35E+02			0.02


			8.54E-05			-0.002			1.35E+02			0.0133333333


			8.56E-05			-0.002			1.36E+02			0.0133333333


			8.58E-05			-0.006			1.36E+02			0.0066666667


			8.60E-05			-0.01			1.36E+02			0


			8.62E-05			-0.006			1.36E+02			0.0066666667


			8.64E-05			-0.006			1.36E+02			0.0066666667


			8.66E-05			-0.01			1.37E+02			0


			8.68E-05			-0.006			1.37E+02			0.0066666667


			8.70E-05			-0.006			1.37E+02			0.0066666667


			8.72E-05			-0.002			1.37E+02			0.0133333333


			8.74E-05			-0.006			1.37E+02			0.0066666667


			8.76E-05			-0.01			1.38E+02			0


			8.78E-05			-0.002			1.38E+02			0.0133333333


			8.80E-05			-0.002			1.38E+02			0.0133333333


			8.82E-05			-0.014			1.38E+02			-0.0066666667


			8.84E-05			-0.002			1.38E+02			0.0133333333


			8.86E-05			-0.002			1.39E+02			0.0133333333


			8.88E-05			-0.014			1.39E+02			-0.0066666667


			8.90E-05			-0.002			1.39E+02			0.0133333333


			8.92E-05			-0.01			1.39E+02			0


			8.94E-05			-0.006			1.39E+02			0.0066666667


			8.96E-05			-0.006			1.40E+02			0.0066666667


			8.98E-05			-0.002			1.40E+02			0.0133333333


			9.00E-05			-0.01			1.40E+02			0


			9.02E-05			-0.006			1.40E+02			0.0066666667


			9.04E-05			-0.002			1.40E+02			0.0133333333


			9.06E-05			-0.002			1.41E+02			0.0133333333


			9.08E-05			-0.006			1.41E+02			0.0066666667


			9.10E-05			-0.006			1.41E+02			0.0066666667


			9.12E-05			-0.002			1.41E+02			0.0133333333


			9.14E-05			-0.002			1.41E+02			0.0133333333


			9.16E-05			-0.002			1.42E+02			0.0133333333


			9.18E-05			-0.006			1.42E+02			0.0066666667


			9.20E-05			-0.01			1.42E+02			0


			9.22E-05			0.002			1.42E+02			0.02


			9.24E-05			-0.002			1.42E+02			0.0133333333


			9.26E-05			-0.002			1.43E+02			0.0133333333


			9.28E-05			0.002			1.43E+02			0.02


			9.30E-05			-0.002			1.43E+02			0.0133333333


			9.32E-05			0.002			1.43E+02			0.02


			9.34E-05			-0.006			1.43E+02			0.0066666667


			9.36E-05			0.002			1.44E+02			0.02


			9.38E-05			0.002			1.44E+02			0.02


			9.40E-05			-0.006			1.44E+02			0.0066666667


			9.42E-05			-0.002			1.44E+02			0.0133333333


			9.44E-05			-0.006			1.44E+02			0.0066666667


			9.46E-05			-0.006			1.45E+02			0.0066666667


			9.48E-05			-0.002			1.45E+02			0.0133333333


			9.50E-05			-0.002			1.45E+02			0.0133333333


			9.52E-05			-0.006			1.45E+02			0.0066666667


			9.54E-05			-0.006			1.45E+02			0.0066666667


			9.56E-05			-0.002			1.46E+02			0.0133333333


			9.58E-05			-0.006			1.46E+02			0.0066666667


			9.60E-05			-0.006			1.46E+02			0.0066666667


			9.62E-05			-0.002			1.46E+02			0.0133333333


			9.64E-05			-0.01			1.46E+02			0


			9.66E-05			-0.006			1.47E+02			0.0066666667


			9.68E-05			-0.002			1.47E+02			0.0133333333


			9.70E-05			-0.002			1.47E+02			0.0133333333


			9.72E-05			-0.006			1.47E+02			0.0066666667


			9.74E-05			-0.01			1.47E+02			0


			9.76E-05			-0.014			1.48E+02			-0.0066666667


			9.78E-05			-0.002			1.48E+02			0.0133333333


			9.80E-05			-0.006			1.48E+02			0.0066666667


			9.82E-05			-0.002			1.48E+02			0.0133333333


			9.84E-05			-0.002			1.48E+02			0.0133333333


			9.86E-05			-0.002			1.49E+02			0.0133333333


			9.88E-05			-0.006			1.49E+02			0.0066666667


			9.90E-05			-0.014			1.49E+02			-0.0066666667


			9.92E-05			-0.006			1.49E+02			0.0066666667


			9.94E-05			-0.002			1.49E+02			0.0133333333


			9.96E-05			0.002			1.50E+02			0.02


			9.98E-05			-0.002			1.50E+02			0.0133333333


			0.0001			-0.006			1.50E+02			0.0066666667
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-0.0453953341


