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ON THE IMPOSSIBILITY OF A QUANTUM SIEVE
ALGORITHM FOR GRAPH ISOMORPHISM

CRISTOPHER MOORE, ALEXANDER RUSSELL, AND PIOTBNIADY

ABSTRACT. Itis known that any quantum algorithm for Graph Isomor-
phism that works within the framework of the hidden subgrprgblem
(HSP) must perform highly entangled measurements aét6s$og n)
coset states. One of the only known models for how such a measumt
could be carried out efficiently is Kuperberg’s algorithm foe HSP in
the dihedral group, in which quantum states are adaptivembined
and measured according to the decomposition of tensor pteduo ir-
reducible representations. This “quantum sieve” startk woset states,
and works its way down towards representations whose pilitiesdif-
fer depending on, for example, whether the hidden subgtrvial or
nontrivial.

In this paper we show that no such approach can produce agolyn
mial-time quantum algorithm for Graph Isomorphism. Spealfy, we
consider the natural reduction of Graph Isomorphism to t&& tdver
the the wreath produd,, ! Z,. Using a recently proved bound on the
irreducible characters df,,, we show that no algorithm in this family
can solve Graph Isomorphism in less thé&v™ time, no matter what
adaptive rule it uses to select and combine quantum stat@srticular,
algorithms of this type can offer essentially no improvetmarer the
best known classical algorithms, which run in tief&v7ogn)

1. INTRODUCTION

The discovery of Shor’s and Simon’s algorithms began a fegheharge
to uncover the full algorithmic potential of a general puspguantum com-
puter. Creative invocations of the order-finding primitiyielded efficient
guantum algorithms for a number of other number-theoretiblems Hal02,
Hal0g. As the field matured, these algorithms were roughly unifieder
the general framework of thieidden subgroup problenwhere one must
determine a subgrouff of a groupG by querying an oracl¢ : G — S
known to have the property thgtg) = f(gh) < h € H. Solutions to this
general problem are the foundation for almost all known guggnomial
speedups offered by quantum algorithms over their classamanterparts
(see PAJLO€F] for an important exception).

The algorithms of Simon and Shor essentially solve the mdaddgroup

problem on abelian groups, namély andZ; respectively. Since then,
1



2 CRISTOPHER MOORE, ALEXANDER RUSSELL, AND PIOTEBNIADY

non-abeliarhidden subgroup problems have received a great deal of atten
tion (e.g. HRTS0Q GSVV01, FIM*03, MRS04 BCvD05 HMR*06]). A
major motivation for this work is the fact that we can redugeah Isomor-
phism for rigid graphs of size to the case of the hidden subgroup prob-
lem over the symmetric groug,,,, or more specifically the wreath product
Sy 1 Zo, Where the hidden subgroup is promised to be either triviafo
order two. The standard approach to these problems is t@méposet
states” of the form

1
i = 1 2 IeH) (cH]

where|S), for a subsef C G, denotes the uniform superpositigiy 1/]5]) > ges |9)-
In the abelian case, one proceeds by computing the quantunieFtrans-

form of such coset states, measuring the resulting statdsa@propriately
interpreting the results. In the case of the symmetric grbopever, deter-
mining H from a quantum measurement of coset states is far more difficu

In particular, ngproduct measuremelfthat is, a measurement which treats

each coset state independently) can efficiently determimedeen subgroup
over S, [MRSO03; in fact, any successful measurement museb&ngled
overQ)(nlogn) coset states at oncelIR*06].

One of the few proposed methods for building such an entdnyglea-
surement comes from Kuperberg’s algorithm for the hidddagsaup prob-
lem in the dihedral groupup09. It starts by generating a large number
of coset states and subjecting each onevéak Fourier samplingso that
it lies inside a known irreducible representation. It theageeds with an
adaptive “sieve” process, at each step of which it judidipsslects pairs
of states and measures them in a basis consistent withlétsch-Gordan
decomposition of their tensor product into irreducibleresgntations. This
sieve continues until we obtain a state lying in an “inforiveit represen-
tation: namely, one from which information about the hiddabgroup can
be easily extracted. We can visualize a run of the sieve aseatfovhere
leaves consist of the initial coset states, each interndé moeasures the
tensor product of its parents, and the informative repitasemns lie at the
roots.

This approach is especially attractive in cases like Grapmbrphism,
where all we need to know is whether the hidden subgroup vgatror
nontrivial. Specifically, suppose that the hidden subgréugs promised
to be either the trivial subgroufl} or a conjugate of a known subgroup
Hy. Assume further that there is an irreducible representatiof G with
the property thad -, _, o(h) = 0; that is, a “missing harmonic” in the
sense of [MR054. In this case, ifH is nontrivial then the probability of
observingo under weak Fourier sampling of the coset stateis zero.
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More generally, as we discuss below, the ireepannot appear at any time
in the sieve. If, on the other hand, one can guarantee thati¢ivedoes
observes with significant probability when the hidden subgroup isiti
and the corresponding states are completely mixed, it gises algorithm
to distinguish the two cases.

For example, if we consider the case of the hidden subgrooiplgm
in the dihedral group,, where H is either trivial or a conjugate o, =
{1,m} wherem is an involution, then the sign representatiors a miss-
ing harmonic. Applying Kuperberg’s sieve, we observerith significant
probability aftere®v™) steps ifH is trivial, while we can never observe it
if H is of order2. A similar approach was applied to groups of the fakth
by Alagi€ et al. AMRO06].

