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Abstract: Nonlinear adaptive wavelets are developed for compact data representation and
efficient flow solution algorithms. To flow solution algorithms, proposed new adaptive wavelets
enhance the computational efficiency as well as preserve the numerical accuracy in steady and
unsteady flow computations. Theses advantageous features of the wavelet are confirmed by the
numerical tests of two-dimensional airfoil problem and unsteady shock-vortex interaction
problem. An adaptive wavelet method with higher order of accuracy is also proposed to allow
more accurate flow computation. For the high order accuracy of a solution, higher order of
interpolating polynomial is utilized in wavelet decomposition process. This high order adaptive
wavelet method was successfully applied to one-dimensional shock-sine interaction problem,
two-dimensional shock-vortex interaction problem, isentropic vortex problem, and viscous shock
tube problem. Through these applications, the computational efficiency is substantially enhanced
while higher order numerical accuracy of a CFD solver is successfully preserved.

Introduction: In various aerospace transportation and exploration systems, the prediction
capability of flow including supersonic/hypersonic phenomena is highly important in the design
of aerospace vehicles. For the improvement of the capability, high fidelity simulation of
Computational Fluid Dynamics (CFD) is required that entails the development of high order
method of discretized equations and large number of grid point clustering. However, current
level of technologies often falls short of the need to meet both accuracy and efficiency at the
same time. Accuracy order increment and dense grid system, as an effort to unveil complex
physical flow phenomena, eventually pay back with substantial increase of computation time.
Hence, it is important to accurately compute the flow phenomena and at the same time it should
efficiently alleviate the computational workload.

For the efficient and accurate computations of the flow phenomena, there have been many
attempts for the advancement of CFD algorithms: one of the representative examples is the
higher order spatial interpolation scheme with the limiting process. The main purpose of higher
order scheme is the reduction of the number of grid points without the loss of the accuracy of
CFD calculations. However, high order computations always involve the unnecessary numerical
oscillations near a discontinuity whenever shock waves are present. Because these numerical
oscillations deteriorate the stability and convergence properties of the CFD computations, there
is an additional treatment of limiting algorithms for oscillation removal [1-3]. However,
computational cost of high order accurate flux evaluation is generally expensive, which
decreases the computational efficiency.

The adaptability of CFD data can allow the possibility to overcome this defect; generally in
the CFD solution, the major parts of computational domain contain smooth flow pattern which
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can be simply and accurately interpolated by using the values in neighboring cells. A dense grid
is only needed in the rapidly changing regions such as shock waves, vortex and boundary layer,
etc. For that reason several types of adaptive methods, especially, the adaptive wavelet methods
have been studied as a way of improving the computational efficiency [4-6].

There are two ways to apply wavelets in performing the flow analysis. According to the
classification by Vasilyev and Kevlahan [8], wavelet-based numerical methods for solution
algorithm can be classified as adaptive wavelet Galerkin methods (AWGM) [9-12] and adaptive
wavelet collocation methods (AWCM) [4-8]. The major difference between these two
approaches is as follows. According to the research by Bacry, Mallat and Papanicolaou [10] or
Holmstrém and Walden [11], AWGM solves PDE problems in a wavelet coefficient space. It is
mentioned that nonlinear operators, such as multiplication, are too computationally expensive
when done directly in a wavelet basis. To resolve this problem, Beylkin and Keiser [12] alternate
the computing space between the physical and the wavelet domain in order to compute the
operators. In other words, multiplication is performed in physical space and differentiation is
performed in wavelet space.

On the other hand, dealing with nonlinearity and general boundary conditions is not
complicated in AWCM because all computations are performed on the physical space. One can
directly link every wavelet coefficients with the collocation points on the physical domain. In
AWCM studies, Harten presents an adaptive multi-resolution scheme for computing the
discontinuous solutions of hyperbolic PDEs. [4] Holmstrom makes the algorithm for organizing
an adaptive dataset with an interpolating wavelet transformation [5]. Sjogreen uses a
multi-resolution scheme to solve compressible Euler equations and also utilizes an interpolating
wavelet transformation to construct the adaptive dataset [6]. He concludes that the
multi-resolution method can yield considerable gains in efficiency by using computationally
expensive method with a large number of grids.

However, the accuracy and efficiency of an interpolating wavelet transformation are very
sensitive to threshold values during multi-resolution process. In this research, numerical errors of
which the extent reaches a magnitude equal to that of the threshold value inevitably occur at the
excluded cells of an adaptive dataset and they eventually prevent the solutions from converging.
They are transferred to the entire computational domain through a time integration process,
disturb the stable organization of an adaptive dataset, decrease the compression ratio and finally
deteriorate the computational efficiency.

The objective of the study is the improvement of computational efficiency of CFD
computation with preserving the spatial and temporal accuracies of conventional CFD solvers. In
order to meet these objectives, improved adaptive wavelet method includes the modified
threshold method, residual interpolation, and restriction technique as follows.

First, the modified threshold method consists of the modified threshold value and the
stabilization process. The modified threshold value considers grid spacing and time step for
retaining the original spatial and temporal accuracy of conventional solvers by automatically
adjusting the threshold value. And stabilization process is involved in stable construction of an
adaptive dataset by obstructing the additional O(¢)error due to threshold is transferred to the
adjacent computational domain during the time integration process. Therefore, it can contribute
the enhancement of the compression ratio of the current method.

Secondly, general adaptive wavelet procedure is modified by adopting residual interpolation at
the 7 time step, not the n+1 time step. A residual based interpolation concept was introduced
by Chiavassa and Donat for point value setting [13]. In this paper, this method is modified for
cell value setting and time integration is performed on the entire domain, i.e., residual values at
excluded cells in an adaptive dataset are interpolated by using the calculated residual values at
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included cells in an adaptive dataset. Because the interpolation is performed at the ” time step,
there is no need to add several adjacent cells to an adaptive dataset. In addition, this approach
can be applied to implicit time integration methods because all residual values are computed.

Thirdly, restriction technique is applied after the time integration on the entire domain. In this
method, if the flow variations in time are small enough at the excluded cells in an adaptive
dataset when compared with the order of the threshold value, these variations are discarded and
restricted by multiplying the weighting factor. This process can especially contribute the
convergence acceleration of steady state flow simulations.

Throughout these processes, spatial and temporal accuracies of a conventional solver are
preserved with a substantial reduction in computing time. Various steady and unsteady flow
simulations are conducted to verify the enhancement of both efficiency and accuracy of the
proposed method.

This report is organized in the following order. After the introduction, development of
nonlinear wavelet is described as a preliminary background in section 1 of Experiment. In
section 2 and 3 of Experiment, we describe the implementation of the new adaptive wavelet
method for a reference CFD solver and development of adaptive wavelet method based high
order scheme. In section 1, 2, and 3 of Results and Discussion, several numerical simulations
using adaptive wavelet methods are performed and a conclusion is drawn.

Experiment:

1. Development of nonlinear wavelets

The phenomena of general interest in CFD, consist of several flow features such as Shock,
Vortex, Boundary layer, Expansion fan, etc. and those flow features are depicted as follows.

P —

1.1 Shock . 1.2  Vortex 1.3 Boundary layer 1.4 BEmansion waw
Fig. 1-1 Schematic of principal flow conditions

In the analysis and representation of these data, the wavelets have attractive features as locality
and compactness. Through these features, the wavelets perform properly the role of filtering that
classifies primary into a region of rapidly changing such as shock, vortex, boundary layers, etc.
and a smooth region of mild changing in flow properties.

Let us assume a dyadic grid set as shown in Eq. (1-1).
Vi={x,eR:x, =2"kkeZ}, leZ. (1-1)

The key idea of the adaptive wavelet method is that smoothness of flow pattern can be easily
determined by the magnitude of difference value between original function value and
approximated value based on neighboring cells. That is, the original value can be accurately
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approximated by the values at neighboring cells in the smooth region but not vice versa in
rapidly changing region. Here, interpolating polynomial is used at the odd numbered cells for the
approximation of original function values and then the dyadic dataset is decomposed as Eq.
(1-2).

f1+1,2k = fl,k
f1+1,2k+1 = PI+1,2k+1(f[

,k—£+l,
2

"'rfz,k:ﬁ,kﬂ»‘”:fk E) ’ (1_2)

Lk+

where Py is the order of interpolating polynomial; the 4™ order of interpolating polynomial is
shown in Eq. (1-3).

9

~ 1 9 1
Srioin = _Ef}k—l +Efl,k +Efl,k+1 _Efl,kﬂ- (1-3)

After the approximation, the difference can be computed as Eq. (1-4).

dl,k = f1+1,2k+1 —f1+1,2k+1, VkeZ. (1-4)

In smooth region, the order of difference value is very small and the corresponding cell can be
partially rejected in the whole dataset; an adaptive dataset is acquired according to the local
features of solution. And the maximum error is bounded within the order of threshold value as
Eq. (1-5).

], =[x = 7] <06, (1-5)

2. Flow solution algorithm using adaptive wavelets for CFD solution algorithm

The two-dimensional Euler equations are used as the governing equations of the flow
problems. The two-dimensional Euler equations are written as Eq. (2-1).

0Q OE OF
it e Rl -
ot " Ox " Oy ’ (2-1)
p pu pv
2
u u- + uv
where sz , B = P p’F: pz
pv puv pv- +p
pe, (pp, + pu (pp, + P)v
2
and e, = 2 +l(u2 +v7).
yir-1) 2

All the properties and governing equations are non-dimensionalized.
By the generalized coordinate transformation, Eq. (2-1) is rewritten as Eq. (2-2).
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where 0_=07, E_=%[§f+§/—:’+§y/:]’ /E:%[Ur+’7x5’+77y’[]'

To improve the computational efficiency of steady/unsteady flow problems, the general
adaptive wavelet procedure is changed by adopting residual interpolation at the 7 time step and
time integration is performed on the entire domain. The procedure of selecting and adding
additional cells to an adaptive dataset according to the wavelet resolution levels and positions is
excluded. And modified threshold method is applied in order to maintain the spatial and
temporal accuracies of reference schemes. Also, a stabilization method is applied again to
unsteady problems to stably construct an adaptive dataset while the compressibility of the
wavelet method is enhanced. Especially in steady state problems, the restriction technique is
applied for the acceleration of the convergence. The flowchart in Fig. 2-1 shows the overall
implementation of the new adaptive wavelet method in a reference solver. This implementation
is comprised of the following sequential steps.

{_Modified Adaptive Wavelet Method )

Initial conditions

I
I Wavelet Modified Threshold Value @ | |

; 14
m Transformation | J stabilization Method I
I

Included in an
Adaptive Dataset?

m Residual Residual :
Calculation Interpolation ||

[ D |
rmemmmmm T ‘I;_'____-_______ ’_____"u
Time I

m Integration :

Satisfying the
Criterion?

Yes

Fig. 2-1 Overall procedure of flow simulation with the new adaptive wavelet method
2-1. Construction of an adaptive dataset

The set of dyadic grids in two-dimensions can be presented as shown in Fig. 2-2 Positions of
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the symbol O are even numbered grids and the other positions of symbols [, A, and X are
odd numbered cells. The 4th order interpolating polynomials are shown in Eq. (2-3).

1-6 1-4 1-2 1 i+t2  i+4  it6
+6 | O|LOLO|O0 oo O
A XA XA XAXAXAX A
4 O|L0OOOodoodo
A XA XA XA X AXAX A
20)H]e)n|e)ne)ne)|ne)n|e
A X|AX A X[AX A XA XA
Ol e)ne)ne]nelne)|n|e)
A XA XA XA X IAXAXA
i 0] e)ne)|ne)ne]lne]ne
A XA X A XAX A X AX A
4 10|OO0OOOoOoOono
A XA X A X AX A X A]IX A
-6 | OOOLOLOOOooHO

Fig. 2-2 Example of a two-dimensional dyadic grid set.

1 9 9 . 1

‘:‘: Qi'irl,j:_EQin—zanrEfoJrE i+2,j _EQ;:4,/'3
Sn 1 L
A Qi,j+1 :_16Qt j-2 _Q t/+2 16 Qi,j+4 > (2-3)
9 9 . 1

041, =0. SX(_ Qn 2.2 T 16 —0; +EQ;‘+2,/‘+2 _EQin+4,j+4)+
X 9 9 1
(0 0y

OSX(_ Qz 21+4+16 1,_/+2+E i+2,] _E

Qi’ﬂr4,j—2)

Especially in unsteady problems, a tiny change of flow may grow into a large change with
time. Thus, even a tiny variation has to be considered. In this case, we used the 6™ order of
interpolating polynomial and present the two dimensional formulations as shown in Eq. (2-4).

3 . 25 . 75 . 75 . 25 3,

[I: Ntﬁ i = o Yima T Y Yool g Yive T oo Yiva T oo Yive

O 256Q 4 256Q 2 128Q” 128Q 2 256Q J 256Q 6.7
~ 3 25 75 75 25 3

AN 'n‘+ iy in‘— s in‘ + i, j+ in‘+ +t— in‘+ . 2-4
QO 256Q” N 256Q’f : 128Q 128Q i+ 256Q” 4 256Q’f 6 (2-4)



AN 1 n
O jn = SEX (3Q 4 +30", o4 T205, =270 -2 -2707, -2 +2Q1+4/ 2
X - +307, ;,—270%, ; +1740", + 17407, ; 2707, ; +301s
+ 3Qin—4 ,J+2 27Q, 2,j+2 + 174Q, ,j+2 + 174Q:+2 LJj+2 27an+4 Jj+2 + 3Qin+6,j+2
+ 2Q 2,j+4 27Qi,j+4 27Q +2,j+4 + 2Qz+4 ,jt4 +3Qz ,Jj+6 + 3Q +2 j+6)
Here, the formulation at the X position in Eq. (2-3), (2-4) uses 24 cells for the 6™ order

interpolating polynomial and is very complicated. Instead of this equation, we formulated Eq.
(2-5) using 12 cells as follows.

1

Ol jo1 =55 X O0La -4 = 250012 +15007, +15000 1.
25Q’+4 .j+4 +3Q!+6 j+6)+ 1 X(3QI —4,j+6 25Qin—2,j+4 ) (2_5)
+1500/",,, +15007,, ; - 25Q+4J 2 +3006 4
0 2 4 6 8 10 12
Level 3|() O X
Level 2|() O x| 1O x| O
Level 1| (O O X O X 1O X|OX 1O X|O)

i =20"D Cells : Always included in a dataset

X | i=2"+2U"D Cells : 4th order of interpolation

Fig. 2-3 Boundary treatment in wavelet decomposition

Based on many numerical simulations, Eq. (4-5) has much better efficiency than the accurate
formulation with little lose of accuracy. Note that some indices of O;; are located outside of the
computation domain near its boundaries. In order to avoid this situation, cells ;=2"""
(Leoarsest Level <1 < Liinest Lever ) are always included in the adaptive dataset. At the next odd numbered
cells j=2'+20", the 4™ order interpolating polynomial is applied. The overall boundary
treatment is presented in Fig. 2-3, and the same procedure can be applied to the other side of
boundary, or the boundaries along the j-direction.

Then, the wavelet coefficients of each [, 2, and X position are found as follows:

D d1+1 . Q[+| . Qirirl,j
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A di’,,j+l = Q;r,ljn - Qir,lj+l . (2'6)
X : d,ﬁl,_/ﬂ = Qilirl,_m - Qin+l,j+1

After the wavelet decomposition, the thresholding process is performed. The threshold method
consists of the modification of a threshold value and the stabilization of an adaptive dataset. By
this method, it is possible to maintain the spatial and temporal accuracies of reference method.
Also, due to the stable construction of an adaptive dataset, it can enhance the compression ratio
of wavelet method and improve computational efficiency.

In order to maintain the / order of spatial accuracy and m™ order of temporal accuracy of
reference method, the modified threshold value is written as Eq. (2-7).

&' = min[e, max(Ax’', CFL™ - Ax™)], 2-7)

where Ax is determined at the finest resolution level.
Based on this modified threshold value, &', We can control the flag values of the cells and

threshold a dataset. If ' is larger than &', the flag value of cell (i,/) is determined as 1 and
the cell is included in a I(¢')" dataset; if not, the flag value is set as 0 and the cell is excluded

from the 7(&")" dataset. Then, the dataset is adapted to the flow features while maintaining the

numerical accuracy of reference schemes.

Also, we prevent the flag value’s switching between 0 and 1 due to additional errors to
originate from the organization of an adaptive dataset and realize the stable construction of an
adaptive dataset that leads to the enhancement of the compression ratio.

2-2. Modified thresholding method

Because |d,-'f ,-Lo is bounded within O(¢), O(¢) errors are added to the solutions by the wavelet

transformation. Then, each primitive variable or flux value has O(¢) errors as Eq. (2-8).

Pij = piy+0(), Uiy =ui;+0(e)
~n

Vi =vi;+0(e), pi;=pi,;+0() (2-8)
El\y =E!y +0(e), Fjy=F),+0(e)

Also, if the flux values are discretized with /™ order of spatial accuracy, each primitive
variable or flux value has /™ order of truncation error term as Eq. (2-9).

n n / n n !
Pij = Pijreat + OWBX) |t =t oy + O(AX")
vl‘rfj = v;fj,real + O(Axl) N pz’fj = pi’fj,real + O(Axl) N (2'9)
E1H/2 = Eln/Z,real + O(Axl) s Fvlr/IZ = Fvlr/IZ,real + O(Axl) .