-0.0611850156


-0.0532901749


-0.0453953341


-0.0532901749


-0.0453953341


-0.0532901749


-0.0532901749


-0.0611850156


-0.0611850156


-0.0611850156


-0.0532901749


-0.0611850156


-0.0453953341


-0.0532901749


-0.0611850156


-0.0453953341


-0.0375004934


-0.0532901749


-0.0532901749


-0.0611850156


-0.0611850156


-0.0532901749


-0.0453953341


-0.0532901749


-0.0453953341


-0.0611850156


-0.0611850156


-0.0532901749


-0.0532901749


-0.0532901749


-0.0611850156


-0.0532901749


-0.0611850156


-0.0611850156


-0.0611850156


-0.0453953341


-0.0532901749


-0.0532901749


-0.0611850156


-0.0611850156


-0.0611850156


-0.0611850156


-0.0611850156


-0.0532901749


-0.0611850156


-0.0611850156


-0.0690798563


-0.0532901749


-0.0532901749


-0.0532901749


-0.0532901749





TEK00016


			-0.000998			-1.39E-17			-378			-0.0690798563


			-0.000996			-1.39E-17			-376			-0.0690798563


			-0.000994			0.0008			-374			-0.0611850156


			-0.000992			-1.39E-17			-372			-0.0690798563


			-0.00099			-1.39E-17			-370			-0.0690798563


			-0.000988			-1.39E-17			-368			-0.0690798563


			-0.000986			0.0008			-366			-0.0611850156


			-0.000984			-1.39E-17			-364			-0.0690798563


			-0.000982			-0.0008			-362			-0.076974697


			-0.00098			0.0008			-360			-0.0611850156


			-0.000978			0.0016			-358			-0.0532901749


			-0.000976			-0.0008			-356			-0.076974697


			-0.000974			-1.39E-17			-354			-0.0690798563


			-0.000972			0.0008			-352			-0.0611850156


			-0.00097			-1.39E-17			-350			-0.0690798563


			-0.000968			-1.39E-17			-348			-0.0690798563


			-0.000966			-1.39E-17			-346			-0.0690798563


			-0.000964			-1.39E-17			-344			-0.0690798563


			-0.000962			-1.39E-17			-342			-0.0690798563


			-0.00096			-1.39E-17			-340			-0.0690798563


			-0.000958			0.0008			-338			-0.0611850156


			-0.000956			0.0008			-336			-0.0611850156


			-0.000954			-1.39E-17			-334			-0.0690798563


			-0.000952			-0.0008			-332			-0.076974697


			-0.00095			-1.39E-17			-330			-0.0690798563


			-0.000948			0.0008			-328			-0.0611850156


			-0.000946			-1.39E-17			-326			-0.0690798563


			-0.000944			-0.0008			-324			-0.076974697


			-0.000942			0.0008			-322			-0.0611850156


			-0.00094			-0.0008			-320			-0.076974697


			-0.000938			-1.39E-17			-318			-0.0690798563


			-0.000936			-0.0008			-316			-0.076974697


			-0.000934			-1.39E-17			-314			-0.0690798563


			-0.000932			0.0008			-312			-0.0611850156


			-0.00093			0.0008			-310			-0.0611850156


			-0.000928			0.0008			-308			-0.0611850156


			-0.000926			-0.0008			-306			-0.076974697


			-0.000924			0.0008			-304			-0.0611850156


			-0.000922			0.0008			-302			-0.0611850156


			-0.00092			0.0008			-300			-0.0611850156


			-0.000918			0.0008			-298			-0.0611850156


			-0.000916			-1.39E-17			-296			-0.0690798563


			-0.000914			-1.39E-17			-294			-0.0690798563


			-0.000912			-0.0008			-292			-0.076974697


			-0.00091			0.0008			-290			-0.0611850156


			-0.000908			0.0008			-288			-0.0611850156


			-0.000906			0.0008			-286			-0.0611850156


			-0.000904			-0.0008			-284			-0.076974697


			-0.000902			-1.39E-17			-282			-0.0690798563


			-0.0009			-1.39E-17			-280			-0.0690798563


			-0.000898			0.0008			-278			-0.0611850156


			-0.000896			-1.39E-17			-276			-0.0690798563


			-0.000894			0.0016			-274			-0.0532901749


			-0.000892			0.0008			-272			-0.0611850156


			-0.00089			-1.39E-17			-270			-0.0690798563


			-0.000888			-0.0008			-268			-0.076974697


			-0.000886			-1.39E-17			-266			-0.0690798563


			-0.000884			-1.39E-17			-264			-0.0690798563


			-0.000882			0.0008			-262			-0.0611850156


			-0.00088			-0.0016			-260			-0.0848695378


			-0.000878			-1.39E-17			-258			-0.0690798563


			-0.000876			0.0008			-256			-0.0611850156


			-0.000874			-1.39E-17			-254			-0.0690798563


			-0.000872			0.0008			-252			-0.0611850156


			-0.00087			0.0008			-250			-0.0611850156


			-0.000868			-1.39E-17			-248			-0.0690798563


			-0.000866			-1.39E-17			-246			-0.0690798563


			-0.000864			0.0008			-244			-0.0611850156


			-0.000862			-1.39E-17			-242			-0.0690798563


			-0.00086			0.0008			-240			-0.0611850156


			-0.000858			0.0008			-238			-0.0611850156


			-0.000856			-0.0008			-236			-0.076974697


			-0.000854			0.0008			-234			-0.0611850156


			-0.000852			0.0008			-232			-0.0611850156


			-0.00085			0.0008			-230			-0.0611850156


			-0.000848			0.0016			-228			-0.0532901749


			-0.000846			0.0008			-226			-0.0611850156


			-0.000844			0.0008			-224			-0.0611850156


			-0.000842			-1.39E-17			-222			-0.0690798563


			-0.00084			0.0008			-220			-0.0611850156


			-0.000838			0.0008			-218			-0.0611850156


			-0.000836			0.0016			-216			-0.0532901749


			-0.000834			-1.39E-17			-214			-0.0690798563


			-0.000832			0.0008			-212			-0.0611850156


			-0.00083			0.0008			-210			-0.0611850156


			-0.000828			0.0016			-208			-0.0532901749


			-0.000826			0.0024			-206			-0.0453953341


			-0.000824			0.0016			-204			-0.0532901749


			-0.000822			0.0024			-202			-0.0453953341


			-0.00082			0.0008			-200			-0.0611850156


			-0.000818			0.0024			-198			-0.0453953341


			-0.000816			0.0024			-196			-0.0453953341


			-0.000814			0.0024			-194			-0.0453953341


			-0.000812			0.0032			-192			-0.0375004934


			-0.00081			0.0016			-190			-0.0532901749


			-0.000808			0.0032			-188			-0.0375004934


			-0.000806			0.0032			-186			-0.0375004934


			-0.000804			0.0032			-184			-0.0375004934


			-0.000802			0.004			-182			-0.0296056527


			-0.0008			0.0032			-180			-0.0375004934


			-0.000798			0.0032			-178			-0.0375004934


			-0.000796			0.0024			-176			-0.0453953341


			-0.000794			0.0024			-174			-0.0453953341


			-0.000792			0.004			-172			-0.0296056527


			-0.00079			0.0032			-170			-0.0375004934


			-0.000788			0.0024			-168			-0.0453953341


			-0.000786			0.004			-166			-0.0296056527


			-0.000784			0.0048			-164			-0.021710812


			-0.000782			0.004			-162			-0.0296056527


			-0.00078			0.0048			-160			-0.021710812


			-0.000778			0.0048			-158			-0.021710812


			-0.000776			0.004			-156			-0.0296056527


			-0.000774			0.0048			-154			-0.021710812


			-0.000772			0.0024			-152			-0.0453953341


			-0.00077			0.0048			-150			-0.021710812


			-0.000768			0.004			-148			-0.0296056527


			-0.000766			0.004			-146			-0.0296056527


			-0.000764			0.0056			-144			-0.0138159713


			-0.000762			0.0056			-142			-0.0138159713


			-0.00076			0.0056			-140			-0.0138159713


			-0.000758			0.0056			-138			-0.0138159713


			-0.000756			0.0056			-136			-0.0138159713


			-0.000754			0.0056			-134			-0.0138159713


			-0.000752			0.0056			-132			-0.0138159713


			-0.00075			0.0056			-130			-0.0138159713


			-0.000748			0.0056			-128			-0.0138159713


			-0.000746			0.0056			-126			-0.0138159713


			-0.000744			0.0064			-124			-0.0059211305


			-0.000742			0.0056			-122			-0.0138159713


			-0.00074			0.0064			-120			-0.0059211305


			-0.000738			0.0048			-118			-0.021710812


			-0.000736			0.0056			-116			-0.0138159713


			-0.000734			0.0056			-114			-0.0138159713


			-0.000732			0.0056			-112			-0.0138159713


			-0.00073			0.0064			-110			-0.0059211305


			-0.000728			0.0056			-108			-0.0138159713


			-0.000726			0.0072			-106			0.0019737102


			-0.000724			0.0064			-104			-0.0059211305


			-0.000722			0.0064			-102			-0.0059211305


			-0.00072			0.0048			-100			-0.021710812


			-0.000718			0.0072			-98			0.0019737102


			-0.000716			0.0064			-96			-0.0059211305


			-0.000714			0.0064			-94			-0.0059211305


			-0.000712			0.0064			-92			-0.0059211305


			-0.00071			0.0048			-90			-0.021710812


			-0.000708			0.0064			-88			-0.0059211305


			-0.000706			0.0064			-86			-0.0059211305


			-0.000704			0.0064			-84			-0.0059211305


			-0.000702			0.0072			-82			0.0019737102


			-0.0007			0.0056			-80			-0.0138159713


			-0.000698			0.008			-78			0.0098685509


			-0.000696			0.008			-76			0.0098685509


			-0.000694			0.0064			-74			-0.0059211305


			-0.000692			0.008			-72			0.0098685509


			-0.00069			0.0056			-70			-0.0138159713


			-0.000688			0.0072			-68			0.0019737102


			-0.000686			0.0072			-66			0.0019737102


			-0.000684			0.008			-64			0.0098685509


			-0.000682			0.0072			-62			0.0019737102


			-0.00068			0.0064			-60			-0.0059211305


			-0.000678			0.0064			-58			-0.0059211305


			-0.000676			0.008			-56			0.0098685509


			-0.000674			0.0072			-54			0.0019737102


			-0.000672			0.0072			-52			0.0019737102


			-0.00067			0.0072			-50			0.0019737102


			-0.000668			0.0064			-48			-0.0059211305


			-0.000666			0.0072			-46			0.0019737102


			-0.000664			0.0056			-44			-0.0138159713


			-0.000662			0.0072			-42			0.0019737102


			-0.00066			0.008			-40			0.0098685509


			-0.000658			0.008			-38			0.0098685509


			-0.000656			0.008			-36			0.0098685509


			-0.000654			0.0096			-34			0.0256582323


			-0.000652			0.0072			-32			0.0019737102


			-0.00065			0.0088			-30			0.0177633916


			-0.000648			0.008			-28			0.0098685509


			-0.000646			0.0056			-26			-0.0138159713


			-0.000644			0.008			-24			0.0098685509


			-0.000642			0.008			-22			0.0098685509


			-0.00064			0.008			-20			0.0098685509


			-0.000638			0.0088			-18			0.0177633916


			-0.000636			0.008			-16			0.0098685509


			-0.000634			0.0064			-14			-0.0059211305


			-0.000632			0.0072			-12			0.0019737102


			-0.00063			0.0088			-10			0.0177633916


			-0.000628			0.008			-8			0.0098685509


			-0.000626			0.0088			-6			0.0177633916


			-0.000624			0.0064			-4			-0.0059211305


			-0.000622			0.008			-2			0.0098685509


			-0.00062			0.008			0			0.0098685509


			-0.000618			0.008			2			0.0098685509


			-0.000616			0.008			4			0.0098685509


			-0.000614			0.008			6			0.0098685509


			-0.000612			0.008			8			0.0098685509


			-0.00061			0.008			10			0.0098685509


			-0.000608			0.008			12			0.0098685509


			-0.000606			0.0088			14			0.0177633916


			-0.000604			0.0072			16			0.0019737102


			-0.000602			0.0824			18			0.744088738


			-0.0006			0.0304			20			0.2309240911


			-0.000598			0.0144			22			0.0730272767


			-0.000596			0.0096			24			0.0256582323


			-0.000594			0.0096			26			0.0256582323


			-0.000592			0.0832			28			0.7519835787


			-0.00059			0.0312			30			0.2388189318


			-0.000588			0.0136			32			0.065132436


			-0.000586			0.0112			34			0.0414479138


			-0.000584			0.0088			36			0.0177633916


			-0.000582			0.092			38			0.8388268267


			-0.00058			0.0328			40			0.2546086133


			-0.000578			0.0144			42			0.0730272767


			-0.000576			0.012			44			0.0493427545


			-0.000574			0.0088			46			0.0177633916


			-0.000572			0.0896			48			0.8151423045


			-0.00057			0.0336			50			0.262503454


			-0.000568			0.0152			52			0.0809221174


			-0.000566			0.0112			54			0.0414479138


			-0.000564			0.0096			56			0.0256582323


			-0.000562			0.1008			58			0.9256700746


			-0.00056			0.0368			60			0.2940828169


			-0.000558			0.0168			62			0.0967117988


			-0.000556			0.0112			64			0.0414479138


			-0.000554			0.008			66			0.0098685509


			-0.000552			0.1024			68			0.941459756


			-0.00055			0.0376			70			0.3019776576


			-0.000548			0.0176			72			0.1046066396


			-0.000546			0.0128			74			0.0572375952


			-0.000544			0.0088			76			0.0177633916


			-0.000542			0.1024			78			0.941459756


			-0.00054			0.0376			80			0.3019776576


			-0.000538			0.016			82			0.0888169581


			-0.000536			0.0112			84			0.0414479138


			-0.000534			0.0088			86			0.0177633916


			-0.000532			0.1064			88			0.9809339597


			-0.00053			0.0392			90			0.317767339


			-0.000528			0.0176			92			0.1046066396


			-0.000526			0.0104			94			0.0335530731


			-0.000524			0.0096			96			0.0256582323


			-0.000522			0.1032			98			0.9493545968


			-0.00052			0.0384			100			0.3098724983


			-0.000518			0.0168			102			0.0967117988


			-0.000516			0.0112			104			0.0414479138


			-0.000514			0.0096			106			0.0256582323


			-0.000512			0.1032			108			0.9493545968


			-0.00051			0.04			110			0.3256621798


			-0.000508			0.0176			112			0.1046066396


			-0.000506			0.0104			114			0.0335530731


			-0.000504			0.0104			116			0.0335530731


			-0.000502			0.1048			118			0.9651442782


			-0.0005			0.0384			120			0.3098724983


			-0.000498			0.0184			122			0.1125014803


			-0.000496			0.0112			124			0.0414479138


			-0.000494			0.0096			126			0.0256582323


			-0.000492			0.1016			128			0.9335649153


			-0.00049			0.0368			130			0.2940828169


			-0.000488			0.016			132			0.0888169581


			-0.000486			0.0112			134			0.0414479138


			-0.000484			0.0104			136			0.0335530731


			-0.000482			0.1016			138			0.9335649153


			-0.00048			0.0392			140			0.317767339


			-0.000478			0.0168			142			0.0967117988


			-0.000476			0.0104			144			0.0335530731


			-0.000474			0.008			146			0.0098685509


			-0.000472			0.1024			148			0.941459756


			-0.00047			0.0384			150			0.3098724983


			-0.000468			0.0168			152			0.0967117988


			-0.000466			0.0104			154			0.0335530731


			-0.000464			0.0096			156			0.0256582323


			-0.000462			0.1032			158			0.9493545968


			-0.00046			0.0376			160			0.3019776576


			-0.000458			0.0168			162			0.0967117988


			-0.000456			0.012			164			0.0493427545


			-0.000454			0.0088			166			0.0177633916


			-0.000452			0.0984			168			0.9019855524


			-0.00045			0.0376			170			0.3019776576


			-0.000448			0.0176			172			0.1046066396


			-0.000446			0.012			174			0.0493427545


			-0.000444			0.0096			176			0.0256582323


			-0.000442			0.0984			178			0.9019855524


			-0.00044			0.0392			180			0.317767339


			-0.000438			0.0184			182			0.1125014803


			-0.000436			0.012			184			0.0493427545


			-0.000434			0.0096			186			0.0256582323


			-0.000432			0.0936			188			0.8546165081


			-0.00043			0.036			190			0.2861879762


			-0.000428			0.016			192			0.0888169581


			-0.000426			0.0112			194			0.0414479138


			-0.000424			0.008			196			0.0098685509


			-0.000422			0.0944			198			0.8625113488


			-0.00042			0.0352			200			0.2782931354


			-0.000418			0.0176			202			0.1046066396


			-0.000416			0.0112			204			0.0414479138


			-0.000414			0.0088			206			0.0177633916


			-0.000412			0.0968			208			0.886195871


			-0.00041			0.0384			210			0.3098724983


			-0.000408			0.0168			212			0.0967117988


			-0.000406			0.0096			214			0.0256582323


			-0.000404			0.0104			216			0.0335530731


			-0.000402			0.0864			218			0.7835629416


			-0.0004			0.0328			220			0.2546086133


			-0.000398			0.0144			222			0.0730272767


			-0.000396			0.0104			224			0.0335530731


			-0.000394			0.012			226			0.0493427545


			-0.000392			0.096			228			0.8783010303


			-0.00039			0.0384			230			0.3098724983


			-0.000388			0.016			232			0.0888169581


			-0.000386			0.0096			234			0.0256582323


			-0.000384			0.012			236			0.0493427545


			-0.000382			0.0984			238			0.9019855524


			-0.00038			0.0384			240			0.3098724983


			-0.000378			0.0176			242			0.1046066396


			-0.000376			0.012			244			0.0493427545


			-0.000374			0.0088			246			0.0177633916


			-0.000372			0.0952			248			0.8704061896


			-0.00037			0.0368			250			0.2940828169


			-0.000368			0.0184			252			0.1125014803


			-0.000366			0.0112			254			0.0414479138


			-0.000364			0.0112			256			0.0414479138


			-0.000362			0.096			258			0.8783010303


			-0.00036			0.0392			260			0.317767339


			-0.000358			0.0184			262			0.1125014803


			-0.000356			0.0112			264			0.0414479138


			-0.000354			0.0096			266			0.0256582323


			-0.000352			0.0968			268			0.886195871


			-0.00035			0.0376			270			0.3019776576


			-0.000348			0.0176			272			0.1046066396


			-0.000346			0.0112			274			0.0414479138


			-0.000344			0.0096			276			0.0256582323


			-0.000342			0.0848			278			0.7677732602


			-0.00034			0.0352			280			0.2782931354


			-0.000338			0.0184			282			0.1125014803


			-0.000336			0.012			284			0.0493427545


			-0.000334			0.0096			286			0.0256582323


			-0.000332			0.0888			288			0.8072474638


			-0.00033			0.0352			290			0.2782931354


			-0.000328			0.0168			292			0.0967117988


			-0.000326			0.0112			294			0.0414479138


			-0.000324			0.0112			296			0.0414479138


			-0.000322			0.0952			298			0.8704061896


			-0.00032			0.0384			300			0.3098724983


			-0.000318			0.016			302			0.0888169581


			-0.000316			0.0128			304			0.0572375952


			-0.000314			0.0096			306			0.0256582323


			-0.000312			0.0936			308			0.8546165081


			-0.00031			0.036			310			0.2861879762


			-0.000308			0.0144			312			0.0730272767


			-0.000306			0.0088			314			0.0177633916


			-0.000304			0.0096			316			0.0256582323


			-0.000302			0.0944			318			0.8625113488


			-0.0003			0.0376			320			0.3019776576


			-0.000298			0.016			322			0.0888169581


			-0.000296			0.0128			324			0.0572375952


			-0.000294			0.0104			326			0.0335530731


			-0.000292			0.0928			328			0.8467216674


			-0.00029			0.0368			330			0.2940828169


			-0.000288			0.016			332			0.0888169581


			-0.000286			0.0096			334			0.0256582323


			-0.000284			0.0096			336			0.0256582323


			-0.000282			0.0952			338			0.8704061896


			-0.00028			0.036			340			0.2861879762


			-0.000278			0.0152			342			0.0809221174


			-0.000276			0.0112			344			0.0414479138


			-0.000274			0.0104			346			0.0335530731


			-0.000272			0.0952			348			0.8704061896


			-0.00027			0.0368			350			0.2940828169


			-0.000268			0.0176			352			0.1046066396


			-0.000266			0.012			354			0.0493427545


			-0.000264			0.0104			356			0.0335530731


			-0.000262			0.0936			358			0.8546165081


			-0.00026			0.0344			360			0.2703982947


			-0.000258			0.0176			362			0.1046066396


			-0.000256			0.0096			364			0.0256582323


			-0.000254			0.0088			366			0.0177633916


			-0.000252			0.0936			368			0.8546165081


			-0.00025			0.0368			370			0.2940828169


			-0.000248			0.0176			372			0.1046066396


			-0.000246			0.012			374			0.0493427545


			-0.000244			0.0104			376			0.0335530731


			-0.000242			0.0976			378			0.8940907117


			-0.00024			0.0368			380			0.2940828169


			-0.000238			0.0152			382			0.0809221174


			-0.000236			0.0096			384			0.0256582323


			-0.000234			0.0104			386			0.0335530731


			-0.000232			0.0888			388			0.8072474638


			-0.00023			0.0344			390			0.2703982947


			-0.000228			0.016			392			0.0888169581


			-0.000226			0.0112			394			0.0414479138


			-0.000224			0.0104			396			0.0335530731


			-0.000222			0.0912			398			0.8309319859


			-0.00022			0.0368			400			0.2940828169


			-0.000218			0.0168			402			0.0967117988


			-0.000216			0.0112			404			0.0414479138


			-0.000214			0.008			406			0.0098685509


			-0.000212			0.0896			408			0.8151423045


			-0.00021			0.0352			410			0.2782931354


			-0.000208			0.0184			412			0.1125014803


			-0.000206			0.012			414			0.0493427545


			-0.000204			0.0104			416			0.0335530731


			-0.000202			0.0952			418			0.8704061896


			-0.0002			0.0376			420			0.3019776576


			-0.000198			0.0184			422			0.1125014803


			-0.000196			0.0104			424			0.0335530731


			-0.000194			0.0104			426			0.0335530731


			-0.000192			0.0912			428			0.8309319859


			-0.00019			0.0352			430			0.2782931354


			-0.000188			0.0176			432			0.1046066396


			-0.000186			0.0112			434			0.0414479138


			-0.000184			0.0112			436			0.0414479138


			-0.000182			0.0952			438			0.8704061896


			-0.00018			0.036			440			0.2861879762


			-0.000178			0.0176			442			0.1046066396


			-0.000176			0.012			444			0.0493427545


			-0.000174			0.012			446			0.0493427545


			-0.000172			0.0936			448			0.8546165081


			-0.00017			0.0344			450			0.2703982947


			-0.000168			0.0152			452			0.0809221174


			-0.000166			0.0104			454			0.0335530731


			-0.000164			0.0088			456			0.0177633916


			-0.000162			0.096			458			0.8783010303


			-0.00016			0.0368			460			0.2940828169


			-0.000158			0.0168			462			0.0967117988


			-0.000156			0.012			464			0.0493427545


			-0.000154			0.0088			466			0.0177633916


			-0.000152			0.0936			468			0.8546165081


			-0.00015			0.0352			470			0.2782931354


			-0.000148			0.0176			472			0.1046066396


			-0.000146			0.0136			474			0.065132436


			-0.000144			0.0096			476			0.0256582323


			-0.000142			0.0904			478			0.8230371452


			-0.00014			0.0352			480			0.2782931354


			-0.000138			0.0176			482			0.1046066396


			-0.000136			0.0104			484			0.0335530731


			-0.000134			0.0112			486			0.0414479138


			-0.000132			0.0944			488			0.8625113488


			-0.00013			0.0352			490			0.2782931354


			-0.000128			0.016			492			0.0888169581


			-0.000126			0.0104			494			0.0335530731


			-0.000124			0.0112			496			0.0414479138


			-0.000122			0.0912			498			0.8309319859


			-0.00012			0.0328			500			0.2546086133


			-0.000118			0.0192			502			0.120396321


			-0.000116			0.012			504			0.0493427545


			-0.000114			0.0112			506			0.0414479138


			-0.000112			0.0912			508			0.8309319859


			-0.00011			0.0336			510			0.262503454


			-0.000108			0.016			512			0.0888169581


			-0.000106			0.0104			514			0.0335530731


			-0.000104			0.0096			516			0.0256582323


			-0.000102			0.0904			518			0.8230371452


			-0.0001			0.0336			520			0.262503454


			-9.80E-05			0.0152			522			0.0809221174


			-9.60E-05			0.0112			524			0.0414479138


			-9.40E-05			0.0104			526			0.0335530731


			-9.20E-05			0.0912			528			0.8309319859


			-9.00E-05			0.0344			530			0.2703982947


			-8.80E-05			0.0144			532			0.0730272767


			-8.60E-05			0.0128			534			0.0572375952


			-8.40E-05			0.0112			536			0.0414479138


			-8.20E-05			0.0864			538			0.7835629416


			-8.00E-05			0.0336			540			0.262503454


			-7.80E-05			0.016			542			0.0888169581


			-7.60E-05			0.0088			544			0.0177633916


			-7.40E-05			0.0112			546			0.0414479138


			-7.20E-05			0.0928			548			0.8467216674


			-7.00E-05			0.0336			550			0.262503454


			-6.80E-05			0.0152			552			0.0809221174


			-6.60E-05			0.0112			554			0.0414479138


			-6.40E-05			0.012			556			0.0493427545


			-6.20E-05			0.0896			558			0.8151423045


			-6.00E-05			0.0344			560			0.2703982947


			-5.80E-05			0.0152			562			0.0809221174


			-5.60E-05			0.0104			564			0.0335530731


			-5.40E-05			0.008			566			0.0098685509


			-5.20E-05			0.088			568			0.7993526231


			-5.00E-05			0.0328			570			0.2546086133


			-4.80E-05			0.0144			572			0.0730272767


			-4.60E-05			0.0104			574			0.0335530731


			-4.40E-05			0.0096			576			0.0256582323


			-4.20E-05			0.0944			578			0.8625113488


			-4.00E-05			0.0368			580			0.2940828169


			-3.80E-05			0.0152			582			0.0809221174


			-3.60E-05			0.0104			584			0.0335530731


			-3.40E-05			0.0104			586			0.0335530731


			-3.20E-05			0.0936			588			0.8546165081


			-3.00E-05			0.0352			590			0.2782931354


			-2.80E-05			0.0176			592			0.1046066396


			-2.60E-05			0.012			594			0.0493427545


			-2.40E-05			0.0088			596			0.0177633916


			-2.20E-05			0.084			598			0.7598784195


			-2.00E-05			0.0304			600			0.2309240911


			-1.80E-05			0.0184			602			0.1125014803


			-1.60E-05			0.012			604			0.0493427545


			-1.40E-05			0.0088			606			0.0177633916


			-1.20E-05			0.0808			608			0.7282990566


			-1.00E-05			0.0296			610			0.2230292504


			-8.00E-06			0.0168			612			0.0967117988


			-6.00E-06			0.0128			614			0.0572375952


			-4.00E-06			0.0096			616			0.0256582323


			-2.00E-06			0.092			618			0.8388268267


			0			0.0336			620			0.262503454


			2.00E-06			0.0152			622			0.0809221174


			4.00E-06			0.012			624			0.0493427545


			6.00E-06			0.0088			626			0.0177633916


			8.00E-06			0.0848			628			0.7677732602


			1.00E-05			0.0312			630			0.2388189318


			1.20E-05			0.0184			632			0.1125014803


			1.40E-05			0.0104			634			0.0335530731


			1.60E-05			0.0096			636			0.0256582323


			1.80E-05			0.0912			638			0.8309319859


			2.00E-05			0.032			640			0.2467137725


			2.20E-05			0.0192			642			0.120396321


			2.40E-05			0.0136			644			0.065132436


			2.60E-05			0.0088			646			0.0177633916


			2.80E-05			0.0688			648			0.6098764457


			3.00E-05			0.0256			650			0.1835550468


			3.20E-05			0.0152			652			0.0809221174


			3.40E-05			0.0112			654			0.0414479138


			3.60E-05			0.0096			656			0.0256582323


			3.80E-05			0.0888			658			0.8072474638


			4.00E-05			0.0344			660			0.2703982947


			4.20E-05			0.0176			662			0.1046066396


			4.40E-05			0.0096			664			0.0256582323


			4.60E-05			0.0088			666			0.0177633916


			4.80E-05			0.0872			668			0.7914577823


			5.00E-05			0.0312			670			0.2388189318


			5.20E-05			0.0168			672			0.0967117988


			5.40E-05			0.0112			674			0.0414479138


			5.60E-05			0.008			676			0.0098685509


			5.80E-05			0.0864			678			0.7835629416


			6.00E-05			0.0328			680			0.2546086133


			6.20E-05			0.0184			682			0.1125014803


			6.40E-05			0.012			684			0.0493427545


			6.60E-05			0.0104			686			0.0335530731


			6.80E-05			0.084			688			0.7598784195


			7.00E-05			0.0296			690			0.2230292504


			7.20E-05			0.0128			692			0.0572375952


			7.40E-05			0.0104			694			0.0335530731


			7.60E-05			0.0096			696			0.0256582323


			7.80E-05			0.0792			698			0.7125093751


			8.00E-05			0.0288			700			0.2151344097


			8.20E-05			0.0144			702			0.0730272767


			8.40E-05			0.0112			704			0.0414479138


			8.60E-05			0.008			706			0.0098685509


			8.80E-05			0.0768			708			0.688824853


			9.00E-05			0.028			710			0.2072395689


			9.20E-05			0.0152			712			0.0809221174


			9.40E-05			0.0104			714			0.0335530731


			9.60E-05			0.0096			716			0.0256582323


			9.80E-05			0.0712			718			0.6335609679


			0.0001			0.0248			720			0.1756602061


			0.000102			0.016			722			0.0888169581


			0.000104			0.0112			724			0.0414479138


			0.000106			0.0096			726			0.0256582323


			0.000108			0.084			728			0.7598784195


			0.00011			0.0312			730			0.2388189318


			0.000112			0.0136			732			0.065132436


			0.000114			0.0112			734			0.0414479138


			0.000116			0.0136			736			0.065132436


			0.000118			0.0848			738			0.7677732602


			0.00012			0.0288			740			0.2151344097


			0.000122			0.0144			742			0.0730272767


			0.000124			0.012			744			0.0493427545


			0.000126			0.0088			746			0.0177633916


			0.000128			0.0856			748			0.7756681009


			0.00013			0.0296			750			0.2230292504


			0.000132			0.0136			752			0.065132436


			0.000134			0.0096			754			0.0256582323


			0.000136			0.0096			756			0.0256582323


			0.000138			0.0864			758			0.7835629416


			0.00014			0.0296			760			0.2230292504


			0.000142			0.016			762			0.0888169581


			0.000144			0.0104			764			0.0335530731


			0.000146			0.0104			766			0.0335530731


			0.000148			0.0832			768			0.7519835787


			0.00015			0.0288			770			0.2151344097


			0.000152			0.0152			772			0.0809221174


			0.000154			0.0128			774			0.0572375952


			0.000156			0.0096			776			0.0256582323


			0.000158			0.08			778			0.7204042158


			0.00016			0.0304			780			0.2309240911


			0.000162			0.0136			782			0.065132436


			0.000164			0.0104			784			0.0335530731


			0.000166			0.0072			786			0.0019737102


			0.000168			0.0784			788			0.7046145344


			0.00017			0.0296			790			0.2230292504


			0.000172			0.0136			792			0.065132436


			0.000174			0.0112			794			0.0414479138


			0.000176			0.0096			796			0.0256582323


			0.000178			0.072			798			0.6414558086


			0.00018			0.028			800			0.2072395689


			0.000182			0.0112			802			0.0414479138


			0.000184			0.0112			804			0.0414479138


			0.000186			0.0096			806			0.0256582323


			0.000188			0.0864			808			0.7835629416


			0.00019			0.0312			810			0.2388189318


			0.000192			0.0168			812			0.0967117988


			0.000194			0.0112			814			0.0414479138


			0.000196			0.0104			816			0.0335530731


			0.000198			0.0808			818			0.7282990566


			0.0002			0.0296			820			0.2230292504


			0.000202			0.0136			822			0.065132436


			0.000204			0.0112			824			0.0414479138


			0.000206			0.008			826			0.0098685509


			0.000208			0.0744			828			0.6651403308


			0.00021			0.0296			830			0.2230292504


			0.000212			0.0136			832			0.065132436


			0.000214			0.012			834			0.0493427545


			0.000216			0.012			836			0.0493427545


			0.000218			0.0776			838			0.6967196937


			0.00022			0.0272			840			0.1993447282


			0.000222			0.0168			842			0.0967117988


			0.000224			0.0096			844			0.0256582323


			0.000226			0.0088			846			0.0177633916


			0.000228			0.0656			848			0.5782970829


			0.00023			0.0264			850			0.1914498875


			0.000232			0.0128			852			0.0572375952


			0.000234			0.0104			854			0.0335530731


			0.000236			0.0104			856			0.0335530731


			0.000238			0.072			858			0.6414558086


			0.00024			0.0224			860			0.1519756839


			0.000242			0.0136			862			0.065132436


			0.000244			0.0112			864			0.0414479138


			0.000246			0.0112			866			0.0414479138


			0.000248			0.0728			868			0.6493506494


			0.00025			0.0248			870			0.1756602061


			0.000252			0.016			872			0.0888169581


			0.000254			0.0112			874			0.0414479138


			0.000256			0.0088			876			0.0177633916


			0.000258			0.072			878			0.6414558086


			0.00026			0.0272			880			0.1993447282


			0.000262			0.0152			882			0.0809221174


			0.000264			0.0104			884			0.0335530731


			0.000266			0.0112			886			0.0414479138


			0.000268			0.0712			888			0.6335609679


			0.00027			0.0272			890			0.1993447282


			0.000272			0.0136			892			0.065132436


			0.000274			0.0112			894			0.0414479138


			0.000276			0.0104			896			0.0335530731


			0.000278			0.0712			898			0.6335609679


			0.00028			0.0264			900			0.1914498875


			0.000282			0.0144			902			0.0730272767


			0.000284			0.0112			904			0.0414479138


			0.000286			0.0112			906			0.0414479138


			0.000288			0.076			908			0.6809300122


			0.00029			0.0272			910			0.1993447282


			0.000292			0.012			912			0.0493427545


			0.000294			0.0096			914			0.0256582323


			0.000296			0.0096			916			0.0256582323


			0.000298			0.0656			918			0.5782970829


			0.0003			0.0248			920			0.1756602061


			0.000302			0.0152			922			0.0809221174


			0.000304			0.0112			924			0.0414479138


			0.000306			0.012			926			0.0493427545


			0.000308			0.0696			928			0.6177712865


			0.00031			0.0264			930			0.1914498875


			0.000312			0.0144			932			0.0730272767


			0.000314			0.0088			934			0.0177633916


			0.000316			0.0104			936			0.0335530731


			0.000318			0.068			938			0.601981605


			0.00032			0.0264			940			0.1914498875


			0.000322			0.0168			942			0.0967117988


			0.000324			0.0104			944			0.0335530731


			0.000326			0.0096			946			0.0256582323


			0.000328			0.0672			948			0.5940867643


			0.00033			0.0256			950			0.1835550468


			0.000332			0.0128			952			0.0572375952


			0.000334			0.0112			954			0.0414479138


			0.000336			0.0096			956			0.0256582323


			0.000338			0.0664			958			0.5861919236


			0.00034			0.0264			960			0.1914498875


			0.000342			0.0136			962			0.065132436


			0.000344			0.0096			964			0.0256582323


			0.000346			0.0088			966			0.0177633916


			0.000348			0.0696			968			0.6177712865


			0.00035			0.0264			970			0.1914498875


			0.000352			0.0136			972			0.065132436


			0.000354			0.0112			974			0.0414479138


			0.000356			0.0096			976			0.0256582323


			0.000358			0.0648			978			0.5704022421


			0.00036			0.0248			980			0.1756602061


			0.000362			0.012			982			0.0493427545


			0.000364			0.008			984			0.0098685509


			0.000366			0.0112			986			0.0414479138


			0.000368			0.0608			988			0.5309280385


			0.00037			0.0256			990			0.1835550468


			0.000372			0.016			992			0.0888169581


			0.000374			0.0112			994			0.0414479138


			0.000376			0.008			996			0.0098685509


			0.000378			0.06			998			0.5230331978


			0.00038			0.024			1000			0.1677653653


			0.000382			0.0168			1002			0.0967117988


			0.000384			0.0112			1004			0.0414479138


			0.000386			0.012			1006			0.0493427545


			0.000388			0.0104			1008			0.0335530731


			0.00039			0.0112			1010			0.0414479138


			0.000392			0.0104			1012			0.0335530731


			0.000394			0.0112			1014			0.0414479138


			0.000396			0.0112			1016			0.0414479138


			0.000398			0.0096			1018			0.0256582323


			0.0004			0.0104			1020			0.0335530731


			0.000402			0.0088			1022			0.0177633916


			0.000404			0.0096			1024			0.0256582323


			0.000406			0.0088			1026			0.0177633916


			0.000408			0.0096			1028			0.0256582323


			0.00041			0.008			1030			0.0098685509


			0.000412			0.0104			1032			0.0335530731


			0.000414			0.008			1034			0.0098685509


			0.000416			0.0088			1036			0.0177633916


			0.000418			0.0112			1038			0.0414479138


			0.00042			0.0112			1040			0.0414479138


			0.000422			0.0112			1042			0.0414479138


			0.000424			0.0096			1044			0.0256582323


			0.000426			0.008			1046			0.0098685509


			0.000428			0.0096			1048			0.0256582323


			0.00043			0.0144			1050			0.0730272767


			0.000432			0.0096			1052			0.0256582323


			0.000434			0.0128			1054			0.0572375952


			0.000436			0.0112			1056			0.0414479138


			0.000438			0.008			1058			0.0098685509


			0.00044			0.0112			1060			0.0414479138


			0.000442			0.0104			1062			0.0335530731


			0.000444			0.0088			1064			0.0177633916


			0.000446			0.0136			1066			0.065132436


			0.000448			0.0088			1068			0.0177633916


			0.00045			0.0088			1070			0.0177633916


			0.000452			0.0104			1072			0.0335530731


			0.000454			0.0112			1074			0.0414479138


			0.000456			0.0104			1076			0.0335530731


			0.000458			0.0112			1078			0.0414479138


			0.00046			0.008			1080			0.0098685509


			0.000462			0.0104			1082			0.0335530731


			0.000464			0.0112			1084			0.0414479138


			0.000466			0.0104			1086			0.0335530731


			0.000468			0.0096			1088			0.0256582323


			0.00047			0.0096			1090			0.0256582323


			0.000472			0.0088			1092			0.0177633916


			0.000474			0.012			1094			0.0493427545


			0.000476			0.0144			1096			0.0730272767


			0.000478			0.0112			1098			0.0414479138


			0.00048			0.0088			1100			0.0177633916


			0.000482			0.012			1102			0.0493427545


			0.000484			0.008			1104			0.0098685509


			0.000486			0.0128			1106			0.0572375952


			0.000488			0.012			1108			0.0493427545


			0.00049			0.0128			1110			0.0572375952


			0.000492			0.0112			1112			0.0414479138


			0.000494			0.0096			1114			0.0256582323


			0.000496			0.0088			1116			0.0177633916


			0.000498			0.0112			1118			0.0414479138


			0.0005			0.0104			1120			0.0335530731


			0.000502			0.0072			1122			0.0019737102


			0.000504			0.0088			1124			0.0177633916


			0.000506			0.0096			1126			0.0256582323


			0.000508			0.012			1128			0.0493427545


			0.00051			0.0104			1130			0.0335530731


			0.000512			0.0112			1132			0.0414479138


			0.000514			0.0112			1134			0.0414479138


			0.000516			0.0104			1136			0.0335530731


			0.000518			0.0104			1138			0.0335530731


			0.00052			0.0112			1140			0.0414479138


			0.000522			0.012			1142			0.0493427545


			0.000524			0.0096			1144			0.0256582323


			0.000526			0.0096			1146			0.0256582323


			0.000528			0.0096			1148			0.0256582323


			0.00053			0.0104			1150			0.0335530731


			0.000532			0.0112			1152			0.0414479138


			0.000534			0.0088			1154			0.0177633916


			0.000536			0.012			1156			0.0493427545


			0.000538			0.008			1158			0.0098685509


			0.00054			0.0088			1160			0.0177633916


			0.000542			0.0104			1162			0.0335530731


			0.000544			0.0104			1164			0.0335530731


			0.000546			0.0096			1166			0.0256582323


			0.000548			0.0112			1168			0.0414479138


			0.00055			0.0112			1170			0.0414479138


			0.000552			0.012			1172			0.0493427545


			0.000554			0.012			1174			0.0493427545


			0.000556			0.0088			1176			0.0177633916


			0.000558			0.0104			1178			0.0335530731


			0.00056			0.0088			1180			0.0177633916


			0.000562			0.0096			1182			0.0256582323


			0.000564			0.0088			1184			0.0177633916


			0.000566			0.0088			1186			0.0177633916


			0.000568			0.0128			1188			0.0572375952


			0.00057			0.0096			1190			0.0256582323


			0.000572			0.0136			1192			0.065132436


			0.000574			0.0112			1194			0.0414479138


			0.000576			0.0104			1196			0.0335530731


			0.000578			0.0112			1198			0.0414479138


			0.00058			0.0064			1200			-0.0059211305


			0.000582			0.0112			1202			0.0414479138


			0.000584			0.0136			1204			0.065132436


			0.000586			0.0096			1206			0.0256582323


			0.000588			0.0072			1208			0.0019737102


			0.00059			0.008			1210			0.0098685509


			0.000592			0.008			1212			0.0098685509


			0.000594			0.008			1214			0.0098685509


			0.000596			0.0096			1216			0.0256582323


			0.000598			0.0072			1218			0.0019737102


			0.0006			0.0072			1220			0.0019737102


			0.000602			0.008			1222			0.0098685509


			0.000604			0.0056			1224			-0.0138159713


			0.000606			0.008			1226			0.0098685509


			0.000608			0.0064			1228			-0.0059211305


			0.00061			0.0072			1230			0.0019737102


			0.000612			0.0064			1232			-0.0059211305


			0.000614			0.0056			1234			-0.0138159713


			0.000616			0.0064			1236			-0.0059211305


			0.000618			0.0064			1238			-0.0059211305


			0.00062			0.0064			1240			-0.0059211305


			0.000622			0.0056			1242			-0.0138159713


			0.000624			0.0064			1244			-0.0059211305


			0.000626			0.0056			1246			-0.0138159713


			0.000628			0.0064			1248			-0.0059211305


			0.00063			0.0056			1250			-0.0138159713


			0.000632			0.0056			1252			-0.0138159713


			0.000634			0.0048			1254			-0.021710812


			0.000636			0.0056			1256			-0.0138159713


			0.000638			0.0064			1258			-0.0059211305


			0.00064			0.0048			1260			-0.021710812


			0.000642			0.004			1262			-0.0296056527


			0.000644			0.0056			1264			-0.0138159713


			0.000646			0.0064			1266			-0.0059211305


			0.000648			0.004			1268			-0.0296056527


			0.00065			0.004			1270			-0.0296056527


			0.000652			0.0056			1272			-0.0138159713


			0.000654			0.0056			1274			-0.0138159713


			0.000656			0.0048			1276			-0.021710812


			0.000658			0.004			1278			-0.0296056527


			0.00066			0.0056			1280			-0.0138159713


			0.000662			0.0048			1282			-0.021710812


			0.000664			0.004			1284			-0.0296056527


			0.000666			0.004			1286			-0.0296056527


			0.000668			0.0032			1288			-0.0375004934


			0.00067			0.0048			1290			-0.021710812


			0.000672			0.0032			1292			-0.0375004934


			0.000674			0.004			1294			-0.0296056527


			0.000676			0.0032			1296			-0.0375004934


			0.000678			0.0048			1298			-0.021710812


			0.00068			0.004			1300			-0.0296056527


			0.000682			0.0048			1302			-0.021710812


			0.000684			0.004			1304			-0.0296056527


			0.000686			0.004			1306			-0.0296056527


			0.000688			0.0048			1308			-0.021710812


			0.00069			0.004			1310			-0.0296056527


			0.000692			0.0024			1312			-0.0453953341


			0.000694			0.0032			1314			-0.0375004934


			0.000696			0.004			1316			-0.0296056527


			0.000698			0.004			1318			-0.0296056527


			0.0007			0.0048			1320			-0.021710812


			0.000702			0.0024			1322			-0.0453953341


			0.000704			0.0032			1324			-0.0375004934


			0.000706			0.0032			1326			-0.0375004934


			0.000708			0.0024			1328			-0.0453953341


			0.00071			0.004			1330			-0.0296056527


			0.000712			0.0032			1332			-0.0375004934


			0.000714			0.0024			1334			-0.0453953341


			0.000716			0.0032			1336			-0.0375004934


			0.000718			0.0024			1338			-0.0453953341


			0.00072			0.0032			1340			-0.0375004934


			0.000722			0.0048			1342			-0.021710812


			0.000724			0.0024			1344			-0.0453953341


			0.000726			0.0032			1346			-0.0375004934


			0.000728			0.004			1348			-0.0296056527


			0.00073			0.004			1350			-0.0296056527


			0.000732			0.0032			1352			-0.0375004934


			0.000734			0.0024			1354			-0.0453953341


			0.000736			0.0024			1356			-0.0453953341


			0.000738			0.0032			1358			-0.0375004934


			0.00074			0.0024			1360			-0.0453953341


			0.000742			0.0016			1362			-0.0532901749


			0.000744			0.0032			1364			-0.0375004934


			0.000746			0.0024			1366			-0.0453953341


			0.000748			0.0016			1368			-0.0532901749


			0.00075			0.0032			1370			-0.0375004934


			0.000752			0.0024			1372			-0.0453953341


			0.000754			0.0024			1374			-0.0453953341


			0.000756			0.0016			1376			-0.0532901749


			0.000758			0.0032			1378			-0.0375004934


			0.00076			0.0032			1380			-0.0375004934


			0.000762			0.0024			1382			-0.0453953341


			0.000764			0.0032			1384			-0.0375004934


			0.000766			0.0016			1386			-0.0532901749


			0.000768			0.0016			1388			-0.0532901749


			0.00077			0.0016			1390			-0.0532901749


			0.000772			0.0024			1392			-0.0453953341


			0.000774			0.0024			1394			-0.0453953341


			0.000776			0.0032			1396			-0.0375004934


			0.000778			0.0024			1398			-0.0453953341


			0.00078			0.0024			1400			-0.0453953341


			0.000782			0.0032			1402			-0.0375004934


			0.000784			0.0016			1404			-0.0532901749


			0.000786			0.0032			1406			-0.0375004934


			0.000788			0.0024			1408			-0.0453953341


			0.00079			0.0016			1410			-0.0532901749


			0.000792			0.0024			1412			-0.0453953341


			0.000794			0.0032			1414			-0.0375004934


			0.000796			0.0024			1416			-0.0453953341


			0.000798			0.0024			1418			-0.0453953341


			0.0008			0.0024			1420			-0.0453953341


			0.000802			0.0024			1422			-0.0453953341


			0.000804			0.0024			1424			-0.0453953341


			0.000806			0.0024			1426			-0.0453953341


			0.000808			0.0024			1428			-0.0453953341


			0.00081			0.0016			1430			-0.0532901749


			0.000812			0.0016			1432			-0.0532901749


			0.000814			0.0016			1434			-0.0532901749


			0.000816			0.0016			1436			-0.0532901749


			0.000818			0.0016			1438			-0.0532901749


			0.00082			0.004			1440			-0.0296056527


			0.000822			0.0016			1442			-0.0532901749


			0.000824			0.0008			1444			-0.0611850156


			0.000826			0.0024			1446			-0.0453953341


			0.000828			0.0016			1448			-0.0532901749


			0.00083			0.0016			1450			-0.0532901749


			0.000832			0.0024			1452			-0.0453953341


			0.000834			0.0024			1454			-0.0453953341


			0.000836			0.0016			1456			-0.0532901749


			0.000838			0.0016			1458			-0.0532901749


			0.00084			0.0016			1460			-0.0532901749


			0.000842			0.0024			1462			-0.0453953341


			0.000844			0.0024			1464			-0.0453953341


			0.000846			0.0024			1466			-0.0453953341


			0.000848			0.0032			1468			-0.0375004934


			0.00085			0.0024			1470			-0.0453953341


			0.000852			0.0016			1472			-0.0532901749


			0.000854			0.0016			1474			-0.0532901749


			0.000856			0.0008			1476			-0.0611850156


			0.000858			0.0032			1478			-0.0375004934


			0.00086			0.0016			1480			-0.0532901749


			0.000862			0.0024			1482			-0.0453953341


			0.000864			0.0008			1484			-0.0611850156


			0.000866			0.0016			1486			-0.0532901749


			0.000868			0.0016			1488			-0.0532901749


			0.00087			0.0024			1490			-0.0453953341


			0.000872			0.0016			1492			-0.0532901749


			0.000874			-1.39E-17			1494			-0.0690798563


			0.000876			0.0016			1496			-0.0532901749


			0.000878			0.0024			1498			-0.0453953341


			0.00088			0.0016			1500			-0.0532901749


			0.000882			0.0008			1502			-0.0611850156


			0.000884			0.0016			1504			-0.0532901749


			0.000886			0.0008			1506			-0.0611850156


			0.000888			0.0016			1508			-0.0532901749


			0.00089			0.0024			1510			-0.0453953341


			0.000892			0.0016			1512			-0.0532901749


			0.000894			0.0016			1514			-0.0532901749


			0.000896			0.0024			1516			-0.0453953341


			0.000898			0.0024			1518			-0.0453953341


			0.0009			0.0008			1520			-0.0611850156


			0.000902			0.0016			1522			-0.0532901749


			0.000904			0.0024			1524			-0.0453953341


			0.000906			0.0016			1526			-0.0532901749


			0.000908			0.0024			1528			-0.0453953341


			0.00091			0.0016			1530			-0.0532901749


			0.000912			0.0016			1532			-0.0532901749


			0.000914			0.0008			1534			-0.0611850156


			0.000916			0.0008			1536			-0.0611850156


			0.000918			0.0008			1538			-0.0611850156


			0.00092			0.0016			1540			-0.0532901749


			0.000922			0.0008			1542			-0.0611850156


			0.000924			0.0024			1544			-0.0453953341


			0.000926			0.0016			1546			-0.0532901749


			0.000928			0.0008			1548			-0.0611850156


			0.00093			0.0024			1550			-0.0453953341


			0.000932			0.0032			1552			-0.0375004934


			0.000934			0.0016			1554			-0.0532901749


			0.000936			0.0016			1556			-0.0532901749


			0.000938			0.0008			1558			-0.0611850156


			0.00094			0.0008			1560			-0.0611850156


			0.000942			0.0016			1562			-0.0532901749


			0.000944			0.0024			1564			-0.0453953341


			0.000946			0.0016			1566			-0.0532901749


			0.000948			0.0024			1568			-0.0453953341


			0.00095			0.0008			1570			-0.0611850156


			0.000952			0.0008			1572			-0.0611850156


			0.000954			0.0016			1574			-0.0532901749


			0.000956			0.0016			1576			-0.0532901749


			0.000958			0.0016			1578			-0.0532901749


			0.00096			0.0008			1580			-0.0611850156


			0.000962			0.0016			1582			-0.0532901749


			0.000964			0.0008			1584			-0.0611850156


			0.000966			0.0008			1586			-0.0611850156


			0.000968			0.0008			1588			-0.0611850156


			0.00097			0.0024			1590			-0.0453953341


			0.000972			0.0016			1592			-0.0532901749


			0.000974			0.0016			1594			-0.0532901749


			0.000976			0.0008			1596			-0.0611850156


			0.000978			0.0008			1598			-0.0611850156


			0.00098			0.0008			1600			-0.0611850156


			0.000982			0.0008			1602			-0.0611850156


			0.000984			0.0008			1604			-0.0611850156


			0.000986			0.0016			1606			-0.0532901749


			0.000988			0.0008			1608			-0.0611850156


			0.00099			0.0008			1610			-0.0611850156


			0.000992			-1.39E-17			1612			-0.0690798563


			0.000994			0.0016			1614			-0.0532901749


			0.000996			0.0016			1616			-0.0532901749


			0.000998			0.0016			1618			-0.0532901749


			0.001			0.0016			1620			-0.0532901749
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0.000580784


0.0005795728


0.0005735166


0.0005981449


0.0005529257


0.0004800502


0.0004786371


0.000518002


0.0005648361


0.0005143683


0.0005725073


0.0006332705


0.0007681206


0.0006914095


0.000759642


0.0009342608


0.0011052459


0.0012592737


0.0016095206


0.0020522245


0.002054647


0.00233868


0.0023919741


0.0020039773


0.0014674031


0.0011934636


0.0010878849


0.0009928035


0.0011098889


0.0009610087


0.0008761218


0.000993611


0.0010164224


0.0009047876


0.0009391057


0.0008619908


0.0007029162


0.0006094497


0.0006037973


0.0005840139


0.0004511826


0.0004626892


0.0005398041


0.0004556237


0.0003881987


0.0004842895


0.0004483564


0.0004451264


0.000441089


0.0004879231


0.0004075783


0.0002814087


0.0004495676


0.0004382628


0.000433216


0.0004102027


0.0004941812


0.0005575688


0.0004085877


0.0003999072


0.0005000354


0.0005771503


0.0005696811


0.0005406116


0.0005402078


0.0005610006


0.0005361704


0.0006492184


0.0004701585


0.0004138363


0.0004683416


0.0005323349


0.0004225168


0.00041747


0.0004148457


0.0004503751


0.000431601


0.0004748015


0.0003728565


0.0011894262


0.0004689472


0.0005236544
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333-340, Normalized


			Wavelength			Intensity


			767.397			0.0020253756


			767.447			0.001944829


			767.497			0.0018539868


			767.547			0.0017732383


			767.597			0.0016941047


			767.647			0.001657566


			767.696			0.0016474724


			767.746			0.0015166597


			767.796			0.0014902146


			767.846			0.0015087868


			767.896			0.0014898108


			767.946			0.0014145128


			767.995			0.0012859207


			768.045			0.0013331586


			768.095			0.0013721198


			768.145			0.001266743


			768.195			0.0013151921


			768.244			0.0012598793


			768.294			0.0010519518


			768.344			0.0009917941


			768.394			0.0007640832


			768.444			0.000856944


			768.493			0.0011478407


			768.543			0.0011510707


			768.593			0.0012976293


			768.643			0.0010093569


			768.692			0.0010158168


			768.742			0.0011072646


			768.792			0.0012025479


			768.842			0.0011155413


			768.891			0.0011736803


			768.941			0.001203961


			768.991			0.0011367378


			769.041			0.0010975747


			769.09			0.0011876094


			769.14			0.0012705785


			769.19			0.0012035572


			769.24			0.0011874075


			769.289			0.0011532912


			769.339			0.0012497858


			769.389			0.0013842321


			769.438			0.0012160732


			769.488			0.0013097416


			769.538			0.0013271025


			769.587			0.001257255


			769.637			0.0013081266


			769.687			0.0012907657


			769.736			0.0013345717


			769.786			0.0013931144


			769.836			0.0015231196


			769.885			0.0015269552


			769.935			0.0014900127


			769.985			0.0015437105


			770.034			0.0017048039


			770.084			0.0017292303


			770.134			0.0019260549


			770.183			0.0019868182


			770.233			0.0020560601


			770.282			0.0022151347


			770.332			0.0023899554


			770.382			0.0024450663


			770.431			0.0025682078


			770.481			0.0026970017


			770.531			0.0028558745


			770.58			0.0030781349


			770.63			0.0035036798


			770.679			0.0037788305


			770.729			0.0040745721


			770.779			0.0042328393


			770.828			0.0047633573


			770.878			0.0053877455


			770.927			0.0055223937


			770.977			0.0060706764


			771.026			0.0070297673


			771.076			0.0070824558


			771.125			0.0077001822


			771.175			0.0080839397


			771.225			0.0089414894


			771.274			0.0096930566


			771.324			0.0112989435


			771.373			0.0130332206


			771.423			0.0152114128


			771.472			0.0172567737


			771.522			0.0197763305


			771.571			0.0228899948


			771.621			0.0263464367


			771.67			0.0303192657


			771.72			0.0350729331


			771.769			0.0385687399


			771.819			0.0438169923


			771.868			0.0490642353


			771.918			0.0562500492


			771.967			0.0628274228


			772.017			0.0713195465


			772.066			0.0814724661


			772.116			0.0971084144


			772.165			0.1231639545


			772.215			0.1638979669


			772.264			0.2268360152


			772.313			0.3125651414


			772.363			0.4176490906


			772.412			0.5531970473


			772.462			0.7177648235


			772.511			0.8972228351


			772.561			1


			772.61			0.8729873675


			772.659			0.5830273804


			772.709			0.2954426121


			772.758			0.1487261209


			772.808			0.1085569446


			772.857			0.0892443126


			772.906			0.0758162316


			772.956			0.0660515107


			773.005			0.0590746337


			773.055			0.0533467349


			773.104			0.0482831949


			773.153			0.0426576449


			773.203			0.0377691274


			773.252			0.0338207249


			773.302			0.0295045127


			773.351			0.0254911077


			773.4			0.0220895748


			773.45			0.0184423644


			773.499			0.0160530147


			773.548			0.0140383382


			773.598			0.0121641642


			773.647			0.0104097


			773.696			0.0088823411


			773.746			0.0074975034


			773.795			0.0065521396


			773.844			0.005674201


			773.894			0.0049880401


			773.943			0.004456109


			773.992			0.0040220855


			774.041			0.003572518


			774.091			0.003395073


			774.14			0.0031582779


			774.189			0.0027997543


			774.239			0.0026487545


			774.288			0.0025435795


			774.337			0.0023596747


			774.386			0.002151949


			774.436			0.0018996098


			774.485			0.0018406633


			774.534			0.0018340016


			774.584			0.0017617316


			774.633			0.0016066944


			774.682			0.0016771475


			774.731			0.0016068962


			774.781			0.001530387


			774.83			0.0016379844


			774.879			0.0014395449


			774.928			0.0014490328


			774.977			0.0014546852


			775.027			0.0013238726


			775.076			0.0013967481


			775.125			0.001389077


			775.174			0.0012546307


			775.223			0.001199116


			775.273			0.0011024197


			775.322			0.0011431977


			775.371			0.0012178901


			775.42			0.001123818


			775.469			0.001273001


			775.519			0.0013285156


			775.568			0.0011922524


			775.617			0.001266743


			775.666			0.001455089


			775.715			0.0014546852


			775.764			0.0014940501


			775.814			0.0013937201


			775.863			0.0014708349


			775.912			0.0013999781


			775.961			0.0014799191


			776.01			0.0016125486


			776.059			0.0018202743


			776.108			0.0017306434


			776.157			0.0017086394


			776.207			0.0016961234


			776.256			0.0019284774


			776.305			0.0019921678


			776.354			0.0020558582


			776.403			0.0024977547


			776.452			0.0027525164


			776.501			0.0028728317


			776.55			0.0030524973


			776.599			0.0033234087


			776.648			0.0035119565


			776.697			0.0040309679


			776.747			0.0041637993


			776.796			0.0048755978


			776.845			0.005228469


			776.894			0.0058211633


			776.943			0.0066831542


			776.992			0.0076624323


			777.041			0.0092184569


			777.09			0.0110829411


			777.139			0.0127917824


			777.188			0.015561256


			777.237			0.0188388398


			777.286			0.0218142222


			777.335			0.0239770723


			777.384			0.0248772168


			777.433			0.0221035039


			777.482			0.0202911026


			777.531			0.0195756704


			777.58			0.0194670636


			777.629			0.0175720969


			777.678			0.0146881622


			777.727			0.0105877506


			777.776			0.0084091545


			777.825			0.005751114


			777.874			0.0041096977


			777.923			0.0034980274


			777.972			0.0033575249


			778.021			0.0032065251


			778.07			0.0028302369


			778.119			0.002712344


			778.168			0.002585165


			778.217			0.0024341652


			778.266			0.0025143081


			778.314			0.0022960852


			778.363			0.0020794772


			778.412			0.0022062524


			778.461			0.0022125104


			778.51			0.0021162178


			778.559			0.0020768528


			778.608			0.0020701911


			778.657			0.0020417272


			778.706			0.0021024905


			778.755			0.0020883595


			778.804			0.0022599502


			778.852			0.0022339088


			778.901			0.002205243


			778.95			0.0022157404


			778.999			0.002334037


			779.048			0.0027537276


			779.097			0.0025639685


			779.146			0.0025157212


			779.194			0.0025260167


			779.243			0.0024143818


			779.292			0.002503609


			779.341			0.0021947457


			779.39			0.0021844503


			779.439			0.0020942138


			779.488			0.0019171726


			779.536			0.0017272116


			779.585			0.0014984913


			779.634			0.0015315982


			779.683			0.00143147


			779.732			0.001232223


			779.78			0.0009671658


			779.829			0.0009171017


			779.878			0.0007311782


			779.927			0.0005329405


			779.976			0.0005535313


			780.024			0.0004984205


			780.073			0.0006144965


			780.122			0.0004667266


			780.171			0.0005844177


			780.219			0.0005343536


			780.268			0.0005656436


			780.317			0.000602788


			780.366			0.0007981995


			780.415			0.0006990806


			780.463			0.0008379681


			780.512			0.0008779387


			780.561			0.0010959598


			780.609			0.0012225331


			780.658			0.0015368469


			780.707			0.0017082357


			780.756			0.0017352865


			780.804			0.0020465721


			780.853			0.0022672176


			780.902			0.0025435795


			780.95			0.0025500394


			780.999			0.002506637


			781.048			0.0026772183


			781.097			0.0025906155


			781.145			0.0025986904


			781.194			0.0025564993


			781.243			0.0026784296


			781.291			0.0028706111


			781.34			0.0027272825


			781.389			0.002261767


			781.437			0.002360684


			781.486			0.0021777885


			781.535			0.0021969663


			781.583			0.0021051148


			781.632			0.0021947457


			781.68			0.0020334505


			781.729			0.0020348636


			781.778			0.0019278718


			781.826			0.0017439669


			781.875			0.0016393975


			781.924			0.0019896444


			781.972			0.001718733


			782.021			0.0016509042


			782.069			0.001528772


			782.118			0.001550776


			782.167			0.0015277627


			782.215			0.0014504459


			782.264			0.0014060342


			782.312			0.0012758272


			782.361			0.0012025479


			782.41			0.0010111738


			782.458			0.000916698


			782.507			0.0009705976
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			782.604			0.0010341871


			782.652			0.0009594947


			782.701			0.0008008238


			782.749			0.0009003464


			782.798			0.0008290858
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			782.895			0.0006815178


			782.944			0.0006750579


			782.992			0.000710991


			783.041			0.0006990806


			783.089			0.0006116703


			783.138			0.0006534577


			783.186			0.0006375098


			783.235			0.0006003655


			783.283			0.0005626156


			783.332			0.0004939793


			783.38			0.0005593856


			783.429			0.0004937774


			783.477			0.0004836838


			783.526			0.0004636986
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			783.623			0.000404954
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			783.816			0.0005157814
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			783.526			2006			2126.43536