We show here, however, that the hidden subgroup problentecela
Graph Isomorphism cannot be solved efficiently by any atgoriin this
family. Specifically, no matter what adaptive selectiorritilses to choose
pairs of states to combine and measure, such a sieve castiogdish the
isomorphic and nonisomorphic cases unless it takes” time (and uses
this many coset states). In comparison, the best knownicgssgorithms
for Graph Isomorphism run in time’V*°e™ for general graphsgab8Q
Bab83 and ¢0('/*1o5*n) for strongly regular graphsSpiog. Therefore,
guantum algorithms of this kind can offer no meaningful ioy@ment over
their classical counterparts.

Our proof relies on several ingredients. First, we give anfardefinition
of quantum sieve algorithms, and we derive a combinatogatdption of
the probability distributions of their observations in theial and nontrivial
cases. We then focus on the case where the ambient group éathvarod-
uctG Z,, and show that no information is gained until the sieve olesea
so-called inhomogeneous representation. Then, in thevdaseeG = S,
we rely on a bound on the characters of the symmetric grougegreery
recently by Rattan an8niady RS04 to show that the total variation dis-
tance between the trivial and nontrivial cases is at rao%t” unless the
sieve takes*v" time, for some constants b > 0.

We note that two of the present authors gave this result imlitonal
form in [MRO€], in which they presented a conjectured bound on the char-
acters ofS,,. Indeed, it was this conjecture which inspired the workr0q
who proved its weaker version, which, along with some addél argu-
ments, allows us to prove the results BfR06] unconditionally.

We refer the reader tdSr77 JK8]] for an introduction to to the repre-
sentation theory of finite groups, and in particular of thensyetric group
S,. One fact which we use repeatedly is that thisotypic subspace.e.,
the subspace of a representatiowhich consists of copies of an irrep is
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the image of the projection operator

1
I, = @ ZdTXT(g)*a(g) :

geG

These projection operators can be combined to create a ezt whose
outcomes are names of irreducible representations. Appktich a mea-
surement to coset states is known as weak Fourier samplengse/the term
isotypic samplindo refer to the more general case of applying an arbitrary
group action to a multiregister state.

2. FOURIER ANALYSIS ON FINITE GROUPS

In this section we review the representation theory of figiaups. Our
treatment is primarily for the purposes of setting down tiota we refer
the reader to$er77 for a complete account. Le¥ be a finite group. A
representatiorv of G is a homomorphisne : G — U(V), whereV is a
finite-dimensional Hilbert space ati{1”) is the group of unitary operators
onV. Thedimensiorof o, denotedl,, is the dimension of the vector space
V. Fixing a representation : G — U(V), we say that a subspateé C
is invariant if o(g) - W = W for all ¢ € G. Wheno has no invariant
subspaces other than the trivial subspégg andV' itself, o is said to be
irreducible

If two representations and o’ are the same up to a unitary change of
basis, we say that they agquivalent It is a fact that any finite grou@ has
a finite number of distinct irreducible representationsagduivalence and,
for a groupG, we letG denote a set of representations containing exactly
one from each equivalence class. We often say that eaelt; is thename
of an irreducible representation, or arep for short.

The irreps ofG give rise to the Fourier transform. Specifically, for a
functionf : G — C and an element € G, define theFourier transform of
f ato tobe

. d,
flo) = @Zf(g)a(g) :
geG
The leading coefficients are chosen to the make the trandfoitary, so
that it preserves inner products:

(i f2) = D £ @) hl9) = Dt (fulo)' - fulo)
g O’Eé
If o isnotirreducible, it can be decomposed into a direct sum of irrgps
each of which acts on an invariant subspace, and we widter; & - - - ® 7.
In general, a givenr can appear multiple times in this decomposition, in
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the sense that may have an invariant subspace isomorphic to the direct
sum ofa, copies ofr. In this case, is called themultiplicity of 7 in the
decomposition ob.

There is a natural product operation on representations: :ifG —
U(V)andu : G — U(W) are representations @f, we may define a
new representatioh @ u : G — U(V @ W)as(A®@ u)(g) : u®@v —
Ag)u ® u(g)v. This representation corresponds to thegonal actionof
G onV ® W, in which we apply the same group element to both parts of
the tensor product. In general, the representakian is not irreducible,
even when both\ andy are. This leads to th€lebsch-Gordan problem
that of decomposing ® p into irreps.

Given a representatiom we define thecharacterof o, denotedy,, to
be the trace,(g) = tr o(g). As the trace of a linear operator is invariant
under conjugation, characters are constant on the conjudasses of~.
Characters are a powerful tool for reasoning about the dposition of
reducible representations. In particular, when= @, , we havey, =

> X~ and, moreover, fos, 7 € G, we have the orthogonality conditions

1 o=71,

1
(Xo: Xr)g = € > Xol9)x-(9)" = {0 ot .

geG

Therefore, given a representatierand an irrepr, the multiplicity a, with
whichT appears in the decomposition®fs (x-, x.),. For example, since
Xaeu(9) = xa(9) - xu(g), the multiplicity of 7 in the Clebsch-Gordan de-
composition ofA ® 14 iS (X7, XaXpu) o

A representatiom is said to basotypicif the irreducible factors appear-
ing in the decomposition are all isomorphic, which is to dagt there is a
single nonzera:, in the decomposition above. Any representatromay
be uniguely decomposed into maximal isotypic subspacesfareach ir-
rep of G; these subspaces are precisely those spanned by all cdpies o
in 0. In fact, for eachr this subspace is the image of an explicit projection
operatodl, which can be written as