From the combination of Egs. (2-8) and (2-9), the fluxes come to have the following order of
errors due to spatial discretization and thresholding, as shown in Eq. (2-10).

El)y =Ef)y e + O(AX') + O(), Flly = Fl}y o + O(AX") + O(e) . (2-10)

8



By m™ order of time integration, all terms of numerical errors are derived as Eq. (2-11).

An+l AN At n n n n
Qi,j = Qi,j _E(El/Z,rea/ - E—l/2,real + Fl/2,real - F—l/2,real)

+O(AX - At) + O(A™ ) + O(e - AY)
Therefore, O(¢) have to be smaller than O(Ax') and O(Ar™) in order not to damage the /™

order of spatial accuracy and m™ order of temporal accuracy of the conventional method. For the
satisfaction of this purpose, modified threshold value is developed as Eq. (2-12) [14, 15].

(2-11)

&' = min[e, max(Ax', CFL™ - Ax™)] . (2-12)

Because our target is 3" order accuracy, 3" order of spatial and temporal accuracy of the
numerical schemes are used. Then, the modified threshold value in this research is proposed as
Eq. (2-13). where CFL means the constant of CFL conditions.

&' = min[e, max(Ax®,CFL* - Ax®)] . (2-13)

Based on this modified threshold value, the odd numbered cells are included in the dataset if
d!; is larger than ¢&'; if not, the cells are excluded from the dataset. Then, the dataset is

constructed to follow the local features of the solution with the conservation of the numerical
accuracy of the conventional CFD schemes.

2-3. Flux evaluation at included cells in an adaptive dataset

After constructing the I(¢)" dataset, the flag values of the dataset determine whether the flux
values are to be evaluated or not. If the flag value is 1, the flux value is calculated by reference
schemes such as AUSMPW-+ or Roe’s FDS method. In this research, we use the Finite Volume
Method (FVM); i.e. the numerical fluxes E, F are defined at these interfaces. Thus, if the flag
value of cell (i,j) is 1, flux evaluations are performed on all sides of the cell, and residual
values at cell (i,/) are calculated. If the flag value is 0, flux evaluation is not performed, so the
total computation time is decreased.

2-4. Stabilization of an adaptive dataset

If the solution changes after the time integration step, the adaptive dataset, 7(&")" also

changes in order to be adapted to the latest solution. Independent of a solver, & order errors are
suddenly imposed due to changes of the adaptive dataset and are transferred to the surroundings
throughout the time integration step. Thus, both the surroundings and wavelet coefficients at the
surroundings have the &' order errors. The &' order errors in the wavelet coefficients obstruct
the construction of an adaptive dataset adapted to the solution. Consequently, the compression
ratio becomes reduced and the computational efficiency of the overall adaptive wavelet method
decreases. For the efficient construction of an adaptive dataset, the alteration of flag values due
to € order errors should be restricted.

We use algorithm 1 (defined below) for keeping 7(¢")" from being switched regardless of the



solution’s properties. First, I compare I(s')" with I(¢')""', in the case where the point was

already included in I(g")"", the point can be excluded from I(¢')" only if the wavelet
coefficient at that point is smaller than ag' (@ <1), not smaller than ¢'. On the other hand, in
the case where the point was already excluded from 7(s’)"”, then the point can be included in

I(e")" if the wavelet coefficient is larger than f&' (S >1) butnot &'.

2-5. Switching of residual calculation method

Generally, flow properties are interpolated after time integration in previous wavelet methods.
That is, flow properties are reconstructed at the n+1 time step based on the I(¢')". This

discrepancy of time step causes the following numerical problem: if the flow changes rapidly,
e.g., the shock or vortex propagation, etc., the neighboring cells of the cell that is included in

I(¢")" become important as well as the cell in 7(&")" itself. If they are not included in ()",

the interpolation at these neighboring cells cannot guarantee the solution accuracy and may
deteriorate it at the n+1 time step.

For resolving this problem residual interpolation process is introduced in this study. Residual
values at excluded cells in an adaptive dataset are calculated by interpolation polynomials which
uses the values at even numbered positions (O positions) in Fig. 2-2. The 4™ order equations for
residual interpolation are as follows:

(i Bl =R+ R+ R~ R,
A: R, = —%RH ) 196 R, + 196 R, - 116 R\ (2-14)
<. Rzn+1j+1 5><(_ Rznzj 2 196 R, +%an+2,j+2 116R+4 jea)

| 0. SX(_ "o jeat 196 R+ 196 R, 116 Risj2) |

Especially in unsteady problems, for representing the tiny variations of flow properties, the 6th
order interpolating polynomial is used as shown in Eq. (15).

~ 3 25 A 75 25 3
[]: R, =——R', ———R'" . +—R' +——R' ——"R' +— R

17T 56 i T g i T g 1 T g 2 T g i T s e five,

~ 3 25 75 75 25 3

R, =—R' ,~—R' ,+—R' +—R" ,——R' ,+——R" . 2-15

A Y TR DY TR A Y B b)Y A 1T S AR T T A (2-15)

~n 1 n n n n

il = X(3Rz 42 —25R", 5 H1S0R +150R, ;15 —25R} 4 ;14 T 3R 6 ji6) +
X: 1

Ex@Rl "aes = 25R! 5 .4 +1S0R! ., +150R,  —=25R!,  , +3R! )

After the construction of residual values in the whole computational domain, time integration is
performed by using conventional schemes.
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3. Development of adaptive wavelet based high order scheme
3-1. High order spatial interpolation schemes for CFD

High-accuracy numerical methods are required to obtain converged solution as well as to
capture correct flow physics. High-fidelity simulation calls for high-accuracy algorithm and/or
dense grid system, leading to substantial computation workload. Thereby, it is very important to
develop an efficient numerical scheme that achieves high order of accuracy at the same time
captures correct unsteady flow phenomena. There are various high order numerical methods
developed to date, such as TVD (Total Variation Diminishing) scheme [16-18], ENO/WENO
(Essentially Non-Oscillatory / Weighted Essentially Non-Oscillatory) scheme [19, 20], MLP
(Multi-dimensional Limiting Process) scheme [2], e-MLP (enhanced Multi-dimensional Limiting
Process) scheme [3], Galerkin method, Spectral and Spectral volume methods.

Table 3-1. Higher order schemes for CFD

TVD ENO MLP e-MLP
Discontinuity in one dimension (0] (o) (o) (0]
Discontinuity in multi-dimension X X (0} (0}
Local extrema X o X o

Those offer some advantageous features but none of them is universally better than the others.
In TVD, incorrect results such as clipping phenomena appears at local extrema, and generally not
easy to extend to multi-dimensions since it was developed in 1D based equations. The usage of
ENO scheme can avoid clipping phenomena, but undershoot/overshoot may appear in
multi-dimensional analysis. In addition, the use of unstructured mesh gives some difficulty in the
construction of an appropriate stencil, leading to excessive memory load. MLP shows a
monotonic and stable calculation of the shock wave in multi-dimensional problems. However,
MLP damps out the flow and is unsuitable for local extrema in a continuous region as with other
limiting functions, which decreases the accuracy of the solutions. e-MLP has distinguishing step.
Through this step, the computational domain is divided into continuous, linear discontinuous and
nonlinear discontinuous regions. Appropriate limiting criteria are then applied to each region.
This increases the accuracy of the solution and makes it robust against shock instability. For the
development of adaptive wavelet method based high order scheme, we adopt TVD and e-MLP
scheme respectively.

3-2. High order accurate wavelet decomposition

If an initial two-dimensional dyadic grid set with level / is use, as shown in Fig. 5-1, then O
cells are even numbered and the others are odd numbered cells.
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Fig. 3-1 Example of a two-dimensional dyadic grid set.
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The values at even numbered cells are saved to cells in the coarser level grid. In the other odd
numbered cells, an interpolating polynomial is applied to approximate the values using the
values at the even numbered cells, as in Eq. (3-1). Where Pi;;is the interpolating polynomial,
and p is an even number.

Wavelet coefficients at odd numbered cells are then calculated as the difference between the
solution values and the approximated values. In order to maintain the original numerical
accuracy of the conventional CFD method, higher order accurate wavelet transformation is
needed. For the selection of the order of interpolation in the wavelet decomposition, let us
consider the spatial discretization method with 3™ order accuracy. The residual values in this
case have the 4™ order of the spatial error term as given by Eq. (3-2).

Rz‘r,’j = (Ay i+1,j ii% N Ayi—%, jEir% )+ (Axi,j%F /)7% - Axi, j—%F ;—%)
~ Ay(E;’+ LB+ 0(Ax3))+ Ax(Fj”% —FlL 4 0(Ay3)) (3-2)
=R/, + O(AX’ Ay) + O(Ay* Ax)

~ Rl + O(Ax")
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From Eq. (3-2), the 5™ order of the interpolating polynomial is sufficiently accurate and is
recommended for the accurate reconstruction of residuals in the excluded cells in the adaptive
dataset. Especially in unsteady flow computations, an at least 6™ order interpolating polynomial
is needed for more precise calculation of the local flow features in an unsteady problem [8]. For
consistent accuracy, the same order of interpolating polynomials is necessary not only for the
residual interpolation, but also for interpolation in wavelet decomposition. Therefore, the 6™
order interpolating polynomial is used for the wavelet decomposition process as well as for the
residual interpolation process. Eq. (3-3) shows the details of the sixth-order wavelet
decomposition process.

An 1 n n n n n n
O O, = g(?’Qi—@j =250;7, ; +1500;; +1500;,, ; =250 .4 ; +30;.6 ;)

AN 1 n n n n n n
VAR OWIES E(3Qi,j—4 =250 ;5 +1500; ; +1500; ;5 =250, ;.4 + 30 ;.6) (3-3)
~ 1
Qir-l+1,j+1 = 512 X (3Qi’jj—4 + 3Qi’-1+—2,j—4 + 2Qin—2,j—2 - 27Qir,lj—2 - 27Qi’1—2,j—2 + 2Qi’z—4,j—2
X s + 3Q1n—4,j - 27Qin—2,j + 174Qir,lj + 174Q;n+2,j - 27Qin+4,j + 3Qi’16,j

+30 4 12 =270 1o + 1740115 +17401%, 110 = 27014 112 +30i%6 42
+20/5 44 =270 1,4 = 2700 j1a + 2004 jua + 30/ 146 + 308 j16)

After interpolation of the solution data at the odd numbered cells, the difference values, d;'; of
each &, A and X position are calculated as in Eq. (2-4).

& din+1,j = Qin+1,j - Qirj—tj
A dirfjﬂ = Qi’?/ﬂ - Qifljﬂ (3_4)

n _ n _ n
X3 i+1j+1 = Qi+1,j+1 Qi+1,j+1

The decomposition process is performed at the next coarseness level of grid set and all d/;
are calculated with multi-resolution.

3-3. Preservation of high order accuracy

Because |d,-'f,-|oo is bounded within O(¢), O(¢) errors are added to the solutions by the

wavelet transformation. Thus, each primitive variable or flux value has O(¢) errors as in Eq.
(3-5).

pli=pi;+0(e), ul;=ul;+0(e),

Vi = Vi TO&), piy=pi;+0), (3-5)

Ef)y =E{), +0(e), Fj,=F),+0().

Also, if the flux values are discretized with the /" order of spatial accuracy, each primitive
variable or flux value has a I order truncation error term, as in Eq. (3-6).
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pi,jj :pi’jj,real +O(AX]) 5 qu :u;jj,real +O(AX]) 5
Vi =V rear + OX) | plly = Pl + O(AX) (3-6)

n n / n n /
Efjy =Eljn e O, Fjp = Fjg e + O(AX).

Combining Eq. (3-5) and (3-6), the fluxes have the following order of errors due to spatial
discretization and thresholding, as shown in Eq. (3-7).

Eln/Z = Eln/Z,real + O(Axl) + 0(8), ﬁI’}Z = Fvl’}Z,real + O(Axl) + 0(8) (3'7)

Then, by the m™ order of time integration, all terms of the numerical errors are derived as Eq.
(3-8).

n+l _ An At n n n n
Qi,j - Qi,j _E(El/Z,real _E—I/Z,real +F1/2,rea1 _F—1/2,real)

+O(AX - At) + O(A™ ) + O(g - AY)

(3-8)

Therefore, O(¢) has to be smaller than O(Ax') and O(A¢™) in order to avoid damaging the
I" order of spatial accuracy and the m” order of temporal accuracy of the conventional method.
To this end, the modified threshold value is developed as in Eq. (3-9) by assuming a linear
advection equation and introducing the CFL condition.

&' = min[e, max(Ax', CFL™ - Ax™)] (3-9)

Because our target is third-order accuracy, the third-order spatial and temporal accuracies of the
numerical schemes are used. The modified threshold value in this research is then proposed as
Eq. (3-10).

&' = min[e, max(Ax>, CFL® - Ax*)] (3-10)

Based on this modified threshold value, &', the odd numbered cells are included in the dataset
only if d;'; is greater than &'. The dataset is then constructed to follow the local features of the
solution while preserving the numerical accuracy of the conventional CFD schemes.

3-4. Flux evaluation

In view of Godunov-type approach, the steps to construct a numerical flux at a cell-interface
usually consist of interpolation stage and evaluation stage. It is known that interpolation stage is
generally independent of evaluation stage where the local Riemann problem is solved at a cell
interface. Thus, for higher order spatial accuracy, interpolation stage is modified without
changing a Riemann solver. Referring that piecewise constant state generates first order spatial
accuracy, a piecewise linear or quadratic distribution is applied for second or third spatial
accuracy. From constructing the adaptive dataset, flux values are evaluated in the included cells
in the adaptive dataset. This research uses the Finite Volume Method (FVM) to calculate the
numerical fluxes E, F ; flux values are then computed on all sides of the cell with third-order
accuracy. For the development of adaptive wavelet method based high order scheme, we adopt
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TVD and e-MLP scheme.
3-4-1. TVD (Total Variation Diminishing) limiting process

The cell interface values determined by third-order interpolation with the TVD limiting
function are then derived as in Eq. (3-11).

®, = @, +0.5max(0,min2A®, , 2A®. B, AD. ) (3-11a)
2 2 22
®; =@, —0.5max(0,min2AD, , 2AD ;, BrAD. ) (3-11b)
2 2 2
where A® =@ -®_ = A®, =@, -® = AP =0, -®., and G represents a cell
averaged value, and S and By are
g 1+2r, N AD,,
= ~ where r; . =—— -
L 3 Li A, (3-12a)
2
1421 11 AD,
=——" where rp;,; =——= -
R 3 Ri+l AD (3-12b)
2

Using these cell interface values, spatial discretization is performed with conventional
schemes such as AUSMPW+ or Roe's FDS method.

3-4-2. e-MLP (enhanced Multi-dimensional Limiting Process)

The key ideas of e-MLP can be summarized into three points. First, an independent
distinguishing step, which is separated from high order interpolation and spatial discretization
schemes, is introduced to a solver. In this step, multi-dimensional discontinuities are carefully
searched for by using Gibbs phenomena. Subsequently, the computational domain is divided into
continuous, linear discontinuous and nonlinear discontinuous regions using a sophisticate
method. Second, based on the regional information, appropriate limiting criteria are associated
with each region in high order interpolation; in a continuous region, there is no limiting process.
In a linear discontinuous region such as a region of contact discontinuity, the conventional TVD
criterion is applied. In a nonlinear discontinuous region, e.g., a region associated with a shock
discontinuity, MLP is used for the removal of numerical oscillation. Third, this elaborate
information is fed into a spatial discretization scheme as well as a high order interpolation
scheme. Based on this information, proper numerical dissipation is added to a nonlinear
discontinuous region for robust calculation, as with the entropy fix in Roe’s FDS.

Through these ideas, e-MLP can contribute to the improvement of the solver in terms of
accuracy, robustness and efficiency. The brief summary of 3 order accurate interpolation with
e-MLP is shown in Eq. (3-13 ~ 3-16).

(a) 3" order accuracy

1+ 2rL’I- 1+2rp,4

R (3-13)

L

D, [
where 71, =="=" 1pin == Ml
LY (Di+2 - (I)Hl

(b) Continuous region: No limiting function
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@, =0+ 0.55,A@, , (3-14a)

P =Py —0.55,AQ, 5 (3-14b)

(c) Linear discontinuous region:
TVD criterion, ¢() = max(0,min(2,2r))

@, = ®, +0.5max(0,min(2A,, ;242 |, ,B,AD, ,)) (3-15a)
®, =@, —0.5max(0,min(2A,, , 2A2 , ,,BAD, ,)). (3-15a)

(d) Nonlinear discontinuous region:
MLP limiter, #(r) = max(0, min(e, or))

D, =D, +0.5max(0,min(, A, 1,0, AD, 1, B, AD, L)) (3-162)
D, = EM +0.5max(0, min(a A, 1,0z AD, ,BLAD, ;) (3-16b)
2 2 27 ?

where ¢;r are MLP coefficients.

After the interpolation of primitive variables at the cell interface, AUSMPW+ or Roe's FDS
scheme is applied for the spatial discretization.