			783.574			2588.5			2077.13097


			783.623			2749			2032.05926


			783.671			2630			1990.93283


			783.72			2555			1953.4566


			783.768			2569			1919.37043


			783.816			2117			1888.40664


			783.865			2032			1860.32727


			783.913			2450			1834.89234


			783.962			2333			1811.88206


			784.01			1905			1791.09723


			784.059			1948			1772.35262


			784.107			2086			1755.48


			784.155			1466			1740.31142


			784.204			971			1726.69572


			784.252			2099			1714.48782


			784.301			2501			1703.55479


			784.349			1414			1693.77827


			784.398			1413			1685.04947


			784.446			1736			1677.26934


			784.494			1620			1670.3437


			784.543			1588			1664.18754


			784.591			1380			1658.72169


			784.639			1853			1653.87384


			784.688			1429			1649.58013


			784.736			1690			1645.78176


			784.785			1739			1642.4263


			784.833			1650			1639.46616


			784.881			2282			1636.85821


			784.93			2186			1634.56446


			784.978			2225			1632.54879


			785.026			2073			1630.77986


			785.075			2496			1629.22895
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0.000026298


0.0000511393


0.0000126507


0.0000331984


0.0000474591


0.0000380286


0.0000354218


0.000031205


0.0000443156


0.0000591131


0.0000706137


0.0001048855


0.0001048088


0.0000894747


0.0000356519


0.0000307449


0.0000562763


0.0000256847


0.0000240746


0.0000234612


0.0000677769


0.0000688502


0.0000699236


0.0000522894


0.0000272181


0.0000680069


0.0000689269


0.0001031987


0.0001378538


0.0001179195


0.0001330236


0.0001331003


0.0001199896


0.000115696


0.0000687736


0.0000663968


0.0000692336


0.0000737572


0.0001065722


0.000134327


0.0001188395


0.0001112491


0.0000876346


0.0000953783


0.000109409


0.0001046554


0.0001319502


0.0001894532


0.0002171313


0.000236299


0.0002673506


0.0002339222


0.0002147545


0.0001635385


0.0001239764


0.0001274266


0.0001308001


0.0001557181


0.0001845463


0.0002394425


0.0002385991


0.0002455761


0.0002038673


0.0001879964


0.0002001871


0.0002277118


0.0002556966


0.0003099028


0.0003546784


0.0003863434


0.0003837366


0.0003327506


0.0002602969


0.0001700555


0.0001492011


0.000173659


0.0002207348


0.0002307787


0.000263517


0.0002897384


0.0002484896


0.0002218082


0.0002145245


0.000231162


0.0002398258


0.00032056


0.0004321925


0.0005182169


0.0006006379


0.0006481737


0.0005743399


0.0004112614


0.0002560033


0.0002088509


0.0002145245


0.0002600669


0.0003164965


0.0004151716


0.0004398595


0.000403671


0.0003723894


0.0003131229


0.0002539332


0.0003504616


0.000365029


0.0003967706


0.0005739565


0.000673245


0.0007950747


0.0008510443


0.0006297727


0.0004301224


0.0003243169


0.000281458


0.0002915018


0.0003263103


0.0004027509


0.0004438464


0.0004936823


0.0005206704


0.0004220719


0.0003095961


0.0003013157


0.0003552151


0.0004046677


0.0005116233


0.0006586009


0.0008157758


0.000872512


0.0008234428


0.0005767933


0.0003698592


0.0003062226


0.0002953354


0.0002874383


0.0003407244


0.0004359493


0.000506793


0.0004972092


0.0004489067


0.0003345907


0.0003220167


0.000294952


0.0003509983


0.0004639341


0.0006245591


0.0007102769


0.0008042752


0.0008127089


0.0007039133


0.0005387647


0.0003174932


0.0002096176


0.0002667372


0.0002827614


0.0002824547


0.0003416444


0.0004044377


0.0004153249


0.0003320606


0.0002978655


0.0002217315


0.0002220382


0.0002957187


0.0003335173


0.0004468366


0.0006015579


0.0006697182


0.000628316


0.0004233753


0.0002712608


0.0001579415


0.0001367804


0.0001359371


0.0001525746


0.0002059374


0.0002097709


0.0002036373


0.0002162112


0.0001840096


0.0001498911


0.0001054221


0.0000732971


0.000076594


0.0000947649


0.0001135492


0.0001248965


0.0001562548


0.000121523


0.0000820376


0.000096145


0.0000460791


0.0000673935


0.0000424755


0.0000472291


0.0000167909


0.000025608


0.000044009


0.0000309749


0.0000020701


0.000019781


0.0000216211


0.0000329684


0.0000255313


-0.000012804


-0.0000068237


0.000020011


0.0000749839


0.0000533628


0.0000538228


0.0000454657


0.0000907014


0.0001109424


0.0001169994


0.0001215997


0.0001590916


0.0001522679


0.0001953568


0.0001832429


0.0001422241


0.000114776


0.0001053455


0.0000810409


0.0001403073


0.000185543


0.0001985003


0.0002485663


0.0002587635


0.0003003956


0.0002633637


0.0001962769


0.0001965069


0.000218588


0.0002925752


0.0003595854


0.0004940657


0.0005843071


0.0006240224


0.000609685


0.0004634741


0.0003176465


0.0002487963


0.0002851382


0.0002842948


0.0003230135


0.0004266722


0.000474668


0.0005800135


0.0005501119


0.0004748214


0.0004180851


0.0003741528


0.0003968473


0.0005158402


0.000557549


0.0007657865


0.0009499494


0.0011270586


0.001146993


0.0009047137


0.0006218757


0.0003934738


0.0003707793


0.000402981


0.0004238354


0.0004441531


0.0005379213


0.0006801454


0.000731668


0.0005926642


0.0004771215


0.0003882602


0.0004508234


0.0005487319


0.0006579875


0.0007973748


0.001058055


0.0011753611


0.0012934339


0.0009461159


0.0006338363


0.0003772963


0.0003583586


0.0003882602


0.0004042077


0.0005498819


0.0006101451


0.0007858742


0.0007663232


0.0006577575


0.0005248106


0.0004072745


0.0004032876


0.0004643175


0.0006301561


0.0007904744


0.0008863128


0.0010342871


0.001128592


0.0010051523


0.0006913393


0.0004203852


0.0003713926


0.0003597387


0.0004274389


0.0004844052


0.000524734


0.0005967277


0.0005738798


0.0005304843


0.000416475


0.000366179


0.0003355108


0.0003735394


0.0004426197


0.0005548655


0.0006694881


0.0008380102


0.0009790842


0.0008341767


0.0005629159


0.0004257521


0.000263517


0.0002867482


0.0003258503


0.0003737694


0.0003699359


0.0003741528


0.0004326525


0.0004412396


0.0003803631


0.000242816


0.0002198148


0.0002589935


0.000332674


0.0004528169


0.0005626859


0.0006316895


0.0007415586


0.0007519091


0.0005134634


0.000396924


0.0002566167


0.000236759


0.0002557733


0.0002455761


0.0003115129


0.0003279204


0.0003705493


0.0004103413


0.000352455


0.0002734076


0.000185773


0.0001851596


0.0002286319


0.0002836814


0.0004063545


0.0004226853


0.0004649308


0.0004175484


0.0003006256


0.0002382157


0.0001598583


0.0001187628


0.0001167694


0.0001321802


0.0001376238


0.0001532646


0.0002049407


0.000179716


0.0001928267


0.0001549514


0.0001250498


0.0001192229


0.0001110191


0.0001204496


0.000179716


0.0002238016


0.000270034


0.0002946453


0.0002438127


0.0001175361


0.0001040421


0.0000568896


0.0000729905


0.0000617965


0.0000597264


0.0001160794


0.0001607784


0.0001570215


0.0001367804


0.0001111724


0.0000758273


0.0000923881


0.0000604165


0.0000985985


0.0000995952


0.0001061889


0.0000781274


0.0001791026


0.0002063974


0.000108719


0.0000696936


0.0000375686


0.0000342718


0.0000535928


0.0000605698


0.0000565063


0.0000434723


0.000096375


0.0000691569


0.0000729138


0.0000788941


0.0000413255


0.0000331217


0.0000632533


0.0000555862


0.0000682369


0.0000897813


0.0000877879


0.0000426289


0.0000713804


0.000058193


0.0000192443


-0.0000013034


0.0000148741


0.0000208544


0.0000223878


0.0000470758


0.0000384887


0.000012804


0.000025838


0.0000497593


0.0000079737


0.0000311283


0.0000145674


0.0000271414


0.0000236146


0.0000310516


0.0000486859


0.0000417088


0.0000198577


0.0000018401


0.0000204711


0.0000269114


0.0000083571


0.0000013034


-0.0000003067


-0.0000056736


0.0000407121


0.0000197044


0.0000190143


-0.0000124206


0.0000236912


0.0000285215





Thomson328e, Normalized


			Wavelength			Intensity


			767.397			0.0000010734


			767.447			0.0000221578


			767.497			0.0000080504


			767.547			-0.0000110406


			767.597			0.0000028368


			767.647			-0.0000115773


			767.696			-0.0000133407


			767.746			0.0000078204


			767.796			-0.0000054436


			767.846			-0.0000046002


			767.896			0.0000056736


			767.946			-0.000012114


			767.995			0.0000230779


			768.045			-0.0000112706


			768.095			-0.000006747


			768.145			-0.0000039102


			768.195			-0.00000046


			768.244			0.0000159475


			768.294			0


			768.344			0.0000205477


			768.394			0.000006517


			768.444			0.0000208544


			768.493			0.0000269881


			768.543			0.0000061337


			768.593			0.0000221578


			768.643			0.0000083571


			768.692			-0.000012344


			768.742			-0.0000233079


			768.792			-0.0000063637


			768.842			0.0000206244


			768.891			0.0000158708


			768.941			0.0000066703


			768.991			0.0000090471


			769.041			0.0000094305


			769.09			0.0000253013


			769.14			-0.0000190143


			769.19			0.0000164842


			769.24			-0.0000311283


			769.289			0.0000193977


			769.339			0.0000324317


			769.389			0.0000199344


			769.438			0.0000210844


			769.488			0.0000293649


			769.538			0.0000298249


			769.587			0.0000202411


			769.637			0.0000278314


			769.687			0.0000131874


			769.736			0.0000285215


			769.786			0.0000610298


			769.836			0.0000155641


			769.885			0.0000455424


			769.935			0.0000243046


			769.985			0.000045619


			770.034			0.0000196277


			770.084			0.0000097372


			770.134			0.0000179409


			770.183			0.0000305916


			770.233			0.000026298


			770.282			0.0000511393


			770.332			0.0000126507


			770.382			0.0000331984


			770.431			0.0000474591


			770.481			0.0000380286


			770.531			0.0000354218


			770.58			0.000031205


			770.63			0.0000443156


			770.679			0.0000591131


			770.729			0.0000706137


			770.779			0.0001048855


			770.828			0.0001048088


			770.878			0.0000894747


			770.927			0.0000356519


			770.977			0.0000307449


			771.026			0.0000562763


			771.076			0.0000256847


			771.125			0.0000240746


			771.175			0.0000234612


			771.225			0.0000677769


			771.274			0.0000688502


			771.324			0.0000699236


			771.373			0.0000522894


			771.423			0.0000272181


			771.472			0.0000680069


			771.522			0.0000689269


			771.571			0.0001031987


			771.621			0.0001378538


			771.67			0.0001179195


			771.72			0.0001330236


			771.769			0.0001331003


			771.819			0.0001199896


			771.868			0.000115696


			771.918			0.0000687736


			771.967			0.0000663968


			772.017			0.0000692336


			772.066			0.0000737572


			772.116			0.0001065722


			772.165			0.000134327


			772.215			0.0001188395


			772.264			0.0001112491


			772.313			0.0000876346


			772.363			0.0000953783


			772.412			0.000109409


			772.462			0.0001046554


			772.511			0.0001319502


			772.561			0.0001894532


			772.61			0.0002171313


			772.659			0.000236299


			772.709			0.0002673506


			772.758			0.0002339222


			772.808			0.0002147545


			772.857			0.0001635385


			772.906			0.0001239764


			772.956			0.0001274266


			773.005			0.0001308001


			773.055			0.0001557181


			773.104			0.0001845463


			773.153			0.0002394425


			773.203			0.0002385991


			773.252			0.0002455761


			773.302			0.0002038673


			773.351			0.0001879964


			773.4			0.0002001871


			773.45			0.0002277118


			773.499			0.0002556966


			773.548			0.0003099028


			773.598			0.0003546784


			773.647			0.0003863434


			773.696			0.0003837366


			773.746			0.0003327506


			773.795			0.0002602969


			773.844			0.0001700555


			773.894			0.0001492011


			773.943			0.000173659


			773.992			0.0002207348


			774.041			0.0002307787


			774.091			0.000263517


			774.14			0.0002897384


			774.189			0.0002484896


			774.239			0.0002218082


			774.288			0.0002145245


			774.337			0.000231162


			774.386			0.0002398258


			774.436			0.00032056


			774.485			0.0004321925


			774.534			0.0005182169


			774.584			0.0006006379


			774.633			0.0006481737


			774.682			0.0005743399


			774.731			0.0004112614


			774.781			0.0002560033


			774.83			0.0002088509


			774.879			0.0002145245


			774.928			0.0002600669


			774.977			0.0003164965


			775.027			0.0004151716


			775.076			0.0004398595


			775.125			0.000403671


			775.174			0.0003723894


			775.223			0.0003131229


			775.273			0.0002539332


			775.322			0.0003504616


			775.371			0.000365029


			775.42			0.0003967706


			775.469			0.0005739565


			775.519			0.000673245


			775.568			0.0007950747


			775.617			0.0008510443


			775.666			0.0006297727


			775.715			0.0004301224


			775.764			0.0003243169


			775.814			0.000281458


			775.863			0.0002915018


			775.912			0.0003263103


			775.961			0.0004027509


			776.01			0.0004438464


			776.059			0.0004936823


			776.108			0.0005206704


			776.157			0.0004220719


			776.207			0.0003095961


			776.256			0.0003013157


			776.305			0.0003552151


			776.354			0.0004046677


			776.403			0.0005116233


			776.452			0.0006586009


			776.501			0.0008157758


			776.55			0.000872512


			776.599			0.0008234428


			776.648			0.0005767933


			776.697			0.0003698592


			776.747			0.0003062226


			776.796			0.0002953354


			776.845			0.0002874383


			776.894			0.0003407244


			776.943			0.0004359493


			776.992			0.000506793


			777.041			0.0004972092


			777.09			0.0004489067


			777.139			0.0003345907


			777.188			0.0003220167


			777.237			0.000294952


			777.286			0.0003509983


			777.335			0.0004639341


			777.384			0.0006245591


			777.433			0.0007102769


			777.482			0.0008042752


			777.531			0.0008127089


			777.58			0.0007039133


			777.629			0.0005387647


			777.678			0.0003174932


			777.727			0.0002096176


			777.776			0.0002667372


			777.825			0.0002827614


			777.874			0.0002824547


			777.923			0.0003416444


			777.972			0.0004044377


			778.021			0.0004153249


			778.07			0.0003320606


			778.119			0.0002978655


			778.168			0.0002217315


			778.217			0.0002220382


			778.266			0.0002957187


			778.314			0.0003335173


			778.363			0.0004468366


			778.412			0.0006015579


			778.461			0.0006697182


			778.51			0.000628316


			778.559			0.0004233753


			778.608			0.0002712608


			778.657			0.0001579415


			778.706			0.0001367804


			778.755			0.0001359371


			778.804			0.0001525746


			778.852			0.0002059374


			778.901			0.0002097709


			778.95			0.0002036373


			778.999			0.0002162112


			779.048			0.0001840096


			779.097			0.0001498911


			779.146			0.0001054221


			779.194			0.0000732971


			779.243			0.000076594


			779.292			0.0000947649


			779.341			0.0001135492


			779.39			0.0001248965


			779.439			0.0001562548


			779.488			0.000121523


			779.536			0.0000820376


			779.585			0.000096145


			779.634			0.0000460791


			779.683			0.0000673935


			779.732			0.0000424755


			779.78			0.0000472291


			779.829			0.0000167909


			779.878			0.000025608


			779.927			0.000044009


			779.976			0.0000309749


			780.024			0.0000020701


			780.073			0.000019781


			780.122			0.0000216211


			780.171			0.0000329684


			780.219			0.0000255313


			780.268			-0.000012804


			780.317			-0.0000068237


			780.366			0.000020011


			780.415			0.0000749839


			780.463			0.0000533628


			780.512			0.0000538228


			780.561			0.0000454657


			780.609			0.0000907014


			780.658			0.0001109424


			780.707			0.0001169994


			780.756			0.0001215997


			780.804			0.0001590916


			780.853			0.0001522679


			780.902			0.0001953568


			780.95			0.0001832429


			780.999			0.0001422241


			781.048			0.000114776


			781.097			0.0001053455


			781.145			0.0000810409


			781.194			0.0001403073


			781.243			0.000185543


			781.291			0.0001985003


			781.34			0.0002485663


			781.389			0.0002587635


			781.437			0.0003003956


			781.486			0.0002633637


			781.535			0.0001962769


			781.583			0.0001965069


			781.632			0.000218588


			781.68			0.0002925752


			781.729			0.0003595854


			781.778			0.0004940657


			781.826			0.0005843071


			781.875			0.0006240224


			781.924			0.000609685


			781.972			0.0004634741


			782.021			0.0003176465


			782.069			0.0002487963


			782.118			0.0002851382


			782.167			0.0002842948


			782.215			0.0003230135


			782.264			0.0004266722


			782.312			0.000474668


			782.361			0.0005800135


			782.41			0.0005501119


			782.458			0.0004748214


			782.507			0.0004180851


			782.555			0.0003741528


			782.604			0.0003968473


			782.652			0.0005158402


			782.701			0.000557549


			782.749			0.0007657865


			782.798			0.0009499494


			782.847			0.0011270586


			782.895			0.001146993


			782.944			0.0009047137


			782.992			0.0006218757


			783.041			0.0003934738
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1. Introduction


These notes are arranged in the following manner. In the introduction section, we


use several examples to illustrate some of the issues that must be addressed when we


model hypersonic flows. This leads to a discussion of what types of computational fluid


dynamics methods are suitable for these flows. Then the conservation equations for a


mixture of chemically reacting and weakly ionized gases is developed. We discuss the


thermochemistry models and the relevant boundary conditions for these flows. Then in


the third section, computational fluid dynamics methods for these flows are discussed. We


analyze the conservation equations, and discuss an upwind method. Then, the integration


of the source terms is discussed. In the fourth section we discuss several advanced topics


in the modeling of hypersonic flows.


1.1 Examples of Hypersonic Flows


In this subsection, we discuss a few external hypersonic flows to illustrate some of the


issues that we must address when the flow field is chemically reacting. These examples


show that aerothermochemistry can have a major impact on aerodynamic coefficients, heat


transfer rates, and radiative emission from hypersonic flows.


1.1.1 Hypersonic Double-Cone Flow


An interesting flow field is created by a double-cone geometry. Figure 1.1 plots a


schematic of this flow field for an approximately Mach 12 free-stream condition. Note the


attached shock wave that originates at the first cone tip, the detached shock wave formed


by the second cone, and the resulting shock triple point. The transmitted shock impinges


on the second cone surface, which separates the flow and produces a large localized increase
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in the pressure and heat transfer rate. This pressure rise causes the flow to separate, and


also produces a supersonic under-expanded jet that flows downstream near the second cone


surface. The size of the separation zone depends strongly on the location and strength of


the shock impingement. This flow field is very sensitive to the wind tunnel conditions, the


physical models used in the CFD code, and the quality of the numerical methods used to


predict the flow (Ref. 40).


M<1


M>1


Oblique shock


M>>1


Contact surface


Transmitted shock


Bow shock


Separation zone


Supersonic jet


Sonic line


Separation shock


Contact surface


Fig. 1.1 – Schematic of the hypersonic double-cone flow field.


Experiments on the double-cone have been performed at hypersonic conditions in


the CUBRC Large Energy National Shock Tunnel (LENS). These experiments used a


large model with many surface-mounted heat flux and pressure transducers (Ref. 22).


Nitrogen was used as the test gas to minimize the effects of chemical reactions, and the


experiments were done at low density to ensure laminar boundary layers and shear layers.


This dataset was the subject of a blind code validation study. In general, the comparison


between simulation and experiment was shown to be quite good, however there were several


important differences. Interestingly, the simulations performed with high-quality numerical


methods on the finest grids slightly over-predicted the size of the separation zone, and all


simulations predicted excessive heating in the attached region prior to separation (Ref. 22).


This is shown in Fig. 1.2, which presents typical results for two double-cone cases. The


error on the first cone is as much as 20%, which is particularly puzzling because the


pressure is accurately predicted in this region. Many attempts were made to explain this


difference by running CFD cases with extreme grid resolution, finite nose-tip bluntness,
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model misalignment, and uncertainties in reaction rates. None of these effects was found


to explain the differences shown in Fig. 1.2.
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Fig. 1.2 – Comparison of predicted and measured surface pressure and heat flux on the


double cone model. Ref. 22.
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Fig. 1.3 – Comparison of measured double cone heat flux and different models for the


effects of nonequilibrium vibrational energy. ’Nominal’ is the baseline model (Fig. 1.2);


’Noneq.’ is accounting for vibrational nonequilibrium in the free-stream; and ’Noneq. Slip’


also includes the effect of imperfect accommodation of vibrational energy to the surface.


Computational Fluid Dynamics for Atmospheric Entry 


RTO-EN-AVT-162 15 - 3 


 


 







The specification of the free-stream conditions in a hypersonic shock tunnel can be


difficult because these facilities may be subject to non-ideal effects in the nozzle. Namely,


a reflected shock wave is used to heat and compress the test gas to extremely high pressure


and temperature, which results in vibrational excitation and chemical reaction. Then the


test gas rapidly expands through the nozzle, and its internal energy state may not fully


de-excite during the expansion. As a result, the gas flowing over the model may be in


a non-ideal thermo-chemical state. The double-cone experiments were run with nitrogen


at moderate enthalpy (h0 < 4 MJ/kg); this results in virtually no chemical reaction, but


vibrational excitation of the gas in the reflected shock region. Nitrogen vibrational modes


relax very slowly, and for these test conditions this results in elevated vibrational energy


in the wind-tunnel test section. A vibrational finite-rate simulation of the nozzle flow


shows that the vibrational energy modes are frozen near the throat temperature (Tv =


2560 K). This has two major effects: the kinetic energy flux is reduced by about 10%,


and because nitrogen vibrational energy modes are inefficient at accommodating to most


metallic surfaces, they do not transfer their energy to the model. These two effects reduce


the heat flux by about 20%, and significantly improve the comparison between CFD and


experiment; this is shown in Fig. 1.3 (Ref. 40).


1.1.2 Mars Science Laboratory Entry


During the past 20 years or so, great strides have been made in the simulation of


atmospheric entry flows. In part, this is a result of increases in computer power and the


development of efficient parallel codes for solving the governing equations. Recently, un-


structured grids have begun to be used for difficult aerothermodynamics problems. Inter-


estingly, however almost no research has been done on improving the governing equations


used in these simulations. Thus, we are solving essentially the same equations now as when


the first CFD simulations of nonequilibrium atmospheric entry flows were performed. Fur-


thermore, current codes are often used far beyond the range of conditions for which they


have been validated.1


Figure 1.4 illustrates a recent simulation of the flow over the Mars Science Laboratory


(MSL) capsule at Mach 18.1 (Ref. 53), with the flow in the wake region represented by


the detached eddy simulation (DES) approach (Ref. 59) with the Spalart-Allmaras one-


equation turbulence model (Ref. 58) and the Catris and Aupoix (Ref. 7) compressibility


correction. This simulation used finite-rate kinetics to represent the Mars atmosphere


1 The issue of code validation is beyond the scope of these notes, but it is particularly difficult for
hypersonic flows because it is very difficult to isolate specific elements of the physical models in
well-controlled experiments.
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and was performed on 16 million element hybrid unstructured grid. Not shown in this


image is that the operation of the reaction control system thrusters is also modeled in this


simulation. With current parallel clusters, such a calculation can be performed at useful


turn-around times. (The base flow is established in about half a day, and the operation of


the RCS thrusters is computed and averaged over an additional two days on 240 cores of


an SGI Altix SE 1300 cluster.)


Fig. 1.4 – Temperature contours in the flow field of the MSL capsule at Mach 18.1 condi-


tions.


1.2 Important Effects


1.2.1 Thermochemical Nonequilibrium


A gas is in thermal nonequilibrium if its internal energy cannot be characterized by


a single temperature, and it is in chemical nonequilibrium if its chemical state does not


satisfy chemical equilibrium conditions. Portions of many external hypersonic flows are in


thermal and chemical nonequilibrium. This occurs because as the gas passes through the


bow shock wave, much of its kinetic energy is converted to random translational motion.


Then, collisions transfer translational energy to rotational, vibrational, electronic, and
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chemical energy. This energy transfer takes a certain number of collisions, during which


time the gas moves to a new location where the temperature and density may be different.


Thus, the internal energy modes and chemical composition of the gas lag the changes in


the translational temperature. We can determine if a flow will be in thermal or chemical


nonequilibrium by constructing the Dahmköhler number, Da, which is the ratio of the


fluid motion time scale to the internal energy relaxation or chemical reaction time scale.


Consider the steady-state mass conservation equation for species s


∂


∂xj


(
ρsuj


)
= ws, (1.1)


where ρs is the mass density of species s, uj is the gas velocity in the xj direction, and ws


is the rate of production of species s per unit volume due to chemical reactions. We can


non-dimensionalize this equation using the total density, ρ, the speed, V , and a relevant


length scale such as the nose radius, rn. Then


∂


∂x̄j


(
ρ̄sūj


)
=


rnws


ρV
=


τf


τc
= Da. (1.2)


Thus, Da represents the ratio of the fluid motion time scale, τf , to the chemical reaction


time scale, τc; or it is the ratio of the chemical reaction rate to the fluid motion rate. A


similar expression can be derived to describe the relative rate of internal energy relaxation.


When Da → ∞, the internal energy relaxation or chemical reaction time scale ap-


proaches zero (becomes infinitely fast), and the gas is in equilibrium. That is, its thermal


or chemical state adjusts instantaneously to changes in the flow. When Da → 0, the reac-


tion time scale approaches infinity, the gas is frozen and does not adjust to changes in the


flow. The Dahmköhler number is useful for determining how reactive the gas is, and what


type of analysis is appropriate for given flow conditions.


When the chemical source term, ws, is proportional to the density squared (as it is for


dissociation reactions), the binary scaling law can be derived from the above expression.


Let us write ws = Cρ2kf , where kf is a temperature-dependent reaction rate, and C is a


constant. Then we have


Da = ρ rn
Ckf


V
. (1.3)


Thus, the reaction rate is proportional to the density-length scale product. kf depends


exponentially on temperature, which for hypersonic flows depends on the free-stream ki-


netic energy 1
2V 2


∞. Therefore, for a dissociation-dominated flow, the Dahmköhler number


depends on the binary scaling parameter, ρ rn, and the free-stream kinetic energy.
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1.2.2 Vibration-Dissociation Coupling


When a gas becomes vibrationally excited, the population of the excited vibrational


states increases. As shown in Fig. 1.5, this decreases the energy required to dissociate the


molecule. Therefore, the vibrational state of a molecule affects its dissociation rate. This


process is not fully understood, and simple models that can be implemented in computa-


tional methods are largely unvalidated. Even small changes in the dissociation rate can


change the flow field considerably and can lead to uncertainties in the trim angle of attack


of hypersonic vehicles.


There are many models available for the vibration-dissociation process, and we will


discuss the most popular models in these notes.
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Fig. 1.5 – Schematic of the vibrational state of a molecule and the energy required for


dissociation.


1.2.3 Finite-Rate Wall Catalysis


One of the most important parameters that determines the convective heat transfer


rate for hypersonic vehicles is the surface catalytic efficiency. Fay and Riddell (Ref. 11)


used a self-similar stagnation point boundary layer analysis to show that depending on the
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reactivity (Dahmköhler number) of the boundary layer and the catalytic efficiency of the


surface, the heat transfer rate is dramatically changed. As seen in Fig. 1.6, if the boundary


layer is frozen (Da → 0) and the body surface is noncatalytic, the heat transfer rate may


be reduced by 50% or more, depending on the fraction of energy tied up in the chemical


energy modes.
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Fig. 1.6 – Effect of wall catalysis on convective heat transfer rate at a stagnation point.


(After Fay and Riddell (Ref. 11).)


When the wall is noncatalytic, it does not promote recombination at the surface. Thus,


if the reaction rate is slow near the surface, a fraction of the total energy of the gas remains


in the form of chemical energy. Thus, it does not contribute the convective heating. If,


on the other hand, the surface is catalytic or the boundary layer is near equilibrium, the


chemical energy is released at the vehicle surface, and the heat transfer increases.


It is important to note how the chemical reactions scale with density. As we saw in


the previous section, dissociation scales with the binary scaling parameter, ρ rn. However,


recombination is a three-body process, and as a result scales with ρ2. Thus, in typical


low-density atmospheric entry conditions, recombination may be very slow relative to


dissociation. The surface reactions typically scale differently because they are usually


diffusion limited and depend strongly on the surface material properties.


1.2.4 Nonequilibrium Thermal Radiation


The modeling of thermal radiation from the flow field remains a major challenge. The


difficulty arises because the radiative emission from the gas depends very strongly on its


internal energy. For example, immediately behind the bow shock wave in the stagnation


region of a vehicle, the vibrational temperature may overshoot the equilibrium post-shock


temperature. Then, if the population of the excited electronic states of the gas is governed
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by the vibrational temperature, there is a dramatic super-equilibrium population of the


excited electronic states. The excited electronic states decay to the ground state, and the


electronic energy is emitted as photons (thermal radiation), many of which are absorbed by


the body surface. Thus, for high-energy flows where radiative heating is important, there


may be a significant increase in the heat transfer rate due to nonequilibrium. This process


is very difficult to model because there are many complicated rate-dependent processes


competing for the thermal energy produced by the shock wave.


1.2.5 Low Density Effects


During re-entry many hypersonic vehicles spend a significant time at high altitude


where the gas dynamics are poorly understood. In this high Knudsen number regime, the


bow shock wave thickness becomes an appreciable fraction of the shock standoff distance,


none of the internal energy modes are in equilibrium with the translational modes, and


there is velocity and temperature slip at the body surface. Also, the chemical reactions


may not conform to standard reaction rate models and the vibration-dissociation coupling


effects are very important. Reasonable progress has been made in the modeling of each


these effects (Refs. 5, 14, 32). However, in extremely low density flows, the continuum


formulation completely breaks down and a particle based simulation method must be used


(such as the direct simulation Monte Carlo method (Ref. 2)).


1.2.6 Other Effects


Many other complicated phenomena may occur in hypersonic external flows. For ex-


ample, at low-earth-orbit re-entry speeds and above, the flow field becomes ionized and


the radio frequency transmissions may be blacked out. At higher speeds, the vehicle sur-


face must be ablative to protect the vehicle from heating. In this case, foreign species


are injected into the flow field, where they react with the air species to form other chem-


ical species. Thirdly, shock-wave boundary layer interactions are very complicated and


intense at hypersonic conditions. Finally, of course, there is the question of transition to


turbulence. If the boundary layer is turbulent, the convective heat transfer rate to small-


angle bodies (blunted cones, for example) increases by a factor of between three and eight.


There are no reliable models for transition at hypersonic Mach numbers, and the effect of


boundary layer chemical reactions on transition is poorly understood. However, it has been


shown experimentally and with stability theory that endothermic (energy absorbing) reac-


tions tend to delay transition in hypersonic boundary layers (Ref. 23). Reynolds-averaged


Navier-Stokes (RANS) models are largely unproven at hypersonic conditions.
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1.3 Computational Methods


From the previous discussion, it is clear that there are many difficult issues that must


be addressed. Hypersonic flows may have one or more of the following features:


1. A large number of chemical species reacting with one another at a wide range of relative


time scales.


2. Complicated interactions between the fluid motion, internal energy state, and the


chemical composition of the gas.


3. Length scales ranging from the characteristic length of the body down to the shock


wave thickness.


4. Complex gas-surface interactions, including slip at the wall, foreign species injection,


and finite-rate catalysis of reactions at the surface.


5. Transitional and turbulent boundary layers.


A numerical method that can solve the equations that describe these flows must have


certain qualities. Generally, we are interested in steady-state flows. Also, many flows have


regions of very high reaction rate, making the range of time and length scales very large.


Thus, it is essential to use an implicit method for at least the chemical reaction terms.


Also, the computational and memory costs of the method should not increase too quickly


with the number of chemical species being considered. Finally, to solve very large and


difficult problems, it is mandatory that the method run efficiently on parallel computers.
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2. Conservation Equations


2.1 Assumptions


We assume that the gas is described by the Navier-Stokes equations extended to


account for the presence of chemical reactions and internal energy relaxation. For these


equations to be valid, the flow must satisfy the following criteria:


1. The gas must be a continuum. If we relate the mean-free-path, λ, to a local length scale


that is determined by the normalized density gradient, we can form the gradient-length-


local Knudsen number as (Ref. 4):


(Kn)GLL =
λ


ρ


∣∣∣∣
dρ


dℓ


∣∣∣∣ , (2.1)


where ℓ is in the direction of the steepest density gradient. Boyd, et. al (Ref. 4) showed


that when (Kn)GLL > 0.05 the Navier-Stokes formulation fails.2 This typically occurs in


shock waves and near the body surface in low density flows. Also, the wake region of


blunt bodies may have regions of continuum formulation failure. In these regions, either a


higher-order continuum formulation must be used (Refs. 32, 71) or a particle-based method


such as the direct simulation Monte Carlo (DSMC) method is required.


2. The mass diffusion fluxes, shear stresses, and heat fluxes must be proportional to the


first derivatives of the flow quantities. If not, a non-continuum approach, such as the direct


simulation Monte Carlo (DSMC) method must be used.3


3. The internal energy modes must be separable. That is, we can describe each energy


mode by its own temperature. For example, the energy contained within the vibrational


modes cannot be a function of the rotational energy state.


4. Finally, the flow is only weakly ionized. In this case, the Coulomb cross-section is small


relative to the electron-neutral collision cross-section.


2 In this work, failure was defined to occur when the Navier-Stokes solution differs by 5% from the
results obtained using the direct simulation Monte Carlo method.