1
I, = @ ZdTXT(g)*a(g) :

geG
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A useful fact is thatll, commutes with the group action; that is, for any
h € G we have

o(h)o(h K?IEZ:dTXT o(hgh™") =
geG
d-x-(h"'gh)*o d:x-(9)"0(g) =11, .
Iﬂg; Iﬂg;

Our algorithms will perform measurements which projea thteese max-
imal isotypic subspaces and observe the resulting irregenaror the par-
ticular case of coset states, this measurement is caisk Fourier sam-
pling in the literature; however, since we are interested in a rgereeral
process which in fact performs a kind of strong multiregis@mpling on
the original coset states, we will use the teisotypic samplingnstead.
Finally, we discuss the structure of a specific represenmtathe(right) reg-
ular representatioreg, which plays an important role in the analysis below.
reg is given by the permutation action 6f on itself. Specifically, IeC|[G]
be thegroup algebraof G; this is the|G|-dimensional vector space of for-

mal sums
{Zag-g|ag€C} :
g

(Note thatC[G] is precisely the Hilbert space of a single register contajni
a superposition of group elements.) Theyg is the representatioreg :
G — U(CIG]) given by linearly extending right multiplicatiomeg(g) :
h — hg. Itis not hard to see that its characigg, is given by

Yrea(d) = G| g=1,
9 0 g#1,

in which case we havéxreg, Y, ). = d, for eachs € G. Thusreg contains

d, copies of each irrep € (G, and counting dimensions on each side of this
decomposition implies

(1) Gl => d2 .

e

This equation suggests a natural probability distributing, thePlanche-

rel distribution, which assigns to each irrepthe probabilityP$ . . (0) =
d?/|G|. This is simply the dimensionwise fraction €G] consisting of
copies ofo; indeed, if we perform isotypic sampling on the completely
mixed state orC[G], or equivalently the coset state where the hidden sub-
group is trivial, we observe exactly this distribution.
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In general, we can consider subspaceS|6f] that are invariant under left
multiplication, right multiplication, or both; these sydaes are callelft-,
right-, orbi-invariantrespectively. For each € G, the maximab-isotypic
subspace is @2-dimensional bi-invariant subspace; it can be broken up
further intod,, d,-dimensional left-invariant subspaces, or (transvejsgly
d,-dimensional right-invariant subspaces. However, thiodgosition is
not unique. Ifo acts on a vector spadé, then choosing an orthonormal
basis forl allows us to views(g) as ad, x d, matrix. Theno acts on
the d2-dimensional space of such matrices by left or right muittation,
and the columns and rows correspond to left- and right-iamarspaces
respectively.

3. CLEBSCH-GORDAN SIEVES

Consider the hidden subgroup problem over a gr6upith the added
promise that the hidden subgroup is either the trivial subgroup, or a
conjugate of some fixed nontrivial subgroéfy. We shall consider sieve
algorithms for this problem that proceed as follows:

1. The oracle is used to generédte /(n) coset stategsy, each of which
is subjected to weak Fourier sampling. This results in a &staiesp;,
wherep; is a mixed state known to lie in thg-isotypic subspace ¢f[G]
for some irrep;.

2. The followingcombine-and-measungrocedure is then repeated as
many times as we like. Two statpsandp; in the set are selected accord-
ing to an arbitrary adaptive rule that may depend on the eehistory of
the computation (in existing algorithms of this type, thédestion in fact
depends only on the irreps ando; in which they lie). We then perform
isotypic sampling on their tensor prodygt® p;: that is, we apply a mea-
surement operator which observes an iirep the Clebsch-Gordan decom-
position ofo; ® o; (see Kup0g or [MR054 for how this measurement can
actually be carried out by applying the diagonal action)sTheasurement
destroysp, and p;, and results in a new mixed statewhich lies in the
maximalo-isotypic subspace; we add this new state to the set.

3. Finally, depending on the sequence of observationsroddahrough-
out this process, the algorithm guesses the hidden subgroup

We set down some notation to discuss the result of applyinh an al-
gorithm. Fixing a group~ and a subgrougd, let A be a sieve algorithm
which initially generateg coset states. As a bookkeeping tool, we will de-
scribe intermediate states 4fs progress as torest of labeled binary trees
Throughout, we will maintain the invariant that the rootslod trees in this
forest correspond to the current set of states availablestalgorithm.
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Initially, the state of the algorithm consists of a foreshsigting of/
single-node trees, each of which is labeled with the irreapena; that re-
sulted from weak Fourier sampling a coset state, and is ededavith the
resulting statey;,. Then, each combine-and-measure step selects two root
nodes,r; andry, and applies isotypic sampling to the tensor product of
their states. We associate the resulting stateth a new root node, and
place the nodes; andr, below it as its children. We label this new node
with the irrep namer observed in this measurement.

Thus, every node of the forest corresponds to a state theteebat some
point during the algorithm, and each nads labeled with the name of the
irrep o; observed in the isotypic measurement performed when trég no
was created. We call the resulting labeled foresttthascript of the al-
gorithm: note that this transcript contains all the infotima the algorithm
may use to determine the hidden subgroup.

We make several observations about algorithms of this tyjiest, it is
easy to see that nothing is gained by combining 2 states at a time; we
can simulate this with an algorithm which builds a binargtwath¢ leaves,
and which ignores the results of all its measurements exbepine at the
root.