3-5. Residual interpolation and time integration

In cells excluded from the adaptive dataset, residual interpolation is adopted before time
integration. As explained in the previous section, the sixth-order interpolating polynomial is
needed in the wavelet decomposition and residual interpolation process in order to maintain the
third-order spatial accuracy of the conventional CFD schemes. Therefore, as in Equation (3-3) in
the wavelet decomposition process, the sixth-order interpolating polynomial is proposed for
residual interpolation, as shown in Equation (3-17).

<> : Eiil j :iRin—A j _ﬁRin—7 j +£Rin +£ in+2 j _i in+4 j +iRin+6 j
Y256 Y 256 7Y 128 Y 128 Y 256 Y 256

~ 3 25 75 75 25 3
A: Rr7+ - " __RL71_7+_RL” 4= " _er7+ +_RLH+ 3_17
MHU056 Mt 2560 P 1280 128 P 256 M 2560 ( )

n n

on 1 n n n n n n
Riijm = S12 XGR; 4 +3R/ ;4 +2R ;5 =2TR; ;= 2TR ;5 +2R 4
« - +3R%,; —27R, ; +174R]; +174R[, ; —2TR 4 ; + 3R] ;

+3Ry jia —2TRY, oy +1TART ) +1TARL, ;1o —2TR, jio + 3Rl jun

+ 2R£2,_/+4 - 27Ri',lj+4 - 27Ri'«l+2,j+4 + 2Ri’~l+4,j+4 + 3Ri',lj+6 + 3Rin+2,j+6)

After the calculation of residual values in the whole computational domain, time integration is
performed using conventional schemes.
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Results and Discussion:
1. Compact data representation using adaptive wavelet

To test distinguish of region using wavelets, the test function is selected as a superposition of a
sine function and a Gaussian as Eq. (1-1).

f(x) =sin2m) + e ** 9" with @ =10,000 (1-1)

That is, it is smooth in most of the domain with a small interval of sharp variation. The function
has the 1,025 grid points with unit interval as shown in Fig. 1-1(a). After 5 resolution of the
adaptive wavelet transformation, the remaining number of grid points is only 57. Also, as shown
in Fig. 1-1(b), the dataset follows the local features of solution. That is, the remaining number of
grid points is small in the smooth region but large in the rapidly changed region. This
compressibility of data is great advantage of wavelets in terms of computational efficiency.

05

0.25

-0.25 025F
05 05F

-0.75 075F

(a) Grid points in an original dataset (b) Grid points in an adaptive dataset
Fig. 1-1. Example of the adaptive wavelet transformation

Generally, wavelet transformation has procedure of abbreviation of wavelet coefficients that
are smaller than some threshold value by user. Due to omitting the data, compressed data and
original data is always different, and this becomes error of computation. Especially in CFD, each
numerical scheme has different order of accuracy depending on truncation error, and if due to the
compression of data error is bigger than truncation error, it deteriorate the numerical accuracy of
the conventional schemes. Therefore, for efficient compression of data with maintaining the
computational accuracy, it should needed to research for thresholding value.

If the wavelet filtering using the wavelet transformation performed to CFD data,
computational domain is divided to primary and non-primary flow region. Through the
appropriate flagging grid cells, remained primary cell is 1 and non-primary cell is 0 using tag
after the wavelet transformation. Accordingly original grid system can be well reconstructed
using the only tagged location as 1. To reconstruction of grid, simple concept of one dimensional
grid system is shown in Fig. 1-2.
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Fig. 1-2 Reconstruction of one dimensional grid system

Data representation of two dimensional grid system is as shown in Fig. 1-3. Original flow data
is the NACAO0O012 airfoil at that Mach number is 0.8 and angle of attack is 5°. Fig. 1-3(a) is
original flow data and Fig. 1-3(b) is represented data of original data through the flagging
wavelet of 4™ resolution. Fig. 1-3(c) is flagged region by tagging cells(1 or 0) and Fig. 1-3(d) is
error between original and represented data. In this two dimensional data representation test,
thresholding value is 1E-5 and compression ratio is 0.41(compressed data point / original data
point). So if the threshoding value is small, error is small but compression ratio is big.

(a) Original pressure distribution (b) Represented pressure distribution
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Error
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(c) Flagged region as 1 (d) Error of data
Fig. 1-3 Data representation using wavelet transformation
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2. Numerical tests of adaptive wavelet method for CFD solution algorithm
2-1. Efficiency of adaptive wavelet in steady problem

Combining all of the introduced methods, i.e. the modified threshold value, the stabilization
technique, residual interpolation and restriction technique, we checked the overall enhancement
in computational efficiency of NACAO0012 flow problems. Here, the AUSMPW+ scheme [21] is
used for spatial discretization and the LU-SGS implicit methods [22] is for the time integration.
The total iteration number, CPU time gain and difference in lift coefficient associated to each
case are summarized in table 2-1. Figs. 2-1 show the pressure contours of the reference solver
and adaptive wavelet method with a 2" Jevel resolution, respectively.

Table 2-1 Test cases and results for the flow at NACAO0012 airfoil

NACA0012 |  Time Dec‘xz“;l:itﬁon lteration | CPU | Time Lift Difference

Airfoil Integration Leli/el Time Ratio | Coefficient (%)
Dense grid Reference 0.5497
. Reference 3698 213.19 1.00 0.5340 2.86
Subsonic

(Ma=0.3, LU-SGS Level 1 2046 113.84 1.87 0.5331 3.02
AOA=S) | (201x97) Level 2 1995 | 10177 | 209 | 0.5361 247
Level 3 2015 103.45 2.06 0.5346 2.75

Frossue Pressure

0746
07345
07281
07213
07145

0.7416
0.7348
0.7281
0.7213
07145
07078 -
0.7010

06874
0.6807
0.6739
0.6671
0.6603
0.6536
0.6468

06874
LLE:1ilv Ty
G739
0 aRT1
06603
0Eh36
065460

(a) Pressure contours of the reference solver  (b) Pressure contours of adaptive wavelet method
Fig. 2-1. LU-SGS time integration for subsonic flow (Ma=0.3, AOA=5")

From table 2-1, differences in lift coefficients have little relation to the resolution level and
change within a 2" order of accuracy. Concerning the time ratio, the adaptive wavelet method
with a 2™ level resolution is better than a 1 level while the difference in the time ratio between
the 2™ level and the 3" level is slight. There exists the proper level according to the complexity
of solution and the number of grid points in order to gain optimum efficiency. If the number of
grid points is not enough to express the flow physics accurately, it is hard to expect
improvements in computing efficiency simply by increasing the resolution level of an adaptive
wavelet method. In this case, the appropriate level is the second.
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2-2. Efficiency of adaptive wavelet in unsteady problem

Overall enhancement in computational efficiency of shock-vortex interaction problems [2, 23]
is evaluated. Here, the AUSMPW+ scheme [21] is used for spatial discretization and 4™ order
Runge-Kutta explicit method [16] is for the time integration. Fig. 2-2 shows the adaptive datasets
according to the wavelet resolution level at t=15 sec. Here, the dataset follows the change of flow
features and many cells remains in /(¢') near the vortex and shock regions. In the other regions,
the changes of flow properties are negligible, and the remaining cells are sparsely distributed.
The 1(¢') dataset is effectively adapted to solution’s features. Also, in these figures, the
adaptive datasets between level 3 and 4 are very similar. There is a proper level of wavelet
resolution according to the solution complexity. In this case, the appropriate level is 4.

(a) Level 1 (b) Level 2

(a) Level 3 "~ (d)Level 4
Fig. 2-2 Adaptive datasets of shock-vortex interaction problem according to wavelet
decomposition level at t=15 sec

Fig. 2-3 and 2-4 show the change of density contours, variation of the compression ratio, and
CPU time/iteration during the time integration, respectively. The CPU time/iteration of the
reference method was constant 1.58 sec. At the beginning of the calculation, that of the new
adaptive wavelet method was much smaller. However, as time went on, the moving vortex
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penetrated into and interacted with the stationary normal shock, which complicated the flow
features. Then, the CPU time/iteration of the new adaptive wavelet method increased gradually
because more grid points were included in the dataset to adapt the dataset to the flow features.
Therefore, the compression ratio decreased and accompanied the increase of the CPU
time/iteration of the adaptive wavelet method.

(a) t=3.75sec (b) t=7.5sec

(c) t=11.25sec (d) t=15sec
Fig. 2-3 Change of density contour of shock-vortex interaction problem according to time
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(c) Density contours at a-b line (y=17) (d) Density contours at c-d line (y=25)
Fig. 2-5 Density contours of shock-vortex interaction problem at t=15sec; the wavelet
decomposition level is 3.

Overall, the computation time became about 2.0 times faster at maximum when the resolution
level of wavelet was 4. The L2 norm between the solutions of the reference solver and the new
adaptive wavelet method was2.56x107". The overall efficiency improvement and the L2 error
according to wavelet decomposition level are summarized in Table 4. Generally, if the number of
cells becomes large, higher computational efficiency can be obtained because the portion of the
region where the flow properties change smoothly increases and the compression ratio of the
wavelet method is enhanced. To confirm this result, I performed the same simulations except for
resizing the number of grid points as 241x241 and summarize the results in Table 5. Although
the order of L2 errors was very similar for all cases, the maximum improvement of
computational efficiency was reduced from 2.0 times to 1.74 times. The present method can
become more effective in flow problems that require a huge size of grid points.

Fig. 2-5 (a) and (b) show the density contours of the reference and the new adaptive wavelet
method at t=15sec, respectively. The comparisons of density contours at y=17(a-b line) and
y=25(c-d line) are presented in Fig. 2-5 (c) and (d), respectively. The density contours are very
similar to each other. Also in Fig. 2-5 (¢) and (d), the original features around the vortex core or
the shock discontinuity region are exactly represented by the adaptive wavelet method.

3. Extensive applications of adaptive wavelet based high order scheme
3-1. High accurate adaptive wavelet with TVD
3-1-1. Shock Sine Wave Interaction Problem

First, the higher order accurate adaptive wavelet method was tested with the one-dimensional
shock-sine wave interaction problem. The governing equation was the one-dimensional Euler
equation and the initial conditions are shown in Eq. (3-1).

(p,U,p)=(3.8571,2.6294,10.333) where 0<x <1,
(p,U, p)=(1+0.2sin(5(x-5)),0,l) where 1<x<10, (3-1)

Here, 3" order interpolation with TVD limiting function was utilized for the evaluation of cell
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interface values. Then, AUSMPW+ method was used for spatial discretization and 3" order of
Runge-Kutta method was for time integration, respectively [21, 24, 25]. And the number of grid
points is set as mx2' +1 because of easy dyadic coarsening during the wavelet transformation.
The value of ¢ was setas10™.

In order to confirm that the adaptive wavelet method maintains the numerical accuracy of the
conventional schemes, grid convergence tests are performed. Fig. 3-1 shows the results of the 3™
order accurate conventional method and the adaptive wavelet method. It is shown in Fig. 3 that
the higher order accurate adaptive wavelet method maintains the 3™ order of accuracy of a
conventional solver by setting the thresholding values.

0.0015

0.001

0.0005

Accuracy

— —a— — Conventional
—s—— Wavelet

PRI IR R 1
0.01 0.008 0.006 0.004 ] 0.002
Grid Spacing

Fig. 3-1 Results of grid convergence test.

The CPU times of the higher order adaptive wavelet method are compared to those of a
conventional 3" order accurate CFD solver according to the wavelet decomposition level in
Table 3-1. In the case of higher order accurate adaptive wavelet method with a 1% level
resolution, the CPU time rather increases. This is because the increase in CPU time due to
additional computations for the adaptive wavelet method exceeds the decrease in CPU time from
the flux evaluation step. On the other hand, in the case of other resolutions, the decrease in CPU
time for the evaluation of fluxes is dominant and the overall CPU time decreases. For example,
in a 3" level of wavelet decomposition with 8001 grid points, the computation of the wavelet
method is 1.93 times faster than that of a conventional solver.

Table 3-1 Comparison of CPU times in shock-sine wave interaction problem

Level Grid CPU Time Time
Number Original Wavelet Ratio

1001 70.656 73.828 0.96

1 2001 139.422 144.547 0.97
4001 277.359 286.344 0.97

8001 550.453 571.547 0.96

1001 70.656 50.531 1.40

) 2001 139.422 97.000 1.44
4001 277.359 189.594 1.46

8001 550.453 377.844 1.46

3 1001 70.656 48.547 1.46
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2001 139.422 84.891 1.64
4001 277.359 143.047 1.94
8001 550.453 285.641 1.93

Fig. 3-2 shows the solutions of a conventional solver and the higher order adaptive wavelet
method at t=1 with 8001 grid points. The original solution of a conventional solver and that of
the wavelet method are almost same. In order to verify it more precisely, the density contours of
a conventional solver and the wavelet method with 3™ level resolution are enlarged at positions A
and B in Fig. 3-3. In both rapidly changing region of A and the smooth region of B, the results of
adaptive wavelet method show good agreement with those of a conventional solver.

——=a—— Conventional
——e—— Wavelet-Level3

Fig. 3-2 Comparison of density distribution of the shock-sine wave interaction problem at
t=1sec.

. ——=a—— Conventional
——a—— Conventional B ———e—— Wavelet-Level3
———— Wavelet-Level3
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X
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(a) Magnified pressure plots in the region of A (b) Magnified pressure plots in the region of B
Fig. 3-3 Detailed density distribution.

3-1-2. Shock-Vortex Interaction Problem

To assess the accuracy and efficiency of the higher order accurate adaptive wavelet method in
more complicated case, it is applied to a shock-vortex interaction problem [23]. The domain is
setas —20<x<5 and —20<y<10with a 600x600 grid. The initial velocity, density and pressure
distributions of a vortex flow are presented in Eq. (3-2).
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Tangential velocity: u, =M rexp[(1-r?)/2],
Radial velocity: u, =0,
Vorticity: a(r)=M,(2-r*)expl(1-r*)/2], (3-2)

1 -1 _
Pressure: p(V)=;[1—yTMv2 exp(l— 7))

. 1 -1 _
Density: £()=- {1~ T M exp(1=r] 0,

The Mach number of vortex is 0.39 and the initial vortex core is located at (-5,-5). The normal
shock with Mach number of 1.29 is propagated to the vortex from right boundary of the
computational domain. Fig. 3-4 shows the schematic diagram of shock-vortex interaction
problem; in step1, the shock wave deforms as the shock-vortex interaction develops. In step2, the
shock wave deforms more and more with the development of the interaction and reflected waves
emanate. Finally in step3, slip lines are formed and the lines meet the reflected wave and normal
shock at the triple points. For the simulation of this complicated flow problem, AUSMPW+
method combined with 3" order interpolation with TVD limiting function was used for spatial
discretization and 3" order of Runge-Kutta method was for time integration, respectively.

-— -— -—
Stepl Step2 Step3
Reflected Wave
Reflected Wave I

!

.} : Triple '@

.; Poi.m‘__‘___.::O
‘ | \

Feflected Wave l.
Feflected Wave

Fig. 3-4 Schematics of shock-vortex interaction problem.
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(c) Level 3 (d) Level 4
Fig. 3-5 Adaptive datasets of shock-vortex interaction problem according to wavelet
decomposition level at t=18.

After the non-dimensional time of 18, the adaptive dataset according to the level of wavelet
decomposition are represented in Fig. 3-5. It is shown in these figures that the dataset follows the
local features of the solution, accurately; many cells are automatically remained near the vortex
core, normal shock regions, reflected wave region, and slip lines, etc. according to the crucial
flow features. In the other smooth regions, the changes if the flow properties are negligible and
the remaining cells are sparsely distributed. Here, the adaptive datasets between level 3 and 4 are
very similar. There is a proper level of wavelet resolution according to the solution complexity
and the appropriate level is 3 in this case. After the construction of an adaptive dataset, operation
with high cost such as high order interpolation and flux evaluation are performed only at the
remaining cells, which enhance the computational efficiency.

Fig. 3-6 shows the density contours of a conventional 2™ order accurate solver, 3™ order
accurate solver and the adaptive wavelet method with 3 level of wavelet decomposition after the
non-dimensional time of 18. In this figure, it is shown that the contour of 2™ order accurate
conventional solver is smeared comparing with that of 3" order accurate solver. However, the 3™
order accurate adaptive wavelet method can maintain the original features of a solution; the
contours of slip line, reflected wave pattern, etc. are clearly presented not only in the results of
the 3™ order accurate solver but also in the adaptive wavelet method.
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(a) 2™ order of conventional method

(b) 3" order of conventional method (c) 3" order of adaptive wavelet method
Fig. 3-6 Comparison of density contours of shock vortex interaction problem at t=18

Fig. 3-7 shows the detailed density distributions of 2™ order accurate solver, 3rd order
accurate solver, the adaptive wavelet method at y=-5 and they are compared with the result of
dense grid system. In the result of 2" order accurate solver, the vortex and reflected wave is
dissipated compared with the 3™ order accurate conventional solver and the wavelet method.
However, by using 3™ order accurate method, the density distributions are clearly represented;
the results of 3™ order accurate method follows that of dense grid system more accurately though
small number of grid points is used. Therefore, it can be verified in this test that the adaptive
wavelet method can maintain the numerical accuracy of the 3™ order accurate conventional
solver; it presents higher order accurate results compared with that of the 2" order accurate
solver.
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Fig. 3-7 Comparison of density distribution at y=-5.

