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Tipping Point of NG

A minority of committed agents can persuade
the whole network to a global consensus.

The critical value for phase transition is called
the "tipping point™..
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Saddle node bifurcation

Below Critical

Above Critical
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Meanfield Assumption and Complete
Network

The network structure Is ignored. Every
node Is only affected by the meanfield.

The meanfield depends only on the
fractions(or numbers) of all types of nodes.

Describe the dynamics by an equation of
the meanfield (macrostate).



Scale of consensus time on complet
graph

2 word Naming Game on complete graph
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Expected Time Spend on Each

Macrostate before Consensus (without
committed agents)
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Tire ., n5)

NG with Committed Agents

@ g=0.06<q,
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g is the fraction of agents committed in A.
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When q is below a critical value g, the process
may stuck in a meta-stable state for a very

long time.
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2 Word Naming Game as a

2D random walk

Transient State

Absorbing State




Linear Solver for 2-Name NG

T(n 4,np) is the absorbing time starting from network state (na,npg).

t(n4,np) is the average time stay in network state (n4,np) before leaving.

Have equations:

P(A+)r(na +1,ng)+ P(A=)r(na — L,ng) + P(B+)r(na,ng + 1)+ P(B—)r(na,ng — 1)

T(na,ng) = — D,

+ tna,ng)

Then we assign an order to the coordinates, make 7(na,ng) , t(na,ng)
into vectors, and finally write equations in the linear system form:

F=MF7+t



SDE models for NG, NG and NG




Diffusion vs Drift

Diffusion scales are clear from broadening
of trajectories bundles

Drift governed by mean field nonlinear
ODEs can be seen from the average /
midlines of bundles



Assume a very natural social — political condition, generalizing NG
Where the network is divided into k+1 sub-populations
Each with a different fixed propensity to signal/vote/utter the opinion A

When hearing the word A a node from subgroup j < k will move to subgroup j+1
Likewise hearing B a node from j > 0 will move to subgroup j-1

The probability that a node from subgroup j will signal A is j/k

Same node has probability 1 — j/k of signalling word B



Additional rules of k-NG

A node s Is drawn at random from the
network and sends out a signal A with p

or s signals B with prob=1-p

Next a node L Is drawn at random to
receive the signal A

or node L Is drawn to receive the signal B



K-NG

The subgroups | = 0, k correspond to
those nodes that are completely convinced
of the B and A opinion resp. OR

Equivalently those nodes that with prob 1
Signals B, A resp.



Voting or Polling

The key network quantity is an average
network opinion obtained by polling:

p = sum over subgrps ] =0to k
of n(j)j/ kN

It gives the probability of a speaker chosen
at random signalling the word A



Stochastic Dynamics

Derivation of k-dim coupled Random Walk:

Forj=1to k-1,
n(,t+1) =n(,t) + 1, -1 with resp. prob.
P(+1) = p(t) n(J-1,t)/N + (1-p(t)) n(j+1,t)/N

P(-1) = (1-p(t)) n(j,t)/N + p(t) n(,t)/N
= n(j,t)/N



Random walk

For the distinguished subgrps at both ends
of the opinion spectrum, | =0, k

n(0,t+1) =n(O,t) + 1,0, -1 with prob.
P(+1) = (1-p(t)) n(1,t)/N

P(0) = (1-p()) n(O,t)/N

P(-1) = p(t) n(O,t)/N



Subgroup k

n(k,t+1) = n(k,t) + 1, 0, -1 with prob.

P(+1) = p(t) n(k-1,t)/N
P(0) = p(t) n(k,t)/N
P(-1) = (1-p(t)) n(k,t)/N



Shadow Walk

Define a scalar nonlazy random walk on
the quantity p whose consensus times are
lower bounds for the actual expected
times.

p(t+1) = p(t) + 1/kN, -1/kN with prob

P(+1) = p(t)
P(-1) = 1-p(t)



SDE or Diffusion Model

[n continuous time the SDE is
dP, = M(FP)dt + V(P)dW,
M = (21 ]If - ll JL

!
—./F(1 - F,)
i'x*'f‘fv : I

1." ——




Solution of SDE

now done using standard Kolmogorov Backwards Equation method

du(p,t)
ot
u(0,t)

u(p)

V 0*u du
———+ M—
2 dpr Ap
0,u(1,t) = lwhereu(p,t) = Pr{ P, = 1|Fy = p}

lim u(p,1)

[



Expected Times to Consensus

First calculate

\ _p —
G(p) exp{—2 '].—J_r:fp} = exp (21 N /r'}‘v' (p- ;,2})

3 N 22
"_a,,,"l. \ PP |

Next we get

[P G(z)de o exp (wﬁﬁ - ﬁ) o <1
[y Glz)dz [} exp (Ey’ﬁu’m) dr

0<ulp=



Expected times - exit times — stop times

and the expected time to consensus of the A opinion without committed
agents and conditioned on eventual fixation of the A opinion is given by

()
tHp) = —
) u(p)
where
. < gulp,t)
T(p) =[ (U
Jo ot

is the unconditioned expected time to consensus given that Fy = p and solves
the stationary form of the KBE
d*T . 2M dT N 2u(p)
dp ~ V dp V

with boundary conditions

0

limm P < ~x
=l

1) = 0,



continued

The solution is given by

1
I'(p) = ni,”)f Fly)u(y) (1 —u(y)) dy
P

+n—mmufﬂwf

which evaluates to the following closed form expression for the k — NG prob-
lem,

' [¥ Gia) d:f’ G{z)ds

o A Tl
/N ) I Glx)dzx [ dy o ;'y_yﬁ
[qu Ga "“] + Jr,;} Glz)dr fy ”«rf)'f"
\
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Higher stubbornness — same qualitative,
robust result