Second, the algorithm maintains the following kind of synmpender
the action of the subgrouff. Suppose we have a representatoacting
on a Hilbert spacé’. Given a subgroug/, we say that a state € V is
H-invariantif o(h) -4 = 1 for all h € H. Similarly, given a mixed state,
we say thap is H-invariantifo(h) - p - o(h)" = p or, equivalently, ifo(h)
andp commute. For instance, the coset stateis H-invariant under the
right regular representation, since right-multiplyingdsawh € H preserves
each left coset H. Now, suppose that, andp, are H-invariant; clearly
p1 ® po IS H-invariant under the diagonal action, and performing ipaty
sampling preserveH -invariance sincél, commutes with the action of any
group element. Thus the states produced by the algorithni/are/ariant
throughout.

Third, it is important to note that while at each stage we olesenly an
irrep name, rather than a basis vector inside that reprasemtby iterating
this process the sieve algorithm actually performs a kindtafng multi-
register Fourier samplingn the original set of coset states. For instance,
in the dihedral group, suppose that performing weak Fosaenpling on
two coset states results in the two-dimensional iregpando;,, and that we
then observe the irrep; ., under isotypic sampling of their tensor product.
We now know that the original coset states were in fact codfina partic-
ular subspace, spanned by two entangled pairs of basisgseEioally, we
note that the states produced by a sieve algorithm are qufiéeeht from
coset states. In particular, they belong not to a maximaymso subspace
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of C[G], but to a (typically much higher-dimensiona)n-maximaisotypic
subspace of [G]®¢, wherel is the number of coset states feeding into that
state (i.e., the number of leaves of the corresponding.tiejeover, they
have more symmetry than coset states, since each isoty@isurenent
implies a symmetry with respect to the diagonal action orstiteof leaves
descended from the corresponding internal node. In the sextions we
will show how these states can be written in terms of propectiperators
applied to this high-dimensional space.

4. OBSERVED DISTRIBUTIONS FOR FIXED TOPOLOGIES

In general, the probability distributions arising from tbembine-and-
measure steps of a sieve algorithm depend on both the hidégnaip and
the entire history of previous measurements and obseng(ibat is, the
labeled forest, or transcript, describing the algorithm&ory thus far). In
this section and the next, we focus on the probability distion induced
by afixed forest topologgnd subgroug. We can think of this either as the
probability distribution conditioned on the forest topgyoor as the distri-
bution of transcripts produced by somen-adaptivesieve algorithm, which
chooses which states it will combine and measure ahead ef tite will
show that for all forest topologies of sufficiently smallesithe induced dis-
tributions on irrep labels fail to distinguish trivial andmtrivial subgroups.
Then, in Sectiory, we will complete the argument for adaptive algorithms.
Clearly, in this non-adaptive case the distributions a@prlabels associated
with different trees in the forest are independent. Thesfae can focus
on the distribution of labels for a specific tree. At the legube labels are
independent and identically distributed according to tis&rithution result-
ing from weak Fourier sampling a coset statdj[SOJ. However, as we
move inside the tree and condition on the irrep labels olesepveviously,
the resulting distributions are quite different from tmdial one. To calcu-
late the resulting joint probability distribution, we neddefine projection
operators acting oft[G]®¢ corresponding to the isotypic measurement at
each node.

First, note that the coset stagig can be written in the following conve-
nient form:

1 1
pH = @Z|CH> (cH| = @Zreg(h)
c heH

wherereg is theright regular representationthat is, p5; is proportional to
the projection operator which right-multiplies by a randel@ment off,

1
Iy = i > reg(h) .

heH
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If H is trivial, py is the completely mixed staig,y, = (1/|G|)1. On the
other hand, ifH = {1, m} for an involutionm, thenpy = (2/|G|)Ily,
wherelly is the projection operator

1
Iy = 5(1 +reg(m)) .

Now consider the tensor product 6fregisters,” each containing a coset
state. Given a linear operatdf on C[G] and a subset C [¢] = {1,..., ¢},
let M denote the operator o8[G¢] = C[G]®* which appliesM to the
registers in/ and leaves the other registers unchanged. Then the mixed
state consisting of independent coset statesf§ = (2/|G|)‘I1%, where

14
1
2) % = 5 H (1 + reg(m)¥) T Z reg(m

1]

Note the sum over subsets of registers, a theme which hasopee-
peatedly in discussions of multiregister Fourier samplRgg02 BCvDOG,
HMR™06, Kup05 MR05a MR0O5H. Now consider a tred” with ¢ leaves
corresponding to théinitial registers, an@ nodes including the leaves. We
represent this tree as a set system, in which each hizdassociated with
the subsef; C [/] of leaves descended from it. In particul,,, = [¢] and
I; = {j} for each leafj.

Performing isotypic sampling at a nodecorresponds to applying the
diagonal action to its children (or in terms of the algorithits parents)
and inductively to the registers if: that is, we multiply each register in
I; by the same elemepntand leave the others fixed. d4f is the irrep label
observed at that node, let us denote its character and dionenyg y; and
d; respectively, rather than the more cumbersogeandd,,. Then the
projection operator corresponding to this observation is

geG
Now consider a transcript of the sieve process which regultserving a
set of irrep labelsr = {o;} on the internal nodes of the tree. The projection
operator associated with this outcome is

k
(4) "o =[] .
=1

We will abbreviate this asl” whenever the context is clear. Note that the
variouslII! in the product 4) pairwise commute, since for any two nodes
i,7 either; and I; are disjoint, or one is contained in the other. In the
former case/' andb’s for all a, b. In the latter case, say If C I;, we have



ON THE IMPOSSIBILITY OF A QUANTUM SIEVE ALGORITHM 11

alivli = bli(b=tab)i, and sincey;(b~1ab) = x;(a) it follows from (3) that
IENVERES VR VE