3 Some authors advocate the use of higher-order continuum equations such as the Burnett equations
(Ref. 6). However, there is an inherent problem with using this approach. The continuum equations
fail because the velocity distribution function becomes highly non-Maxwellian, or even a bi-modal
mixture of perturbed Maxwellians. No perturbation to a single Maxwellian can represent such a
bi-modal velocity distribution function. Thus, an approach based on higher-order perturbations to a
single equilibrium velocity distribution function cannot work.
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2.2 Governing Equations


In this section the governing equations are given; further information on their deriva-


tion can be found in Refs. 13 and 29. We will discuss the derivation of the vibrational


energy equation in some detail because it provides a good example of how to derive con-


servation equations for nonequilibrium flows. Also this derivation will show the strong


interaction between the vibrational state and the chemical reactions in a nonequilibrium


gas.


2.2.1 Mass Conservation


The mass conservation equation for species s is:


∂ρs


∂t
+


∂


∂xj


(
ρsuj + ρsvsj


)
= ws, (2.2)


where again, ρs is the species density and ws is the chemical source term. The mass-


averaged velocity is uj and the diffusion velocity of species s is vsj in the xj direction. The


mass-averaged velocity is obtained using:


uj =
ns∑


s=1


ρs


ρ
usj , ρ =


ns∑


s=1


ρs, (2.3)


where ns is the number of chemical species. The diffusion velocity is the velocity of species


s, usj , relative to the mass-averaged velocity:


vsj = usj − uj . (2.4)


2.2.2 Momentum Conservation


The momentum equation has the familiar form except for the presence of the electric


field, Ẽi:


∂


∂t


(
ρui


)
+


∂


∂xj


(
ρuiuj + pδij − τij


)
=


ns∑


s=1


eZsNsẼi, (2.5)


where eZs is the charge of species s and Ns is the species number density. The pressure p


is the sum of the partial pressures:


p =
ns∑


s=1


ps =
ns∑


s=1


ρs
R


Ms
T, (2.6)


where R is the universal gas constant and Ms is the molecular weight of species s. T is


the translational temperature of the gas mixture. The expression for the shear stress will


be given below.
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2.2.3 Total Energy Conservation


The total energy conservation equation has the form:


∂E


∂t
+


∂


∂xj


(
(E + p)uj − τijui + qj +


ns∑


s=1


ρsvsjhs


)
=


ns∑


s=1


eNsZsẼiui, (2.7)


where E is the total energy per unit volume, qj is the total heat flux vector, and hs is the


species s specific enthalpy. These quantities will be discussed in more detail below.


2.2.4 Vibrational Energy Conservation


The derivation of the vibrational energy conservation equation is non-trivial because


the vibrational state is coupled to the chemical state. As we discussed in Section 1.2.2,


molecules that are highly vibrationally excited are more likely to dissociate than the average


molecule. Thus, when dissociation occurs, the process removes more than the average


vibrational energy from the vibrational energy pool. Likewise, when recombination occurs


the newly formed molecule may be formed at an elevated vibrational level. A complete


derivation of this equation is available in Ref. 41.


We assume that there is a single diatomic species in a multi-species gas mixture. In a


manner similar to Clarke and McChesney (Ref. 8), we let fsα
(xi, vsα


, t) dx dvsα
represent


the number of particles in vibrational level α of species s in a volume dx ≡ dx1 dx2 dx3


and dvsα
≡ dvsα1


dv2α2
dvsα3


. The velocity distribution function fsα
is defined such that


∫ +∞


−∞


fsα
dvsα


= nsα
, (2.8)


where nsα
is the number density of molecules in level α of species s.


Under the assumption that the translational energy is a classical energy mode and


that all velocities in the range −∞ to +∞ are allowed, we can show that fsα
obeys the


Boltzmann equation:


∂fsα


∂t
+ vsαi


∂fsα


∂xi
+ Fsαi


∂fsα


∂vsαi


= C+
sα


− C−
sα


, (2.9)


where Fsαi
is the external force per unit mass acting in the i direction on the particles,


and C+
sα


and C−
sα


represent the number of particles created and destroyed due to collisions


of species s in level α per unit time and per unit phase space volume. These terms, C+
sα


and C−
sα


, are the collision integrals.
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The conservation of vibrational energy equation for species s is found by taking the


moment of the Boltzmann equation with respect to ǫsα
and summing over all vibrational


energy levels α. This yields


∑


α


∫ ∞


−∞


ǫsα


∂fsα


∂t
dvsα


+
∑


α


∫ ∞


−∞


ǫsα
vsαi


∂fsα


∂xi
dvsα


+
∑


α


∫ ∞


−∞


ǫsα
Fsαi


∂fsα


∂vsαi


dvsα
=


∑


α


∫ ∞


−∞


ǫsα
(C+


sα
− C−


sα
) dvsα


.


(2.10)


where ǫsα
is the amount of vibrational energy per molecule of species s in level α.


The convection term on the left hand side of (2.10) can be manipulated to yield


∑


α


∞∫


−∞


ǫsα
vsαi


∂fsα


∂xi
dvsα


=
∂qvsi


∂xi
+


∂


∂xi


(
Evs(vsi + ui)


)
, (2.11)


where Evs =
∑


α nsα
ǫsα


is the vibrational energy per unit volume, and qvsi =∑
α nsα


ǫsα
usαi


is the vibrational heat flux in the xi direction. If the external forces Fsαi


are independent of the velocity, then the force term in (2.10) is identically zero as it as-


sumed that the distribution function fsα
vanishes at infinity. The source term on the right


hand side of (2.10) represents the rate of change of the number of molecules in level α in


species s. This can be written as


∑


α


∫ ∞


−∞


ǫsα
(C+


sα
− C−


sα
) dvsα


=
∑


α


ǫsα


(∂nsα


∂t


)
coll


. (2.12)


Combining the above expressions we have


∂Evs


∂t
+


∂


∂xi


(
Evs ui + Evs vsi + qvsi


)
=


∑


α


ǫsα


(∂nsα


∂t


)
coll


= QV ib. (2.13)


To find an expression for QV ib we formally need to make the following assumptions:


1. The system of interest is a dilute mixture of vibrating-dissociating molecules and atoms


weakly interacting with an infinite heat bath.


2. The Born-Oppenheimer approximation holds so that the vibrational states are uncou-


pled from the rotational and electronic states of the molecule.


3. The interaction Hamiltonian which causes transition between vibrational levels can


be treated as a perturbation on the energy of the vibrating molecules. Thus, quantum


mechanical perturbation theory can be used to derive the master relaxation equation.
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Under these assumptions Heims (Ref. 21) showed


∂nsα


∂t
= νsα


(Ns − 2 ns)
2 − µsα


nsα
+


∑


i


(
asiα


nsi
− asαi


nsα


)
, (2.14)


where Ns is the number of s atoms, ns is the number molecules of species s, aslk
is the


transition probability per unit time from vibrational level l to k, νsα
is the recombination


rate of atoms to molecules in level α, and µsα
is the dissociation rate from level α.


Evaluating the source term QV ib yields


QV ib =
∑


α


ǫsα


[
νsα


(Ns − 2 ns)
2 − µsα


nsα
+


∑


i


(
asiα


nsi
− asαi


nsα


)]
, (2.15)


The first two terms of (2.15) are respectively the gain and loss of vibrational energy due


to chemical reactions. The last two terms of (2.15) account for the exchange of vibrational


and translational energy due to collisions. At the microscopic level, these two processes


are not linked and can be treated independently. Thus we define


QChem =
∑


α


ǫsα


(
νsα


(Ns − 2 ns)
2 − µsα


nsα


)
(2.16)


and


QV −T =
∑


α


ǫsα


∑


i


(
asiα


nsi
− asαi


nsα


)
. (2.17)


To find an expression for QChem we sum (2.14) over all α levels and define


γs =
∑


α


νsα
, µs =


∑


α


µsα
nsα


ns
, (2.18)


where γs is the recombination rate and µs is the dissociation rate of s molecules. This


gives (∂ns


∂t


)
coll


= γs (Ns − 2 ns)
2 − µs ns, (2.19)


where γs (Ns − 2ns)
2 and ns µs represent the rate of change of the number of molecules


of species s per unit time and unit volume due to the forward and backward chemical


reactions, respectively. In (2.2), let ws = wfs
+ wbs


so that wfs
and wbs


are the rates of


change of the mass of species s per unit time and unit volume due to the forward and


backward chemical reactions, respectively. This implies


γs (Ns − 2ns)
2 =


wbs


ms
ns µs = −wfs


ms
. (2.20)
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The average vibrational energy gained during recombination and the average vibra-


tional energy lost during dissociation are the weighted averages of the level-specific disso-


ciation rates multiplied by the vibrational energy of each level. They are respectively:


G =


∑
α ǫsα


νsα∑
α νsα


=


∑
α ǫsα


νsα


γs


E =


∑
α µsα


nsα
ǫsα∑


α µsα
nsα


=


∑
α µsα


nsα
ǫsα


ns µs
.


(2.21)


In general, the nsα
in the above equations are functions of T and Tv. However at


equilibrium T = Tv, and we can define n∗
sα


as the number density at equilibrium. Thus


we have


νsα
(Ns − 2 n∗


s)
2 − µsα


n∗
sα


+
∑


i


(
asiα


n∗
si
− asαi


n∗
sα


)
= 0. (2.22)


Now we make the assumption that at equilibrium each process must be in equilibrium


independent of the other process. This is consistent with the fact that we are treating


QChem and QV −T as independent on a microscopic level. This gives


νsα
(Ns − 2 n∗


s)
2 − µsα


n∗
sα


= 0. (2.23)


If the transition probabilities are independent of time, (2.22) must hold for all time. If


we substitute the expressions for νsα
from the above equation into (2.16), after some


manipulation we find


E =


∑
α µsα


n∗
sα


ǫsα∑
α µsα


n∗
sα


. (2.24)


If we write E = E(T, Tv), we immediately see that G = E(T, T ).


Therefore, any physically consistent model for the vibrational energy source term due


to chemical reactions must be of the form


QChem =
1


ms


(
E(T, Tv)wfs


+ E(T, T )wbs


)
. (2.25)


An expression for QV −T was originally derived by Landau and Teller (Ref. 28) for


simple harmonic oscillators not undergoing dissociation. They found


QV −T =
Evs


(T ) − Evs
(Tv)


τvib
, (2.26)


where τvib is the vibrational relaxation time, and is given by a theoretically determined


expression as a function of the local thermodynamic state of the gas. Under more general


Computational Fluid Dynamics for Atmospheric Entry 


15 - 16 RTO-EN-AVT-162 


 


 







conditions, QV −T will have the above form, but τvib will be different and will also depend


on the oscillator model used.


The equation for the conservation of vibrational energy of species s has the final form:


∂Evs


∂t
+


∂


∂xi


(
Evs ui + Evs vsi + qvsi


)
= QV −T + QChem. (2.27)


For the case where there is more than one vibrationally excited species, an additional term


must be included to account for the rate of vibrational energy transfer to species s from


the other vibrationally excited species (Ref. 50).


If the vibrational energy modes are tightly coupled, then there will be a single vibra-


tional temperature Tv, and the total vibrational energy equation is:


∂Ev


∂t
+


∂


∂xi


(
Ev ui +


∑


s


Evsvsi +
∑


s


qvsi


)
=


∑


s


QV −Ts +
∑


s


QChems. (2.28)


where Ev =
∑


s Evs.


2.2.5 Additional Internal Energy Conservation Equations


In a similar fashion, conservation expressions for the other internal energy modes


(rotational and electronic) may be derived. In practice, unless the conditions of interest are


at very low density, the rotational and translational energies are usually considered to be in


equilibrium. This obviates the need for a separate rotational conservation equation. Also,


if there is appreciable population of the excited electronic states, it is often assumed that


the temperatures that characterize the free electron translational energy and the bound


excited electronic energy are the same. That leads to a single electron-electronic energy


conservation equation. In many cases, it is valid to assume that the vibrational modes


are also in equilibrium with the electron-electronic energy (because of resonant coupling


between the N2 vibration and free electrons (Refs. 30, 50)). Then, the vibrational energy


equation (2.13) is extended to include these effects.


There is uncertainty about how to model the energy in the free electron and electronic


energy modes. We favor the approach of Gnoffo et al. (Ref. 13) in which it is assumed


that Tv = Te = Teℓ. Namely, that because of the strong electron-vibration coupling in


high temperature air, we typically have Tv = Te. It is probably reasonable to assume that


Te = Teℓ. (There really is no other alternative, in any case.) The other approach is to


assume that T = Te = Teℓ.
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2.3 Electric Field


An expression for the electric field Ẽi may be derived using the electron momentum


conservation equation:


∂


∂t


(
ρeui


)
+


∂


∂xj


(
ρeuiuj + peδij


)
= −eNeẼi + Pei, (2.29)


where we have neglected the mass diffusion and shear stress terms. Pei represents the


momentum transfer between the electrons and the heavy particles due to collisions. For


weakly ionized flows, this term is small relative to the electric field term. Then, if we take


the ratio of the dynamic pressure of the electron gas to the electron pressure and assume


that the electron speed and temperature are about the same as the bulk gas, we have


ρeV
2
e


pe
=


MeV
2
e


RTe
≃ MeV


2


RT
≃ Me


M
M2. (2.30)


Where M is the Mach number, and M is the average molecular weight of the mixture.


The ratio Me/M is of the order of 10−6, and for conditions of interest the square of the


Mach number will be of the order of 103 at most. Therefore, we can neglect the electron


dynamic pressure relative to the electron pressure, and the steady-state electric field may


be expressed as


Ẽi ≃ − 1


Nee


∂pe


∂xi
. (2.31)


This expression for the electric field may be inserted in the momentum equation, (2.5),


and the total energy equation, (2.7). Generally, this term has little effect on the flow field


of atmospheric entry vehicles and is often neglected.
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2.4 Equations of State


The relationship between the conserved quantities and the non-conserved quantities


such as pressure and temperature are discussed in this section. The total energy, E, is


made up of the separate components of energy:


E =
ns∑


s6=e


Ets +
ns∑


s6=e


Ers +
ns∑


s6=e


Evs + Ee +
ns∑


s6=e


Eeℓ s + 1
2ρuiui +


n∑


s6=e


ρsh
◦
s, (2.32)


which are the translational, rotational, vibrational, electron translational, electronic, ki-


netic, and chemical energies, respectively. The heavy particle translational energy is


Ets = ρscvtsT , where cvst = 3


2
R/Ms and T is the translational temperature. The ro-


tational energy is Ers = ρscvrsTr, and cvrs = R/Ms if the particle has two degrees of


rotational freedom; Tr is the rotational temperature. As discussed above, for the case


where the rotational energy modes relax quickly, we can assume that the rotational en-


ergy modes are equilibrated with the translational energy modes. Then, we can write


Ets + Ers = ρscvsT , where cvs and T are the translational-rotational specific heat and


temperature, respectively.


The vibrational temperature of species s is determined by inverting the expression for


the vibrational energy contained in a simple harmonic oscillator at the temperature Tvs:


Evs
= ρsevs = ρs


R


Ms


θvs


eθvs/Tvs − 1
, (2.33)


where θvs is the characteristic temperature of vibration. If we assume that there is a single


vibrational temperature, we must invert a more complicated expression for Tv


Ev =
∑


s


ρs
R


Ms


θvs


eθvs/Tv − 1
. (2.34)


The free electron translational energy is given by Ee = ρecveTe, where cve = 3


2
R/Me.


In cases where the electron energy is assumed to be in equilibrium with another energy


mode, a different temperature is used in the above expression.


As discussed above, the total pressure is the sum of the partial pressures,


p =
ns∑


s6=e


ρs
R


Ms
T + pe, (2.35)


and the electron pressure is given by


pe = ρe
R


Me
Te. (2.36)
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The enthalpy per unit mass, hs, is defined to be


hs = cvtsT + cvrsTr + evs + eeℓ s + h◦
s +


ps


ρs
. (2.37)


The expression for the energy contained in the excited electron states comes from the


assumption that they are populated according to a Boltzmann distribution governed by


the electronic temperature, Teℓ. This yields


eeℓ s =
R


Ms


∑∞
i=1 gisθeℓ is exp(−θeℓ is/Teℓ)∑∞


i=0 gis exp(−θeℓ is/Teℓ)
, (2.38)


where gis is the degeneracy of the excited electronic state i and θeℓ is is the excitation


energy of that state (Ref. 50). Usually only the first several terms in these summations


are required for hypersonic applications.


Another approach is to use the fits for pure species thermodynamics data from Gordon


and McBride (Ref. 15). With this approach, the species translational-rotational energy and


chemical energy can be subtracted from the total species energy to obtain the vibrational-


electronic energy. These curve-fits are valid to high temperature (20, 000 K) and result in


a more accurate characterization of the internal energy.


2.5 Diffusion Velocity, Shear Stress, and Heat Flux


The shear stresses are assumed to be proportional to the first derivative of the mass-


averaged velocities, and the Stokes assumption for the bulk viscosity is made.4


Therefore the expression for the shear stress tensor is


τij = µ
( ∂ui


∂xj
+


∂uj


∂xi


)
+ λ


∂uk


∂xk
δij , λ = −2


3
µ. (2.39)


And the heat conduction vectors are assumed to be given by the Fourier heat law


qtrj = −κ
∂T


∂xj
, qvsj = −κvs


∂Tvs


∂xj
. (2.40)


4 The subject of bulk viscosity is interesting. It has long been recognized that the internal energy
modes of a gas may affect the speed of sound (Refs. 18, 28, 57). This is commonly attributed to the
bulk viscosity because sound propagation is a dilatational process, and the bulk viscosity provides
a means of changing the speed of sound due to non-zero dilatation. However, this is not physically
consistent. Instead, the proper finite-rate internal energy relaxation equations should be used to
obtain the correct speed of sound.
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In some cases, it is preferable to represent the vibrational energy conduction with the


gradient of the specific vibrational energy.


qvsj = −κ̃vs
∂evs


∂xj
. (2.41)


Except at very high enthalpy, we find that the vibrational energy gradients give more


robust results.


A viscosity model for reacting air developed by Blottner et al (Ref. 3) may be used to


determine the species viscosity, µs. This work uses kinetic theory to find curve-fit expres-


sions for the viscosity of each species. Another source of expressions for nonequilibrium


calculations may be found in the work of Gupta et al. (Ref. 19). This information is too


extensive to include in these notes. Excellent reviews of the calculation of species transport


properties are given by Palmer and Wright (Refs. 43, 44).


The approximate conductivity of the translational-rotational and vibrational temper-


atures for each species may be derived from an Eucken relation (Ref. 62). With this


approach, it is assumed that the transport of translational energy involves correlation


with the velocity, but the transport of internal energy (rotational and vibrational) has no


correlation. The result is that


κs = µs


(5


2
cvts + cvrs


)
, κvs = ηvµscvvs, (2.42)


where ηv = 1.2 is derived from kinetic theory (Ref. 42), and cvvs is the species s vibra-


tional specific heat. When vibrational energy derivatives are used, the transport coefficient


becomes:


κ̃vs = ηvµs. (2.43)


This approach based on the Eucken relation is approximate and is only valid up to about


6000 K for air; at higher temperatures a more sophisticated approach must be used. Palmer


and Wright (Refs. 43, 44) provide a quantitative assessment of the available approaches.


Once the pure species viscosity and conductivity have been computed, the mixture


properties must be obtained. This is often done with the Wilke semi-empirical mixing rule


(Ref. 63), however Palmer and Wright show that this approach is subject to serious error.


They recommend the use of the Armaly-Sutton (Ref. 1) mixing rule because it is more


accurate and less costly than the solution of the full multi-component diffusion equations.


However, the parameters in the Armaly-Sutton model may need to be tuned for particular


gas mixtures and conditions (Refs. 43, 44).
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If we assume that the diffusive fluxes due to pressure and temperature gradients are


negligible, then the diffusion velocity of each component of the gas mixture is proportional


to the gradient of the mass fraction. With the additional assumption of binary diffusion


where species s diffuses into a mixture of similar particles, we have


ρsvsj = −ρDs
∂cs


∂xj
. (2.44)


The diffusion coefficient, Ds, is derived by assuming a constant Lewis number, Le, which


by definition is given by


Le =
ρDcp


κ
. (2.45)


For air, Le is typically taken to have a value of 1.4, and thus the uncharged particles


all have the same D, but the diffusion coefficient for ions is assumed to be doubled (the


ambipolar diffusion assumption holds) because of the existence of an electric field.


A much more accurate approach for computing diffusion in a gas mixture is the self-


consistent effective binary diffusion (SCEBD) approach of Ramshaw and Chang (Refs. 54,


55) and the extension of the method to multi-temperature plasmas (Ref. 56). This ap-


proach has been shown to yield accurate results for high-enthalpy atmospheric entry flows


(Ref. 16). At atmospheric entry conditions (particularly when the gas is ionized), the


constant Lewis number approximation is not valid, and the SCEBD approach should be


used.


2.6 Internal Energy Relaxation Rates


The rate of energy exchange between vibrational and translational modes has been


discussed extensively (Ref. 28). The rate of change in the population of the vibrational


states at low temperatures is described well by the Landau-Teller formulation where it is


assumed that the vibrational level of a molecule can change by only one quantum level at


a time. The resulting energy exchange rate is


QV −Ts = ρs
e∗vs(T ) − evs


<τsL−T
>


. (2.46)


Where e∗vs(T ) is the vibrational energy per unit mass of species s evaluated at the local


translational temperature and < τsL−T
> is the molar averaged Landau-Teller relaxation


time


<τsL−T
>=


∑
r Xr∑


r Xr/τsrL−T


, for r 6= e. (2.47)
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An expression developed by Millikan and White (Ref. 39) yields the Landau-Teller inter-


species relaxation times, τsrL−T
, in seconds using the function


τsrL−T
=


1


p
exp


[
Asr(T


−1/3 − 0.015µ1/4
sr ) − 18.42


]
, p in atm,


Asr = 1.16 × 10−3µ1/2
sr θ4/3


vs ,


µsr = MsMr/(Ms + Mr).


(2.48)


There are notable exceptions to the Millikan-White formula, particularly for N2 and


O2 vibration-translation relaxation involving atomic oxygen, and the relaxation of CO2


(Ref. 50).


A modification to the translational-vibrational relaxation rate is made to account for


the limiting collision cross-section at high temperatures. The Landau-Teller rate expres-


sion from Millikan and White yields a relaxation rate that is unrealistically large at high


temperatures due to an overprediction of the collision cross-section. The addition of the


limiting cross-section rate corrects this inaccuracy. As suggested by Park (Ref. 50), a new


relaxation time, τvs, that is the sum of the Landau-Teller relaxation time and the collision-


limited relaxation time, τcs, corrects this inadequacy. Thus if we use (2.46) with this new


rate, we have the final form of the translational-vibrational energy exchange rate:


QV −T s
= ρs


e∗vs(T ) − evs


τvs
,


τvs =<τsL−T
> +τcs,


(2.47)


where


τcs =
1


c̄sσvNs
. (2.49)


c̄s is the average molecular speed of species s, c̄s =
√


8RT/πMs, and Ns is the number


density of the colliding particles. The expression for the limiting collision cross-section,


σv, is assumed to be as given by Ref. 50:


σv = 10−17(50, 000/T )2 cm2, (2.51)


where T is in K. This expression was originally developed for nitrogen, but has been applied


to the other diatomic molecules.


2.7 Chemical Source Terms


The source term for each chemical species may be constructed using the law of mass


action (Ref. 62) and a given set of chemical reactions. In this section, we develop the
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chemical source terms for a simple chemical kinetics model; it is easy to generalize this


discussion to other models.


For high temperature non-ionized air there are five primary components, which may


be ordered as follows, N2, O2, NO, N, and O. The most important chemical reactions


between these species are


N2 + M ⇀↽ 2N + M


O2 + M ⇀↽ 2O + M


NO + M ⇀↽ N + O + M


N2 + O ⇀↽ NO + N


NO + O ⇀↽ O2 + N,


(2.52)


where M represents any particle that acts as a collision partner in the reaction. The


first three are dissociation reactions and the remaining two are exchange reactions. Each


reaction is governed by forward and backward reaction rate coefficients, kfm
and kbm


,


respectively. These five reactions may be written in order in terms of the reaction rates as


R1 =
∑


m


[
−kf1m


ρN2


MN2


ρm


Mm
+ kb1m


ρN


MN


ρN


MN


ρm


Mm


]


R2 =
∑


m


[
−kf2m


ρO2


MO2


ρm


Mm
+ kb2m


ρO


MO


ρO


MO


ρm


Mm


]


R3 =
∑


m


[
−kf3m


ρNO


MNO


ρm


Mm
+ kb3m


ρN


MN


ρO


MO


ρm


Mm


]


R4 = −kf4


ρN2


MN2


ρO


MO
+ kb4


ρNO


MNO


ρN


MN


R5 = −kf5


ρNO


MNO


ρO


MO
+ kb5


ρO2


MO2


ρN


MN
.


(2.53)


Thus, the source terms that represent the inter-species mass transfer rates may be con-


structed as


wN2
= MN2


(R1 + R4)


wO2
= MO2


(R2 −R5)


wNO = MNO(R3 −R4 + R5)


wN = MN(−2R1 −R3 −R4 −R5)


wO = MO(−2R2 −R3 + R4 + R5).


(2.54)


We should note that the sum of the mass transfer rates is identically zero and that elemental


conservation holds, as required.
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In equilibrium, the forward and backward reaction rates of reaction m have the func-


tional form:
kfm


(T ) = Cfm
T ηm exp(−θm/T ),


kbm
(T ) =


kfm
(T )


Keq
m
(T )


,
(2.55)


where the constants Cfm
, ηm, and θm are experimentally determined (e.g. Refs. 51, 52)


or computed using computational chemistry, and Keq
m


is computed from first principles


using thermodynamic data (Ref. 15). However as discussed by many authors and as shown


in Sec. 2.2.4, the vibrational state of the gas affects the dissociation rate. Many models for


the vibration-dissociation coupling process have been proposed. We will discuss the most


widely used of these models here.


The most widely used, because of its simplicity, is the Park TTv model, in which the


temperature that governs the forward reaction rate is replaced by an effective or average


temperature, Ta. Park originally proposed that Ta =
√


TTv, however a more appropriate


expression is


Ta = TφT 1−φ
v , (2.56)


where φ is usually taken as 0.7. This model is based on some more-or-less heuristic reason-


ing, but it seems to work well and gives reasonable results. However as we saw during the


derivation of the vibrational energy conservation equation, the chemical reaction rate im-


plies a certain rate of vibrational energy removal due to the reactions. This energy removal


rate is state-specific, so unless the reaction rate model is state specific, it is impossible to


derive an appropriate QChem (see (2.25)). Typically, it is assumed that QChem = 0.3De,


where De is the dissociation energy.


Other authors have used a more detailed derivation of the vibration-dissociation cou-


pling process. For example, the CVDV (coupled vibration-dissociation-vibration) model of


Marrone and Treanor (Refs. 37, 61) assumes a Boltzmann distribution of the vibrational


states, and allows preferential removal due to dissociation from the upper states. This re-


sults in an effective dissociation rate that is a function of the vibrational and translational


temperatures and the parameter U :


kf =
Q(T )Q(TF )


Q(Tv)Q(−U)
Cf T η e−θ/T , (2.57)


where Q(T ) is the vibrational partition function evaluated at temperature T and is defined


as


Q(T ) =
N∑


α=0


e−ǫα/k T . (2.58)
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In (2.57) TF represents a modified temperature and is given by


1


TF


=
1


Tv
− 1


T
− 1


U
. (2.59)


For U = ∞ there is an equal probability of dissociation from all levels, and as U decreases,


the probability increases that a dissociating molecule comes from an upper vibrational


energy level. U = 1/3 is typically used.


The CVDV model naturally results in an expression for QChem. The expressions for


the energy removed and gained during reactions found in (2.25) are:


E(T, Tv) =
1


Q(TF )


N∑


α=0


ǫα e−ǫα/kTF ,


E(T, T ) =
1


Q(−U)


N∑


α=0


ǫα eǫα/kU .


(2.60)


Knab, Frühauf et al. (Refs. 25-27) developed the CVCV (coupled vibration-chemistry-


vibration) model that generalizes the approach of Marrone and Treanor. This leads to


expressions for the effective reaction rate and the vibrational energy loss terms that are


similar to the CVDV results.


The Macheret and Rich (Ref. 36) model takes a classical approach to the coupling


problem. As opposed to the discrete energy levels of the real oscillator, Macheret and Rich


assume that the vibrational energy distribution function can be approximated by


f(ǫv) =
1


kTv
e−ǫv/kTv if ǫv ≤ ǫ1


=
1


kTv
e−


ǫ1


kTv
−


ǫv−ǫ1


kT if ǫv > ǫ1,


(2.61)


where ǫ1 is approximately one half of the dissociation energy.


This distribution function is an attempt to take into account the fact that the vibra-


tional energy mode does not relax through a series of Boltzmann distributions. Macheret


and Rich assume that the nonequilibrium distribution function can be characterized by


a Boltzmann distribution at temperature Tv for the lower levels and another Boltzmann


distribution at temperature T for the upper levels. The expression for vibrational energy


becomes


Ev(Tv, T ) =
ρN2


mN2


∫
De


0
ǫv f(ǫv) dǫv∫


De


0
f(ǫv) dǫv


, (2.62)
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where De is the dissociation energy of the molecule. The vibrational energy is now a weak


function of the translational-rotational temperature.


Macheret and Rich generalize the Arrhenius formula for vibrational nonequilibrium


by considering a threshold energy function which determines the minimum total energy


in a collision necessary for dissociation. The concept of preferential removal is built into


this method by the theoretically determined threshold function. This method also ac-


counts for the rotational state of the molecule and can be used for flows with rotational


nonequilibrium.


The nonequilibrium dissociation rate is found to be


kf = ko


(
kℓ + ki + kh


)
, (2.63)


where kℓ, ki, and kh are the rates from the low, intermediate, and high vibrational levels.


These expressions are complicated and will not be repeated here (Ref. 36). This approach


also yields an expression for QChem in terms of the parameters of the model and the


vibrational and translational temperatures.


There is one critical issue associated with the use of these vibration-dissociation mod-


els. It is sometimes difficult to interpret the experimental data used to derive the constants


in the Arrhenius expression for the forward reaction rate (2.55). In many cases the reac-


tion rates were measured in shock-heated gas when the gas may be in thermo-chemical


nonequilibrium. In this case, it is important to interpret the experimental data in a man-


ner that is consistent with the vibration-dissociation model being used. For example, Park


(Refs. 48, 49) made an extensive study of air reaction rates in the light of the TTv model.


The modeling of vibration-dissociation coupling is still an open issue, and virtually no


work has been done in this area in the past 15 years. It may be that with recent results


from computational chemistry, it will be possible to study the dissociation process in much


greater detail and many of these issues will be resolved.


2.8 Boundary Conditions


The boundary conditions for hypersonic flows can range from very simple (isothermal,


non-catalytic surface) to extremely complicated (mass injection with in-depth material


response). In this section, we cover only a few of the simpler boundary conditions.


Usually it is appropriate to assume that there is no slip at the body surface, and


therefore the velocity on the surface is zero. Often, the wall temperature is either specified


due to material properties or the mode of operation of a particular test facility. Seldom
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is an adiabatic wall condition used because at hypervelocity conditions this results in


unrealistically high surface temperatures. There are several situations that require more


complicated surface boundary conditions.


At low densities, there may be velocity and temperature slip at the wall. That is, if


the Knudsen layer at the wall has appreciable thickness, the velocity at the vehicle surface


may not approach zero. Gökçen (Ref. 14) and others have developed expressions that may


be used to calculate the velocity and temperature/energy slip.


When the surface promotes recombination of the gas, a finite-rate wall catalysis model


must be used. Typically, the wall catalysis is expressed as a catalytic efficiency of a surface


reaction, αr, in the expression:


kr = αr


√
RTw


2πMs
, (2.64)


where Ms is the molecular weight of the species that is recombining at the wall, and


Tw is the wall temperature. αr is measured experimentally, and is often a function of


temperature. Then, the mass flux of the recombined species at the surface is ρskr. The


relevant boundary condition for the surface state can be obtained by equating this mass


flux to the diffusive mass flux of the species given by:


ṁs = (ρDs)w
∂cs


∂n


∣∣∣
w


= αr(ρs)w


√
RTw


2πMs
, (2.65)


Using the assumption that the normal-direction pressure gradient is zero and the boundary


condition for temperature, the state of the gas on the wall may be computed using an


iteration scheme.


In some cases, the vehicle may fly at a free-stream condition for long enough that


the surface reaches a locally-constant temperature. When there is no re-radiation from


the surface, this is the adiabatic wall condition. However, in cases where there is a high


surface temperature, surface re-radiation is important. Then, the convective heat transfer


to the surface is balanced by the black-body re-radiation heat transfer rate, qrad = σεT 4
w.


At very high heating rates, the surface may ablate. Then, the processes of oxidation,


sublimation, and spallation must be considered. These processes are complicated and are


beyond the scope of these notes.
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3. Numerical Methods for Hypersonic Flows


In this section we discuss numerical methods that are appropriate for solving the


governing equations discussed above. We will focus on one method, data-parallel line-


relaxation (DPLR) (Ref. 67) with modified Steger-Warming flux vector splitting (Ref. 60).


This approach has direct connection to other more modern upwind methods, and has been


shown to be reliable for a wide range of applications. As we described above, the method


used must be parallelizable and implicit so that solutions may be obtained in a reasonable


amount of time.


We consider a gas composed of ns species whose translational and rotational modes


are in equilibrium. We assume that the vibrational state is characterized by a single


vibrational temperature because of strong vibration-vibration coupling. Also, there is no


ionization. This gas model can be generalized to include other effects.


3.1 Conservation-Law Form of the Governing Equations


The governing equations for the nonequilibrium flow that were presented in the pre-


vious section may be written in a form that is more suitable for the derivation of the


numerical method. This is the conservation-law form of the differential equations where


the time rate of change of the vector of conserved quantities is balanced by the gradients in


the flux vectors and the source vector. In two dimensions the governing equations written


in this form are
∂U


∂t
+


∂F


∂x
+


∂G


∂y
= W, (3.1)


where the vector of conserved quantities, U , is given by


U =
(
ρ1, ρ2, . . . , ρns, ρu, ρv, Ev, E


)T
. (3.2)


The quantities u and v are the mass-averaged velocity components in the x and y directions


respectively. The x and y direction fluxes are written as


F =






ρ1(u + u1)
ρ2(u + u2)


...
ρns(u + uns)
ρu2 + p − τxx


ρuv − τxy


Evu +
∑


s usEvs + qvx


(E + p − τxx)u − τxyv + qtrx + qvx +
∑


s ρshsus






(3.3)
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G =






ρ1(v + v1)
ρ2(v + v2)


...
ρns(v + vns)
ρuv − τyx


ρv2 + p − τyy


Evv +
∑


s vsEvs + qvy


(E + p − τyy)v − τyxu + qtry + qvy +
∑


s ρshsvs






(3.4)


where the quantities us and vs are the x and y components of the diffusion velocity of


species s. The source vector is made up of terms that represent the mass, momentum, and


energy transfer rates, and may be written as:


W =






w1


w2
...


wns


0
0∑


s QV −Ts +
∑


s Qchems


0






(3.5)


3.2 An Implicit Finite-Volume Method


In two dimensions, the finite-volume approach discretizes the flowfield on a grid of


triangular or quadrilateral elements. The x and y locations of the volume corners (nodes)


are stored, and the state of the gas is represented with volume-averaged quantities stored


at the centroids of the elements. Each face has an outward-pointing surface normal vector,
~S, and the volume of each element is given by V. Figure 3.1 gives a graphical representation


of this scheme. It is easy to extend this representation to three dimensions.
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Fig. 3.1 – Numbering scheme for the two-dimensional finite-volume method.