K=23 N=500
uniform, p=0.5
450 centered, p=0.5 |-
polarzed, p=0.5
400 B centerad, p=0.6 |-
] polarized, p=0 4
350 HA -
3001 - .
o ]
=

Figure 1: Simulations of the Naming Game with K=3 and N = 500. Note the
existence of a center manifold to which all trajectories tend. The simulations
that start far away from the center manifold approach it before drifting to a
COnsensus state,
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Figure 1: Simulations of the Naming Game with K=3 and N = 500. Note the
existence of a center manifold to which all trajectories tend. The simulations
that start far away from the center manifold approach it before drifting to a
COnsensus state,



Other NG variants — same 1D manifold
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Figure 2: Simulations of the Naming Game with K=10 and N = 500. Some tra-
Jjectories do not approach the center manifold as guickly as they did in the k=3
case. | hose simulations that start with p=0.5 approach the center manifold be-
fore drifting to the consensus state. However, the simulations that start with a
less centralized p value drnft to the consensus state more quickly. Note that the
simulations starting in the polarized state with p=0.4 come close to the center
manifold before drifting to consensus. On the other hand., the simulations in the
centralized state with p=0.6 dnft to consensus before any significant number of
agents enter Ng.



3D plot of trajectory bundles —
stubbornness K = 10 as example of
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Figure 4: A 3D plot of the simulations of the Naming Game with K=3 and N
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Consensus time distribution

Recursive relationship of P(X, T), the probabillity
for consensus at T starting from X, Q Is the
transition matrix.

P(na,ng,T+1) = Q(na+1,ngna,ng)P(na+1,np,T)+ Q(na — 1,nglna,ng)P(na —1,np,T)
+Q(na,np+ 1na,ng)P(na,np + 1,T)+ Q(na,ng — lna,ng)P(na,np — 1,7T)
+Q(na,np+2na,ng)P(na,np +2,T)+ Q(na +2,np|na,ng)P(na +2,np,T)

Take each column for the same T as a vector:

—+

P(T +1)=Q« P(T)
Calculate the whole table P(X,T) iteratively.

Take each row for the same X as a vector:
*g&{nﬁ,ﬂﬁj(TE — T) — {p(ﬂ‘.-l, ng, T))



Consensus time distribution
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Red lines are calculated through the recursive equation.
Blue lines are statistics of consensus times from numerical simulation(very expensive),
(done by Jerry Xie)



P(T) * std(T)

Consensus Time distribution
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T-E[T] / std(T)

Below critical, consensus time distribution tends to exponential.
Above critical, consensus time distribution tends to Gaussian.

For large enough system, only the mean and the variance of the

consensus time is needed.
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NG on RGG

travelling wave solution of u(x) when g=0.05<q_

0.8

07

04

02r

ot1r

1 1 1 1 1 ]
0 20 40 B0 g0 100 1200 1400 180 180 200
X



NG on RGG past Tipping point

uniform convergent solution of ulx) when g=0.1>q_
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Homogeneous Pairwis Assumption

The mean field is not uniform but varies for the nodes

with different opinion.

Make 1t rigorous:
suppose three nodes are linked as 1-2-3
X; 1s the opinion of node i
k; 1s the degree of node i
P(X,|X,) # P(X)
P(X,|X,,X3) = P(X,
Elk | X | =<k >
P(X, k) = P(X,)
P(X,|Xy,ky, ky) = P(X,

X3)

Xs)

Mean field

) @

P(1B) )

P(IA) )



Numerical comparison
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Trajectories mapped to 2D macrostate
space
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In(TO.QS)

Concentration of the consensus time
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Change of the tipping point w.r.t. the
average degree
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The local mean field for the node with opinion C'
P(-|C) = [P(A|C), P(B|C), P(AB|C)]T,C = A.B,AB
The number of different type of links:
L=[Li-aLsp.LaapLe p.Lp ap.Lap_as]"

— P(A[A) 1 2La-a
PUBE = | PO | = 3T | )

sty P(A|B) 1 La_p
P(-|B)(L)= [ P(B|B) | = 2Lp g
P(AB|B) La-p+2Lp-p+Lp-ag \[, .

. P(A|AB) : Li ap
P(|AB)(L)= | P(BIAB) | = Lp_aB
P(AB|AB) La-ap+Lp-ap+2Lap-aB \op " .




Analyze the dynamics

1.Choosing one type of links, say A-B, and A is the listener.

2.Direct change: A-B changes into AB-B.

3.Related changes: since A changes into AB, <k>-1 related
links C-A change into C-AB. The probability distribution of C
IS the local mean field P(-|A).

Relatedx(<k>-1)

Direct
C A B




Local mean field equation

_ 1 .
E[ALIL] = 37 [D+ (< k> —1)R] L
00 200 1 10 0 0 0
(01 800 8 /0—10 (—100\
0 X —-100 0 1 0 —1 1 0 0
DZU&UO%% RQa=1 19 0 o [ 9= 0 -1 0
0 £ 0 0-10 0 1 0 0 1 -1
\o 0 101 1/ \0 0 1) \ o 0 1)
1. = 3—} 3 —
R=(0=§[Q P(|. )+QBP }Qq[PH - |4B]UQB[PIB——P(|4B)] (Q.4‘|‘QB)P('|AB))
Normalized equation:
d - 1 < k>-—1
@ = ZLR:}D (%>



SDE model of NG

__________

.................................................................................

__________




Merits of SDE model

a

dX = jdt + —dW

-
ik |
|

\V ;"l.

Include all types of NG and other
communication models in one framework
and distinguish them by two parameters.

Present the effect of system size explicitly.

Collapse complicated dynamics into 1-d
SDE equation on the center manifold.
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