Given a treel” with k£ nodes, we WriteDT{l}[a] for the probability that
we observe the set of irrep labeis= {o;} in the case where the hidden
subgroup is trivial. Since the tensor product of coset stistéhen the com-
pletely mixed state ifC[G], this is simply the dimensionwise fraction of
C[G*] consisting of the image di”, or

1 1

PMo] = re n’
Moreover, since measuring a completely mixed state resultse com-
pletely mixed state in the observed subspace, each staleqad by the
algorithm is completely mixed in the image.df . In particular, if the irrep
label at the root of a tree is, the corresponding state consists of a classical
mixture across some number of copiesogfin each of which it is com-
pletely mixed. Thus, when combining two parent states witpi labels\
andy, we observe each irrepwith probability equal to the dimensionwise
fraction of \ ® i consisting of copies of, namely

d,
(5) PA@u(T) = <X’rv X)\XM>G
dxd,

(recall that(x, x,); = (1/|G]) >_,cc x+(9)X;(9) is the multiplicity of r
in the decomposition of a representatjomto irreducibles). We will refer
to this as thenatural distributionin A ® .

Now let us consider the case where the hidden subgroup isiviaht
Since the mixed staje,. can be thought of as a pure state chosen randomly
from the image of1%’, the probability of observing a set of irrep labets
in this case is S ,
Pf[a] _ tr 11 HZH _ 2

tr 115 |G|

where we use the fact that 115" = [G : H] = (|G|/2)". Below we abbre-
viate these distributions d%}l} and Pfl whenever the context is clear. Our
goal is to show that, until the tréeis deep enough, these two distributions
are extremely close, so that the algorithm fails to distislgsubgroups of
the form{1, m} from the trivial subgroup.

Now let us derive explicit expressions faﬂ%l} and PH. First, we fix
some additional notation. Given an assignment of group @hsqa;} to
the nodes, for each legfwe let][; ., a; denote the product of the elements
along the path from the root to

oo

i~g 1:j€1;

T 4
tr I 115



12 CRISTOPHER MOORE, ALEXANDER RUSSELL, AND PIOTENIADY

where the product is taken in order from to the root to the. |&&fen us-
ing (3) and @) we can write

¢ {i}
{a:} J=

We say that an assignmefit; } is trivial if [, _;a; = 1 for every leaf;.
Then, sincdrreg (g) = xreg(9) = |G| if ¢ = 1 and0 otherwise, we have

1 1
(7) P = Wt r? = ‘G|k > Hdlxz ;)"
{a;} trivial i=1
To get a sense of how this expression scales, note that thieypar trivial
assignment wherg = 1 for all i contribute§ [, d2/|G| = [T, Polanch (72),
as if theo; were independent and Plancherel-distributed.
Now considerP/. Combining @) with (6) gives the following expres-
sion forIT7TI%":

(8) HT H@Z

{a}
2@|G|kdez a;) ®reg<<Haz> 1+m)> .

1~>]

We say that an assignmeft; } is legalif []; ;a; € {1, m} for every leaf

j. Then the trace of the term correspondind @9} is |G|* if {a;} is legal,
and is0 otherwise, and analogous t6) (ve have

2¢
H TRl
(9) Pl = —|G|é tr I1° 115 —G g | | dixi(a;)*
{a;} legali=1

Thus these two distributions differ exactly by the termsresponding to
assignments which are legal but nontrivial. Our main resiltdepend on
the fact that for mostr these terms are identically zero, in which cd¥é

and P} coincide.

5. THE IMPORTANCE OF BEING HOMOGENEOUS

For any group(, the wreath productr ! Z, is the semidirect product
(G x G) x Zsy, where we extend x GG by an involution which exchanges
the two copies ofy. Thus the elementg«, 3), 0) form a normal subgroup
K = G x G of index 2, and the element$a, 5), 1) form its nontrivial
coset. We will call these elements “non-flips” and “flips,5pectively. The
Graph Isomorphism problem reduces to the hidden subgrooigigam on
S, 1 Zs in the following natural way. We consider the disjoint unigirthe
two graphs, and consider permutations of tteeirvertices. ThenS,, ! Z,
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is the subgroup ob,,, which either maps each graph onto itself (the non-
flips) or exchanges the two graphs (the flips). We assumerfgolsiity that

the graphs are rigid. Then if they are nonisomorphic, thedmdsubgroup

is trivial; if they are isomorphicH = {1, m} wherem is a flip of the
form ((a, a™1), 1), wherea is the permutation describing the isomorphism
between them.

For any group’, the irreps ofG ! Z, can be written in a simple way in
terms of the irreps of7. It is useful to construct them bpducingupward
from the irreps of' = G x G (see Ber77 for the definition of an induced
representation). First, each irrep &fis the tensor product ® . of two
irreps ofG. Inducing this irrep from¥K up toG gives a representation

o = Indg (A ® p)

of dimensior2d,d,,. If X 2 p, then this is irreducible, and ,,, = oy,
(hence the notation). We call these irreplsomogeneousTheir characters
are given by

XA (@)X (8) + xu(a)xa(B) ift=0

(10) X{)\,u}((avﬁ)vt) = {0 ift=1

In particular, the character of an inhomogeneous irrepns aeany flip.