The CPU times of conventional solver and adaptive wavelet method and L2 error norm
between the results of 3™ order accurate conventional solver and adaptive wavelet method are
summarized in Table 3-2. In this table, the order of L2 error norm is very small, that is, the
results of adaptive wavelet method are nearly similar to that of the 3" order accurate solver. On
the other hand, there is the substantial enhancement of the computational efficiency by using the
adaptive wavelet method; in case of the 3 order accurate solver, the computational speed is only
about 80% of the speed of the 2" order accurate solver due to the operational cost of high order
interpolation. However, the computational time of adaptive wavelet method with 1 level of
wavelet decomposition becomes somewhat faster than the 2™ order accurate solver. The cost of
high order interpolation and flux evaluation decreases because high order interpolation and flux
evaluation are not performed at the excluded cells in the adaptive dataset. As the wavelet
resolution level increases, the adaptive wavelet method with 3™ order accuracy becomes more
efficient than 2™ order accurate solver as well as 3™ order accurate solver; the computational
time of adaptive wavelet method is about 1.4 times faster than the 2™ order accurate
conventional solver and 1.9 times faster than the 3™ order accurate solver at maximum when the
resolution level of wavelet is 3.

Table 3-2 Results of efficiency improvements in the shock-vortex interaction problem;
Grid size is 601x601
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Wavelet Decomposition L2 Error CPU Time Time Ratio

2™ Order Conventional 8080

3" Order Conventional 10446 0.77
Level 1 6.90x10® 7837 1.03
Level 2 8.65x107 6048 1.34
Level 3 8.46x107 5603 1.44
Level 4 7.42x10°8 5676 1.42

3-1-3. Isentropic vortex problem

In order to assess the adaptive wavelet analysis in continuous problem, it was applied to an
isentropic vortex problem. The vortex model was defined as Eq. (3-3) [26].

. . 1-r°
Tangential velocity: u,=M,r exp{ 2r } ,
Radial velocity: u, =0, (3-3)
_1 U(r=D)
Density velocity: p(r) = (1 - 7TM Zexp[l— rz]j ,

Pressure distribution: p(r)=p"/y.

Here, the computational domain ranged from (-5,-5) to (5,5) with equal grid spacing and the
vortex core was located at (0,0). The vortex Mach number, M, was 1.0 and the number of grid
points was 201x201. The CFL number was 0.5 and the boundary was fixed with initial values.
For a simulation, a third-order spatial interpolation with a MLP limiting function was utilized for
the evaluation of cell interface values and AUSMPW+ was for flux calculation. Then time
integration by the 3 order of Runge-Kutta method was applied. After a non-dimensional time of
50, the density distributions were plotted.

Through the thresholding, many cells are remained near the vortex core as shown in Fig. 3-8.
Fig. 3-9 shows the density distribution of second-order accurate solver, third-order accurate
solver, and the adaptive wavelet with 3 level of resolution along y=0. The density distribution of
second order accurate solver is damped out near the vortex core region. However, third order
accurate solver and adaptive wavelet can offer improved steepness near the vortex core region.

(a) Level 1
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Fig. 3-8 Adaptive datasets of the isentropic vortex flow according to resolution level.
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Fig. 3-9 Comparison of the density distributions at y=0.

The computational time of second order solver, third order solver and adaptive wavelet
method and the L2 error norm between the results of the third-order solver and the
multi-resolution analysis are summarized in Table 6-3. It is shown that the computation of
multi-resolution analysis with 3 level of resolution becomes 1.7 times faster than third order
accurate solver while the L2 error norms are nearly small. Hence, multi-resolution analysis can
enhances the accuracy of a solution compared with a second order accurate solver as well as it
improves the computational efficiency of a third order accurate solver.

Table 3-3. Results of efficiency improvements in the isentropic vortex problem;

Grid size of 201x201.
Adaptive wavelet L2 Error CPU Time g}%ivgjgg
Second-Order Conventional 4081
Third-Order Conventional 7054
Level 1 6.81x107 5107 1.38
Level 2 8.03x107 4549 1.55
Level 3 7.80x1077 4266 1.65
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3-2 High accurate adaptive wavelet with e-MLP
3-2-1 Shock-Vortex Interaction Problem

First, the higher order accurate adaptive wavelet method was tested with the shock-vortex
interaction problem in Eq. (3-2). The domain is set as —20<x<5 and —20<y<I0with a
400 x 400 grid. The Mach number of vortex is 0.39 and the initial vortex core is located at (-5,-5).
The normal shock with Mach number of 1.29 is propagated to the vortex and ¢ is set as 10~
The CPU times of 2™ order accurate TVD computation, 3" order accurate TVD computation,
3rd order accurate e-MLP computation, and 3™ order accurate e-MLP computation with adaptive
wavelet method are summarized in Table 3-4. In this table, it is definitely shown that 3™ order
accurate TVD and e-MLP computations need more computational time than 2" order accurate
TVD computation. Also, e-MLP spends 20% of additional computational cost comparing with
the result of 3™ order TVD solver because of the complexity of the calculation of MLP
coefficients, @rr innonlinear discontinuous regions.

Table 3-4. Comparison of CPU times in shock-vortex interaction problem.
CPU Time

Level 2" order 3order  e-MLP(3")  Wavelet ;l:}?\l’vzvle}:tlg‘g
Level 1 1962 0.886
Level 2 1738 2092 2498 1537 1.131
Level 3 1478 1.176

However, the CPU time of e-MLP solver with 1 level of wavelet resolution becomes smaller
than that of 3™ order TVD solver as well as e-MLP solver though it is still larger than that of o
order TVD solver. It is because the region which needs high order accurate flux evaluation
including e-MLP decreases by the wavelet transformation. The decrease of CPU time in flux
evaluation exceeds the increase of CPU time caused by wavelet transformation and the
application of e-MLP. By increasing the wavelet resolution level, then the computational
efficiency is substantially enhanced and the computation becomes faster than the 2™ order
accurate TVD solver; the CPU time of wavelet method became about 1.2 times faster than the
2" order accurate TVD solver at maximum when the resolution level of wavelet is 3.
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I Continuity: 5274 %
Linear discontinuity : 221 %
[l Fonlinear discontinuity : 2.93 %
Fig. 3-10 Adaptive dataset by the wavelet transformation at t=18.

The adaptive dataset by the wavelet transformation is constructed so as to follow these
physical features of the solution accurately as Fig. 3-10; many cells are remained near the vortex
and shock regions. In the other smooth regions, the changes of the flow properties are negligible
and the remaining cells are sparsely distributed. By the wavelet transformation, the remaining
cells in the adaptive dataset are about 58% of the whole computational domain where fluxes are
calculated. Here, the remaining regions are divided into continuous, linear dis-continuous and
nonlinear discontinuous regions; 53% of the whole computational domain is continuous region,
2% 1is linear discontinuous region, and 3% is nonlinear discontinuous region. Then in the
continuous region, there is no application of limiting function. In the linear discontinuous region
and non-linear discontinuous region, TVD and MLP limiting function are used for oscillation
removal, respectively. Due to the combination of wavelet and e-MLP, the computational
efficiency is substantially enhanced.

Fig. 3-11 shows the density contours of 2" order TVD solver, 3" order TVD solver, 3rd order
e-MLP solver and 3™ order e-MLP solver with the wavelet method after the non-dimensional
time of 18. In these figures, it is shown that the contour of 2" order accurate TVD solver is
smeared comparing with that of 3™ order accurate solvers. However, the 3™ order e-MLP with
the wavelet method can maintain the original features of a solution; the contours of slip lines,
reflected wave pattern, etc. are clearly presented.
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(c) 3" order e-MLP (d) 3 order e-MLP + wavelet
Fig. 3-11 Comparison of the density distributions at y=0.

Fig. 3-12 shows the detailed density distributions of 2" order TVD solver, 3™ order TVD and
e-MLP solver, and the e-MLP with adaptive wavelet method at y=-5. And they are compared
with the result of dense grid system with 2™ order accurate solver. In the result of 2nd order
TVD computation, the vortex and reflected wave is dissipated compared with the 3rd order
accurate solvers and the wavelet method. However, in case of the 3™ order TVD, e-MLP
methods and the wavelet method, the density distributions follow that of dense grid system
accurately.
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Fig. 3-12 Comparison of density distribution at y=-5.

3-2-2. Viscous shock tube Problem

The second test is unsteady viscous shock tube problem [27, 28]. The computational domain is
set to be 0<x<1,0<y<0.5  and the total number of grids is 401x201. For boundary
conditions, symmetric boundary conditions are applied at ¥ =0.5. Then at the other sides, wall
boundary conditions are enforced. The initial conditions of this problem are given as Eq. (3-4).

(o,u,v,p)= (120,0,0,@) where 0<x<0.5,0<y<0.5,
Ve

(o,u,v, p)=(1.2,0,0, E) where 0.5<x<1,0<y<0.5, (3-4)
Ve

with y =1.4, Re=200, and u = constant .

In this problem, the governing equation is two-dimensional Navier-Stokes’ equations. Inviscid
fluxes are discretized by AUSMPW+ & e-MLP. Viscous fluxes are calculated by the 2" order of
spatial accuracy. For a time integration, the 4™ order of Runge-Kutta method with CFL
number=0.4 is applied and & is 10~
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Compression ratio (%)

Fig. 3-13 shows the compression ratio at each time. Due to the moving shock and interactions
between the shock and the boundary layer, the total compression ratio increase as time goes
further. Especially, the compression ratio in continuity region influences total compression ratio
most, because the flow features become very complex. However, the compression ratio in linear
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Fig. 3-13 Compression ratio of shock tube problem at each time

discontinuity region and non-linear discontinuity region are few changes of ratio.

Fig. 3-14 shows the adaptive dataset according to the level of wavelet resolution at t=1. At the
beginning, the strong shock is propagated to the right wall, and then reflected and re-propagated
again to the left accompanying complex shock-shear-boundary layer interactions. Here, the
dataset is seen to follow the flow feature effectively. Near shock discontinuities and the vortex

region, there remain many grid points to manifest the crucial features of solution.
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Fig. 3-14 Adaptive dataset according to the wavelet decomposition at t=1.
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(a) Original solver (b) Adaptive wavelet level 1
(c) Adaptive wavelet level 3 (d) Adaptive wavelet level 3

Fig. 3-15 Density contours of shock tube problem at t=1.

In Fig. 3-15, the density contours of the original solver and the adaptive wavelet method are
presented at t=1sec. In these figures, the 3 order accurate adaptive wavelet method can maintain
the original features of a solution; the contours of slip line, reflected wave pattern, etc. are very
similar to the contour of the 3™ order accurate original solver. Fig. 3-16 shows the detailed
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density distributions of 3™ order accurate original solver and the adaptive wavelet method at
y=0.153, In Fig. 3-15 (a), the density distributions of adaptive wavelet method follows that of
original solver accurately. But, in Fig. 3-15 (b), (c), and (d), the results of adaptive wavelet
method are slightly different with the original solver because of thresholding process in adaptive
wavelet algorithm.
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Fig. 3-16 Comparison of density distribution at y=0.077

The overall efficiency improvement according to wavelet resolution level is summarized in
Table 3-5. In this table, the computational time with 1 level of wavelet resolution is larger than
that of 2" order accurate conventional solver. It is because the additional CPU time of wavelet
transformation is larger than the decrease of CPU time of flux evaluation. By increasing the
wavelet resolution level, the adaptive wavelet method with 3™ order accuracy becomes more
efficient than 2™ order accurate solver as well as 3™ order accurate original solver; the
computational time of wavelet method became about 1.4 times faster than the 3rd order of
e-MLP method at maximum when the resolution level of wavelet is 3.
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Table 3-5. Comparison of CPU times in shock tube problem; Grid size (600%300)

Total CPU Time (Sec.) . .
Comp. Ratio e-MLP (3" Adaptive Wavelet Time Ratio
Level 1 48.21 % 28,531 1.181
Level 2 42.51 % 33,982 25,114 1.353
Level 3 41.58 % 24,763 1.372

4. Conclusions

In this research, high order accurate method for numerical flow analysis using adaptive

non-linear wavelets is developed. For the objective, the non-linear wavelet basis is proposed and
applied to accurate data representation method. The CFD solution algorithm using adaptive
wavelet is also developed and implemented to high accurate schemes of TVD and e-MLP
respectively. The proposed adaptive wavelet methods are proved to be efficient and preserve the
high accuracy through the following numerical exercises.

1.

Using the developed non-linear wavelet basis, the original data was compressed for two
applications of sine function and a Gaussian and pressure distribution around the transonic
airfoil. In sine function and a Gaussian, only 57 grid points can represent original 1025 grid
points. In pressure distribution around transonic airfoil, about 40% of data can represent
original data.

The constructed adaptive wavelet algorithm is applied to typical problems containing the
two-dimensional Euler equations. Throughout computations of a NACAO0012 airfoil and
shock-vortex interaction problems, the computational efficiency is enhanced as follows. In
NACAO0012 airfoil problems, by applying the adaptive wavelet method to the LU-SGS time
integration method, the computation is 2.1 times faster in the subsonic case and 1.5 times in
the transonic case compared with the results of the reference solver. In shock-vortex
interaction problem, the computation becomes 2 times faster.

The higher order accurate adaptive wavelet method with TVD scheme was applied to
one-dimensional shock-sine wave interaction, two-dimensional shock-vortex interaction, and
the isentropic vortex problems. In case of shock-sine wave interaction problem, it was
verified that the original numerical accuracy of the 3™ order conventional solver is preserved
with enhanced computational efficiency. Through the computation of shock-vortex
interaction problem, it was shown that adaptive datasets are constructed so as to capture local
features of solution automatically. Also, the higher order accurate adaptive wavelet method
speeds up the simulation 1.4 times faster than that of the 2" order accurate solver while the
3rd order numerical accuracy of a solution is maintained. Also, the proposed 3 order
method was about 1.65 times faster than 2™ order conventional solver while preserving 3™
order of spatial accuracy in isentropic vortex problem.

The higher order accurate adaptive wavelet method with e-MLP scheme was applied to

two-dimensional shock-vortex interaction and the viscous shock tube problems. In the

shock-vortex interaction problem, the proposed 3™ order adaptive wavelet method can

present much better efficiency (1.2 times faster) and accuracy compared with 2™ order

accurate computation by decreasing the computational time of 3™ order accurate e-MLP
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method. In the viscous shock tube problem, the adaptive wavelet method with 3™ order
accuracy becomes more efficient than 2™ order accurate solver as well as 3™ order accurate
original solver; the computational time of wavelet method became about 1.4 times faster than
the 3™ order of e-MLP method.

The developed high accurate adaptive wavelet method was confirmed to improve the
computational efficiency of the reference solver and to improve the numerical accuracies
compared to the similar computation workload problem. These capabilities of the proposed
algorithm were successfully enhanced by adopting three techniques for the adaptive wavelet
method.

1. The threshold value is modified to consider the grid spacing and the size of temporal step. As
a result, it is realized that the adaptive wavelet method preserves the spatial and the temporal
accuracies of the reference solver.

2. The stabilization technique is applied to the construction process of an adaptive dataset in
order to improve the compression ratio. Also, residual interpolation is performed at the 7
time step, not at the n+1 time step. It enables the process of arbitrary addition of adjacent

cells to a I(¢')" dataset to be excluded from the wavelet process. Therefore, the I(g')"

dataset can be automatically constructed without the user’s arbitrary adjustment of the
threshold value.

3. In the time integration, if the variations of the flow variables are smaller than the threshold
value &', they are controlled by adopting a weighting factor. This restriction technique
enhances the convergence rate of steady state calculations.
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Efficiency Enhancement in High Order
Accurate Euler Computation Via AWM

Hyungmin Kang, Dongho Lee, Dohyung Lee. Dochan Kwak and John Seo

1 Introduction

Recently, in various aerospace transportation and exploration system. there have
been strong demands for accurate computations of flow features including super-
sonic or hypersonic flow phenomena. These demands for accurate computations
oblige the developments in Computational Fluid Dynamics (CFD) modeling and
simulation technologies. As a result, CFD tools have been widely used in the
aerospace engineering and have become indispensable in the part of design stage
of aerospace vehicles.

However, the current level of technology does not meet the requirement of the
CFD field yet. For the enhancement of the prediction capability of CFD tools, it is
essential to perform high fidelity simulations with many grid points and high order
accurate algorithms. Then, the increment of computational cost is inevitable, espe-
cially in unsteady calculations. In order to extend the availability of high fidelity
simulations, it is necessary to alleviate the computational cost through the advance-
ment of CFD algorithms.