If we integrate the conservation equations over a finite volume cell, V, we obtain:


∂


∂t


∫


V


U dV +


∫


V


∇ · ~F dV =


∫


V


W dV (3.6)


∂Ū


∂t
+


1


V


∫


S


~F · d~S = W̄ (3.7)


Where ~F = F~ı + G~, and ~S is the cell surface-normal vector. For a finite volume, we can


then interpret this expression as


∂U


∂t
+


1


V
∑


faces


~F · ~S = W, (3.8)


where we have dropped the bars, and we sum the fluxes across the faces of the finite


volume.


Now, we can obtain a fully implicit method by evaluating the fluxes and the source


vector at the future time level, n + 1:


Un+1 − Un +
∆t


V
∑


faces


~Fn+1 · ~S = ∆tWn+1. (3.9)


And then we can linearize the fluxes and source vector as:


~Fn+1 ≃ ~Fn +
∂ ~F


∂U


(
Un+1 − Un


)
= ~Fn + ~An


(
Un+1 − Un


)


Wn+1 ≃ Wn +
∂W


∂U


(
Un+1 − Un


)
= Wn + Cn


(
Un+1 − Un


) (3.10)
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Where ~A = ∂F
∂U~ı+ ∂G


∂U ~ = A~ı+B~. If we define δUn = Un+1−Un, we obtain the expression:


δUn +
∆t


V
∑


faces


~AnδUn · ~S − ∆t CnδUn = −∆t


V
∑


faces


~Fn · ~S + ∆tWn (3.11)


We need to determine how to evaluate the fluxes at the cell surfaces, given the flow


quantities at the cell centroids.


3.2.1 Flux-Vector Splitting


Consider only the inviscid portion of the fluxes; the viscous fluxes are diffusive and


it is relatively straight-forward to evaluate them. First, let’s derive a simple first-order


accurate method developed by Steger and Warming (Ref. 60). For convenience, define a


rotated flux vector F ′ such that


F ′ = Fsx + Gsy (3.12)


where sx and sy are the direction cosines of the surface normal vector, ~S.


We recognize that the inviscid part of F ′ is homogeneous in U , and therefore F ′ = A′U .


We can diagonalize A′ and split the eigenvalues into those that are positive and those that


are negative:
F = A′U = X−1ΛA′X U


= X−1Λ+
A′X U + X−1Λ−


A′X U


= A′+U + A′−U = F ′+ + F ′−


(3.13)


Where Λ+
A′ is the diagonal matrix of the eigenvalues that are positive, and Λ−


A′ contains


the negative eigenvalues. Physically, F ′+ represents the flux moving in the surface-normal


direction, and F ′− is the flux moving in the opposite direction. Therefore, when we evaluate


the fluxes at a cell face, we should use information taken from the appropriate location, as


seen in Fig. 3.2.


Fig. 3.2 – Illustration of fluxes across a surface.
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Thus, to compute F ′ at the surface shown above, we use


F ′
i+ 1


2
,j = A′+


i Un
i + A′−


i+1Ui+1. (3.14)


In this expression, Steger and Warming evaluated the Jacobians at the same location as


the solution vector; however this leads to a very dissipative method (Ref. 34). Instead, it


is much better to average across the face to evaluate the Jacobians using:


F ′
i+ 1


2
,j = A′+


i+ 1


2


Un
i + A′−


i+ 1


2


Ui+1. (3.15)


where


A′±


i+ 1


2


= A′±
(


1
2 (Ui + Ui+1)


)
, (3.16)


that is, we use the average of the flow quantities on either side of the cell surface to evaluate


the Jacobian. This results in much less dissipation than the original Steger-Warming


method.


Interestingly, the above approximation for the flux can be written in a different form


by combining the flux components:


F ′
i+ 1


2


= F ′
(


1
2 (Ui + Ui+1)


)
− 1


2


(
X−1|ΛA′ |X


)
(Ui+1 − Ui) (3.17)


where the first term is an unbiased average of the flux at the surface, and the second term


is an upwind-biased dissipative flux. This is the familiar Roe form of the flux.


This expression can be used to obtain a first-order accurate approximation to the flux


at each face of the element. However, for strong shock waves and other discontinuities,


the unbiased averaging across the face will produce aphysical results (negative densities


and energies). Therefore, a sensor must be used to smoothly switch back to the more


dissipative form of the flux in regions of strong pressure gradient. We use a weight of the


form:


w = 1 − 1


2


1


(σg p̃)2 + 1
, p̃ =


pi − pi+1


min(pi, pi+1)
(3.18)


Where w and 1 − w are used to weight Ui and Ui+1 so that the flux is given by (3.14) for


p̃ → ∞ and by (3.15) for p̃ = 0. The quantity σg can be chosen to increase the sensitivity


of the sensor to the pressure gradient (a reasonable value for ǫg is 5). Crucially, this sensor


will not switch on in boundary layers where the pressure gradients are weak.


An additional modification to the flux evaluation method is required for hypersonic


flows. In the stagnation region of blunt bodies, the convection speeds are small relative
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to the sound speed. In addition, if there is minor misalignment of the grid with the bow


shock wave, there can be error generated by the bow shock. This error can become trapped


in the stagnation region, resulting in the “carbuncle” phenomenon. In this situation, the


error overwhelms the actual flow physics and causes the bow shock to lens upstream in


an aphysical manner. There are various ways to prevent the formation of the carbuncle –


the best approach is to carefully align the grid with the bow shock wave. However, this is


not always possible, and an eigenvalue limiter is commonly applied. Here, the eigenvalues


appearing in (3.13) are modified to prevent them from going to zero as Mach number


approaches zero. For example, let:


λ± =
1


2


(
λ± ±


√
(λ±)2 + (ǫea)2


)
(3.19)


Where ǫe is often taken to be about 0.3. This eigenvalue limiter reduces the build-up


of error in the stagnation region and helps prevent (but does not always eliminate) the


carbuncle from forming. It is important to make ǫe = 0 in the wall-normal direction


because it can cause artificial diffusion of the boundary layer.


This approximation to the flux is only first-order accurate in space and is essentially


worthless for predicting heat transfer rates for hypersonic aerothermodynamics simulations.


There are many approaches to obtaining higher-order accuracy for conservation laws. In


these notes, we discuss one such approach that has been shown to be effective for a wide


range of hypersonic flows. It compares favorably with other popular upwind approaches


(Ref. 10), and its form is easy to linearize for use in implicit methods.


The key issue associated with obtaining second-order accuracy is how to accurately


project the cell-centered data to the faces without introducing numerical problems. In the


approach above, the upwind cell-centroid value of U is taken as the element face value for


use in the flux expression. To obtain second-order accuracy, we require a linear fit to U


for a more accurate value for Ui+ 1


2


.


We use the MUSCL approach developed by van Leer (Ref. 65) as our primary approach


for approximating U at the element face. A simple upwind extrapolation of the conserved


variables to the face on a uniform grid would result in a flux of the form:


UL
i+ 1


2


=
3


2
Ui −


1


2
Ui−1


UR
i+ 1


2


=
3


2
Ui+1 −


1


2
Ui+2


(3.20)


and


F ′
i+ 1


2


= A′+
i+ 1


2


UL
i+ 1


2


+ A′−


i+ 1


2


UR
i+ 1


2


(3.21)
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Where UL and UR represent the approximations to Ui+ 1


2


using left- and right-biased data.


(For simplicity we have assumed a uniformly spaced grid indexed by i.)


This approach yields a formally second-order accurate flux. However, it will cause


problems near strong gradient regions because the extrapolation can result in aphysical flow


states. Therefore, these gradients must be sensed and the extrapolation reduced or caused


to revert to the first-order flux above. With the MUSCL (monotone upwind schemes for


conservation laws) approach, the extrapolations are limited to prevent spurious oscillations


near large gradients. For example, the extrapolation of each variable in U could be “slope


limited.” For example, consider limiting the variables φL and φR with:


φL
i+ 1


2


= φi +
1


2
lim


(
φi+1 − φi, φi − φi−1


)


φR
i+ 1


2


= φi+1 −
1


2
lim


(
φi+2 − φi+1, φi+1 − φi


) (3.22)


where the limiter function can take many forms. We use a minmod limiter that takes


the minimum (in magnitude) of the two arguments if they have the same sign; otherwise


its value is zero. Note that this approach takes the smaller of the two possible changes


to φ when the sign of the slopes is the same, and uses no second-order correction when


the slopes are of different sign. Such an approach can be shown to be total variation


diminishing (TVD) for the linear wave equation.


The most obvious method would be to use the MUSCL approach on each of the


conserved variables. Thus, each conserved variable is slope-limited and extrapolated as


above. However, we have found that a more robust and accurate second-order extrapolation


method can be obtained by applying the MUSCL approach to the primitive variables and


then constructing the conserved variables from those quantities. With this approach,


we compute ρL,R
s , uL,R, vL,R, eL,R


v , and pL,R using the above expressions and form UL,R


from these quantities. This form of second-order fluxes is recommended. It gives more


accurate results, and is significantly more robust for large time steps than the simple


upwind extrapolation (3.19) or the MUSCL-based conserved variable extrapolation.


A further issue involves how to extrapolate fluxes on non-regular grids. The pre-


ceding discussion assumes that the data are available from regularly spaced neighboring


elements so that the extrapolations can be performed. However, on a general triangu-


lar/quadrilateral grid (tetrahedral/prism/pyramid/hexahedral grid in three dimensions)


this is not the case, and there is not a single neighboring element in a sensible upwind


direction. In this situation, it is necessary to perform a more sophisticated gradient cal-


culation using a cloud of neighboring points. There are many possible ways to form this
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gradient (Ref. 38), but we have found that a weighted least-squares approach gives the


most accurate results. Here planes (hyperplanes in three-dimensions) are fitted through a


relevant cloud of nearby data points, and the slope of each variable is computed from the


slope of the plane. This slope is then used in the MUSCL limiter function shown above.


To be specific, consider Figure 3.3 which shows an example for which there is sufficient


information to form the gradients with element-centroid data. Thus, the expressions above


are used to construct the fluxes for this case. Figure 3.4 shows an example in which three


cell-centered values are available to construct the gradients used in the MUSCL slope lim-


iter. In this case, the weighted least-squares approach is used to evaluate the gradient at


the left-side element centroid. Then the extrapolated variable in this case is:


φL = φi + ∇φi · d~r (3.23)


where φi is the variable in the left face neighbor element, ∇φi is its gradient there, and ~r


is the face-to-centroid vector.


Fig. 3.3 – Example showing how element-centered data are used to construct the flux at the


highlighted face.
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Fig. 3.4 – Example showing how three element-centered values and one weighted least-


squares gradient are used to construct the flux at the highlighted face.


3.2.2 Evaluation of the Diffusive Fluxes


For a structured grid with ordered i, j elements (or i, j, k in three dimensions), it


is possible to use grid metrics to evaluate the viscous fluxes. This is straight-forward,


and simply involves computing unbiased gradients of the relevant variables. For a general


unstructured grid, a different approach must be used. Two approaches are commonly


used in the literature: either the Green-Gauss theorem is used to evaluate a gradient by


summing around the surface of the element, or a weighted least-squares approach is used.


We favor the latter approach, though both are inaccurate in regions of large grid stretching


(which is precisely where accurate gradients are required). This problem is particularly


severe in regions of high cell-aspect-ratio (CAR), which is the ratio of the longest element


side to its shortest side. For this reason, we use a deferred correction approach (Ref. 24)


that corrects the gradient estimate using the data nearest to each face.


At an element face, the gradient of some variable φ can be written as


∇φ =
(
∇φ · n̂


)
n̂ +


(
∇φ −


(
∇φ · n̂


)
n̂
)


(3.24)


Now, using the terminology illustrated in Fig. 3.5, we can correct the face gradient estimate


using the values of φL,R


∇̃φ =
φR − φL


∆ℓ
(ê · n̂)n̂ +


1


2


(
I − n̂ ⊗ n̂


)(
(∇φ)L + (∇φ)R


)
(3.25)


where (∇φ)L,R are the weighted-least squares gradient estimates at the left and right cell


centers. This approach significantly improves the gradient values in high CAR regions.
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Fig. 3.5 – Deferred correction nomenclature.


3.2.3 Diagonalization of the Flux Jacobian


Now, let us discuss how to diagonalize the Jacobian matrix, A. (Here we use A


for simplicity; the diagonalization of A′ follows trivially.) The straight-forward approach


would be to form A and then find the eigenvalues and eigenvectors. This is complicated


and difficult to do. It is easier to diagonalize A using a different set of variables and then


transform back to the conserved variables. A good choice is the vector of “primitive”


variables


V =
(
ρ1, ρ2, . . . , ρns, u, v, ev, p


)T
, (3.26)


where ev = Ev/ρ. Then, we can write


A =
∂F


∂U
=


∂U


∂V


∂V


∂U


∂F


∂V


∂V


∂U
(3.27)


It turns out that it is easier to diagonalize the matrix ∂V
∂U


∂F
∂V than A itself.


We can compute these matrices, but we need some intermediate results, namely deriva-


tives of p with respect to the conserved variables, and derivatives of E with respect to the


primitive variables. We can write p in terms of U as:


p =


∑
s ρs


R
Ms∑


s ρscvs


[
E − Ev − 1


2


1∑
s ρs


(
(ρu)2 + (ρv)2


)]
, (3.28)


and therefore,
∂p


∂ρs
=


( R


Ms
− R̄cvs


cv


)
T +


R̄


cv


(
1
2 (u2 + v2) − h◦


s


)
,


∂p


∂ρu
= −u


R̄


cv
,


∂p


∂ρv
= −v


R̄


cv
,


∂p


∂Ev
= − R̄


cv
,


∂p


∂E
=


R̄


cv
.


(3.29)
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Where we have defined


cv =
∑


s


ρs


ρ
cvs, R̄ =


∑


s


ρsR


ρMs
. (3.30)


The derivatives of E with respect to the non-conserved variables are computed by


writing E in terms of these variables as


E =


∑
s ρscvs∑
s ρs


R
Ms


p +
∑


s


ρsev + 1
2


∑


s


ρs(u
2 + v2) +


∑


s


ρsh
◦
s. (3.31)


The derivatives that result are


∂E


∂ρs
=


(
cvs −


cvR


MsR̄


)
T + ev + 1


2 (u2 + v2) + h◦
s,


∂E


∂u
= ρu,


∂E


∂v
= ρv,


∂E


∂ev
= ρ,


∂E


∂p
=


cv


R̄
.


(3.32)


The Jacobian matrix, ∂V
∂U


∂F
∂V , that appears in (3.27) may be constructed from these


derivatives:


∂V


∂U


∂F


∂V
=






u 0 . . . 0 ρ1


0 u . . . 0 ρ2
...


...
. . .


...
...


0 0 . . . u ρns


u 0 0 1/ρ
0 u 0 0
0 0 u 0


ρa2 0 0 u






(3.33)


The speed of sound, a, has been defined such that


ρa2 =
∑


s


ρs
∂p


∂ρs
+ ρu


∂p


∂ρu
+ ρv


∂p


∂ρv
+ Ev


∂p


∂Ev
+


(
E + p


) ∂p


∂E
, (3.34)


which may be simplified using the derivatives given above to the expression


a2 =
(
1 +


R̄


cv


)
R̄T


= γ̄R̄T.


(3.35)


Where we have defined γ̄ to be the ratio of the frozen translational-rotational specific heats


of the gas mixture.
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It is straight-forward to diagonalize the Jacobian (3.27). If we write


∂V


∂U


∂F


∂V
= C−1


A ΛA CA, (3.36)


the eigenvalues are:


ΛA = diag
(
u, u, . . . , u︸ ︷︷ ︸


ns elements


, u + a, u, u, u − a
)T


, (3.37)


and with this ordering of the eigenvalues, the matrix CA is


CA =






1 0 . . . 0 ρ1/a2 0 0 −c1/a2


0 1 . . . 0 ρ2/a2 0 0 −c2/a2


...
...


. . .
...


...
...


...
...


0 0 . . . 1 ρns/a2 0 0 −cns/a2


ρa 0 0 1
0 1 0 0
0 0 1 0


−ρa 0 0 1






(3.38)


Where cs = ρs/ρ is the mass fraction of species s.


Note that since the equations that describe the reacting flow have the same features


as the perfect gas equations, all of the modern upwind flux evaluation methods may be


used.


3.2.4 Jacobian of the Source Vector


To achieve good convergence rates, it is necessary to exactly evaluate the Jacobian of


the source vector, C = ∂W/∂U . In my experience, every quantity that appears in W must


be differentiated exactly. In many cases, neglecting a seemingly small term can change the


sign of some elements of C, making the method converge slowly.


There are many different approaches that may be taken to reduce the difficulty of


the algebra. For example, Gökçen (Ref. 14) explicitly expresses W as a function of the


temperatures


W (U) = W̃
(
U, T (U), Tv(U)


)
, (3.39)


then he computes


C =
∂W̃


∂U
+


∂W̃


∂T


∂T


∂U
+


∂W̃


∂Tv


∂Tv


∂U
. (3.40)


The need for the correct linearization of the source term cannot be understated. Even


small algebra or coding errors or simplifications to the linearization can cause severe prob-


lems with numerical stability. Thus, this part of the code must be rigorously checked.
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3.2.5 Implicit Treatment of the Boundary Conditions


We have not discussed the treatment of the boundary conditions. During the forma-


tion of right-hand side of (3.11), the appropriate conditions at the boundaries must be


used. For example, at surfaces there must be no slip at the surface, the temperatures must


either be given by the isothermal wall condition or set by the adiabatic wall condition,


and the normal pressure gradient must be zero or determined from the normal momentum


equation. The chemical state of the gas at the wall is found by the catalytic efficiency of


the surface.


The implicit treatment of the boundary conditions is just as important, and is less


straight-forward. Consider a surface i + 1
2 such that the element i is used to specify the


boundary condition for the flux into element i + 1. Then we must express the change in


the solution within the boundary cell, δUi, in terms of the change in the solution within


the flow field, δUi+1. This can be done for any boundary condition if we construct a


matrix E such that δUi = EδUi+1. Then we can absorb the boundary condition into


the block-tridiagonal solution, and we can include the exact boundary conditions in the


implicit method, resulting in much improved convergence. For some boundary conditions,


it may be difficult or impossible to find an analytic form for E. In that case, E can be


constructed from numerical derivatives of the wall flux.


3.2.6 Implicit Viscous Terms


The evaluation of the viscous fluxes was discussed in section 3.2.2 above. We need to


linearize the viscous fluxes, Fv, for use in the implicit method. We can write this flux at


the unknown time level as:


Fn+1
v = Fn


v + δFn
v (3.41)


We do not have to have a perfect linearization of Fv, just the largest terms need to be


represented. In most flows, there is a direction in which the viscous fluxes dominate. For


example, in high Reynolds number flows the viscous terms are large in the boundary layer,


and the grid must be stretched close to the surface to resolve the near-wall gradients. In this


region the surface-normal viscous fluxes are orders of magnitude larger than the streamwise


or spanwise viscous fluxes. Therefore, we need only linearize the normal-direction Fv. This


drastically simplifies the problem, and it becomes possible to write δFv in the form:


δFv ≃ Mv
∂


∂n


(
NvδU


)
(3.42)


where n is the wall-normal direction.
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In practice, for general unstructured grids it is difficult to identify the wall-normal


direction. Rather, we simply linearize the flux due to gradients of the face’s nearest-


neighbor data.


3.2.7 Data-Parallel Line Relaxation


Let us return to the fully implicit method that we developed above in (3.11):


δUn +
∆t


V
∑


sides


~AnδUn · ~S − ∆t CnδUn = −∆t


V
∑


sides


~Fn · ~S + ∆tWn


Substituting the expressions developed above for ~A and ~F , results in a large linear system


of equations for δUn. Because we have used an upwind method, the resulting system of


equations is diagonally dominant, making it amenable to solution with iterative methods.


There are many such methods in the literature, and each has its pros and cons. Over


the past ten years, we have been using the data-parallel line-relaxation (DPLR) method


(Ref. 67) for the solution of this system of equations. This method is a parallelizable


variant of the Gauss-Seidel line-relaxation method of MacCormack (Ref. 33, 35), and is at


the core of the NASA DPLR multi-block structured grid code. This method is designed for


use on parallel computers, and is ideally suited to the solution of wall-bounded hypersonic


flows. Recently, we have generalized the DPLR method to a certain class of unstructured


grids.


The DPLR approach takes (3.11) and recognizes that there is strong physical coupling


in the surface-normal direction. If a grid has been generated that has lines of elements


running out from the surface (and preferably through the bow shock wave to the free-


stream), (3.11) can be modified to reduce its cost of solution. The implicit terms due to


the fluxes that are transverse to the wall-normal lines of elements can be moved to the


right-hand side and their influence included through a series of sub-iterations. This results


in a series of block-tridiagonal solutions, rather than a full matrix solve. This method has


the form:


δU (0) +
∆t


V
∑


on lines


~AnδU (0) · ~S − ∆t CnδU (0) = −∆t


V
∑


sides


~Fn · ~S + ∆tWn


Then for k = 1, kmax


δU (k) +
∆t


V
∑


on lines


~AnδU (k) · ~S − ∆t CnδU (k) = − ∆t


V
∑


sides


~Fn · ~S + ∆tWn


− ∆t


V
∑


off lines


~AnδU (k−1) · ~S


(3.43)
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And finally:


δUn = δUkmax


One detail is that we use only the nearest-neighbor data in the linearization. That


is, the terms due to the higher-order variable extrapolation are ignored (for example in


(3.21), we would not include the terms due to Ui−1 and Ui+2). This simplifies the linear


system, and (as far as we know) does not diminish the convergence rate of the method.


This method can be implemented efficiently in parallel with MPI (message passing


interface), and most, if not all, of the communication costs can be hidden through asyn-


chronous communication protocols. Excellent scaling has been obtained on a wide range


of parallel computers.


The unstructured grid implementation of this method is the same as above, but re-


quires the construction of surface-normal lines of regular elements. These elements do not


have to be regularly connected, but are simply identified as being in a wall-normal line of


either hexahedral or prismatic elements. Then the block-tridiagonal solver must be gen-


eralized to allow the solution on non-regularly connected lines. This is a straight-forward


generalization of standard block-tridiagonal solvers.
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4. Examples


4.1 Apollo Command Module Flow


The prediction of hypersonic entry flows is still a challenge for the best numerical


methods. There are a number of sources of potential problems, and these include:


• The main quantity of interest is the heat flux, which is a gradient-based quantity and


is inherently more difficult to predict than the pressure.


• Many hypersonic entry vehicles have a large stagnation region with high heat fluxes


and low convection speeds. Error can get trapped in this region and accumulate,


destroying the solution. In some cases, resulting in a so-called “carbuncle.”


• The stagnation region is bounded by a very strong shock wave that can inject large


error into the flow field.


• The solution is very sensitive to grid resolution and grid alignment with the shock


wave. All widely used methods solve the equations of gas dynamics in the grid direc-


tions. If the shock wave is not aligned with the grid, the shock will become stair-cased


across several cells and large error will be generated.


• Interestingly, solution quality and accuracy may be adversely affected by grid refine-


ment and stretching in the stagnation region.


• The solution is sensitive to the level of dissipation used in the flux evaluation and


limiters. Even subtle changes in the flux method can make large differences in the


predicted heat fluxes.


In general, great care must be taken in the grid generation, a grid topology with a patch


in the stagnation region should be used, and the grid resolution should be as uniform


as possible in the stagnation region. The solution quality will increase when the grid


is aligned with the bow shock wave. A certain amount of skepticism in the results and


patience is required to obtain reliable results for problems at high Mach number and with


large stagnation regions.


Consider for example the forebody of a re-entry vehicle similar to the Apollo Command


Module. This is a segment of a sphere, with a smaller radius on its edge. (This geometry


is a ±20◦ segment of a 10 m radius sphere, with a 0.5 m radius cylindrical leading edge


added.) Figure 4.1 shows a possible surface grid for this geometry. A two-dimensional grid


for one surface-normal slice of the domain has been rotated about the symmetry axis. This


results in pie-shaped cells with a singular axis. Such a grid may result in poor solutions
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because of the large variation in flow resolution in the subsonic region.


Figure 4.1 also plots the computed surface pressure and heat transfer rate using this


grid for the conditions: ρ∞ = 8.364×10−5 kg/m3, T∞ = 219.8 K, v∞ = 7414 m/s, α = 19◦,


and Twall = 1500 K. This calculation was performed with the minmod limiter and the


variables ρs, u, v, w, ev, and T were extrapolated and limited to obtain second-order


accuracy. Note that this is a particularly difficult condition because the angle of attack


produces a very large subsonic region where error can accumulate. This grid has 78 points


in the radial direction, 61 points in the circumferential direction, and 121 points in the


wall normal direction. No attempt has been made to align the grid with the shock wave.


Fig. 4.1 – Axisymmetric grid on surface of Apollo Command Module-like shape; surface


pressure (left) and heat flux (right).


Fig. 4.2 – Patched grid on surface of Apollo Command Module-like shape; surface pressure


(left) and heat flux (right).
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A better grid generation strategy is shown in Figure 4.2; here a patch is added at the


nose, and a C-grid is wrapped around the patch. This results in more uniform grid spacing


in the critical stagnation region. In addition, this grid has been adapted to the bow shock


so that the error produced by the shock is reduced. We are now able to obtain a reasonable


solution for this problem. Figure 4.2 plots the pressure and convective heat flux for the


free-stream conditions given above. Note that heat flux no longer has a minimum near the


stagnation point, unlike the result obtained on the previous grid.


The main conclusion to take from this brief comparison is that the solution in the


stagnation region can be extremely grid sensitive (at least using the methods discussed


here). Great care must be taken with grid generation, and for problems with large stag-


nation regions, the grid must be aligned with the shock wave to obtain reliable results.


Furthermore, it is recommended that several numerical flux methods be used to assess the


sensitivity of the results to the numerical approach.


The primary source of error is associated with how the strong bow shock crosses the


grid. If there is perfect alignment, the CFD method exactly reproduces the shock jump


conditions and there is no error. However, when the grid is not aligned with the shock,


a spurious component of velocity tangent to the shock wave is produced. This error acts


as a source of vorticity at the shock wave, which can accumulate in the stagnation region.


Clearly methods that are less sensitive to grid orientation are needed and new work in


multi-dimensional and rotated Riemann solvers may help reduce this dependence.


4.2 Double-Cone Flow


The double-cone flow field discussed in Section 1.1.1 is an interesting test case for


evaluating numerical methods. In Figure 1.1, the separation zone that forms between the


two conical sections is shown. The size of the separation zone can be detected in the heat


flux and pressure measurements, as seen in Figures 1.2 and 1.3. The computed size of this


separation zone is a direct measure of the quality of the numerical solution. Coarse grids


produce a small separation, and numerical flux functions with large dissipation also under-


predict the separation length. Thus, numerical methods can be evaluated by simulating


the double-cone flow and comparing the size of the separation zone.


Figure 4.3 plots the separation zone length as a function of the grid spacing for a


variety of numerical methods.5 This plot shows that all of the methods converge to the


5 This work was done in collaboration with Dr. Marie-Claude Druguet of IUSTI – École Polytechnique
Universitaire de Marseille.
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same separation zone length as the grid is refined. However, the rate of this convergence


varies with the method, and for a given grid size the accuracy of each method is different.


Furthermore, the effect of the slope limiter can be readily seen, with the superbee limiter


providing more accurate results than the minmod limiter, for example. Therefore, making


two simulations on different sized grids will give an immediate assessment of the accuracy


of a numerical method. It should be noted that these calculations were performed with a


perfect gas model without vibrational energy relaxation effects. Thus, the experimentally


measured separation zone is different that those plotted here. See Ref. 10 for more details.


It is important to note that these flows take a long time to evolve, and it is important


to carefully monitor the convergence to steady state. Physically, these flows take at least


150 flow times to converge, where one flow time is based on the free-stream speed and the


length of the geometry (Ref. 12). Thus, time-like simulations must be computed for at


least this length of time before the solution can be considered to be converged.
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Fig. 4.3 – Size of the separation zone versus the square of the grid spacing in the streamwise


direction (Ref. 10).
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4.3 Mach 8 Waverider Flow


A third example involves the simulation of a waverider geometry at Mach 8 conditions


to compare with experimental measurements made in the AEDC Tunnel 9 facility (Ref. 9).


These simulations were performed on three grids ranging in size from 2.5 to 8.5 million


elements. The outer domain was designed to contain the bow shock wave at all angles


of attack. Figure 4.4 shows some snapshots of the grid and waverider geometry. Two


conditions were studied: a low Reynolds number of 14.32 × 106 /m and a high Reynolds


number of 53.84 × 106 /m.


Natural transition occurs on the waverider at the lower Reynolds number condition.


We did not attempt to model the transition process, but rather ran fully laminar and fully


turbulent flows and compared those results with the experimental data. In the high Re


case, transition occurs very near the leading edge, and therefore we ran fully turbulent only.


Here, we use the Spalart-Allmaras RANS model with the Catris-Aupoix compressibility


correction (Refs. 58, 7).


To a large extent the comparisons are very favorable, with the CFD matching the


aerodynamic data across the angle of attack sweep at both conditions. For example, Fig-


ure 4.5 shows the lift and drag coefficients for the two cases. We also made comparisons


with the individual pressure and heat transfer gauges on the model. Figure 4.6 summarizes


one such comparison for the low Re condition on lower surface of the model (the windward


surface at α > −5◦). Note the excellent agreement with the data, and that the thermo-


couple near the leading edge shows laminar flow, while all other measurements indicate


turbulent flow.
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Fig. 4.4 – Medium grid (5.1 million elements) used for the waverider simulations; every


second point shown (Ref. 9).


Fig. 4.5 – Lift and drag coefficients for the waverider at the low Re (left) and high Re


(right) conditions.
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Fig. 4.6 – Heat transfer rate comparisons on the lower surface of the waverider at low Re.
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Abstract


The direct simulation Monte Carlo method (DSMC) has evolved over 40 years into a powerful numerical technique for the computation of complex, nonequilibrium gas flows.  In this context, nonequilibrium means that the velocity distribution function is not in an equilibrium form due to a low number of intermolecular collisions within a fluid element.  In atmospheric entry, nonequilibrium conditions occur at high altitude and in regions of flow fields with small length scales.  In this first article of two parts, the theoretical basis of the DSMC technique is discussed.  In addition, the methods used in DSMC are described for simulation of high temperature, real gas effects and gas-surface interactions.  The current status of the various models is reviewed and areas where further work is required are identified.


1.0
Introduction


The analysis of dilute gas flows at all Knudsen numbers can be derived from the Boltzmann equation that describes the evolution of the molecular velocity distribution function (VDF) [1].  In the absence of a body force, the Boltzmann equation is written:
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where f is the VDF, n is the number density, 
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 represents the rate of change in the VDF due to collision processes.  The equilibrium solution of the Boltzmann equation is the Maxwellian VDF:
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where m is the mass of a particle, k is Boltzmann’s constant, and T is the temperature.  The physical mechanism that maintains the VDF in equilibrium is inter-molecular collisions, and so a gas falls into a nonequilibrium state under conditions where there is not a large enough number of collisions occurring to maintain equilibrium.  The two main physical flow conditions that lead to nonequilibrium are low density and small length scales.  A low density leads to a reduced collision rate while a small length scale reduces the size of a fluid element.  The usual metric for determining whether a particular gas flow is in a state of nonequilibrium is the Knudsen number defined as follows:
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where   is the mean free path of the gas and L is the characteristic length scale.  The mean free path is the average distance traveled by each particle between collisions and is given for a hard sphere by
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where n is again the number density, and  is the hard sphere collision cross section.  Thus, at low density, the mean free path (and therefore Kn) becomes large.  Similarly, for small length scales, L becomes small and again Kn becomes large.  As a guiding rule, it is generally accepted that kinetic nonequilibrium effects become important when Kn > 0.01.


At a Knudsen number near zero, the velocity distribution function everywhere in a flow field has the Maxwellian form, there are no molecular transport processes, such as viscosity and thermal conductivity, and the flow may be modeled using the Euler equations.  Indeed, the Euler equations of fluid flow can be derived by taking moments of the Boltzmann equation and evaluating them using the Maxwellian VDF.  As the Knudsen number increases up to values below 0.01, the velocity distribution function in the flow field may be represented as a small perturbation from the equilibrium Maxwellian form that is known as the Chapman-Enskog distribution [1].  Evaluation of moments of the Boltzmann equation using the Chapman-Enskog VDF leads to the Navier-Stokes equations in which shear stress and heat flux depend linearly on the spatial gradients of velocity and temperature, respectively.  As the Knudsen number rises above 0.01, these linear transport relations are unable to accurately describe the strong nonequilibrium processes.  It is then necessary to develop higher order sets of partial differential equations (such as the Burnett equations) or to solve the Boltzmann equation.  While there has been some success achieved in formulating and solving the Burnett equations, there remain issues with boundary conditions, and it is not clear that the amount of additional Knudsen number range provided is worth the significant additional effort in numerical analysis. Unfortunately, development of robust and general numerical solution schemes for the Boltzmann equation has also proved a significant challenge.  Again, some progress has been made, but there is still much work to be done to be able to simulate all of the flow physics of interest in real world problems.