On the other hand, i = p, thenoy, ,; decomposes into two irreps
of dimensiond;, which we denoter/, ,, ando, ,,. We call these irreps
homogeneousTheir characters are given by

_xal@)xa(B) ift=0
(11) Xj[t)\)\}((a’ﬂ),t) - {iX)\(Ozﬁ) T

In the next section, we will show that sieve algorithms abfaiecisely zero
information that distinguishes hidden subgroups of thenfét, m} from
the trivial subgroup until it observes at least one homogaseepresenta-
tion.

Suppose that the irrep labets= {o;} observed during a run of the sieve
algorithm consist entirely of inhomogeneous irrepstof Z,. Since the
irreps have zero character at any flip, the only trivial orlegssignments
{a;} that contribute to the sum§)and Q) are those where each is a
non-flip, i.e., is contained in the subgrolp = G x G. But the product
of any string of such elements is also containedinso if this product is
in H = {1,m} wherem ¢ K, itis equal tol. Thus any legal assignment
of this kind is trivial, the sums7) and @) coincide, and the probability of
observinge is the same in the trivial and nontrivial cases. That is, sglo
as every; in o is inhomogeneous,

(12) Pllo] = PV o] .
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Our strategy will be to show that observing even a single hggmeous
irrep is unlikely, unless the tree generated by the sieverdlgn is quite
large. Moreover, because the two distributions coincidessithis occurs,
it suffices to show that this is unlikely in the case whéfés trivial. Now,
it is easy to see that the probability of observing a givemasgntation in
G ! Zy, under either the Plancherel distribution or a naturalrithistion,
factorizes neatly into the probabilities that we obsenes ¢brresponding
pair of irreps, in either order, in a pair of similar experimein . First,
the Plancherel measure of an inhomogeneous irfgp; is

13 PGZZ2 _ (Qd)\dﬂ)z _ QPG )\ PG
( ) planch(a{)\vﬂ}> - 2‘G|2 - planch( ) planch(:u> .

Similarly, the probability that we observe a homogeneorm)idf{iM} is the
probability of observing\ twice under the Plancherel distributiond# in
which case the sigs: is chosen uniformly:
QU + d§\ G 2

(14) Pplanih(U{A,A}) = W = Pplanch()\) :

Now consider the natural distribution in the tensor prodifdivo inho-
mogeneous irreps, vy andoy, 3. The multiplicity of a given homoge-
neous irrepffjﬁ} in this tensor product, equal to

+
<X{T,T}7 X{A,X}X{W}> oz,

factorizes as follows

<X’T7 X)\Xu>G <Xfra XA’X;L’>G + <Xra XAX//)G <XT> X)\’XM>G
2 2 '

Thus the probability of observing eitheg“m} oro. under the natural
distribution is
(15) .

Pan sty (T6ry) = 5 (Paou(T) Py (7) + Paow (1) Pyeu(r))

In other words, the probability of observing a homogeneaepiofG ! Z,

is the probability of observing the same irrep in two natutigtributions
on . Let us denote the probability that we observe the same inréipe
natural distributions in® p and\' @ p'—that is, that these two distributions
collide—as

Pithvan = O Pran(T) Praw(T) .
T
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Then (15) implies that the total probability of observing a homogaune
irrep is

1
+ coll coll
(16) Z P"{A,A’}@’{u,u’}(a{w}) 9 (P/\®u«\’®u’ + PA@M’7A’®M)

coll coll
S max (P}\®“7>\/®ul 5 PA@;L’,A’@H)

In the next section, we show thatif i, A’ andy’ are typical irreps of5,,,
then no irrepr occurs too often in any of these natural distributions, and s
the probability of a collision is small.

6. COLLISIONS, SMOOTHNESS AND CHARACTERS

Let us bound the probabilitp<" = P52 ., that the natural distribu-
tions in\ ® p and\ ® 1/ collide. The idea is thaP<!' is small as long as
both of either or both of these distributionssisiooth in the sense that they
are spread fairly uniformly across mamy The following lemmas show
that this notion of smoothness can be related to bounds onaitmealized
characters of these representations. First, we presemradevhich relates

the natural distribution in a representatioto the Plancherel distribution.

Lemma 1. Letp be a (possibly reducible) representation oan grawpand
let P,(7) denote the probability of observing an irrep € G under the
natural distribution inp. LetX C G, and letP,(X) = > _ P,(r) and

Polancn(X) = >°. . d2/|G| denote the total probability of observing an
irrep in X in the natural and Plancherel distributions respectivaijzen

Pp(X) < 1/ Polanch (X)

Proof. In general, we have

Therefore, if we define

:H-X - ZdTXT 5

TeX
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then by Cauchy-Schwartz we have

2
Xp(g)
(Ix,1x)g,| D —‘
|G‘ geG dp
and by Schur’s lemma we have
1
(1 (X
|G| Xa Z |G| X’T?X’T Z | planch )
which completes the proof. O

Now we bound the probability of a collision as follows.

Lemma 2. Given a family of groupgG,,}, say that an irrepX of G,, is

f(n)-smoothif
2

XA(Q)r < fn) |

9€Gn d
Suppose that and i are f(n)-smooth. Then
Pcoll < maXy, dT f(’fl) )

VGl

Proof. We write G for G,, to conserve ink. We have®! < max, Py, (7).
Settingp = A®@p andX = {7} in Lemmal and applying Cauchy-Schwartz
gives

. X 9) "] xule)|”
P < \/mraxpplamh(ﬂJ Z dy ‘ Ziu =
geG
max, d, \ Z xa(9) 42 Xu(g)r
V1G] J p L e
which completes the proof. u

Now let us focus on the case relevant to Graph Isomorphisrareh =
S,. Here we recall that each irrep of the symmetric gréypcorresponds
to a Young diagramor equivalently an integer partitiok; > Ay >
where) ", \; = n. The maximum dimension of any irrep is bounded by the
following result of Vershik and Kerov:
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Theorem 3 ([VK85]). There is a constant > 0 such thatmax, d, <
e—(&/2VA /.