From the viewpoint of computational efficiency, the adaptive wavelet method can
be a good remedy. The crucial idea of the adaptive wavelet method is as follows: in a
CFD dataset, the majority of region is smooth except some rapidly changing region
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such as shock, boundary layer. vortices, etc. Then the wavelet coefficients computed
from decomposition process are compared with the threshold value, £’. If these val-
ues are larger than €', points become remained in an adaptive dataset. Through these
processes, the adaptive wavelet method can present the automatic adaptation of a
dataset based on the local feature of a CFD solution [1-3]. Then, flux evaluation is
performed only at the sparsely remaining points in an adaptive dataset, which sub-
stantially reduces the computational time. However, by the thresholding process,
additional errors are added to a solution and may cause the deterioration of the nu-
merical accuracy of conventional CFD schemes if the additional errors are larger
than the truncation errors of the spatial discretization and time integration methods.
To overcome this defect, Kang et al. present the modified threshold value which
considers the temporal accuracy as well as the spatial accuracy of the conventional
CFD schemes. And they applied it to the 2nd order accurate unsteady flow problems
[2.3].

In this paper, the objective is the high order accurate Euler computation with
enhancing the computational efficiency. For this purpose, 3rd order accurate Euler
solver is constructed with AUSMPW + spatial discretization method and 3rd order
Runge-Kutta time integration scheme [4.5]. And Multi-dimensional Limiting Pro-
cess (MLP) is used in order to remove numerical oscillation [6]. This 3rd order ac-
curate Euler solver is combined with the adaptive wavelet method as follows: first,
the threshold value is modified to be adequate for maintaining 3rd order spatial and
temporal accuracy of a current CFD solver. Second, the general adaptive wavelet
transformation procedure is changed by adopting residual interpolation. Through-
out these processes, the higher order accuracy of a conventional solver is conserved
and the computational cost is substantially reduced. In order to demonstrate the
efficiency and the accuracy of the developed method, the method is applied to a
complicated shock-vortex interaction problem [7].

2 Numerical Algorithm of the Adaptive Wavelet Method

In this research, the two-dimensional Euler equations are used as the governing
equations of unsteady flow problems. The generalized coordinate transformed two-
dimensional Euler equations are written as Eq. (1).

o0 9E JF,

a0~ Lo Tagl— R W
o g - = 1
with Q=%E=;[&Q+§IE+§_\-F],F=3[n:Q+n.tE+n_‘-F]-

For constructing 3rd order accurate conventional solver, AUSMPW + with MLP lim-
iting function is used for spatial discretization and 3rd order Runge-Kutta method is
for time integration [4-6].
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Then, by the decomposition process, the estimation of flow variables is per-
formed. If we assume that (i, j) cell is even numbered cell and (i + 1. ), (i,j+1)
and (i+ 1, j+ 1) are odd numbered cells, the values at even numbered cell is saved
to a point in the coarser level grid. At odd numbered cells, we approximate the orig-
inal values by interpolating polynomial. In this research, 6th order of interpolating
polynomial is used for maintaining the 3rd order accuracy of a conventional solver.
The equations with 6th order of accuracy for the approximation procedure of two
dimensional flow problems are presented in Eq. (2).

~ 1
Oit1j = 75 X (3Qiaj = 2501 5,;+1500; ; + 15007, 5 ; — 25074, +3C6,;)

— 1
Qijrt = 53¢ X 3Qj-4— 2500 j» +1500;;+ 15005 j 5 —250] j.4 +30 js6)

_ 1
A jn = ST (3054 +3Q2 ;4 +207 55 —2705; 221013, (2)
SO0 kg + 30 4 TG 5 4 VTADE - 1TADR 5 i~ 21O i+ 3 5
303 442 — 2700 5 jy2 + 1740 j 0 + 17400 5 540 — 210 4 1o + 3016 42

207 2 44— 2107 14— 21002 44 +200 4 j1a+307 116 730012 16

Then, difference values between original values and approximation values are
calculated and compared with threshold value. In this research, in order to maintain
the accuracy of a conventional solver, the modified threshold value, £ is defined as
Eq. (3).

g’ = minle ,max((Ax)* ,max(|U|,|V])-CFL* - (Ax)*)]. 3)

If difference value is larger than &', the point is included in the adaptive dataset;
if not, the point is excluded from the dataset. Throughout this process, the dataset
is adapted to the flow features while maintaining the numerical accuracy of con-
ventional schemes. After thresholding process, flux values are only calculated at the
included cells in the adaptive dataset by AUSMPW+ with MLP limiting function
with 3rd order accuracy. At excluded cells in the dataset, residual values are inter-
polated by using the same interpolating polynomial as Eq. (2). And 3rd order of
Runge-Kutta time integration is performed on the whole computational domain.

3 Numerical Test and Discussion

In order to assess the numerical accuracy and efficiency of the higher order accurate
adaptive wavelet method, it is applied to a shock-vortex interaction problem [7]. The
computational domain is set as —20 <x < 5 and —20 < y < 10 with a 600 x 600
grid. The Mach number of vortex is 0.39 and the initial vortex core is located at (-
5.-3). This vortex is propagated to a stationary normal shock with the Mach number
of 1.29. Here, £ is setas 107,
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{a) Conventional method (b) Modified wavelet method

Fig. 1 Density contours of shock-vortex interaction problem at t=18sec: the wavelet decomposi-
tion level is 3.

Figure 1 shows the density contours of a conventional 3rd order accurate solver
and the adaptive wavelet scheme after the non-dimensional time of 18. It is shown
that they are almost same. The adaptive wavelet method can maintain the original
features of a solution such as the vortex pattern, the position and strength of shock,
etc. Figure 2 shows the detailed density distributions of 2nd order accurate solver,
3rd order accurate solver, the adaptive wavelet method at y=-5 and they are com-
pared with the result of dense grid system. In case of 2nd order accurate case, the
distribution is smeared compared with 3rd order accurate cases. However, the re-
sults of 3rd accurate solver and 3rd order accurate adaptive wavelet method present
more accurate distributions than 2nd order accurate solver.

Figure 3 represents the adaptive dataset with wavelet decomposition level=3. The
dataset follows the flow features accurately and many cells are remained near the
vortex and shock regions. In the other smooth regions, the changes of the flow prop-
erties are negligible and the remaining cells are sparsely distributed. Fluxes are cal-
culated only at the remaining points, which enhances the computational efficiency
as shown in Table 1. In this table, the 3rd order accurate adaptive wavelet method
presents better computational efficiency than the 2nd order accurate solver. There-
fore, the present adaptive wavelet method can present high order accurate results
with better efficiency than conventional CFD solvers.

4 Conclusion

Throughout this research, the higher order accurate adaptive wavelet method is pro-
posed for the flow computations which need higher order accuracy and efficiency.
For this purpose, 6th order accurate interpolating polynomial is implemented to the
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Fig. 2 Comparison of density plots of shock-vortex interaction problem at t=18sec; the wavelet
decomposition level is 3.

wavelet decomposition process. Also, the threshold value is modified in order to

Table 1 Results of efficiency improvements and L2error for the shock-vortex interaction problem

Wavelet Level CPU Time Time Ratio
Third Order 12411.3

Level 1 9086.0 1.37

Level 2 6798.5 1.83

Level 3 6020.1 2.06

Level 4 6053.6 2.05
Second Order 8079.2 1.54
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Fig. 3 Adaptive datasets

of shock-vortex interaction
problem with wavelet decom-
position level=3 at t=18

maintain the 3rd order accuracy of conventional CFD schemes. This higher order ac-
curate adaptive wavelet method is applied to the shock-vortex interaction problem.
And it can present much better computational efficiency than a 2nd order accurate
scheme while maintaining the higher order numerical accuracy.

Acknowledgements This work was supported by the Asian Office of Aerospace R&D (AQOARD)
project (Award No: FA2386-10-1-4001).
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Abstract

An adaptive wavelet transformation method with high order
accuracy is proposed to enable efficient and accurate flow
computations. The main algorithm is as follows; 3" order of
wavelet decomposition and thresholding are applied to a
CFD dataset and the positions of crucial features in the
dataset are searched with maintainmng the original numerical
accuracy of a conventional solver and the dataset is auto-
matically adapted to local features of a solution. After the
wavelet transformation, 3™ order spatial and temporal
accurate high order interpolation scheme with Multi-
dimensional Linitmg Process (MLP) are performed only at
the included points m the adapted dataset. In the other
points, high order of interpolation method 1s utilized m
order to construct residual values. This high order inter-
polation scheme with high order adaptive wavelet frans-

formation was applied to unsteady Euler flow computations.

Through these processes. both computational efficiency and
numerical accuracy are guaranteed in case of high order
accurate unsteady flow computations.

1 Introduction

Recently, there have been strong demands for accurate flow
computations mcluding supersomic/hypersonic phenomena
based on the enhancement of analysis systems. Especially
In various aerospace fransportation and exploration systems.
the prediction capability of flow phenomena becomes 1m-
portant for cost reduction during the part of design stage of
aerospace vehicles. For the satisfaction of these demands.
accurate modeling algorithms and simulation technologies
with vast size of grids have been forced m Computational
Fluid Dynamucs (CFD). As a result, CFD algorithms have

been widely used in various filed meluding the aerospace
engineermg.

However, the current level of technology is offen m-
sufficient for the satisfaction of the requirement of the CFD
field. Still, complexity of the flow phenomena and shape of
the models becomes the obstruction in terms of accuracy
and efficiency. To enhance the prediction capability of CFD
algorithms, high fidelity algorithms with many grid points
are essential; the increment of computmg cost 1s mevitable,
especially in unsteady calculations. Hence, 1t 15 necessary to
accurately calculate the flow phenomena and efficiently
alleviate the computational cost through the advancement of
the CFD algorithms.

From the viewpoint of computational efficiency, the adap-
trve wavelet method can be a good remedy [1-3]. The crucial
1dea of the adaptive wavelet method 1s as follows; generally.
the usage of dense grid system in the whole computational
domain becomes a waste of resources because the majority
of the domam consists of smooth regions. A dense grid
system 15 only needed i the rapidly changing regions such
as shock waves, boundary layers, etc. Through the wavelet
transformation, wavelet coefficients become larger than
threshold value &£ in these crucial regions. Then, the dataset
1s automatically adapted to the local features of a solution
[1-3]. Flux values are calculated only at the remaining
points i an adaptive dataset, which reduces the
computational time.

However, the accuracy of the adaptive wavelet method 15
sensitive to & value. By the wavelet transformation, addi-
tional numerical errors nught be added to the solution and
the numerical accuracy of a conventional CFD solver
becomes deteriorated if the order of additional error is
larger than that of truncation errors of the spatial discrete-
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zation and time integration method. In order to resolve this
defect, modified threshold value 1s presented by considering

the spatial and temporal accuracies of numerical schemes [2,

3].

In thus paper, our main objective is to efficiently compute
the Euler flows with higher order of accuracy. For this
purpose, higher order of wavelet transformation process
applicable to the 3™ order accurate solver is constructed as
follows; first, the 6™ order of interpolating polynomial is
mtroduced to wavelet decomposition process. Second, the
threshold value is modified in order to maintain the 3™
order of spatial and temporal accuracies of a solver. This
adaptive wavelet method is fed into the 3 order accurate
Euler solver and applied to several numerical tests. Through
the application of the higher order accurate adaptive
wavelet method, the accuracy of the conventional solver 1s
conserved and the cost 15 substantially reduced.

This paper 15 organized as follows; after the mtroduction,
the overall adaptive wavelet method including the higher
order of decomposition and thresholding 1s described. Then,
to assess the developed method, several numerical ex-
peruments are performed such as one-dimensional shock-
sine mteraction problem and two-dimensional shock-vortex
mteraction problem. Finally. a conclusion 1s drawn.

2 The overall implementation of the adaptive
wavelet method

The two dimensional Euler equation 1s written as follows:

90 B By, o

ot ox oy
P pou ™

2
simig=| ™. ms| B L 2T lua
‘] m’ ,a! +p
Pe; (poe; + plu (e, + p)v
¥
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where all properties and governing equations are nomn-
dimensionalized. By the generalized coordmate trans-
formation, Eq. (2) 1s derived.
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The flow chart mn figure 1 shows the overall processes of
the mmplementation of the adaptive wavelet method to a
two-dimensional Euler solver.
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Figure 1: Overall procedure of the adaptive wavelet method.

2.1 Wavelet transformation

At first, assume a two-dimensional dyadic gridset as figure
2. Here, positions of the symbol O are even numbered
grids and the other positions of symbols [], 2 and X are
odd numbered grid pomts. Then, values at even numbered
cell are saved to a pomt i the coarser level grid. At odd
numbered cells, 6th order of mterpolating polynonual is
used for maintamning the 3rd order accuracy of a con-
ventional solver as shown in Eq. (3).

~ 1
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Figure 2: Example of two-dimensional dyadic grid.
The difference values are calculated as Eq. (4).
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This wavelet decomposition process is performed by multi-
resolution and until the coarser level of gridset 1s obtained.

After wavelet decomposition, the wavelet coefficients are
compared with the threshold value; if the values are larger
than the threshold value, the points become remained in an
adaptive dataset. Through these processes, the dataset
follows the local feature of a CFD solution. However, the
thresholding process inevitably results m the additional

O(&) numerical errors because of the data loss below O(g) .

If O(g) error 1s larger than the truncation errors of the
spatial discretization and fime integration method, the
accuracy of a conventional CFD scheme should be de-
teriorated. In order to overcome thus defect, the thresholding
method 1s modified by considering the order of truncation
errors as Eq. (5).

&' = min[e. max(Ax>,CFL - A)] . (5)

If a wavelet coefficient is smaller than &' at some point,
the grid point doesn’t belong to the dataset. In the other
case, the pomt 1s mcluded m the dataset; an adaptive
dataset 1s constructed according to the local features of the
dataset with 3" order of accuracy. Through these higher
order of wavelet decomposition and modified threshold
value, 3 order of spatial and temporal accuracies of a
conventional CFD solver are guaranteed.

2.2 Flux evaluation

After the wavelet transformation, flux values are only
calculated at the included cells in the adaptive dataset with
3rd order of accuracy. In order to construct a 3™ order
accurate solver, AUSMPW+ scheme 1s utilized [4, 5]. Also,
for oscillation removal due to numerical discontinuities,
Multi-dimensional Limiting Process (MLP) 1s applied [6].
However, there 1s no need of the application of limiting
function to the continuous regions: dissipation due to

limiting function may damage the solution’s accuracy in the
contmuous region though 1t 1s mdispensible for the os-
cillation removal due to higher order accurate scheme in the
discontinuous region. Also, it 15 a waste of the computation-
al resources to use limiting function n continuous region.

In order to resolve this problem, the adaptive dataset is
divided into two regions: continuous and discontinuous
regions [7]. In the continuous region, there 1s no application
of limiting process and only higher order of interpolation 1s
applied. On the other hand, m discontinuous region, MLP 1s
utilized for the removal of numerical oscillation. Through
this switchung of limiting fimction, accurate and efficient
calculation of flux values is possible.

2.3 Residual interpolation

At excluded cells in the dataset, residual values are
mterpolated by using the order of mterpolating
polynonual as Eq. (6).
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By using this 6™ order of interpolating polynomial, the error
caused by mnterpolation becomes smaller than the truncation
errors of the numerical schemes. After constructing residual
distributions in the whole computational domain, 3™ order
of Runge-Kutta time mtegration is performed [4, 5].

3 Numerical results and discussion

In order to assess the accuracy of the higher order accurate
wavelet transformation. 1t 1s applied to shock-sine wave
mteraction problem The imitial conditions for the shock-
sine wave interaction problem are given in the following Eq.
(7). Here, & 1s setas 10°.

(p.U, p)=(3.8571,2.6294.10.333) where 0=<x=1,
(.U, p)=(1+0.2s51n(5(x—5)).0.1) where 1=x=10 .(7)

The CPU times of the higher order adaptive wavelet method
are compared to those of a conventional 3 order accurate
CFD solver according to the resolution level in Table 1.
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Table. 1 Comparison of CPU times in shock-sine wave
mteraction problem.

Level Grid CPU Time Compression
Number | griginal | Wavelet Ratia
1001 70.656 73.828 1.672
2001 139,422 144,547 1.756
' 4001 277.359 | 186,344 1.775
8001 550.453 571.547 1.789
1001 70.656 50,531 2.304
2 2001 139,422 97.000 2.548
4001 277,359 | 189,594 1.649
BOO1 | 550,453 | 377.844 1.695
1001 70.656 48.547 1.381
5 2001 139.422 84,6891 1.829
4001 277.359 143.047 3.396
8001 550,453 | 285.641 3.507
1001 70.656 | - e
4 2001 130,422 83.084 2.857
4001 277.359 | 140.594 3.413
8001 550.453. 272.813 3.675

In the case of the adaptive wavelet method with a 1% level
resolution, the CPU time rather increases. This 1s because
the increase in CPU time due to additional computations for
the adaptive wavelet method exceeds the decrease m CPU
time from the flux evaluation step. On the other hamg‘i n the
case of the adaptive wavelet method with a 2% level
resolution, the decrease in CPU time for the evaluation of
fluxes 1s domuinant and the overall CPU time decreases. For
example, in a 2* level resolution with 8001 grid points, the
computation of the wavelet method is 1.46 times faster than
that of a conventional solver.

Figure 3 shows the solutions of a conventional solver and
the higher order adaptive wavelet method at t=1. The
original solution of a conventional solver and that of the
wavelet method are almost same. In order to verify it more
precisely, the density contours of a conventional solver and
the wavelet method are enlarged at positions A and B and
compared m figure 4. At A and B regions, the results of
adaptive wavelet method show good agreement with those
of a conventional solver.