The direct simulation Monte Carlo (DSMC) method was first introduced by Graeme Bird in 1961 [2] specifically to analyze high Knudsen number flows.  Since that time, Bird has written two books on the method [3,4] and thousands of research papers have been published that report on development and application of the technique. The significance of the DSMC technique has been its ability over 40 years of development to fill the void described above in gas analysis methodology for high Knudsen number flows.  The DSMC technique emulates the same physics as the Boltzmann equation without providing a direct solution.  The DSMC method follows a representative set of particles as they collide and move in physical space.  It has been demonstrated that DSMC converges to solution of the Boltzmann equation in the limit of a very large number of particles [4].


High Knudsen number conditions arise in many areas of science and technology including space and atmospheric science, vapor processing of materials, spacecraft propulsion systems, and micro-scale gas flows.  Atmospheric entry flow conditions may fall into the kinetic nonequilibrium regime at sufficiently low density (that occurs at high altitude in a planet’s atmosphere) and for very small entry shapes (e.g. meteoroids that have a diameter on the order of a centimeter [5]).  In addition, situations arise where localized regions of a flow may contain low density (e.g. the wake behind a capsule) or small length scales (e.g. sharp leading edges on a vehicle, or shock waves and boundary layers that may have very steep spatial gradients in flow field properties). 


For hypersonic flows, it is a valid question to ask whether high Knudsen number phenomena lead to effects that are of practical significance. Recent detailed studies [6,7] have compared DSMC and CFD computations of hypersonic flows over cylinders and wedges for global Knudsen numbers ranging from continuum (Kn=0.002) to rarefied (Kn=0.25).  The focus of the studies was the effect of any nonequilibrium flow phenomena on surface properties such as drag and heat transfer.  It was found at Kn=0.002 that DSMC and CFD gave identical results for all surface properties including drag force and peak heat transfer.  However, as Kn was increased, the differences between DSMC and CFD surface results also grew larger.  For example, in Mach 25 flow of nitrogen over a cylinder at the highest Knudsen number of 0.25, in comparison to CFD, DSMC predicted a 23% lower drag force and a 29% lower peak heat flux. These differences are clearly significant and indicate that accurate determination of surface properties in high Knudsen number flows does require a non-continuum, kinetic approach, such as DSMC.


An important part of the success of the DSMC technique in analyzing high Knudsen number atmospheric entry flows, has been the ability to include in the technique models that are effective in simulating high temperature, real gas effects.  Such effects include mixtures of chemical species, relaxation of internal energy modes, chemical reactions such as dissociation and ionization, radiation, and gas-surface interaction.  In this article, the fundamental aspects of the DSMC technique are described with an emphasis on physical modeling issues related to its application to hypersonic, atmospheric entry problems and the simulation of the associated real gas effects.  Examples are provided that illustrate the current capabilities of these models and areas where further work is needed are identified. The second part of this article [8] reviews the current status of existing DSMC codes and their application to analysis of hypersonic entry flows.


2.0
Basic Algorithm of the DSMC Technique

The DSMC technique emulates the physics of the Boltzmann equation by following the motions and collisions of a large number of model particles.  Each particle possesses molecular level information including a position vector, a velocity vector, and physical information such as mass and size.  Particle motion and collisions are decoupled over a time step t that is smaller than the local mean free time.  During the movement of particles, boundary conditions such as reflection from solid surfaces are applied.  The physical domain to be simulated in a DSMC computation is covered by a mesh of cells.  These cells are used to collect together particles that may collide. There are a number of DSMC schemes for simulating collisions and all of them achieve a faster numerical performance than the molecular dynamics (MD) method [9] by ignoring the influence of the relative positions of particles within a cell in determining particles that collide.  This simplification requires that the size of each cell be less than the local mean free path of the flow.  Bird’s No Time Counter (NTC) scheme [4] is the most widely used collision scheme in which a number of particle pairs in a cell are formed that is given by:
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where n is the number density, 
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 pairs of particles is formed at random regardless of position in the cell, and then a probability of collision for each pair is evaluated using:
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This procedure reproduces the expected equilibrium collision rate under conditions of equilibrium.  It is determined whether the particle pair actually collides by comparing the collision probability, Pc, to a random number.  When a collision occurs, post-collision velocities are calculated using conservation of momentum and energy. 


The cells employed for simulating collisions are also often used for the sampling of macroscopic flow properties such as density, velocity, and temperature. There is no necessity to have the collision and sampling cells be identical, however, and sometimes a coarser mesh is used for sampling.


The basic steps in each iteration of the DSMC method are: (1) move particles over the time step t; (2) apply boundary conditions such as introducing new particles at inflow boundaries, removing particles at outflow boundaries, and processing reflections at solid boundaries; (3) sort particles into cells and calculate collisions; and (4) sample average particle information.  As an example of how sampled particle information is employed to determine a macroscopic flow property, the average mass density in a computational cell of volume V is given by
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where mi is the mass of particle i, Np is the total number of particles that have occupied this cell over Nt iterations of the computation.  Also, as an illustration of the determination of surface properties, for a surface element of area A, the average shear stress is given by
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where 
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 are the incident and reflected velocity components tangent to the surface element of each particle j to hit the element during Nt iterations of the computation.


A simulation begins from some initial condition, and a finite number of iterations must elapse in order for the flow to reach a steady state.  Generally, steady state is detected as a leveling off of the total number of particles in the simulation.  After steady state is reached, sampling of flow field and surface properties begins and the simulation is continued a further number of iterations in order to reduce the statistical noise in the sampled information to an acceptable level.  A typical DSMC computation may employ one million particles, reach steady state after 50,000 iterations, and continue sampling for a further 50,000 iterations.  On a modern desktop computer, such a simulation should take about 3 hours.


While the ideas behind the DSMC technique are simple, implementation in an algorithm takes on many different forms.  Specific DSMC algorithms have been developed for vector computers [10] and parallel computers [11,12].  Bird has focused work on customizing the algorithm to achieve efficient performance on single processor machines [13].  Some of the most commonly used DSMC codes are summarized in the second part of this article [8] in which examples of their application to various atmospheric entry flows are also discussed.


Having provided a general overview of the basic elements of the DSMC method, in the following sections some of the physical models are described that are most critical to the application of the DSMC technique to analyze hypersonic entry flows.


3.0 Physical Models of the DSMC Technique

In this section, the most commonly employed physical models are reviewed for DSMC computation of hypersonic entry flows. The basic ideas are described for simulation of a number of physical phenomena including momentum exchange, internal energy relaxation, chemical reactions, and gas-surface interactions. Where possible, examples are provided of attempts to validate these models using laboratory data.

3.1 Elastic Momentum Exchange

In the absence of internal energy exchange and chemical reactions, an elastic collision between two particles leads only to changes in their velocity (or momentum) components. The frequency of such interactions is determined by the collision cross section and a number of such models have been developed for DSMC. The most widely used forms are the Variable Hard Sphere (VHS) [14] and the Variable Soft Sphere (VSS) [15].  For hypersonic flow, the VHS model is considered sufficiently accurate, for which the cross section is given as:
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where 
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 is related to the viscosity temperature exponent.  Specifically, it is assumed that the gas viscosity is described by a  simple temperature relation:
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and the relationship between the reference parameters is provided by Bird [4].  Values of these reference parameters for many common species are provided in Bird [4] and these are generally obtained by comparison with measured or computed viscosity data. For the VHS model, isotropic scattering is assumed in which the unit vector of the post-collision relative velocity is assigned at random on the unit sphere.  The VSS model represents an improvement over VHS in that it allows collision parameters to be determined through comparison with both viscosity and diffusivity data.  The VSS cross section is the same as the VHS model, but the scattering angle is given by:
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where  is determined from diffusivity data, b is the distance of closest approach and d is the collision diameter.  Again, values of  for common gases are provided by Bird [4].  Note that =1 corresponds to the VHS model.


One of the most common test cases for evaluation of the DSMC technique in simulating nonequilibrium flows involving only elastic momentum exchange are normal shock waves of noble gases.  Figure 1a shows the density profile through a normal shock wave at Mach 9 for argon.  Detailed measurements were obtained using an electron beam technique by Alsmeyer at a number of different Mach numbers in both argon and nitrogen [16]. Included in Fig. 1a are both DSMC and CFD results.  The DSMC computations used the VHS model while the CFD results solved the Navier-Stokes equations with the viscosity given by the same VHS parameters used in DSMC.  The comparison shows that the DSMC technique is able to reproduce the measured data very accurately whereas CFD predicts a shock wave that is too thin.  Figure 1b shows the reciprocal shock thickness (a measure of the density gradient at x /  = 0) for all the argon shock waves investigated by Alsmeyer [16].  Once again, it is clear that DSMC provides excellent agreement with the measurements for all conditions considered.  CFD consistently predicts an inverse shock thickness that is too large (that is, shocks that are too thin) for all Mach numbers above about 1.50.  Another compelling validation of the capability of DSMC in simulating nonequilibrium hypersonic flows is provided by the comparisons shown in Figs. 2a and 2b.  These plots are taken from the study by Pham-Van-Diep et al. [17] in which velocity distribution functions were examined inside a normal shock of helium at Mach 25.  Figure 2a shows the distributions in the front of the shock for the parallel (circles and solid line) and perpendicular (triangles and dashed line) velocity components.  Symbols represent electron beam measurements and lines represent DSMC computations that employed a detailed Maitland-Smith collision model.  The horizontal axis in these plots is reversed so that the high freestream parallel velocity component appears as a peak towards the left of the figure.  The parallel velocity distribution shows a strong nonequilibrium profile with the higher velocity, lower temperature peak on the left, and a higher temperature, lower velocity peak towards the middle.  The distribution of the perpendicular component is centered on zero and also consists of two distinct populations from the low temperature freestream and the high temperature post-shock regions.  The profiles in Fig. 2b are obtained further downstream towards the middle of the shock and continue to show strongly nonequilibrium behavior.  Clearly, the Navier-Stokes equations, that are based on a small perturbation from equilibrium, are not able to accurately model such phenomena.  The excellent agreement with measured data shown in these plots is one of the strongest illustrations of the ability of the DSMC technique to reproduce nonequilibrium flow at the level of the distribution functions.


The main limitation of the VHS/VSS collision models is their reliance on the ability to model viscosity and diffusivity as a simple function of temperature.  Even for the common gases for which VHS/VSS parameters are provided by Bird [4], the viscosity dependence on temperature may change over a sufficiently wide temperature range.  For illustration of the types of problems encountered with the VHS/VSS models, Figs. 3a and 3b show collision cross sections as a function of collision energy for two different collisions involving electrons.  For such interactions, direct measurements of cross sections are available in the literature.  Various attempts to fit the measured data using the VHS model are shown that demonstrate limitations of the VHS model for describing these interactions.  Indeed, a negative value of  must be employed in VHS in order to approach the measured trends.  More details of these cross section evaluations are provided in [18].


3.2 Rotational Energy Exchange

The DSMC technique usually simulates the internal energy modes of atoms and molecules by assigning rotational, vibrational, and electronic energies to each particle.  In hypersonic flows, generally the electronic modes are ignored, as is the case for CFD studies.  Analysis of jet flows including electronic energy is described for example in [19].  We focus here on rotational and vibrational energy exchange.


The rotational mode is usually simulated using a classical physics approach in which the rotational energy, 
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where 
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 is the number of rotational degrees of freedom (=2 for a diatomic molecule; =3 for a polyatomic molecule), k is Boltzmann’s constant, and T is the temperature.


When a particle representing a molecule is injected into a DSMC computation, it is given an initial rotational energy sampled from Eq. (3.4).  The rotational energy of the particle can change through collisions with other particles and through collisions with a solid surface (see section 3.7).  In a continuum analysis of rotational energy exchange, the rotational relaxation equation is usually employed:
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where 
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 is the specific rotational energy, 
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 is the rotational relaxation time.   The equivalent DSMC procedure involves evaluating a probability of rotational energy exchange for each collision followed by appropriate energy exchange mechanics for those collisions that lead to rotational relaxation.  The average probability of rotational energy exchange is:
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where 
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 is the rotational collision number, 
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 is the translational relaxation time that is equal to the inverse of the collision frequency, 
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.  Boyd [20] developed the following instantaneous rotational energy exchange probability based on Parker’s model [21] for the rotational collision number and the VHS collision model:
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where 
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 is the total collision energy (the sum of the translational collision energy and the rotational energy), 
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 is the limiting value. After evaluation of the rotational energy exchange probability, a random number is used to decide whether the collision leads to energy exchange.  For those collisions involving rotational energy exchange, the Borgnakke-Larsen (BL) model [22] is employed to assign new post-collision rotational energies.  The BL model assumes local thermodynamic equilibrium to sample the fraction of the total collision energy due to rotation, 
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Once the new rotational energy is assigned, the remaining energy is the new translational energy and hence determines the new post-collision relative velocity. The regular DSMC collision mechanics is then performed to calculate the velocities of the colliding particles.


Lumpkin et al. [23] noted that an additional correction must be applied to any DSMC rotational energy exchange probability in order to make Borgnakke-Larsen exchange mechanics consistent with the continuum rotational relaxation equation, Eq. (3.5).  The form of the correction is:
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that is usually close to a factor of two.


While the rotational energy is usually simulated in the classical limit, a quantum mechanical approach has also been developed by Boyd [24].


A detailed set of experimental measurements of hypersonic normal shock waves in nitrogen was collected by Robben and Talbot [25]. Again, an optical diagnostic technique was employed to measure both the density and the rotational energy distribution function through the shock wave for a number of different Mach numbers.  Figure 4a compares DSMC simulations [24] with the measurements of the density and rotational temperature profiles at a Mach number of 12.9.  Clearly, very good agreement between simulation and measurement is obtained.  Figure 4b shows rotational energy distribution functions measured at four different locations in this same shock wave, moving from upstream to downstream through (a) to (d).  Once again, the excellent agreement obtained between DSMC and experiment at the level of the distribution function is one of the strongest illustrations of the ability of the technique to accurately simulate nonequilibrium phenomena.  The main limitation of the Robben and Talbot data is that it was collected for a flow with a total temperature of just 300 K.  There is a strong requirement for additional, detailed measured data sets for true hypersonic, entry conditions.


3.3 Vibrational Energy Exchange

The simulation of vibrational relaxation follows a similar procedure to that for rotation.  The average probability of vibrational energy exchange is typically evaluated using the vibrational relaxation time used in hypersonic CFD models due to Millikan and White [26] with the Park high temperature correction [27]:
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In order to accurately reproduce this vibrational relaxation time in a DSMC computation, due to its complex temperature dependence, it is necessary to evaluate a collision averaged vibrational exchange probability [28].  Unlike rotational relaxation, a quantum mechanical approach is almost always employed for simulation of vibrational energy relaxation in hypersonic flows.  A quantized vibrational energy exchange model corresponding to the classical Borgnakke-Larsen approach was formulated by Bergemann and Boyd [29].  It involves first determining the maximum vibrational quantum level available based on the total collision energy:
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where 
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 is the total collision energy (the sum of the translational collision energy and the vibrational energy), 
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 is the characteristic temperature for vibration of the molecule.  Then, the post-collision vibrational quantum number, 
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The Lumpkin et al. [23] correction factor must also be applied to the vibrational exchange probability.


More detailed vibrational relaxation models for DSMC have also been developed and applied to hypersonic flows.  For example, in [30], the Multiple Quantum-Step Transition (MQST) model was developed for use in DSMC.  Based on the Forced Harmonic Oscillator (FHO) model of Kerner [31], the probability of a multi-quantum activation is given by:
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with
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where constants a and g* are determined from molecular parameters.  The corresponding deactivation probability is developed in [30] based on detailed balance.  The MQST model was compared in [30] to the Borgnakke-Larsen (B-L) approach for flow of nitrogen at a velocity of 5.1 km/s over a 10 cm radius sphere at 80 km altitude.  Figure 5 compares the computed vibrational energy distribution functions at the point of maximum vibrational temperature in the shock layer.  The Boltzmann distribution corresponds to the maximum vibrational temperature.  Clearly, both the phenomenological B-L model and the more detailed MQST model predict a significant degree of vibrational nonequilibrium.  It is interesting to note that the B-L model predicts a higher level of nonequilibrium.


There are no measurements in the literature of vibrational energy distribution functions in hypersonic flows that can be used to validate the DSMC vibrational relaxation models. One of the most useful sets of data was obtained by Sharma [32] in a shock-tube for flow of N2 at a velocity of 6.2 km/s.  Using spectroscopy, both the rotational and vibrational temperatures of N2 were inferred at two different points in the shock wave as shown in Fig. 6.  The DSMC computations [28] shown in Fig. 6 employed the B-L approach and show reasonable agreement with the measured data.  Further more detailed experiments of this kind are required to more completely validate the DSMC simulation approach for vibrational relaxation.


3.4 Chemical Reactions

The most commonly used DSMC chemistry model is the Total Collision Energy (TCE) model of Bird [4].  This model is based on a modified Arrhenius rate coefficient of the form:
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where a and b are constants, and 
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 is the activation energy of the reaction.  By integrating over the equilibrium distribution function for the total collision energy, it may be shown that the form of the reaction probability consistent with Eq. (3.15) for the VHS collision model is given by:
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where 

[image: image53.wmf]  


e


tot


 is the total collision energy of all modes of both particles participating in the collision, and constant A depends on the Arrhenius parameters and molecular constants.  The TCE model was extended to include the important physical phenomenon of vibration-dissociation coupling by Haas and Boyd [33] in the Vibrationally Favored Dissociation (VFD) model.  The VFD model makes it possible to increase the dissociation probability of particles having large vibrational energy:
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Values of the VFD parameters for air molecules have been determined through comparison with experimental data.  For example, Fig. 7 shows comparisons [33] for dissociation incubation distances between DSMC predictions and data measured by Hornung [34] in hypersonic flows of N2.


Measurements of reaction cross sections of interest in hypersonic air flows are not generally available, except for some reactions involving electrons.  As ab initio computational chemistry techniques mature, there is the hope in the future that detailed computed data bases can be used to help develop more accurate DSMC chemistry models. One example of such a database was constructed using a Quasi-Classical Trajectory (QCT) method by Bose and Candler [35] for the Zeldovich exchange reaction:
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This QCT database was employed [36] to perform a detailed evaluation of the TCE model for this particular reaction.  Figure 8a shows reaction cross sections as a function of translational collision energy, at a particular rotational energy level (J=64) of the reactant, N2, for three different reactant vibrational levels (v=0, 7, 13).  Clearly, the TCE model is not at all accurate for this reaction in terms of collision cross section.  This poor comparison motivated the development of another DSMC chemistry model that allows favoring from each of the translational, rotational and vibrational energy modes. Termed the Generalized Collision Energy (GCE) model, the reaction probability is given by [36]:
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Figure 8b provides comparisons between the QCT data and the GCE reaction cross sections.  While the comparisons are far from perfect, they represent a significant improvement over the TCE model. For this particular reaction, the GCE model parameter values were: =0.2, =-0.5, =0.3.


The detailed QCT database makes it possible to evaluate several aspects of DSMC chemistry modeling.  The second aspect concerns the energy distribution of the particles selected for reaction.  Figure 9a shows the vibrational energy distribution function of the reacting N2 molecules under a thermal equilibrium condition where all mode temperatures are at 5,000 K.  Clearly, the GCE model provides almost perfect agreement with the QCT data.  A similar level of agreement is shown in Fig. 9b for a strongly nonequilibrium condition similar to that expected in hypersonic entry flow at high altitude.


When it is determined in a DSMC computation that a chemical reaction occurs, the activation energy is removed from the total collision energy, then Borgnakke-Larsen procedures are used to distribute the remaining energy among the energy modes of the product particles. Once again, the QCT database allows this aspect of DSMC chemistry modeling to be assessed. Figures 10a and 10b show the vibrational energy distributions of the product NO molecules for the same two conditions shown in Figs. 9a and 9b.  Once again, the GCE model provides remarkably accurate simulation of the detailed phenomena captured by the QCT analysis.  It is planned in the near future to conduct further comparisons of this nature for important hypersonic flow reactions such as dissociation and ionization.


Recently, details of simulating backward chemical rate processes with the DSMC technique have been discussed by Boyd [37].  An important issue here is that the TCE model, and its derivatives like VFD and GCE, all depend on the use of a rate coefficient expressed in Arrhenius form.  Backward rate coefficients are generally evaluated as the quotient of the forward rate coefficient and the equilibrium constant that is usually a highly complex function of temperature. Thus, it is not generally possible to express the backward rate coefficient in the simple Arrhenius form. This problem is either addressed by performing a best-fit of the true backward rate coefficient to an Arrhenius form over a temperature range of interest, or by calculating the temperature in each cell of the DSMC computation in order to evaluate the equilibrium constant exactly [37].


While the DSMC method is based on the premise of a dilute gas for which three body collisions are ignored, it is sometimes important to include recombination in DSMC calculations and models for such reactions are presented in [4] and [28].


Several other DSMC chemistry models relevant to hypersonic entry flows have been developed including the maximum entropy model [38], the weak vibrational bias model [39], the threshold line model [40], and the model of Rebick and Levine [41].  Many of the models are reviewed and evaluated in [42] and [43].


3.5 Charged Species

Ions and electrons are formed in sufficiently energetic hypersonic flows first through associative ionization and then through electron impact ionization.  While these reactions can be simulated using the TCE chemistry model with DSMC, the presence of electrons in a DSMC computation presents some special challenges.  Specifically, due to their very low mass relative to other species: (1) the thermal velocity of an electron is orders of magnitude higher than for other species; and so (2) the collision frequency of electrons is orders of magnitude higher than for other species.  If an electron was not charged, then the first problem would simply require use of a much smaller time step t than would be required otherwise.  However, electrostatic attraction means that electrons and ions interact with one another such that electron diffusion is reduced and ion diffusion is slightly increased.  A common model to describe this behavior is ambi-polar diffusion in which it is assumed that ions and electrons diffuse at the same rate.  Bird [44] first introduced a DSMC model for ambi-polar diffusion in which every electron particle was tied directly to the ion it was born with.  These pairs of charged particles then move throughout the flow domain based on the velocity components of the ion particle.  This method is reasonably successful, but it is difficult to implement and has poor performance at high ionization levels. Carlson and Hassan [45] introduced a scheme in which electric fields are evaluated based on averaged charged particle properties. The charged particles are moved in these fields with the electrons processed at a significantly smaller time step than the ions.  An alternate approach was proposed by Boyd [46] in which electron particles are moved throughout the domain based on cell-averaged ion velocities.  The electron and ion particles are no longer tied together explicitly making the method much easier to implement and the approach is found to be generally more robust than Bird’s technique.  Using either of the Bird [44] or Boyd [46] approaches means that electron particles are moved at the time scale of the heavier species and so there is no need to reduce the simulation time step.


The second issue faced in simulating electrons, related to their significantly higher collision frequency, must also be addressed.  The obvious choices are to either: (1) reduce the global time step; (2) allow electron particles to collide more than once over each iteration; or (3) perform sub-cycling of collisions.  Sub-cycling involves calling the collision subroutine several times over each movement iteration so that the number of collision pairs to be tested is evaluated several times using a sub-cycling time step tc that is smaller than the global time step t.


3.6 Radiation

Radiation is of interest in hypersonic flows in terms of the emission signature and at very high entry speeds for the radiative component of vehicle heating.  Emission signatures are usually simulated decoupled from the flow field, and examples are discussed of such analysis in the second part of this article [8].  There have been several DSMC studies on emission signatures where the excited states of interest were simulated directly as additional chemical species [47,48].  A key issue here is the availability, or lack of it, of accurate excitation rate coefficients.  For estimation of radiative heating, Bird first included thermal radiation effects in DSMC for analysis of an aero-assist orbital transfer vehicle [49,43] and his ideas were extended by Carlson and Hassan [50].  These models essentially represent an extension of the rotational and vibrational relaxation models using Borgnakke-Larsen energy disposal.  As a phenomenological approach, these models performed reasonably well, but this is an area where further research is warranted.


3.7 Gas-Surface Interaction

The most important outcome from most DSMC analyses of hypersonic entry flows is the determination of the properties at the vehicle surface and in particular the aerodynamic forces and moments, and the convective heat transfer.  The surface properties are of course very sensitive to the model assumed in DSMC for gas-surface interaction.  The most common gas-surface interaction model used in DSMC is fully diffuse reflection in which a particle reflects from the surface with new velocity components that are sampled from Maxwellian distributions characterized by the wall temperature (note that the velocity component normal to the surface is sampled from a biased Maxwellian distribution).  In the diffuse model, the particle’s internal energies are also sampled from the appropriate equilibrium distribution, such as Eq. (3.4) for rotation, using the wall temperature.  The opposite limit to diffuse reflection is specular reflection in which the only change to the particle’s properties is its velocity component normal to the surface that is simply reversed in sign.  Many DSMC computations use an accommodation coefficient, , to simulate a combination of diffuse and specular reflections such that =1 is fully diffuse, and =0 is fully specular.  Real engineering surfaces generally require a value in the range of =0.8-0.9.


Figure 11 shows a comparison of measured [51] and computed distributions of argon atoms reflecting from a platinum surface. Clearly, the measured pattern is not reproduced by either of the specular or diffuse reflection models (and indeed cannot be reproduced by any combination of the two models).  This type of comparison led to the development of more sophisticated gas-surface interaction models for DSMC, for example the Cercignani-Lampis-Lord (CLL) model [52].  Such models tend to have a stronger theoretical basis, like using a reciprocity relation, and offer more control through use of additional parameters. Figure 12a shows DSMC computed particle reflection distributions for Mach 10 flow of N2 over a flat plate [53] for a variety of different gas-surface interaction models.  Fully diffuse reflection gives the cosine distribution.  Fully specular reflection gives a distribution that is almost tangent to the surface.  Through variation of the accommodation coefficients aM and T (the parameters in the CLL model), a wide range of reflected distributions can be generated that lie between the ideal limits of diffuse and specular reflection. Figure 12b compares profiles of the velocity component parallel to the flat plate measured by Cecil and McDaniel [54] using Planar Laser Induced Fluorescence (PLIF) and a number of DSMC computations using diffuse reflection and the CLL model with a range of model parameters. Note, at the surface, that both measurements and computations show a significant level of velocity slip. Such comparisons allow identification of appropriate parameter values for use in the CLL model.  However, the use of such models is relatively limited due to the lack of this type of basic information to identify parameter values for real systems of interest. This is perhaps another area where computational chemistry can provide data bases that can be used to build more advanced DSMC physical models.


There are two important phenomena arising from gas-surface interaction under high Knudsen number conditions: velocity slip and temperature jump.  The relatively low number of collisions experienced by a gas at high Kn means that the average velocity at the wall has a finite value, even for a surface with fully diffuse reflection. This phenomenon reduces shear stress and may affect separation.  Similarly, due to the low collision rate, the temperature of the gas at the wall is not equilibrated with the surface. In a hypersonic flow where the wall temperature is cooler than the gas, this phenomenon leads to a reduction in heat transfer. These effects are naturally included in a DSMC simulation using the diffuse reflection and CLL models whereas the usual approach for CFD is to assume no slip and no temperature jump at a wall. The omission of these high Knudsen number surface phenomena in CFD partially explains some of the differences noted in the detailed comparisons under hypersonic flow conditions of DSMC and CFD reported in [6,7].  One approach to try and extend the usefulness of CFD into the high Knudsen number range is to employ velocity slip and temperature jump models, see for example [7].  However, while some of these models do improve the agreement between CFD and DSMC results for surface quantities, it is not always achieved with a corresponding improvement in the comparisons of the flow properties.  This situation again illustrates the need to perform non-continuum computations of high Knudsen number flows using kinetic methods such as the DSMC technique.


4.0 Summary

The direct simulation Monte Carlo method (DSMC) has evolved over more than 40 years into a powerful analysis tool for computation of kinetic nonequilibrium hypersonic entry flows.  The heart of the technique is its detailed treatment of collisional phenomena including momentum exchange, relaxation of internal energy modes, chemistry, radiation, and gas-surface interaction.  In this article, the current status of DSMC models for simulating these physical phenomena has been reviewed. It is demonstrated that the DSMC technique is able to simulate accurately strong nonequilibrium phenomena generated inside strong shock waves of noble gases.  Detailed validation of rotational energy relaxation models is also demonstrated at the level of rotational energy distribution functions measured inside a strong shock wave.  However, detailed measurements of such phenomena at the high temperature conditions of hypersonic entry flows are still missing.  Both phenomenological and detailed, quantum transition DSMC models for vibrational relaxation were discussed.  There are presently no measurements of vibrational energy distributions in hypersonic flows that allow evaluation of such models. Several different DSMC chemistry models are described and two of them evaluated using detailed information obtained from ab initio computational chemistry analysis.  In the absence of detailed measurements of reaction cross sections, such analyses appear very promising to help in the construction and evaluation of detailed DSMC thermochemistry models.  Descriptions were also provided of the present status for DSMC computation of charged species (ions, electrons), and radiation.  These are areas where further work is required.  Finally, the status for DSMC computation of gas-surface interaction was reviewed. It is shown that the idealized models of diffuse and specular reflection are not able to accurately reproduce reflections measured under hypersonic conditions. While more sophisticated gas-surface interaction models have been developed, their use is limited due to the difficulty in determining constants in the models. Again, this appears to be an area where ab initio computational analysis may be useful for building improved DSMC modeling capabilities.
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Figure 1a: Profiles of normalized density through a Mach 9 normal shock wave of argon: measurements from [16].
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Figure 1b: Reciprocal shock thickness for normal shock waves of argon: measurements from [16].




Figure 2a: Velocity distribution functions in the front a Mach 25 normal shock of helium: symbols = experiments; lines = DSMC [17].




Figure 2b: Velocity distribution functions in the middle of a Mach 25 normal shock of helium: symbols = experiments; lines = DSMC [17].
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Figure 3a: Electron-oxygen atom collision cross sections [18].
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Figure 3b: Electron-nitrogen molecule collision cross sections [18].
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Figure 4a: Profiles of density and rotational temperature in a Mach 12.9 normal shock of N2 [24].
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Figure 4b: Rotational energy distribution functions at four different locations in a Mach 12.9 normal shock of N2 [21].




Figure 5: Vibrational energy distribution functions in the shock layer of N2 flow over a sphere at 5.1 km/s and 80 km altitude [30].
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Figure 6: Temperature profiles in a Mach 17.8 normal shock wave of N2 [28].




Figure 7: Dissociation incubation distance as a function of atom mass fraction [33].
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Figure 8a: Reaction cross sections at J=64 for nitric oxide formation [36].
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Figure 8b: Reaction cross sections at J=64 for nitric oxide formation [36].
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Figure 9a: Vibrational energy distribution function of reactants in nitric oxide formation: Tt=Tr=Tv=5,000K [36].
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Figure 9b: Vibrational energy distribution function of reactants in nitric oxide formation: Tt=14,000K, Tr=5,000K, Tv=1,000K [36].
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Figure 10a: Vibrational energy distribution function of products in nitric oxide formation: Tt=Tr=Tv=5,000K [36].
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Figure 10b: Vibrational energy distribution function of products in nitric oxide formation: Tt=14,000K, Tr=5,000K, Tv=1,000K [36].
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Figure 11: Distributions of Ar scattering from platinum: measurements from [51].




Figure 12a: DSMC computed scattering distributions from a DSMC simulation of hypersonic flow of N2 over a flat plate [53].


Figure 12b: Velocity profiles for hypersonic flow of N2 over a flat plate [53].
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Abstract


The direct simulation Monte Carlo method (DSMC) has evolved over 40 years into a powerful numerical technique for the computation of complex, nonequilibrium gas flows.  In this context, nonequilibrium means that the velocity distribution function is not in an equilibrium form due to a low number of intermolecular collisions within a fluid element.  In atmospheric entry, nonequilibrium conditions occur at high altitude and in regions of flow fields with small length scales.  In this second article of two parts, several different implementations of the DSMC technique in various, widely used codes are described. Validation of the DSMC technique for hypersonic flows using data measured in the laboratory is discussed.  A review is then provided of the application of the DSMC technique to atmospheric entry flows. Illustrations of DSMC analyses are provided for slender and blunt body vehicles for entry into Earth, followed by examples of DSMC modeling of planetary entry flows.


1.0
Introduction


The direct simulation Monte Carlo (DSMC) method was first introduced by Graeme Bird in 1961 [1].  Since that time, Bird has written two books on the method [2,3] and thousands of research papers have been published that report on development and application of the technique.  The DSMC method is most useful for analysis of kinetic nonequilibrium gas flows.  In this context, nonequilibrium indicates that the velocity distribution function (VDF) of the gas molecules is not in the well-understood, Maxwellian, equilibrium form.  The physical mechanism that pushes the VDF towards equilibrium is inter-molecular collisions, and so a gas falls into a nonequilibrium state under conditions where there is not a large enough number of collisions occurring to maintain equilibrium.  The two main physical flow conditions that lead to nonequilibrium are low density and small length scales.  A low density leads to a reduced collision rate while a small length scale reduces the size of a fluid element.  The usual metric for determining whether a particular gas flow is in a state of nonequilibrium is the Knudsen number defined as follows:
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(1.1)


where   is the mean free path of the gas and L is the characteristic length scale.  The mean free path is the average distance traveled by each particle between collisions and is given for a hard sphere by
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where n is the number density, and  is the hard sphere collision cross section.  Thus, at low density, the mean free path (and therefore Kn) becomes large.  Similarly, for small length scales, L becomes small and again Kn becomes large.  As a guiding rule, it is generally accepted that kinetic nonequilibrium effects become important when Kn > 0.01.


Atmospheric entry flow conditions may fall into the kinetic nonequilibrium regime at sufficiently low density (that occurs at high altitude in a planet’s atmosphere) and for very small entry shapes (e.g. meteoroids that have a diameter on the order of a centimeter [4]).  In addition, situations arise where localized regions of a flow may contain low density (e.g. the wake behind a capsule) or small length scales (e.g. sharp leading edges on a vehicle, or shock waves and boundary layers that may have very steep spatial gradients in flow field properties).  Analysis of high Knudsen number flows could in principle be performed through solution of the Boltzmann equation, that is the fundamental mathematical model of dilute gas dynamics [3].  However, development of robust and general numerical solution schemes for the Boltzmann equation has proved a significant challenge.  The DSMC technique emulates the same physics as the Boltzmann equation without providing a direct solution.  The DSMC method follows a representative set of particles as they collide and move in physical space.  It has been demonstrated that DSMC converges to solution of the Boltzmann equation in the limit of a very large number of particles [3].