In this case, Lemma gives
(17) Pl < e VR (n)

Therefore, our goal is to show that typical irreps%f are f(n)-smooth
wheref(n) grows slowly enough with, and to show inductively that with
high probability all the irreps we observe throughout trevsiare typical.
We do this by defining a typical irrep as follows.

Definition 4. Let D > e be a fixed constant, and say that an irrgf S,
is typicalif the following two conditions hold true:

e the height and width of its Young diagram are less tihapn or, in
other words, if the Young diagram i3—balancedBia9g,
e the dimensioml,, fulfills

dy > e"2Vrlosn /1

To motivate this definition, and to provide the base case @orimduction,
we show the following.

Lemma 5. There are constants > 0 andn, such that, if\ hasn boxes
with n > ng and X is chosen according to the Plancherel distribution, then
)\ is typical with probability at least — e=<v",

Proof. Firstly, we bound the probability that is not D-balanced. The
Robinson-Schensted corresponderfe@d7 maps permutations to Young
diagrams in such a way that the uniform measure&pmaps to the Plan-
cherel measure. In addition, the width (resp. height) ofYiheng diagram

is equal to the length of the longest increasing (resp. @sang) subse-
guence. Therefore, the probability in the Plancherel nreathat an irrep

is not typical is at most twice the probability that a randoenrputation has

an increasing subsequence of length- D+/n.

The problem of determining the typical size of the longesteéasing
subsequence is known as Ulam’s problem; it can be solved uspresen-
tation theory Ker03 or by a beautiful hydrodynamic argumemp95],
and indeed this Lemma holds even if we tdke> 2 in Definition 4. Here
we content ourselves with an elementary boundior- e. By Markov’'s
inequality, the probability an increasing subsequencerdthw = D/n
is at most the expected number of such subsequences, which is

w  Oae(E )

where we used Stirling’s approximatiart > we™".
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Secondly, we shall bound the probability that
(19) dy < e~zVrloany/pl
The number of irreps is the partition number

p(n) = (1 +o<1>>4fﬁem <V

d=+/2/3m ;
therefore the Plancherel measure of the set of irdep&S,, for which (19)
holds true is at most the number of irreps times the measwsiolgle such

A, so this probability is at most

where

2
(20) p(n)d—)" < VremVnlogn — o—w(Vin)
n:
The sum of the probabilitiesL8) and @0) is bounded from above by
e~V for sufficiently smallc > 0 and forn sufficiently large. O

Given a permutation, let¢(7r) denote the length of the shortest sequence
of transpositions whose productis for instance, ifr is a singlek-cycle,
thent(n) =k — 1.

Lemma 6. There is a constantl such that, forn sufficiently large, the
normalized character of all typical obeys
()

A t(m)
< [
dy _<\/ﬁ)

forall 7 € S, witht(7) > y/nlogn.

Proof. We use the Murnaghan-Nakayama formula for the charagite3]].

A ribbon tile of lengthk is a polyomino oft cells, arranged in a path where
each step is up or to the right. Given a Young diagpaamd a permutation
with cycle structure:; > ky > - - -, aconsistent tilingconsists of removing
aribbon tile of lengthk; from the boundary of, then one of length,, and

so on, with the requirement that the remaining part &f a Young diagram

at each step. Let; denote the height of the ribbon tile corresponding to the
ith cycle: then the Murnaghan-Nakayama formula states that

(21) o) =3 [0

where the sum is over all consistent tilings

Clearly the number of consistent tilings is an upper boundxarir)|.
Now, we claim that for any fixed&, the number of possible locations for a
ribbon tile of length%k on the boundary of a Young diagraiof sizen is
less thany/2n. To see this, associate each one with the cel afhich is
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I
I

FIGURE 1. We associate each possible location for a ribbon
tile of fixed lengthk with a cell (shaded) which is above
the tile’s lower end and to the left of its upper end. The
resulting sequence of cells moves up and to the right at each
step, implying that the number of locations is less tk@m.
Herek = 3.

directly above the tile’s lower end, and directly to the leffits upper end,
as shown in Figuré. A little thought reveals that the resulting sequence of
cells has the property that each one is above and to the riigin @revious
one. Therefore, if there ardocations, we have

4
n>>i>0r/2.
=1

and so/ < /2n. It follows that the number of ways to remove the ribbon
tiles corresponding to th& ) nontrivial cycles is less than
(Qn)c(ww )

Moreover, after these ribbon tiles are removed, the numbepwsistent
tilings of the remaining Young diagram is simply the dimemsof the cor-
responding irrep of,,_(r), which is less than\/\Sn_s(ﬂ)\ = \/(n — s(m))L
Therefore, if) is typical we have

(2n)° ™2/ (n = s(m))!

e—ﬁlogn\/m
< 9. pVilogn ge(m)/2 s(m)/2  (e(m)-s(x))/2

<2. e\/ﬁlogn (\/§e>t(7r) n—t(ﬂ)/? )

‘XA(W)
d




20 CRISTOPHER MOORE, ALEXANDER RUSSELL, AND PIOTENIADY

Here we used the bound — s)!/n! < 4 - n~*%e®, implied by Stirling’s
approximation, and the facts thatr) < t(r), s(m) < 2t(n), andt(w) =
s(m) — c(n). Finally, if t(7) > y/nlogn, the termev™°8™ can be absorbed
into A“™ and Lemma holds for anyt > /2¢2. O

Lemma 7 (Rattan andniady RS0€). For everyD > 0 there exists a con-
stant A’ with the following property. If\ is a Young diagram with boxes
which has at mosD./n rows and columns and € S, is a permutation
then

(22)

Xil(;r) _ (A’ max(;ﬁt(ﬁy /n))t(”) |

Lemma 8. All typical irreps A are O(1)-smooth.