A
uf ¢
af
L — —=— - Convertional
a5k ———— Wavelst-Leveld

Figure 3: Density distribution of the shock-sine wave
mnteraction problem at t=1.

48
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(a) A region.
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(b) B region.
Figure 4: Detailed density comparison.

Finally, m order to confirm the spatial accuracy of this
method, grid convergence tests are performed and the
results are shown m figure 5. From figure 5, the higher
order accurate adaptive wavelet method maintains the 3™

order of accuracy of a conventional solver by setting the
thresholding values as Eq. (5).

— —a— - Convertional
e Wavelst

007 0008 0005 ooz

004
Grid Spacing

Figure 5: The result of grid convergence test.

To assess the accuracy and efficiency of the higher order
accurate adaptive wavelet method in more complicated case,
it 1s applied to a shock-vortex interaction problem [8]. The
domam 1is set as —20<x<5 and -20<y =10 with a
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400X400 gnd. The initial velocity, density and pressure
distributions of a vortex flow are presented m Eq. (8) [8].

Tangential velocity: u, =M rexp[(1- ?‘2}}' 4]
Radial velocity: u, =0,

Vorticity: o(r) =M, (2—rDexpl(1-r1)/2], (8)

Pressure: p(r)= l[1 - %1 M2 exp—rH) Y,
¥

’ 1 i | 5
Density: p(r) = ;[1—”7%2 exp(1—r)0

The Mach number of vortex 1s 0.39 and the mitial vortex
core 1s located at (-5-5). The normal shock with Mach
number of 1.29 1s propagated to the vortex and & 1s set as
10°.

The overall efficiency improvement according to wavelet
resolution level 1s summarized i Table 2. In this table, the
computational time with 1 level of resolution is larger than
that of 2 order accurate conventional solver. It is because
the additional CPU time of wavelet transformation 1s larger
than the decrease of CPU time of flux evaluation, as
mentioned m the previous example. By increasing the
wavelet resolution level, the adaptive wavelet method with
3" order accuracy becomes more efficient than 2 order
accurate solver as well as 3" order accurate solver; the
computational time became about 2.0 times faster at
maximum when the resolution level of wavelet 1s 3.

Table. 2 Comparison of CPU times m shock-vortex
mnteraction problem.

CPU Time
Level Computational
Conventional | Conventional | Wavelet Efficiency
(2¢order) | (3order) | (3% order) |
1 9086.0 137
2 6798.5 1.83
8079.2 124113
3 6020.1 2.06
4 6053.6 2.05

Figure 6 represents the adaptive dataset with wavelet
decomposition level=3. The dataset follows the flow
features accurately and many cells are remained near the
vortex and shock regions. In the other smooth regions, the
changes of the flow properties are negligible and the
remaming cells are sparsely distributed. Fluxes are
calculated only at the remaming points, which enhance the
computational efficiency.

Figure 7 shows the density contours of a conventional 2
order accurate solver, 3 order accurate solver and the
adaptive wavelet scheme after the non-dimensional time of
18. In these figures, it is shown that the contour of 2* order
accurate conventional solver i1s smeared comparing with

that of 3 order accurate solver. However, the 3 order
accurate adaptive wavelet method can maintan the original
features of a solution; the contours of slip line, reflected
wave pattern, etc. are clearly presented mn the results of the
3" order accurate solver and the adaptive wavelet method.
Figure 8 shows the detailed density distributions of 2°¢
order accurate solver, 3rd order accurate solver, the
adaptive wavelet method at y=5 and they are compared
with the result of dense grid system with 2™ order accurate
solver. In the result of 2°¢ order accurate solver, the vortex
and reflected wave is dissipated compared with the 3™ order
accurate conventional solver and the wavelet method.
However, by using 3" order accurate method, the density
distributions are clearly represented; the results of 3 order
accurate method follows that of dense grid system more
accurately though small number of grid points 1s used.

~

(b) Conventional solver (3% order).
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(c) Adaptive wavelet method.
Figure 7: Comparison of density contour.

(c) Detatled density distribution at B region.
Figure 8: Comparison of density distribution at y=-5.

4 Conclusions

Through this research, the higher order accurate adaptive
wavelet method is proposed for enhancing the prediction
capability of CFD with better efficiency. For this purpose,
6 order accurate interpolating polynomial is implemented
to the wavelet decomposition process. Also, the threshold
value 15 modified in order to conserve the 3rd order
accuracy of conventional CFD schemes. This higher order
accurate adaptive wavelet method is applied to one-di-
mensional shock-sme wave inferaction and two-dimen-
sional shock-vortex mnteraction problems. In these test, the
adaptive wavelet method can present much better compu-
tational efficiency than a 2nd order accurate scheme wiile
maintaining the higher order numerical accuracy of a con-
ventional CFD solver.
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primary burdens which decrease the computational efficiency,
especially m unsteady calculations. It is necessary to accurately
compute the flow phenomena and efficiently alleviate the
computational cost through the advancement of the CFD
algorithms. The adaptive wavelet method can be a good
solution by alleviating the computational cost of the spatial
discretization [5-7]. The crucial idea of the adaptive wavelet
method 1s that the crucial locations in the CFD dataset such as
shock, vortex core, etc. are automatically and accurately
searched by the wavelet transformation. Then, the dataset 1s
automatically adapted to the local features of a solution [5-7].
Flux values are computed only at the remaming points i an
adaptive dataset, which enhances the conputational efficiency.

In this paper, out target 15 to efficiently and accurately
compute the Euler flows with shock discontinmities. For this
purpose, the adaptive wavelet method 1s applied to a high order
accurate CFD solver. For preserving the accuracy of the
original solver, higher order accurate wavelet transformation 1s
constructed as follows; first, the 6th order of interpolating poly-
nonual 1s introduced to wavelet decomposition process.
Second, the threshold value is modified in order to maintain
higher order accuracy of the solver. This higher order accurate
adaptive wavelet method is fed into the high order accurate
CFD solver. That 1s, a spatial discretization scheme mcluding
the 3rd order accurate mnterpolations with e-MLP linufing
function i1s performed at the crucial positions in the CFD
dataset. In the other positions, simple mterpolating polynonuals
are used to compute the residual values. To assess the accuracy
and efficiency of the adaptive wavelet method, it was applied to
a shock-vortex interaction problem. Through the application of
the higher order accurate adaptive wavelet method, the
accuracy of the conventional solver 1s conserved and the cost 1s
substantially reduced.

NOMENCLATURE
a = speed of sound
dy, = wavelet coefficientat x;;
di'; = waveletcoefficientat (7, ) cell of n time step
Y i = (p.puv) at(ij) cellof n time step
b4 ; = nterpolated valueof I7;
p = pressure
R! ;= residual values at (7, j) cell of »n time step
ﬁ,-’_'j = interpolated value of R,
u, v =  components of the velocity vector
Subscript
i.j = position ofa cell
Superscript
n = current tume step
Greek
g = threshold value

g = modified threshold value
¥ = ratio of specific heat (1.4 for air)
£ = density

THE OVERALL PROCEDURE OF THE ADAPTIVE
WAVELET METHOD
The two dimensional Euler equation 1s written as follows:

d dE oF
_Q+C_J__ =0

-— 1
x o oy (€]
P Pl P
wilh @=" | gt ™ TP el A land
e puv o Ep
e (e + plu (e +p)v
a’ 1
g = +—(n}+v2),
ry-n 2

where all properties and governing equations are non-
dimensionalized. By the generalized coordinate trans-
formation, Eq. (2) 1s derived.

=+ ]=-R,. @
7

with E:%, E :%[;",.Q+§,E+§_,.F] and

1
= }[?.?:"Q +n.E+n,F].

< Inltial conditions
¥
Waveist Decomposition
= —

Tahatying e
Criterion?
Yoo

FIGURE 1. OVERALL PROCEDURE OF THE ADAPTIVE
WAVELET METHOD
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The flow chart in figure 1 shows the overall process of the
implementation of the adaptive wavelet method to a two-
dimensional high order accurate Euler solver.

Wavelet Transformation

At first, assume a two-dimensional dyadic gridset as figure
2. Here, values at O cells are saved to the position in the
coarser level gridset. At the other cells of [J, & and X
positions, the 6% order of interpolating polynomial is used for
maintaiming the 3rd order accuracy of a conventional solver as
shown m Eq. (3).

. 1
0- QEI—I.J’ :E(SQ&LJ— _ESQ;E—E:} + ISOQ;_.I_{ 3
+15001%; ; 25074 ; +30ks. ;)
~ 1
i =——B0" 4 — 2505 +15007";
A QI+L} 255( Q’._,l 4 X, j-2 ‘._I._j- (3)

23 150@3’& o 25ij+-1— + 3Q:'i.lj+6)

o 1
Onij= EGQE;—J, +300 ;4 +20 ;52707 5

n J v
—2700 ;2 +2004 ;2 +300L 4 ; 2701 ;

i g
X: +1 ?49:'?.:_3' 22 1?49:"-;-2.‘? e E?Qf""*‘-.?' + BQI."_&J.
+300 4 12— 2701 ;12 +1T407 1, +17400 1)

=270y j+2 +3006 jo2 + 200 o4 =270 14
2700 o4+ 2004 jo1 +30; o6 + 300 ju6)

= OO
AX|A
O
A
O
i
Sene

FIGURE 2. TWO-DIMENSIONAL DYADIC GRID

>
L= O ) = 0]
N s el
O IO> OO
L= O =
O>IOP>OPO] £

The difference values are calculated as Eq. (4).
- dr’ﬁ—l:j = Q;—ll—l.j e Ql'n—l_j 3

A d;fj+1 5 Qr'??j+l T Qf?jﬂ 2 (C)]

E: n n e |
X: diy j1=0G1 1~ Ga1 1

After wavelet decomposition, the wavelet coefficients are
compared with the threshold value; if the values are larger than
the threshold value, the points become remained in an adaptive
dataset. Through these processes, the dataset follows the local
feature of a CFD solution. However, the thresholding process
mevitably results m the additional O(g) numerical errors

because of the data loss below O(&) . In order to overcome this

defect, the thresholding method 1s modified by considering the
order of truncation errors as Eq. (5) [7].

&' = min[e, max(AC,CFL - AX)] . (5)

If a wavelet coefficient is smaller than &', the cell doesn’t
belong to the dataset. In the other case, the cell 15 mcluded in
the dataset; an adaptive dataset is constructed according to the
local features of the dataset with 3™ order of accuracy. Through
these higher order wavelet decomposition and modified
threshold value, 3 order of accuracy of a conventional CFD
solver i1s guaranteed.

Flux Evaluation

After the wavelet transformation, flux values are only
calculated at the included cells in the adaptive dataset with 3™
order of accuracy. In order to construct a 3™ order accurate
spatial discretization, e-MLP linuting function 1s used for the
oscillation removal of the 3 order nterpolation scheme [4].
The primary features of e-MLP are as follows; in the CFD, the
majority of the regions are so continuous that there is no need
of applying the limiting functions. Rather, the dissipation due
to linuting function may damage the solution’s accuracy i the
contmuous region. Thus, there is no application of limiting
function i continuous regions. In the discontinuous regions,
the regions can be divided mto lnear and nonlinear
discontinuous regions by the types of discontinuities. Then, by
the switching of linuting function between TVD and MLP,
TVD i1s used in the linear discontinuous regions and MLP 1s in
the nonlinear dis-continuous regions.

The brief summary of 3 order accurate interpolation with
e-MLP 1s shown m Eq. (6-9) [4].

(a) 3 order accuracy
1+2r7; 1+ 2rp g
R = S 6a
i 3 i 5 (6a)
., D ., D
where ;,.LJ_ e 6{4 5 i r.ﬁ‘.::f—l s E i+l 5J' )
EE +2 T EiH

(b) Continuous region: No limiting function
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@; =9, +0.56AD, |, (7a)

®p=T— 0550, . (7b)

(c) Linear discontinuous reg_:jon: _
TVD criterion, $(r) = max(0,min(2,2r))

(I)L = E!' 2
0.5max(0.min(2A®,,; 20, ;. AP, )’ (82)
O =Dy - (8b)
0.5max(0,min(2A®,,, 2A® ;. frA®,.,))
(d) Nonlinear discontinuous region:
MLP limiter, ¢(r) = max(0, min(a, or))
D, =D, +
. . (9a)
0. 5max(0, mun(a; AP, o AP, FrAD, 1))
2 2 2
Dy =D, —
R i+l (9b)

0.5max(0, min(apAD, . apAD, ;. FpAD, ;)

where a; , are MLP coefficients.

After the inferpolation of primitive variables at the cell
mterface, AUSMPW+ scheme 1s applied for the spatial discreti-
zation [8, 9].

Residual Interpolation

At ummportant cells in the dataset, residual values are
interpolated by using the 6% order of interpolating polynomial
as Eq. (10).

B _ 1 n " "
0 Riyy= EGRH_; —25R; ; +150R;; ,
+150RL, ; —25Ris ; +3Rils ;)

1
Rl = EGR{' -4 —25R] ;5 +150R};

150K} 0y — 25K} + 3R 125)

FAN:

(10)

Rl = 5_12(3353—4 3R ;4 + 2R, 1, —2TRY
—27R[ ;o0 + 2Ry ;o +3RL ; —2TRY, ;
X +174R]; +174R}, ; —27RY, ; +3RlL
+3RLy jy —2TR iy +174R] 1y +174R; s
—2TR[s jo0 + 3Rl jur + 2R oy —2TR{ 1y

—27R% jra + 2Ry joy +3R] 16 + 3R jug)

By using this 6* order of interpolating polynomial, the
error caused by interpolation becomes smaller than the
truncation errors of the numerical schemes. After con'«;huctm%
residual distributions in the whole computational domain, 3"
order of Runge-Kutta time mntegration 1s performed [8, 9].

NUMERICAL RESULTS AND DISCUSSION

In order to assess the efficiency of the higher order
accurate adaptive wavelet method, 1t i1s applied to a shock-
vortex inter-action problem [10]. The domain 1s set as
—20<x<5 and -20=<y=<10 with a 400x400 grid. The
muitial velocity, density and pressure distributions of a vortex
flow are presented in Eq. (11) [10].

Tangential velocity: u,; =M, rexp[(1- /21,
Radial veloeity: u, =0,

Vorticity: @(r) =M, (2—-rDexpl1-r7)/2],  (11)

Pressure: p() =21~ L= expa -
¥

Density: p(r) =—1 —%‘IME exp(—rH Y
7 A

The Mach number of vortex 1s 0.39 and the initial vortex core
15 located at (-5,-5). The normal shock with Mach number of
1.29 is propagated to the vortex and & is setas 107

The overall efficiency improvement according to wavelet
resolution level 1s summarized in Table 1. In this table, the
computational time with 1 level of wavelet resolution 1s larger
than that of 2* order accurate conventional solver. It is because
the additional CPU time of wavelet transformation 1s larger
than the decrease of CPU tume of flux evaluation. By mcreasing
the wavelet resolution level, the adaptive wavelet method with
3" order accuracy becomes more efficient than 2™ order
accurate solver as well as 3™ order accurate solver; the
computational time of wavelet method became about 1.7 tumes
faster than the 3" order of e-MLP method at maximum when
the resolution level of wavelet 1s 3.

TABLE 1. COMPARISON OF CPU TIMES IN SHOCK-
VORTEX INTERACTION PROBLEM

CPU Time Computational
Level 7ed = MLP ] Efficiency
order (3rd) Wavelet s "ﬁ;f;f;?
1 1961.9 1.273
1737.6 | 24982 1537.1 1.625
3 1477.7 1.691
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Figure 3 represents the adaptive dataset with wavelet
decomposition level=3. The dataset follows the flow features
accurately and many cells are remained near the vortex and
shock regions. In the other smooth regions, the changes of the
flow properties are negligible and the remaining cells are
sparsely distributed. By the wavelet transformation, the re-
maining cells in the CFD dataset is about 58% of the whole
conmputational domain where fluxes are calculated. In the other
regions, residual interpolation is performed. Here, the re-
maining regions are divided into continuous, hnear dis-
continuous and nonlinear discontinuous regions; 53% of the
whole computational domain is continuous region, 2% is linear
discontmuous region, and 3% 1s nonlnear discontinuous
region. Then in the continuous region, there is no application of
limiting function. In the linear discontinuous region and non-
linear discontinuous region, TVD and MLP hmuting function
are used for oscillation removal, respectively. Due to the com-
bination of wavelet and e-MLP, the computational efficiency is
substantially enhanced.

H Continuity : 274 %
Linenr discondinuily : 221 %
W Bonfmer decontioty : 2.93 %
FIGURE 3. Adaptive dataset with wavelet resolution level=3

Figure 4 shows the density contours of a conventional 2**
order accurate solver, 3" order accurate solver and the adaptive
wavelet scheme after the non-dimensional time of 18. In these
figures, it is shown that the confour of 2™ order accurate
conventional solver is smeared ccmrgaring with that of 3 order
accurate solver. However, the 3™ order accurate adaptive
wavelet method can maintain the original features of a solution;
the contours of slip line, reflected wave pattern, etc. are clearly
presented in the results of the 3 order accurate solver and the
adaptive wavelet method. Figure 5 shows the detailed density
distributions of 2™ order accurate solver, 3rd order accurate
solver, the adaptive wavelet method at y=5 and they are
compared with the result of dense grid system with 2°? order
accurate solver. In the result of 2 order accurate computation,

10

the vortex and reflected wave 15 dissipated compared with the
3" order accurate conventional solver and the wavelet method.
However, by using 3 order accurate method, the density
distributions follows that of dense grid system more accurately.