In part one of this article [5], the fundamental aspects of the DSMC technique are first described with an emphasis on physical modeling issues related to its application to hypersonic, atmospheric entry problems. In this second article, the capabilities of the DSMC method are illustrated with regards to simulation of hypersonic, laboratory experiments and then to several different vehicle entry applications: (1) Earth entry of slender vehicles; (2) Earth entry of blunt vehicles; and (3) entry into planetary atmospheres.  These studies will illustrate that the DSMC technique has been verified using several different sets of entry flight data. The level of confidence in the accuracy of the DSMC technique has reached the stage where it is now routinely employed for pre-mission design and post-mission data analysis of atmospheric entry flows.


2.0 Fundamental Aspects of the DSMC Technique

2.1 General Features

The DSMC technique emulates the physics of the Boltzmann equation by following the motions and collisions of a large number of model particles.  Each particle possesses molecular level information including a position vector, a velocity vector, and physical information such as mass and size.  Particle motion and collisions are decoupled over a time step t that is smaller than the local mean free time.  During the movement of particles, boundary conditions such as reflection from solid surfaces are applied.  The physical domain to be simulated in a DSMC computation is covered by a mesh of cells.  These cells are used to collect together particles that may collide. There are a number of DSMC schemes for simulating collisions and all of them achieve a faster numerical performance than the molecular dynamics (MD) method [6] by ignoring the influence of the relative positions of particles within a cell in determining particles that collide.  This simplification requires that the size of each cell be less than the local mean free path of the flow.  Bird’s No Time Counter (NTC) scheme [3] is the most widely used collision scheme in which a number of particle pairs in a cell are formed. Each of the pairs of particles is formed at random regardless of position within the cell, and then a probability of collision for each pair is evaluated using the product of the collision cross section and the relative velocity of the particle pair.  This procedure reproduces the expected equilibrium collision rate under conditions of equilibrium.  A number of collision cross section models have been develop for DSMC, with the most widely used forms being the Variable Hard Sphere (VHS) [7] and the Variable Soft Sphere (VSS) [8].  For hypersonic flow, VHS is considered sufficiently accurate. Values of the VHS and VSS collision parameters for many common species are provided in Bird [3].  It is determined whether the particle pair actually collides by comparing the collision probability to a random number.  When a collision occurs, post-collision velocities are calculated using conservation of momentum and energy.  For the VHS model, isotropic scattering is assumed in which the unit vector of the relative velocity is assigned at random on the unit sphere.  


The cells employed for simulating collisions are also often used for the sampling of macroscopic flow properties such as density, velocity, and temperature. There is no necessity to have the collision and sampling cells be identical, however, and sometimes a coarser mesh is used for sampling.


The basic steps in each iteration of the DSMC method are: (1) move particles over the time step t; (2) apply boundary conditions such as introducing new particles at inflow boundaries, removing particles at outflow boundaries, and processing reflections at solid boundaries; (3) sort particles into cells and calculate collisions; and (4) sample average particle information.  A simulation will begin from some initial condition, and it will require a finite number of iterations for the flow to reach a steady state.  Generally, steady state is detected as a leveling off of the total number of particles in the simulation.  After steady state is reached, the simulation is continued a further number of iterations in order to reduce the statistical noise in the sampled information to an acceptable level.  A typical DSMC computation may employ one million particles, reach steady state after 50,000 iterations, and continue sampling for a further 50,000 iterations.  On a modern desktop computer, such a simulation should take about 3 hours.


While the ideas behind the DSMC technique are simple, implementation in an algorithm takes on many different forms.  Specific DSMC algorithms have been developed for vector computers [9] and parallel computers [10,11].  Bird has focused work on customizing the algorithm to achieve efficient performance on single processor machines [12].


Having provided a general overview of the basic elements of the DSMC method, the reader is referred to the first article [5] where a more detailed review is provided of the physical models used in DSMC that are most critical to the analysis of hypersonic entry flows.


2.2 DSMC Codes

Unlike CFD, there are a relatively small number of different implementations of the above fundamental DSMC ideas in numerical codes.  Among the most widely used DSMC codes for hypersonic entry analysis are DS2V/3V [13], DAC [11], SMILE [14], and MONACO [10].  These codes vary mainly in the treatment of collision selection methods and mesh topology (from orthogonal cut-cells to body-fitted unstructured cells).  Most of the codes are parallelized and three-dimensional.  Results from all of these codes for analysis of hypersonic entry flows are included in the following section.


DS2V/3V continues to undergo development by Bird [13]. The code uses a substructure of orthogonal cells to rapidly locate particles in the flow domain. A cut-cell treatment is used for definition of general surface elements. The No Time Counter technique is used for collisions. The code is not parallelized but runs very efficiently on desktop computers.  New DSMC algorithms aimed at improving efficiency and quality of solution have recently been implemented [13].  The codes have been used extensively at NASA Langley Research Center to analyze both Earth and Mars entries.


DAC was developed at NASA Johnson Space Flight Center by LeBeau [11].  In 3D, DAC uses a surface mesh of triangular elements embedded within a Cartesian mesh for the flow field.  The code is effectively parallelized with dynamic domain decomposition. DAC has been used extensively at NASA Langley Research Center particularly for 3D flow analyses of Earth and Mars entry flows.


SMILE has been developed in Russia over many years by Ivanov and his colleagues [14].   The code has a general user interface, is parallelized, and once again uses a background mesh of orthogonal cells with special treatment of surfaces.  For simulating collision rates, it uses the majorant frequency scheme [14].  SMILE has been used to analyze the Earth entry of several capsules as well as the Mir space station.


MONACO has been under development since 1996 by Boyd and his colleagues [10]. The code uses body-fitted, unstructured meshes, and the No Time Counter method. This approach is less efficient than the orthogonal cut-cell method, but gives the code more generality.  For example, the use of a generalized cell approach has greatly facilitated the merging of MONACO with the Particle-In-Cell (PIC) technique [15] for simulating collisional plasmas [16], and with Computational Fluid Dynamics (CFD) solving the Navier-Stokes equations for simulating hypersonic flows consisting of mixed regions of rarefied and continuum flow [17].  MONACO is very efficiently parallelized and has been applied to the analysis of a number of Earth entry flows.


3.0 DSMC Analysis of Hypersonic Entry Flows

In the following sections, a review is provided of the status of the application of the DSMC technique to hypersonic, entry flows. We first consider the application of DSMC to analyze hypersonic experiments conducted in ground-based facilities.  Next, use of DSMC to analyze Earth entry flows is divided into slender and blunt body vehicle configurations. Finally, a summary of the use of DSMC for analysis of planetary entry is provided.


3.1 DSMC Analyses of Hypersonic Laboratory Experiments

Generation of rarefied, hypersonic flows in ground-based facilities presents a technical challenge, and very few data sets exist that enable a detailed assessment of DSMC codes. One notable code validation activity resulted from a NATO-AGARD working group on hypersonics. A planetary probe geometry was tested under rarefied, hypersonic flow conditions in several different experimental facilities and a number of research groups generated DSMC results for comparison. Many articles have been published on these studies and details of the experiments and numerical results are summarized in [18]. Examples of results obtained using the MONACO DSMC code are provided in Figs. 1a through 1c. Figure 1a shows the unstructured mesh that has been adapted to the local mean free path for the experiment conducted in the SR3 wind-tunnel in nitrogen at a Mach number of 20 and a Knudsen number of 0.03 [19].  Despite the high Mach number, this was a low-enthalpy facility with a total temperature of 1,100 K.  Thus, neither vibrational relaxation nor chemistry occurs in these flows.  While such experiments provide the opportunity to assess the collision cross sections (VHS, VSS) and rotational relaxation models [20], they provide no insight on the DSMC models for vibrational relaxation [21], and chemistry [22].  An electron beam diagnostic was employed in the SR3 wind-tunnel to measure the density field around the capsule geometry and Fig. 1b shows the excellent agreement obtained between DSMC and the measured data. Another experiment was conducted using the same geometry in the LENS facility again in nitrogen at a Mach number of 15.6 and a Knudsen number of 0.002 [23].  This higher enthalpy experiment had a total temperature of 4,350 K so that vibration was activated but there was still no chemistry. Figure 1c shows comparisons between measurements from LENS and DSMC computation for the heat flux along the surface of the probe.  Again, excellent agreement is obtained.  While studies of this type indicate that the DSMC method is an accurate simulation method, the flows are not energetic enough to permit detailed assessment of DSMC thermochemical models.

Another code validation exercise (for both DSMC and CFD) was organized by Dr. Michael Holden of CUBRC and focused on hypersonic viscous interactions that can be generated on slender body configurations.  A series of experiments was performed in the LENS facility for a number of configurations including double cones, and cylinder-flares [24].  While several groups performed DSMC analyses of some of these cases, Moss and Bird [22] provide the most comprehensive comparisons with the measured data.  Figures 2a and 2b show comparisons for surface pressure and heat flux for a Mach 15.6, Kn=0.001 flow of nitrogen over a double cone configuration.  DSMC results from two different codes (DS2V and SMILE) are provided and clearly give excellent agreement with the measurements.  Similar levels of agreement between DS2V DSMC computations and measurements of pressure and heat flux are also shown in [25] for a Mach 12.4, Kn=0.0004 flow of nitrogen over a cylinder flare configuration.  Similar to the planetary probe case, while vibrational energy of nitrogen was barely activated, there was no chemistry present in these flows.


There are very few comprehensive data sets measured under rarefied conditions involving three dimensional flows.  An interesting example concerns data obtained in a low density, hypersonic wind-tunnel in the 1960’s as part of the Apollo program [26-29].  A variety of very small models were tested that represented cones as well as capsules such as Apollo, Gemini, and Mercury.  The MONACO DSMC code was applied to simulate the tests on the cones that were conducted in a Mach 10 flow of nitrogen at a global Knudsen number of 0.065 [30].  Figure 3a shows contours of Mach number computed for an angle of attack of 20 deg..  Figures 3b and 3c show comparisons for aerodynamic properties between measurement and simulation.  In these figures, “FMF” shows results obtained from free molecular theory, and “MN” indicates modified Newtonian theory.   For both the drag and the pitching moment, the 3D DSMC computations are in excellent agreement with the measured data.  The comparisons also indicate that neither the free molecular theory nor the Newtonian theory provide any useful results for this condition indicating that the more computationally expensive DSMC approach is required.  Figures 4a, 4b, and 4c show the corresponding results for Mach 10 flow of nitrogen over a model of the Apollo Command Module capsule at a Knudsen number of 0.067 conducted in the exact same facility as the cone studies.  In this case, significant differences between simulation and measurement are found for the drag force.  Similarly, there is relatively poor agreement between the MONACO DSMC solutions for pitching moment coefficient and the measured values, as shown in Fig. 4c.  For example, DSMC predicts a trim angle that is about 15 deg. different from the experiments.  Independent DSMC computations of the same flows were performed using the DS3V DSMC code, and the results show excellent agreement with the MONACO DSMC profiles.  The fact that good agreement between measurement and simulation is obtained in one case and not in another for two tests performed in the same experimental facility illustrates the difficulties involved in validating the DSMC approach using the limited amounts of laboratory data.  This situation clearly calls out for additional experiments to be carried out carefully under hypersonic, rarefied flow conditions.


Despite the lack of detailed validation using laboratory data, the DSMC technique has been applied to analyze the aerodynamics and aerothermodynamics of many different spacecraft entering the atmospheres of Earth and of planets in the Solar System.  In the following sections, we provide a review of prior DSMC studies of atmospheric entry that is divided into three parts: (1) Earth entry of slender bodies; (2) Earth entry of blunt bodies; and (3) planetary entry.


3.2 DSMC Analyses of Earth Entry Flows

The review of previous DSMC analyses of Earth entry flows is divided into those related to defense applications and those related to return of payloads from space.  These two classes of entry missions involve very different trajectories and vehicle configurations.


3.2.1 Slender Body Configurations

Very high speed delivery of military payloads is achieved using slender vehicle geometries. The Bow-Shock Ultra-Violet-2 (BSUV-2) hypersonic flight experiment represents an example of such a vehicle that was flown in 1991 [31]. The vehicle geometry consisted of a spherically-capped 15 deg. cone with a nose radius of about 10 cm. BSUV-2 reentered the atmosphere at 5.1 km/sec and provided data in the altitude range from 110 to 60 km. Experimental measurements of the ultra-violet emission due to nitric oxide and vacuum-ultra-violet emission due to atomic oxygen resonance transitions were obtained by on-board instrumentation.  Calculation of the radiative emission was performed in a decoupled approach. The chemically reacting flow field was computed using both continuum (CFD) [32,33,34] and direct simulation Monte Carlo (DSMC) methods [34]. Then, the emission was predicted from the flow field solutions using the NASA nonequilibrium radiation code NEQAIR [35].  Initial comparisons between DSMC-based results and measurement are labelled (1993) in Fig. 5a and produced poor agreement at high altitude.  This led to significant activity in the study of the oxygen dissociation and nitric oxide formation chemistry models used in the DSMC computations [36,37].  The final results obtained for nitric oxide radiance as a function of altitude are labelled “new models” in Fig. 5a [38]. Note that the BSUV-2 Knudsen number ranged from 0.008 at 71 km to 0.215 at 90 km.  In addition to obtaining very good agreement with radiance, the spectral features were also reproduced extremely well in the computations as demonstrated in Fig. 5b.  Good agreement was also obtained between DSMC-based prediction and measurement for atomic oxygen emission as shown in Fig. 5c. Sensitivity to the gas-surface interaction model used in DSMC is assessed through variation of the accommodation coefficient, t. The BSUV-2 studies clearly illustrated that access to detailed experimental measurements are needed in order to make significant advances in thermochemical modeling using the DSMC technique.

The Radio Attenuation Measurement (RAM) experiments involved a series of hypersonic entry flights designed to study communications blackout.  This is an important operational issue for all hypersonic vehicles in which the plasma formed at very high speed interferes with radio waves sent to and from the vehicle.  The vehicle of interest here (RAM-C II), consisted of a cone with a spherical nose cap of radius 0.1524 m, a cone angle of 9 deg., and a total length of about 1.3 m. While entering at orbital velocity (7.8 km/s), the RAM-C II experiment made measurements from about 90 km to 60 km altitude. Electron number density was measured using two different diagnostics at several locations in the plasma layer surrounding the vehicle [39,40]. A series of reflectometers was used to measure the maximum plasma density along lines normal to the vehicle surface in four different locations. A rake of Langmuir probes measured variation in the plasma density across the plasma layer near the rear of the vehicle. A schematic diagram of the vehicle geometry and the instrumentation placement is shown in Fig. 6a.  DSMC analysis of the RAM-C experiment at 81 km was performed by Boyd [41] in order to make assessment of DSMC procedures for simulating charged species (electrons, ions) in trace amounts.  The DSMC results were compared directly with the measurements of plasma density taken on the RAM-C II flight and these are shown in Figs. 6b and 6c.  In each case, the sensitivity of the DSMC results to the model (TCE or VFD) employed for dissociation chemistry is investigated. Clearly, very good agreement is obtained between simulation and measurement that provided validation of the new DSMC procedures.

3.2.2 Blunt Body Configurations

The successful return of payloads (including people) from space requires use of blunt vehicle geometries to provide reduced levels of deceleration and heat load.  One of the first applications of the DSMC technique to analyze the entry aerodynamics of a full-scale vehicle was performed by Rault [42] who simulated the aerodynamics of the Space Shuttle Orbiter at altitudes from 170 to 100 km where the Knudsen number ranged from about 2 to 0.005.  Performed around 1993, these 3D computations were extremely expensive for the time.  Comparison of the results obtained was made with free molecular theory, with CFD calculations, with aerodynamic bridging relations, and with Space Shuttle flight data.  Very good agreement was obtained between DSMC and flight data for lift-to-drag ratio and for the axial force coefficient.  Significant discrepancies were, however, found both for the normal force coefficient and for the pitching moment.


Ivanov et al. [43] describe DSMC analysis using SMILE of the aerodynamics of a Russian entry capsule over the altitude range from 130 to 85 km.  Comparisons made between the DSMC results and free flight experimental measurements for the axial and normal force and pitching moment coefficients revealed excellent agreement.  The SMILE code was also applied by Markelov et al. [44] to help in the analysis of de-orbiting the Russian space station Mir.  The highly complex, 3D geometry was analyzed using DSMC over the altitude range from 200 to 110 km for which the effective Knudsen number varies from about 20 to 0.05.  It was found that aerodynamic coefficients do not change significantly until about 120 km and that the vehicle is statically stable throughout this altitude range.


Moss [45] applied the DS2V DSMC code to analyze the aerothermodynamics of a proposed  ballute deceleration system for Earth entry at velocities from 14 to 7 km/s and altitudes from 200 to 100 km.  A schematic diagram of the capsule-ballute configuration is shown in Fig. 7a. An example of the complex flow computed using DSMC is provided in Fig. 7b.  A number of interesting and important conclusions were drawn from the analyses including the observation of unsteady flow phenomena for certain capsule-ballute configurations, and that the highest heat fluxes were experienced on the ballute tether.


A DSMC study using both DS3V and DAC of a lower speed entry was performed by Moss et al. [46] to analyze the supersonic aerodynamics in the transition regime of NASA’s Inflatable Reentry Vehicle Experiment (IRVE).  The DSMC technique was employed to develop an extensive aerodynamics database covering the altitude range from 150 to 95 km for which the vehicle Knudsen number ranged from 10 to 0.017.  Angle of attack was varied from 0 to 180 deg..  Another high altitude supersonic flight experiment called TOMEX was analyzed using the MONACO DSMC code by Sun et al. [47].  Three dimensional computations of the complex vehicle geometry were performed that included the flow into pressure sensors employed during flight.  The Knudsen number ranged from about 50 to 0.02.  As a demonstration of the strong capabilities of the DSMC technique to model complex, 3D flow configurations, a side view of the flow field mesh that employs tetrahedral cells is shown in Fig. 8a for one of the TOMEX cases.  Figure 8b illustrates the excellent agreement that was obtained between the DSMC predictions and the pressures measured by several different sensors during the TOMEX flight.


NASA’s Stardust Sample Return Capsule (SRC) entered the Earth’s atmosphere at a velocity of about 12.8 km/s making it the most energetic man-made vehicle to undergo hypersonic entry. The SRC geometry is shown in Fig. 9a.  The DSMC codes G2 (an earlier form of Bird’s DS2V code) and DAC were used by Wilmoth et al. [48] prior to the flight in 1998 in order to analyze the entry aerodynamics.  Focused on aerodynamics, those early Stardust DSMC computations omitted ionization and employed simple thermochemical models.  During the SRC entry in 2006, a suite of spectroscopic instruments measured the radiation emitted from the very strong bow shock wave formed around the vehicle [49].  With the availability of detailed experimental measurements, several further DSMC studies of the SRC entry have been performed recently that employed state-of-the-art thermochemistry modeling including ionization [50,51,52].  Profiles of the temperatures from the various energy modes (Tt=translation; Tr=rotational; Tv=vibrational; Te=electron) predicted along the stagnation streamline of the SRC at an altitude of 81 km are shown in Fig. 9b.  The separation among these profiles illustrates the strong degree of thermal nonequilibrium of the gas under these extreme conditions.  Profiles along the stagnation streamline of the mole fractions of selected chemical species are shown in Fig. 9c illustrating the high degree of chemical activity present in the flow.  The NEQAIR radiation code [35] was again employed to estimate the radiation spectra based on the DSMC flow field results.  An example of a direct comparison between the computed and measured spectra at an altitude of 81 km is shown in Fig. 9d.  Generally, it is found that air plasma atomic line features are quite well predicted by the combination of DSMC and NEQAIR.


3.3 DSMC Analyses of Planetary Entry Flows

Several DSMC studies have been performed of the aerodynamics and heating of vehicles entering the Mars atmosphere that consists of 95.4% of CO2 and 4.6% of N2. Direct comparisons between DSMC predictions obtained using DAC and flight measurements taken during the Viking-1 entry for the ratio of normal to axial aerodynamic force yielded excellent agreement as shown in Fig. 10 [53].  Similar comparisons for the drag coefficient indicated that the DSMC results were not inconsistent with the measurements although the flight data were only taken in the continuum regime so direct comparison with DSMC was not possible.  An extensive aerodynamics database was constructed using G2 and DAC for the Mars Pathfinder mission by Moss et al. [54].  The DSMC analyses traversed a Knudsen number range from 100 to 0.027 and angle of attack variation from 0 to 35 deg..  The database was used for Martian atmosphere density reconstruction and spacecraft attitude determination based on in-flight accelerometer data.  DAC was again used by Wilmoth et al. [55] to analyze the aerothermodynamics of the Mars Global Surveyor (MGS).  The data generated were employed for spacecraft design, mission planning, flight operations, and atmospheric reconstruction.  MGS was the first planetary entry mission designed to use aerobraking to customize its orbit by gradually descending into the Mars atmosphere over a period of several months.  The Knudsen number during the aerobraking process varied from about 10 down to 0.05 placing the flows firmly in the transition regime.  The DSMC generated aerothermodynamic database played a key role in the successful completion of the aerobraking maneuver.  Finally, the DAC and G2 DSMC codes were applied by Moss et al. [56] to generate an aerothermodynamic database for Mars Microprobes.  Aerodynamics characteristics and surface heat flux were determined over a Knudsen number range from 80 to 0.002.

DSMC analyses have been performed on the interaction of the Magellan spacecraft with the atmosphere of Venus. The composition of the Venusian atmosphere is 76% CO2, 9% CO, 9% Ar, and 6% N2.  Near the end of its mission, the Magellan spacecraft for the first time successfully performed an aero-brake maneuver in the atmosphere to circularize its orbit.  Rault [57] applied a 3D DSMC code to compute the aerodynamic characteristics of the complex spacecraft geometry at an altitude of 140 km as part of the assessment of whether to perform the aero-brake maneuver. The complex mesh is illustrated in Fig. 11a.  The flow had a freestream Knudsen number of about 10 and the DSMC results indeed showed only minor departures from free molecular analysis. Contours of density ratio (
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) at an angle of attack of 30 deg. and a 50 deg. roll are shown in Fig. 11b.  A similar analysis was reported by Haas and Schmitt [58] using a different 3D DSMC code.  They found relatively small differences of 5-10% between DSMC and free molecular theory for forces, moments, and heating.  In a related study, Haas and Feiereisen [59] used DSMC to analyze the heating to the Magellan spacecraft during proposed aero-pass maneuvers.


DSMC analysis of the rarefied portion of the entry of the Galileo probe into the atmosphere of Jupiter was performed by Haas and Milos [60].  The Jovian atmosphere consists of 89% H2 and 11% He.  Seven points along the entry trajectory were investigated with the freestream Knudsen number ranging from 400 to 0.07 and all at zero angle of attack. The purpose of the analysis was to accurately compute the drag coefficient that was needed to infer atmospheric density from an accelerometer experiment.  A unique aspect of this study was the coupling of the convective heating predictions from DSMC to a thermal response code in order to estimate out-gassing rates of pyrolyzed gas originating in the thermal protection system of the probe.  The predicted flux of pyrolysis products was as much as an order of magnitude higher than the freestream flux and had a significant effect on the probe aerodynamics, for example reducing the drag coefficient by 15%.


4.0 Summary

The direct simulation Monte Carlo method (DSMC) has evolved more than 40 years into a powerful analysis tool for computation of kinetic nonequilibrium hypersonic entry flows.  The heart of the technique is its detailed treatment of collisional phenomena including relaxation of internal energy modes, chemistry, radiation, and gas-surface interaction.  Assessment of the DSMC technique for hypersonic flows using ground-based experimental measurements has been limited to conditions without chemistry due to the technical challenges of generating high-energy, rarefied flows.  The DSMC method has been validated using flight data (BSUV-2, RAM-C) for slender body vehicles based on measurements of radiation emission and plasma density.  The DSMC technique has also been applied to analyze the entry into Earth’s atmosphere of several different blunt body configurations including comparisons with flight measurements for the Space Shuttle, space station Mir, TOMEX, and Stardust.  The DSMC technique generally provides excellent comparisons with most of the measured data sets.  The confidence obtained in the physical accuracy of the DSMC method has led to its application to analyze the aerothermodynamic performance of proposed vehicles such as ballutes and to aid in the design of entry flight experiments such as IRVE. The DSMC technique has played a key role in the design and flight analysis of several NASA Mars entry missions including the entry of Pathfinder and the aerobraking of Mars Global Surveyor.  Further notable applications of the DSMC technique to planetary entries include analysis of the aero-braking maneuver of the Magellan spacecraft in the atmosphere of Venus, and entry into Jupiter of the Galileo probe.
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Figure 1a: Adapted mesh for Mach 20, Kn=0.03 flow over a planetary probe.
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Figure 1b: Contours of 
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 for Mach 20, Kn=0.03 flow over a planetary probe [19].


[image: image7.png]10°

10"

10°

L

Experiment
MONACO
L]
{2 e
Ll
6 8 10






Figure 1c: Heat flux coefficient on a planetary probe at Mach 15.6, Kn=0.002 [19].
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Figure 2a: Pressure along the surface of a double cone tested at Mach 15.6, Kn=0.002 [25].
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Figure 2b: Heat flux along the surface of a double cone tested at Mach 15.6, Kn=0.002 [25]. 
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Figure 3a: Contours of Mach number about a cone at angle of attack [30].
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Figure 3b: Drag coefficient for a cone at angle of attack [30].
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Figure 3c: Pitching moment for a cone at angle of attack [30].
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Figure 4a: Contours of Mach number about a capsule at angle of attack [30].
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Figure 4b: Drag coefficient for a capsule at angle of attack [30].
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Figure 4c: Pitching moment for a capsule at angle of attack [30].



Figure 5a: NO emission as a function of altitude for the BSUV-2 hypersonic flight [38].




Figure 5b: Normalized NO spectra at an altitude of 90 km for the BSUV-2 flight [38].
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Figure 5c: O emission as a function of altitude for the BSUV-2 hypersonic flight [38].
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Figure 6a: RAM-C vehicle geometry and location of instrumentation.


[image: image18.png]Electron Number Density (m™)

10

K ® RAMC
o DSMC (TCE)
E? --------- DSMC (VFD)
107
10"







Figure 6b: Peak plasma density as a function of axial location along the RAM-C vehicle [41].
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Figure 6c: Plasma density as a function of radial distance from the RAM-C surface [41].
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Figure 7a: Schematic diagram of capsule and ballute studied by Moss [45].
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Figure 7b: Contours of pressure computed by Moss using DSMC about a capsule/ballute [45].
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Figure 8a: Slice through the 3D tetrahedral mesh for TOMEX simulation [47].
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Figure 8b: Comparisons between TOMEX flight measurements and DSMC for pressure [47].
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Figure 9a: Schematic diagram of the Stardust Sample Return Capsule (SRC).
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Figure 9b: Temperature profiles along the Stardust SRC stagnation streamline at 81 km [52].
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Figure 9c: Mole fraction profiles along the Stardust SRC stagnation streamline at 81 km [52].
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Figure 9d: Comparison of measured and computed spectra for Stardust at 81 km [52].
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Figure 10: Ratio of normal-to-axial force coefficient for Viking I entry into Mars [53].
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Figure 11a: Mesh employed by Rault to study Magellan orbiting Venus at 140 km altitude [57].
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Figure 11b: Gas density around Magellan orbiting Venus at 140 km altitude [57].









































RTO-EN-AVT-162 
16(2) - 1

16(2) - 10
RTO-EN-AVT-162 

RTO-EN-AVT-162 
16(2) - 9



_1145010598.unknown



_1147081781.unknown



_1147438385.unknown



_1145010561.unknown



_1103627180.doc

[image: image1.emf][image: image2.emf]







Qua nt i fi ca t i o n o f Uncer t a i nty i n Fl ow Si mul a t i o ns


Us i ng Pr o ba bi l i s t i c Met ho ds


Gianluca Iaccarino
Mechanical Engineering


Institute for Computational Mathematical Engineering


Stanford University


ABabcdfghiejkl
Non-equilibrium gas dynamics


From physical models to hypersonic flights


VKI Lecture Series - Sept. 8-12, 2008


 


RTO-EN-AVT-162 17 - 1 


 


 


 







Contents


1 Introduction and motivation 3


2 Definitions and basic concepts 4


2.1 Errors vs. uncertainties . . . . . . . . . . . . . . . . . . . . . 4
2.2 Aleatory uncertainty . . . . . . . . . . . . . . . . . . . . . . . 4
2.3 Epistemic uncertainty . . . . . . . . . . . . . . . . . . . . . . 5
2.4 Sensitivity vs. uncertainty analysis . . . . . . . . . . . . . . . 5


3 Predictions under uncertainty 6


3.1 Data assimilation . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Uncertainty propagation . . . . . . . . . . . . . . . . . . . . . 7
3.3 Certification . . . . . . . . . . . . . . . . . . . . . . . . . . . 7


4 Probabilistic uncertainty propagation 8


4.1 Sampling techniques . . . . . . . . . . . . . . . . . . . . . . . 8
4.1.1 Monte Carlo method . . . . . . . . . . . . . . . . . . . 9
4.1.2 Latin Hypecube approach . . . . . . . . . . . . . . . . 10


4.2 Quadrature methods . . . . . . . . . . . . . . . . . . . . . . . 10
4.2.1 Stochastic collocation . . . . . . . . . . . . . . . . . . 11
4.2.2 Extension to multiple dimensions . . . . . . . . . . . . 14


4.3 Spectral methods . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.3.1 Stochastic Galerkin approach . . . . . . . . . . . . . . 15
4.3.2 Extension to multiple dimensions . . . . . . . . . . . . 17


5 Examples 18


5.1 Steady Burgers equation . . . . . . . . . . . . . . . . . . . . . 18
5.2 Heat transfer computations under uncertainty . . . . . . . . . 21
5.3 Shock dominated problems . . . . . . . . . . . . . . . . . . . 22


6 Conclusions and outlook 26


Quantification of Uncertainty in Flow 
Simulations Using Probabilistic Methods 


17 - 2 RTO-EN-AVT-162 


 


 







1 Introduction and motivation


In the last three decades, computer simulation tools have achieved wide
spread use in the design and analysis of engineering devices. This has
shortened the overall product design cycle and it has also provided bet-
ter understanding of the operating behavior of the systems of interest. As
a consequence numerical simulations have lead to a reduction of physical
prototyping and to lower costs.


In spite of this considerable success, it remains difficult to provide objec-
tive confidence levels in quantitative information obtained from numerical
predictions. The complexity arises from the amount of uncertainties related
to the inputs of any computation attempting to represent a physical system.
As a result, especially in the area of reliability and safety, physical testing
remains the dominant mechanism of certification of new devices. Rigor-
ous quantification of the errors and uncertainties1 introduced in numerical
simulations is required to establish objectively their predictive capabilities.


Procedures to establish the quality of numerical simulations have been
organized within the framework of Verification and Validation (V&V) ac-
tivities [34]. Verification is a mathematical process that aims at answering
the question: “are we solving the equations correctly?”. The objective is
to quantify the errors associated to the algorithms employed to obtain the
solution of the governing equations. Validation, on the other hand, aims at
answering the question “are we solving the correct equations?”. The goal
is to identify the appropriateness of the selected mathematical/physical for-
mulation to represent the device to be analyzed. Validation always involves
comparisons of the numerical predictions to reality, whereas verification only


involves numerical analysis and tests.
There is a growing recognition of the fact that validation cannot be car-


ried out without explicitly accounting for the uncertainties present in both
the measurements and the computations. Experimentalists are typically re-
quired to report uncertainty bars to clearly identify the repeatability and the
errors associated to the measurements. Validation must be carried out ac-
knowledging the nature of the experimental uncertainties and by providing
a similar indication of the computational error bars. One of the objective
of uncertainty quantification methods is to construct a framework to esti-
mate the error bars associated to given predictions. Another objective is to
evaluate the likelihood of a certain outcome; this obviously leads to better
understanding of risks and improves the decision making process.


1The difference between errors and uncertainties will be given later
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2 Definitions and basic concepts


The uncertainty quantification community has introduced precise definitions
to characterize various types of uncertainties.


2.1 Errors vs. uncertainties


The American Institute of Aeronautics and Astronautics (AIAA) ”Guide
for the Verification and Validation of CFD Simulations” [35] defines errors


as recognisable deficiencies of the models or the algorithms employed and
uncertainties as a potential deficiency that is due to lack of knowledge.


This definition is not completely satisfactory because does not precisely
distinguish between the mathematics and the physics. It is more useful to
define errors as associated to the translation of a mathematical formulation
into a numerical algorithm (and a computational code).


Errors are typically also further classified in two categories: acknowl-
edged errors are known to be present but their effect on the results is deemed
negligible. Examples are round-off errors and limited convergence of certain
iterative algorithms. On the other end, unacknowledged errors are not rec-
ognizable2 but might be present; implementation mistakes (bugs) or usage
errors can only be characterized by comprehensive verification tests and
procedures.


Using the present definition of errors, the uncertainties are naturally as-
sociated to the choice of the physical models and to the specification of the
input parameters required for performing the analysis. As an example, nu-
merical simulations require the precise specification of boundary conditions
and typically only limited information are available from corresponding ex-
periments and observations. Therefore variability, vagueness, ambiguity and
confusion are all factors that introduce uncertainties in the simulations. A
more precise characterization is based on the distinction in aleatory and
epistemic uncertainties.


2.2 Aleatory uncertainty


Aleatory uncertainty3 is the physical variability present in the system being
analysed or its environment. It is not strictly due to a lack of knowledge


2In principle, using the AIAA definition, unacknowledged errors could be considered
uncertainties because they are associated to lack of knowledge


3Aleatory uncertainty is also referred to as variability, stochastic uncertainty or irre-
ducible uncertainty.
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and cannot be reduced. The determination of material properties or operat-
ing conditions of a physical system typically leads to aleatory uncertainties;
additional experimental characterization might provide more conclusive ev-
idence of the variability but cannot eliminate it completely. Aleatory uncer-
tainty is normally characterized using probabilistic approaches.


2.3 Epistemic uncertainty


Epistemic uncertainty4. is what is indicated in the AIAA Guide (AIAA
1998) as ”uncertainty”5, i.e. a potential deficiency that is due to a lack of
knowledge. It can arise from assumptions introduced in the derivation of
the mathematical model used or simplifications related to the correlation or
dependence between physical processes. It is obviously possible to reduce the
epistemic uncertainty by using, for example, a combination of calibration,
inference from experimental observations and improvement of the physical
models. Epistemic uncertainty is not well characterized by probabilistic ap-
proaches because it might be difficult to infer any statistical information
due to the nominal lack of knowledge. A variety of approaches have been
introduced to provide a more suitable framework for these analysis. Typi-
cal examples of sources of epistemic uncertainties are turbulence modeling
assumptions and surrogate chemical kinetics models.