Proof. If X is typical, then Lemm& implies

Z xa(m) ! < Z(At(w)n—t(w)/2)4 — Z )

d
TES A
t(m)>y/nlogn

for = = A*/n?. Since eachr € S, appears exactly once in the product
[1+(12)] 14 (13)+(23)] -+ [1+ (In) + -+ (n — 1,n)]

where(i, j) denotes the transposition interchangirand;, and since each
product of the summands provides a factorization ofto a minimal num-
ber of transpositions, we have

> A = (14 2)(1422) (14 (n—1)2) <

TESH TESK

TES
62622 . e(n—l)z < ezn2/2 _ €A4/2
therefore
23 X)\(']T) ! A4/2
(23) > | <"
7'('€Sn
t(m)>/nlogn

Very similar but slightly more involved reasoning can be laggpto the
estimate from Lemmd (for details we refer toFRSOEj) which shows that
there exist constants > 0 andE’ (which depend only o) with a prop-
erty that if a Young diagram with » boxes has at mo$?./n boxes in each
row and column then

(24) Z ‘XA(W)

d
7'('€Sn, )\
t(m)<En*/7

4
< E" .
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The domains of the summations in the inequalitiz3) @nd @4) cover
the whole group,, for sufficiently largen which finishes the proof. [

Lemma 9. There are constantg8 > 0 andn, such that for all pairs of
typical irreps A and ., if 7 is chosen according to the natural distribution
Prou(T), thent is typical with probability at least — e~V if n > ny.

Proof. Let X be the set of atypical representations, ang let \ ® . Then
applying Lemmal and Lemmab, using Cauchy-Schwartz as in the proof
of Lemmaz2, and finally applying Lemma gives

Prop(X) < \/mJ QEZG Xilim ‘2 Xilig) ‘2
< e(cﬂ)ﬁﬂz x,\_@ 42 Xu_@ 4
- geq dy 9eC I
< e~ el2VR (1)
which completes the proof for any < ¢/2. 0

7. PROOF OF THE MAIN RESULT

We are now in a position to present our main result.

Theorem 10. Let¢, ¢, ¢ be the constants defined above. Then for any con-
stantsa, b such thai + b < min(¢/2, ¢, ¢), no sieve algorithm which com-
bines less than*v™ coset states can solve Graph Isomorphism with success
probability greater thare=*v™.

Proof. We first consider the behavior of a sieve algorithimin the case
where the hidden subgroug C S, Z, is trivial. For convenience, let
us say that a representatiop, ,; of S, ¢ Z, is typical if both\ and are.
We will establish that with overwhelming probability, alid irrep labels
observed byA are both typical and inhomogeneous.

Let ¢ be the number of coset states initially generated by therighgo.
We begin by showing that with high probability, the irrep éédoon thel
leaves, i.e., those resulting from weak Fourier samplimgeéhcoset states,
are all both typical and homogeneousHIfis trivial, then these irrep labels
are Plancherel-distributed; b$3) the probability that a given one fails to
be typical is at most twice the probability that a Planchelistributed irrep
of S, fails to be, which by Lemma& is at most V™. Moreover, by {4) the
probability that the label of a given leaf is homogeneous$éspgrobability
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that we observe the same irrep.$f twice in two independent samples of
the Plancherel distribution, which using Theorarns

2\? a2 .
Z 2 ) <max 2 <e V"
/\ n! A onl T

Thus the combined probability that any of theeaves have a label which is
not both typical and inhomogeneous is at most

(25) 0 <2e—cﬁ + e—éﬁ)

Now, assume inductively that all the irreps observed by fgerdhm
before theith combine-and-measure step are typical and inhomogeneous
and that theéth step combines states with two such lalagls,, andoy,, /1.

By (16), the probability this results in a homogeneous irrep isrataa by
the probabilityP*!! of a collision between a pair of natural distributions in
Sp. Then Theoren3 and Lemmag and8 and imply that this probability is
bounded by

Pcoll < 6—(6/2)\/5 0(1) ]

In addition, Lemma0d implies that the the probability the observed irrep
fails to be typical is at most¢v". Since each combine-and-measure step
reduces the number of states by one, there are lesd thath steps; taking

a union bound over all of them, the probability that any of tieserved
irreps fail to be both homogeneous and typical is

(26) ¢ (aWW O(1) + e—c’ﬁ)

Let us call a transcript inhomogeneous if all of its irrepdbbare. Combin-
ing (25) and @6) and setting < e*v™, we see that, fon sufficiently large,
A’s transcript is inhomogeneous with probability greatemth— e —*v™ for
anyb < min(¢/2,¢, ) — a.

Now considerA’s behavior in the case of a nontrivial hidden subgroup
H = {1, m}. Inductively applying Equationl@) shows that the probability
of observing any inhomogeneous transcript is exactly theesas it would
have been ifH were trivial. Thus the total variation distance between the
distribution of transcripts generated by in these two cases is less than
e~ and the theorem is proved. O
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