(a) 2™ order accurate computation

() 3" order accurate e-MLP with adaptive wavelet method

FIGURE 4. Comparison of density contours with wavelet resolution
level=3
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FIGURE 5. Comparison of density distribution at y=>5

Published Paper in AJK 2011

F 3rd e MLP
I - 3rd e-MLP Wavelet
- Dense Grid
J ...|....|....|....|....|
10 0 5
x
(a) Density distribution at y=-5.
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(b) Detailed density distribution at A region.
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(c) Detailed density distribution at B region.

CONCLUSIONS

Through this research, the higher order accurate adaptive
wavelet method is proposed for enhancing the computational
efficiency of e-MLP method. For this purpose, higher order
accurate wavelet transformation is proposed mcluding the
wavelet decomposition with 6% order accurate interpolating
polynomial and modified threshold value. This higher order
accurate adaptive wavelet method 1s applied to two-dimen-
sional shock-vortex interaction problems. In these test, the
adaptive wavelet method can J!resent much better efficiency
and accuracy compared with 2* order accurate computation by
decreasing the computational time of 3** order accurate e-MLP
method.
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d;'ﬁ E = wavelet coefficient a|'r (7, j, k) cell of n time step
Jix = f(x;;), exact function value at x;;,
Qi':'.rl k = (p,puv,w) at(j k) cellof n time step
@:'; k = approximated value by iterpolating polynonual
P, f(x) = Setoforigmnal values at ¥}
P = pressure
R,E—J p = residual values at (7, j, k) cell of » time step
N,’} k = interpolated value of R/, given by interpolating polynomial
w.v.w = components of the velocity vector
W = Dyadic grid set with /* wavelet resolution level
X = Pcellon %
7z = Integer

Subscript
Lj.k = posttion of a cell

Superscript
n = current time step

Greek
£ = threshold value
g = modified threshold value
¥ = ratio of specific heat (1.4 for air)
yed = density

I. Introduction

ECENTLY i aerospace fields, high fidelity simulations have been strongly demanded for the accurate analysis

of complicated flows related with transonic/supersomic flow phenomena. These demands emphasize the
accurate and robust flow computation with vast size of grids in Computational Fluid Dynamics (CFD). However, the
current level of technologies in CFD i1s often msufficient in terms of accuracy and efficiency; a large number of grid
pomts and higher order accurate algorithms result m a substantial burden in computation. Sometimes, the
consideration of computational efficiency and vice versa restricts the enhancement of numerical accuracy.

For solving these problems, many numerical approaches have been applied m various CFD fields. Among these
approaches, the adaptive wavelet method has been studied as very useful CFD tools for solutions algorithms, feature
extraction, and data compression, etc. In the adaptive wavelet approach, wavelet decomposition 1s performed to
calculate the wavelet coefficients and some coefficients which are smaller than thresholding value, & are cut-off in
the dataset. In most cases, the wavelet coefficients are small m the smooth region and large m the rapidly changing
regions such as shock, vortex and boundary layer, etc. Therefore, the crucial features in the CFD solutions are
automatically searched by wavelet transformation and an adaptive dataset 1s constructed so as to follow these local
features with O(g) errors. Then, high cost calculation such as flux evaluation is only performed in these important

regions and low cost interpolation polynomual 1s applied in the other regions. Because the major parts of CFD
solutions show smooth flow patterns, adaptive wavelet method can present crucial advantages in the computational
efficiency.

Due to this significant advantage, there have been many researches about adaptive wavelet methods; Harten
presented an adaptive multi-resolution scheme for computing the discontinuous solutions of hyperbolic PDEs."
Holmstrom proposed the algorithm that uses the interpolating wavelet transformation to organize an adaptive
dataset 2 Sjogreen also used a multi-resolution scheme based on the interpolating wavelet transformation to solve the

2
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compressible Euler equations’® Kang et al. implanted modified threshold value in adaptive wavelet methods,
applied the method to two-dimensional flows, and enhance the computational efficiency of the sumulation with the
conservation of the numerical accuracy of the solutions.* * D. Wirasaet et al. simulated three dimensional flow
within a differentially heated cavity using adaptive wavelet algorithm ®

However, for more practical applications such as three-dimensional flow analysis for design optinuzation or
sensitivity analysis, the adaptive wavelet algorithm should be simple to be mmplanted in an original solver, enhance
the computational efficiency, and preserve the numerical accuracy of the solver. For these purposes. the adaptive
wavelet method proposed by Kang et al** is extended to three dimensional analysis. Because this adaptive wavelet
method utilizes the 4% order inferpolation coefficients as wavelet basis, it is very simple to be united with an original
solver. Also. the numerical accuracy of an original solver can be preserved by the modified thresholding value. In
order to assess the method, it 15 applied to a flow simulation around the ONERA-M6 wing m transonic regime.
Consequently, it 15 confirmed that the proposed three-dimensional adaptive wavelet method can enhance the
computational efficiency of an origmal solver with preservation of the numerical accuracy of the solver.

II. Preliminary background of the adaptive wavelet method

In this research, the adaptive wavelet method based on the interpolating polynomial is used > At first, let us
assume a dyadic grid set as shown i Eq. (1).

V,={x;€R:x; =2"kkeZ}.1eZ. (€8]

The key 1dea of the adaptive wavelet method is that the smoothness of flow pattern can be easily determuined by the
magnitude of difference value between orngmal function value and approximated value by using neighboring cells.
That 1s, the original value can be accurately approximated by the values at neighboring cells i the smooth region
but not vice versa in rapidly changing region. Here, mnterpolating polynonual is used at the odd numbered cells for
approximation of original function values and then the dyadic dataset is decomposed as Eq. (2).

p;—:uk =fur
Froes =Bl 5 5 Falipn 5l o) @
sk = Sl by 1k Jikn L2
where Py is the order of interpolating polynomial: the 4% order of interpolating polynomial is shown in Eq. (3).
S 1 9 9 1
f.;4-1:2t+! = _Eﬂ.k—l o+ Eﬂk + RJ{}.FI i Efr_n: - 3
After the approximation, the difference can be computed as Eq. (4).
Ay = fis1oes — feioeas. VR EZ (4

In smooth region, the order of difference value 1s very small and the corresponding cell can be partially rejected
in the whole dataset; an adaptive dataset 1s acquired according to the local features of solution. And the maximum
error 15 bounded withm the order of threshold value as Eq. (5).

|d.'..t|x = ‘fk = .Z‘,k‘m <0(g). (5)

III. Implementation of Adaptive Wavelet Method on the Three-Dimensional Euler Equations

In this research, the three-dimensional Euler equations are used as the governing equations of the flow problem. The
three-dimensional Euler equations are written as Eq. (6).

3
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8 OE oF oG

—+ =0 (6)
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with @=|pv |. E= puv ,F= pvi+p | . G= pwy and
pw puw pyw p1v3 +p
pe: (P + PJu (op; + PJV (pp; + D)W
a 2 1 2 2 2
= +—(u +v +w ),
-1 2

where all properties and governing equations are non-dimensionalized. By the generalized coordinate transformation.
Eq. (6) 15 rewritten as Eq. (7).
e0 6E @F oG
- = ¥ - _Rf Jk @)
ot e ¢on ©oc¢

M= 9 ) i i - ot
b =% E=—{60+5E+¢,F+ 4Gl F=—nQ+nE+n,F +7.G] and
| N )
G =}[erQ+-@xE+é'}.F+{,__G]_

In order to apply the wavelet procedure to CFD algorithms of three dimensional Euler equations, the three-
dimensional wavelet decomposition procedure is implemented to the algorithms. For preservation of the numerical
accuracy of the solution, the modified threshold value is applied by considering the grid spacing. The flow chart in
Fig. 1 shows the overall procedure of implementation of the adaptive wavelet method to a three-dimensional Euler

solver. The details of all steps are as follows:

‘ Wavelet Decomposition

Transformation Thresholding

I

——

___—included inan —___

~————_Adaptive Dataset? _—

Yes Pt

[ m Flux Evaluation |~ Ay
|

= Roe ' s Flux Difference Splitting |
| = Koren Limiter :

- s :
' Residual Residual |
: Calculation Interpolation |

Time Integration
(LU-SGS)

Ed
Figure 1 Overall procedure of the three-dimensional Euler solver with adaptive wavelet method.
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A. Wavelet Transformation
Assume a three-dimensional dyadic gridset with level 1 as shown in Fig. 2.

s R
s T A AT AN ;!\
o1 CFR AN
(e m]{@] (m] @] (m] (@) 1/ 0
Al A[x]|A[x|APK =_5,f_\.c )
o) [m] (@) ] (@) =] @) %08
AlX] A x| Al [ AP
s[olOjolC|o|o|o Y A2
NI ¢ IO
xle)[u]le)[u]le)[=]le); o+

Figure 2 Three-dimensional dynamic gridset.

Here, values at O cells are saved m the coarser level gridset, and 4th order of mnterpolating polynomual is
employed at the other cells ([, 2, O, x, +.{3. ©) asEq. (8).

. 1
(:0% % = E( —O0 51k + 90k + 902 1 — Qs )
s i :
A Qe = i (—Ol2k + 900 1x + 90, 12k — Opjeai )
~ 1
O Okt = E( —Olj2 + 900k + 900 ks2 — Cijira) -

~ Ty
o Oy ety = ?—2( ~Oi 52k T 900k + 902 ok — Ohia ik

n n n n
— O 2ak + 90, 52k + 902 1k — Oivajon)

=] _ 1 ( n 9 b 9 n n
O Lk = 3 —Oyi2k2 90,5k + 90: 122802 — O jrdies

— Q1 2k+a + 90 ks2 + 90042k — Oijran-2)

e ®

o 1
0. Ol ka1 = E( O 5 k2 90k + 9002 152 — Ora jkns

— Ol 2 jukea + 90 ke2 + 9002k — Ohajik-2)

P i
n n n n n
Oistjelksl = a( O 22k2 + 90 1k + 902 500842 — Origjegins

n n Ui n
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n " 1 n
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—Oiigjoaia + 92k + 9D ji2ke2 — Qilajegirs)
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After the interpolation of each cell, the difference values are computed as Eq. (9).

o i _ A AN
- d,-;.,j_k = Qi—]_j.k o Qi—l.j.k'-

. n _ n n
Ard; JHk = o kT o JHlks

i | _ A

G- d:’.j.k—'l oF Qf._,f,k+1 i Qj,j.kﬂ ?

w . Jn _ An

o d:‘+1,j+1,k =~ Qi+1,j+'l.k - Qr'—'l.j—Lk 2 &)

e —_ ~n
+:d; jakn = @i jnkn — Gijrkas
. on _ N ~n
O: di‘—].j.k—] = Qi'—].j.ir—] O jk+1>
: Lo _ —n
©- d:‘+!,j+1.,k+1 - Q:‘+1.j+1.k—1 T Qi+1.j+‘:,k+1-

Then the difference values are compared with the threshold value, & if the values are larger than the threshold value,
the points are remained m an adaptive dataset. If the difference values are smaller than e, the cells don’t belong to
the adaptive dataset. That is, an adaptive dataset is constructed so as to follow the local feature of a CFD solution.

However due to approximation and data loss from thresholding, some O(e) error 15 added to the solution and
deteriorate the mumerical accuracy of a original solver. In order to prevent the addition of this O(e) error, the
thresholding method is modified by considering the order of truncation errors.*’ The details are as follows. In this
paper, because a second order of MUSCL scheme 1s applied to the flux evaluation, the flux at (7, j, k) cell can be
written based on the real value as Eq. (10).

E] =E +o(axY), B =Flro +0o(y?Y), G} =61,y +0(Az%) (10)
According to the definition of R}';; inEq. (7) and Eq (10), R} is derived as Eq. (11).

Ri"rj.k i Rfj,i‘__nmi + O(ﬂr-‘ h- (11)
Also, O(g) error due to thresholding 1s added to the solution as Eq. (12).

E!'=E!+0(e), FI' =F' +0l¢). GI =GI +0(e). 12)

Consequently, R;';; can be written as Eq. (13).

B =Ri+v0xs). (13
The third type of error 1s due to residual interpolation at the excluded points of a SPR. dataset. In tlus case, the
error order is about O(Ax*) because a 4 order of mterpolating polynomial is used for the caleculation of the

residual values. Therefore, the error order at the excluded points of a SPR dataset 1s finally derived as Eq. (14).

R} =Rl ot + O(AX") + O(AX ") (14

From Eq. (14), O(g) <O(&x1) condition has to be satisfied to conserve the second order spatial accuracy.
Therefore, for switching the threshold value associated to grid spacmg, the threshold value need to be modified as

Eq. (15).
& = min(5,4x°) (15)

6
American Institute of Aeronautics and Astronautics



Published Paper in AIAA 2012 Fluid Dynamics Conference

In this study, € 15 setto 1%107, so & = min (10'5,41:2) .

B. Flux Evaluation

After the wavelet transformation. flux values are only calculated at the included cells in the adaptive dataset. In
this research, Finite Volume Method (FVM) is used to calculate the numerical fluxes; flux values are then computed
on all sides of the cell with 2nd order accuracy.

C. Residual Interpolation & Time Integration
At unimportant cells which doesn’t belong to the adaptive dataset. residual values are interpolated by 4* order of
interpolating polynomual as Eq. (16).

1
5 (—Rizjk + IRk + IR jik — Rivaju )
- 1
AR e = E.(_Ri:'j-f,k + R + IR ok — Ripar )

O Ripje =

— 1
&t R = w (—Rip2+ R + R 4 — Rijpaa)

~ 1
R k= ;( R 5ok + IRk + IR 5k — Rivgjuan

n n " n
R gk TR ok ¥Rk —Rivgjooi)

X

— I
" 3= n n n "
Rijepper = E( —Rij a2+ 9R;;p + IR jokrr — Rijeapsa

— Ry ket + IR ks + IRk — Rijigin)

1z (16)

~ F i
O Rk = ;( —R k2 IR + IR ke — Rivgjhea

n n n n
— R 3 jhea + IR jpen + IR y5 1 — Ring i )

e 1
n 1 n n n n
RE—I, j+1,k+1 ( Rf—), -2k-2 9Ri, ik T gRi—_’, f+2k+2 T Ri+4, [+4.k+4
] 64 J J: J J

o — R 3kea + IR k2 + IRE ok — Ritgjeans
n n n n
—Ri g jiarr ¥ IR juar IR ke — Risggokia

) j-2k2 T 9R’., kT 9Rf;+_!,&+_r - R j+dksa)
After residual interpolation, time mtegration such as LU-SGS method 1s applied.
IV. Numerical Tests and Discussion

For the assessment of the computational efficiency and numerical accuracy of the three-dimensional adaptive
wavelet algorithm it is applied to the computation of flow field around the ONERA-M6 wing with Mach number of
0.8395 and angle of attack of 3.06°." After the computations, the adaptive dataset of all level of resolution are shown
at Fig. 3. These figures show that the dataset follows the local features of the solution: many cells remain near the
wing and downstream. In other smooth regions. the remaining cells are sparsely distributed because the changes in
the flow properties are negligible.

7
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Figure 3. Adaptive datasets of ONERA-M6 wing flow problem.

The overall efficiency improvement and the L, error according to the wavelet resolution level are summarized in
Table 1. Here, the computation speed of adaptive wavelet method becomes about 3 times faster than the reference
CFD method. And the L, errors between the results of reference method and adaptive wavelet methods are only
about O(107). Throughout this implementation, it is substantiated that the adaptive wavelet method can enhance the

computational efficiency of the steady state three dimensional Euler flow computation while numerical accuracy of
the reference CFD solver is preserved.

Table 1. Results of efficiency improvements and L, error

Iteration SPR Pt. CPU Time Time Ratio L, Error
Reference Solver 10764 : 203293 }
_ 1Level | 3206 64.61% 91925 3.19 251 %107
ﬁ:ﬁ;iﬁf 2Level | 3267 64.57% 9438.4 3.11 314 x 107
3Level | 3205 64.74% 92518 317 349 x 107

Fig. 4 shows the pressure contours on the upper surfaces of ONERA-M6 wings computed by reference CFD
method and adaptive wavelet method. In both contours, the patterns of lambda shock which is the crucial feature of
ONERA-M6 wing are very similar. For more detailed comparison of the results, pressure distributions of reference
method and adaptive wavelet method at the positions of 50% and 80% of wing span are presented at Fig. 5. In the
figures, it 1s shown that the positions of shock, shock strength and pressure distributions, etc. are almost same.
Through the application, it 1s verified that the three-dimensional adaptive wavelet method can present much better
efficiency with the maintenance of numerical accuracy of a solution.