2.4 Sensitivity vs. uncertainty analysis


Sensitivity analysis (SA) investigates the connection between inputs and
outputs of a (computational) model; more specifically, it allows to identify
how the variability in an output quantity of interest is connected to an
input in the model and which input sources will dominate the response of
the system. On the other hand, uncertainty analysis aims at identifying the
overall output uncertainty in a given system. The main difference is that
sensitivity analysis does not require input data uncertainty characterization
from a real device; it can be conducted purely based on the mathematical
form of the model. As a conclusion large output sensitivities (identified
using SA) do not necessarily translate in important uncertainties because
the input uncertainty might be very small in a device of interest.


SA is often based on the concept of sensitivity derivatives, the gradient of
the output of interest with respect to input variables. The overall sensitivity


4Epistemic uncertainty is also called reducible uncertainty or incertitude
5Aleatory uncertainty is not mentioned in the AIAA Guidelines
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is then evaluated using a Taylor series expansion, which, to first order, would
be equivalent to a linear relationship between inputs and outputs.


3 Predictions under uncertainty


Computer simulations of an engineering device are performed following a
sequence of steps.


Initially the system of interest and desired performance measures are
defined. The geometrical characterization of the device, its operating condi-
tions, the physical processes involved are identified and their relative impor-
tance must be quantified. It is worthwhile to point out that the definition of
the system response of interest is a fundamental aspect of this phase. The
next step is the formulation of a mathematical representation of the system.
The governing equations and the phenomenological models required to cap-
ture the relevant physical processes need to be defined. In addition, the pre-
cise geometrical definition of the device is introduced. This step introduces
simplification with respect to the real system; for example small geometrical
components are eliminated, or artificial boundaries are introduced to reduce
the scope of the analysis. With a well defined mathematical representation
of the system, the next step if to formulate a discretized representation.
Numerical methods are devised to convert the continuous form of the gov-
erning equations into an algorithm that produces the solution. This step
typically requires, for example, the generation computational grid, which is
a tessellation of the physical domain. Finally the analysis can be carried
out.


The introduction of uncertainty in numerical simulations does not alter
this process but introduces considerable difficulties in each phase. It is useful
to distinguish three steps: data assimilation, uncertainty propagation and
certification.


3.1 Data assimilation


Data assimilation consists of a study of the system of interest that aims at
identifying the properties, physical processes and other factors required to
fully characterize it. The analysis is typically focused on the specific in-
puts required by the mathematical framework that will be applied in the
simulations. As an example, the boundary conditions required in numeri-
cal simulations should be inferred from observation of the device of inter-
est or specific experiments. Given the limited degree of reproducibility of
experimental measurements and the errors associated to the measurement
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techniques, these quantity are known with a certain degree of uncertainty
(typically specified as an interval, x ± y%). Probabilistic approaches treat
these quantities, that overall characterize the aleatory uncertainty, as ran-


dom variables assuming values within specified intervals. In mathematical
terms this is equivalent to define random variables with a specified probabil-
ity distribution functions (PDF) [13]. The obvious choice is to use random
variables defined using analytical distributions (Gaussian, uniform, etc.). It
is difficult to justify this choice [5] solely from experimental evidence be-
cause of the limited amount of data typically available6; in many situation
the only data available are obtained from expert opinions and can lead to
ambiguous or conflicting estimates. Alternative approaches have been de-
vised to provide a more flexible framework to handle this situation, evidence
theory is one such approach [37, 38].


In the context of probabilistic approaches, the objective of data assimila-
tion is to define PDFs of each of the input quantity used in the computational
tool.


3.2 Uncertainty propagation


Once probability distributions are available for all the input quantities in
the computational algorithm, the objective is to compute the PDFs of the
output quantities of interest. This step is usually the most complex and
computationally intensive for realistic engineering simulations. A variety of
methods are available in the literature, from sampling based approaches (e.g.
Monte Carlo) to more sophysticated stochastic spectral Galerkin approaches.
In the next section these methods are described in detail.


3.3 Certification


Once the statistics of the quantity of interest have been computed, various
metrics can be used to characterize the system output, depending on the
specific application. The most common use of such statistical information
is a reliability assessments, where the likelihood of a certain outcome is es-
timated and compared to operating margins. In a validation context, the
PDF (or more typically the cumulative distribution function) is compared to
experimental observation to extract a measure of the confidence in the nu-
merical results. The characterization of these measures, so-called validation


6Note that the specification of an interval is not equivalent to a specification of a
uniform probability distribution. An interval formally does not contain probabilistic in-
formation!
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metrics, is an active area of research [33].


4 Probabilistic uncertainty propagation


Within a probabilistic framework, the problem of uncertainty propagation
consists of the generation of PDFs of the outcomes given (known) distri-
bution of all the input parameters. Several classes of methods have been
developed to solve this problems; in this section three popular approaches
are described.


Consider the vector x = (x1, ...xD) containing the input quantities to
the computational model; assume that y = g(x) is the output of interest; g
is possibly the result of a complex fluid dynamic simulation.


In probabilistic uncertainty quantification approaches the stochastic, in-
put quantities x are represented as independent continuous random vari-
ables xi(ωi)


7 mapping the sample space Ωi to real numbers, xi : Ωi → R.
This assumption in practical terms increases the dimensionality of the prob-
lem: the original deterministic outcome y = f(x1, ..., xi, ...xD) becomes a
stochastic quantity y = f(x1, ..., xi, ...xD : ω1, ..., ωi, ..., ωD). The objective
is to compute the PDF of y, fy, in order to evaluate the likelihood of a
certain outcome, or, in general, statistics of y. The expected value E[y] and
the variance V ar[y] are defined as:


E[y] =


∫


∞


∞


zfy(z)dz (1)


V ar[y] =


∫


∞


∞


(z − E[y])2 fy(z)dz = E[y2] − (E[y])2 . (2)


Note that y is a stochastic variable while the expected value and the variance
are deterministic quantities.


4.1 Sampling techniques


Sampling-based techniques are the simplest approaches to propagate un-
certainty in numerical simulations: they involve repeated simulations (also
called realizations) with a proper selection of the input values. All the results
are then collected to generate a statistical characterization of the outcome.
In the following the Monte Carlo approach and the Latin Hypercube sam-
pling strategy are described.


7The assumption of independence is mathematically stated as fx1,...,xD
= fx1


· · · fxD
,


where fx1,...,xD
the joint PDF is the product of the marginals
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Figure 1: Equally probability intervals defined on the input parameter space
for a Gaussian PDF. Each of the interval is sampled in the Latin hypercube
method.


4.1.1 Monte Carlo method


The Monte Carlo method [31] is the oldest and most popular sampling ap-
proach. It involves random sampling from the space of the random variables
xi according to the given PDFs. The outcome is typically organized as a
histogram and the statistics are readily computed from Eq. (2) by replac-
ing the integrals with sums over the number of samples. The method has
the advantage that it is simple, universally applicable and does not require
any modification to the available (deterministic) computational tools. It is
important to note that while the method converges to the exact stochastic
solution as the number of samples goes to infinity, the convergence of the
mean error estimate is slow. Hence thousands or millions of data samples
may be required to obtained accurate estimations. However, the conver-
gence does not directly depend on the number of random variables in the
problem. In this form the Monte Carlo methods always give the correct
answer, but a prohibitively large number of realizations may be required to
accurately estimate responses that have a small probability of occurrence.
On the other hand, the convergence of the low order statistics (expected
value and variance) require much smaller number of samples.
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Figure 2: Sampling based techniques with two uncertain inputs. (left) Monte
Carlo; (center) Latin Hypercube; (right) Lattice based


4.1.2 Latin Hypecube approach


Several methods have been developed to accelerate the Monte Carlo ap-
proach. One of the most successful is the Latin Hypercube sampling (LHS)
[29] approach. The range of each input random variable xi is divided in
M intervals with equal probability. In Fig. 1 this is illustrated for a single
input Gaussian random variable. M random samples are drawn, one from
each of the intervals and the convergence is faster than Monte Carlo because
the occurrence of low probability samples is reduced. The construction is
especially effective in multiple dimensions; in Fig. 2 an example of samples
generated using Monte Carlo and Latin Hypercube for two uniform ran-
dom variables is reported. The LHS samples projected on each of the axis
provide optimal coverage of the parameter space [30]. On the other hand,
the Monte Carlo samples show clusters and holes that eventually lead to
the slower convergence. In Fig. 2 another strategy is illustrated: Lattice-
based sampling. In this approach, the parameter space is discretized using
regularly spaced points (lattice); once the solution is evaluated at those lo-
cations a random shift is applied to the lattice and another set of solutions
are computed[31]. The choice of the lattice is related to the distribution of
the input variables similarly to the LHS approach and the objective is again
to reduce the occurrence of clusters and holes in the samples.


4.2 Quadrature methods


One of the objective of UQ propagation methods is the computation of
the statistics of an outcome of interest, such as its expectation and the
variance. As shown earlier, these require the evaluation of integrals (over
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the parameter space) and it is therefore natural to employ conventional


numerical integration techniques8.
Let’s consider a problem with one uncertain parameter ξ; the objective


is to compute integrals of y(ξ). A class of quadrature rules are based on in-
terpolating basis functions that are easy to integrate, typically polynomials.
The integral is expressed as a weighted sum of the integrand y evaluated
in a finite number of locations on the ξ-axis (abscissas). The choice of the
polynomial basis defines the weights and the corresponding abscissas.


The simplest example is the midpoint rule in which a sequence of M
equally spaced values ξ(i) in the interval [a, b] (x1 = a and xM = b) is
considered. The function y is evaluated at M − 1 abscissas as y((ξ(i) +
ξ(i+1))/2) = yi+1/2. The integral is simply obtained as the sum of the M −1
values yi+1/2 times the size of the interval (b − a). In this case the basis
functions are piecewise constant and the weights are all equal to (b− a)/M .
Quadratures based on equally spaced abscissas include the commonly used
trapezoidal and Simpson rules and are, in general, referred to as Newton-
Cotes formulas.


4.2.1 Stochastic collocation


Stochastic collocation refers to quadrature methods used to compute in-
tegrands of random variables, thus over a stochastic domain. Although
Newton-Cotes formulas are applicable in this context, it is usually prefer-
able to consider more general approaches, in which the abscissas are not
equally spaced. Gaussian quadratures are popular in the field of uncertainty
analysis because of their high accuracy9; the general format is:


∫ b


a
y(ξ)f(ξ)dξ =


M
∑


k=0


w(ξk)y(ξk) + RM (y) (3)


where the abscissas ξk are associated with zeros of orthogonal polynomials
and wk are weights and f(ξ) is a weighting function; in the present context,
f represents a PDF. RM is the remainder term which determines the order
of accuracy of the integration. In particular, the formula (3) is said to have
polynomial degree of exactness p if RM (y) = 0 when y(ξ) is a polynomial
of degree ≤ p. Newton-Cotes formulae have p = M − 1 whereas Gaussian


8Numerical integration and quadrature are typically synonym for one dimensional func-
tions. In higher dimensions the term cubature is often used instead of quadrature


9High order polynomial interpolating functions constructed on equally spaced grids
also suffer from the Runge’s phenomenon.
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Figure 3: (Legendre (left) and Hermite (right) polynomials.


quadratures achieve higher p with the same number of function evaluations
(M + 1), specifically p = 2M + 1. This is the main advantage of Guassian
quadrature and is accomplished by virtue of the orthogonality condition of
the interpolating basis functions[24] [4], which is in general stated as:


〈pm, pn〉 =


∫ b


a
pm(ξ)pn(ξ)f(ξ)dξ = δnm (4)


where δnm is the Kroneker symbol.
The most commonly used form of Guassian quadrature is the Gauss-


Legendre integration formula which is based on Legendre polynomials ℓk(ξ).
In Fig. 3 the first few polynomials are reported. These are constructed
using the three term recurrence relation (with ℓ0(ξ) = 1 and ℓ1(ξ) = ξ):


(n + 1)ℓn+1(ξ) = (2n + 1)ξℓn(ξ) − nℓn−1(ξ)


The weight function in Eq. (3) is simply f(ξ) = 1; the integration
weights are computed as


wk =


∫ b


a
ℓk(ξ)dξ


and the abscissas ξk for an M -point quadrature rule are the zeros of the
ℓM+1 polynomial. As an example the computation of expectation of an
output in the presence of an uncertain input defined in a interval [a, b] (as
a uniform random variable) can be computed as:


E(y) =


∫ b


a
y(ξ)fy(ξ)dξ =


M
∑


k=0


y(ξk)wk (5)
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For uncertain parameters defined on unbounded domains such as ran-
dom variables described by Gaussian probability distributions, the Gauss-
Hermite quadrature is used [19]. In this case the three term recurrence
relation is (h0(ξ) = 1 and h1(ξ) = ξ):


hn+1(ξ) = 2ξhn(ξ) − 2nhn−1(ξ)


and the weight function is f(ξ) = e−ξ2


. In this case the integration weights
wk are expressed as:


wk =


∫


∞


−∞


hk(ξ)e
−ξ2


dξ


and the expectation can be computed as before just evaluating the outcome
at M + 1 abscissas that correspond to the zeros of the Hermite polynomial
hM+1.


There is an obvious connection between the choice of the polynomial
and the probability distribution of the input variables: the orthogonality
condition (Eq. 4). In the present context, in order to achieve the polyno-
mial exactness of Gaussian quadratures for computing the expectation, the
polynomials have to be orthogonal with respect to the weight function that
corresponds to the PDF of the input variable.


The two Gauss quadrature rules described above require the computation
of a new set of abscissas (and corresponding function evaluations) for each
desired order M ; alternative approaches have the property that the abscissas
are nested, e.g. different accuracy formulas share abscissas. A popular
nested formulation rule is the Clenshaw-Curtis quadrature[17].


In practical terms, collocation methods for uncertainty propagation re-
quire the evaluation of zeros and weights for a family of orthogonal basis
functions; these can be computed and stored in advance. A set of M + 1
independent computations are performed and the results are combined to
obtain the statistics of the output of interest. Collocation can therefore
be interpreted as a sampling technique; it retains the main advantage of
the Monte Carlo method because it does not require modifications to the
existing computational tool.


The evaluation of the PDF of the output quantities is somewhat more
complicated for stochastic collocation methods than the computations of
the output statistics. The first step is the construction of the polynomial
interpolant of the solution y(ξ) in the parameter space which involves the
use of the M +1 solutions y(ξ(i)). At this point, the interpolant is used as a
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Figure 4: Tensor (left) and sparse (right) grid quadrature rules for two-
dimensional functions.


replacement for the original function10 and Monte Carlo sampling is used.


4.2.2 Extension to multiple dimensions


The natural extension of interpolation techniques to multiple dimensions
is a tensor product of one-dimensional interpolants. Let G(ξ1, . . . , ξD) be
the outcome of interest, expressed as a function of D random variables.
The set of points for the multi-dimensional interpolant is the tensor prod-
uct of the abscissas for the one-dimensional interpolants; in the case that
the polynomial order is the same in every direction, the total number of
abscissas is (M + 1)D. Although the tensor product extension of the one-
dimensional quadrature rules is simple and accurate, it clearly suffers from
the exponential increase in the number of abscissas - and consequently re-
quired function evaluations - as the number of dimensions increases [20]. To
combat this, some have proposed using an alternative extension based on
the sparse grid construction, attributed to Smolyak [15]. In this case the
multi-dimensional product is constructed as a linear combination of tensor
product interpolants, each with relatively few points in its respective point
set. This greatly reduces the total number of abscissas - particularly as
the dimension D increases - while retaining the accuracy and convergence


10The approximated function is typically called a surrogate response surface
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properties of one-dimensional interpolants.
Fig. 4 illustrates the extension of Gauss-Legendre quadrature in two-


dimensions using tensor products and sparse grid rules. Different set of
abscissas (M is varied from 1 to 11) are reported to illustrate how, for
sparse grids, the number of points and corresponding function evaluations
remains relatively low even for high order polynomial interpolants.


Sparse grid constructions reduce the curse of dimensionality and con-
verge very rapidly if the function of interest is smooth. Precise convergence
results and comparisons to Monte Carlo methods are reported in [9]. Exten-
sions of this approach to construct anisotropic grids are currently an active
area of research; the objective in this case is to increase the order of the
interpolating polynomials only in selected directions to further reduce the
computational cost.


Other integration methods in high dimensions are also available in the
literature, for example Stroud formulae [10] although have not yet been
explored in the area of uncertainty quantification.


4.3 Spectral methods


The third class of methods for uncertainty propagation is based on spectral
methods in which the solution is expressed using a suitable series expansion.
These approaches are intrusive in the sense that the mathematical formula-
tion requires modification of the existing deterministic codes - in contrast to
the sampling approaches and the stochastic collocation methods described
before. For this reason, spectral methods have to be described with reference
to a given mathematical problem; in the following the Burgers equation is
used.


4.3.1 Stochastic Galerkin approach


In this approach the unknown quantities are expresses as an infinite series of
orthogonal polynomials defined on the space of he random input variable11.
This representation has its roots in the work of Wiener [23] who expressed a
Gaussian process as an infinite series of Hermite polynomials. Ghanem and
Spanos [22] truncated Wiener’s representation and used the resulting finite
series as a key ingredient in a stochastic finite element method.


As an example, consider the 1D Burgers equations


ut + uux = 0


11Stochastic Galerkin methods based on polynomial expansions are often referred to as
Polynomial Choas approaches [22]
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and assume that the initial condition is uncertain and characterized by one
parameter, ξ a Guassian random variable.


u(x, t = 0) = ξ ∗ sin(x)


In stochastic Galerkin approaches the (unknown) solution u = u(x, t, ξ)
is expressed as a spectral expansion as


u(x, t, ξ) =


∞
∑


i=0


ui(x, t)Ψi(ξ) (6)


where the coefficients ui(x, t) are independent of the random variable and,
therefore, deterministic (they are still function of the physical dimensions).
The Ψi(ξ) are Hermite polynomials and form a complete orthogonal set of
basis functions.


The expansion (6) is truncated to a certain order M and the approxi-
mated expression for u is inserted in the governing equation:


M
∑


i=0


∂ui


∂t
Ψi(ξ) +








M
∑


j=0


ujΨj(ξ)








(


M
∑


i=0


∂ui


∂x
Ψi(ξ)


)


= 0


Multiplying by Ψk(ξ) and integrating over the probability space - Galerkin
projection - we obtain a system of M coupled & deterministic equations for
the coefficients ui:


M
∑


i=0


∂ui


∂t
〈ΨiΨk〉 +


M
∑


i=0


M
∑


j=0


ui
∂uj


∂x
〈ΨiΨjΨk〉 = 0 for k = 0, 1, ...,M. (7)


Note that in Eq. (7) the double and triple products of the Hermite
polynomials are simply numbers [24] (cfr. Eq. 4):


〈ΨiΨj〉 = δiji!


〈ΨiΨjΨk〉 = 0 if i + j + k is odd or max(i, j, k) > s


〈ΨiΨjΨk〉 =
i!j!k!


(s − i)!(s − j)!(s − k)!
otherwise


and s = (i + j + k)/2.
The statistics of the solutions can be readily computed from the expansions


coefficients. In particular the expectation is
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E[u] = E


[


M
∑


k=0


ukΨk


]


= u0E[Ψ0] +


M
∑


k=1


ukE[uk] = u0


for the orthogonality of the polynomial basis. The variance is computed as:


V ar[u] = E
[


(u − E[u])2
]


= E








((


M
∑


k=0


ukΨk


)


− u0


)2



 =


E








(


M
∑


k=1


ukΨk


)2



 =


M
∑


k=1


u2
kE
[


Ψ2
k


]


=


M
∑


k=1


u2
k(k!)2


As an example, the polynomial chaos formulations for the Burgers equations
can be written explicitly. For M = 2 the expansion (6) is u(x, t, ξ) = u0 + ξu1 and
the governing system of equations is:


∂u0


∂t
+ u0


∂u0


∂x
+ u1


∂u1


∂x
= 0


∂u1


∂t
+ u1


∂u0


∂x
+ u0


∂u1


∂x
= 0


For M = 3 the expansion (6) is u(x, t, ξ) = u0 + ξu1 + 2(ξ2 − 1)u2 and the
governing system of equations is:


∂u0


∂t
+ u0


∂u0


∂x
+ u1


∂u1


∂x
+ 2u2


∂u2


∂x
= 0


∂u1


∂t
+ u1


∂u0


∂x
+ (u0 + 2u2)


∂u1


∂x
+ 2u1


∂u2


∂x
= 0


∂u2


∂t
+ u2


∂u0


∂x
+ u1


∂u1


∂x
+ (u0 + 4u2)


∂u2


∂x
= 0


It is worth to note that the choice of the polynomial basis is again connected
to the distribution of the input random variables. As for stochastic collocation
approaches Hermite and Legendre polynomials are used for Gaussian and uniform
random variables respectively. A general formulation based on the Askey polyno-
mials is presented in [21].


While the stochastic Galerkin technique has been shown to produce highly ac-
curate statistics, it does requires extensive modifications to existing computational
methods to solve for the coefficients of the expansion.


4.3.2 Extension to multiple dimensions


The presence of multiple uncertain parameters increases considerably the computa-
tional complexity of the stochastic Galerkin approach although it does not change
the overall formulation.
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It is formally possible to formulate the basis polynomials in terms of a full
tensor product of one-dimensional polynomials similarly to what considered for the
stochastic collocation approach. Ghanem and Spanos [22] introduced a different
expansion. For example for a problem with two uncertain parameters expressed in
terms of Gaussian random variables the first few bi-variate Hermite polynomials
are:


Φ0(ξ1, ξ2) = 1 (8)


Φ1(ξ1, ξ2) = ξ1


Φ2(ξ1, ξ2) = ξ2


Φ3(ξ1, ξ2) = ξ2
1 − 1


Φ4(ξ1, ξ2) = ξ1ξ2


Φ5(ξ1, ξ2) = ξ2
2 − 1


In multiple dimensions the number of coefficients M is determined by the num-
ber of dimensions D and the highest polynomial order P :


M =
(D + P )!


D!P !
(9)


As in stochastic collocation approach, the stochastic Galerkin method suffers
from the curse of dimensionality. Smolyak-type constructions have not been at-
tempted for the polynomial basis used in the spectral expansions but offer a possible
remedy.


5 Examples


The examples reported in the following offer indications of the relative computa-
tional cost of the uncertainty propagation approaches illustrated before. In these
test cases the uncertainty is assumed as part of the problem specification.


5.1 Steady Burgers equation


The first test problem is based on the 1D viscous Burgers equations [36]:


1


2
(1 − u)


∂u


∂x
= µ


∂2u


∂u2


where the convective flux is modified so that an exact solution can be obtained
(manufactured solution [34]):


u(x) =
1


2


[


1 + tanh


(


x


4µ


)]
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Figure 5: Expectation of the solution for the Burgers steady state problem
with uncertain viscosity. Monte Carlo sampling with different number of
realization. A numerical solution computed using 32 cells (left) is compared
to the exact solution (right).


In this case it is assumed that the viscosity is uncertain, for example as a
consequence to an unknown fluid temperature. A Gaussian random variable is
considered with mean and variance given by E[µ] = 0.25 and var[µ] = 0.002512


Calculations have been performed using a finite volume discretization on the
domain [-3:3]; boundary conditions are derived from the exact solution. Monte
Carlo sampling is initially used as the uncertainty propagation technique. The
expectation of the velocity is reported in Fig. 5.1 and has been computed using
a different number of samples ranging from 10 to 10,000. The results shows only
small dependency on the number of realization; in the same figure the statistical
convergence is also evaluated using the exact solution of the deterministic problem.
In Fig. 5.1 the solution variance is reported. In this case it is clear that 10 samples
are not sufficient and converged results are only obtained for 1,000 and 10,000
samples. Note that the variance is zero at x = 0 to satisfy the symmetry constraint.


As a second step the stochastic Galerkin method has been implemented and
tested. In this case the expansion is based on Hermite polynomials. Computations
have been performed using the same discretization used in the deterministic code
[36]. Fig. 5.1 shows results obtained using different order of expansions, from 1 to 3;
the comparisons to Monte Carlo show that for this simple problem - characterized by
small variability - even the low order expansion provide a reasonable representation


12It should be noted that a Gaussian distribution for the viscosity implies that there is
a non-zero probability of having very low - or even negative - values of the viscosity. In
this case the high mean value and the small variance reduce the occurrence of negative
viscosity to virtually zero.
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Figure 6: Variance of the solution for the Burgers steady state problem
with uncertain viscosity. Monte Carlo sampling with different number of
realization. A numerical solution computed using 32 cells (left) is compared
to the exct solution (right).
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Figure 7: Expectation (left) and variance (right) of the solution for the Burg-
ers steady state problem with uncertain viscosity. The Stochastic Galerkin
method is used and the results are compared to Monte Carlo sampling.


Quantification of Uncertainty in Flow 
Simulations Using Probabilistic Methods 


17 - 20 RTO-EN-AVT-162 


 


 







Figure 8: Computational grid for the flow around an array of cylinders with
uncertain surface heat flux


of the variance of the solution.


5.2 Heat transfer computations under uncertainty


In this problem the goal is the computation of the wall temperature for an array of
cylinders in crossflow under uncertain free stream conditions and surface heat flux.
The mathematical framework is based on the two-dimensional Reynolds-averaged
Navier-Stokes equations and the computational domain is a channel with a specified
inflow, periodic boundary conditions on the top and bottom boundaries, and an
outflow. An unstructured grid is used, see Fig. 5.2.


We assume that the sources of uncertainty are the specification of the velocity
boundary condition on the incoming flow and the definition of the thermal condition
on the surface of the cylinder. The inlet velocity profile is constructed as a linear
combination of two cosine functions:


Uinlet(y) = 1 + 0.25(ξ1 cos(2πy) + ξ2 cos(10πy)). (10)


where ξ1 and ξ2 are two uniform random variables in the interval [-1:1]; this inflow
specification ensures that the amplitude of the random fluctuations did not cause
the velocity to be negative. The wave numbers 2 and 10 were chosen to give one
low and one high frequency fluctuation while maintaining symmetry in the problem.
The heat flux is specified as an exponential function of ξ3 over the cylinder, namely


∂T


∂n cylinder
(x) = e−(0.1+0.05ξ3)(x−0.5) (11)


where n is the normal to the cylinder surface. The heat flux is slightly greater
at the left side of the cylinder at the stagnation point; the value of ξ3 determines
precisely how much greater. Again ξ3 is a uniform random variable in [-1:1].


We employed Monte Carlo sampling and stochastic collocation to solve this
problem. In particular, we used both tensor product and sparse grid formalism to
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l # tensor grid points # sparse grid points


2 27 25
3 125 111
4 729 351
5 2187 1026


Table 1: Number of function evaluation required to achieve a certain degree
of polynomial exactness using tensor product and sparse grid formulations.
The parameter l is called the level and is directly connected to the accuracy
of the interpolant on tensor grids; on sparse grids the relationship is more
complex.


construct quadrature rules in the three-dimensional parameter space (ξ1, ξ2, ξ3). In
Table 1 the number of function evaluations (abscissas) required to achieve a certain
order of polynomial exactness are reported.


The expectation and variance of the wall temperature are reported in Fig. 5.2
and 5.2, respectively.


In this application, it is clear that accurate temperature statistics can be ob-
tained efficiently using stochastic collocation with respect to Monte Carlo sampling.
The difference between tensor product and sparse grid formulations is very small.


5.3 Shock dominated problems


Uncertainty propagation algorithms based on polynomial basis are particularly ef-
fective when the output of interest are smoothly varying with respect to the input
uncertainties. The presence of discontinuities in the response surface poses a chal-
lenge; in physical terms, these discontinuities represent sharp system transitions
such as the occurrence of flow separation or shock interactions.


Consider the problem governed by the non-homogenous Burgers equations [27]:


∂u


∂t
+


∂


∂x
(
u2


2
) =


∂


∂x
(
sin2 x


2
), 0 ≤ x ≤ π, t > 0


with the initial condition u(x, 0) = β sin x, and boundary conditions u(0, t) =
u(π, t) = 0. β represents the uncertainty in the initial condition and is defined
as


β =
−1 +


√


1 + 4σ2ξ


2σ2ξ


where ξ is a Gaussian random variable and σ is used to control the amount of
uncertainty.


The exact steady solution contains a shock located at xs = f(β) and the desired
output is the PDF of the shock location. The response surface u as a function of β
is reported in Fig. 12.
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Figure 9: Expectation of the wall temperature. Tensor product (left) ver-
sus sparse grids (right). Monte Carlo (MC) statistics are based on 10,000
samples; multiple quadrature formulas are reported for different levels (see
Table 1).
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Figure 10: Variance of the wall temperature. Tensor product (left) versus
sparse grids (right). Monte Carlo (MC) statistics are based on 10,000 sam-
ples; multiple quadrature formulas are reported for different levels (see Table
1).
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Figure 11: Probability distribution function of the wall temperature at the
stagnation point. Tensor product (left) versus sparse grids (right). Monte
Carlo (MC) statistics are based on 10,000 samples; multiple quadrature
formulas are reported for different levels (see Table 1).


Figure 12: Solution of the in-homogeneous Burgers equations with uncertain
initial condition. The sharp transition corresponds to a shock whose location
is a function of the input uncertainty.
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Figure 13: Probability distribution of the shock location for the inhomo-
geneous Burgers equations with uncertain initial condition. Low , σ = 0.1
(left) and high input variability, σ = 0.6 (right). Results obtained using
high-order stochastic Galerkin expansions [28]


Hestevan et al. [25] have applied the stochastic Galerkin approach to study
this problem; high order expansions in Hermite polynomials were used to compute
the PDF of the shock location. The availability of exact PDFs allows to identify
the limitation of the numerical approach. In Fig. 5.3 the solution is reported for
low and high degree of input variability (σ set to 0.1 and 0.6 respectively). For
the low variability case the computed results are in reasonable agreement with
the exact PDF, but some oscillations are present. For the high variability case,
the oscillations are the dominant feature and the shape of the PDF is completely
misrepresented. In this case, the problem is that the solution is discontinuous and
the polynomial basis (underlying the stochastic expansion) is highly oscillatory -
Gibbs phenomenon.


An alternative response reconstruction has been developed to handle strong
non-linear or discontinuous surfaces. The method is based on a Pade-Legendre
interpolatory formula [32]; it is a stochastic collocation approach that eliminates
the Gibbs phenomenon. Assume N solution evaluations are available; given the
integers M and L, the pair of Legendre polynomials P and Q of order less or
equal than M and L, respectively, are said to be the solution of the (N, M, L)
Pade-Legendre interpolation problem [26] of u if


〈P − Qu, φ〉 = 0 (12)


and the rational function R(u) := P/Q is defined as the approximation of u. The
details of the construction of R are reported in Chantrasmi et al. [32]; here it is
sufficient to observe that if u is discontinuous, the polynomial Q can be regarded
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Figure 14: Probability distribution of the shock location for the inhomo-
geneous Burgers equations with uncertain initial condition. Low , σ = 0.1
(left) and high input variability, σ = 0.6 (right). Results obtained using the
Pade-Legendre stochastic collocation approach [32]


as a preconditioner (or a filter) such that u ·Q is smooth and can be efficiently and
accurately interpolated by the polynomial P .


Results obtained using the Pade-Legendre stochastic collocation approach are
reported in Fig. 5.3 in terms of the PDF of the shock locations. In this case the
accuracy is preserved even for high input variability.


6 Conclusions and outlook


The growing interest in uncertainty quantification has motivated the development
of a variety of mathematical approaches. In particular, probabilistic uncertainty
propagation methods have received considerable attention.


The choice of the appropriate method to use for a specific application is not
obvious. For typical fluid mechanics simulations some common considerations are:


• expensive function evaluation: sampling based methods are typically not ap-
propriate because they might require several thousand full computations to
build the statistics of the outputs;


• large number of uncertainties: boundary conditions, material properties, ge-
ometry specification, etc. introduce many independent input parameters that
have to be characterize. Methods that suffer from curse of dimensionality
quickly become unfeasible;


• non-linear system responses: transitions and bifurcations are typical of fluid
mechanics, especially for compressible flows. Methods that strictly require a
smooth dependency between inputs and outputs can be ineffective.
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In spite of these difficulties, probabilistic UQ is naturally amenable to mathe-
matical and numerical analysis and, therefore, is expected to achieve a high level
of maturity in the near future.


In addition to the methods presented here several other methods have been
applied especially in the field of structural mechanics. It is also worth mentioning
that alternative approaches not based on probabilistic reasoning have been proposed
and used with some success. It is not generally clear when probabilistic methods
fail or are insufficient; the treatment of epistemic uncertainty remains difficult and
possibly the greatest challenge in uncertainty quantification.
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In-depth knowledge of gas dynamics at hypersonic speeds is required to define the environment and requirements for the design and safe operation of space vehicles, planetary probes, and rockets. Development of physical models and numerical methods has enabled major advancements in our approach to the design of vehicles, and has minimized the needs for extensive flight tests. However, there remain many challenges in our ability to model the hypersonic regime. Transport of mass, momentum, and energy in hypersonic flows in thermo-chemical non-equilibrium requires further development of the physical models and reliable experimental data to guide and validate these models. The complexity of the physics in the hypersonic regime presents unique challenges for measurement techniques and flight tests.

The objectives of the lecture notes were to review the up-to-date physical models describing complex high-enthalpy and non-equilibrium effects, measurement techniques for flight test and ground-based experiments, as well as numerical simulation strategies specific to the hypersonic regime, focusing, in particular, on the accurate prediction of the thermal loads on atmospheric entry bodies.

The first part of the notes addresses theoretical issues of irreversible thermodynamics and kinetic theory of plasmas and reactive molecular gases, including a note devoted to the specific treatment of electronic excited states. Dissociation cross sections and reaction rate coefficients for nitrogen computed from first principles are then presented, as well as two reviews on the electron impact excitation and ionization in air and carbon dioxide mixtures. Subsequent lecture notes deal with shock-tube and shock tunnel design and experiments, with particular emphasis on optical diagnostics. Radiation databases and modeling, as well as collisional radiative models are also presented for both shock-tube experiments and simulations of Earth and Mars atmospheric entries. A new approach to risk-based analysis and testing deals with quantification of uncertainty in flow simulations using probabilistic methods. The frontiers of aerothermo-dynamics are then described, giving directions of future research. 

Finally, the lecture notes are devoted to advanced numerical methods for hypersonic flows, covering both computational fluid dynamics and direct simulation Monte-Carlo methods.
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