2
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(a) Reference solver (b) Adaptive wavelet — 2 level of resolution
Figure 4. Pressure contour on the upper surface of wing.
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Figure 5. Pressure distribution on the surface of wing.
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V. Conclusion

In this research, the three-dimensional adaptive wavelet method 1s presented for enhancing the computational
efficiency of three-dimensional Euler flow simulations m transonic regime. To this end, the previous adaptive
algorithm proposed by Kang et al. is extended to three-dimensional adaptive wavelet properly; three-dimensional
wavelet decomposition process and modified threshold value based on the switching between & and At s
introduced to the method. The developed three-dimensional adaptive wavelet method is applied to ONERA-M6
wing in transonic regime. Through the application, it 1s shown that adaptive wavelet dataset are constructed so as to
follow local features of solution automatically. Also, it enhances the computational efficiency about 3 times faster
than that of reference solver with preservation of numerical accuracy of a solution.

Acknowledgments

We appreciate the support of Defense Acquisition Program Adnumistration and Agency for Defense Development
for this study to be completed under the contract UD070041AD, the National Research Foundation of Korea (NRF)
grant funded by the Korea government(MEST) (No. 20110001227), the Ministry of Education, Science and
Technology, subjected to the project EDISON (EDucation-research Integration through Simulation On the Net,
Grant No.: 2011-0020562), the Asian Office of Aerospace R&D (AOARD) project (Award No:FA2386-10-1-4001),
and the second stage of the Brain Korea 21 Project in 2012.

References

'Harten A, “Adaptive multiresolution schemes for shock computation,” Journal of Computational Physics, Vol. 115, 1994,
pp. 319-338.

*Holmstrém M., “Solving hyperbolic PDEs using interpolation wavelets.” SI4M journal on Scientific Computing. Vol. 21,
1999, pp. 405-420.

*Sjégreen B., “Numerical experiments with the multi-resolution scheme for the compressible Euler equations.” Journal of
Conjg(mﬁonaf Physics, Vol. 117, 1995, pp. 251-261.

. Kang. K. Kim. D. Lee and D. Lee, “Improvement in computational efficiency of Euler equations via a modified Sparse

Point Representation method.” Compu. and Fluids, Vol. 37, 2008, pp. 265-280.

H. Kang. K. Kim. D. Lee and D. Lee. “Improved computational efficiency of unsteady flow problems wia the modified
wavelet method.” 4144 Jowrnal, Vol. 46. 2008, pp. 1191-1203.

°D. Wirasaet and S. Paolucci, “Three-dimensional Flow in the Differentially Heated Cavity Using an Adaptive Wavelet
Method.” ™ 9th ATAA/ASME Joint Thermophysics and Heat Transfer Conference. San Francisco, Califormia, 2006, ATAA-2006-
3924,

™. Schmitt and F. Charpin. “Pressure Distributions on the ONERA-M6-Wing at Transonic Mach Numbers.” Experimental
Data Base for Computer Program Assessment. Report of the Fluid Dynamics Panel Working Group 04, AGARD AR 138, May
1979.

10
American Institute of Aeronautics and Astronautics

10



Published Paper in ICCFD7

Seventh International Conference on ICCFD7-2012-1806
Computational Fluid Dynamics (ICCFD7),
Big Island, Hawaii, July 9-13, 2012

Study on the Computational Efficiency of Three Dimensional

Euler Equations by Multi-Resolution Analysis

K. Park". H. Kang'*, D. Lee*. D. Lee - and D. Kwak--
Corresponding author: dohyung@hanyang.ac kr

* Seoul National University. Korea

* Korea Aerospace Research Institute, Korea
**%  Hanyang University. Korea

*#k% NASA Ames Research Center, USA

Abstract: Based on the multi-resolution analysis. efficient computational
algorithin for three dimensional Euler equations is developed. A proper
thresholding technique is applied to preserve the order of the accuracy of the
original solver. In order to assess the efficiency of the proposed algorithm, the
method is applied fo the computation of flow field around ONERA-M6 wing in
fransonic regime. The computation time is significantly reduced by the proposed
multi-resolution nunerical method. compared to the original solver.
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1 Introduction

New design of various aeronautical and aerospace transporfation systems calls for accurate
computations of transonic/supersonic flow. that may encompass more physically correct and defailed
flow structures. However. current level of Computational Fluid Dynamics (CFD) modeling and
simulation technology still falls short of practical implementation for a full scale or integrated design.
For enhancement of prediction capability of CFD tools, it is indespensible to preform high fidelity
simulations with concentrated grid point clustering and high order accurate algorithms. However,
three dimensional flow analysis and unsteady flow computation have to face substantial increase of
computational cost. Thereby. it is important to develop an advanced numerical method that should
produce accurate sinmlation output and at the same time. that alleviate overall computational cost.

The computational efficiency issue has been reserached by numerical algorithms via multi-
resolution analysis using wavelet basis. Especially. the wavelets have been studied as useful CFD
tools for solution algorithms. feature extraction. and data compression. etc. Harten presented an
adaptive multi-resolution scheme for computing the discontinuous solutions of hyperbolic PDEs [1].
Holmstrém proposed the algorithm that uses the interpolating wavelet transformation to organize an
adaptive dataset [2]. Sjdgreen also used a multi-resolution scheme based on the interpolating wavelet
transformation to solve the compressible Euler equations [3]. Lee extended 1D supercompact
wavelets concept to multidimensions and demonstrated big compression ratio for massive flow field
simulation data [4]. Kang & Lee proposed modified threshold value in adaptive wavelet methods and
enhance the computational efficiency even with the preservation of the numerical accuracy of original
algorithm [5. 6. 7].

In the multi-resolution analysis using wavelets. wavelet decomposition is performed to compute
the scale and wavelet coefficients. In most cases. quite many wavelet coefficients are smaller than a
certain value. Even with cutting-off these small wavelets coefficients. the reconstructed data is not
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much different from the original dataset. By using efficient wavelet data representation. a variety of
solution algorithms have been developed based on multi-resolution analysis. However. practical
applications such as three-dimensional wavelet analysis for Euler and Navier-Stokes equations are
pretty rare, compared to the efforts on fundamental wavelet analysis. D. Wirasaet et al. extended the
adaptive wavelet method to solve three-dimensional flows [8]. Then, they simulated the unsteady
three dimensional flow within a differentially heated cavity using adaptive wavelet algorithm to
demonstrate the versatility and efficiency of the method. However, for more successful practical
implementations, the multi-resolution algorithm should be simple to implement in original solver and
should be robust in applying to non-uniform and distorted grid system with various shapes.

In this study our previous two-dimensional adaptive wavelet algorithm [5. 6. 7] is extended to
three-dimensional flow analysis. To this end. three-dimensional wavelet decomposition process and
an appropriate modified thresholding function are proposed. The developed multi-resolution method
is applied to flow field simulation around ONERA-M6 wing in fransonic regime. From the
application. it is confirmed that the proposed algorithm is about 3 times faster than original flow
solver and preserves order of accuracy of the reference solver. In addition. the limitation of cuirent
three-dimensional algorithm and on-going approaches are discussed.

2 Multi-Resolution Analysis Using Wavelets for Three-Dimensional
Euler Equations

In this study, the three-dimensional Euler equations are used as the governing equations to solve the
flow problem. The three-dimensional Euler equations are as follows.

& 0E OF 0OG

_Q A o O_ + .o— ={

ot &x oy &

p pu HY, w
pu pu’ +p pvu pw
withQ=|pv |, E=| puv |.F=| pv+p | G=| pwv and
ow puw prw pw’ +p
pe; (pp; + p)u (pp, + p)v oo, + p)w
&

1,
= +—=fu +v2+wg),
-1 2
where all properties and governing equations are non-dimensionalized. By the generalized coordinate
transformation. above equations are rewitten as
00 _ 0E OF 08G
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or o6& démp  O¢
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with (_j =

IS

=_1 « - w_1
EZ}[§IQ+§I‘E+‘3—J'F+‘52G]! FZ}[??Q+??IE+}?}=F+??EG] and

G =S[00+ LE+E,F +L.6].

In order to apply the multi-resolution analysis to CFD algorithms of three dimensional Euler
equations, the three-dimensional wavelet decomposition procedure is implemented to the algorithms.
For preservation of the numerical accuracy of the solufion. the modified threshold value is derived by
considering the grid spacing. Also, three-dimensional restriction method [5] is applied in time
integration for enhancement of the convergence of the solution. The procedure of multi-resolution
analysis algorithm is as shown in Figure 1.
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Figure 1: Overall procedure of multi-resolution analysis algorithm.

e Step 1: The multi-resolution analysis is performed: by the decomposition and thresholding.
computational domain is adapted to follow the local features of the solution such as shock.
vortex. ete. Then, the positions of crucial features are included in the adaptive dataset.

e Step 2: The flux evaluation is performed in the including cells in the adaptive dataset with
conventional methods.

e Step 3: In the excluded cells in the adaptive dataset, the residual is computed from the results of
Step 2 by residual interpolation.

e Step 4: The time integration is carried out. Then, restriction method is applied to the solution;
negligible flow variations are restricted and the convergence of the solution is enhanced.

2.1 Wavelet transformation
2.1.1 Sparse Representation (SPR)
In this study. the multi-resolution analysis based on the interpolating polynomial is used [2]. Assume
a dyadic grid set as shown in below equation.
Vi={x, eR:x,=2"kkeZl.leZ.
The dyadic dataset is decomposed into two types of coefficient as follows.

f1+1_2k = fu(

Sraea = Pragea(f S S f

124’ Laed
2 2

)

where P;; is the order of interpolating polynomial in an even number. The 4® order of interpolating
polynomial is

~ 1 9 9 1
= — _ + + —_
Ji-12k4 lﬁfik 1 16ﬁ_k 16f1,1:+1 16f1,k+2.

Then. the wavelet coefficients are defined as

dr i = fra2ke1 = J1o10k0- VEEZ

In the thresholding process. the wavelet coefficients corresponding to regions of less importance
are partially rejected. accordingly sparse wavelet representation is obtained. Through the sparse
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wavelet representation, a compressed dataset is constructed with remaining data points.

compressed dataset is the set of function values that survive after thresholding as
|d[,k|m = ‘frk —fu‘m <0(g).

2.1.2 Three dimensional wavelet trasformation
Assume a three-dimensional dyadic gridset with level 1 as shown in Figure 2.
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Figure 2: Three-dimensional dyadic gridset

This

Here, values at O cells are saved in the coarser level gridset, and 4th order of interpolating
polynomial is employed at the other cells ((I. A, <, X, +, (7, @) for maintaining the 2nd order

accuracy of a conventional solver. The 4th order interpolation is as
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After the interpolation of each cell. the wavelet coefficients are computed as
L d;lm SH Q;:—Lj,k = QL jk3
A dl =0 — Q‘:‘—I.k >
& dﬁ;.k-l = Q;.'j.kﬂ . éﬂ'.k—l )
2 dr'“—l‘j+l.}' = @11._;-1.& —PQ:11_;-+1,1~
g d:j—m_] i er+1.k+1 - PQ:TJJ'—L}.-H )
O 'y jke1 T Q;{L kT 5:11 S

Q: 4, JElkH T oL JHlkA T (o) Jelk+1

Then the wavelet coefficients are compared with the threshold value; if the wavelet coefficients
are larger than the threshold value, the points are remained in an adaptive dataset so as to follow the
local feature of a CFD solution. If a wavelet coefficient is smaller than €. the cell doesn’t belong to
the adaptive dataset. Here, in order to prevent additional O(g) due to the data loss below O(¢), the
thresholding method is modified by considering the order of truncation errors as

& =min(e, A7)

Therefore the adaptive dataset is constructed with 2™ order of accuracy and order of accuracy of a
conventional CFD solver is guaranteed. In this study. & is set to 1x107, so &'=min(1x 107, Ax%). More
detail about modified thresholding value is in reference 4 and 5.

2.2 Flux Evaluation

After the wavelet transformation. flux values are only calculated at the included cells in the
adaptive dataset. This research uses the Finite Volume Method (FVM) to calculate the numerical
fluxes: flux values are then computed on all sides of the cell with 2™ order accuracy. Using these cell
interface values. spatial discretization is performed with Roe’s FDS method.

2.3 Residual Interpolation & Time Integration
At unimportant cells which doesn’t belong to the adaptive dataset, residual values are interpolated
by 4% order of interpolating polynomial as shown in below equations.

0 EE:IJ.L' = % (=R, +OR +OR ., 1 — Ry )
4 }{-:'—Lk = 116 (R o +OR +ORY L — R4 )s
% k?;'_}ﬁ.! = %(—Rf’ﬂc-) +OR A OR s — Ry )
. ELJM,& = é (R ap + R + 9R 5 o — Rligjias

— R gy FOR L H R, R o)

.

- 1
+ Riiger = 3(—35}—2*-2 +OR  +OR oy — R ghs
R e ¥R ORY L R 0)
on _ 1 n 9 n 0 1 n
- Rijjper = E(*Ri—;,j,k.z + 9K + 9K e —Riy ey

- Rln—_?,j,k+4 + 9}?1::;&—2 + mﬂz,;;k - ‘R;:-J,_;',k-f)
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n 7 Yl n
~ R 5jeap 2 Y OR ap T IR ki — Rig ke
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Through the 4% order of interpolating polynomial. the error caused by interpolation becomes
smaller than the truncation errors of the numerical schemes. After residual interpolation, time
integration (LU-SGS) is performed in the whole computation domain.

3 Numerical Tests and Discussion

For the assessment of the computational efficiency and numerical accuracy of the three-
dimensional multi-resolution algorithm. it is applied to the simulation of flow field around the
ONERA-M6 wing with Mach number of 0.8395 and angle of attack of 3.06° [9]. After the
computations. the adaptive dataset of all level resolutions are shown in Figure 3. This figure shows
that the dataset follows the local features of the solufion: many cells remain near the wing and
downstream. In other smooth regions, the remaining cells are sparsely distributed. because the
changes in the flow properties are negligible.

(a) Level 1 (b) Level 2 (c) Level 3

Figure 3: Adaptive dataset of three-dimensional gridset.

The overall efficiency improvement and the L, error according to the wavelet resolution level are
summarized in Table 1. Here, the computation speed of adaptive wavelet method becomes about 3
times faster than the reference CFD method. and in this problem 1 level resolution of wavelet is the
fastest. The L errors between the results of reference method and adaptive wavelet methods are only
about O(107).

Table 1. Results of efficiency improvements and L, error

Tteration SPR Pt. CPU Time Time Ratio L, Error
Hafbrence Solver 10764 . 203293
Multi- 1Level | 3206 64.61% 91925 3.19 251 % 107
Resolution | 2 Level | 3267 64.57% 9438 4 311 314 x 107
Analysis | 37evel | 3205 64.74% 93518 314 349 x 107
6



Published Paper in ICCFD7

V|

Pressure

105
1.00
085
020
0.85
050
075
oF0
065
0.60
0.55
0.50
045
040
035
030

Pressure

105
1.00
0es
080
085
080
075
070
065
0.60
055
050
045
040
035
020

Y |

(a) Reference solver (b) Multi-resolution analysis — 2 level of resolution
Figure 4: Pressure contour on the upper surface of the wing.
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Figure 5: Pressure distribution on the surface of the wing.

Figure 4 shows the pressure contours on the upper surfaces of ONERA-M6 wings computed by
the reference CFD solver and the multi-resolution analysis. In both contours, the patterns of lambda
shock which is the crucial feature of ONERA-M6 wing are very similar. For more detailed
comparison of the results, pressure distributions of the two solvers at the positions of 50% and 80% of
wing span are presented at Figure 5. In the figures. it is shown that the positions of shock. shock
strength and pressure distributions are almost same. Through the application, it is substantiated that
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the three-dimensional multi-resolution analysis can present much better efficiency while numerical
accuracy of the reference CFD solver is preserved.

! 4 | | p
(a) Downstream of wing (b) Near the wing (c) Upstream of wing

Figure 6: Adaptive dataset of 2 level resolution at specific flow field.

Figure 7: Adaptive dataset at specific flow field.

However many data points in the upstream and far regions from the wing are still remained as
shown in Figure 6 and 7. Because the interpolating coefficients of this study are derived from the
uniform gridset, the approximation of original value may be insurfficient where grid points are
clustered or distorted. In order to solve this problem new concepts of interpolation or thresholding
strategies are necessary such as the reconsturction of the supporting points for interpolation, the
combination of various order of polynomials, regional variable threshold values, and etc. based on
cell aspect ratio and skewness. However. they should originate more computational cost and memory.
Thus our on-going researches are the combination of various order control of polynomial and regional
variable threshold values for the more enhancement of computational efficiency.

4 Conclusion and Future Work

In this study, the three dimensional multi-resolution algorithm is developed to enhance computational
efficiency of three-dimensional flow field simulation. The developed three dimensional multi-
resolution algorithm is applied to ONERA-M6 wing in transonic regime. For the application.
adaptive wavelet dataset are constructed so as to capture local features of solufion automatically.
However many data points, including in the upstream region of the wing, are not discarded since the
current wavelet procedure does not reflect the grid skewness and aspect ratio. Nevertheless, the
proposed multi-resolution analysis significantly enhances the computational efficiency about 3 times
faster than reference solver even with preservation of the accuracy of mumerical solution. If new
ideas such as combination of interpolation order control method and regional variable threshoing
techniequ are implemented based on grid skewness, it is expected that computational efficiency is
much more enhanced.
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